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PREFACE 

The growing need for determining in-flight propulsion system thrust employing 
turbofan and turbojet engines has been apparent for several years. The reasons 
for requiring this information, as specified i n  the E-33 charter, are: 

o Determination of a i rc raf t  drag 
o Problem rectification i f  a i rc raf t  performance i s  low 
o Interpolation of measured thrust and a i rc raf t  drag over a range of f l i g h t  

conditions by val $da t ion  and development of analytical models 
o Establishment of a baseline for future a i rc raf t  and engine modifications. 

i n  1972, the Safety Standardization Advisory Committees of the SAE Aerospace 
Council , working w i t h  the SAE Propulsion Division suggested the need for  improved 
knowledge of a i rc raf t  propulsion system in-flight thrust. 
Force Aeronautical Systems D i v i  sion independently made a simi 1 ar  suggestion. 

Later, the U.S. Air 

The Propulsion Division and the Aerospace Council concluded that  the real need 
was t o  establish a forum where this subject could be discussed by knowledgeable 
experts on a technical basis. SAE undertook t o  do so. Dr. Robert Abernethy was 
commissioned by George Townsend, Propulsion Divis ion Chairman, t o  organize the 
In-F1 i g h t  Propul sian Measurement Committee E-33. Mr. Gary Adams, representing 
the Air Force, was also involved i n  organizing the E-33 Committee a t  this early 
stage. The f i rs t  meeting took place i n  December, 1978. 
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The E-33 Committee endeavored to  gather industry-wide expertise i n  in-fl ight 
thrust measurement and uncertainty analysis. 
Subcommittees A/B which concentrated on thrust /drag bookkeeping and thrust 
determination methodology, and Subcommittee C which addressed the subject of 
thrust determination uncertainty. 

After reviewing the industry state-of-the-art, Committee E-33 determined that  
i t  would be appropriate t o  assemble and p u b l i s h  two companion Aerospace 
Information Reports. Subcommittee E-33A/B was organized under Chairman John 
Roberts t o  produce AIR 1703, "In-F1 i g h t  T h r u s t  Determination." Subcommittee 
E-33C, under Chairman Gary Adams, produced AIR 1678, "Uncertainty of In-Flight 
Thrus t  Determination." 
of i n - f l i g h t  thrust determination, beginning w i t h  definitions and concluding 
w i t h  guidelines for planning  a total  program and estimating the measurement 
errors. 

The Committee was organized into 

Together these reports provide a comprehensive survey 

Each member of this committee worked diligently for  many years t o  produce 
these two reports. 
Special mention i s  due the Sponsors, Bill Wallace and Jim Thompson and the 
Arnold Engineering Development Center t ha t  produced the figures. 
sponsoring organizations are to  be commended for  their  support. 
British MIDAP Group, the AIAA Thrust-Drag Editorial Board, and our Consul tants 
provi ded val uabl e 1 i ai son. 

We are indebted to  them for  the i r  extraordinary efforts.  

The member 
Finally the 

R. B. Abernethy John Roberts Gary Adams John Steurer 
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0-4 

SYMBOLS 

DESCRIPTION 

Greek 

B True bias error: 
error, o .  

the fixed, systematic or constant component of the total 

o Total error: the difference between the measurement and the true value. 

E True precision error, sometimes called repeatability error or sampling 
error, the random component of o .  

U The true standard deviation of the population. 

6 Absolute Influence Coefficient 

6' Fractional Influence Coefficient 

Roman 

B The  estimate of the upper limit of the bias error, 8 .  

B+,B- Upper and lower limits of a nonsymriietrical bias error. 

F 

f 

n 

K 

r 

@ r 

S 
h 
Sr 

U 

Thrust 

( ) Functional Relationship 

The number of measurements avai 1 ab1 e (the sampl e size) . 
Order of Curve F i t  

Residual error, the absolute difference between calculated and measured 
performance. 

Residual error, the fractional difference between calculated and measured 
performance. 

An estimate of the standard deviation, U, called the precision index. 

Estimated Value of Residual Error Precision Index 

Uncertai nty , the 1 argest expected error 1 i m i  t. Def i ned arbitrari ly as: 

Addi t ive Model : UADD=B+ZS 
Root-Sum-Square Model : U R S S = ~ -  
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SYMBOLS (Cont'd.) 
+ 

U ,U- Upper and lower limits of a nonsymmetrical uncertainty in t e rva l .  

K 

x 
XCD 

Y A performance parameter 

SUBSCRIPTS 

An individual measurement, sometimes ca l  1 ed an observat i  on o r  readi ng . 
Average of a set of individual measurements. 

Average of the t o t a l  population 

f l i g h t  test cor rec ted  t o  desired tes t  condi t ions 

l apse  rate cor rec t ion  model e r r o r  

F l i g h t  instrumentation (engine) 

Ground test f a c i l i t y  instrumentation 

Ground instrumentation (engine) 

The number o f  the elemental e r r o r  source w i t h i n  the e r r o r  category 

The number of the e r r o r  category which a r b i t r a r i l y  i s  assigned as:  

j = 1 Calibrat ion e r r o r s ,  

j = 2 Data acquis i t ion  e r r o r s ,  

j = 3 Data reduction e r r o r s ,  

T h e  number of the individual measurement 

Measured 

Net 

math model e r r o r  

Resi dual e r r o r  

as - tes ted  f l i g h t  condition 

SUPERSCRIPTS 

* Foss i l ized  precis ion e r r o r  
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1. 

1-1 

INTRODUCTION : 

Estimating the measurement error or  uncertainty i s  an essential element i n  
the complex process of evaluating i n - f l i g h t  thrust. During the pre-fl i g h t  
planning phase, i t  i s  necessary t o  assess the accuracy of the candidate 
methodologies for determining i n - f l i g h t  thrust and t o  select those which hest 
satisfy program requirements and resources. I t  defines parameter accuracy, 
data acquisition, and da ta  reduction requirements for the ground and f l i g h t  
t e s t  phases. 
resuits w i t h  pretest predictions and w i t h  vehicle performance estimates. 

A t  present, there are no industry or  government standards for determining 
i n - f l i g h t  thrust o r  the associated uncertainty. The purpose of th i s  document 
i s  t o  provide information covering methods f a r  estimating the measurement 
error o r  uncertainty of i n - f l i g h t  thrust determination i n  a i rc raf t  employing 
conventional turbofan/turbojet engines. Method01 ogies beyond those presented 
are required i n  order t o  evaluate configurations such as vectored thrust or  
V/STOL. I t  i s  n o t  
intended t o  be used as a standard o r  legal document. A companion document, 
SAE AIR 1703, presents information and guidance on the selection and use of 
methodologies t o  predict and assess propuls ion system i n - f l i g h t  thrust. Both  
documents describe comprehensive procedures and tasks fo r  implementing the 
methodologies. Each program would select those tasks t h a t  are appropriate t o  
meet i t s  particular objectives. 

The term " i n - f l i g h t  thrust determination'' i s  used synonymously w i t h  " i n - f l i g h t  
thrust measurement" al though  i n - f l i g h t  thrust i s  not  directly measured b u t  i s  
determined o r  calculated using math modeling r e l a n n s h i p s  between i n - f l i g h t  
thrust and various direct  measurements of physical quantities. The in-flight 
thrust determination process includes both Ground Testing and F1 i g h t  Testing, 
Figure 1.1. The m a t h  modeling relationships between the i n - f l i g h t  thrust and 
the measurements of the physical quantities are calibrated i n  Ground Tests. 
Error estimates f o r  each item shown i n  Figure 1.1 are required t o  calculate 
the uncertainty of the "in-flight thrust measurement". 

Pos t - f l igh t ,  i t  i s  used t o  examine the consistency of the test 

The document i s  intended t o  be used as  a technical guide. 

The text  i s  organized i n t o  the fol lowing major topics: 

Measurement Uncertainty Methodology (Section 2) : T h i s  section describes the 
concepts involved i n  estimating the uncertainty of i n - f l i g h t  thrust. 
purpose i s  t o  provide a common basis f o r  understanding. The methodology 
includes the use of s ta t is t ical  and engineerinq concepts t o  meet the need for  
an easily interpreted estimate o f  uncertainty (1.1)*. 

In-F1 i g h t  Thrust Measurement Processes (Section 3 )  : This section describes 
the ground t e s t  and f l i g h t  t e s t  phases of the i n - f l i g h t  thrust determination 
process. The five sets  of fundamental error components which must be 
evaluated t o  determine the uncertainty of i n - f l i g h t  thrust are identified. 

I t s  

"Numbers i n  parenthesis designate references 1 isted i n  Section 5. 
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Para meters 

Facility Math ModNs)  
Measured Ca Icu lated 

Thrust Thrust  
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Calculated I n-Flight 
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Corrected to  
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Figure 1.1 - The I n-Flight Thrust  Measurement Process 
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1-3 

Application of Uncertainty Methodology t o  the In-F1 i g h t  Thrust Program 
(Section 4) :  lhe  uncertainty methodology described i n  Section 2 i s  applied 
t o  the In-Flight Thrust Measurement Process described i n  Section 3.  
representative t e s t  program phases are defined, i .e., Program Definition 
Planning ,  Ground Test, Flight Test, and Results Analysis. 
accomplished i n  each phase are described (1.2). 

Four 

The tasks t o  be 

Seven Appendices are al so i ncl uded: 

Appendix A - Definitions 

Appendix B - Small Sample Stat is t ical  Methods 

Special, smal 1,  s ta t i s t ica l  methods are required t o  determi ne the val ue 
f o r  the Student 's  tg5 distribution when the sample size i s  less t h a n  
thirty.  This appendix discusses the t value, degrees of freedom, and the 
propagation of degrees of freedom. A table of "t.95" values i s  presented 
fo r  degrees of freedom from one t o  thir ty .  

Appendix C - Impact of Measurement Process on Error Classification and 
Esti mati on 

T h i s  appendix discusses the decision logic for the classification of error 
based on the actual measurement process. 
and the concept of fossi 1 i zed error i s  introduced. 

Appendix D - A Monte Carlo Comparison of A l  ternative Uncertainty Methods 

Reclassification i s  discussed 

Using a Monte Carlo simulation, this appendix compares the coverage 
provided by the additive model and the root-sum-squares model for the 
calculation of measurement uncertainty. 

Appendix E - Example Influence Coefficient Calculations 

Appendix F - Ini t ia l  Performance Survey of Thrust Measurement Options 

This appendix uses the published results of the Air Launched Cruise 
Missile Program t o  i l l u s t r a t e  the approach for conducting an in i t ia l  
performance survey of thrust options. 

Appendix G - Calibrated Math Model and the Associated Uncertainty 

The term "calibrated math model" i s  discussed and simp1 i f ied examples of 
two common approaches are provided. 

Components for Flight Test 
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2. 

2- 1 

MEASUREMENT UNCERTAINTY METHODOLOGY: 

The methodology for determining the uncertainty of i n - f l i g h t  thrust must be 
structured t o  combine s ta t i s t ica l  and engineering concepts i n  a manner which 
can be systematically applied t o  each step i n  the assessment procedure. The 
section addresses each of these steps and formulates the appropriate 
methodology. The  result  i s  an easily interpreted, single value estimate of 
thrust uncertainty. 

The essential steps i n  the procedure fo r  determining thrust uncertainty are: 

1. Identify a l l  elemental errors for  each measurement i n  the ground t e s t  
f ac i l i t y  and in-flight related t o  determining thrust. 

2. Preliminarily classify elemental error sources as bias o r  precision. 

3. Estimate the magnitude of each elemental error. 

4. For each f l igh t  t e s t  measurement process, make the f ina l  bias or 
preci si on cl assi f i  cation. 

5 .  Combine elemental errors t o  define measurement b i a s  and precision error 
components and tabu1 ate  el emental errors. 

6. Propagate measurement error components t o  calculated thrust. 

7. Calculate uncertainty limit from error components. 

8. Report results. 

The fo l lowing  section defines measurement error and i t s  components, 
identifies the sources of the errors, indicates how t o  classify the errors 
and provides guidance i n  estimating the error components. Combining the 
el emental error sources t o  define measurement error components (bias and 
precision) and how t o  propagate (combine) these error components t o  net 
thrust is  also discussed. Section 2.2 introduces the concept of measurement 
uncertainty obtained by combining the components of measurement errors. The 
uncertainty interval and i t s  interpretation i s  explained for  a basic 
measurement. 
measurement uncertainties. The f ina l  section provides guide1 ines for 
reporting the error components of the basic measurements and the uncertainty 
intervals of b o t h  the basic measurements and calculated thrust. Definitions 
are presented i n  Appendix A. 

Guidelines are provided for validating the estimated 

2.1 Measurement Error: A l l  quanti t i es ,  ranging from basic measurements t o  
calculated performance, have error. T h i s  error is  the difference between 
the measured or  calculated observable value and the true non-observable 
value, as i l lustrated i n  Figure 2.1. The true value for any measurement i s  
defined arbi t rar i ly  as  the value t h a t  would be measured by a specific 
metrology laboratory such as the United States National Bureau of 
Standards. For calculated values, the true value is  defined arbi t rar i ly  as 
that  val ue that Wou1 d be cal cul ated using "true" measurements. 
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Measured Value 

I 

2-2 

-Error, 6 

Parameter Measurement Value 
Figure 2.1 - Measurement Error, 6 

True 
Value 

2.1.1 Error Classification: Measurement errors can be classified as one of two 
components: 
precision error i s  one w h i c h  can be estimated by s ta t i s t ica l  analysis of 
repeated measurements, while estimating the bias error i s  a t  least  
partially dependent on non-statistical methods (2.1). 

a precision (random) error o r  a bias (fixed) error. A 

An accurate measurement herein i s  one t h a t  has small error i n  both 
precision and b i a s ,  as i s  shown i n  Figure 2.2. 

t--True Value and 
Average of All 
Measurements 

--Average of All 
% Measurements 

5 True 
Value 

o l 
3 

L 
U 

T 

Parameter Measurement Parameter Measurement 
a. Unbiased, Precise, Accurate b. Biased, Precise, Inaccurate 

5 

L 

E 
al 

E 

--Average of All 
Measurements 

True Value and 
Average of All 
Measurements 

True 
Va ue 

c a 
7 

L 
U 

Para meter Measurement Parameter Measurement 
c. Unbiased, Imprecise, I níiccurate d. Biased, Imprecise, I naccurate 

Figure 2.2 - Measurement Error (Bias, Precision, and  Accuracy) 
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PRECISION ERROR 

Random errors are encountered i n  repeated measurements and are the 
differences between the observed values and the average value of a very 
large sample. 
are n o t  expected t o  produce precisely the same data .  There are numerous, 
small effects which may cause measurement var ia t ions.  These variations 
tend t o  spread about an average value i n  the fashion of a normal 
d i s t r i b u t i o n  curve, Figure 2.3. The curve i s  characterised by the 
standard deviation, U. 

Repeated measurements a t  steady s ta te  (constant) conditions 

r 1 
Average Measurement 

[(Large Sample) 

Scatter Due to 
Precision Error 

u: Standard Deviation 
S: Estimate of u 

Parameter Measurement Value 

Figure 2.3 - Normal Dis t r ibu t ion  Curve Resulting from Typical Steady 
State Data i-leasurement 

The Precision Index, S ,  i s  the computed estimate o f  the Standard 
Deviation, U, o f  the data and i s  calculater’; as follows: 

where: 

n = number of measurements 

xk = individual measurements 

n - 
x = average value of xk = 1 xk k =  

--A n 
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2-4 

The goodness of the precision index as an estimate of the true standard 
deviation is  dependent on the number of measurements (samples) used i n  the 
i n i t i a l  estimation process. Large samples, t h i r ty  o r  more, are usually 
available for  this estimation. When large samples are used i n  estimating 
the precision index, the interval defined by p l u s  and m i n u s  two times the 
precision index ( * 2 S )  will contain the true value 95% of the time i f  the 
bias is  negligible. Therefore, two times the precision index (2s)  i s  used 
as  the recommended upper l imit  o f  the precision error uncertainty. 

When large samples are n o t  available, the analysis will require special, 
small sample, s ta t i s t ica l  methods. These are described i n  Appendix B. 

BIAS ERROR 

The bias component i s  a fixed or systematic error ( B )  which remains 
unchanged for the duratfon o f  a tes t .  
s ta te  (constant) t e s t  conditions each measurement has the same bias 
magnitude. The relationship between bias, precision and the true value of 
the measured quantity i s  depicted i n  Figure 2.4. The magnitude of the 
b i a s  cannot be determined unless the measurements can be compared w i t h  the 
true value, which is  no t  feasible. Therefore, bias limits (*BI are 
estimated us ing  applicable t e s t  information and engineering judgment. 
Note t h a t  an uncertainty anaïysi s assumes a careful ly control 1 ed 
measurement process . w i t h i n  which every known calibration correction has 
been made. 
fixed systematic errors will remain. 
largest possible remaining systematic error a f t e r  a l l  corrections have 
been made. 

In repeated measurements a t  steady 

Because the calibration corrections are no t  ideal, some small 
The bias limits are estimates of the 

/True Value Average Measurement 

- ß = Bias 

(Large Sample) 

8 - True Bias Error 
B - Estimated Upper Limit 

of Bias 

Parameter Measurement Value 

Figure 2.4 - Bias Error 
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2.1.2 Sources of Measurement Errors: A measurement system has many potential 
sources of error. The errors for  each source are referred t o  as elemental 
errors. I t  i s  preferable t o  estimate the error for each elemental error 
source; however, i t  i s  permissible t o  estimate the error for a combination 
of elemental errors. For convenience, these elemental error sources for  
any measurement can be divided i n t o  three categories indicated by the 
subscript j: 

j Category 
1. Calibration Errors 
2. Data Acquisition Errors 
3 .  Data Reduction Errors 

Elemental error sources associated w i t h  each of the above three categories 
are discussed i n  the following paragraphs. 

CALIBRATION ERRORS (Category j=1) 

The measurement uncertainty analysis assumes a we1 1 control 1 ed measurement 
process i n  which there are no gross mistakes o r  errors. I t  also assumes 
t h a t  reasonable calibration corrections have been applied. Calibrations 
are performed t o  improve the t e s t  accuracy and t o  provide t e s t  measurement 
traceability t o  the nat ional  standards laboratory. By applying the 
calibration corrections, some biases are reduced b u t  i n  the process some 
other errors may be introduced. The bias  error of. the uncalibrated t e s t  
instrument i s  exchanged for  the bias of the standard or master meter. 
add i t ion ,  the precision error of the calibration process will contribute 
t o  the calibration error. In some cases, the precision o f  the calibration 
process will contribute t o  the precision of the t e s t  result and i n  others, 
i t  will be converted in to  fixed bias error. For a ful ler  discussion, see 
Appendix C. 

Traceability i s  established and maintained through a calibration hierarchy. 
Each comparison i n  the hierarchy constitutes an elemental error source, i .  
Figure 2.5 i s  an example instrument cal ibrat ion hierarchy. 

In 

i - 

1 

2 

3 

4 

- 
Source - 

Working Standard tWS) NVS) > 6c17 
Figure 2.5 - Measurement Calibration Hierarchy 
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Each comparison i n  the c a l i b r a t i o n  hierarchy has elemental errors 
associated w i t h  it. Estimates of these elemental e r r o r s  provide precis ion 
ind ices  and b i a s  limits i n  each level of the hierarchy, as l isted i n  
Table 2.1. 

Cal ibrat ion ( j=l)  
I B i  a s  Preci si on 

i k r r o r  Source L i m i t  Index 

1 SL- ILS B 1 1  s11 
2 ILS-TS B2l se1 
3 TS-WS B31 s31 
4 WS-MI B41 s41 

TABLE 2.1 Cal ibra t ion  Hierarchy Error Sources 

DATA ACQUISITION ERRORS (Category j = 2 )  

Table 2.2 i l l u s t r a t e s  some of the e r r o r  sources,  i ,  associated w i t h  the  
da ta  acquis i t ion  system i l l u s t r a t e d  i n  Figure 2.6. 
a r e  acquired by measuring the  e l e c t r i c a l  output r e s u l t i n g  from pressure 
applied t o  a strain-gage-type pressure measurement instrument. 
error sources,  such as  e l e c t r i c a l  simulation, probe e r r o r s ,  and 
environmental e f f e c t s ,  a r e  a l s o  present.  

Data f o r  this example 

Other 

Pressure 
Transducer 

Excitation 
Voltage 

Source 

I Signal - Recording 
Condition¡ ng Device 

Measurement Signal 

Figure 2.6 - Example Data Acquisition System 
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Data Acaui si t i o n  (.i=2) 
Bias Preci si on 

i Error Source L i m i t  Index 

1 Excitation Vol tage B12 s12 
2 Electrical Simulation 822 s22 
3 Signal Condi t ion ing  B32 s32 
4 Recording Device B42 s42 
5 Pressure Transducer B52 s52 
6 Probe Errors B62 s62 
7 Environmental Effects B72 s72 

TABLE 2.2 Typical Data Acquisition Error Sources 

DATA REDUCTION ERRORS (Category j=3)  

Computers operate on raw data  t o  produce o u t p u t  i n  engineering units. 
Typical errors i n  this process stem from curve f i t s  and computer 
resolution. Typical data  reduction error sources are l is ted i n  Table 2.3. 

Data Reduction ( j=3)  
Bias Precision 

i Error Source L i m i t  Index 

1 Curve F i t  B13 s13 
'23 '23 2 Computer Resolution 

TABLE 2.3 Typical Data Reduction Error Sources 

2.1.3 Estimating Measurement Errors: The following paragraphs outline 
approaches and considerations for estimating and classifying the precision 
and b ias  error components. 

PRECISION ERROR ESTIMATION 

The precision index, S ,  i s  calculated from t e s t  data .  

For repeated or simultaneous observations the precision index can often be 
reduced by treating the averages o f  the multiple observations as a single 
measurement. The d i s t r i b u t i o n  of the averages will have a smaller 
precision .index, as indicated i n  Figure 2.7 and defined by Equation 2.2. 
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Ys, 

I/ 

sX s E -  
x $  

Figure 2.7 - Distribution of  x and 

BIAS ERROR UPPER LIMIT ESTIMATION 

x a n d i  

Information from special t e s t  and engineering judgment i s  the principal 
source for estimating the b ia s  limit, B.  The bias l imit  must account for  
small known biases, which are too diff icul t  t o  correct out ,  as well as fo r  
small unknown’ biases. These bias errors will include fossilized precision 
error from the calibration process, as discussed i n  Appendix C. In a well 
controlled measurement process, the assumption i s  t h a t  there are no large 
unknown biases. 
a l l  measurements should be monitored w i € h  s ta t i s t ica l  quality control 
charts (2.2). 

To ensure that a controlled measurement process exists,  

The unknoyn bias error is  commonly assumed t o  be equally distributed 
(B- and B 
problem provides knowledge of the s i g n  b u t  no t  the magnitude of the bias, 
resulting i n  nonsymmetric bias limits. The intent of the bias limit 
estimate is  t o  identify the largest value of the actual bias error of a 
given measurement process. 

about the measurement. Sometimes the physics of the 
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2.1.4 Combining Measurement Errors: After the elemental error sources are 
identified they must be combined in to  the basic measurement error 
components, precision and bias. Combining the elemental errors i n t o  
separate components is essential for  model 1 i n g  the basic measurement 
uncertainty, for propagat ing measurement uncertainties t o  performance 
parameters, and for uncertainty reporting and validation. 

Typically, only calibration, data acquisition, and d a t a  reduction error 
sources are involved. These are combined t o  define the basic measurement 
error. 

COMBINING PRECISION INDICES 

The precision index ( S )  is  the root-sum-square of the elemental precision 
indices from a l l  sources. 

2 s = yxj xi s . .  1J ( 2 . 3 )  

where j defines error categories: (1) calibration, (2) da ta  acquisition, 
and (3 )  data reduction and i defines elemental error sources w i t h i n  a 
category. 

For example, the precision index for the calibration category is  the 
root-sum-square of the elemental precision indices (reference Tab1 e 2.1). 

In l ike manner, the precision index for the data acquisition category, 
Se,  and the precision index for the da ta  reduction category, S3, are 
defined by the root-sum-square of their  individual elemental precision 
i ndi ces. 

The basic measurement precision index is  then the root-sum-square o f  the 
precision indices of  the three categories. 

s =j/s12 + s2 2 + s3 2 
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COMBINING BIAS LIMITS 

Host measurement processes will contain a large number of bias error 
sources. The bias l imit  used herein is  the root-sum-square of the 
elemental bias error limits of a l l  categories (2.3). 

I 

The individual category error limits; calibration ( B i ) ,  data acquisition 
(B2), and data reduction (B3), are defined by the root-sum-square o f  
their  individual elemental bias limits. 

The bias limit for the basic measurement process i s  then 

B =7/812 + B2 2 + B3 2 (2.7) 

1 B.? j i i j  

If any of the elemental bias limits aye nonsymmetrical separate 
root-sum-squares are used t o  obta in  B and B-, (2.2).  

2.1.5 Propagation o f  Basic Measurement Errors t o  T h r u s t  Parameters: Basic 
measurements such as temperature and pressure are made and the thrust is  
calculated as a function o f  the basic measurements. Basic components of 
uncertainty ( S  and B )  i n  the measurements are propagated t o  thrust th rough  
the math model. The effect  o f  the propagation can be approximated u s i n g  
the Taylor's series method (2.2).  

For propagating errors, the concept of the "influence coefficient" i s  
convenient. T h i s  i s  the error propagated t o  the performance parameter due 
t o  a u n i t  error i n  the basic measurement. The "influence coefficient" of 
each basic measurement i s  obtained i n  one of two ways: 

a. Analytically - When there is  a known mathematical relationship between 
thrust, F, and the measured variables, X i ,  X2 ...., x k ,  the 
dimensional influence coefficient, ek, of the quantity Xk, i s  
obtained by partial differentiation. 

Thus ,  i f  F = f(X1, X2 ,...., Xk) ,  then 

(2.8) 
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b. Numerically - Where no mathematical relationship i s  available o r  when 
differentiation i s  difficult ,  f i n i t e  increments may be used t o  
evaluate ek. Here ek i s  given by 

For independent measurements, the basic measurement error components, 
SXk and BXk are then propagated t o  the thrust error components, SF 
and BF, using the influence coefficients, ek, as follows: 

(2.11) 

Note: Care should be taken t o  check that the errors are independent. 
complex thrust calculations, the same measurement may be used more than 
once i n  the formula. For example, i n  several thrust models, airflow 
appears both  i n  gross thrust and ram drag. T h i s  may increase o r  decrease 
the error, depending on whether the s i g n  of the measurement i s  the same o r  
opposite. I f  the Taylor's series relates the most elementary measurements 
t o  the u1 timate result, i .e. net thrust, these "1 inked" relationships will 
be properly accounted for. 

For 

Measurement Uncertainty: A single number (some combination of bias and 
precision) is  needed t o  express a reasonable limit for error. 
number, called uncertainty U, m u s t  have a simple interpretation and be 
useful. I t  is impossible t o  define a single rigorous s t a t i s t i c  because the 
bias is  an upper limit i n v o l v i n g  judgment which has unknown characteristics. 
Any function of these two numbers m u s t  be a hybrid combination o f  an unknown 
quantity (bias) and a s t a t i s t i c  (precision). However, the need for a single 
number t o  measure error i s  so great t h a t  the use of an arbitrary standard is  
warranted. 

T h i s  single 

Two options are i n  use: 
model i n  whfch two times the precision index is  added t o  the bias limit, 
t h u s :  

UADD and URSS. The  former i s  the additive 

The l a t t e r  i s  the root-sum-squares combination: 

URSS = 1/812+(2s32 (2.13) 
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b4 * B  b. 

Either the UADD o r  the URSS op t ion  i s  viable; however, f o r  ease of 
presentation, UADD will be used for i l lustrat ion i n  the remainder of this 
document. Appendix D provides a comparison of these two definitions using 
Monte Carl o results. 

Ftgure 2.8 i l lus t ra tes  the UADD limits which provide an estimate of the 
largest  error that  may reasonably be expected for that  measurement process. 
The probability t h a t  the ''true" values l i e  w i t h i n  the uncertainty l imits i s  
known as the Coverage. I- Largest Ne;tive Error =i- Largest :sive Error .I 

p- CTfe True Value Yhould Be Within 
This interval 

Figure 2.8 - Neasurement Uncertainty Interval (Addi t ive Hodel ) 
Symmetrical Bias , Large Sample 

If the bias is  nonsymmetric, ie. B+ f B', then "each side" of the 
interval should be treated separately. Using equations similar t o  (2.12):  

U-ADD = B--2S and U ADD = B +2S. 
Nonsymnetric uncertainty interval s are discussed i n  reference (2 .2) .  

+ + 

2.2.1 Uncertainty Interval Coverage: A rigorous calculation of confidence level 
or  coverage of the true value by the uncertainty interval i s  n o t  possible. 
However, Monte Carlo simulations using various relative sizes of the bias 
and precision components indicates that  the coverage of UADD i s  abou t  99% 
while that o f  URSS i s  about  95%. Addit ional  detai ls  are covered i n  
Appendix D. 
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Propagation of Uncertainty Components: The error components, bias (BI and 
precision (SI , are propagated separately. The basic measurement error 
components are obtained by combining the respective elemental errors as 
discussed previously. Then the basic measurement error components are 
propagated t o  the performance parameter error components. 

Pretest And Posttest Analyses: The accuracy of the test i s  often 
stipulated as part of the t e s t  requirements. The ab i l i ty  t o  meet the 
accuracy requirements i s  estimated by a pretest uncertainty analysis. 
Several different thrust models m a y  be analyzed prior t o  f l ight  t o  select  
the most accurate ones. If the experiment accuracy requirement i s  of the 
same size or smaller than the projected measurement uncertainty, corrective 
action should be taken t o  reduce the measurement uncertainty or  else n o t  
perform the experiment. 

The pretest analysis i s  based on data and information t h a t  exis t  before 
the test: 
t ion ,  p r io r  measurement uncertainty analyses and expert opinions. 
complex t e s t s  there are often alternatives t o  evaluate: 
models, various instrumentation layouts, and al ternate calculation 
procedures. 
methods. 

calibration historjes, previous tes t s  w i t h  similar instrumenta- 
In 

different thrust 

Pretest analysi s w i  11 i denti fy the most preferred t e s t  

Posttest analysis i s  required t o  confirm the pretest estimates and t o  
identify potential problems. Comparison o f  t e s t  results w i t h  the pretest 
analysis i s  an excellent data validity check. The precision index 
calculated by using repeated p o i n t s  o r  redundant instruments should not be 
significantly larger than the pretest estimates. When redundant 
instrumentation or calculation methods are available, the ind iv idua l  
averages should be w i t h i n  the pretest uncertainty interval. 
several ways of ob ta in ing  a parameter, the uncertainty intervals should 
overlap. The final uncertainty limits reported for  the t e s t  results 
should be based on. the posttest analysis. 
posttest analysis for  both the ground test and f l i g h t  t e s t  phases. 

If there are 

There may be a pretest and 

2.3 Reporting Measurement Error: The uncertainty components, precision index, 
bias limit, uncertainty limit and influence coefficients are included i n  the 
reports on measurement error along w i t h  applicable t e s t  conditions. Two 
separate reports are recommended: The Measurement Uncertainty Summary 
Report and the Elemental Error Sources Report. 

MEASUREMENT UNCERTAINTY SUMMARY REPORT 

The suggested reporting format is shown i n  Table 2.4. The error components, 
S and B y  are necessary to:  
uncertainty i s  unacceptably large before the tes t ,  (2 )  t o  propagate the 
uncertainty t o  more complex parameters, and ( 3 )  t o  substantiate the 
uncertainty 1 i m i  t. 

(1) indicate corrective action i f  the 
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The nfluence coefficients for  each measurement are provided t o  document the 
calculation of the thrust error components (using equations 2-10 and 2-11). 
The t e s t  condition (or  range o f  cond i t ions )  must be identified t o  qualify 
both the error components and influence coefficients. The f l i g h t  condition 
(actual o r  simulated) and engine power level must be identified i n  a manner 
t h a t  completely defines the engine operating p o i n t .  

ELEMENTAL ERROR SOURCES REPORT 

The elemental error sources report records a l l  the elemental errors of 
each basic measurement. 
t e s t  center and be available for review. 

T h i s  report would normally be maintained by the 

The elemental contri bu t ions  are required t o  confirm measurement 
uncertainty estimates and t o  support any corrective action needed t o  
reduce the uncertainty o r  t o  identify data validity problems. T h i s  l i s t  
of elemental error sources should be reviewed t o  ensure aga ins t  potential 
m i  ssi ng sources. 

Table 2.5 provides a suggested reporting format and i l lustrates  the da ta  
required t o  be recorded. 

i 

L 

4 

B 
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3-1 

3. IN-FLIGHT THRUST MEASUREMENT PROCESSES 

The i n - f l i g h t  thrust measurement process comprises: 

o Selection of the i n - f l i g h t  thrust determination methods and definition o f  
appropriate m a t h  models (see SAE AIR 1703). 

o Calibration of the math models by fac i l i ty  testing. 

o Calculation o f  thrust using i n - f l i g h t  measurements and the calibrated math 
model s. 

During the ground t e s t  phase, errors are introduced i n  measuring test 
f ac i l i t y  thrust, i n  calibrating the math model and from the instrumentation 
used t o  determine t e s t  fac i l i ty  fl-ight conditions. 
result  from the instrumentation required t o  determine the actual f l i g h t  
condition. An accurate assessment of thrust uncertainty i s  dependent on both 
the precise definition of a l l  error elements as well as a thorough 
understanding of how the ground t e s t  errors are classified,  combined and 
propagated t o  the f l  i g h t  measured result. 

In f l igh t  tes t ,  errors 

The i n i t i a l  decision on classifying elemental errors may be changed af te r  the 
in-fl i g h t  measurement process hac been defined and the instrumentation system 
has been considered. The error is classified as precision i f  i t  increases 
the scatter i n  the t e s t  data; otherwise, i t  i s  a bias error. The decision 
logic for  error classification, based on the actual measurement process, i s  
discussed i n  Appendix C. Reclassification of i n i t i a l  precision e r ror (s )  t o  a 
bias e r ror (s )  i s  marked w i t h  an asterisk (*I t o  indicate that the precision 
error has become a fossilized o r  fixed error. 

Two sets  of measurement are identified; the fac i l i ty  measurement and the 
engine measurement. The former consists of those measurements required t o  
produce the faci 1 i ty-measured thrust, w h i  1 e the 1 a t t e r  consists of those 
measurements, i ncl udi ng simulated f 1 i g h t  condi tion, that  are expected t o  be 
made i n  f l i g h t  t o  calculate thrust. 
errors from calibration, data acquisition, and data reduction processes. 
These errors are propagated through their  respective thrust calculation 
procedures, as outlined i n  Section 2, t o  define the calculated thrust error 
components. The facility-measured thrust error components are referred t o  as 
S and B g t .  The instrumentation errors for the i n - f l i g h t  thrust 

The following paragraphs discuss ground t e s t  and f l igh t  test  phases of the 
thrust measurement process. The associated error components are defined for 
each phase and the combination and propagation of errors are discussed. 

Both sets  of measurements contribute 

c 9 culation have components Sgi and Bgi. 
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3-2 

3.1 Ground Test Measurement Process: 
process i s  t o  develop calibrated math models and define their  associated 

The purpose of the ground t e s t  measurement 

precision and bias error. The process is i l lustrated i n  Figure 3.1. For 
each methodology selected, two math models are required. One model is used 
t o  calculate thrust for t e s t  day conditions. T h i s  m a t h  model i s  commonly 
referred t o  as the " i n - f l i g h t  thrust deck." In this  report i t s  error com- 
ponents are defined as S,,,,,, and Brno A second model is used t o  correct 
t e s t  day thrust t o  some reference condition. This i s  normally referred t o  
as a Lapse Rate Model and i t  has error components Scm and Bem. 
The difference between the thrust value calculated using the math model and 
the faci  1 i €y-measured val ue is termed the "Observed Resi dual Error . 'I 
i s  the average observed residual error. Sr i s  the precision index o f  the 
observed residual error. Conceptually, the observed residual error com- 
ponents Sr and er are used t o  adjust, i.e. calibrate, the math model t o  
minimize the differences throughout the engine operating envelope. Both  
bias and precision may be a function of the value of the independent 
variables used i n  the math model. 
The observed residual error i s  combined w i t h  the f a c i l i t y  measurement and 
thrust calculation error components t o  estimate the i n - f l i g h t  thrust decks 
error components. The bias limit i s  defined by: 

fir 

(3.1) 

The precision index is bounded between zero (O) and the observed residual 
error precision index (Sr) .  

The lapse rate correction error components are estimated from f l i g h t  t e s t  
instrumentation only. 

3.2 F l i g h t  Test Measurement Process: F l i g h t  t es t s  provide calculated thrust 
using the math  model or i n - f l i q h t  thrust deck. The aeneral thrust 
measurement process is i l lustrated i n  Figure 3.2. Tie f l i g h t  condition and 
engine basic measurement errors are combined t o  define the f l i g h t  t e s t  
instrumentation error components, Sfi and B f i .  These are then combined 
w i t h  the thrust deck model error components, S,, and Bm, t o  determine 
the as-tested i n - f l i g h t  thrust error components, S t  and B t .  The 
as-tested f l i g h t  data may be corrected t o  reference conditions by means of 
the lapse rate model. The error components for the instrumentation used t o  
determine the f l i g h t  t e s t  conditions are similarly combined t o  define the 
lapse rate model error components, Scm and Bem. Multiple data points  
m a y  be averaged t o  improve the thrust estimate. 

The i n - f l i g h t  calculated thrust, corrected t o  the reference f l i g h t  condition 
has error components Sc and Bc. These are related t o  instrumentation, 
thrust and lapse rate model error components by the relations: 

sc + sm 2 + scm 2 

Bc =+ii + Bm 2 + BCm 2 
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G round Test Faci lib 
Measurements (Error 

Components Sgt & Bgt) 
i t 

v 

Math Model 
Calculation Facility Thrust  

Calculation 

4 -, b 

I I  

T O  
Flight 
Test 

Figure 3.1 - Ground Test Thrust Measurement Process Including 
Defi nitionllalibration of Math Model(s1. 
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(Error Components Scm & Bem) 
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Figure 3.2 - General Ffight Test Thrust Measurement Process. 
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4- 1 

4. APPLICATION OF UNCERTAINTY METHODOLOGY TO THE IN-FLIGHT THRUST PROGRAM: 

Uncertainty analyses should be carried o u t  throughout  the tes t  program. 
program can be organized i n t o  four phases: 
Ground Test, F l i g h t  Test, and Results Analyses. 
ac t iv i t ies  i n  each of these phases. 

The overall process of uncertainty estimation is  i terative.  
consists of estimating the error components (pretest)  then re-eval u a t i n g  them 
i n  l i g h t  of actual t e s t  data (posttest) .  

Careful application of the described methodology should lead t o  both  an 
improvement i n  the actual estimate of the in-flight thrust through better 
control of the elemental errors and an improvement i n  the interpretation and 
understanding of the final f l igh t  t e s t  results. 

The 
Program Definition and Planning, 

Table 4.1 shows the 

The closed loop 

4.1 Program Definition and Planning: The f i r s t  task i s  t o  establish the 
measurement uncertainty requi rement based on the objectives of the program. 
The second is  t o  consider a number of in-fl ight thrust measurement options 
and conduct pretest uncertainty estimates. 
reduced w i t h  the aid o f  these estimates. Several opt ions  should be used t o  
provi de redundancy. 

The number of op t ions  are 

4.1.1 In-Flight Thrust Measurement Options: The identification of potential 
options t o  provide the desired accuracy is  required. 
separate components, gross thrust, airflow, and a i rc raf t  velocity. Each 
of these components may have a number of evaluation options available. 
Cost/accuracy trades are considered. 

Net thrust has three 

Table 4.2 i l lus t ra tes  a number of options, taken from AEDC-TR-81-2, "ALCM 
Prefl i g h t - T h r u s t  Uncertainty Analysis" (4 .1 ) .  The matrix would be 
augmented by considering additional op t ions  for  airflow and/or a i rc raf t  
vel oci ty . 
The measurements required are identified for each thrust option. These 
include the fac i l i ty  and f l igh t  t e s t  thrust  measurements. Data from 
previous testing is used unless some new instrumentation i s  utilized. 

The error components for each measurement are estimated. Table 4.3 shows 
an example format that  can be used t o  tabulate the measurement error 
components. Ground and f l igh t  t e s t  measurements are identified separately. 

4.1.2 Ini t ia l  Survey of T h r u s t  Measurement Options:  The survey results will 
dtrect  attention t o  the measurements which are most c r i t i ca l  t o  the 
success of the t e s t  program. 
the influence t h a t  each measurement has on the o u t p u t  net thrust, FN. 

The approach t o  the survey is  t o  determine 

COPYRIGHT SAE International (Society of Automotive Engineers, Inc)
Licensed by Information Handling Services

SAENORM.C
OM : C

lick
 to

 vi
ew

 th
e f

ull
 PDF of

 ai
r16

78

https://saenorm.com/api/?name=4c4dbd0d905eaa9b5eeda0460cd23263


Proaram Phases 

Pro gram Def i n i  t i on 
and Planning 

Ground Test 

F l i g h t  Test 

Results Analyses 

4-2 

Re1 ated A c t i v i t i e s  

o Establ i s h  Program In-F1 i ght  Thrust 
Uncertainty Requirements 

o I d e n t i f y  Po ten t i a l  Thrust Measure- 
ment Math Model Options 

o Conduct Math Model Options Survey 
and Select  Options f o r  Use i n  the  
Pro gram 

Pre tes t  
o Estimate Ensine and F a c i l i t y  

Measurement-Errors (Sgi, B g i  1 
( S  B 

o Es8;atgtSelected Math Model ( s )  

o r m  Pretest  Estimates, Adjust  

o Ca l i b ra te  Math Model(s) and Derive 
as Necessary 

Errors  (hm, grim) 

P re tes t  
o Estimate F l i g h t  Measurement E r ro rs  

("i B f i  1 
o Es imate Selected Math Model ( s )  

Errors  (obtained from ground t e s t  
est imates) (km, %m) 

o Estimate the I n - F l i g h t  Thrust Errors  

Pos t t e s t  
o Confirm Pretest  Estimates, Adjust  

as Necessary 
o Cal c u l  a te In-F1 i g h t  Thrust Measure- 

ment Uncertainty 

(SC, Bc) 

o Examine Consistency o f  Ground and 
F l i g h t  Test Data 

o Compare Thrust Options Results 
w i t h  Program Predic t ions 

o Resolve Test Data and Performance 
Di screpancy Prob1 ems 

o Report Test Results and 
Uncer ta in t ies 

Relevant Section 

4 . 1  

4.1.1 

4.1.2 4.1.3 

~~ ~ 

4.2.1 

4.2.2 

4.3.1 

4.3.2 

4.4 

4.4.1 

4.4.1 

4.4.3 

TABLE 4.1 I n - F l i g h t  Thrust Measurement Uncertainty A c t i v i t i e s  
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4-5 

The tab le  o f  in f luence coe f f i c i en ts ,  e, are establ ished (Table 4.3) .  The 
in f luence c o e f f i c i e n t  i s  the r a t i o  o f  t h e  change i n  FN f o r  each 
measurement change, expressed i n  u n i t s  o f  the measurement. The in f luence 
c o e f f i c i e n t s  are obtained r e a d i l y  by programming the t h r u s t  measurement 
equations on a computer and observing the FN output  va r ia t i ons  w i t h  
successively smal 1 i n p u t  perturbat ions,  as i l l u s t r a t e d  i n  Appendix E. The 
values o f  e w i l l  vary w i t h  f l i g h t  condi t ion,  engi.ne power s e t t i n g  and 
W u s t  op t ion  and should be establ ished f o r  every op t ion  under 
consideration. Each e r r o r  component i s  propagated t o  def ine the prec is ion  
index and b ias  l i m i t  f o r  the ground inst rumentat ion (Sgi 
f l i g h t  inst rumentat ion (S f i  and B f - ) ,  and the f a c i l i t y  measure 
performance parameter (Sgt  and Bgt3. Thus: 

and Bii)' the 

- 
S g t  - 

B g t  - d L k  - (egt,k Bgt,k l2 

- 
'gi - 

Bg i  

'fi - 

- 

- 

where there are  k measurements con t r i bu t i ng  t o  each b ias  and prec is ion  
summation. 
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An estimate of the i n - f l i g h t  thrust calculation precision index, Sc, and 
bias limit, Bc, are determined using Equations 3.2 and 3.3. The  
procedure i s  repeated for each t e s t  condition and thrust opt ion.  The 
final results for each can be combined t o  define the single value, U ,  
representing uncertainty. T h i s  procedure will rank the candidate op t ions  
and may identify different opt ions  as being best for  different f l igh t  
conditions. I t  will also identify c r i t i ca l  areas t o  be closely monitored 
and areas for improvement. An example i s  provided i n  Appendix F. 

When the survey is  completed the op t ions  for use i n  the t e s t  program are 
selected. The selection will involve particiption by a i rc raf t ,  engine, 
f l igh t  and ground tes t ,  instrumentation, and performance analysis experts. 

4.2 Ground Test: The uncertainty evaluation act ivi t ies  include: (1) pretest 
estimating of engine and fac i l i ty  measurement errors and math model errors, 
and (2) posttest confirmation of pretest error estimates and definition of 
the calibrated math model including model error determination. The end 
product i s  the calibrated math model which will satisfy the in-fl ight thrust 
measurement accuracy requirement. 

4.2.1 Ground PreTest Error Analysis: The objective of the pretest error 
analysis i s  t o  ensure t h a t  the candidate measurement systems will satisfy 
the program accuracy requirement. A logic flow chart i s  shown i n  
Figure 4.1. 

The total measurement system, including calibration, data acquisition, and 
da ta  reduction processes, i s  identified using the selected thrust options. 
A detailed pretest error analysis, including elemental error estimates for 
each error category, i s  made following the methodology of Section 2.0. 
The elemental error sources and estimates may be tabulated us ing  the 
format shown i n  Table 2.5. An example i s  shown for a typical pressure 
measurement i n  Table 4.4. 

The  results of the pretest error analysis of the measurement parameters 
should be reported i n  the Measurement Uncertainty Summary Report format 
shown i n  Table 2.4. The measurement errors should be propagated t o  the 
desired performance parameters. These results would also be reported i n  
the sumnary report. Performance parameter uncertainties may vary widely 
w i t h  t e s t  conditions. To report representative uncertainties i t  m a y  be 
necessary t o  provide a separate sumnary report for each expected t e s t  
condition, o r  t o  provide a number of summary reports each of which cover a 
range o f  test conditions. 
format. The measurement error component data for this example are taken 
from AEDC-TR-81-2, "ALCM Prefl ight-Test Thrust Uncertainty Analysis. It 
(4.1) The influence coefficients and net thrust error components were 
calculated us ing  one thrust model from the same report. A summary of this 
is  contained i n  Appendix E.  The net thrust error components i l lustrated 
represent the ground instrumentation error components, Sgi and Bgi. 
Similar data would be required for the fac i l i ty  instrumentation error 
components, Sgt and B g t .  

Table 4.5 i l lus t ra tes  a typical summary report 
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Figure 4.1 - Ground Test Measurement Process Evaluation Cycle 
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4-10 
.Only one f l ight  condition is  shown i n  this example. When examining a 
range of t e s t  conditions, the error components for each test  condition 
should be propagated and the recul t s  combined i n  an appropriate fashion. 
A conservative estimate would use the largest value of uncertainty for  the 
performance parameter over the range of t e s t  conditions. 

4.2.2 Ground Posttest Analysis: The objectives of posttest data analysis are 
(1) t o  confirm the pretest measurement error estimates and (2) t o  provide 
a calibrated engine thrust math  model(s) and the lapse rate correction 
model, including error components. 

CONFIRMATION OF PRETEST ESTIMATES 

The precision index for each measurement can be verified from repeat d a t a  
po in t s .  
thrust can be checked against predicted values and the final results can 
be tested for consistency, and deviations from predicted performance. If 
multiple thrust options are available they may be compared t o  provide 
additional assurance that bias limits have been properly assessed. T h i s  
procedure guards against 1 arge unknown biases going undetected. 

The b i a s  limit can only be checked i n  a gross sense i n  that  

CALIBRATION OF THE MATH MODEL AND ESTIMATION OF ERROR COMPONENTS 

The procedure for the derivation of the calibrated math model will depend 
on the specific form of the math model i t s e l f .  
details .  Once the calibrated math model i s  defined, the math model error 
components, i l lustrated i n  Figure 4.2, can be defined i n  a four-step . 
process. 

Appendix G provides 

First, the ground t e s t  fac i l i ty  instrumentation error components are pro- 
pagated t o  define the error components B g t  and Sgt  o f  the fac i l i ty  
performance measurement. 

Second, the error components of the engine ground t e s t  instrumentation are 
propagated through the calibrated m a t h  model t o  define the ground 
instrumentation error components Bgi, and Sgi.  
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Instrumentation Error 
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Residual Error I 
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Figure 4.2 - I n-Flight Thrust Measurement Process Error Propagation 
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4-12 

Third, the thrust i s  calculated using the calibrated math model fo r  each 
ground t e s t  data p o i n t ,  comparing this calculated thrust ( F  alt) t o  the 
f ac i l i t y  measured thrust (F,) t o  define a residual error cry. T h i s  
could be done as an absolute difference; 

= Fcaïc- Fm (4.7) 

o r  as a fractional value; 

(4 .8 )  

The fractional value which i s  not necessarily constant through the range 
of Fm values, is more advantageous when examining a range of t e s t  
conditions. The definition used will affect  the numerical value of the 
error estimates. 

Fourth,  the information of the f irst  three steps i s  combined t o  identify 
the math model error. The math model will always have a bias error. 
The l imit  of t h i s  error can be estimated from the information above. 
Ini t ia l ly ,  the observed bias error  ( B Y )  i s  defined. T h i s  i s  the average 
residual error for the f l i g h t  condition or  range of conditions of interest  
(Figure 4.3) .  
conditions for which data can be combined. Appendix G provides some 
guide1 i nes. 

Care should be taken i n  defining the range o f  t e s t  

r 
Liri 

8, = - n (4.9) 

The precision index of the observed residual error (Sr)  must also be 
calculated (Figure 4.4). 

- $Ci( ri- f i r +  

'r - n-k (4.10) 

where k is the order of the curve f i t .  

For any reasonable calibration process the residual bias error should be 
essentially zero. 

Two cases are considered t o  define the math model b i a s  limit. 
simplest case the f l i g h t  t e s t  engine and i t s  instrumentation are assumed 
t o  be those used i n  the ground tes t .  
acquisition and reduction process i s  replicated then the math model b i a s  
limit is  defined by the ground fac i l i ty  measurement bias limit 
(B and the fossilized precision element from the calibration process; 

2s; for large sample sizes ( n  - j 30) .  

by root-sum-squari ng these two components. 

In the 

If the total f l i g h t  t e s t  data 

9 t  

w The math model bias 1 i m i  t is  defined 

(4.11) 
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4-14 

For the case where any por t ion  of the f l igh t  t e s t  measurement process is  
not identical t o  the ground t e s t  measurement process the bias l imit  of the 
ground instrumentation, B i ,  (o r  a t  least  t h a t  po r t ion  which i s  not  
carried over i n t o  f l igh t  fes t )  must be considered. 
l imit  i s  then defined by: 

The math model bias 

(4.12) 

In addition t o  the bias error, the precision error should be investigated. 
The thrust calculation procedure i s  no t  normally expected t o  introduce any 
r ndom errors, (5) i s calcul ab1 e from the root-sum-square of the preci si on components 
of the two sets  of measurement errors, S g t  and Sgi .  

An estimate of the precision index of the residual error 

.5 r = -\ls2T”’ g t  g i  (4.13) 

The actual precision index (S r )  i s  calculated from the observed data 
us ing  equation 4.10. 
Appendix 6.4 If they are essentially the same i t  can be assumed t h a t  the 
ground t e s t  process i s  well controlled and understood and t h a t  the math 
modelinq process does no t  introduce any random error. 
Math Model precision error i s  zero as shown in Eq. 4.14. 

The two are compared using an F t e s t  as defined i n  

In th i s  event the 

s, = o (4.14) 

If a significant difference exists then the Math Model precision error i s  
equal t o  Sr. 

(4.15) 

Care must be taken t o  ensure t h a t  the derived error from the resultant 
calibrated math  model does no t  excessively misstate the uncertainty. The 
evaluation could assess only the worst case condition and provide a 
conservative estimate (maximum value) for  the desi red t e s t  envelope, o r  
could assess data t h r o u g h o u t  the envelope t o  provide an average estimate. 
Since i t  may not be feasible t o  identify the worst case condition prior t o  
completion o f  the da ta  analysis, the - la t te r  op t ion  may be the most 
practical for evaluations which require broad f l igh t  envelope testing. 
The assumptions made i n  combining f l igh t  t e s t  conditions can be tested by 
subdividing the final combined conditions and showing t h a t  the math model 
resul t s  remain essentially constant. 
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DERIVATION OF THE CALIBRATED LAPSE RATE CORRECTION MODEL AND 
ITS ERROR COMPONENTS 

An additional task which may be part of the posttest analysis i s  that of 
defining the procedure t o  correct actual f l i g h t  t e s t  data t o  desired 
standard conditions. This also requires an evaluation of the errors 
introduced by the correction process, Scm and Scm. 

The procedures are discussed i n  Appendix 6.3. 
will have a number of similari t ies t o  the math  model. 
correction error components can be  shown t o  be dominated by the f l i g h t  
test instrumentation error components. The f l igh t  t e s t  instrumentation 
error components are required since the correction i s  from a measured t e s t  
condition, which contains error, t o  an absolute desired condition. These 
f l igh t  t e s t  instrumentation error components are estimated us ing  the same 
techniques required for the other instrumentation sets. 

The lapse rate correction 
The lapse rate  

4.3 F l i g h t  Test: The f l i gh t  t e s t  act ivi t ies  include pretest  estimating of 
f l igh t  measurement errors and i n - f l i g h t  thrust errors, and posttest 
confirmation o f  pretest error estimates. A logic flow chart i s  shown i n  
Figure 4.5. 

4.3.1 F1 i g h t  Pretest Error Analysi s: The total measurement system, incl uding 
calibration, da t a  acquisition, and da ta  reduction processes, i s  identified 
from the selected thrust options. A detailed pretest error analysis i s  
made as for ground tes t .  Tables similar t o  4.4 and 4.5 are completed. 
T h i s  analysis provides the f l i g h t  instrumentation error components S f i  
and B f i .  The results are combined w i t h  the math  model error components 
tSn#n and Bm) and, where appropriate, the lapse rate.correction model 
error components (Sem and SC,,,) t o  define the f l i g h t  t e s t  thrust 
measurement error components (Sc and Bc):  - sc =& + s, 2 + scm 2 

2 2 Bc + Bm + Bcm 

(4.16) 

(4.17) 

For as-tested conditions, the lapse rate error components would be deleted. 

4.3.2 F l i g h t  Posttest Analysis: The primary purposes of the posttest data 
analysis are t o  confirm the pretest measurement error estimates and t o  
calculate the i n - f l i g h t  thrust measurement uncertainty for  the selected 
math model options. The same procedure described i n  Section 4.2.2 i s  used. 
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Figure 4.5- Flight Test Measurement Process Evaluation Cycle 
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4-17 

4.4 Results Analyses: The objective of this effor t  i s  t o  ensure t h a t  systematic 
unknown b i a s  errors do not go undetected i n  the various program processes. 
The program results review consists of examining the consistency of the 
program test results (ground and f l i g h t  t e s t s )  w i t h  pretest predictions and 
w i t h  vehicle performance characteristics. 
sped f i c  areas requiring detai 1 ed t e s t  data analysi s. Prob1 em areas shoul d 
be resolved and, as a result ,  the uncertainty intervals fo r  the i n - f l i g h t  
thrust measurement options may require adjustment. 

Gross checks should reveal 

4.4.1 Review of Ground and F l i g h t  Test Results: The prime objective is  t o  
ensure that the ground t e s t  calibrated math model(s) i s  viable and 
corresponding error components are applicable t o  the actual f l i g h t  t es t s .  
In the review, factors t h a t  may void o r  a l t e r  the applicability of the 
math  model should be identified, such as instrumentation failures (and 
possibly subsequent substi tutions) , differences i n  the instrumentation 
type and probe location between ground and f l igh t  t e s t ,  differences 
between the simulated f l i g h t  conditions and the actual f l i g h t  conditions, 
and differences i n  engines o r  engine configurations between ground and 
f l i g h t  t es t .  Adjustments t o  the final f l igh t  thrust results are made on 
the basis of th i s  review. 

Techniques fo r  testing data validity us ing  a i rc raf t  performance data 
consistency (e.g., drag polar analysis, Ref. AIR 1703, Section 7) may be 
empl oyed. These techni ques are useful for  i denti fyi ng prob1 ems. 

4.4.2 Test Data Averaging: 

I t  may be advantageous t o  combine data points t o  improve the performance 
estimation. The  precision index of an average i s  reduced by the inverse 
rat io  of the square root of the number of da t a  points i n  the average 
compared t o  the precision index of single po in t s .  
uncertainty for the average (Ux) defined by: 

T h i s  results i n  an 

2sC 
X "- = Bc +J-n (4.18) 

Since repeat data points are generally not total ly  achievable, i t  i s  
corrected test data which would normally be averaged. Therefore, the 
error components would include the lapse rate model error. 

If more than one independent thrust measurement opt ion  i s  available for  a 
given f l i g h t  t e s t  condition i t  may be possible t o  combine da ta  t o  improve 
the estimate. However, de f in ing  the uncertainty of such combined da ta  is  
very complex and beyond the scope of th i s  document, (4 .2 ) .  

COPYRIGHT SAE International (Society of Automotive Engineers, Inc)
Licensed by Information Handling Services

SAENORM.C
OM : C

lick
 to

 vi
ew

 th
e f

ull
 PDF of

 ai
r16

78

https://saenorm.com/api/?name=4c4dbd0d905eaa9b5eeda0460cd23263


4-18 

4.4.3 Program Data Uncertainty Reporting: The f l i g h t  t e s t  performance results 
should be reported fo l lowing  the general reauirements of Section 2.3. The 
uncertainty interval and i ts  components for 'each thrust opt ion should be 
reported and should include supportive error information: each op t ion ' s  
measurements error components and the corresponding elemental error 
sources w i t h  their  error estimates. 
intermediate performance results. 

I t  may be useful t o  report 

For combined data points, i t  is  necessary t o  report the number of data 
po in t s  represented by the average value i n  a d d i t i o n  t o  the Sc and Bc 
components. 

i 
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Accuracy 

Average value 

Bias ( ß )  

Bias L i m i t  ( B )  

Cal i bration 

Cal i bration 
H i  era rc hy 

Co nf i dence 
Level 

Coverage 

Degrees of 
Freedom (U) 

E l  ementa1 
Error 

Estimate 

Fossilization 

A - l  

APPENDIX A 

DEFINIT IONS 

The closeness or agreement between a measured value and 
the true value. 

The arithmetic mean of n readings. 

The difference between the average of the measurement 
population and. the true value. 

The expected upper  limit of the true bias error, ß, 
often determined by judgment. 

The process of comparing the response of an instrument 
t o  a standard instrument over the measurement range. 
Corrections may be applied i n  an attempt t o  reduce the 
instrument bias. 

The chain of calibrations which l inks or traces a 
measuring instrument to a primary standard. 

The frequency i n  percent w i t h  which the calculated 
s t a t i  s t i c  i s  correct. (See al so coverage). 

The frequency w i t h  which an interval estimate of a 
parameter may be expected to  contain the true value. 
ninety five percent uncertainty interval provides 95% 
coverage of the true value. That i s ,  i n  repeated 
sampling, when a 95% uncertainty interval is  constructed 
for each sample, over the long run, the intervals will 
contain the true value 95% of the time. 

A 

A sample of n values i s  said t o  have n degrees of 
freedom, and the f i rs t  s t a t i s t i c  calculated from i t  i s  
also said t o  have n degrees of freedom. One degree of 
freedom i s  lost for each previously calculated s t a t i s t i c  
used t o  calculate a new s t a t i s t i c .  

The bias and/or precision error associated w i t h  a single 
error source. 

A value calculated from a sample of data as a substitute 
for an unknown population constant. 
precision index ( S )  is .an estimate of the population 
standard deviation ( U ) .  

For example, the 

Sometimes the precision error from the calibration 
process becomes part of the fixed bias error. T h i s  
conversion from random t o  bias error should be called 
fossilization, and i s  indicated by an asterisk 
superscript. 
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Inf 1 uence 
Coefficient, (e) 

Laboratory 
Standard 

Measurement 
Error 

Precision 

Precision 
Error 

Preci si on 
Index (Sx) 

Precision Index 
of Mean (Sr) 

Primary Standard 

Repeatabi 1 i ty 

Sample Size (n) 

Sampl i ng Error 

Standard 
Devi a t i  on ( U) 

Traceabil i ty  

A- 2 

For a given functional relationship, the effect  a small 
change i n  an i n p u t  parameter has on the output. 

An instrument which i s cal i brated periodically against 
a primary standard. The laboratory standard may also be 
cal led an i nterl ab standard. 

The difference between the true value and the measured 
value. I t  includes both  bias and precision errors. 

The closeness of agreement between repeated measurements. 

The random error based on a se t  o f  repeated measurements. 
Also known as repeatability error or sampling error. 
The product of the S tuden t  t value and the precision 
index i s  an estimate of the precision error uncertainty, 

The estimated standard deviation based on N measurements. 

Calculated as, follows for n measurements: 
S.. 

A s = -  
x f i  

A primary physical standard or one maintained a t  a 
National Standards Laboratory 

See precision error. 

The number of independent measurements of a parameter i n  
a sample. 

See precision error. 

The true measure of dispersion of a population. 

The abi l i ty  to  trace the calibration of a measuring 
device t h r o u g h  a chain of calibrations t o  a primary 
standard. 
helps t o  assure i t  by the discipline of a documented 
calibration hierarchy. 

Traceability does no t  guarantee accuracy b u t  
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Transfer 
Standard 

True Value 

Uncertainty 
Interval 

Uncertainty 
L i m i t  ( U )  

Working 
Standard 

-- 

A- 3 

A laboratory instrument which i s  used t o  calibrate 
working standards and which i s  periodically cal i brated 
against the 1 aboratory standard. 

The actual value of the parameter being measured. 

The interval expected t o  contai+n the true value: 
symmetrical bias limits and +U and -U- fo r  nonsym- 
metrical bias limits. 
on confidence level or coverage of the true value by the 
interval . 

U for 

See Appendix D f o r  a discussion 

The  expected error limit of a resul t  for a given 
coverage. 

An instrument which is  calibrated i n  a laboratory 
against an interlab or transfer standard and i s  used as 
a standard i n  calibrating measuring instruments. 
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B- 1 

APPENDIX B 

SMALL SAMPLE STATISTICAL METHODS 

With a l a r g e  sample a r b i t r a r i l y  def ined as > 30, the fo l l ow ing  small sample 
methods are no t  required as the value o f  student 's t may be assumed t o  be 2.0. 

B . l  Student's ''t" 

The uncer ta in ty  l i m i t ,  def ined e i t h e r  as: 

UADD = (B + tg5S) o r  URSS = B.  + t S Il2 ( 9 5 )  
2 (B.1) 

where B i s  the b ias  l i m i t ,  S i s  the p rec i s ion  index, and tg5  i s  the 95th 
pe rcen t i l e  p o i n t  f o r  the two- ta i l ed  Student's "t" d i s t r i b u t i o n  (Table B-1). 
The t value i s  a func t i on  o f  the number o f  degrees o f  freedom ( v )  used i n  
c a l c u l a t i n g  S .  For small samples, t w i l l  be large, and f o r  l a r g e r  samples t 
w i l l  be smaller, approaching 1.96 as a lower l i m i t .  The use o f  t i n f l a t e s  
the l i m i t  U t o  reduce the r i s k  o f  underestimating S when a small sample i s  
used. Since 30 degrees o f  freedom y i e l d  a t o f  2.04 and i n f i n i t e  degrees o f  
freedom y i e l d  a t o f  1.96, an a r b i t r a r y  se lec t i on  o f  t=2 f o r  values o f  
from 30 t o  i n f i n i t y  i s  made f o r  s i m p l i c i t y .  

B.2 Degrees o f  Freedom (VI: I n  a sample, t he  number o f  degrees o f  freedom 
the s i ze  o f  t he  sample. When a s t a t i s t i c  i s  ca lcu lated from the sample 
degrees o f  freedom associated w i t h  the s t a t i s t i c  are reduced by one fo r  
every estimated parameter-used i n  c a l c u l a t i n g  the s t a t i s t i c .  For examp 
from a sample o f  s i ze  n, X i s  calculated: 

1 

S 
the 

e, 

= 1 1 4  c n.l x. J .  (8.2) 

which has v = n degrees o f  freedom, and 

which has v=n-l degrees o f  freedom because 
data) i s  used t o  ca l cu la te  S .  
one degree o f  freedom may be l o s t .  
e r r o r  o f  a curve fit, the number o f  degrees o f  freedom which are l o s t  i s  
equal t o  the number o f  estimated c o e f f i c i e n t s  used t o  def ine the curve. 

t o  f i n d  the corresponding value o f  Student's 'It". 

(based on the same sample o f  
I n  c a l c u l a t i n g  other  s t a t i s t i c s ,  more than 

For example, i n  c a l c u l a t i n g  the standard 

. Each p rec i s ion  index ( S )  w i t h  i t s  associated degrees o f  freedom ( v )  are used 
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B.3 Propagation of Degrees of Freedom: 
error  sources are combined ( r o o t  sum square), the degrees of freedom o f  the 
result  must be determined i f  any of the elemental degrees of freedom are 
less  than 30. The Welch-Satterthwaite formula i s  used for  this  purpose. 
i s  a function of the degrees of freedom and the magnitude of the elemental 
precision indices. 

When precision indices of elemental 

I t  

(B .4 )  2 2 I f  S1 =hll + SZ1 + S31' w i t h  degrees of freedom vll, vZ1, ~ 3 1 ,  

( B . 5 )  

>ll >21 331 
vll '21 '31 
- + - + -  

The general form being: 

vR 

i V 

When precision indices for measurement are propagated t o  the final t e s t  
result w i t h  influence coefficients, the precision index of the result  will 
be obtained from an equation like: 

r )  
then 

( B . 7 )  

(B.8) 

X 
V V 

Y 2 
V 

In this manner, the degrees of freedom are propagated t o  the final t e s t  
result  and used t o  determine t h e  tg5 value for the uncertainty interval. 

. Note t h a t  i t  i s  conservative t o  round vR down i f  the vR i s  no t  a whole 
number. 

I 

f l  
E- 
L 

d 

COPYRIGHT SAE International (Society of Automotive Engineers, Inc)
Licensed by Information Handling Services

SAENORM.C
OM : C

lick
 to

 vi
ew

 th
e f

ull
 PDF of

 ai
r16

78

https://saenorm.com/api/?name=4c4dbd0d905eaa9b5eeda0460cd23263


B .4 

B-3 

Students "t" Table: 
p resents  the two-tailed 95% Y" values f o r  the degrees of freedom from one 
t o  30. Above 30, the value i s  rounded t o  2.0. 

The t a b l e  i s  used t o  provide an in te rva l  es t imate  of the true value about an 
observed value. The interval i s  the measurement p l u s  and minus  the standard 
devia t ion  of the observed value times the l i t "  value ( f o r  the degrees of 
freedom o f  t h a t  standard devia t ion) :  

The t a b l e  of S tuden t ' s  "t" d i s t r i b u t i o n  (Table B . l )  

i n t e rva l  = measurement f tg5S 

The 95 Student ' s  l i t "  value for 17 deg o f  freedom is  2.110. W i t h  a standard 
deviation of 50 the interval is: 

measurement I(2.11 x 50)= measurement f 105.50 
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B -4 

Freedom Freedom 
1 12.706 
2 4.303 
3 3.182 
4 2.776 
5 2.571 
6 2.447 
7 2.365 
8 2,306 
9 2.262 

10 2.228 
11 2.201 
12 2.179 
13 2.160 
14 2.145 

I 15 2.131 

17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 

2.110 
2.101 
2. o93 
2.086 
2.080 
2.074 
2.069 
2. o64 
2.060 
2.056 
2.052 
2.048 
2.045 

-- 

16 2.120 30 or more use 2. 

Table B. l  - Two-tailed Student's "t" Table 
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APPENDIX C 

IMPACT OF MEASUREMENT PROCESS ON ERROR 
CLASSIFICATION AND ESTIMATION 

Measurement errors are in i t i a l ly  p u t  i n t o  one of two classes, precision or bias, 
depending on how the error is derived. 
s ta t i s t ica l  analysis of repeated measurements while the b i a s  limit, B y  i s  a t  
least  partially estimated by non-statistical methods. This approach1 makes a 
very compl ex situation manageable and keeps the s ta t i s t ica l  estimate and the 
judgment  estimate error components separate u n t i l  the appropriate time t o  combine 
them. 

The precision error, S, is derived by a 

The in i t ia l  decision on classifying elemental errors may be changed af te r  
considering the defined in-flight measurement process and the instrumentation 
system. 

Calibration errors are the most common in i t ia l  e r ror (s )  which may or may no t  be 
reclassified as a resul t  of the defined measurement process. For example, 
considering the measurement of air  flow for  a gas turbine engine a t  a t e s t  
fac i l i ty  over a long period, the uncertainty of this measurement will contain 
errors due t o  variations between calibrations, t e s t  stands, and measurement 
instruments . The i n i  t i  a l  cl assi f ication of errors Wou1 d 1 i kely remain 
unchanged. However, i f  the same measurement were from a single t e s t  stand 
i n v o l v i n g  one calibration, then the in i t i a l  precision i n  the calibration process 
would manifest i t s e l f  as a bias for this process. 
precl'sion error(s1 t o  a bias e r r o d s )  is  marked w i t h  an asterisk (*) t o  indicate 
that  i t  is  a fossilized or  fixed error for  this process. 

Reclassification of i n i t i a l  

The uncertainty analysis for  the above examples will be different from the 
uncertainty analysis for  a comparative, back-to-back t e s t  t o  measure a i r  flow on 
a single t e s t  stand for a single engine, which i s  a different measurement 
process. Calibration errors (bias and precision) which propagate as a b i a s  i n t o  
the measurement process may be ignored i n  comparative testing when the same 
instrumentation and equipment are used for a l l  testing, and calibration errors do 
not  affect  the comparison of one t e s t  w i t h  another (the t e s t  objective being t o  
determine i f  a design change i s  beneficial). 
measurement process may include the same engine, instrumentation, and t e s t  s tand;  
however, there is still  a difference i n  uncertainty due t o  the difference i n  t e s t  
objectives and t e s t  duration. 

In these examples, the defined 

The planned instrumentation, type and number, is  also part of the definition of 
the measurement process. 
individual repeat points  o r  (2 )  a number of simultaneous readings, o r  (3) a 
combination of both,  this must also be specified, as the precision index depends 
on this information. 

I f  the end measurement i s  an average of (1) a series of 

Significant reductions i n  precision error can be obtained 

Her Majesty's National Physical Laboratory Report "A Code of Practice for 
the Detailed Statement of Accuracy'', 1973, P. J. Campion, J. E. Burns, and 
A. Williams, Section 5 Recommendations. 
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i f  averaging Can be used. (Averaging can be used (1) w i t h  repeated single 
measurements i f  the measured variable i s  constant, o r  ( 2 )  i f  redundant 
instruments can be recorded simultaneously). The decision logic for error 
classification based on the actual measurement process i s  shown i n  Table C . 1 .  

In summary, errors from the calibration process merit special consideration. 
There are four cases t o  consider: 

1. 

2. 

3. 

4. 

I f  the t e s t  period i s  long enough that instrumentation may be calibrated more 
than once and/or several t e s t  stands are involved, the precision errors i n  
the calibration hierarchy should be treated as  contributing t o  the overall 
precision index. 

For a single se t  o f  instrumentation, calibrated only once dur ing  the t e s t ,  
a l l  the calibration error i s  frozen o r  fossilized in to  bias. The uncertainty 
o f  the calibration process i s  a l l  bias. 
calibration precision error that  i s  fossilized, i.e. S*. 

An asterisk i s  used t o  designate 

For comparative, back-to-back, development tes t s  where the t e s t  objective i s  
the difference between two successi ve tes t s ,  al 1 the cal i bration error ( b i  as 
plus precision) i s  a constant i n  both t e s t s  and i s  cancelled by t a k i n g  the 
difference. Trending errors are an exception as described next. 

Elemental errors that  trend w i t h  time merit special attention. For example, 
considering a flow meter w i t h  a calibration history as shown i n  Figure C.1, 
the data show some trending characteristics. Every e f for t  should be made t o  
remove o r  reduce the trending. I f  the t e s t  process i s  long ,  l ike "B",  
including many calibrations, this trending error i s  a precision error,  
the other hand, i f  the t e s t  i s  shor t ,  like "A", an argument can be made that 
t h i s  error is  fixed, a bias. 

' 

On 

Therefore, trending errors shoul d al ways be i ncl uded i n  an uncertainty 
estimate. A trending error is  the exception t o  both paragraphs 2 and 3 above 
and will always contribute t o  the uncertainty estimate. In comparative 
back-to-back testing, trending errors should be carefully evaluated as  they 
may introduce large errors. 
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MEASUREMENT PROCESS 
. DEFINED AS: 

c-3 

ERRORS CLASSIFIED AS: 

Many Tests over  Long B i  = BCAL, Si = SCAL 
Periods with Many 
Cal i b r a t i  ons 

S ing le  Tes t ,  One 
Cal ibra t ion  f o s s i l i z e d  in to  bias 

S2, S3, Bp, B3 Unaffected 

A l l  e r r o r  from c a l i b r a t i o n  process i s  f ixed  o r  

where n = number of samples 

Sp, S3, Bp, B3 = Unaffected 

s1 = o 

Comparative o r  Back-to- 
Back Test, One Cal i bra- 

A l l  b i a ses  ( B i ,  B E ,  B3) cancel o u t  when f i r s t  
t es t  result i s  subt rac ted  from second result. Cal i -  

t i o n ,  GroÜnd T e s t  or 
F1 i g h t  Test 

* 
bra t ion  prec is ion  i s  f o s s i l i z e d  in to  Si = O. 

S2, S3 Unaffected, S = Y S :  + SG 

UADD o r  URSS = f (ZS), a two-sided s t a t i s t i c a l  
confi  dence bound 

F l i g h t  T e s t  uses Same 
Engine Instrumentation as 
Ground T e s t  W i t h o u t  
Recal i b r a t ?  on 

Pressure Differential 
(Pl - Pp) uses Same 
Transducer f o r  Both 
Pi and P2 

Ground tes t  c a l i b r a t i o n  of thrust model will elimi- 
na te  engine instrumentation b i a s  e r ro r .  

Bias l imit  f o r  transducer cance ls  out.  

- p rending Error  

i 
3 = Data Reduction 

TABLE C . l  DECISION LOGIC DIAGRAF! JO SUMMARIZE RULES OF ERROR CLASSIFICATION 
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b A t o Cal i brations 

Time + 

Figure C . l  - Trending Error Calibration History--Treat as Precision 
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D - 1  

APPENDIX D 

MONTE CARLO COMPAR1.SON OF ALTERNATIVE UNCERTAINTY METHODS 

If the b ias  and precis ion e r r o r  es t imates  a r e  propagated separa te ly  t o  the tes t  
end result and the equation used t o  combine them i n t o  uncertainty i s  s t a t e d ,  
either UADD o r  URSS can be used. Monte Carlo simulation was used t o  compare 
the addi t i v e  and root-sum-squared val ues. 

UNCERTAINTY INTERVAL COVERAGE 

A r igorous ca lcu la t ion  of confidence level o r  coverage o f  the true value by the 
in te rva l  i s  not  possible  because the d i s t r i b u t i o n s  of b ias  e r r o r s  and limits, 
based on judgment, cannot be determined. Monte Carlo simulation of the i n t e r v a l s  
can provide approximate coverage assuming various b ias  limit d i s t r ibu t ions .  

For l a rge  samples ( N  > 30): 

UADD = B + 2s 

For small samples: 

UADD = B + t g 5  S 

where tg5  is determined from the degrees o f  freedom ca lcu la ted  from the Welch- 
Satterthwai t e  approximation. 

As the actual  b i a s  e r r o r  and b i a s  limit d i s t r i b u t i o n s  will probably never be 
known, the simulation studies were based on a range of assumptions. 

SIMULATION CASES CONSIDERED (102 cases)  

A number ( 102) of simul a t i  on cases  were f i  rst consi dered, These i ncl uded : 

o From 3 t o  5 e r r o r  sources, both b i a s  and precis ion 

o Bias e r r o r s  d i s t r i b u t e d  both normally and rectangular ly  

o Precision d i s t r i b u t e d  normal ly 

o Bias limits a t  both 95% and 99.7% f o r  both the normal and the rectangular  
d i  stri bu t i  on 
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o Precision indices based on sample sizes from 3 t o  30 
o Ratio of precision t o  bias errors a t  1/2, 1.0 and 2.0 

Another 102 cases were simulated w i t h  errors from up t o  19 sources w i t h  
simi 1 a r  results. 

The result of the studies comparing the two intervals was: 

UADD averaged 99.1% coverage while URSS provided 95% based on b i a s  
l imits assumed to  be 95% (ZU for normally distributed biases and 1 .645~ 
for rectangularly distributed biases.) 
UADD averaged approximately 99.7% coverage and URSS coverage was 97.5% 
i f  the bias limits were assumed 99.7% ( 3 ~  for normal and 1.732~ for 
rectangular bias limit.) (Figure D.2.). 
Because of these coverages, UADD i s  sometimes called Ugg and URSS i s  
called Ug5. 
If the bias error is  negligible, both intervals provide a 95% s ta t i s t ica l  
coverage. 
If the precision error i s  negligible, both intervals provide 95% t o  99.7% 
depending on the assumed bias l imit  size. 
When the interval coverages were compared, UADD provides a more precise 
estimate of the interval size (range of 98% t o  100%) as opposed t o  93% t o  
100% for URSS (Figures D . l  t o  D . 4 ) .  
UADD was larger than URSS. 
s ize t o  URSS interval size was 1.35:l. 

(Figure D . l . )  

The average rat io  of the UADD interval 

THE SIMULATION PROCEDURE 

1. Measured values, X = b i  + . . . +bN +Si +. . . +SN were generated. 
The bi 's are randomly generated b ia s  errors generated from N d i s t r i b u -  
t ions (rectangular or normal) and the SI'S are randomly generated 
precision errors from the normal d i s t r i b u t i o n .  The means of the 
d i s t r ibu t ions  were al l  zero. 

2. N random samples of size n l ,  . . ., nN were drawn from normal 
d i s t r ibu t ions ,  i=l, . . ., N .  

3. The standard deviations of the N dis t r ibu t ions ,  the Welch-Satterthwaite 
degrees of freedom and the UADD and URSS uncertainty interval s were 
cal cul ated. 

The precision indices were i n p u t  as above. 

4. I t  was determined whether 

The percent of times the interval covered O was calculated for 500 cases. 
The results are shown on Figures D . l ,  2 ,  3 and 4. 

F 

P 
L -  
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"I 
60 

UADD 

Intervals Containing True Value 

/F. 99-13 perce/ - 
X = 94.97 percent 

Bias Limits Assumed to 
Be at 2a for Normal 
and 1.6450 for Rectangular 

93 92 91 90 89 
Coverage, percent 

Figu-re D . l  - Coverage D is t r ibut ion  f o r  95% Bias L imi ts  
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100 

80 

60 

40 

20 

Bias Limits Assumed to 
Be at 3cr for Normal and 
1.7320 for Rectangular 
Bias Error Distributions 

- /  
Intervals Containing True Value / 

100 99 98 97 96 95 94 93 92 91 90 89 
Coverage, percent 

Figure D.2 - Coverage D is t r ibut ion  f o r  99.7% Bias Limits 
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98 97 t A 

A 
A 
A 

0 UADD 

A 

A 

A 
A 

A 
A 
A A  

A 
A A 

99 

O 4 8 12 16 20 24 28 32 
Sample Size 

Figure D.3 - UADD and URSS S e n s i t i v i t y  t o  Var ia t ion  i n  
Sample Size  

COPYRIGHT SAE International (Society of Automotive Engineers, Inc)
Licensed by Information Handling Services

SAENORM.C
OM : C

lick
 to

 vi
ew

 th
e f

ull
 PDF of

 ai
r16

78

https://saenorm.com/api/?name=4c4dbd0d905eaa9b5eeda0460cd23263
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L g 96 
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94 

92 

D-6 

NOTES: 
1. UADD Range 

2. --- URSS Range 

3. Based on Monte Carlo Simulation, 
Sample Sizes 3-30 

o. 5 1. o 1.5 
Q Biaslo Precision 

Figure D.4 - UADD and URSS S e n s i t i v i t y  t o  Bias t o  Precision 
Error Ratio 

2. o 
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c 

E - 1  

APPENDIX E 

EXAMPLE INFLUENCE COEFFICIENT CALCULATIONS 

The basis of this example is found i n  report AEDC-TR-81-2, ALCM Prefl ight-Thrust 
Uncertainty Analysis. 
information provided as necessary for completeness. 
uses five measurements: 

The format has been changed s1 ightly and additional 
The in-fl ight thrust model 

Low Rotor Speed N 1  ( RPM 1 

High Rotor Speed N2 (RPM) 

Inlet  S ta t ic  Press. PS 1 (PSI 1 
Inlet  Del t a  Press. 

(Total M i n u s  Stat ic)  
DELPO (PSI) 

Inlet  Total Temp. T2 ( O R )  

The exhaust nozzle area, A8, is  fixed and measured. The functional relationships 
are as follows: 

FN = FG - (NA)  ( V O ) / G  ( E . 1 )  

therefore FGP = f(N2,TZ) 

PZ = eo) (ETAR) 

3.5 
PO = PS1 C i .  + 0.2 (XM) 3 

ETAR = f (WAC) 

WAC = f(N1C) 

N1C = Nid- 518.67 

(E.10) 

( E . 1 1 )  
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E-2 

P2 = f(PS1, DELPO, N1, T2) (E.12) 

(E.13) 2 A8 = 32.08 i n .  

WA = WAC (&~)/47 518.67 

I 
theref ore WA = f(PS1, DELPO, N1, T2)  

VO = (49.02) (XM) fi 
T2 

1. + (0.2) (XM12 
TSO = 

therefore VO = f(DELP0, PS1, T2) 

(E.14) 

(E.15) 

(E.16) 

(E.17) 

(E. 18) 

G = 32.174. (E.19) 

Net thrust i s  then re1 ated t h r o u g h  the functional re1 a t ionsh ips  represented by 
equations E.5, E.12, E.15, and E.18 t o  the f ive basic measurements. A s  p a r t  of 
the calibration of the math model , the f i r s t  three of these functional 
relationships were derived from t e s t  data as follows: 

FGP = 6.442 - 2,463 x 10-4 N2C + 2.883 x 10-9 (N2C)2 (E.20) 

WAC = 1.185 + 4.666 x 10-4 N1C - 2.593 x 10-10 (N1C)2 (Ë.21) 

ETAR = ,9876 + 2.551 x 10-3 WAC - 1.525 x 10-4 (WAC)2 (E.22) 

The final functional relationship was derived from the physics of fluid flow as 
defined by equations E.16 and E.17. 

The task of deriving the influence coefficients by partial derivatives would be 
quite lengthy. Rather, a computer program can be written t o  calculate both the 
nominal value of the performance parameter as well as the influence coefficients 
for  any s e t  of i n p u t s .  Table E . l  l i s t s  such a program, and Table E.2 shows the 
results for a sample t e s t  case. The t e s t  case chosen was for a f l igh t  condition 
of 1000 f ee t  and Mach 0.65. The rotor speeds chosen are completely arbitrary and 
intended only for i l lus t ra t ive  purposes. The o u t p u t  l i s t s  the absolute values 
for the influence coefficient. That is, 

where X i  represents the measurements. 
coefficient ( e '  ) defined by: 

I t  also shows a relative influence 

AFN/FN 
e; =.- 

(E.23) 

(E.24) 
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E-3 

The program al so provides the influence coefficients for the intermediate 
performance parameters (FG, WA, VO). 

The exhaust area (A8) i s  assumed t o  be a known constant. Actually, the exhaust 
area will have two error components. The f i rs t  i s  a bias due t o  the measurement 
which established the value used. T h i s  error would essentially be calibrated o u t  
i n  the math  model calibration. The second error i s  i n  the assumption t h a t  i t  i s  
a fixed (constant) value. The actual area will vary w i t h  temperature and 
pressure. T h i s  t o o  will be calibrated out  t o  a certain extent. 
temperature and pressure profiles are n o t  duplicated both internally and 
externally, an error could be introduced by th i s  assumption and should be 
evaluated. 

I f  a l l  the 

The resultant influence coefficients will be used t o  propagate the measurement 
error components t o  the performance parameter (as  i l lustrated i n  Table 4.5 of the 
main text) .  
estimated error components as perturbations rather t h a n  the somewhat arbitrary 1% 
used i n  the example program. 
error component contribution. 
required, one for the precision index and one for  the bias.  

Alternately, the computer program could be modified t o  use the 

Two passes t h r o u g h  the perturbation would be 
The resul t  would be the direct  calculation of the 

. .  . 
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