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Foreword

2010(E)

ISO (the International Organization for Standardization) is a worldwide federation of national standards bodies (ISO
bodies). The work of preparing International Standards is normally carried out through ISO technical
committees. Each member body interested in a subject for which a technical committee has been established has the
right to be represented on that committee. International organizations, governmental and non-governmental, in liaison
with ISO, also take part in the work. ISO collaborates closely with the International Electrotechnical Commission
(IEC) on all matters of electrotechnical standardization.
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Introduction

Calibration is an essential part of many measurement procedures and often involves fitting to measured data a cali-
bration function that best describes the relationship of one variable to another. This Technical Specification considers
straight-line calibration functions that describe a dependent variable Y as a function of an independent variable X.
The straight-line relationship depends on the intercept A and the slope B of the line. A and B are referred to as the
parameters of the line. The purpose of a calibration procedure is to determine estimates a and b of A and B for a
particular measuring system under consideration on the basis of measurement data (z;, v;), ¢ = 1,..., m, provided
by the measuring system. The measurement data have associated uncertainty, which means there will be uncertainty
associated with a and b. This Technical Specification describes how a and b can be determined given the data and
the associptedumcertaimty formmation: Tt atSo provides a mearts for evatua ting the uncertaimnties associated with these
estimates| The treatment of uncertainty in this Technical Specification is carried out in a manner counsisfent with
ISO/IEC [Guide 98-3:2008, “Guide to the expression of uncertainty in measurement” (GUM).

Given thg uncertainty information associated with the measurement data, an appropriate methed can be|specified
to determjine estimates of the calibration function parameters. This uncertainty informationmay include quantified
covariancg effects, relating to dependencies among some or all of the quantities involved.

Once the ptraight-line model has been fitted to the data, it is necessary to determine ‘whether or not the njodel and
data are donsistent with each other. In cases of consistency, the model so obtainéd ean validly be used to |predict a
value x of the variable X corresponding to a measured value y of the variable ¥ provided by the same rheasuring
system. I can also be used to evaluate the uncertainties associated with the dalibration function parameterg and the
uncertainiy associated with the predicted value z.

The determination and use of a straight-line calibration function caxntherefore be considered to consist of five steps:

1 Obtalning uncertainty and covariance information associated’with the measurement data — although dependent
on the particular area of measurement, examples are provided within this Technical Specification;

2 Providing best estimates of the straight-line paraméters;

3 Validhting the model, both in terms of the functional form (does the data reflect a straight-line relatfionship?)
and dtatistically (is the spread of the dapa.eonsistent with their associated uncertainties?) using a chi-squared
test;

4 Obtalning the standard uncertainties'and covariance associated with the estimate of the straight-line pajameters.

5 Using the calibration functioifor prediction, that is, determining an estimate x of the X-variable and its gssociated
uncettainty corresponding-te a measured value y of the Y-variable and its associated uncertainty.

The abov¢ steps are shown diagrammatically in Figure

The main|aim of tHisYlTechnical Specification is to consider steps 2 to 5. Therefore, as part of step 1, before fising this
Technical |Specification, the user will need to provide standard uncertainties, and covariances if relevant, gssociated
with the meaSured Y-values and, as appropriate, those associated with the measured X-values. Account ghould be
taken of tlhe principles of the GUM in evaluating these uncertainties on the basis of a measurement modgl that is
specific to the area of concern.

ISO 11095:1996 [14] is concerned with linear calibration using reference materials. It differs from this Technical
Specification in the ways given in Table

The numerical methods given are based on reference [6].

vi © ISO 2010 — All rights reserved
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Inputs
measurement data (x;,v;), i = 1,...,m,
and associated covariance matrix U
model
Y =A+4+BX
Calibration
estimates a of A and b of B
Validation
model residuals and observed
chi-squared value x?2,
Uncertainty L
evaluation standard uncertainties u(d)vand
u(b), and covariance cov(d; b)
Prediction
measured value y of Y and
associated standard uncertainty u(y)
predicted value x of X and
associated standard uncertainty u(z)
Fighire 1 — Summary of the steps in the determination and use of straight-line calibration fung¢tions
Fable-t—Differences betweer ISO-1109571996amdISO/FS280372010——————
Feature ISO 11095:1996  ISO/TS 28037:2010
Specifically addresses reference materials Yes More general
X-values assumed to be known exactly Yes More general uncertainty information
All measured values obtained independently Yes More general uncertainty information
Terminology aligned with GUM No Yes
Types of uncertainty structure treated Two Five, including the most general case
Only uncertainty associated with random errors  Yes More general uncertainty information
Consistency test ANOVA Chi-squared
Uncertainty associated with predictions Ad hoc GUM compatible
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TECHN

ICAL SPECIFICATION ISO/TS 28037:2010(E)

Determination and use of straight-line calibration functions

1 Scope

This Technical Specification is concerned with linear, that is, straight-line, calibration functions that describe the
relationship between two variables X and Y, namely, functions of the form ¥ = A + BX. Although many of the
principles apply to more general types of calibration function, the approaches described exploit the simple form of the
straight-line calibration function wherever possible.

Values o
cases ard
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the parameters A and B, are determined on the basis of measured data points (z;, vy;), i = 1, NN
considered relating to the nature of the uncertainties associated with these data. No asstunpti
errors relating to the y; are homoscedastic (having equal variance), and similarly for the ‘z;/when

s of the parameters A and B are determined using least squares methods. The emphasis of thid

that reflect the associated uncertainties. The most general type of covariance matrix associate
nent data is treated, but important special cases that lead to simpler caleittations are described iy

hses considered, methods for validating the use of the straight-line ‘calibration functions and for
rtainties and covariance associated with the parameter estimatessare given.

inical Specification also describes the use of the calibrationfunction parameter estimates and their
hities and covariance to predict a value of X and its assoéiated standard uncertainty given a meaq
its associated standard uncertainty.

The Technical Specification does not give a general treatment of outliers in measurement data, although th|
n can be used as a basis for identifying discrepant,data.

The Technical Specification describes a methed to evaluate the uncertainties associated with the measuy
e that those uncertainties are known only~up to a scale factor (Annex [E).

wing referenced documents are indispensable for the application of this document. For dated
edition cited applies.~For undated references, the latest edition of the referenced document (inc
ents) applies.
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3 Terms and definitions

For the purposes of this document, the terms and definitions given in ISO/TEC Guide 98-3:2008 and ISO/IEC Guide
99:2007 and the following apply.

A glossary of principal symbols is given in Annex [G]
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3.1

measured quantity value
quantity value representing a measurement result

[ISO/IEC

3.2

Guide 99:2007 2.10]

measurement uncertainty
non-negative parameter characterizing the dispersion of the quantity values being attributed to a measurand, based
on the information used

[ISO/IEC

3.3
standard
measuremny

[ISO/IEC

3.4

covarian
parametel
the inforn

3.5

measure
covarian
matrix of
its diagon
of the veq
vector est

NOTE 1
representa

where cov
associated

NOTE 2
NOTE 3

NOTE 4

Guide 99:2007 2.26]

measurement uncertainty
ent uncertainty expressed as a standard deviation

Guide 99:2007 2.30]

e associated with two quantity values
characterizing the interdependence of the quantity values being, attributed to two measurands,
jation used

ment covariance matrix

ce matrix

dimension IV x N associated with a vector estimate of a vector quantity of dimension N x 1, cont
hl the squares of the standard uncertainties associated with the respective components of the vectoy

mate of the vector quantity
A covariance matrix U, of dimension N.%X)N associated with the vector estimate x of a vector quantity
ion

cov(zi,z1) -+ cov(zi,TN)

cov(zn,x1) -+ cov(zn,TN)
vi,2;) = u?(x;) is the vériance (squared standard uncertainty) associated with z; and cov(z;,x;) is the
with z; and x;. cov(ahsx;) = 0 if elements X; and X; of X are uncorrelated.
Covariances are‘@lso known as mutual uncertainties.

A covariapee(matrix is also known as a variance-covariance matrix.

Definition adapted from ISO/IEC Guide 98-3:2008/Suppl. 1:2008, definition 3.11 [13].

3.6

based on

hining on
estimate

tor quantity, and, in its off-diagonal positions,‘the covariances associated with pairs of componefts of the

X has the

ovariance

measurement model
mathematical relation among all quantities known to be involved in a measurement

[ISO/IEC

3.7

Guide 99:2007 2.48]

functional model

statistical

model involving errors associated with the dependent variable
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3.8
structural model
statistical model involving errors associated with the independent and dependent variables

3.9

calibration

operation that, under specified conditions, in a first step, establishes a relation between the quantity values with
measurement uncertainties provided by measurement standards and corresponding indications with associated mea-
surement uncertainties and, in a second step, uses this information to establish a relation for obtaining a measurement
result from an indication

NOTE 1| A calibration may be expressed by a statement, calibration function, calibration diagram, calibratioh curve, or
calibratign table. In some cases, it may consist of an additive or multiplicative correction of the indicatiom witH associated
measurenpent uncertainty.

NOTE 2| Calibration should not be confused with adjustment of a measuring system, often mistakenty called ‘self-¢alibration’,
nor with [verification of calibration.

NOTE 3| Often the first step alone in the above definition is perceived as being calibration,
[ISO/IEC Guide 99:2007 2.39]

3.10
probablility distribution
(random| variable) function giving the probability that a random varigble/takes any given value or belongs|to a given
set of vaJues

NOTE 1| The probability on the whole set of values of the random(variable equals 1.

NOTE 2| A probability distribution is termed univariate whenit relates to a single (scalar) random variable, and ultivariate
when it rplates to a vector of random variables. A multivariat® probability distribution is also described as a joint distribution.

NOTE 3| A probability distribution can take the form'of a distribution function or a probability density function|

NOTE 4| Definition and note 1 adapted from ISO:3534-1:1993, definition 1.3 and ISO/IEC Guide 98-3:2008, definition C.2.3;
notes 2 ahd 3 adapted from ISO/IEC Guide 98:3}2008/Suppl. 1:2008, definition 3.1 [13].

3.11

normal |[distribution
probabiljty distribution of a comtinuous random variable X having the probability density function

9x(8) = ~ 1% exp l—; <£;“)21,

NOTE 1| ps the expectation and o is the standard deviation of X.

for —oco K £ < +%

\OIE2 | i 1 Jigioil o 42 3 1 1 AN ral H Aicdoiloo 42
T o e St o IO TSSO KO Wi st oataSSta ISt rou 1o

NOTE 3 Definition and note 1 adapted from ISO 3534-1:1993, definition 1.37; note 2 adapted from ISO/IEC Guide 98-3:2008,
definition C.2.14.

3.12

t-distribution
probability distribution of a continuous random variable X having the probability density function

v+1

© ISO 2010 — All rights reserved 3
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for —oo < £ < 400, with parameter v, a positive integer, the degrees of freedom of the distribution, where
o0
I'(z) = / t*~le~tdt, z >0,
0

is the gamma function

[ISO/IEC Guide 98-3:2008/Suppl. 1:2008 3.5]

3.13
chi-squated distribution

x? distribution

probability distribution of a continuous random variable X having the probability density function

5(1//2)71 5
9x(§) = WGXP <—2>7
for 0 < € K oo, with parameter v, a positive integer, where I' is the gamma function

NOTE THe sum of the squares of v independent standardized normal variables is a y*random variable with paramdter v; v is
then called the degrees of freedom.

3.14
positive definite matrix
matrix M of dimension n x n having the property 2" Mz > 0 for all non-zero vectors z of dimension n x 1

3.15

positive pemi-definite matrix
matrix M of dimension n x n having the property 2z M% > 0 for all non-zero vectors z of dimension n x 1

4 Conventions and notation

For the plirpose of this Technical Spegification the following conventions and notations are adopted.

4.1 X |is termed the indepéndent variable and Y the dependent variable even when the knowledge of X|and Y is
‘interchanjgeable’, as in Clafise [7] for example.

4.2  The quantitiessAvand B are termed the parameters of the straight-line calibration function ¥ = A4+ BX. A
and B arq also used to denote (dummy) variables in expressions involving the calibration function parametgrs.

4.3  The ghantities X; and Y; are used as (dummy) variables to denote the co-ordinates of the ith data goint.

4.4  The constants A* and B* are (unknown) values of A and B that specify the straight-line calibration function
Y = A* + B*X for a particular measuring system under consideration.

4.5  The constants X and Y;* are the (unknown) co-ordinates of the ith data point provided by the measuring

system satisfying Y;* = A* + B*X".
4.6  x; and y; are the measured values of the co-ordinates of the ith data point.
4.7 @ and b are estimates of the calibration function parameters for the measuring system.

4.8 z} and y; are estimates of the co-ordinates of the ith data point satisying v = a + bz}.

4 © ISO 2010 — All rights reserved
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4.9 A vector of dimension m x 1 is denoted thus:

T
T
T = ) r = [ Ty T ]7
Tm
and a matrix of dimension m X n is denoted thus:
air ... Qin air ... Qami1
A= , Al =
Aml  --- Qmn A1n --- QOmn

2010(E)

The dim
4.10
4.11
4.12

4.13
numbers
may be }

4.14
determir]

4.15
to a high

5 Pri
51 G

5.1.1
‘respons
data. In
values A
in stand
are recol
This prd
of Y to
‘inverse

5.1.2

ension of the vector or matrix is always specified to avoid possible confusion.
T denotes transpose.

T'he zero matrix is denoted by 0 and the unit vector is denoted by 1.

Some symbols have more than one meaning. The context clarifies the usage.

Numbers displayed in tables to a fixed number of decimal places are eorrectly rounded represe
stored to higher precision, as would be the case in a spreadsheet, for example. Therefore, minor inco
erceived between displayed column sums and the column sums of tlig displayed numbers.

[n some tables, a subclause number above a column or columus indicates where the formula i
ing the values below.

[n the examples, while data values are provided to a given precision, the results of calculations ai
er precision to allow the user to compare results wlhien undertaking the calculations.

nciples of straight-line calibration
eneral

This clause considers how a_relationship Y = A + BX describing the dependent variable Y (|
") as a function of the independent variable X (also called ‘stimulus’) can be determined from mg
the context of calibration the measurement data arise when a measuring instrument specified by
[ and B* of the calibration function parameters is ‘stimulated’ by artefacts with calibrated values
rd units, of a property of the artefacts, and the corresponding ‘responses’ or indications Y; of the
ded. The relatiouship provides the response Y of the system given an artefact with calibrated g
cess is termed) forward evaluation’. More useful in practice, the relationship allows a measured
be converted>to an estimate x, in standard units, of the property X of an artefact. This procesq
pvaluation? or ‘prediction’.

THe\calibration of a measuring system should take into account measurement uncertainties, and,

covarian

htations of
nsistencies

given for

e provided

hlso called
asurement
unknown)
f X; given
nstrument
nantity X.
response y
is termed

if present,

es-associated with the measurement data. The output of a calibration procedure is a calibration

unction to

be used for prediction (and, if required, forward evaluation). The output also includes the standard uncertainties and
covariance associated with the estimates a and b of the parameters describing the calibration function, which are used
to evaluate the standard uncertainties associated with prediction (and forward evaluation).

5.2 Inputs to determining the calibration function

5.2.1 Measurement data

The information required to determine the straight-line calibration function are the measurement data and their
associated standard uncertainties and covariances. In this Technical Specification, the measurement data are denoted

© ISO 2010 — All rights reserved
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by (z;,yi), ¢ = 1,...,m, that is, m pairs of measured values of X and Y. It is assumed that m is at least two and
that the values of x; are not all equal to each other.

NOTE The uncertainties associated with the estimates a and b generally decrease as m increases. Therefore, calibration should

aim to use

5.2.2 A

as many measured data points as is economically viable.

ssociated uncertainties and covariances

The standard uncertainties associated with x; and y; are denoted by u(x;) and u(y;) respectively. The covariance
associated with z; and z; is denoted by cov(x;,z;). Similarly, those associated with y; and y;, and with z; and y;,

are denot
associated
uncertaint
dimension

For many

NOTE T}

5.3 De

5.3.1 1]
ties and p
of the ith
of squares
depends g
the answe

i) Aret
ii) Aret

5.3.2 g
in5.3.1} a

a) The
are 1

bd by cov(yi, ;) and cov(z;,y;), respectively. Annex [D| indicates how the uncertainties and-<d
with the measured response and stimulus variables can be evaluated and gives an interpretatio

v information. The complete uncertainty information is represented by an array of elements-(mat
2m x 2m holding the variances (squared standard uncertainties) u?(z;) and u?(y;) and’the covar
u?(z1) oo cov(zr, ) cov(zi,yr) ... cov(T1,Ym) O]
U — cov(Tm,x1) ... u? () cov(Tm,y1) ... cov(TpnUm)
= 2
COV(yhxl) COV(yl,],‘m) u (yl) COV(ylaym)
| coV(Ym 1) ... COV(Ym, Tm)  COV(Ym, Y1) 4" u? (Ym)

applications, some or all covariances are taken as zero (see [5,3|)

is Technical Specification is concerned with problems in whigh the u(x;) or the u(y;) are generally differe

termining the calibration function

[he inputs to determining the calibration function are the measurement data and their associated
bssibly covariances. Given parameters A and B, the inputs can be used to provide a measure of the
data point (z;,y;) from the line Y = A4-BX. The estimates a and b are determined by minimizi
of these departures, or a more general measure when any covariances are non-zero. How this is
n the ‘uncertainty structure’ associated with the measurement data. This uncertainty structure
I's to the following questions:

he uncertainties associated with the measured values x; negligible?
he covariances assoeidbed with pairs of measured values negligible?

[he following cases, given in increasing order of complexity and depending on the answers to the
re consideréd-in this Technical Specification:

nly uncertainties are associated with the measured values y; and all covariances associated with
garded as negligible (Clause @;

variances
n of that
rix) U of
ances:

ncertain-
leparture
ng a sum
achieved
relates to

questions

the data

b) Uncertainties are associated with the measured values a; and y; and all covariances associated with the data are
regarded as negligible (Clause ;

¢) Uncertainties are associated with the measured values z; and y; and the only covariances are associated with the

pairs

(24,9;) (Clause ;

d) The only uncertainties are associated with the measured values y; and the only covariances are associated with
the y; and the y; (i # j) (Clause E[);

e) The most general case in which there are uncertainties associated with the measured values z; and y; and
covariances associated with all pairs of values of the z;, the z;, the y; and the y, (Clause .
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5.3.3  For each case in [5.3.2] are given
a) the prescribed measurement data and uncertainty structure,
b) the corresponding statistical model,
c) the least squares problem addressed,

d) the calculation steps,

e) propertiesofthestatisticatmmodet;

f) wvalidlation of the model,

g) orggnization of the calculations for the computer, where appropriate,
h) a nymerical algorithm, where appropriate, and

i) onelor more worked examples.

5.4 Numerical treatment

In Annek a general approach to the most general case e) in is\given. It can be used to treat all the other
cases anfl uses sophisticated, numerically stable methods. The cases.a) to ¢) in can, however, be trdated using
elementdry operations, which can be implemented in a spreadsheet,for example. The cases d) and e) in EE require
some maltrix operations, which are straightforward to implement(in a computer language supporting matrix arithmetic,
but are ot well suited to spreadsheet calculations.

5.5 Upncertainties and covariance associated with the calibration function parametefs

5.5.1 For all cases considered, estimates of the calibration function parameters can be expressed (explicitly or
implicitly) as functions of the measurement data. The principles of the GUM [ISO/IEC Guide 98-3:20P8] can be
applied fo propagate the uncertainties and covariances associated with the measurement data through thesg functions
to obtailh those associated with theseSparameter estimates. In this way, the measurement data are used [to provide
estimatep a and b of the calibration\function parameters, and to evaluate standard uncertainties u(a) anfl u(b) and
the covafiance cov(a,b) associated~with these estimates. For the cases a) and d) in the propagatign is exact
since thq parameter estimates-can be expressed as linear combinations of the inputs y;. For the other casep, in which
the parameter estimates cannot be so expressed, the propagation is approximate, based on a linearization| about the
parametér estimates. Fof niany purposes, the approximation incurred by the linearization will be sufficiently accurate.

NOTE When the propagation of uncertainty is approximate, and particularly if the uncertainties involved are large (for example,
in some afeas of biological measurement), an approach based on the propagation of distributions can be employed. This approach
[ISO/IE( Guide,98-3:2008 /Suppl. 1:2008] uses a Monte Carlo method (not treated in this Technical Specification)

5.5.2 |Thé primary outputs in describing the straight-line calibration function are the parameter estimaje vector a
of dimension 2 x 1 and the covariance matrix U, of dimension 2 x 2 given by

“‘H} Ua—[cg(% i | M

where u(a) and u(b) are the standard uncertainties associated with a and b, respectively, and cov(a,b) = cov(b, a) is
the covariance associated with a and b.
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5.6 Validation of the model

5.6.1 In determining the estimates a and b of the straight-line calibration function parameters, it is assumed
that the model Y = A+ BX is valid and that the uncertainties associated with the measurement data give a credible
measure of the departure of the measurement data from a straight line. Once a and b have been determined, the actual
departure of the data points from the best-fit calibration function can be assessed against a predicted departure. This
comparison involves an aggregate measure of departure expressed in terms of the sum of squares Xibs of m weighted
residuals, the ith weighted residual being a measure of the departure of the ith data point from the line, or, when the
covariance associated with the ith data point (z;,y;) is non-zero, a more general form. If ngs is much bigger than
expected, on statistical grounds there is reason to call into question the validity of the model assumptions.

5.6.2 rom a statistical viewpoint, the measurement data can be regarded as realizations of random vatiables. If
the probapility distributions characterizing these random variables were known, it would be possible\in principle to
determing the probability distribution for the aggregate measure of departure in [5.6.1 Then theé ‘probability could
be calculdted that x?2, ., regarded as a draw from this aggregate distribution, exceeded any partiéular quantile of the
distributign. However, as the information about these quantities is often limited to the medsured values themselves
and their|associated variances (taken to be the expectations and variances, respectively, of the random |variables
characterized by these distributions), there is insufficient information to determine the{distribution for this|measure.
Instead, the assessment of validity is performed assuming that the distributions for these quantities are nornmpal. With
this assuniption, which is henceforth taken to hold, at least for validation purposéssthe distribution for thig measure
is x2 withl v = m — 2 degrees of freedom. Accordingly, the probability that x2, &exceeds any particular quartile of x?2

can be defermined (see [10.3). The 95 % quantile is used.

NOTE 1 |If x2,, exceeds the 95% quantile of x?2, the straight-line calibration function can be regarded as not explhining the
data sufficlently well for practical purposes. In such a case, the data and asseciated uncertainties should be checked f¢r possible
mistakes. J\ calibration function consisting of a polynomial in X of degree™2 or higher or some other mathematical fofm can be
entertained; such a consideration is beyond the scope of this TechnigallSpecification.

NOTE 2 |There is a possibility that the model is ‘too good’ i“that the observed value x?2,, is significantly smallef than the
expected vplue. This possibility typically corresponds to the\uncertainties associated with the measurement data being quoted
as too largp, and is not considered further in this Technical Specification.

5.6.3 n order to obtain as much value as-possible from a calibration, it is desirable that input uncertalinties are
derived ptior to determining the calibration function parameters, rather than being evaluated once a fit to| the data
has been dletermined, with associated uncertainties estimated from the data or known up to a scale factor. The latter
case is copsidered in Annex [El

5.6.4 [f, in any particular cdseé, ‘the validation of the model fails, that is, x2,, exceeds the 95% quantile of x2
(see5.6.2)), the calculated standard uncertainties u(a) and u(b) and covariance cov(a,b) (see[5.5.2)) should be|regarded
as unreliaple, as should the Wicertainty associated with a predicted value (see .

5.7 TUsk of the ¢alibration function

5.7.1  The<¢alibration function is typically used for prediction (inverse evaluation) where, given an estimatd of Y and
its associated stamdard urncertanmty; the correspormding vatue of X TS estimated and itsassociated stamdard urcertainty
is evaluated. Evaluation of the latter uncertainty makes use of the standard uncertainties associated with the estimates
a and b as well as their associated covariance. See [[1.11

5.7.2  Forward evaluation where, given an estimate of X and its associated uncertainty, the corresponding value
of Y is obtained together with its associated standard uncertainty, is sometimes required, for example, when comparing
the calibrations of a set of similar instruments. See 1.2

NOTE It is assumed that the conditions of measurement that held during the calibration hold at the time the calibration
function is subsequently used. Otherwise, either a new calibration would be necessary or an appropriate adjustment should
be made to take account of any change such as drift that might have occurred (and that any associated uncertainty is also
handled). Control charts can be useful for this purpose.
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5.8 Determining the ordinary least squares best-fit straight line to data

5.8.1  The ordinary (unweighted) least squares best-fit straight line to the data is defined by the values a and b of

the parameters A and B that minimize
m

> (% — A— By (2)

=1

These values satisfy the equations given by equating to zero the partial derivatives of first order of expression with
respect to A and B.

5.8.2 |a and b can be calculated in the following steps:

1 « 1 «
1 Set OZE;$iandy0:E21yi;
i= 1=

2 Setf;, =x; —xgand y; =y; —yo, t = 1,...,m;

- D1 Tili
Y T

5.8.3 |The values xp and yg are such that the best-fit line to the translated)data points (Z;, ¥;) passes through the
origin arld has the same slope as the best-fit line to the original data points (z;,y;).

3 Set and a = yg — bzg.

NOTE Mathematically, the best-fit parameters are determined by solving' a pair of linear equations involving f matrix of
dimensiop 2 X 2. For the transformed data points, this matrix is diagonal, allowing the solution parameters to be |[determined
easily. Tianslating the data also has a beneficial effect in terms of nwmerical accuracy of the computed solution [4 [page 33].

5.8.4 The methods described in the Clauses [6] to below constitute extensions of the calculations in{[5.8.2 that
take intd account the prescribed uncertainty information

6 Madel for uncertainties associated with the y;

6.1 (Heneral
6.1.1 |This clause considers the/case a), namely when the following information is provided for ¢ 5 1,...,m:
a) measurement data (x;, yf)sand

b) standard uncertainfy u(y;) associated with y;.

Annex [[] provides/gyiidance on obtaining these uncertainties. All other uncertainties and covariances assog¢iated with
the datalare regarded as negligible.

6.1.2 | The case a) corresponds to that described by the statistical model

yi = A* + B*x; + e, i=1,...,m, (3)

where the e; are realizations of independent random variables with expectations zero and variances u?(y;) [9, page 1].
A* and B* are the (unknown) values of the calibration function parameters for the measuring system for which a
calibration is required and which provides the measurement data. This model, having no uncertainty associated with
the x;, is known as a functional model.

6.1.3 Let w; = 1/u(y;), i =1,...,m. The estimates a and b are those that minimize the weighted sum of squares
Y ORI =) wi(yi— A— Bux)? (4)
i=1 i=1
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with respect to A and B. This minimization problem is known as a weighted least squares (WLS) problem. These
estimates satisfy the equations given by equating to zero the partial derivatives of first order of expression with

respect to

A and B.

6.2 Calibration parameter estimates and associated standard uncertainties and covariance

6.2.1  Estimates a and b are calculated in steps 1 to 5; the standard uncertainties u(a) and u(b) and covari-
ance cov(a, b) are evaluated in step 6:

1 Setuf; = — ,i=1,...,m,and F? = w?;
u(yi) ;
I &, 1 &,
2 Set g :ﬁZwixi andhozﬁZwiyi;
i=1 i=1
3 Setg :wz({El*go) and hl:wz(ylfho),Z:l,,m,

4 Set G

5 Setb

6 Set y

NOTE 1

i) Setw

ii) Set

iii) Set b

NOTE 2

NOTE 3
squares be

m
2 __ § : 2,
- gis
i=1

1 m
e > " gih; and a = ho — bgo;
i=1
by L 9% o b) — 1 d by = 90
(a)—ﬁ—i-@, u®( )—@an cov(a, )7_@.
Steps 1 to 5 are equivalent to the steps:
m 2 m 2
1 i Wi T L WiY;
= 71:17...,m,x0:2’:,}72andy022’7n173;
w(y:) o W] W
= T; — X0 andﬂi:yi—yo,izl,...,m;
m 2~ ~
. W; TiYs
= 727,} Y anda = Yo (= bZo.

Zi:l w?’ff

Steps 1 to 5 determine-the least squares solution to the system of equations

wia + wixib = w;ys, i=1,...,m.

t-fit, lineMn

NOTE 4

If the w() are identical, so that the w; are identical, @ and b are the same as those given by the ordj

nary least

w{d), u*(b) and cov(a,b) in step 6 are obtained by applying the law of propagation of uncertainty in ISO/]

[EC Guide

98-3:2008 to a and b as provided by steps 1 to 5.

6.2.2  The estimates a and b determined in have the following properties [15] for data y; according to the

model

i) The estimates a and b are given by linear combinations of the data y;.

ii) The estimates a and b can be regarded as realizations of random variables whose expectations are A* and B*,
respectively.

iii) The covariance matrix for the random variables in ii) is specified by u?(a), u%(b) and cov(a, b) calculated in

10
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Property i) states that a and b are derived using a linear estimation method. Property ii) states that the linear
estimation method is unbiased. Properties ii) and iii) jointly show that the estimation method is consistent in the
sense that as the number m of data points is increased, the estimates a and b converge to A* and B*, respectively.

The estimation method of has the following optimal property for data y; according to the model :

iv) The estimates a and b provided by any unbiased, linear estimation method can be regarded as realizations of
random variables whose variances are at least as large as those associated with the WLS estimation method.

Property iv) can be interpreted as follows. For constants ¢ and d, the standard uncertainty u(ca + dlu)) associated with

a linear

as u(ca+
that in ]
the asso
of normg
made:

v) The

Ccovy

vi) The
that
vii) Int
sure
u?(Y

6.3 V|

Ifm>2

7 Fori

8 For

9 Che)

NOTE 17
variables|

ombination of the estimates @ and b provided by any unbiased, linear estimation method is at e
db). Properties i) to iv) justify the use of least squares methods for data compatible with theamode
he use of this model statements are only made about the expectations and variances assotiated W
iated distributions are not further specified. If the additional assumption is made that the e; are 1
lly distributed random variables, then further properties associated with the WLS estimation met

random variables in ii) are characterized by a bivariate normal distribution centred on A* an
riance matrix specified by u?(a), u?(b) and cov(a, b).

estimates a and b are maximum likelihood estimates, corresponding) to the most likely values o
could have given rise to the observed measurement data y;.

he context of Bayesian inference, the state-of-knowledge distribution for A and B, given the obsd
ment data y;, is a bivariate normal distribution centred onta and b with covariance matrix specifie
) and cov(a,b).

nlidation of the model
the validity of the model can be partially tested using the weighted residuals r; (continued from
nr; =w;(y; —a—bx;),i=1,....m;

m
n the observed chi-squaredvalue x2, . = Z r? and degrees of freedom v = m — 2;

i=1
ck whether ngs exeeeds the 95 % quantile of x2, and if it does reject the straight-line model.

he chi-squaredtest is based on an assumption that the e; in model are realizations of independent norj

St as great

| . Note
rith the e;;
calizations
hod can be

1 B* with

[ A and B

brved mea-
L by u*(a),

6.2.1]):

nal random

6.4 Olkrganization of the calculations

The calculations in [6.2.1] and can be organized into one or two tableaux for implementation in a spreadsheet as in

Tables [2]

and [3] which can be amalgamated into a single table or spreadsheet.

Table 2 — Data for the weighted least squares straight-line calibration function

z1 | v | uly)
2 | Y2 | u(y2)

Tm Ym u(ym)

© ISO 2010 — All rights reserved
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Table 3 — Organization of the calculations to determine the weighted least squares straight-line calibration

function
step 5
6.2.1| steps 2, 3 6.3 step 7 6.3| step 8
Jo ho a

w1 w? wizy w%yl g1 h1 gf gi1hi 1 r2

wa w3 wi T2 w3yo g2 ho g2 ga2ha T2 r2

Wm w?n wgnxm w?nym gm hm ggn gmhm Tm T'En
E2 N2 LN~ a2 LN 2 G2 —_N"g2 | N~ oh b EVE A N
YA 7 T 7 T It YA Z2I°7 AODS Z 1"
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EXAMPLE (EQUAL WEIGHTS) Table |4] gives six data points and their associated standard uncertainties. The measured
values z; are taken to be exact and the standard uncertainty associated with the measured values y; is u(y;) = 0,5. The weights
are therefore taken to be w; = 1/u(y;) = 2,0, i =1,...,6.

Table 4 — Data representing six measurement points, equal weights

zi [y | u(y)
1,0 3,3 0,5
20| 56| 05
3,0 7,1 0,5
40| 93| 05
5,0 | 10,7 0,5

The best

ho = 192}400/24,000 = 8,017, b = 123,000/70,000 = 1,757 and a = 8,017 — (1,757)(3,500) = 1,867.

The stanfard uncertainties and covariance associated with the fitted{parameters can also be evaluated, using t
in[6.2.1] from information in Table

The obse

does not pxceed the 95 % quantile of x2, namely 9,488, this is no reason to doubt the consistency of the straight- hne

the data.

The data
are illusty
weighted

6,0 | 12,1 U5

fit straight-line parameters are calculated as in Table From the table, go = 84,000,/24,000

Table 5 — Calculation tableau associated with the data in Table

w; w; w; T w}y gi hi g; gihi T i
3,500 8,017 a=1,867

2,000 4,000 4,000 13,200 | —5,000 | —9,433 | 25,000 47,167 —0,648 | 0,419
2,000 4,000 8,000 22,400 | —3,000 | —4,833 9,000 14,500, 0,438 | 0,192
2,000 4,000 | 12,000 28,400 | —1,000 | —1,833 1,000 1833 —0,076 | 0,006
2,000 4,000 | 16,000 37,200 1,000 2,567 1,000 2,567 0,810 | 0,655
2,000 4,000 | 20,000 42,800 3,000 5,367 9,000 16,100 0,095 | 0,009
2,000 4,000 | 24,000 48,400 5,000 8,167 | 25,000 40,833 —0,619 | 0,383

24,000 | 84,000 | 192,400 70,000 | 123,000 | b=1,757 | 1,665

%(a) = 1/24,000 + (3,500)3/70,000, so that u(a) = 0,465;

2(b) = 1/70,000, so thatru(b) = 0,120;
u(a,b) = —3,500,/70,000 = —0,050.

)
)
ved chi-squared value is Xobs = 1,665.with v = 4 degrees of freedom, as calculated in Table [5| I using

and fitted straight-line calibration function are displayed in Figure 2] Standard uncertainties associated
ated (and in subsequent figurés) by vertical lines, centred on y; and having extremities y; — u(y;) and y; H
residuals are shown in_Rigure

= 3,500,

he formulae

Since x2,.
model and

with the y;
u(y;:). The
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16
14+
12+

10+

Figure 2 — Data in Table [4]| and fitted straight-line calibration function obtained in Table

0,8~
0,6

04

Figure 3 Weighted residuals r; obtained in Table
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EXAMPLE (UNEQUAL WEIGHTS) Table |§| gives six data points and their associated standard uncertainties. The z; are
taken to be exact. The y; were obtained using two instrument settings, so that for larger values of X, the y; are less accurate.

Table 6 — Data representing six measurement points, unequal weights

i |y | ul(y)
1,0 3,2 0,5
2.0 4.3 0,5
3,0 7,6 0,5
4,0 8,6 1,0
50| 117 | 1.0
6,0 | 12,8 1,0

The best
ho = 93,9

The stan
from info

The obse
does not
the data.

The data|

fit straight-line parameters are calculated as in Table From the table, go = 39,000/15,00
00/15,000 = 6,233, b = 65,000/31,600=2,057 and a = 6,233 — (2,057)(2,600) = 0,885.

Table 7 — Calculation tableau associated with the data in Table

w; w; w; T w; Y gi hi g; gihi T ri
2,600 | 6,233 @ = 0,885

2,000 4,000 4,000 | 12,800 | —3,200 | —6,067 | 10,240 | 19,413 0,516 | 0,266
2,000 4,000 8,000 | 17,200 | —1,200 | —3,867 1,440 4,640 —1,398 | 1,955
2,000 4,000 | 12,000 | 30,400 0,800 2,733 0,640 2,187 1,088 | 1,183
1,000 1,000 4,000 8,600 1,400 2,367 1,960 3,313 —0,513 | 0,263
1,000 1,000 5,000 | 11,700 2,400 5,467 5,760 | 13y120 0,530 | 0,281
1,000 1,000 6,000 | 12,800 3,400 6,567 | 11,560,| 22,327 —0,427 | 0,182

15,000 | 39,000 | 93,500 31,600y% 65,000 b=2,057 | 4,131

lard uncertainties and covariance associated with the fitted parameters can be evaluated, using the formy
mation in Table [Tt

a) =1/15,000 + (2,600)2/31,6007 so that u(a) = 0,530;

b) = 1/31,600, so that w(b) = 0,178;

u(a, b) = —2,600/31,600.= —0,082.

u?(
u?(
ved chi-squared value is x2,, = 4,131 withl» = 4 degrees of freedom, as calculated in Table [7| using [6.3
pxceed the 95 % quantile of 7, namely.9;488, this is no reason to doubt the consistency of the straight-ling

and fitted straight-line calibration function are displayed in Figure[dl The weighted residuals are shown i

= 2,600,

lee in 16.2.1]

Since X2
model and

n Figure
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16
14+
12+

10+

-1+

Figure (6 Weighted residuals r; obtained in Table
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7 Model for uncertainties associated with the z; and the y;

7.1 General

7.1.1  This clause considers the case b), namely when the following information is provided for ¢ = 1,...,m:
a) measurement data (x;,y;),

b) standard uncertainty u(z;) associated with z;, and

c¢) starldard uncertainty u(y;) associated with y;.

Annex [[J| provides guidance on obtaining these uncertainties. All covariances associated with the data-dre regarded as
negligiblp.

7.1.2 |The case b) corresponds to that described by the statistical model
z; = X[ +d;, yi =Y + e, Y =A"+ B*X], 1 =A, . ,m, (5)

where tle d; and e; are realizations of independent random variables with expectations zero and variarjces u?(x;)
and u?(1);), respectively. This model is known as a structural model. In thetmodel, (x;,y;) represent thd measured
co-ordingtes of the (unobserved) point (X7, Y;*) lying on the line Y = A* + B*X.

7.1.3 | As the z; (in addition to the y; — see Clause@ have associated/uncertainties, account is also taken|of them in
determirfing a straight-line calibration function. The problem of determining a and b in this context is one gf weighted
orthogorfal distance regression (weighted ODR) [3] or generalizeddistance regression (GDR) [2]. In the| statistical
literaturg it is referred to as an errors-in-variables model [7],9%’page 50], [I7, page 189]. The estimates ¢ and b are
those thft minimize the sum of squares

‘ [0 (z; — Xa)>+ wi(y: — A — BX;)?], (6)

m
1=

1

with respect to A, B, and X;, i = 1,...,ms for weights v; = 1/u(x;) and w; = 1/u(y;). Each solution edtimate z7,
along with a and b, specifies the estimate (23 y}), yf = a + bz}, of (X/,Y;*) in model .

7.1.4 |Given A and B, the values(z} that minimize the sum of squares @ with respect to X; are given |by

vf = a8 = [2)m+ = ABEE) T = (7)

Using exjpressions @ the optimization problem can be posed in terms of parameters A and B alone by replacing X;
in expregsion (6) by %A, B) giving

S {vtlmi - ol (A B + 0l -y (A B}, yi(A,B) = A+ Bai(A,B). (8)

=1

7.1.5 If
R; = Ry(A, B) = {~Blx; — a1(A,B)] + lyi — v (A, B)} T,?, 9)

then the sum of squares is equivalent to

m
> R}
i=1

The term R; has the following geometric interpretation. The normal vector to the line Y = A + BX is given by
(=B,1)T /(14 B?)'/2? and R; is a weighted multiple of the signed component of (x; — (A, B),y; —y:(A, B))T in the
direction of the normal vector.
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NOTE 1 In ordinary least squares (see and weighted least squares (see Clause |§[), the distance to the line is measured
‘vertically’, that is, in the Y-direction, reflecting the fact that the deviation of the measured point (z;,y;) from the line can be
accounted for in terms of an error e; associated with y;, since z; is assumed to be known accurately. Weighted ODR, addresses
the case where there are also uncertainties associated with the x;.

NOTE 2 Expressions are given by equating to zero the partial derivatives of first order of expression @ with respect to
A, B and the X;.

NOTE 3 If u;(z;) = O then, in expressions @, zf(A,B) = x; (so that y;(A,B) = A+ Bx;) and T; = 1/u’(y;) = wi.
Consequently, R; in expression E[) is given by R; = w;(y; — A — Bx;). Thus, if u(x;) = 0 the term R; is evaluated in the same

way as in expression inf6.1.3

NOTE 4

Since the
Y=A+BX.

7.1.6

given in [7]2.1] perform this minimization in a two-stage iteration [2]:
(i) from
(ii) in tefms of these x}, determine new approximations to a and b that<will reduce the sum of squares @

NOTE N

7.2 C4dlibration parameter estimates and associated standard uncertainties and coval

7.2.1

standard

1 Obtaln initial approximations a and b to_adnd b, for example, by determining the weighted least squarg
line tp the data (see steps 1 to 5), ighoring the uncertainties associated with the x;;

2 Sett|= — {me(yl) + (yi —5)5u2(xi)} t; and z; = y; —5—5&%, i=1,...,m;

3 Set f =t% gi= fiur aldh; = fizi, i=1,...,m;

4 Detelmine the (unweighted) least squares solution da and 4b to the system of equations

that

ii)

iii)

iv)

18

1

11 1
(1+ B2)1/2

1
T = , P = —
u? 1+ B2 R U

k3

If w(z;) = u(ys) = ui, say, then zj (A, B) defines the point on the line Y = A + BX closest to (z;,y;) and
_ {=Blz: — =i (A, B)] + [y — i (A, B)]}.

hormal vector to the line is (=B,1)" /(1 + B?)Y2, R; is the weighted distance from the pojnt (z,y;) {

$ubclause involves A, B and the X;, i = 1,...,m, as variables in the miinimization. The ca

approximations to a and b, determine the corresponding optimal x7, ‘and

notational distinction is made between z at a typical iteratiohtand the final solution value.

Estimates a and b are calculated in steps 1 t0~6 below using the iterative scheme indicated in ||
incertainties u(a) and u(b) and covariance cov(a, b) are evaluated in step 7 (see Annex [B)):

1

u?(y;) +52U2($i) o

(8A)fi + (8B)gi = hi, i=1,...,m,

m

o the line

culations

riance

(1.6} the

ks best-fit

Set F? = fo;
i—1

1 m 1 m
Set go = > figi and ho = 72 > fil;
=1 =1
Set §i = gi — gofi and by = h; — hofi, i =1,...,m;

m
Set G2 = 2@2,
i=1
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1 m .
v) Set 8b = = > " Gihi and 8a = ho — (8b)go;
=1

5 Update the current approximations to the parameters and residuals: a:=a+06a, b:=0b+ b,
r, = hl — ((5[)).&1,2 = 1,...,m;

6 Repeat steps 2 to 5 until convergence has been achieved. Set a = a, b = b;

2 1
7 Set u?(a) = —5 %, u?(b) = —— and cov(a,b) = f%, where gq, hg, etc., are the values calculated in step 4.
* G G G

NOTE 1| The calculations in step 4 are similar to those in steps 1 to 5 in|6.2.1

NOTE 2| In step 2, z; defines the point (zj,a + bx;) on the current approximation to the best-fit (straight-line| calibration
function fhat is closest, as a weighted distance, to the measured data point (x;,y;).

NOTE 3| In step 3, the calculated h; represents a value of the generalized distance R; in expression @D from the ith data point
to the cufrent estimate of the straight-line calibration function. The algorithm is designed A0 miinimize the sum of squares of
such distfnces.

NOTE 4| In step 4, the corrections da and 6b will generally decrease in magnitude, by ultimately an approximatdly constant
factor from iteration to iteration. The size of the reduction depends largely on the(unicertainties associated with the data: the
smaller tlhese uncertainties are, the greater the reduction will be. The iterative scheme can be terminated when the magnitudes
of the cojfrections are judged to be negligible.

NOTE 5| The residuals calculated in step 5 are associated with the solition of the system of equations solved in| step 4. At
convergence, the r; calculated in step 5 is the same as the h; calculated\in step 3.

NOTE 6| Strictly only the residuals calculated in step 5 at the final iteration are required. However, for ease of pgresentation
in tableay format (Table El in [7.4)), the residuals are calculated-at each iteration.

NOTE 7| u*(a), u*(b) and cov(a, b) in step 7 are obtained by applying the law of propagation of uncertainty in ISOfIEC Guide
98-3:2008 to a and b as provided by steps 1 to 6.

7.2.2  |While it is possible to derive the préperties in[6.2.2|for the WLS estimation method, the fact that th¢ estimates
a and b {letermined by minimizing the suin of squares @ depend non-linearly on the data x; and y; means that the
correspohding properties for weightedS©ODR cannot be straightforwardly stated. The estimates a and b determined
in have the following properties-for data x; and y; according to the model :

i) The|estimates a and b aré-given by non-linear functions of the data x; and y;.

ii) The|estimates a and b can be regarded as realizations of random variables whose expectations are apppoximately
A* and B*, respettively.

iii) The| elemefits*of the covariance matrix for the random variables in ii) are approximated by u?(a),|u?(b) and

cov(|a, bY calculated in

The approximations in 1) and iii) will be more accurate for data having smaller associated uncertainties. However,
the estimation method has the following consistency property:

iv) For data satisfying the model , as the number m of data points increases, the estimates a and b converge to
A* and B*, respectively [10].

By contrast, the WLS estimation method will generally underestimate the magnitude of the slope parameter [5] for
data generated according to the model .

If the additional assumption is made that the d; and e; are realizations of normally distributed random variables, then
further properties associated with the weighted ODR estimation method can be stated:
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v) The random variables in ii) are characterized approximately by a bivariate normal distribution centred on A* and
B* with covariance matrix specified by u?(a), u?(b) and cov(a, b).

vi) The estimates a and b are maximum likelihood estimates, corresponding to the most likely values of A and B
that could have given rise to the observed measurement data x; and y;.

vii) In the context of Bayesian inference, the state-of-knowledge distribution for A and B, given the observed mea-
surement data x; and y;, is approximated by a bivariate normal distribution centred on a and b with covariance
matrix specified by u?(a), u?(b) and cov(a,b).

7.3  Validation of the model

Ifm > 2,
at the fin:

8 Form

9 Chec

NOTE TH
random val

7.4 Or

The calcul

the validity of the model can be partially tested using the weighted residuals r; calculated:invstep
1 iteration, that is, at convergence (continued from [7.2.1)):

m
the observed chi-squared value x2,, = Z r? and degrees of freedom v = m —2;
i=1

k whether x2,. exceeds the 95 % quantile of x2, and if it does reject thelstraight-line model.

riables and on a first order approximation.

canization of the calculations

[ations in and can be organized into two Seguences of tableaux, suitable for implementg

o in|7.2.1

e chi-squared test is based on an assumption that the d; and e; in model are realizations of independgnt normal

tion in a

spreadshept. The first tableau (Table , given approximations a and b (see m step 1), calculates the f;, |g; and h;
(see step 3). The second tableau (Table[J) uses these' f;, g; and h; to calculate corrections da and 8b [see
step 4).
Table 8 - Calculations for determining the sfraight-line calibration function, given approximations a| and b to
the line parameter estimates a and b
step 1 or step 5
7.2.1| step 2 7.2.1| step 2 7.2.1 step 3
a b
x| u(@y | u(yn) | b 21 z1 hla |
zo | ufm) | vz | u(y2) | ta 2 2z fa| g2 | he
Ly u(a:m) Ym u(ym) tm m:n Zm fm gm hm
Table P — Organization of the calculations to determine corrections 6a and 5b for the GDR straight-line
calibration function
2l steps
'T‘T'u , 4 iii) 721 steps 4 v), 5 [7.3|step 8
go ho da
7 fig fihy g1 h g g1l ™ 7
3 f292 faho g2 ha % gaha r2 3
F? =3 f2 | Cfigi | X fihi G =X3 | Ygihi 8b Sor?
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EXAMPLE Table[I0] gives six measured data points and their associated standard uncertainties.

Table 10 — Six measured data points and corresponding uncertainties

i | u(w) | oy | w(ys)
2] 02 | 34 02
1,9 02 | 44| 02
29| 02 | 7.2 02
4.0 0,2 8,5 0,4
4,7 0,2 10,8 0,4
59| 02 | 135 04

~
In order {o defermine nitial approximations a and 0 (|7.2.1|step 1), a weighfed least squares straight-line calibration] function is
determingd. Following the scheme described in[6.2] the tableaux given in Tables [[I] and [T2] are obtained.

Table 11 — Data representing six measurement points

i |y | u(y)
12 34 02
1.9 | 44| 02
20| 72| 02
4,0 8,5 0,4
4,7 | 10,8 0,4
59 | 135 | 04

Table 12 — Calculation tableau associated with the data in Table to)determine initial approxinjations a

and b
u; w; w; T w;yi gi hi 9; gihi i i
25733 6,186 7 a = 0,658 3

5,000 0 | 25,0000 30,0000 85,0000 | —6,8667 | —13,9333 47,1511 95,6756 0,8186 | (6701
5,000 0 | 25,0000 47,5000 110,0000 | —3,366 7 —8,933 3 11,334 4 30,0756 —1,7006 | 24,8920
5,0Q00 | 25,0000 72,500 0 180,000 0 1,633 3 5,066 7 2,667 8 8,275 6 1,5577 | 24264
2,500 6,250 0 25,0000 53,1250 3,566 7 5,783 3 12,7211 20,627 2 —1,8791 | 35310
2,500 6,250 0 29,3750 67,5000 5,316 7 11,5333 28,266 9 61,3189 0,1113 | 00124
2,500 6,250 0 36,8750 84,3750 8,316"F 18,283 3 69,1669 | 152,056 4 0,4163 | (0,173 3

93,7500 | 241,2500 | 580,000 0 171,308 3 | 368,0292 | b=2,1483 705 2

The initihl approximations are @ = 0,658 3 and b= 2,148 3. Given these approximations, the first tableau (Tlable l of
the form|[in Table [8] can be calculated to obtain' f;,g; and h;. The second tableau (Table of the form in Thble 9] then

calculateg increments da = —0,078 4 and 66.="0,0111 1 step 4). At the end of the iteration, the approximatipns a and b
are updated (7.2.1]step 5):

T=a+6a=0,6583—0,0784=0,5799;
bi=b+06b=2,1483+0,0111 = 2,159 4;

With these updated valués)of a and b, two new tableaux are formed (Tables and l to determine further|corrections
da = —0J001 0 and &b <0,0002. The process is repeated a third time (Tables and [18). In this case, the magnitudes of
the correftions are lesg”"than 0,000 05, which is judged to be negligible for the purpose, and the final approximations to the
parametefr estimates.are a = 0,578 8 and b = 2,159 7.

The stanflard\uncertainties and covariance (7.2.1] step 7) associated with the fitted parameters can also be evaluated from
informatipfi-in the final tableau (Table [L8):

u?(a) = 1/21,897 7 + (3,141 4)? /54,427 1 so that u(a) = 0,476 4;
u?(b) = 1/54,427 1, so that u(b) = 0,135 5;
u(a,b) = —3,1414/54,427 1 = —0,057 7.

The observed chi-squared value is x2,, = 2,743 with v = 4 degrees of freedom, as calculated in Table using Since xZs
does not exceed the 95 % quantile of x2, namely 9,488, this is no reason to doubt the consistency of the straight-line model and
the data.

The data points and weighted ODR straight-line calibration function are graphed in Figure [} The graph also gives, for each

i, the location of (zj,y]), the point on the line closest in probabilistic terms to the data point (x;,y;). The weighted residuals
are illustrated in Figure
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Table 13 — First iteration to determine f;, g; and h;, given a and b
i uw) | w u(yi) Li z; zi fi gi hi
0,658 3 | 2,148 3
1,2000 | 0,2000 3,4000 | 0,2000 | 4,4522 | 1,2626 0,1637 | 2,1100 2,664 2 0,345 5
1,9000 | 0,2000 4,4000 | 0,2000 | 4,4522 | 1,7699 | —0,3401 | 2,1100 3,7345 | —0,7176
2,9000 | 0,2000 7,2000 | 0,2000 | 4,4522 | 3,0192 0,3116 | 2,1100 6,370 6 0,657 5
4,0000 | 0,2000 8,5000 | 0,4000 | 2,9019 | 3,8126 | —0,7515 | 1,703 5 6,4947 | —1,2802
4,7000 | 0,2000 | 10,8000 | 0,4000 | 2,9019 | 4,7111 0,0447 | 1,7035 8,025 3 0,076 1
5,9000 | 0,2000 | 13,5000 | 0,4000 | 2,9019 | 5,9416 0,166 7 | 1,7035 | 10,1214 0,284 0
Table 14 — First iteration to determine corrections éa and 6b, given f;, g; and h,
12 figi fihi Ji h; gz gih T3 r?
3,1239 | —0,0437 da = —0,0784
4,452 2 5,621 6 0,7290 | —3,9273 0,4378 | 15,4236 | —1,7193 04814 | 0,2318
4,452 2 78799 | —1,5141 | —2,8570 | —0,6253 8,162 3 1,786 4 =0,5935 | 0,3523
4,452 2 | 13,4422 1,3874 | —0,2209 0,749 8 0,0488 | —0,1656 0,7523 | 0,565 9
2,9019 | 11,0636 | —2,1807 1,1732 | —1,2057 1,3764 | —1,4145 —1,2187 | 1,4852
29019 | 13,6710 0,129 7 2,703 8 0,150 6 7,310 8 0,407 3 0,1206 | 0,0145
2,9019 | 17,2416 0,483 8 4,799 9 0,358 5 | 23,0387 1,720 8 0,3052 | 0,093 1
22,0622 | 68,9199 | —0,964 8 55,360 6 0,652 0b=10,0111 | 2,7429
Table 15 — As Table [13] but for the'second iteration
T u(i) Yi u(y:) ti z; Zi fi gi hi
0,5799 | 2,1594
1,2000 | 0,2000 3,4000 | 0,2000 | 4,4146 | 132873 0,2289 | 2,1011 2,704 7 0,480 8
1,9000 | 0,2000 4,4000 | 0,2000 | 4,4146-{(1,7922 | —0,2827 | 2,1011 3,7655 | —0,594 1
29000 | 0,2000 7,2000 | 0,2000 | 4,414 6~ 3,036 5 0,3579 | 2,1011 6,379 9 0,751 9
4,0000 | 0,2000 8,5000 | 0,4000 | 2,8868 | 3,8212 | —0,7175 | 1,698 8 6,4913 | —1,2189
4,7000 | 0,2000 | 10,8000 | 0,4000 | 28858 | 4,7177 0,0709 | 1,698 8 8,014 2 0,120 5
5,9000 | 0,2000 | 13,5000 | 0,400 0.{(2,8858 | 5,944 8 0,1796 | 1,6988 | 10,098 8 0,305 1
Table 16\~— As Table [14] but for the second iteration
f? figi Jofvi gi hi 9; gihi ri ri
3,1412 | —0,000 3 da = —0,0010
4,414 6 5,682 7 1,0103 | —3,8953 0,4814 | 15,1734 | —1,8751 0,4823 | 0,2326
4,414 6 797 —1,2482 | —2,8344 | —0,5935 8,033 9 1,682 2 —0,5928 | 0,3514
4,414 6 | 134047 1,5798 | —0,2201 0,752 4 0,0484 | —0,1656 0,7525 | 0,566 2
28858 | 11z0271 | —2,0706 1,1551 | —1,2184 1,3342 | —1,4074 —1,2187 | 1,4852
2,885 8.4 13,614 3 0,204 6 2,678 1 0,1209 7,1720 0,323 8 0,1203 | 0,014 5
2,885 8- 17,1555 0,518 3 4,762 6 0,3056 | 22,6824 1,455 3 0,3044 | 0,0927
21,902 | 68,7961 | —0,0057 54,444 3 0,013 2 0b=10,0002 | 2,7427
Table 17 — As Table but for the third iteration
T u(zi) Yi u(y:) ti x; Zi fi gi h;
0,578 8 | 2,159 7
1,2000 | 0,2000 3,4000 | 0,2000 | 4,4138 | 1,2875 0,2296 | 2,1009 2,7050 0,482 3
1,9000 | 0,2000 4,4000 | 0,2000 | 4,4138 | 1,7924 | —0,2822 | 2,1009 3,765 7 | —0,5928
2,9000 | 0,2000 7,2000 | 0,2000 | 4,4138 | 3,0366 0,358 2 | 2,1009 6,379 5 0,752 5
4,0000 | 0,2000 8,5000 | 0,4000 | 2,8855 | 3,8212 | —0,7174 | 1,698 7 6,4909 | —1,2187
4,7000 | 0,2000 | 10,8000 | 0,4000 | 2,8855 | 4,7176 0,0708 | 1,698 7 8,0137 0,120 3
5,9000 | 0,2000 | 13,5000 | 0,4000 | 2,8855 | 5,944 7 0,1792 | 1,698 7 | 10,098 0 0,304 4
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Table 18 — As Table [14] but for the third iteration

/7 figi Jihi gi hi g; Gihi T r?
3,141 4 0,0000 da = 0,000 0

44138 5,6829 1,0133 | —3,894 7 0,482 3 | 15,1685 | —1,878 5 0,4823 | 0,2327
4,413 8 79113 | —1,2454 | —2,8340 | —0,5928 8,0315 1,680 0 —0,5928 | 0,3514
44138 | 13,4027 1,5809 | —0,2202 0,752 5 0,0485 | —0,1657 0,7525 | 0,566 2
28855 | 11,0258 | —2,070 2 1,1548 | —1,2187 1,3335 | —1,4073 —1,2187 | 1,4852
28855 | 13,6126 0,204 3 2,6776 0,120 3 7,169 5 0,322 0 0,1203 | 0,0145
28855 | 17,1531 0,5171 4,761 9 0,3044 | 22,6756 1,449 6 0,3044 | 0,0927
21,8977 | 68,7884 0,0000 54,427 1 0,000 1 0b=10,0000 | 2,7427

16
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Fighire 6 — Data in Table [10] and fitted straight-line ‘calibration function obtained in Tables

Figure 7 — Weighted distances obtained in Table
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8 Model for uncertainties associated with the x; and the y; and covariances associated
with the pairs (z;,y;)

8.1 General
8.1.1  This clause considers the case ¢), namely when the following information is provided for i = 1,...,m:
a) measurement data (z;,y;),

b) standard uncertainty u(z;) associated with x;,

¢) standard uncertainty u(y;) associated with y;, and
d) covarjance cov(z;,y;) associated with x; and y;.

Annex [Dfprovides guidance on obtaining these uncertainties and covariances. All other covariances associjted with
the data gre regarded as negligible.

8.1.2  The case ¢) corresponds to that of the statistical model

where each pair (d;, e;) is a realization of a bivariate random variable with-&xpectation (0,0)" and covarianfe matrix
having dijgonal elements u?(z;) and u?(y;) and off-diagonal elements ¢ov(4;,y;) = cov(y;, z;), namely

u? () cov (i i)
cov (yi, ;) u? (@) ’

that is independent of the other such random variables.

NOTE THe assumption that the (d;, e;) are realizations of bivariate normal random variables is only needed for the [validation

of the model .

8.2 Cdlibration parameter estimates and associated standard uncertainties and covafriance

8.2.1  Algorithmically, this case cafi be handled by an extension (see Annex [B|) of the treatment in Clauge 7] The
calculatiofs are identical to those ifi that clause, except step 2 in[7.2.1] is replaced by
1

2 Sett]= — = ,
u?(y;) — 2bcov (@, yi) + b2u?(z;)

xf = {[uz(yl) —Ecov(:vi,yi)]xi — [cov(zi, ys) —gug(mi)](yi - Zi)} t; and

Zi = i—&'—bxi,izl,...,m;

8.2.2 [T the properties stated in[/.2.2[apply for data generated according to the model (10) and the remainder of
Clause [7] follows analogously.
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9 Model for uncertainties and covariances associated with the y;

9.1 General

9.1.1

2010(E)

This clause considers the case d), namely when the following information is provided for i = 1,...,m:

a) measurement data (x;,y;),

b) standard uncertainty u(y;) associated with y;, and

c) covy

9.1.2

of dimen)|

TTAIICES COviTs, ;) associated with the palr (75, 75 ), 7 — &, .- .0, J 7~ -

The squared standard uncertainties and covariances comprise the covariance matrix

u?(y1) cov(yi,y2) oo cov(y1,Ym-1)  cov(y1,Ym)
cov(y2, Y1) u?(ya) coo cov(Y2,Ym—1)  cov(Y2, Yin)
Uy = : : - : :
coV(Ym—1,91) COV(Um-1,42) - W Ym-1)  COV(Hn1, Ym)
coV(Ym, Y1)  cOV(Ym,Y2) v COV(Ym, Ym—1) U (Ym)
sion m x m associated with y = (y1,...,ym) . Annex |§| provides guidaince on obtaining these un

and covariances. All other uncertainties and covariances associated with the {data are regarded as negligibl

9.1.3

where e
vector of

9.1.4

where e
one of G

NOTE H
WLS pro

9.2 C

9.2.1
exists [I

The case d) corresponds to that of the statistical model

yi = A* + B*x; + e, i=1,...,m,
= (e1,...,€m) ! is a realization of a multivariate randém variable with vector expectation equal
dimension m x 1 and covariance matrix of dimengion m x m equal to U, [21].

Estimates a and b are those that minimize the generalized sum of squares [§]

ylf(A+B£L'1) ylf(A+B£L’1)

—1 _ T -1
U, =e Uy e,

Ym — (A =+ me) Ym — (A + me)

= y — A1 — Bx, with respéct)to A and B. The problem of determining a and b in this context if
huss-Markov regression (GMR) [2].

or the case where Uj\is.diagonal, the generalized sum of squares simplifies to expression in
blem.

alibration‘'parameter estimates and associated standard uncertainties and cov;

If U,, is positive definite, so that the lower-triangular Cholesky factor L,, of dimension m xm of U,

certainties
c.

(11)

o the zero

(12)
known as

eading to a

hriance

= LyLy—r

|“(see also |A.4), estimates a and b of A and B can be calculated directly using the same gene

ral scheme

as in [6.2.1] after some preliminary calculations using matrix-vector operations. Otherwise more involved numerical
methods would be required. These operations transform the generalized sum of squares into an ordinary sum of
squares as in that is, the problem becomes an unweighted least squares problem with no covariance.

9.2.2

Parameter estimates a and b are calculated in steps 1 to 7 below; the standard uncertainties u(a) and u(b)
and covariance cov(a, b) are evaluated in step 8:

1 Calculate the Cholesky factor L, of dimension m x m of Uy = LyLyT; see

2 Let 1 be the vector of ones of dimension m x 1. Solve the three lower-triangular systems of equations L, f = 1,
L,g =z and Lyh =y, where f = (fy,.. .,fm)T, etc. for f, g and h; see
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3 Set F2=>"f%
1=1

1« 1 &
4 Set go= 43 > figi and ho = ¥l > fil;
i=1 i=1

5 Set §i = gi—gofi and hy = hy — hofi, i =1,...,m;

6 Set G2 =

7 Setbd

8 Set

9.2.3 '

model @ :

i) The {

1=
S

i=1

I o~
= EZ@'M and a = hg — bgo;
i—1

1 2 1
F(a) = 72 + %, u?(b) = p and cov(a,b) = —%_

[he estimates a and b determined in have the following properties \[L5] for data y; accordi

stimates a and b are given by linear combinations of the data y;

ii) The ¢stimates a and b can be regarded as realizations of random Variables whose expectations are A

respe
iii) The

Property
estimation
sense that

The estim

iv) The

rand

Property

a linear cd
u(ca+ db)
that in th|
the associ
of randon

GMR esti

ctively.
ovariance matrix for the random variables in ii) is spécified by u?(a), u%(b) and cov(a, b) calculate

i) states that a and b are derived using a lindar estimation method. Property ii) states that {
| method is unbiased. Properties ii) and iii) jointly show that the estimation method is consistd
as the number m of data points is increaSed, the estimates a and b converge to A* and B*, respd

ation method of has the following optimal property for data y; according to the model :

bstimates @ and b provided by~any unbiased, linear estimation method can be regarded as realij
m variables whose varianges_are at least as large as those associated with the GMR estimation m

v) can be interpreted-asfollows. For constants ¢ and d, the standard uncertainty u(ca + dB) associ
mbination of the estinfates @ and b provided by any unbiased, linear estimation method is at least aj
. Properties 1) €01¥) justify the use of least squares methods for data compatible with the model ([
e use of this model statements are only made about the expectations and variances associated wi
hted distribufions are not further specified. If the additional assumption is made that the e; are re

variables Characterized by a multivariate normal distribution, then further properties associated
mation’method can be made:

hg to the

and B*,

lin

he linear
nt in the
ctively.

ations of
bthod.

hted with
5 great as
ED. Note
th the e;;
hlizations
with the

A%

v) The

1 ol H A 1. VDN J 1. L ok h I EPIVIRGS IR IR | |
SO varTaoTeS—HT i —ar e thnaractCriZ€a— oy & o vartarC ot iraraiStrottiot—eehrrea—oi—T afra

covariance matrix specified by u?(a), u2(b) and cov(a, b).

B* with

vi) The estimates a and b are maximum likelihood estimates, corresponding to the most likely values of A and B
that could have given rise to the observed measurement data ;.

vii) In the context of Bayesian inference, the state-of-knowledge distribution for A and B, given the observed mea-
surement data y;, is a bivariate normal distribution centred on @ and b with covariance matrix specified by u?(a),

u?(b)

NOTE 1

and cov(a, b).

The properties listed above are the same as those for the WLS estimation method of for data

according to the model ().
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u?(a), u*(b) and cov(a, b) in step 8 are obtained by applying the law of propagation of uncertainty in ISO/IEC Guide
98-3:2008 to a and b as provided by steps 1 to 7.

9.3 Validation of the model

If m > 2, the validity of the model can be partially tested using the weighted residuals r; (continued from [9.2.2)):

9 Forlnrizﬁi—bgl—,i:17...,m

Y

m
10 Forip the observed chi-squared value x2,, = L r7 and degrees of freedom v = m — 2;
i=1
11 Chepk whether x2, . exceeds the 95 % quantile of x2, and if it does reject the straight-line model.
NOTE Tlhe chi-squared test is based on an assumption that the e; in model are realizations of ranidem variables caracterized
by a mulfivariate normal distribution.
9.4 Organization of the calculations
The calcplations in[0.2.2] and [9.3] can be organized into a number of tableauxcas in Tables [I9) to 21} Table [30] contains
the f;, g{ and h; calculated in steps 1 and 2 in in terms of the Cholesky factorization L, of the covariapce matrix
U,. Table 21| uses these f;, g; and h; to calculate estimates a and b ofsthé parameters of the straight-line falibration
function
Table 19 — Data for the Gauss-Markov straight-line calibration function
T1 Ya
€2 Y2
Tm Ym
Thble 20 — Initial calculations to détermine the Gauss-Markov straight-line calibration functlion
0.2.9 steps 1, 2
f 1 g1 h1
fo | g2 | ha
Table 21 — Organization of the calculations to determine the Gauss-Markov straight-line calibratioh function
9.2.2 9.2.2|step 7
steps 4, 5 9.3|step 9 lm‘step 10
9o ho a
12 flgl flhl 51 hl E? §1h1 T1 7’%
2 s £ i i 2 ~ 2
J2 2302 J271T2 g2 T2 g2 go1ts (] TS
f72n fmgnL fm hm Em ZnL 57271 §7n77/m T'm T‘,,2n
F2=3%f2 | 3 figi | 0 fiha G* =379 | Y gihi b Xobs = D75
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EXAMPLE Table gives ten measured data points (z;,y;) and the standard uncertainties associated with the y;.

The data are obtained using the model described in @ with ur = 1,0, ug,1 = 1,0 and ug,2 = 2,0.

Table 22 — Data representing ten measurement points, the y; having an associated covariance matrix
T Yi
1,0 1,3
2,0 41
3,0 6,9
4,0 7,5
5.0 | 10.2
6,0 | 12,0
7,0 | 14,5
8,0 | 17,1
9,0 | 19,5

10,0 | 21,0

The covaripnce matrix Uy of dimension 10 x 10 associated with the y; is

r2o 10 10 10 10 0,0 0,0 0,0 0,0 0,0
1,0 20 10 1,0 1,0 0,0 0,0 0,0 0,0 0{0
1,0 10 20 10 1,0 0,0 0,0 0,0 0,0,%60
1,0 1,0 1,0 20 10 0,0 0,0 0,0 0,0 0,0
1,0 10 10 1,0 20 0,0 0,0 0,0, 0,0 0,0
0,0 0,0 0,0 0,0 0,0 50 4,0 4,044,0 40
0,0 0,0 0,0 0,0 00 4,0 5,040 4,0 4,0
0,0 0,0 0,0 0,0 0,0 4,0 4,050 4,0 40
0,0 0,0 0,0 0,0 0,0 4,0 ,6 4040 5,0 4,0
0,0 0,0 0,0 0,0 0,0 4,0 40 4,0 4,0 5,0

The Cholepky factor L, of dimension 10 x 10 of Uy, = Ly Ly, 'secalculated using either algorithm described in [A.4.1]|is

r 1,4142 0,0000 0,0000 0,0000_¢6,0000 0,0000 0,0000 0,0000 0,0000 0,0000 T
0,7071 1,2247 0,0000 0,0000 *~0,0000 0,0000 0,0000 0,0000 0,0000 0,0000
0,7071 0,4082 11,1547 0,000,0" 0,0000 0,0000 0,0000 0,0000 0,0000 0,0000
0,7071 0,4082 10,2887 A,N80 0,0000 0,0000 0,0000 0,0000 0,0000 0,0000
0,7071 0,4082 10,2887, 92236 1,0954 0,0000 0,0000 0,0000 0,0000 0,0000
0,0000 0,0000 0,00000 ©0,0000 0,0000 2,2361 0,0000 0,0000 0,0000 0,0000
0,0000 0,0000 00000 0,0000 0,0000 1,7889 1,3416 0,0000 0,0000 0,0000
0,0000 0,0000 00000 0,0000 0,0000 1,7889 10,5963 1,2019 0,0000 0,0000
0,0000 0,0000 “0;0000 0,0000 0,0000 1,7889 10,5963 0,3698 1,1435 0,0000
0,0000 0,0000) 0,0000 0,0000 0,0000 1,7889 10,5963 10,3698 0,2691 1,1114

The vectors f, g and h imjTable 23] are calculated according to step 2 in[0.2.2]

Table 23 — Initial calculation tableau associated with the data in Table [22]

fi gi hi
0,7071 | 0,7071 | 0,9192

0409 9 1994 =7 9. Q12 ()
U000 T, 227 1 2,010 J

02887 | 1,7321 | 4,4167
0,2236 | 2,2361 | 3,9578
0,1826 | 2,7386 | 5,696 3
0,4472 | 2,683 3 | 5,366 6
0,1491 | 1,6398 | 3,6522
0,0925 | 1,8490 | 4,4284
0,0673 | 2,2198 | 5,3208
0,0529 | 2,6463 | 5,5360

The best fit straight-line parameters in Table 24 are calculated according to Table [2I} From Table [24]
go = 4,4048/1,0714 = 4,111 1, ho = 9,004 8/1,071 4 = 8,404 4, b= 54,218 5/24,620 6 = 2,201 4 and
a = 8,404 4 — (2,201 4)(4,111 1) = —0,645 6.
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Table 24 — Calculation tableau associated with the data in Table 22
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The stan

The obse
not excee¢
data.

The datal
Figure [9]

LI111 | 84044 a=—0,6456
0,5000 | 0,5000 | 0,6500 | —2,1999 | —5,0236 | 4,8395 | 11,0614 ~0,1809 | 0,0327
0,166 7 | 0,5000 | 1,1500 | —0,4536 | —0,6142 | 0,2058 | 0,2786 0,3844 | 0,1477
0,0833 | 0,5000 | 1,2750 | 0,5453 | 1,9906 | 02973 | 1,0854 0,7902 | 0,624 5
0,0500 | 0,5000 | 0,8850 | 1,3168 | 2,0785 | 1,7340 | 2,7370 ~0,8202 | 0,6727
0,0333 | 0,5000 | 1,0400 | 1,9880 | 4,1619 | 3,9523 | 82739 —0,2145 | 0,046 0
0,2000 | 1,2000 | 2,4000 | 0,8447 | 1,6080 | 0,7136 | 1,3583 —0,2516 | 0,0633
0,0222 | 02444 | 05444 | 1,0269 | 2,3994 | 1,0546 | 2,464 0 0,1387 | 0,019 2
0,0085 | 0,1709 | 0,4094 | 1,689 | 3,6514 | 21578 | 5,3636 0,4177 | 0,1745
0:004-5——0-+45-3——B:35F9———4-043-3———4-F5 55— B-FF6-3—— 02442 B4 T F——6:298-2
0,0028 | 0,1401 | 0,2930 | 12,4287 | 5,0912 | 58986 | 12,3650 —0,2552 | 0,065 1
1,0714 | 4,4048 | 9,0048 24,6206 | 54,2185 | b=2,2014 | 2,074 0

u’(a) =
u®(b) =

1/1,071 4 + (4,111 1)% /24,629 6, so that u(a) = 1,272 6"

1/24,629 6, so that u(b) = 0,201 5;

u(a,b) = —4,1111/24,629 6 = —0,166 9.

lard uncertainties and covariance associated with a and b are evaluated from Table [24] using step 8 in [9.2]

ved chi-squared value i is X2be = 2,074 with 8 degrees of freedom, as calculatéd-mn Table [24] using . Sing
d the 95 % quantile of x2, namely 15,507, this is no reason to doubt the consistency of the straight-line mo

points and fitted straight-line calibration function are shown in ®igure The weighted residuals are il

e x2,s does
del and the

ustrated in
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15+

10+

e

igure 8 — Data in Table and fitted straight-line calibration function obtained in Table [2]

=1

0,8~

0,6

Figure 9~ Weighted residuals r; calculated in Table
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10 Model for uncertainties and covariances associated with the z; and the y;
10.1 General

10.1.1  This clause considers the case [5.3.2] ), namely the most general case in which all measurement data have
associated uncertainties and covariances. Annex[D]provides guidance on obtaining these uncertainties and covariances.

10.1.2  The standard uncertainties and covariances comprise the covariance matrix

u?(x1) oo cov(m1, ) cov(zi,yr)  -.. cov(Ti,Ym) |
U — cov (T, 1) ... u? () cov(Tm,y1) .. COV(Tpm, Ym)
= 2
cov(yr,x1) ... cov(yr, Tm) u?(y1) coo cov(Y1, Ym)
| cov(Ym, 1) .. COV(Ym, Tm)  COV(Ym, Y1) ... u?(Ym)
of dimenfion 2m x 2m associated with the vector (z1,...,Tm, Y1, ... ,ym)T of measurement data of dimension 2m x 1.

10.1.3 | The case e) corresponds to that of the statistical model

where the vector (dy,...,dm,€e1,...,€en) of dimension 2m x 1 is a ¥ealization of a multivariate random vafiable with
vector efpectation equal to the zero vector of dimension 2m x 1*and covariance matrix of dimension 2m 3 2m equal
to U [2]].

10.1.4 | Estimates a and b are those that minimize thesgeneralized sum of squares

.731—X1 17 K xl—Xl 1

x :X x :X dl’ d

m m —1 m m _ —1
y1 — (A+ BXy) v y1 — (A+ BX1) {e} v {e}’ 1)
L Ym — (A+BXm) _ L Ym — (A+BXm) i

where dj= ¢ — X and e =y~ A1 — Bx, with respect to A, B and X;, ¢ = 1,...,m. The problem of detfrmining a
and b in [this context is known as one of generalized Gauss-Markov regression (GGMR) [2].

10.2 Calibration parameter estimates and associated standard uncertainties and coyariance

10.2.1 | AU is positive definite, so that the lower-triangular Cholesky factor L of dimension 2m x 2m of|[U = LL"
exists [1 3] (albu SCT @, estimmates—o—and—bof A—amdt—B—canr be—calcutated—iman—iterative—scherme—ust 1 matrix-
vector operations. Otherwise, more involved numerical methods would be required. These operations transform the
generalized sum of squares into an ordinary sum of squares as in that is, the problem becomes an
unweighted least squares problem with no covariance. The iterative scheme also involves approximations z}, which
define the points (x}, A + Bz}) on the line closest to the measured data points (z;,y;), where closeness is measured
in terms of weighted distance, taking into account the uncertainty information specified by U.

10.2.2  Estimates a and b are calculated in steps 1 to 10 below using an iterative scheme based on that in [6.2.1
the standard uncertainties u(a) and u(b) and covariance cov(a, b) are evaluated in step 11:

1 Obtain initial approximations t = (Z1,...,%m, @, b)| to the parameters;
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2 Calculate the vector of dimension 2m x 1,

10

11

32

_ N i
Lo, — T, ~
B s B T-—T
F= yl—(“bxl) {y—al—bi ]
v — (34570
and tjie (Jacobian) matrix of dimension 2m X (T + 27,
[ -1 0 0 0 0 0 i

0 -1 0 0 0 0

0 0 -1 0 0 0

0 0 0 -1 0 0 I o0

=13 o 0 0 -1 -& |=| 31 425/
0 -b 0 0 -1 -z
0 0 b 0 —1 —Fp
L0 0 0 b -1 —Fp
wher¢ © = (74, ... ,Em)—r, @ and b are extracted from the current estimate ¢ of the parameter vector;
Calclate the Cholesky factor L of dimension 2m x 2m of = LL" [10]; see
Solve|the lower-triangular systems _ B
Lf=7f and LJ=J,
to defermine the transformed vector f of dimension 2m x 1 and transformed matrix J of dimension 2m (m+2);
sce [T
~T ~ ~T ~

Form|the vector g = J f of dimension (m + 2) x 1 and matrix H = J J of dimension (m + 2) x (m { 2);
Detemine the Cholesky factor M )'a lower-triangular matrix of dimension (m + 2) x (m +2) in H & MM ';
see [Al4.T}
Solve| the lower-triangulari*System Mq = —g to determine the vector q of dimension (m + 2) x 1; see [A[.4.3}

Solve

see [A]

Updafte the &urtent approximations to the parameters: ¢ := t + t;

the upper-triangular system M Tot = g to determine the correction vector 6t of dimension (m

13

+ 2) x 1;

L 2 of t);

Repe

ht-Steps 2 to 9 until convergence has been achieved. Set a = a and b = b (elements m + 1 and m

Partition M obtained in step 6 as

M, 0
M =
[ Ms Moo }
where
mi1 0
M =
» [ ma1 M2z ]
is the lower right lower-triangular submatrix of dimension 2 x 2 of M. Then
2 2 2
m m m 1 m
u?(a) = % (b)) = 55 = — and cov(a,b) = —7212.
Mi1M33 M1 M3y My mM11M3g
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NOTE 1 In step 1, initial approximations are provided by t= (z1,.. .,:rm,ao,bo)T, where aop and by are the straight-line

parameter values determined by a weighted least squares fit to the data; see[6.2.1]

NOTE 2 In step 8, the correction vector 6t will generally decrease in magnitude by ultimately an approximately constant
factor from iteration to iteration. The size of the reduction depends largely on the uncertainties associated with the data: the
smaller the uncertainties are, the greater the reduction will be. The iterative scheme can be terminated when the magnitude of
the correction is judged to be negligible.

NOTE 3 In step 8, the correction bt is given by the least squares solution of the matrix equation
Jst = f,

the solution—ofsazhich-is defined by the normal nqnnf?nnm

H=17 Jét=-Jf =—g.

NOTE 4| Steps 5 to 8 solve the normal equations using Cholesky factorization. A numerically more. stable apyproach is to
use a QR factorization [10] of J (see . The scheme described in employs a QR factorization)and avoids galculations

involving|the inverse of L such as those in step 4.

NOTE 5| In matrix terms, the covariance matrix associated with the estimates a and b is
Ua = MQ_QTM2_21~
NOTE 6| A more general and numerically more stable approach to solving the,genéralized Gauss-Markov regression problem

is outlindd in The above approach assumes that the matrix U is positive definite and does not represent|any strong
correlatign.

NOTE 7| w?(a), u*(b) and cov(a,b) in step 11 are obtained by applyiiig the law of propagation of uncertainty in ISO/IEC
Guide 9813:2008 to a and b as provided by steps 1 to 10.

10.2.3 | The fact that the estimates a and b determined by Mminimizing the sum of squares depend npn-linearly
on the dhta z; and y; means that the properties for GGMR cannot be straightforwardly stated. The estimjates a and
b determfined in [10.1.4] have the following properties for data x; and y; according to the model :

i) The|estimates a and b are given by non-linear functions of the data x; and y;.

ii) The|estimates a and b can be regarded ‘as realizations of random variables whose expectations are apppoximately
A* and B*, respectively.

iii) The| elements of the covariarice matrix for the random variables in ii) are approximated by u?(a),|u?(b) and

cov(a, b) calculated in [10.2.2

The approximations above will be more accurate for data having smaller associated uncertainties. However, the
estimati¢n method hasithe following consistency property:

iv) For |data satisfying the model , as the number m of data points increases, the estimates a and b donverge to
A* and BX\géspectively [16].

If the adldifional assumption is made that the d; and e; are realizations of random variables charactefized by a
multivariate normal distribution, then further properties associated with the GGMR estimation method can be stated:

v) The random variables in ii) are characterized approximately by a bivariate normal distribution centred on A* and
B* with covariance matrix specified by u?(a), u?(b) and cov(a, b).

vi) The estimates a and b are maximum likelihood estimates giving the most likely values of A and B that could
have given rise to the observed measurement data z; and y;.

vii) In the context of Bayesian inference, the state-of-knowledge distribution for A and B, given the observed mea-

surement data z; and y;, is approximated by a bivariate normal distribution centred on a and b with covariance
matrix specified by u?(a), u%(b) and cov(a, b).
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10.3 Validation of the model

If m > 2, the validity of the model can be partially tested using the weighted residuals fl (continued from [10.2.2)):

2m

12 Form the observed chi-squared value ngs = Z f? and degrees of freedom v = m — 2;

i=1

13 Check whether ngs exceeds the 95 % quantile of x2, and if it does reject the straight-line model.

NOTE The chi-squared test is based on an assumption that the d; and e; in model (13]) are realizations of random variables

characteriz

ed by a multivariate normal distribution and on a first order approximation.

34
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EXAMPLE Table gives seven measured data points (z;,y;) obtained using the measurement models described in

and [D.41

The covariance matrix associated with the y; is derived using the measurement model (D.1)) with us = 2,0 and ugr = 1,0.

The data z; and associated covariance matrix are derived using the measurement model (D.2)) with z; = 50, z2 = 100, z3 = 200,
u(z1) = 0,5, u(z2) = u(z3) = 1,0, and up,; = 0,5.

Table 25 — Data representing seven measurement points, the x; and y; having associated covariance matrices

Xy Yi
50,4 52,3
99,0 | 97,8

149,9 | 149,7

200,4 | 200,1

2485 | 2504

209.7 | 300,9

349,1 | 349,2

The covaliance matrix U, of dimension 7 x 7 associated with the z; is

The Cholesky factor Lg of dimension 7 X 7 of U, = LmeT, as calculated using either algorithm described in |A.4/

0,50
0,00
0,25
0,00
0,25
0,00
0,25

U, =

0,00
1,25
1,00
0,00
0,00
1,00
1,00

0,25
1,00
1,50
0,00
0,25
1,00
1,25

0,707 1
0,000 0

0,000 0
1,118 0

0,3536 0,894 4
0,0000 0,0000
0,3536 10,0000
0,0000 0,894 4
0,3536 0,894.4

0,000 0
0,000 0
0,758 3
0,000.0
0,164 8
0,263 8
0,428 6

0,00
0,00
0,00
1,25
1,00
1,00
1,00

0,000°0
04000 0
0,000 0
1,1180
0,894 4
0,894 4
0,894 4

The covafiance matrix Uy of dimension 7 x 7 associated with the y; is

5,00
1,00
1,00
1,00
1,00
1,00
1,00

U, =

1,00
5,00
1,00
1,00
1,00
1,00
1,00

1,00
1,00
5,00
1,00
1,00
1,00
1,00

The Cholesky factop~Dy of dimension 7 x 7 of Uy = Ly L, ", as calculated using either algorithm described in |A.4.

2,236 1
0,447 2
0,447 2

0,000 0
2,190 9
0,365 1

0,000 0
0,000 0
2,160 2

1,00
1,00
1,00
5,00
1,00
1,00
1,00

0,000 0
0,000 0
0,000 0

0,25
0,00
0,25
1,00
1,50
1,00
1,25

0,00
1,00
1,00
1,00
1,00
2,95
2,00

0,000 0
0,000 0
0,000 0
0,000 0
0,740 2
0,211 5
0,343 6

1,00
1,00
1,00
1,00
5,00
1,00
1,00

1,00
1,00
1,00
1,00
1,00
5,00
1,00

0,000 0
0,000 0
0,000 0

0,25
1,00
1,25
1£00
1,25
2,00
2,50

0,000 0
0,000 0
0,000 0
0,000 0
0,000 0
0,731 9
0,292 8

1,00
1,00
1,00
1,00
1,00
1,00
5,00

0,000 0
0,000 0
0,000 0

0,000 0
0,000 0
0,000 0
0,000 0
0,000 0
0,000 0
0,622 5

0,000 0
0,000 0
0,000 0

Il,is

fAA72
0,447 2
0,447 2
0,447 2

Ly =

07365
0,365 1
0,365 1
0,365 1

;3086
0,308 6
0,308 6
0,308 6

The covariance matrix U of dimension 14 x 14 is given by

U:[Um 0

271381
0,267 3
0,267 3
0,267 3

0 U,

;0660
2,121 3
0,235 7
0,2357

676600
0,000 0
2,108 2
0,210 8

00000
0,000 0
0,000 0
2,097 6

NOTE For this example, there is correlation associated with each pair z; and z; and each pair y; and y; but no correlation
associated with the pair x; and y;, that is, cov(z;,y;) = 0 for all ¢ and j.
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The Cholesky factor L of dimension 14 x 14 of U = LL " is given by

L.
r-| %

0
L, [

The weighted least squares fit to the data 1 steps 1 to 5) gives approximations @ = 0,270 7 and b= 1,001 1. The iterative

scheme is started with ¢ = (x1,...,x7,a,b) .

Table [26| gives the initial vector ?0, the corrections oty for the kth iteration, k = 1,...,4, and the final estimate t=14.

Table 26 — Change in parameter vector t
o t1 x 1072 | 8t2 x 107 | 8t x 107¢ | &ty x 1078 4
50,400 0 17,253 1 1,258 0 3,078 2 0,290 4 50,6727
99,000 0 —43,150 1 —3,2145 —6,3201 -0,7101 98,568 2
149,900 0 —29,164 1 —3,960 4 —3,8889 —0,7564 | 149,608 0
200,400 0 2,9677 | —10,7629 —0,602 4 —1,716 5 | 200,428 6
248,500 0 24,0394 —11,406 4 3,2378 —1,706 4 | 248,739\3
299,700 0 —22,2510 —15,776 7 -3,358 1 —2,6110 | 29944759
349,100 0 —20,619 2 —16,6217 —3,380 5 —2,7429 | 348,892 1
0,270 7 7,504 0 —33,3957 0,100 6 —5,3019 0,342 4
1,001 1 0,0110 0,2113 0,007 6 0,033 7 1,001 2
The best eptimates of A and B are a = 0,342 4 and b = 1,001 2.
At the fingl iteration the matrix M of dimension 9 x 9 is
I 1,775 5 0,000 0 0,000 0 0,000 0 0,000 0 0,000 0 0,000 0 0,000 0 0,000 0]
0,1810 1,695 9 0,000 0 0,000 0 0,000 0 0,000 0 0,000 0 0,000 0 0,000 0
—0,4246 —0,5430 1,430 6 0,000 0 0,000.0 0,000 0 0,000 0 0,000 0 0,000 0
0,1810 0,237 8 0,689 3 1,5312 0,000.0 0,000 0 0,000 0 0,000 0 0,000 0
ME —0,424 6 0,505 3 0,0999 —-0,7249 15245 3 0,000 0 0,000 0 0,000 0 0,000 0] |,
0,3748 —-0,5607 —0,2377 —0,4269 - £0,0306 1,346 5 0,000 0 0,000 0 0,000 0
-0,2308 —-0,2931 —0,8271 0,093 2-4-0,5828 —0,9711 0,832 9 0,000 0 0,000 0
0,0513 0,048 2 0,097 1 0,0022 0,064 5 0,092 7 0,389 9 0,676 2 0,000 0
| —10,7652 —3,0381 -0,3815 13,9302 30,1844 38,8412 127,1155 107,2706 110,9677| |
so that Mps (10.2.2|step 11) is
Moy — 0,676 2 0,000 0
2711072706 110,9677 |
The standgrd uncertainties and covariance/associated with a and b as evaluated in step 11 in [10.2.2] are
P (110,967 7)* + (107,270 6)*
= that = 2,056 9;
() (0,676 2)2(110,967 1)z _* ° that ula) =2,0569;
2 1
)= ——+ that u(b) = 0,009 0;
w(®) = igge7 7y 0 that u(b) = 0,0090;
107,270 6
b)=— ’ = —0,0129.
cov(a,8) = — (5576 2)(110,067 7)2 ’
The obseryed ehi%squared value is X2, = 1,772 with v = 5 degrees of freedom, as calculated in step 12 in 10.3l Since| x2,,s does
not exceed|thes95 % quantile of x2, namely 11,070, this is no reason to doubt the consistency of the straight-line modgel and the
data.

36 © ISO 2010 — All rights reserved


https://standardsiso.com/api/?name=d16f9bae199b2c39aeb56a9055e5da12

ISO/TS 28037:2010(E)

11 Use of the calibration function

The use of the calibration function for prediction and forward evaluation is independent of the method used to obtain
estimates of the calibration function parameters and evaluate their associated standard uncertainties and covariance.

11.1 Prediction

11.1.1

Consider the following are prescribed, following an application of one of Clauses [f] to

Lt ] ad—ctaandoxd o oot [N | AN

a) straj

asso
b) meal
Consider

11.1.2

11.1.3

NOTE 1
approxim

NOTE 2

NOTE 3
predictioy

NOTE 4
Clauses [

130 P e +ax fiao o4 oo 0 PR et oot oo Xiaaa
ST e P e et Cr S et v O~ o G o — e St G o T G o CeT v O~ UG — o G— o T O~ oG Covat oty

ciated with a and b, and
sured value y of Y and associated standard uncertainty u(y).
that y has been obtained independently of the measurement data used to establishybhe calibratio

The estimate x of X corresponding to y is

ca)=—3, ) =-ot N )=,

u?(x) = 2(a)u®(a) + 2(b)u?(b) + 2¢(@)c(b)cov(a, b) + 2 (y)u?(y).

The formula for u?(x) is established using the law_of ‘propagation of uncertainty in ISO/IEC Cuide 98-
ate, being based on a linearization of the formula|{15). c(a), c(b) and c(y) represent sensitivity coefficient

For computational purposes, a matrix formulation may be advantageous:

) . uXa)’ cov(a,b) 0 c(a)
u’(z) =c cov(b,a)  u?(b) 0 c, c=| cb) |
0 0 u?(y)

In the case b = 0, that is,/the best-fit line is y = a, which corresponds to an inadmissible calibratid
h cannot be carried out.

The validity of the€ standard uncertainty w(z) depends on the satisfaction of the relevant chi-squared t
to M0

e cov(a,b)

h function.

:2008. It is

b.

n function,

pst given in
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EXAMPLE 1

Clause @ the best fit straight-line parameters and their associated standard uncertainties and covariance are

Let y =10

a=1,867, b=1,757, wu(a)=0,465 wu(b)=0,120, cov(a,b)= —0,050.

,5 be an additional measured value of Y and u(y) = 0,5 its associated standard uncertainty.

From [TT.1.2] an estimate of the value = of X corresponding to y is

z = (10,5 — 1,867)/1,757 = 4,913.

Regarding the numerical example of weighted least squares (WLS) with known equal weights described in

Using 11,1 S—thesssochred-shandimdrmeertainbrmeaivernhs
c(a) = —1/1,867 = —0,569,
¢(b) = —(10,5 — 1,867)/(1,757)* = —2,796,
c(y) = 1/1,757 = 0,569,

so that u(

EXAMPLI]
Clause [] 4

Let y = 10

From [11.1.

Using E

so that u(4

In this exa
the corresy

) = 0,322.

he best fit straight-line parameters and their associated standard uncertaintie§-and covariance are
a=0,885 b=2057, wu(a)=0,530, u(b)=0,178, cow{w,b)= —0,082.

5 be an additional measured value of Y and u(y) = 1,0 its associated standard uncertainty.

Pl an estimate of the value z of X corresponding to y is
z = (10,5 — 0,885)/2,05% = 4,674.

E the associated standard uncertainty u(z) is given by

c(a) = —1/0,885 = —0,486,
c(b) = —(10,5 — 0,885)/(2,057)* = —2,272,
c(y) = 1/2,057 = 0,486,

) =0,533.

onding uncertainties associateéd with the respective values of x.

u?(z) = (=0,569)(0,217) + (—2,796)%(0,014) + (2)(—0,569)(—2,796)(—0,050) + (—0,569)%(0,5)* = 0,104,

u?(z) = (—0,486)%(0,281) + (—2,272)%(B/032) + (2)(—0,486)(—2,272)(—0,082) + (—0,486)*(1,0)*> = 0,284

nple and EXAMPLE 1,.the influence of the different uncertainties associated with the value of y can

L 2 Regarding the numerical example of weighted least squares (WLS) with gnown unequal weights described in

be seen in

38
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11.2 Forward evaluation

Consider the following are prescribed, following an application of one of Clauses [f] to

2010(E)

a) straight-line parameters estimates a and b, and standard uncertainties u(a) and w(b) and covariance cov(a,b)
associated with a and b, and

b) measured value z of X and associated standard uncertainty u(x).

Consider that = has been obtained independently of the measurement data used to establish the calibration function.

11.2.1

11.2.2

NOTE 1
approxim

NOTE 2

NOTE 3
Clauses [

The estimate y of Y corresponding to z is

Yy =a -+ bx.

The standard uncertainty u(y) associated with y is given by

cla) =1, c(b) =z, c(z) = b,
u?(y) = 2(a)u?(a) + 2 (b)u?(b) + 2¢(a)c(b)cov(a, b) + (x)u?(z).

The formula for u?(y) is established using the law of propagation of ungertainty in ISO/IEC Guide 98-

For computational purposes, a matrix formulation may be advantageous:

, - u?(a)  cov(a,b) 0 c(a)
u(y)=c cov(ba)  u?(b) 0 c, c=| c) |
0 0 u?(z) c(z)

The validity of the standard uncertainty u(y) dépends on the satisfaction of the relevant chi-squared t
to M0

ate, being based on a linearization of the formula (16]). c(a), c¢(b) and €(y) represent sensitivity coefficients.

(16)

:2008. It is

pst given in
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EXAMPLE Regarding the numerical example of weighted least squares (WLS) with known equal weights described in Clause @
the best fit straight-line parameters and their associated standard uncertainties and covariance are

a=1,867, b=1,757, wu(a)=0,465 wu(b)=0,120, cov(a,b)= —0,050.

Let z = 3,5 be an additional measured value of X and and u(z) = 0,2 its associated standard uncertainty, and assume that
cov(z,a) = cov(z,b) = 0, that is, there is no correlation associated with = and a, and with = and b.

From |11.2.1] an estimate of the value y of Y corresponding to x is

Using [11.2 2l the associated standard uncertainty v(y) is given hy

y = 1,867 + (1,757)(3,5) = 8,017.

so that u(

40

) = 0,406.

u?(y) = 0,217 4 (3,5)(0,014) + (2)(3,5)(—0,050) + (1,757)%(0,2)* = 0,165,
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Annex A

(informative)

Matrix operations

A.1 General

This annex describes matrix operations that are used in this Technical Specification.

A.2 Hlementary operations
In the fgllowing operations, A is a matrix of dimension m x n with element A(7,j) = a;; if*the ith rogw and jth

column, |B is a matrix of dimension n x k, C is a (square) matrix of dimension m x m andrd’a vector of|dimension
n X 1 wigh jth element d;.

A.2.1 [Matrix-vector multiplication

The matfrix-vector product Ad is the vector e of dimension m x 1 with ith element e; defined by

n
€= Zaijdj = apdy + ajods + 4 ¥ aind,.

Jj=1

A.2.2 [Matrix-matrix multiplication

The matfrix product AB is the matrix of dimension m %k whose jth column is the product of A and the Jth column
of B.

A.2.3 [Matrix transpose

The tratjspose A of the matrix A jsthé matrix of dimension n x m with element A(j,1) = aj; in the jih row and
1th coluthn.

A.2.4 [I[dentity matrix

The iderftity matrix oforder m is the matrix I of dimension m x m such that I(j,7) = 1,7 = 1,...,m, and all other
elements| are zero,

A.2.5 [Inverse of a square matrix

The inverse of C, if it exists, is denoted by C~! and is the matrix of dimension m x m such that
cct=c'c=1I

The transpose of C ™! is equal to the inverse of CT and is denoted by C~ .

A.3 Elementary definitions

In the following definitions, C' is a (square) matrix of dimension m x m with element C(7,j) = ¢;; in the ith row and
jth column.
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A.3.1 Symmetric matrix

The matrix C' is symmetric if ¢;; = ¢j, 1 =1,...,m, j =1,...,m, that is, C = c’.

A.3.2 Invertible matrix

The matrix C' is invertible if its inverse C ™' (see |A.2.5) exists.

A.3.3 Tjower-triangular and upper-triangular matrix

The matr{x C' is lower-triangular if ¢;; = 0, ¢ < j, and upper-triangular if ¢;; = 0, 7 > j.

A.3.4 (rthogonal matrix

The matrjx C is orthogonal if CTC = I.

A.4 Cholesky factorization
The Cholgsky factorization of the symmetric positive definite matrix &/N\of dimension m x m is a lower-friangular
matrix L pf dimension m x m such that U = LLT [I0].

A.4.1 (holesky factorization algorithms

A.4.1.1 | The following algorithm computes a lower-triangular matrix L such that U = LL".

Initializatjon

fork=1:m
forj=k:m
L(j k) = U(j, k)
end
end
fork=2:m
for j = 14— 1
L(j#%):=0
end
end
Factorizafion
fork=1:m

L(k,k):=+/L(k,k)
forj=k+1:m
L(j, k) := L(j’k)/L(kvk)
end
forj=k+1:m
forl=j5:m
end
end
end

NOTE To overwrite the lower-triangular elements U (7, j),7 > j of U with its Cholesky factorization, implement only the steps
in the Factorization stage of the algorithm in [A-4.T.1] using U instead of L.
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The calculations in[A-4.1.1|can be re-organized to involve more vector-vector operations in order to improve
execution speed in computer languages that support vector and array operations. For example,

Initialization
forj=1:m
L(j,1:5):=U(j,1:j)
end
forj=1:m-1
L(j,j+1:m):=0
end
Factorizgtion
forj=1:m
ifj>1
L(j:m,j):=L(G:m,j) —L(G:m,1:j—1)(L(j1:j—1))
end
L(j :m,j) == L(j : m,j)/\/L(j,])
end
NOTE To overwrite the lower-triangular elements U (¢, j),7 > j of U with its Cholesky factorization, implement onl
in the Faltorization stage of the algorithm in using U instead of L.
A.4.2 [Interpretation of the Cholesky factorization of a covariance matrix
A.4.2.1 Suppose F;, i = 1,...,m are m independent random variables each with expectation zero an
one and [let e; be realization of E;. Let

Then u?
associatq

A.4.2.2
that the

means that there is_¢orrelation associated with yo and ys, and so on.

A.4.2.3
the coeff]

Y1 = L2l

Y2 = lo1€34 lagen.

y1) = 13, and u?(y2) = 13, + [3,. The_conitnon dependence of y; and y» on e; means that y; a
d correlation, with covariance cov(yi,42) = l11l21. Continuing, suppose

y3 = l3161 + l32e2 + l33€3,

Ym = lmlel + lm262 +---+ lmmem~

In matrix ternis{ y = Le, with L lower-triangular. The common dependence of y; and y3 oy
e is correlatih dssociated with y; and y3. Similarly, the common dependence of ys and y3 on

Given a covariance matrix U associated with data y;, the Cholesky factorization U = LL"
cients'l;; such that the covariance matrix can be explained by assuming that the y; are defined in|

ly the steps

d variance

hd yo have

e1 means
e1 and es

calculates

T2 s

realizati

e matrices

ns-of linear combinations defined by li; of independent random variables F;. In practice, covarian

are often defined in terms of factorizations U = BB and given U there are infinitely many factors B that can be used
to construct U. The Cholesky factorization, in which the linear combinations are represented by a lower-triangular

matrix, i

A.4.3

A.4.3.1

s unique up to the numerical sign of the columns of L.

Solution of a lower-triangular system

If L is a lower-triangular matrix of dimension m x m such that L(j,5) #0,j=1,...,m, and x

is a vector

of dimension m x 1, the following algorithm computes the vector y, where y is such that Ly = @, that is, y = L™ 'a.
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Initializat

Solution

on
forj=1:m
y(j) = z(j)
end

y(1) ==y(1)/L(1,1)
forj=2:m
fork=1:j—-1
y(i) == y(j) — LG, k)y(k)

end

NOTE To

using x in

A.4.3.2
it to each

A44 S

A4.41
triangular
a vector o

y=L"¢.

Initializat

Solution

NOTE To

using x in

AWD R AW IE ZAWEWD)
end

overwrite the vector  with the solution y, implement only the steps in the Solution stage of the algorithm
tead of y.

The algorithm in [A74:3.T] can be applied to solve the matrix equation LY =X by successively]
column of X. The solution is mathematically given by Y = L™ X.

olution of an upper-triangular system

The solution of an upper-triangular system can be determined in terms of the transpose of]
matrix. If L is a lower-triangular matrix of dimension ri»'m such that L(j,7) #0,j=1,...,m
f dimension m x 1, the following algorithm computes_the vector y, where y is such that LTy =2

h

0N

overwritéthe vector  with the solution y, implement only the steps in the Solution stage of the algorithm
tead of,y.

A.4.4.2

The algorithm in|A.4.4.1| can be applied to solve the matrix equation LY = X by successively]

it to each

column of X. The solution is mathematically given by Y = L TX.

A.5 Orthogonal factorization

w5 ]

applying

a lower-
and x is
, that is,

Nwrn

applying

Orthogonal matrices are combinations of rotations and reflections and have the property that pre-multiplication of a
vector by an orthogonal matrix does not change the magnitude of that vector (the square root of the sum of squares
of its elements). The columns of an orthogonal matrix can be regarded as defining a system of orthogonal axes. The
importance of orthogonal factorization techniques is that they allow matrix equations to be solved in a numerically
stable way. Algorithms for computing orthogonal factorizations of a matrix are described in references [I, [10] 20].

44

© ISO 2010 — All rights reserved


https://standardsiso.com/api/?name=d16f9bae199b2c39aeb56a9055e5da12

A.5.1

QR factorization

ISO/TS 28037:2010(E)

The QR factorization of a matrix A of dimension m X n, with m > n, can be written as

A=QR=1Q; Q,] [ 1(2)1 } = Q. Ry,

where Q = [Q; Q] is an orthogonal matrix of dimension m X m, Q; is the matrix consisting of the first n columns
of Q, with QIQl = I, and R; is an upper-triangular matrix of dimension n X n.

NOTE The QR factorization of a matrix A of dimension m X n, with m < n, can also be obtained.

Specificat

In this Technical

not provifled.

A.5.2

A.5.2.1

[RQ factorization

B:TZ:[

where Z|is orthogonal and T'5 is upper-triangular.

A.5.2.2

BTZ[OTQ}{

where Z]is orthogonal and T'5 is upper-triangular.

The RQ factorization of a matrix B of dimension m X n, with m > n, can be‘written as

T
|z

The RQ factorization of a matrix B of dimension m X n, with m < n, can be written as

Z,

Z2 :| 7= T2Z2a

ion, since all matrices for which the calculation of the QR factorization is required have m > n, the factiorization is
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Annex B
(informative)

Application of the Gauss-Newton algorithm to generalized distance regression

B.1  This annex derives the algorithms in and using the Gauss-Newton algorithm.

B.2  The algorithms in and are particular implementations of the iterative Gauss-Newton algorithm [10]
for minimizing a sum of squares of non-linear functions:

FA) =) fI(A), A=A, A)", m=n

B.3 Ldt a be an approximation to the solution parameters a and

o oh
f1(A) A, DA,

f= and J =
fm(A) % wp Ofm
0A, 0A,,

be, respedtively, the vector of dimension m x 1 of function values and_Jéacobian matrix of dimension m x n jof partial
derivativep of first order with respect to the parameters, evaluated, at,the approximation a to the parameters.

B.4 L4t p solve
JIp==J"F. (B.1)

Then an ypdated estimate of the solution parameters is‘given by a := a + p.

B.5  Fqr the algorithms in and [8.2.1] A& (A, B)" and the function f;(A) is a measure of the ggneralized
distance ftfom the ith data point (z;,y;) to the\lite y = A + Bz.

B.6 Ldt U; be the covariance matrix_associated with the ith data point:

U — u?(z;) cov(x;, y;)
| cov(yi, ) wP(y)

and let zj] = 7 (A, B), knowpas the ith footpoint, solve
T, — T T T, —T
min d?(x, A, B) = { yi_’A_Bx ] U;* { ’ ] (B.2)

a function) of4 and B.

B.7 If f7(A, B) is defined by
fE(A’ B) = df(xT(A’ B)a A, B),

i.e., d?(z, A, B) evaluated at the solution x}, then the values of A and B that minimize

F(A,B) = f:ff(AvB)
i=1

determine the generalized distance regression best fit line. Implementation of the Gauss-Newton algorithm requires
the determination of the partial derivatives of first order of f;(A, B) with respect to A and B to form the Jacobian
matrix J.
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B.8 Let n = (—B,1)" be a vector orthogonal to the line y = A + Bz and suppose that x} is a solution of the
footpoint problem (B.2). Setting z; = (i, 4;) , #F = (zF, A+ Bz?)' and

ti = TLTUiTL, <B3)

then, expressing function values and derivatives in terms of U;, A, B, z;, y; and ],

fi(A,B) =t;"*nT (z; — x¥), (B.4)
and
dfi 172 [ 0] Ofi 12 [ 0 ]
—_— (/i L2 I} — l/i o * . (B.5)
0A 1] 0B |
B.9  The solution z} of the footpoint problem (B.2]) is given by
Di -B . —GTi +pilyi — A)
- U , - . B.6
{ Ui } [ 1 ] ) —qi +piB (B6)

NOTE Hxpressions (B.3)), (B.4), (B.5) and are defined in terms of U; rather than itslinverse U; . There is no jequirement
for U; to|be invertible, but n ' U;n must be non-zero.

B.10 The algorithms in and implement the Gauss-Newt@n algorithm using explicit exprpssions for
fi(A,B)] 0f;/0A and 90f;/0B. Solving for the update step p in expression is formulated as a problem of
determirling the weighted least squares best fit straight-line (see Steps 1 to 5) for transformed data ddrived from
the meagurement data (z;,y;), associated covariance matrices Uy ahd the current approximations to A angl B.
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Annex C

(informative)

Orthogonal factorization approach to solving the generalized Gauss-Markov problem

C.1 General

The iterati

ve algorithm described in

2m is positive

definite ayrdtre vertible- po v ¥ es—that—at—{z; B—artre - p annex a
general alporithm is described that is appropriate for all valid (symmetric positive semi-definite) covariance matrices
U. All tht is required is that the covariance matrix can be factorized as U = BBT, where B is a matfix of dimension
2mxp (p B m). Often covariance matrices are derived in terms of such a factorization. If U is invertibles B cduld be its
Cholesky factor. The algorithm proceeds similarly to that described in[10.2.2| and requires the caleplation of|residuals
f and Jadobian matrix J, but the increment ¢t is determined using two orthogonal factorizations. Mathematically,
Ot minimiles .
cle= Z c? subject to the constraints f=-Jot +Be¢
i=1
C.2 Cilibration parameter estimates and associated standard)uncertainties and covgriance
Estimates| a and b are calculated as in steps 1 to 9 below; the standardicertainties u(a) and u(b) are evdluated in
step 10:
1 Obtafn initial approximations ¢ = (ZT1,.. ., Tm, a, E)T to th&@parameters;
2 Calcylate the vector of dimension 2m x 1,
- 2 — B -
L — %:r} T — E‘l':
= yl—(a—i-ba:l) Tl y-—al-bz |
v — (@ + 57
and the (Jacobian) matrix/of dimension 2m x (m + 2),
[ -1 0 o 0 0 0
0 -1 0o 0 0 0
0 o0 -1 0 0 0
0 o0 0o -1 0 0 { I 0 o0 ‘I
J=1 4 ¢ Qo -1 7 =1y 4 =
. ~l L UL Es L J
0 —b 0 -1 —x9
0 0 b 0 1 —Fp
. 0 0 0 —-b -1 -z,
where the = (7, ... ,Ez'm)—r, @ and b are extracted from the current estimate £ of the parameter vector;
3 Determine the QR factorization of J:
R,
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where @ is an orthogonal matrix of dimension 2m x 2m and R; is an upper-triangular matrix of dimension

(m +2) x (m+2); see[A5.1}
4 Form the matrix product Q" B and determine its RQ factorization
Q'B=T2Z,
where T is a matrix of dimension 2m x p and Z is an orthogonal matrix of dimension p x p; see

5 Set } = Q' f and partition } and T

T } | T Tho
f‘[?;]’ =7

whefe £, is a vector of dimension (m+2) x 1, f, is a vector of dimension (m —2) x 1, T; is#atrix of]dimension
(m+2) x (p—m+2), T2 is a matrix of dimension (m + 2) x (m — 2) and T'9 is an upper-triangulaf matrix of
dimpnsion (m — 2) x (m — 2);

6 Solve the upper-triangular system Tases = ;"2 to determine the vector ey =\(€2.1,... ,'ég,m,g)T of [dimension

(m 1 2) x 1; see
7 Solve the upper-triangular system R0t = Tyo€5 — }1 to determine the Wacrement 0t; see

8 Update the current approximations to the parameters: ti=t+ ot;

9 Replat steps 2 to 8 until convergence has been achieved. Setsa’=a and b = b (elements m 4+ 1 and m|+ 2 of ¢);

10 Let|R, be the lower right submatrix of dimension 2 x 2°of Ry and T, the lower right submatrix of|dimension
2 x P of T'11. Solve the upper-triangular system

RaKa = Ta,
for fhe upper triangular matrix K, of dinfension 2 x 2 (see ) and set U, = KoK, . Then
u?(a) = Ugy(1,1); u?(b) = Ugy(2,2) and cov(a,b) = Uga(1,2).

NOTE 1| The approach described in represents the most general solution to determining linear calibration fun¢tions using
least squgres methods. All other approaches described in this document can be solved as special cases.

NOTE 2| Steps 1, 2, 8 and 9 in are identical to, respectively, steps 1, 2, 9 and 10 in [10.2.2

C.3 Validationsof the model

If m > 2| the yalidity of the model can be partially tested using the elements of the vector es (continued from :

—2

3

)

5.4 and degrees oI Ireedoin V = m — Z;

11 Form the observed chi-squared value x;bs =

i

i=1

12 Check whether ngs exceeds the 95 % quantile of x2, and if it does reject the straight-line model.
NOTE The chi-squared test is based on an assumption that the d; and e; in model are realizations of random variables
characterized by a multivariate normal distribution and on a first order approximation. Under this assumption the vector e

of dimension (m — 2) x 1 is associated with a multivariate Gaussian distribution with covariance matrix equal to the identity
matrix of dimension (m — 2) x (m — 2) so that x2, is associated with a x? distribution with m — 2 degrees of freedom.
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