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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national
standards bodies (ISO member bodies). The work of preparing International Standards is normally
carried out through ISO technical committees. Each member body interested in a subject for which a
technical committee has been established has the right to be represented on that committee.
International organizations, governmental and non-governmental, in liaison with ISO, also take part in
the work. ISO collaborates closely with the International Electrotechnical Commission (IEC) on all
matters of electrotechnical standardization.
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Introduction

0.1

Calibration is central to measurement science and involves fitting to measured data a function

that describes the relationship of a response (dependent) variable y to a stimulus (independent)
variable x. It also involves the use of that calibration function. This document considers calibration
functions in the form of polynomial models that depend on a set of parameters (coefficients). The
purpose of a calibration procedure is the following.

a)

b)

To estimate the parameters of the calibration function given suitable calibration data provided by a
i i i i i estimates.

cd o 1 nd e dle ne QVd dlce 1na d Q e A 0 nese paramere

Anmy uncertainties provided with the data are taken into consideration.

use an accepted calibration function for inverse evaluation, that is, to determine the stimulus
value corresponding to a further measured response value, and also to obtain thie/stimulug value
stindard uncertainty given the response value standard uncertainty. A calibration function is
sdmetimes used for direct evaluation, that is, to determine the response value’corresponding to a
fupther stimulus value, and also to obtain the response value standatd-uncertainty given the
stmulus value standard uncertainty.

This document describes how these calculations can be undertaken*using recognized algorithms. It
provides examples from a number of disciplines: absorbed dose determination (NPL), flow |meter
charadterization (INRIM), natural gas analysis (VSL), resistance thermometry (DFM) and isotopefbased

quant

0.2

itation (NRC).

[he nature of the calibration data uncertainty information influences the manner in which the

calibrgtion function parameters are estimated and how-their associated covariance matrix is prqvided.
This yncertainty information may include quantified measurement covariance effects relating to

depenflencies among the quantities involved.

0.3

bince in any particular instance the degree of the polynomial calibration function is not generally

known), this document recommends the. determination of polynomial functions of all degrees Up to a
stipulgted maximum (limited by the quantity of data available), followed by the selection of one of these
degregs according to suitable criteria. One criterion relates to the requirement that the calihration
functiJn is monotonic (strictly increasing or decreasing) over its domain. A second criterion relates to

striki

the

to visyal acceptance of the-polynomial function.

0.4

steps:

g a balance between the_polynomial calibration function providing a satisfactory explanagion of
data and the number of.\parameters required to describe that polynomial. A further criterion relates

[he determination and use of a polynomial calibration function thus consist of the following

1 | obtaining calibration data and available uncertainty information including covgriance
information when available;

2 determining polynomial functions of all degrees up to a prescribed maximum in a manner that
respects the uncertainty information;

3 selecting an appropriate function from this set of polynomial functions according to the criteria
in Subclause 0.3;

4 providing estimates of the parameters of the chosen polynomial function and obtaining the
covariance matrix associated with those estimates;

© ISO 2018 - All rights reserved v


https://standardsiso.com/api/?name=6d48d630c5a279c57aa58d11d6280e2c

ISO/TS 28038:2018(E)

5 using the calibration function for inverse evaluation and associated uncertainty evaluation;
6 using the calibration function for direct evaluation and associated uncertainty evaluation.

0.5 This document treats steps 2 to 6 listed in Subclause 0.4 employing the principles of ISO/IEC
Guide 98-3:2008 (GUM). Therefore, as part of step 1, before using this document, the user should
provide available standard uncertainties and covariances associated with the measured x- and y-values.
Account should be taken of the provisions of the GUM in obtaining these uncertainties on the basis of a
measurement model that is specific to the area of concern.

vi © IS0 2018 - All rights reserved
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Determination and use of polynomial calibration functions

1 Scope

1.1

his document is concerned with polynomial calibration functions that describe the relati

bnship

betwepn a stimulus variable and a response variable. These functions contain parameters estimated

from
consi

1.2
taking
purpo
errors
the led
Since
them i

1.3

libration data consisting of a set of pairs of stimulus value and response value. Marious ca
ered relating to the nature of any uncertainties associated with the data.

bES are

Estimates of the polynomial function parameters are determined using-least-squares megthods,
account of the specified uncertainty information. It is assumed that the calibration data arq fit for
te and thus the treatment of outliers is not considered. It is also asstuned that the calibratign data

are regarded as drawn from normal distributions. An emphasis.of this document is on ch|

posing

ist-squares method appropriate for the nature of the data unecertainties in any particular case.
these methods are well documented in the technical literature and software that impldments

5 freely available, they are not described in this document:

Commonly occurring types of covariance matrix ‘associated with the calibration data are

ances,

(c) stimulus and response data uncertainties, and (d}:stimulus data uncertainties and covariancgs, and

consij::‘red covering (a) response data uncertainties, {b) response data uncertainties and covar

response data uncertainties and covariances. The,case where the data uncertainties are unknown

treate

1.4
criteri

polyn

1.5

and th
provis
uncert

1.6
throug
that m
of the

.

mial function is available as a.by-product of the least-squares methods used.

For the chosen polynoniial function this document describes the use of the parameter est

ainties.

h the origin) that may need to be imposed and also to the use of transformations of the va
ay render the behaviour of the calibration function more polynomial-like. Interchanging th
variables is also considered.

is also

Methods for selecting the degree of.the polynomial calibration function according to pregcribed
h are given. The covariance matrix/associated with the estimates of the parameters in the s¢lected

mates

eir associated covariance matrix for inverse and direct evaluation. It also describes haow the
jons of ISO/IEC Guide 98-3:2008 (GUM) can be used to provide the associated stgndard

Consideration is given to accounting for certain constraints (such as the polynomial passing

riables
e roles

1.7 Examples from several areas of measurement science illustrate the use of this document.

©IS02
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2 Normative references

The following documents are referred to in the text in such a way that some or all of their content
constitutes requirements of this document. For dated references, only the edition cited applies. For

undated references, the latest edition of the referenced document (including any amendments) applies.

ISO/IEC Guide 98-3:2008, Uncertainty of measurement — Part 3: Guide to the expression of uncertainty
in measurement (GUM:1995)

ISO/IEC Guide 99:2007 (corr. 2010), International vocabulary of metrology — Basic and general
concepts and associated terms (VIM)

3 Terms and definitions

For thie purposes of this document, the terms and definitions given in ISO/IEC Guide’/98-3:20(08 and
ISO/IHC Guide 99:2012 and the following apply.

ISO anld IEC maintain terminological databases for use in standardization at the.following addresses:

— EC Electropedia: available at http://www.electropedia.org/

— SO Online browsing platform: available at https://www.iso.6rg/obp

31
measuyrement uncertainty
non-n¢gative parameter characterizing the dispersion.of the quantity values being attributed to a
measurand, based on the information used

[SOURCE: ISO/IEC Guide 99:2007 (corr. 2010), 2.26, modified - Notes 1 to 4 have been deleted.]

3.2
standtrd measurement uncertainty
standard uncertainty

measufrement uncertainty (3.1) expressed as a standard deviation

[SOURCE: ISO/IEC Guide 99:2007 (corr. 2010), 2.30.]

3.3
measyrement covariance matrix
covarjance matrix

symmetric posifive-definite matrix of dimension N x N associated with an estimate of a vector quantity
of din{ension N'x 1, containing on its diagonal the squared standard uncertainties associated wjth the

compqnehts'of the estimate of the quantity, and, in its off-diagonal positions, the covariances assqciated
with p

irs of components of the estimate of the quantity

Note 1 to entry: A measurement covariance matrix ¥ of dimension N x N associated with the estimate x of a

vector quantity X has the representation

2 © ISO 2018 - All rights reserved
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u(xl,xl) u(xl,xN)

u(xN,xl) u(xN,xN)

where u(xl.,xl.) = u? (xl.) is the variance (squared standard uncertainty) associated with X; and u(xl.,x ) is

the covariance associated with X; and X u(xl.,xj) = 0 if elements X, and Xj. of X are uncorrelated.

Note 2[to entry: A covariance matrix is also known as a variance-covariance matrix.

[SOURCE: ISO/IEC Guide 98-3:2008/Suppl. 1:2008, 3.11 (definition of uncertainty matrix); mod
definition slightly modified, Note 2 deleted, Note 3 becomes Note 2 to entry, slightly modified.]

3.4

correlation matrix
btric positive-definite matrix of dimension N x N associated with an estimate of a vector quantity
of dimension N x 1, containing the correlations associated with pairs of coniponents of the estimg

symm

Note 1

X haqthe representation

where

X areluncorrelated, r(xl.,x ) =0.

Note 2

Note 3

where

V_ is giveh by

r(xl,xl) r(xl,xN)

F(epor) o (o)

J
to entry: Correlations are also known as correlation coefficients.

to entry: R isrelatedto V' (see definition 3.3) by
)y =D R D
X X X X

D s diagonal matrix of dimension N x N with diagonal elements u (Xl),... Ni (xN ) Element

u(xl.,xj) = r(xi,xj)u(xi)u(xj).

J

ified -

te

to entry: A correlation matrix R of dimension N x N associated ‘with the estimate x of a vector quantity

r(xl.,xi) =1 and r(xl.,xj) is the correlation associated with x, and X When elements X, andl X]. of

[SOURCE: ISO/IEC Guide 98-3:2008/Suppl. 2:2011, 3.21, modified - definition slightly modified, Notes 4

and 5

deleted.]
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3.5

measurement model
mathematical relation among all quantities known to be involved in a measurement

[SOUR

3.6

CE: ISO/IEC Guide 99:2007 (corr. 2010), 2.48, modified - Notes 1 and 2 deleted.]

calibration
operation that, under specified conditions, in a first step, establishes a relation between the quantity
values with measurement uncertainties provided by measurement standards and corresponding
indications with associated measurement uncertainties and, in a second step, uses this information to

establ

Note 1
calibra

L ralati for oltains 3 oo 1+ £ s H 43
ST a 1T CTatioT TOT- O D taTTIT S a T asSur CIrCIre T CSurc T Ui ar AT atronT

to entry: A calibration may be expressed by a statement, calibration function, calibration d
fion curve, or calibration table. In some cases, it may consist of an additive or multiplicative.corre

the indjication with associated measurement uncertainty (3.1).

Note 2
called

Note 3
[SOUR

3.7
stimu
interv.

3.8
stimu

to entry: Calibration should not be confused with adjustment of a measuring system, often mis
self-calibration’, nor with verification of calibration.

to entry: Often the first step alone in the above definition is perceived as heing calibration.

CE: ISO/IEC Guide 99:2007 (corr. 2010), 2.39.]

us interval
h] in the stimulus variable over which a calibration function is defined

us

quantity that effects a response (3.9) in a measuring system

3.9
respo

1se

quantity resulting from stimulating,a measuring system

3.10

inverge evaluation

use of p calibration function to provide the stimulus value corresponding to a response value
3.11

directlevaluation

use of g calibration function to provide the response value corresponding to a stimulus value
4 Conventionsandnotation

agram,
tion of

fakenly

For the purposes of this document the following conventions and notations are adopted.

4.1 The quantity whose values are provided by measurement standards is termed the independent
variable x (also called ‘stimulus’) and the quantity described by measuring system indication values is
termed the dependent variable y (also called ‘response’).

© ISO 2018 - All rights reserved
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4.2 x; and y, denote the measured values of the Cartesian co-ordinates of the ith point (xl.,yl.),

i=1,...,m, in a calibration data set of m points. Vector and matrix notation is frequently used. The

values

X

of x; and y, are often expressed as vectors, with ‘T’ denoting ‘transpose’:

A matrix or vector of zeros is denoted by 0.

4.3 True values (that would be achieved with perfect measurement) of the co-ordinates of the ith
point pre denoted by &; and 7, . Measured values of points expressed in Cartesian co-ondinatps and
corresponding true values are related by:
x| =& +d,, y,=n;+e;,
where| d. and e; denote the errorsin x; and y,, respectively. Errors are ynknowable, but can often be
estimdted.
4.4 The standard uncertainties associated with x; and y.afe denoted by u(xi) and ¥ (yl.) ,
respedtively. The covariance associated with x. and x j is “denoted by u(xl.,x].) . Similarly, the
covaripnce associated with y, and Y is denoted by u(yl. Y )
NOTE This document does not consider cross-vatiances u (xl. , yj) since no practical calibration application
has be¢n identified in which cross-variances are prescribed.
4.5 The uncertainty information for)\the specification of a polynomial calibration problem is
repregented by matrices V, and Vy each of dimension m x m holding the variances (squared standard
uncertjainties) u? (XI-) = u(xl.,xl.) and u? (yi) = u(yi,yi), and the covariances u(xl.,xj) and
u(yl., y].). Formula (1) denotes the covariance matrix associated with x and Formula (2) denotes the
covaripnce matrix associated with y :
u(xl,xl) u(xl,xm)
V( = . ) (1)
[TUm 1) \"m> " m]]
u(yy ) u(yy: V)
v, = 2)
u(yoyy) o u(V )
© ISO 2018 - All rights reserved 5
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For a particular calibration problem, either of V, and Vy may be equal to 0.

NOTE

This document is concerned with problems in which the u (xl.) or the u (yl.) are generally d

(heteroscedastic case).

4.6

and similarly for the u (yi Y ) .

4.7

for instance, the representation of the matrix

4.8

of the

T
paramleters a = [ao,...,anJ .

4.9
(xi ' Vi
4.10

object

411
calcul?

If the covariances u (xl. ) xj) (i#j) are all zero, V, is a diagonal matrix:

ifferent

[he elements below the main diagonal of a symmetric matrix are generally not displayed

1,2 -0,7 0,8 1,2 -0,7 0,8
0,7 25 05| is 2,5 0,5].
0,8 05 1,7 sym. 1,7

A polynomial calibration function relating y andx is denoted by p_ (x), where n is the

An estimate of a quantity q is denoted by q. Model values corresponding to the data

), namely, satisfying y, =, ()?i,d) are denoted by x, and y..

ve function.

While data.values in examples are provided to a given number of decimal digits, res
tions ar€ sometimes provided to a greater number, for comparison purposes, for example.

5 0

(3)

Thus,

Hegree

polynomial. It is denoted by p, (x,a) when/it is necessary to indicate that it depends on n+1

point

[he function that is-minimized to estimate the polynomial function parameters a is termled the

ults of

her Standards using polynomial calibration functions

Other Standards concerned with polynomial calibration are as follows.

a) ISO 6143:20061231 is concerned with comparison methods for determining and checking the
composition of calibration gas mixtures. It contains clauses on the determination (and use) of
‘analysis functions’ given calibration data. The analysis functions considered are polynomials of
degrees 1, 2 and 3 representing the stimulus as a function of response. Uncertainties are permitted

© IS0 2018 - All rights r
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b)

d)

6

6.1

(stimu
The sd
(inver
value

functi¢n, which is described by a set of parameters, estimates of which are deduced from the calilj
dataa

NOTE
can be
analysi|

6.2

uncert

6.3

calibrs
monofonic (strictly increasing or decreasing).

6.4

ISO/TS 28038:2018(E)

in the stimulus data values and the response data values. Covariances are permitted in the stimulus
data, but not in the response data.

ISO 7066-2:1988[241 covers basic methods for determining and using polynomial calibration
functions in the context of the measurement of fluid flow: assessment of uncertainty in the
calibration and use of flow measurement devices. It handles, in the language of this document,
standard uncertainties associated with the data y-values, and inverse evaluation.

ISO 11095:19961201 specifically addresses reference materials, outlining general principles needed
to calibrate a measuring system and to maintain that system in a state of statistical control. It

p1
kr

IS
w
IS

IS
Co
IS

Calibration data and associated uncertainties

own exactly.

D 11843-2:20001211 concerned with capability of detection, uses straight-line calibfation fur
nen the standard uncertainties in the response values are constant or depend linearly on st
D 11843-5:2008I22] extends the provisions of ISO 11843:2000 to the non-lineat’case.

D /TS 28037:20101025] covers the same uncertainty structures as in the{current document,
ncerned with straight-line calibration. The current document can bé.regarded as an exten
D /TS 28037 to polynomial functions of general degree.

Calibration consists of two stages (definition 3.6). The first stage establishes a relation be
lus) values provided by measurement standards@nd corresponding instrument response

cond stage uses this relation to obtain stimulus Values from further instrument response
be evaluation). The relation also allows a re§ponse value to be obtained given a further st
(direct evaluation). In this document the“relation takes the form of a polynomial calil

hd the associated uncertainties.

This document is not concerned with determining a mathematical form from which a stimulu
determined explicitly given.aresponse value. Such a form is known in some fields of applicatio
s function.

[he calibration ofca,measuring system should take into account prescribed calibratio
ainties and any prescribed covariances.

An acceptable calibration function will satisfy a statistical test for compatibility wi
tion data and the accompanying uncertainties. In many circumstances it will also have

Ovides a basic method for esflmaflng d sEralinE-Ilne calibration function when stimulus valijes are

ctions
mulus.

and is
sion of

tween
yalues.
values
mulus
ration
ration

s value
N as an

n data

th the
to be

btandard uncertainties and covariances accompany the parameter estimates, and the inforfnation

concerning the calibration function is used to provide a stimulus value (or response value) and the
associated standard uncertainty corresponding to a given response value (or stimulus value,
respectively).

6.5 Any particular set of calibration data (xl., yl.), i=1, ..., m, will have an uncertainty structure

specific to that data. At one extreme, nothing is known about the uncertainties and covariances and, to

proceed, assumptions are necessary. At the other extreme, all standard uncertainties u (xi) and u (yl.)

© ISO 2018 - All rights reserved
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and all covariances u (xl. , xj) and u (yl. , yj) are prescribed. In practice, the provided information often
lies between these extremes.

NOTE In this document any uncertainty or covariance that is not prescribed is taken as zero.

6.6 The following five cases can be distinguished, the first four in approximately increasing order of
complexity of uncertainty structure. The fifth is different in character in the sense that the uncertainty
information is unknown.

a) Response data uncertainties. Standard uncertainties u(y;), i = 1,..,m, prescribed.

b) R4sponse data uncertainties and covariances. As 6.6 a) with covariances u(y;,y;), i = 1,..mG+ 1,...m
(iFJ), also prescribed.

c) Stimulus and response data uncertainties. As 6.6 a) with standard uncertainties u(xJ- = 1,..,in, also
prlescribed.

~.

d) Stfmulus and response data uncertainties and covariances. As 6.6 c) with¢covariances u(x;, ;) and
u(yi,y),i=1,..m,j=1,.,m (i #j), also prescribed.

e) Unmknown data uncertainties.

In casgs 6.6 a) to 6.6 d), the prescribed uncertainties and covariances are summarized as covdriance
matrides ¥, and Vy as appropriate according to Subclause 4.5.

NOTE Cases 6.6 a) to 6.6 c) can be treated as special cases'of 6.6 d), but computationally less efficiently.

6.7 The key distinction between calibration data ;with prescribed uncertainties and calibration data
with unknown uncertainties made in this document is the following.

a) Far calibration data with prescribed uneertainties and covariances [cases 6.6 a) to 6.6 d)] a Ietric,
such as the chi-squared statistic (Subglause 7.7.1), that uses the uncertainties and covarianc¢s may
bg employed to decide whether a candidate calibration function, in this document a polynomjal of a
pdrticular degree, is statistieally valid. This approach assumes the plausibility of the spgcified
urjcertainty information.

b) Far calibration data with unknown uncertainties [case 6.6 e€)] a chi-squared statistic can still be
calculated for candiddate polynomial models. The assumptions are made that the data errors|in the
response variable are homogeneous and the data errors in the stimulus variable are negligible. The
vqlue of the_c¢hi-squared statistic can be used to estimate the response variable standard
urjcertainty and the provisions of 6.7 a) then applied.

6.8 A poélynomial is selected from a set of candidate polynomials of various degrees according to a
suitableCriterion such as AIC (Subclause 7.7.3). For some data sets with prescribed uncertaintie$ there
might be no suitable polynomial (or any other smooth) representation consistent with this information.
For the data in Figure 1 a), the only uncertainties are associated with the y-values, the vertical bars
represent + 1 standard uncertainty, and the covariances are zero. The smallness of the standard
uncertainties prevent a monotonic function that is consistent with the data from being obtained. For the
data in Figure 1 b), identical to those in Figure 1 a) except that the standard uncertainties are some
three times as large, a monotonic polynomial of low degree is suitable. An acceptable calibration
function should be both monotonic (Subclause 7.6) and statistically adequatel30l.
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Figure 1 —Statistical inadequacy'and adequacy

NOTE Figure 1 a) appears to relate to mis-specification’ of the standard uncertainties associated with the
calibrafion data; their possible rectification is beyond the scope of this document.

6.9 Estimates of the calibration function patameters depend on the calibration data and, apaift from
case 66 e), the prescribed data uncertainties and covariances. The law of propagation of uncertainty
(LPU) [in the ISO/IEC Guide 98-3:2008 (GUM) can be applied to propagate calibration data uncerthinties
and cqvariances through the computation of the calibration function parameters to obtain parameter
uncerffainties and covariances. When there is no uncertainty associated with the stimulus [values
(Subclpuses 9.2, 9.3 and 9.6), the propagation is exact, since the parameters of a polynomial calibration
functi¢on depend linearly on-the’data response values and LPU applies with no approximation efror in
such ¢ases (see Subclause—7.2.1). For other cases (Subclauses 9.4 and 9.5), the propagation is
approximate, based ona‘linearization about the parameter estimates. The approximation incurfed by
the lingarization will'often be fit for purpose for practical calibration problems.

NOTE If linearization is unfit for purpose, such as when the stimulus value uncertainties are large, the
propagation of distributions may be used to obtain parameter estimates, uncertainties and covariancgs. This
approach (SO/IEC Guide 98-3:2008/Suppl. 2:2011), which uses a Monte Carlo method, is beyond the scopg of this
documepnt:

6.10 Uncertainty information concerning the calibration function parameters takes the form of a
covariance matrix for (estimates of) those parameters. That information can equally be represented as
the standard uncertainties associated with those parameters together with their correlation matrix
(definition 3.4), which may be a more useful form. Either form can be used in the evaluation of the
standard uncertainty associated with inverse or direct evaluation.

6.11 When the calibration function is used for inverse evaluation (Subclause 12.2), the application of
LPU is approximate, even for polynomials of degree one, because when used inversely the polynomial is

© ISO 2018 - All rights reserved 9
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non-linear in its parameters. Again, the approximation incurred by the linearization will often be fit for
purpose.

NOTE When it is acceptable to express a polynomial calibration function as x in terms of y, the polynomial
calibration function determined is used directly and there is no linearization error in that stage of the calculation.

7 Polynomials as calibration functions

7.1 General

7.1.1 iiven calibration data, this clause considers the determination of a relationship yc=p, (x)
descriping the dependent variable y as a polynomial function of degree n of the independent\variable x.
7.1.2 |f the degree n is not known in advance, as is commonly the case, an appropriate polyhomial

degreg is to be determined. Subclause 7.7 describes determination of the degree such-that the regulting
functign satisfies suitable criteria.

7.1.3 The information used to determine the polynomial calibration functionyis the calibration d4ta and
any cdlibration data uncertainties and covariances. In this document, thecalibration data are d¢noted

by (xi,yl.), i=1,...,m, that is, m pairs of measured values of x and'y. The highest degree n _ of

polyngmial to be considered is also to be specified, where n ¢ )is less than the number of distinct

values|of X

NOTE Annex D of ISO/TS 28037:2010 indicates how the‘uncertainties and covariances associated with the
measured response and stimulus variables can be provided in some cases, giving an interpretation |of that
informption.

7.2 Working with polynomials

7.2.1 For a degree higher than one a pelynomial is non-linear in terms of its variable x, but it is lifear in
its parameters (coefficients). A polynomial of degree n (order n+ 1) has n + 1 coefficients. It fan be

expregsed in monomial form, with coefficients h,...,h, , as:
n

P (x) = hy +hyx&hyx? + ot hyx™ = "k x" (4)
r=0

7.2.2 The functions 1,x,x2 ,...,x"" are known as the monomial basis functions for polynomials of flegree
n. A polynomial of degree 1 is a straight line, degree 2 a quadratic function, degree 3 a cubic fuhction,
etc. A) immediate appeal of polynomials is that their evaluation requires only some n additionsfand n
multiplications (Subclause 7.4].

7.2.3 Polynomials are often suitable for representing a smooth curve or data generated from a smooth
curve over a given interval. They are extremely flexible: mathematically a polynomial of an appropriate
degree can approximate any smooth (continuous) curve to a given numerical precision. Polynomials of
modest degree are less appropriate for representing curves with abrupt changes in value or gradient, or
describing a saturation effect.

10 © IS0 2018 - All rights reserved
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7.2.4 Whilst the description of polynomial functions in the monomial form [Formula (4)] makes clear
their nature, the use of this form can lead to difficulties with numerical computation and interpretation

of the contribution of individual terms. A first difficulty is that for ‘x‘ > 1, the terms x" become very

large in magnitude as r increases. Similarly, for ‘x‘ < 1, the terms x" become very small in magnitude

as r increases. This imbalance is alleviated by working with polynomials in a normalized var

iable t

lying in the interval [-1, 1] that depends linearly on x, thus ensuring that the (transformed) polynomial

is also of degree n in t.If x lies in the interval [xmin , xmax}

2X—-X . —X
t: min max

X - X_ .
max min

)

with all its powers lying in the interval [-1, 1]. The polynomial can then be expressed(@s

P (t) =q, +q1t+q2t2 +oetq t" = Zn:qrtr
r=0

(5)

(6)

for some coefficients q,...,q, . A second difficulty arises from the faet that, especially for largg r, the

monotnial basis function ¢"*2 looks similar to ¢t” in the inferval [-1, 1]. Figure 2 a) depigts the

mononpials 2 (uppermost curve), t*, t®and ¢® (lowermost” curve). The similarity of these| basis

functi¢ns leads to ill-conditioning in determining the monomial parameters, which will mean a

loss of

numetfical precision. This ill-conditioning worsens\rapidly as the degree increases, with the

consequence that the loss of numerical precisiontean become catastrophic for higher poly

nomial

degregs. A third difficulty relates to the interpretation of the coefficients in the monomial form|in the
original variable, namely, Formula (4). Howeyer, in Formula (6), the monomial form in the transfprmed

variable t, the term involving t" contributes-an amount lying between — ‘qr‘ and ‘qr ‘ , with at legst one

of thede values attained at the endpoints of the interval [-1, 1].

© ISO 2018 - All rights reserved
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Figure 2 — Monomial functions and Chebyshev polynomials

7.2.5 There are other forms for the basis functions that have even better properties than Formula (6).
The Chebyshev polynomials T, (t) , used in this documerit, are one such set of basis functions. THey are

defined by recurrence on the interval [-1,1] (see reference [6], page 1):
Ty(¢)=1, T (e)=¢t T, (¢)=2eT. 5 (e)-T,,(¢), r=2 (7)
Chebyphev polynomials can also be defined using the trigonometrical relationship
T (cos 9) =cosrf, cosrf.<t. (8)
Figurg2b) depicts T, (t) (least oscillatory), T, (t), T, (t) and T, (t) (most oscillatory). The

intertwining of the-F, (t) can be shown generally to lead to much better numerical conditioninjg than

the usg of the &) The Chebyshev representation of a polynomial of degree n is

pl () =P (t)=a, T, (t)+-+a T (t)=Sa T (t). 9
< / m< 7/ LY VAR w2 m I/ Z_ T <7
r=0
NOTE Another class of basis functions due to Forsythell¢l is described in reference [7] where an algorithm is

given for converting from the Forsythe form to the Chebyshev representation. The Forsythe form is based on
generating a set of basis functions that are orthogonal with respect to the data x-values. Although the Forsythe
form has excellent numerical properties, the Forsythe basis functions depend on the data x-values, rendering their
use in conjunction with polynomials from other sources inconvenient. Moreover, the Forsythe form has not been
generalized to data possessing x-value uncertainties or any covariances.
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7.3 Choice of defining interval for the calibration function

7.3.1 Consider the use of a determined calibration function p,(x) for inverse evaluation (Subclause
12.2), that is, to provide the value xo of the stimulus variable x corresponding to a value y, for the
response variable y, particularly in the case where xo would lie near an extremity of the interval
[Xmin, Xmax] over which p,(x) is defined. Assume pn(x) is strictly increasing over [Xmin, Xmax]; @ Similar
argument applies in the decreasing case. The y-values at the interval endpoints are ymin = pn(Xmin) and
YVmax = Pn(Xmax)- For any value yo in the interval [Vmin, Ymax], Xo is given uniquely by solving the equation
pPn(x0) =yo. However, since yy is subject to uncertainty, it may lie outside the interval [Vmin, ¥max]|, with the
consequence that xo would lie outside the defining interval [Xmin, Xmax]-

NOTE There is no problem in the above respect for direct evaluation.

7.3.2 There are two ways of treating such a situation. The first is to allow only values ©f y, within the
interval [Vmin, Ymax], which would limit the applicability of the calibration function. The,second way is to
extend the interval over which the calibration function is defined. One possibility is to extepd the
interval [min;x; max;x;] as little as possible, say to [min;x;—AX%max;x;+ Ax], [where
Ax = 0)1(max; x; - min; x;). Some experimentation may be required to determine an appropriate interval
in any|particular case. There may be application-specific reasons to select'an appropriate intervpl. The
most gxtreme case arises when the gradient of the calibration curve issmall in magnitude, since a small
change in response induces a large change in stimulus [illustrated jn the optical density-absorbed dose
calibrgtion function shown in Figure 5 b) for response values of approximately 0,45]. For the exgmples
given In this document, suitable intervals [Xmin, Xmax] Were choset

7.3.3 The interval [min;x; max;x;] should be extended as.little as possible to reduce extrap¢lation
beyonf the span of the data, which is generally considered’unsafe.

NOTE For the optical density-absorbed dose(,example (Subclauses 7.5.3 and 9.2), the fise of
Ax = 0,1 (max; x; - min; x;) is inadequate for inverse interpolation for some y, close to ymax as defined in Subpclause
7.3.1 with u(yo) = 0,003, but the replacement of 0,1by 0,15 proves satisfactory.

7.4 Using the Chebyshev represéntation of a polynomial

7.4.1 By using Chebyshev polynomials in a normalized variable [Formula (5)] it is possible fto use
polyngmial functions of modetaté to high degree in a numerically stable wayl?l. Further benefits and
properties are described in(Subclauses 7.4.2 to 7.4.4 and illustrated throughout this document.

7.4.2 The Chebyshev representation [Formula (9)] of a polynomial p, (x,a) of degree n (n>0)

T
constitutes the parameters (coefficients) a = (ao ) ...,an) and constants x . and X specifying the

max

X is

defini$g interval. It is recommended that the evaluation of p, at any value x within [x . x| ]

carriegl @ut using Clenshaw's algorithm(5] as in Table 1. For comparison, Horner's evaluation sche¢mel9]

for the monomial form p = h, +h1x+...+hnx" (Subclause 7.2.1) is also given in Table 1. The

Chebyshev form can be evaluated in some 2n additions (or subtractions) and n multiplications
compared with n additions and n multiplications for the monomial form.
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7.4.3
or four. For such cases, the use of a monomial [Formula (6)] in a normalized (rather than th
variablle generally presents few numerical difficulties. It is nevertheless recommended that,parti
when the magnitude of either endpoint of the x-interval over which the calibration fungtion is td
is very large or very small compared with unity, the Chebyshev representation is.tised in const
the polynomial calibration function.

7.4.4 There are cases, such as the International Temperature Scale ITS?90I13], where the ref

functi¢ns involved take relatively high degrees such as 12 or 15. For such functions, working with a

Table 1 — Evaluation of a polynomial from its Chebyshev form and its monomial form

Step Chebyshev form Monomial form
1 t:(zx_xmin_Xmax)/(xmax_xmin)
2 bpi1 =byp =0 Iny1 =0
3(f0rr=n,n—1,...,0) b.=2th. 4 -b,.,+a, 9, =X9,,1 +th,
4 p, =(by —by +ay) /2 Pn = 9o
For many polynomial calibration functions the polynomial degree is modest, often one, twd, three

P raw)
cularly

apply
ucting

erence

normdlized variable as in Formula (5) offers considerable numericaliadvantages and the Chebyshev
form donfers even more, not only numerically, but also in terms of{giving a manageable and somptimes

a mor¢ compact representation. Some of these advantages are infroduced by way of an example.

EXAMPLE Thermoelectric voltage (based on references9]).

14

'he monomial representation of thermoelectric voltage

8
E =, T"
r=0

-50°C, 1 064,18 °C], is given:in a NIST databaselll. There is a factor of some 102! betw
hon-zero coefficients of largest and smallest magnitude, which are held to 12 significant d
Higits (12S); presumably it was considered that care is needed in working with this par

representation. The’c, are given to 5S (five significant decimal digits) in Table 2 (g

Raw, c,.’).

n the reference function for Type S Thermocouples, for Celsius temperature T in the LlEterval

n the
cimal
ticular

olumn

© IS0 2018 - All rights r

eserved


https://standardsiso.com/api/?name=6d48d630c5a279c57aa58d11d6280e2c

ISO/TS 28038:2018(E)

Table 2 — Polynomial coefficients for a Type S thermocouple

Degree r Raw, C, Scaled, gr Normalized | Chebyshev
0 0 0 4,303 6 4,639 1
1 54031 x10-3 5,749 9 5,527 8 53711
2 1,259 3 x 10-5 14,261 8 0,478 4 0,370 6
3 -2,3248x10-8 | -28,017 4 -0,054 3 -0,0729
4 3,220 3 x 10-11 41,3005 0,220 6 0,037 1
5 -3,314 7 x 10-14 | -45,2390 -0,163 7 -0,013 0
6 2,557 4 x 10-17 37,144 7 0,0216 0,002 2
7 -1,2507 x 10-20 | -19,331 0 -0,0249 -0,000 4
8 2,714 4 x 10-24 4,464 8 0,0252 0,000 2

\ scaled variable T = T / B has been used in ITS-90 work in recent years,-where in this instance
n ~
B =1064,18 °C is the upper interval endpoint. Then, lettingte,=B'c,, E = ZZ‘rT". The
r=0

bcaling implies that the contribution from the rth term in the Sum is bounded in magnitfide by
5r . Values of E in mV are typically required to 3D (three decimal places). Accordingly, the
Coefficients Er are given in Table 2 (column ‘Scaled;, 5r') to 4D (including a guard digit) and are
much more manageable. Alternatively, the variable-can be normalized to the interval [—1, ]] (not
lone in ITS-90) using Formula (5) with x =@ x_, =-50°C and x__ = B. The corresppnding
roefficients are given in column ‘Normalized’ and the Chebyshev coefficients in golumn
Chebyshev’, both to 4D, obtained using references [7] and [31].

Figure 3 depicts the reference function. It curves very gently, but the non-linearity present tannot
be ignored. The coefficients in the monomial representation in terms of the raw or scaled variable
n Table 2 give no indication-of the gently curved form. However, the normalized and Chebyshev
forms (again see Table€ 2), because the first two coefficients are dominant, indicate tHat the
ralibration function(has an appreciable linear (straight-line) component. The Chebyshev
roefficients for degree 8 and arguably for degree 7 could be replaced by zero, yielding a Jower-
legree polynomial, since to 3D they make little or no contribution. Such reasoning could jnot be
hpplied direetly to the other polynomial representations.
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Figure 3 — Relationship between temperature and thermeoelectric voltage

Assessing suitability of a polynomial function: visualiinspection

As in many problems involving data analysis, visual inspection of candidate results is valu
ecially useful for calibration problems where availablé data is limited. In such cases, sta

An immediate visual test is of the residuals.of a candidate polynomial model p, (x), that

ons (in the y-direction) of the model frém the data. When there is no covariance associate

, and the Xx; have no uncertainty, a graph of the residuals e; = y. - p, (xi) against the

d against the X, ) exhibit random behaviour can be helpful. Figure 4 shows for the optical g

tion example in Subclause 9.2 the weighted residuals for a polynomial function of de
e 4 a)] and for degriee 4 [Figure 4 b)]. The residuals for degree 2 exhibit a clear trend with 1
vhereas those fordegree 4 behave more randomly.

hble. It
fistical

is, the
d with
x; can

u(y;)

ensity

bree 2
espect
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Figure 4 — Optical density-absorbed dose weighted y-residuals
for a polynomial calibration function

7.5.3 When the data have very small uncertainties, to graphical accuracy it may be difficult to qee the
deviatjons of some candidate models from the.data, because the magnitudes of these deviations ],an be
much [ess than those of the data response values. Figure 5 a) shows a case in which a polynonial of
degree¢ 1 exhibits clear departures fromthe data, whereas [Figure 5 b)] for a polynomial of degree 2
(and greater) the deviations are not so_apparent. However, that the polynomial of degree 2 is pot an
explanatory model for the data is apparent by examining the weighted y-residuals displayed in
Figure 4 a). The sequence of banks of signs of the residuals (negative, positive, negative, positive) and
the rdlative magnitudes of those residuals indicate a clear underlying trend. In such casef it is
recommended to use a céryéction polynomial for purposes of visualization, that is, to subfract a
polyngmial of lower degfee from the candidate polynomial and also to subtract the values ¢f that
polynamial corresponding to the data x-values from the data y-values. A graph of the polynomial and
data s¢ adjusted would be expected more readily to depict the deviations.
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Figure 5 — Optical density-absorbed dose calibration data’and polynomial model

7.5.4 Figure 6 is identical to Figure 5 b) except that a polynomial of degree 1 (in fact the degree 1
polynamial fit) has been subtracted as above, and can be seen’to be consistent with Figure 4 a).
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Key
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Y response variable y

Figure 6 — Optical density-absorbed dose calibration data and polynomial model of degree 2
[Figure 5 b)] both corrected by a polynomial of degree 1
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7.5.5 When there are covariances associated with the y;, a graph of the transformed weighted

residuals L}le against x can be informative. Similarly, when there are covariances associated with the
. . -1 .
X;, a graph of the transformed weighted residuals L, "d against y can be helpful. Here Ly and L, are

lower triangular matrices given by the Cholesky factorizationsl8], Vy =L yLI, and V, = LXLI .

NOTE Standardizing by the standard uncertainties u (ei ) associated with the e; can also be useful.

7.6 Assessing suitability of a polynomial function: monotonicity

7.6.1 A calibration function is often used to provide a stimulus value given a responSe, value pr vice
versa. [Alternatively, a function that is to be used for this purpose might be composed-of the sum of a
‘refergnce’ function and a calibration function, such as in the use of the Internatiomal-Temperatur¢ Scale
ITS-9(131 (also see the example in Subclause 7.4.4). In the latter case, any testfer monotonicity [would
apply to the composite function.

7.6.2 To be useful as a calibration function, a function generally has to be-strictly monotonic, thafis, the
functign must be strictly increasing or decreasing throughout the interval over which it is defingd and
to be pised. This condition is necessary to ensure that a unique-stimulus value will be given fpr any
feasible response value. A simple way to check monotonicity, which is not fool-proof, is to evaluate the
calibrgtion function at a fine interval in x (1 000 uniformily spaced points, say, over the stimulus
interval) to see whether these values form an increasing”or decreasing set. When the calihration
functi¢n is a polynomial, Annex A gives a more rigorous(way to check monotonicity.

NOTE | In extreme cases, a non-monotonic calibration fanction might be appropriate. In such a case, a ruld would
need tp be established to select the appropriate valué of the stimulus variable given a value of the rdsponse
variable and relevant accompanying information.

7.7 Assessing suitability of a polynomial function: degree

7.7.1 The degree n of the polynomial calibration function is often unknown a priori. It can be chgsen by
fitting[polynomial functions of increasing degree, forming a goodness-of-fit measure for each function,
and uging these measures (to, select a suitable polynomial degree. A common measure when the only

uncerfainties are associated with the y. [case 6.6 a)] is the chi-squared statistic ;(2 , the qum of
obs

squargs of the deviations of the fitted polynomial of degree n from the y;, weighted inversely by the

squargd standard uncertainties associated with the y,-values (Subclause 9.2). When covariances

associgted with the y; are present [Subclause 9.3, case 6.6 b)], a modified measure is used:

2 STy-15
ZXobs = Vy €, (10)

where él. =y, -D, (xi,&) are the residuals for degree n corresponding to the estimate a of a. When

uncertainties and possibly covariances are also associated with the x; [cases 6.6¢) and 6.6 d)], a further
measure is used that takes this knowledge into consideration (see Subclauses 9.4 and 9.5). Sometimes

the notation Z(?bs (n) is used when it is helpful to indicate explicit dependence on degree n.
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7.7.2 In most of this document, uncertainty information is considered to be provided with the data, and
accordingly the only parameters to be estimated are the n + 1 polynomial coefficients. Exceptionally,
where no uncertainty information is available, certain assumptions are made in order to proceed
(Subclause 9.6). In that case, the standard deviation of the errors in the y-values is also estimated.

7.7.3 When uncertainty information is available, use is made in this document of generally accepted
model-selection criteria, specifically, Akaike‘s Information Criterion (AIC), corrected AIC (AICc) and the
Bayesian Information Criterion (BIC)I*], which apply when the calibration data errors can be regarded
as drawn from normal distributions, as assumed throughout (Clause 9). For m data points and a

polyno

mial model with n + 1 parameters, these criteria are:

A

A

2(n+1)(n+2
Cc(n) = Alc(n) + ( )( ) ,
m-n-2
C (n) = Zgbs (n) + (n + 1) In m.
7.7.4 All three criteria are designed to balance goodness of fit and simpliCity of model. Given a n
didate models, namely, for polynomial degrees n=1,...,n (3", for a suitable choice

of can

maxin]

selectg

performed similarly, although AICc was more suitable for simall data sets. Although more experi
needefl before strong conclusions can be drawn, for practical polynomial calibration problems t
some evidence that the same degree of polynomial is usually selected by the three criteria whe
can all be used. That is the case for the examples given in this document. However, sin
tation involved in providing values for all three criteria is minimal, they could all be examin

compy

NOTE
AlCc of

NOTE 1
greater

when fn, the number of calibration points, is small. Also see reference [8]. See, for instance, Figun

explan
density

C(n= Zops (1)~ 2(7+ 1),

um degree n the model having the smallest value offAIC (or AICc or BIC) would usu

max ’

The values of AIC for various values of n can be compared among themselves, as can the v4
BIC. The values of AIC cannot be compared with those of BIC, for instance.

AIC(n) and BIC(n) appear‘to have similar discriminatory power for polynomial models. AlCc
discriminatory power, but\applies for fewer degrees (for which n < m—3), which might be im

hition of which is given.in’Subclauses 7.7.5 and 7.7.6, which relates to an example of absorbed dose
data that is discussédin more detail in Subclause 9.2.

(11)

umber
of the

ally be

d. Some experiments[34] with these criteria for polyhomial modelling found that AIC apd BIC

bnce is
here is
n they
ce the
ed.

lues of

n) has
portant
e 7, an
optical

20

© ISO 2018 - All rights reserved


https://standardsiso.com/api/?name=6d48d630c5a279c57aa58d11d6280e2c

ISO/TS 28038:2018(E)

Key

X pol
Y adj
NOTE

NOTE

any loy

7.7.5
is the
given
so the

value.

7.7.6

contai

10*
X AAIC
O AAICc
- % ABIC
10° f E
>~ 10% L ] (]
o
o
10l & g & 4
%*
* X
§ X
100 \ \ \ \ \ \
2 3 4 5 6 7 8

ynomial degree n
isted information criterion

The values of zero for degree 4 are not shown: see Subclause 7.7.6¢

Figure 7 — Adjusted information criteria versus polynomial degree
for absorbed dose-optical density.calibration data

The polynomial degrees to be considered canbe n n .., wheren . is the degree for

min’" "’

n practice, the adjusted criterion AAIC (n) =AIC (n) —AIC . may be used instead, where 4
minimum of AIC(l),...,AIC(nmaX). Criteria AlICc and BIC can be adjusted similarly. Since
lata set, AIC . is a constant, the adjusted criterion is simply a shift of the original criterig

*
adjusted values can'be compared just as the original values can. Let n=n at the minimu

Then n=n" is the optimal degree according to the criterion and AAIC (n>k ) =0.

A plot of the values AAIC(l),...,AAIC(n against n instead of, or in addition to, 3

max )

which

ver degree is judged to be inadequate for the<alibration data in hand. Possible reasons includle high
curvatyre or generally extreme non-linear behaviour.

\Icmin
, for a
n, and

m AIC

table

hing their values can be informative. If the values AAIC (1) ,...,AAIC (nmax ) [with the excepltion of

=
AAIC|n ), which 1Is zero]| span several orders of magnitude, it may be useful to plot the values against

n on a logarithmic scale. In such a case the zero AAIC (n* ), is “off the chart" since its logarithm equals

—oo. See Figure 7, for example.

7.7.7 Related to the Zgbs statistic is the root-mean-square residual (RMSR):

©1S0 2
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Zgbs (n)

m-n-1

1/2
RMSR (n) = (12)

which applies for n < m—1. As n is increased, the values of RMSR (n) tend to decrease initially and

then to saturate when the calibration data set is suited to representation by a polynomial.

NOTE1  The RMSR-values would often decrease once more for higher degrees when the polynomial function
follows more closely the noise in the data (corresponding to over-fitting)l.

NOTE R? is a statistical indicator often used in practice that measures the ‘proportion of the varjance about
the medan of the y-data explained by the fitted function’i33]. This measure and some of its generalizatiophs only

apply to the simplest uncertainty structures, such as 6.6 a) and 6.6 e), and are therefore unsuitdble for general
calibrafion purposes.

7.7.8 The values of AIC, AICc, BIC and RMSR for n=1,...,n can be used for the initial selectioh of an

Y (-
appropriate polynomial degree. Although RMSR has been traditionally-used to select a snitable
polyngmial degreel”], it may be difficult to decide at which degree the rogt-mean-square residuals have
saturated for practical purposes, particularly for the small data sets often arising in calibration| work.
Wheng¢ver possible it is therefore recommended to use one of the infermation criteria for this pyrpose,
for whlich the decision is generally clearer. Such a chosen polynomial should always be further asgessed
for suitability, using visual checks (Subclause 7.5), a monotonieity check (Subclause 7.6) if apprgpriate
or, importantly, employing knowledge of the intended application.

7.8 Validation of the calibration function

7.8.1 Consider the polynomial function of degree™n selected as in Subclause 7.7. Under the assumption
that tHe calibration data are regarded as realizations of random variables having normal distributions
(not necessarily independent), the distribution for the measure for which Formula (10) constifutes a

realizdtion is ;(3 with v =m—-n—-1 degrees of freedom. Accordingly, the probability that ;(gbs

exceeds any particular quantile of. ;(3 can be determined. The 95 % quantile is recommended.

7.8.2 If Zgbs for the polynomial degree indicated by one or more of the information criteria ekceeds

the 93 % quantile, it is“considered that the polynomial calibration function cannot be regargled as
explaining the data, Moreover, such a result implies that the corresponding parameter estimates|a and

the asfociated cavariance matrix V, should be regarded as unreliable, as should any value gnd its

associated uncertainty obtained from the function (see Subclause 7.9). In such a case, the dafa and
associpted uncertainties should be reviewed. Alternatively, and perhaps additionally, polynpmials
having degrees close to that selected using Subclause 7.7 could be considered. A calibration function
consisting of some other mathematical form can be entertained; such a consideration is largely beyond
the scope of this document, but polynomials in a transformed variable are considered in Subclause 11.

7.8.3 The chi-squared test does not distinguish between a poor functional model and a poor statistical
model. Plotting the weighted residuals of the model, and, in a case where there are non-zero
covariances, transformed weighted residuals, can be informative (Subclause 7.5.5).
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7.9 Use of the calibration function

7.9.1 The calibration function is typically used for inverse evaluation where, given an estimate of y

and its associated standard uncertainty, the corresponding value of x is estimated and its associated
standard uncertainty is evaluated. See Subclause 12.2. The calibration function is also sometimes used
for direct evaluation where, given an estimate of x and its associated standard uncertainty, the
corresponding value of y is determined and its associated standard uncertainty is evaluated. See

Subclause 12.3. In both cases the standard uncertainty associated with the estimate is evaluated using

the covariance matrix V& for a.

7.9.2 |t is assumed that the conditions of measurement that held during the acquisition
calibrgtion data hold at the time a response value is measured for which the calibration fufiction
inversely to provide a stimulus value. In this regard, response values are often obtainéd at thg
time for a number of stimulus values that correspond to standards and a number of stimulus valu
correspond to ‘unknowns’, that is, for which stimulus values are required. An example is enzymeH

of the
s used

same
es that
linked
Iry or
d (and
tion is

to be

immunosorbent assay (ELISA)[!5l. Otherwise, either a new calibration jight be necesss
appropriate adjustment made to take account of any change such as drift that might have occurre
that any associated uncertainty is also handled). Similar remarks apply when the calibration fung
used for direct evaluation.
NOTE | Control charts can be useful for monitoring drift.
8 Generic approach to determining a polynomial calibration function
8.1 (ivenare
a) calibration data points (xi,yl.), i=1,...m;
b) urjcertainties and covariances assdciated with the x; and y; as appropriate; and
c) the maximum degree n__/\ (less than the number of distinct values of x;) of polynomial
cansidered.
8.2 Perform the following steps:
a) set X in and X ax the endpoints of the stimulus interval (see Subclause 7.3);
. T
b) form the observation vector y = [yl e me ;
c) form the covariance matrices V, and Vy in Subclause 4.5 as necessary from the prescribed
uncertainties and covariances;
d) foreach polynomial degree n=1,...,n . :

© ISO 2018 - All rights reserved
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1)

form the design matrix H of dimension mx(n+1) containing the n+1 Chebyshev

functions for the polynomial p, (x, a) evaluatedat t,,....t :

the elements of each row of H are generated by the recurrence relation of Formula (7);

basis

(13)

2)

3)

4)

Py
tr

f) us
be

g) if

h) as
in

NOTE
giveni

8.3

depending on the uncertainty structure, apply an appropriate least-squares algorithm

and y, and V, or Vy or both, to provide the estimate a of the paramefers a

polynomial p_ (x,a) of degree n;

obtain the covariance matrix V, associated with a (provided as a‘by’product of the|

squares algorithm used);

; otherwisg

mark p (x, a) as admissible if it is monotonic over the interval [xmin ,xmaXJ

it as inadmissible (Subclause 7.6). [This step may be modified when the calibration fung
to be used in conjunction with a reference function (Subclause 7.6.1)];

if ho polynomial exists that is admissible, exit the procedure with no solution: review the da

ovided uncertainty information; consider alternative calibration models such as polynomis
hinsformed variable or the interchange of variables (Subclause 11);

e one of the criteria AIC, AICc and BIC (Subclause 7.7) to select the degree n of the polyno1
used from the set of admissible polyriomials;

;(gbs (n) does not exceed the 95th percentile of ;(il_n_l, accept p_ (x,&) as a can

calibration function; otherwise mark it as statistically unacceptable and exit the procedure;

sess the candidate_(alibration function for suitability. The assessment might include
cpection of the function, its (weighted) residuals (Subclause 7.5) and some domain-specific

In all examplés in this document, the polynomial selected is admissible and also satisfied the co
18.2 g).

Returny-for the selected degree n:

to H
bf the

least-

b mark

tion is

ta and
ls in a

mial to

didate

visual
tests.

ndition

a) th

b) th

24

4 e . 1 1 . e [ ~\
m+ 1 COCIICICIILS II1 UIIE€ UIIEDYSTNIEV I'epPresentdiionl ol pn \X, a),

e covariance matrix V& associated with a.
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9 Statistical models for uncertainty structures
9.1 General

9.1.1 Let the relation between a measured value X; and the corresponding true value &;, and similarly

for y, and the corresponding true value 7,, be

X =& +d, yi=m+e;, (14)

T T T
or,intermsofvectors,§=[g“1,...,5mJ , qz[nl,...,nmJ ,d= [dl,...,de and e = [el,...,emJ ,
x|=¢+d, y=n+te. (15)
The vdctors d and e are assumed to be samples from joint normal distributions:
dle N(0.V,), eeN(O,Vy). (16)

9.1.2 [t is assumed there is negligible model uncertainty, that is,a.polynomial of appropriate degree is

capable of describing the data, in which case 7; can be replaced by p_ (ﬁi , &), where a is the estimate

of a. This assumption is tested in Subclause 7.8. The modelévaluated at the data value x; is p_ ([x;, &).

The sthtistical model that applies in any specific instance depends on the uncertainty structure (Clause
6). The generic approach in Clause 8 is used. Thetonly part of that approach that depends pn the
uncerffainty structure is the algorithm used invstep 8.2 d) 2). Subclauses 9.2 to 9.6 spedify an
appropriate formulation of the least-squares pfoblem for each uncertainty structure in Clause 6.6

9.2 Response data uncertainties

For thle case where the X, are regarded as exact, standard uncertainties associated with the y; are

prescrjibed, and the covariances-associated with the y; are zero,
. 2 2
40 =d1ag[u (yl), o u (ym)}, (17)

a diagpnal matrix with the variances (squared standard uncertainties) u? (yl ) ,...,u2 (ym) on thp main

diagorjal."The estimate a of the polynomial coefficients a is given by solving the weighted| least-
squareésWLS) problem(17]

2 2
min eTVy_le = min “1 4o +e—m ) (18)
“ ) ()

where e. =e; (a) =Yy;—p, (xi, a) (171, Formally, the solution is given by
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- Ty 1) Ty -1
a:(H Vv, H) HV y, (19)

where H is the matrix specified in Formula (13). In practice, the problem of Formula (18) should be
solved by stable numerical methods rather than using Formula (19): see reference [11], for instance.

EXAMPLE Optical density as a function of absorbed dose.

Film dosimetry requires the characterization of film response with absorbed dose to film. The
film calibration procedure consists of acquiring measured values of net optical density (NOD), a
non-dimensional quantity, corresponding to prescribed absorbed dose values and obtaining a
unction that relates NOD to dose, called the sensitometric curvel3l. The x-values (absorbed dose
1) are prescribed as exact numbers and provided to the measuring system before the [film is
rradiated. Since the radiation delivery uncertainty is very small, the uncertainties and any

fovariances associated with the x; are negligible. Each corresponding yi-value/{NOD) has an

hssociated standard uncertainty u( yl.) given by aggregating several uncertainties relating to

ndependent effects3l. There is negligible covariance associated with the y;“values. Typical data is
piven in columns 1 to 3 of Table 3.

Tablel 3 — Absorbed dose, optical density data and weighted y-residuals for polynomial function

of degree 4
Absorbed NOD u(NOD) Weighted
dose/cGy =x =y = u(y)) y-residual
0 0,000 4 0,001 7 -0,32
65 0,081 2 0,001 6 0,78
130 0,144 0 0,0017 -0,19
195 0,195.7 0,002 0 -1,01
260 0,24377 0,002 0 0,28
325 0,284 0 0,002 4 0,45
390 0,3201 0,002 4 0,54
455 0,3499 0,002 6 -0,75
520 0,382 9 0,002 6 0,16
585 0,4100 0,002 9 -0,16
650 0,435 3 0,002 9 0,13
715 0,454 3 0,003 1 -0,01

Polynomial calibration functions with degrees from 1 to 8 were considered. Figure 8 a) shows the
foot-mean-square residuals RMSR(n) and Figure 7 the adjusted information criteria for| these

legrees. Table 4 gives numerically the values of lgbs (n), AIC(n), AlCc(n) and BIC(n) fox these

degrees. It is concluded that degree 4 is a reasonable choice: it gives the smallest value for all
three information criteria. Degree 4 also appears to be the degree at which the root-mean-square
residuals start to saturate [Figure 8 a)]. The weighted y-residuals for the selected polynomial are
given in column 4 of Table 3. Figure 8 b) shows the data and the calibration function selected.
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Figure 8 — Relationship between absorbed.dose and optical density

1000
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['he corresponding Chebyshev coefficients are giverrin column 5 of Table 5, where the Chebyshev
roefficients for degrees from 1 to 8 are given. By examining the coefficients within each row of the
able it is clear they are very stable with re§pect to degree [compared with those that wduld be
bbtained for the monomial form [Formula (4)]. The standard uncertainties u( yl.) range¢ from
D,001 6 to 0,0031, and it would e expected that the magnitude of negligible Chebyshev
roefficients would be of comparable size or smaller. It is seen from Table 5 that for polynomial
Hegrees 5 and higher, the Chebyshev coefficients are indeed negligible, a further indicatign that
legree 4 is an acceptable ¢hoice. (The use of a correction polynomial of lower degree fpr this
example is illustrated in/Subclause 7.5.3.).
Fable 4 — Observed chi-squared and information criteria for the dose-optical density
calibration problem
Degree n 2 AlC AlCc BIC
& X obs (n)

1 1836,5 18405 18419 1841,5

2 109,5 115,5 118,5 117,0

4 3,0 13,0 23,0 15,4

5 2,7 14,7 31,5 17,6

6 1,3 15,3 43,3 18,7

7 1,0 17,0 65,0 20,9

8 0,8 18,8 108,8 23,2
018 - All rights reserved 27
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Table 5 — Chebyshev coefficients in polynomial functions for absorbed dose-optical density
calibration problem

Chebyshev coefficients a;in polynomial of degree

i 1 2 3 4 5 6 7 8

0]02769 0,2497 0,2514 0,2468 02470 02427 02432 02511
1102781 0,2604 02767 02749 02769 02754 0,2829 0,2850
2 -00570 -00526 -00608 -00604 -00684 -00673 -00530
3 00147 00128 00144 0,0132 0,0193 0,02h1
4 -0,0064 -0,0061 -0,0118 -0,0111 .90,0003
5 0,0011 0,0003 0,0042 0,0054
6 -0,0032 #0,6027 0,0035
7 0,0018 0,002 4
8 0,002 4

Tableg 6 — Parameter standard uncertainties and correlation matrix for the selected polyn
function of degree 4 for the absorbed dose-optical density calibration problem

9.3 1

Std. unc. Correlation matrix

0,0027 |1 0,4127 09665 0,3839 10,9028
0,003 2 1 0,3983 0,8898 0,262 3
0,004 4 1 0,4133 0,9236
0,002/0 1 0,3235
0,002 4 Sym. 1

Consider the'case where the X, are regarded as exact, and standard uncertainties and cova

associated with the y, are prescribed. The estimate a of the polynomial coefficients a is giy

Response data uncertainties and covariances

[he parameter standard uncertainties and the correlation matrix, of dimension 5 X 5, for the
selected polynomial are given in Table 6.

omial

lances

ren by

solving the generalized least-squares (GLS) problem/17]

mineTV_le
a y

28

(20)
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T

where Vy denotes the covariance matrix for yz[yl,...,ym] as in Subclause 4.5 and

e, =e; (a) =y;—D, (xi,a) as in Subclause 9.2. Formally, the solution is given by the same formula as

Formula (19), namely,

a

-1
(g Ty-1 Ty -1
_(11 v, II) HV y,

(21)

where H is the matrix of basis-function values [Formula (13)], as for the WLS solution, but now Vy

generdlly contains (non-zero) covariances in addition to variances (squared standard uncertaint

practi

Formyla (21): see reference [11] for instance.

EXAM

re, the problem of Formula (20) should be solved by stable numerical methods rathet thar

PLE Flow meter calibration.

[he calibration of a mass flow controller (MFC) having a full-scale range-ef 200 SCCM is ¢

put by characterizing its behaviour in terms of the response z =.( = Qp /QN, where C

in this case MICROGAS) and x = @ is the nominal flow.

NOTE1 SCCM is a flow measurement term indicating cm3'min-! at a standard temperature and p
n SI units it would be expressed in terms of m3s-1.

NOTE 2 ‘Calibration coefficient’ is a term used in\flow measurement. It is not to be confused W
parameters or coefficients of the calibration funetion.

[he objective of the calibration is to obtain a function from which an estimate (direct evaly
ind its associated standard uncertainty can be provided for the actual flow supplied
nstrument when a certain nominal flow is set. Values of the response, over a desired flow
hire traditionally modelled byqthe calibration function

7=C=hy/Qy+h +RQy +hQ% =hy [ x+h +hyx+hyx®.
Calibration data‘consisting of values x; = (QN), of Q) and the corresponding measured
1

z, = éi of €, Mfor i =1,...,7, are given in Table 7. The values (QN)_ are regarded as havj
1

incertainty and the covariance matrix V@ associated with the values C is obtained as f

es). In
using

arried
is the

ralibration coefficient, Q is the flow supplied by the MFC as read by the primary flow reference

essure.

ith the

ation)
by the
range,

(22)

values
ing no
llows.

re and

Fach value C; is a measured value of a quantity C; that depends on temperature, pressu

volume measured within the primary flow reference. Since temperature, pressure and volume are

measured with the same instruments for every value C;, they introduce systematic effects that

lead to correlation among the C; values, with volume making the largest relative contribution.

Random effects are introduced by the measuring system, which are independent of i. The related
covariance matrix hence has elements on the main diagonal that are due to both the random and
the systematic effects and elsewhere due to the systematic effects. The covariance matrix,
determined on this basis, as provided by the domain expert, is given in Table 8. The
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Table 7 — Data for flow meter calibration

corresponding standard uncertainties and correlation matrix are given in Table 9, which are more
readily interpreted.

(QN )T 10 20 35 60

90

140

200

T =c7 0,975602 1,004602 1,012260 1,009808 1,003021 0,995182 0,993713

30

7,478 2,331 2,279 2,147
3396 2,251 2,120

8,082 2,073

6,325

sym.

1,879
1,856
1,815
1,710
2,846

1,979
1,955
1,911
1,801
1,576
4,820

1,806
1,783
1,744
1,643
1,438
1,514
5131

for the flow meter calibration data

Table 9 — Standard uncertainties u ( Vi ) and‘correlation matrix

Std. Correlation matrix

unc.
0,003 1 0,462 0,293 0,312 0,407 0,330 0,291
0,004 1 0430 0,458 0,597 0483 0,427
0,010 1 0,290 0,378 0,306 0,271
0,015 1 0,403 0,326 0,288
0,015 1 0,426 0,376
0,031 1 0,305
0,045 Sym 1

Pay

multiplication by @, be expressed as the polynomial

[his formulation) is not directly one of modelling by a polynomial because of the presence
erm hy /@y =h, /x in Formula(22). However, the same calibration model cg

Val L L ). L I'\2 L ng
J=XZ=QNC =1 T IU T ILU T U5

of the
n, by

(23)

which in accordance with the provisions of this document can in turn be expressed in Chebyshev-

series form.
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Thus, the data (xi,yl.)=(x. X'Z')E[(QN)i’(QN)I-XéiJ’ i=1,...,7, is used to provide

[ |

polynomial calibration functions in this form. In doing so, it is necessary to re-express the given
uncertainty information. Since y =xz and the data x-values have negligible uncertainty,

u(y;)=xu(z;), ”(yi’yj) :Xixj”(zi’zf) (i J): (24)

or, in terms of matrices, with D = diag [xl ,...,x7] :

/, =DV_D. (25)

Accordingly, polynomial calibration functions with degrees from 1 to 4 were,considered, the
highest degree being used to check whether degree 3 in Formula (23) is adequate. Table 10 gives

humerically the values of szs (n), AIC(n), AICc(n) and BIC(n) for degree in =1 to 4.

Table 10 — Observed chi-squared and information'criteria
for the flow meter calibration problem

Degree n 2 AIC AlCe BIC
& Zobs (n)
1 17171,8 17175,8 , 17178,8 17 175,7
2 3418,2 3424,2 3432,2 3424,0
3 4,3 12,3 32,3 12,1
4 4,2 14,2 74,2 13,9

From inspection of Table 10, degree 3\iS a reasonable choice, giving the smallest value [for all
hree information criteria and thus;demonstrating that the traditional use of the madel of
Formula (22) is acceptable in this' case. Moreover, degree n =3 is acceptable in terms |of the
pbserved chi-squared valuey of 4,3 compared with the expected value of m—n—-|1=3.

Furthermore, a graph of/the weighted residuals (Figure 9) does not indicate any systpmatic
frend.
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Figure 9 — Weighted residuals for flow meter calibration problem
for polynomial function of degree 3

Figure 10 a) shows the data and the selected calibration fuh¢tion in terms of the original v
(0 - Visually, the chosen calibration function seems to, represent the data well, although

Appears to be a minimum that is possibly spurious near @, =180 SSCM. Indeed, the ex

behaviour of the response variable y / x is a horizontal asymptote at the upper end

ralibration range. Presumably, increasing thié resolution of the measuring system that pr
he calibration data would deliver evidence of this behaviour. Additional data i
heighbourhood or other knowledge, should also be informative in this regard. Figure

lisplays the data and chosen polynomial function in terms of the ‘response variable’ QC

his figure it appears that the modified calibration data lie close to a straight line.

riable
there

pected

of the

pvided
n that
10 b)

From
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Figure 10 — Flow meter calibration data:and polynomial model

['he corresponding Chebyshev coefficients for theselected polynomial of degree n=3 are g

o the input uncertainties, however, the next two terms need to be taken into consideratio
parameter standard uncertainties ‘and the correlation matrix, of dimension 4 x 4, for the s
bolynomial is given in Table 12:

calibration data

Chebyshev coefficients a; in polynomial of degree
i 1 2 3 4
0 105,201 103,932 104,370 104,365
1 123,893 122,018 123,308 123,303
2 -1,449 -0,646 -0,657
3 0,732 0,725
4 -0,005

© ISO 2018 - All rights reserved
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column 4 of Table 11, where the Chebyshey:coefficients for degrees from 1 to 4 are given. The
first two coefficients, being two orders of\magnitude larger than the higher-order coefficients,
confirm that the calibration function insthe modified variable is largely a straight line. With fegard

n. The
lected

ble 11 — Chebyshev coefficients in polynomial calibration functions for the flow meter
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Table 12 — Parameter standard uncertainties and correlation matrix for the selected

polynomial function of degree 3 for the flow meter calibration data

Std. unc. Correlation matrix
0,020 1 0,931 0,630 0,368
0,033 1 0,818 0,667
0,018 1 0,744
0,013 Sym. 1

9.4 Stimulus and response data uncertainties

9.4.1
associ

H(X

~—

i

since the x; are deemed equal to the “true values” &;. When the u(xi) are not negligible, the

regarded as unknown and are to be estimated together with the model parameters)a-

9.4.2

covari

V

9.4.3

by solying the minimization problemI[!7]

1)

with

where|

generd

EXAM

min(dTVx_ld+eTVy_1e)Emin — + 4o —",

have

TTOTITTIoT Ve rorio e

hted uncertainties is more complicated than when just the y-values are uncertain. Wh

are regarded as negligible, the model values are simply given by evaluating p, (x,é) at {

For the case where standard uncertainties associated with the x; and-the' y; are provided,

Ances are zero,
= diag[u2 (xl),...,uz (xm)}, V, = diag[uz (yl)y---yuz (Ym)]

N T
[he estimate a of the polynomial coefficients a (and'the estimate of & = [cfl,...,fm] ) is

2 2 2 2
d1 dm e; e

1 0 | 2 (X1) 2 (Xm) u? (y1) u2(}’m)

d, =d, (4‘1.) =X~ ¢ and e; =¢; (a) =y, -D, ((fi,a). This problem is variously kno

lized distance regression, total least-squares and errors-in-variables.

PLE Natural gas analysis.

en the
he X;,

g, are

and all

(26)

given

(27)

(28)

wn as

n-gas analysis a calibration procedure typically involves measuring a series of natun

al gas

standards (calibrants) of known composition, followed by determining for each component the
detector response to the amount fractions (strictly amount-of-substance fractions) of the

calibrants(32l, Thus, for each component, there is a set of amount fractions x; and corresponding

(corrected) instrument responses y;. A calibration function provides the relationship between

the instrument response and the composition of the calibrants. The instrument response and the
amount fraction of a calibrant have associated uncertainties to be taken into consideration.

34
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Calibration data and associated standard uncertainties for carbon monoxide in nitrogen are given
in Table 13.

Table 13 — Data and uncertainties for carbon monoxide in nitrogen[32]

x / pmol mol ! u(x) / umol mol Y /au. u(y) /a.u.
10,007 0 0,0015 1,04444  0,00112
15,0270 0,0012 1,55685 0,000 66
200140 00018 206050000023
350140 0,0019 3,53627  0,00039
50,063 0 0,006 5 495992  0,00092
65,0850 0,007 5 6,32949  0,00142
80,108 0 0,007 6 7,649 64 0,002 64
99,9050 0,007 7 931978  0,00170
a.u. = arbitrary unit

[able 14 shows the Chebyshev coefficients in polynomial calibration functions of degrees|1 to 5
brovided by generalized distance regression (GDR) for the gas analysis data. Table 15 shows the
corresponding observed chi-squared values and information criteria. Note the inconsistgncy in
he table in that the x-values have zeros in the fourth decimal place, whereas the corresppnding

alues of u(x) generally have non-zeros in that.position. These values were provided py the

bractitioner in the area. A similar remark-tan be made about the values of R and u(R) in
[able 17.

According to the information criteria'in Table 15, an appropriate degree of polynomial calibration
function is n = 3. For this degree Figure 11 a) shows the gas analysis data and the polyhomial
function obtained by GDR. Tothe eye, the cubic function appears close to linear and thle data
hppears to lie on that function. “Error” bars, if drawn, would be too short to be distinguishable.
Figure 11 b) shows the data’and the polynomial function of degree 3 after both were corredted by
he polynomial of degree 1 obtained by GDR. (Subclause 7.5.3 describes the value of displaying
ralibration functions+in this manner.) The error bars, if drawn, would now just be percepflible in
he y direction 6mthis scale, but those in the x direction would not.

Figure 12_a)~'shows the weighted x-residuals and Figure 12 b) the weighted y-regiduals
Corresponding to the selected polynomial function of degree 3.

[he magnitudes of the weighted residuals shown in Figure 12 for polynomial degree 3 are smaller

nnnnnnnnnnnnnnn 2m data and o o 1 1 S di o] a t +h snactad l
H+H= value

h ad Sincn +h ctahla v ntarc A
o X p et ee—ntrearC—=rrtata—ant ot StaoTCpParattersS;, it CXpPeeeeo

of the sum of the squares of the weighted residuals is 2m — (m +n+ 1) =4, whereas the observed

chi-squared value is 1,2, thus indicating that the prescribed uncertainties might have been
conservatively evaluated, in fact for both variables. Such a remark is also made in reference [32].

The parameter standard uncertainties and the correlation matrix, of dimension 4 x 4, for the
selected polynomial are given in Table 16.
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Table 14 — Chebyshev coefficients in polynomial calibration function
for the gas analysis data

Chebyshev coefficients g; in polynomial of degree
i 1 2 3 4 5
0| 53624 52175 5,217 3 52181 52170
1| 55086 5,374 3 5,384 7 5,384 8 53800
2 -0,1981 -0,1946 -0,1932 -0,1954
3 0,008 2 0,008 6 0,004 6
4 0,0008 -0,0009
5 -0,0016
Table 15 — Observed chi-squared and information criteria
for the gas analysis calibration problem
Degree n 2 AlIC AlCc BI€
Z obs
1 52179,5 521835 521859 521836
2 46,6 52,6 586 52,8
3 1,2 9,2 22,5 9,5
4 09 10,9 40,9 11,3
5 0,4 12,4 96,4 12,9
12 T T T T T T 0,1
O
10
0
8l
-0,1
ob
> > -0,2
4 O
-0,3
S
0 -0,4
-2 : 0,5 |
-20 0 20 40 60 80 100 200 -20 0 20 40 60 80 10 120
X X
}Obtained lized b}B L . !
distance regression by a polynomial of degree 1

Key
X  stimulus variable x

Y response variable y

Figure 11 — Gas analysis data and the polynomial calibration function of degree 3

36 © IS0 2018 - All rights reserved


https://standardsiso.com/api/?name=6d48d630c5a279c57aa58d11d6280e2c

0,25

02

015 |

01

0,05

ISO/TS 28038:2018(E)

: T T T T 0,8

0,6 [

04

>
0 % X
-0,05 0 (a3 f
X
01 ¥,
-02
0,15
-0,2 X : : - : - sl X : : X : . .
1 2 3 4 5 6 7 8 9 10 10 20 30 40 50 60 70 80, 90 100
X X
a) With respect to x b) With respecttoy
Key
X  response variable y X' stimulus variable x
Y welghted x-residual Y’ weighted y-residual
Figure 12 — Weighted residuals for gas analysis calibration data
for polynomial functions of degree 3
Fable 16 — Parameter standard uncertainties and correlation matrix for the selected
polynomial function of degree 3 for thé.gas analysis calibration function
Std. unc. Correlation matrix
0,000 78 1 0,479 0,668 -0,023
0,001 86 1 0,686 0,828
0,001 00 1 0,513
0,001 22 Sym. 1
9.5 $timulus and response data uncertainties and covariances
Given|data x and_jy and the associated covariance matrices Vx and Vy , the estimate a pf the
T
polynadmial coéfficients a (and the estimate of & = [51 yes .,§m] are given by solving the problem
it (d 'V 1d + eV te), (29)

ag

where d; =d, (4‘1.) =x;—¢; ande; =¢; (a) =y, -p, ( i a). This form of least-squares problem is

also referred to as generalized distance regression.

© ISO 2018 - All rights reserved
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EXAMPLE Resistance thermometer calibration.

38

The calibration of a Pt100 platinum resistance thermometer involves placing the thermometer in
a thermal bath at temperatures t,,....t (E X4 ,...,xm) that have been measured by a reference
thermometer, and measuring the corresponding m responses, namely, resistances

Ry,...,R (E yl,...,ym), by comparing the resistance of the thermometer with the known
resistance of a standard resistor. The standard uncertainties u (ti) associated with the t; and the

standard uncertainties u (Rl.) associated with the R; are prescribed. The correlation coefficients

[ A [ )
\Ci ’Ej) petween all palrs or temperature values and correlation Coerricients r \Ki s Kj) Dgtween

1l pairs of resistance values are given. A polynomial calibration function relating the tempdrature
£ and the resistance R of the resistance thermometer is to be determined.

[able 17 shows the calibration data and the associated standard uncertainties’in a case [where
m=>5 and where the fifth temperature is nominally identical to the firstiz8l. The correlation

Coefficients associated with all pairs of the t; are taken, on the advice ¢f\‘the domain expert, to be
equal to 0,9, as are those associated with all pairs of the R;. Thus, the covariance matrix V,

hssociated with # has diagonal elements u? (tl.) and off-diagonal elements O,9u(tl.)u(tj). The

fovariance matrix V', is constructed similarly.

[able 18 shows the Chebyshev coefficients provided by solving the problem of Formula (29) for
bolynomials of degrees 1 to 3.

['able 19 shows the corresponding observed“chi-squared values and the information criterjia. For
AICc no value is given for degree 3 since this criterion is only valid for degrees for |which
m >n+ 3 (Subclause 7.7.4). According to the values of AIC and BIC in Table 19, an appropriate
Hegree of polynomial calibration funétion would be n = 2. For this degree Figure 13 a) shojws the
hermometer calibration data and’the polynomial function obtained and Figure 13 b) this{model
hind the data corrected by a polynomial of degree 1.

Table 17 — Measured temperature and resistance values and associated standard
uncertainties(28l

t/°C  u(®/°C __ R/Q u(R)/Q
0,000 0,005 9996650 0,00025
14,998 0,005 10580750 0,000 25
19,999 0,005 107,74890 0,000 25

24,998 0,005 109,68870 0,000 25
0,000 0005 9996650 000025
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Table 18 — Chebyshev coefficients in polynomial functions for the resistance thermometer data

Chebyshev coefficients a; in
polynomial of degree
i 1 2 3
0 104,830 1 104,828 7 104,829 0
1 6,3212 6,319 3 6,320 7
2 -0,006 8 -0,007 6
3 0,002 0
Table 19 — Observed chi-squared and information criteria for the resistance thermemeter
calibration problem
Degree n ZZ AIC AlCc BIC
obs
1 119,4 1234 1294 1226
2 1,4 7,4 31,4 652
3 0,0 8,0 6,4
112 6
110 | 1 4r
i
108 |
ol
106
2 F
>~ >~
104 f 1 4
6
102
8
100
-10
98 : ‘ ‘ * : : -12 : : : : : :
-5 0 5 10 15 20 25 30 5 0 5 10 15 20 25 30
X X
a) Polynemial function b) Data and function as corrected
of degree 2 by a polynomial of degree 1
Key
X  stithuliswariable x
Y resbofiSe ‘7')1’“")]’\]0}7

Figure 13 — Thermometer calibration data and
polynomial calibration functions
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Key
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Y welghted x-residual Y’ weighted y-residual

Figure 14 — Weighted residuals for the thermometer calibration data
for polynomial functions of degrée 2

Std. unc.

0,001 89
0,00047
0,00063

Correlation matrix
1 0,015 0,068
1 0,3808
sym. 1

9.6 Unknown data uncertainties

9.6.1
which

need t

Figure 14 shows the weighted x-residuals and y-residuals for the polynomial function of de
bince all the weighted residuals have magnitude mwch less than unity, it would appear t
brovided standard uncertainties are conservative; The parameter standard uncertainties
Correlation matrix, of dimension 3 X 3, for the-polynomial function are given in Table 20.

[Fable 20 — Parameter standard uncertainties and correlation matrix for the selected
polynomial function of degree 2 for-the resistance thermometer calibration problem

[his Subclause is exceptional in that a different treatment is necessitated compared with ¢
uncertainty information is available. When no such information is provided, further assum
obe ' made about the data. The assumptions made in this document are that (a) the x; are

bree 2.
at the
d the

hses in
ptions
exact,

that is, they lrave moassociateduncertainty, amd-{b)the yriave independent amd-idemnticatty distr

errors

e; ~ N(O,O'Z)

for some unknown variance o 2.

40

ibuted

(30)
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9.6.2 For a specific polynomial of degree n, estimates a of the parameters a are provided by ordinary

least squares (OLS)[171 in which eTe, the sum of the squares of the e;, is minimized. ;(gbs is then

formed from the resulting residuals él. =y, -D, (xi ) &), i=1,...,m:

wherele =[e, ,....e

9.6.3

with f? (yi) = 62 , the solution of which is identical to that of minimizing e'e.

9.6.4
foras

equal

NOTE

is availpble initially.

EXAM

Q>
|

mineTV_le =min| ————+ --- +

[he use of Formula (31) to estimate ¢ is tantamount to solving the preblem

2
€y

€
’ “ L) e )

A choice of polynomial degree is made by thetuser, for example, by examining the RMSR-
pquence of values of n. The RMSR-values in'this case are the estimates & . Then the u (yl. )

o o and the guidance of Subclause 9.2 émployed.

This way of working is not recommended when uncertainty information about the calibration ¢

PLE Isotope-based quantitation.

n isotope-based_quantitation, the measurand (the quantity intended to be measured)
sotope amountratio of a substance of interest (the analyte) in an ‘unknown’ sample. This 1

(31)

(32)

(33)

values
are set

lata set

is the
atio is

bvaluated usinga calibration function that gives the relationship between isotope amou
ind mass-ratio determined from a data set consisting of several pairs of values. Ea

corresponds to a ‘known’ sample, for which a value of R, the isotope ratio of the mix

pbserved corresponding to a value of g, the mass ratio of the sample (analyte) A a

ure, is
d the

Table 21 shows five calibration points (xi Vi ), also indicated in Figure 15, where x corresponds

to mass ratio q and y to isotope ratio R,p. Since no uncertainty information was provided, the

approach of this Subclause is used.

© ISO 2018 - All rights reserved
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Table 21 — Data for isotope dilution calibration

x'=q' | 0000 0512 1,024 1,598 2,078

0,064 0166 0247 0321 0,371

Polynomial calibration functions with degrees from 1 to 3 were considered. Values obtained for
RMSR, or o, for these degrees were respectively 1,27, 0,013 5 and 0,000 059. Degree 2 with

=0-0135 wac calactad Tha o valua 0000059 for dacrea 2 _wwac considerad—unathol
Was—5ere et a—re—6—yaite—o; oo uo-uvoo—10+—6&

oo ToOo e oV oot t T e Pt oY

small for the problem, with the polynomial function following the noise in the data.

Figure 15 a) shows the polynomial calibration function of degree 1: a clear trend is appa

pf degree 2 are given in Table 22.

gically

Figure 15 b) shows the selected polynomial calibration function of degree 2..1n contrast,

rent in

he deviations of the data from the model. The Chebyshev coefficients for the‘polynomial function

2,5

0,45 0,45
0,4 04
@
0,35 0,35
0,3 03
0,25 O 0,25
>~ >
0,2 02
0,15 0,15
0,1 01
@
0,05 0,05 [
0 0 : : : :
-0fs 0 0,5 1 1,5 2 2,5 -0,5 0 0,5 1 1,5 2
X X
a) Degree 1 b) Degree 2
Key
X  stirpulus variable x
Y response variable y
Figure 15 — Isotope dilution data and polynomial calibration function
Table 22 — Chebyshev coefficients in polynomial function of degree 2
for the isotope dilution calibration problem
Degree | Chebyshev coefficient
0 0,222 5
1 0,198 4
2 -0,027 1
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