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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards
bodies (ISO member bodies). The work of preparing International Standards is normally carried out
through ISO technical committees. Each member body interested in a subject for which a technical
committee has been established has the right to be represented on that committee. International
organizations, governmental and non-governmental, in liaison with ISO, also take part in the work.
ISO collaborates closely with the International Electrotechnical Commission (IEC) on all matters of
electrotechnical standardization.

The prog¢edures used to develop this document and those intended for its further maintenance_afe
describefl in the ISO/IEC Directives, Part 1. In particular the different approval criteria neededfor the
different| types of ISO documents should be noted. This document was drafted in accordance with the
editoriallrules of the ISO/IEC Directives, Part 2 (see www.iso.org/directives).

Attention is drawn to the possibility that some of the elements of this document may be the subject pf
patent rights. ISO shall not be held responsible for identifying any or all such patentrights. Details pf
any patept rights identified during the development of the document will be in the_Introduction and/¢r
on the ISP list of patent declarations received (see www.iso.org/patents).

Any trade name used in this document is information given for the conveniénce of users and does npt
constitute an endorsement.

For an dxplanation on the voluntary nature of standards, the-meaning of ISO specific terms arnd
expressipns related to conformity assessment, as well as infermation about ISO’s adherence to the
World Trjade Organization (WTO) principles in the TechnicakBatriers to Trade (TBT) see the following
URL: www.iso.org/iso/foreword.html.

This dochiment was prepared by Technical Committee EC 24, Particle characterization including sieving,
Subcomrpittee SC 4, Particle characterization.
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Introduction

The measurement of the particle size distribution can be accomplished by a number of techniques
which measure some 1-D characteristic of the particle and usually equate this to an equivalent size
assuming ideal shapes (usually spherical). Thus, these techniques usually require or assume knowledge
of some other constant in order to calculate the particle size distribution. Each of these techniques
measures different properties which makes the equivalent particle size a method-defined measurand.
Comparability of results therefore requires application of the same methods, which in turn requires
standardization.

This unsatisfactory situation of fundamental lack of comparability could be improvedrby|a better
uhderstanding of the effects influencing the various methods. Since the sample materialrepregents the
lihk between the different methods, it is of central importance that it should meetras.'many|physical
agsumptions of the considered methods as possible. A feasible approach is mixing.Known anpounts of
spherical, monodisperse particle fractions to create a polydisperse mixture (“picketfence distripution”).

The individual particles should be spherical, as many sizing methods assume the particles to be
spherical. Using particles that are in fact spherical fulfils this assumption,so the results of th¢ various
nlethods should be the same as far as the particle shape is concerned A further advantage of $pherical
particles is that their size can be described by a single parameter only, the particle diameter.
T
p

he individual fractions of the mixture need to be monodispers€, as only then it is possible to frace the
hrticle diameter back to the standard meter with an acceptable uncertainty and to get mixtures of
theoretically known particle size distributions in the end.

These materials should be used as follows.
The monodisperse particle fractions can be \iSed to demonstrate equivalence of resylts with
hese ideal particles. If a method gives deviating results, the method is not yet fully unferstood
nd further investigation of the deviation.@s needed. The polydisperse mixtures can be|used to
lnallenge measurement methods to see what the output is. Final outcome should be a comprehensive
hderstanding of the methods including\particle dispersion, particle transport, physical printiple and
eyaluation leading to better comparability of results. The approach described in this document is based
n Reference [22] and Reference [23]:

c oo

o

A]second approach is developing a theoretical framework for more accurate measurement of particle
siize distributions. Also, this approach is fundamentally limited to spherical particles of equal density,
tq be applicable to differént methods.

This document desefibes preparation protocols of picket fence distributions of sphericdl, quasi-
nlonodisperse particulate reference materials.
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Preparation of particulate reference materials —

Part 1:
Polydisperse material based on picket fence of

onodisperse spherical particles

a
I'g

q

Scope

his document describes the preparation of polydisperse spherical particles based on a pic
" quasi-monodisperse reference materials, the characterization of its monodisperse componsg
fceptable uncertainty and the estimation of the uncertainty of the mixture”of these partig

mits of the techniques. An example of using these reference materials'inta reliability calcula
ass-based cumulative size distribution is provided.

his document limits itself to the technical specificities of preparation beyond the general requ
r certified and non-certified reference materials as described in ISO Guide 30, ISO G
O Guide 35 and ISO 17034.

Normative references

here are no normative references in this document.

Terms, definitions and symbotls

1 Terms and definitions
br the purposes of this docunmient, the following terms and definitions apply.
0 and IEC maintain terminological databases for use in standardization at the following add

IEC Electropedid:-available at http://www.electropedia.org/

ISO Online brgwsing platform: available at http://www.iso.org/obp

1.1
spect ratio
itio of minimum Feret diameter to the maximum Feret diameter of a particle

OURCE: IS0 26824:2013, 4.5, modified]

—

ket fence
nts with
les. This

'pe of material is normally suitable for all particle characterization methods within the appropriate

fion for a

irements
uide 31,

fesses:

3.1.2

pycnometry
method wherein particle density is obtained from the measured mass of sample with a given
calibrated volume

[SOURCE: ISO 26824:2013, 2.4]
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3.1.3

apparent particle density
particle mass in the dry status divided by the volume it would occupy including all pores, closed or
open, and surface fissures

[SOURCE: ISO 13317-4:2014, 3.1]

3.14

hydrostatic balance
method to measure particle density based on particle dynamic sedimentation velocity with known

fluid denfsity and viscosity condition
3.15
referend¢e material
material| sufficiently homogeneous and stable with respect to one or more specified properties, whi¢h
has been|established to be fit for its intended use in a measurement process
[SOURCH: ISO Guide 30:2015]
3.1.6
certified reference material
referencd material (3.1.5) characterized by a metrologically valid procedure’/for one or more specifigd
propertiges, accompanied by a certificate that provides the value of the specified property, its associated
uncertaipty, and a statement of metrological traceability
[SOURCH: ISO Guide 30:2015]
3.1.7
nominal value
designatpd diameter in terms of a target value in a given specification
Note 1 to|entry: The nominal value is the target diameter for an individual picket as calculated from the uppgr
and lower size of the picket fence distribution (3.1.8), the number of pickets and the requirement of equal spacing
of picketson a lognormal scale. Actual values maydiffer from the nominal ones due to the availability of suitabjle
material
3.1.8
picket fgnce distribution
mixture pf several monodisperse-particle fractions (pickets)
3.2 Symbols
. . Derived
q
$ymbol Quantity Unit unit
ai Rarticle mass fraction for the suspension of picket i kg/kg mg/kg
ai{0) Particle number fraction for the suspension of picket i — —
AYi Particle size interval in size range i m pum
Uncertainty of the parameter given in the index
g NOTE: In other fields of measurement science and ISO/ - -
IEC Guide 98-3 (GUM), the symbol u is used instead.
OX; Uncertainty of the size x; m pum
g Parameter defined by Formula (A.1) — —
M Parameter used in Formula (A.5) — —
my, Mass of the vessel for the dry mass determination kg mg
mq Dry mass (vessel and particles) in the dry mass determination kg mg
m: Mass of suspension i used for the preparation of the pick- K m
! et-fence distribution 8 8
2 © IS0 2017 - All rights reserved
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4

4

Symbol Quantity Unit D(:‘rin‘i,f d
m, Mass of solvent of picket i kg mg
my, i Mass of particles of picket i in suspension kg mg
ms Mass of suspension used for the dry mass determination kg mg
My Mgss c_)f the particles of picket i in the final picket fence dis- ke mg

tribution
N, N; Total number of particles and particle number of picket i — —
n; Number of particles in size range i — —
Npicket Total number of pickets — =
p Total number of uncertainty factors — —
qo(x) Density distribution by number m-1 pum-1
q3(x) Density distribution by volume or mass misl pm-1
Qo(x) Cumulative distribution by number — —
00,03 * True f:umqlative .distribution by number and mass with - -
’ ' logarithmic abscissa
Q3(x) Cumulative distribution by volume or mass — —
pi Particle density of picket i kg m-3 gcm-3
s Standard deviation of the particle size distributien m um
Sg Geometric standard deviation — —
Parameter used in Formula (6) to give confidence level,
u =196 for 95 % probability reliability
! NOTE This corresponds to the covérage factor k in ISO/ B N
IEC Guide 98-3 (GUM).
X Xj Particle diameter and particlediameter in size range i m um
x| Diameter of the smallest picket m pum
Xu Diameter of the largestpicket m pum
X50,0,i . o
Median diameter.of particle i based on number and mass m pum
X50,3,i
X503 g[(f;iian particle size of cumulative volume or mass distribu- m um
X*503 Most re}iable rr}ediap particlg size_ of a cqmulative volume or m um
’ mass distribution with logarithmic abscissa
Matérial requirements for preparing the individual monodisperse fractions
L General description

The material of the individual pickets shall be suitable for particle size measurement using image
analysis methods within dry or aqueous environment.

4.2 Requirements on the general properties of the material for individual pickets

The material of the individual pickets shall meet the following requirements.

a) The particles shall be spherical without significant macroscopic concavities, outgrowths or pores.

The aspect ratio of all particles shall exceed a value of 0,95. A typical mean aspect ratio should be
0,97. Alternatively, the ellipse ratio shall exceed 0,95, a typical value should be 0,97 or above.

© IS0 2017 - All rights reserved
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b) When dispersed in pure water, no colour bleeding is allowed. The optical homogeneity of the
material is very important to be as uniform as possible. This applies for the particles within one

mon

odisperse fraction, as well as for a comparison of the particles of two different monodisperse

fractions.

c) The particle surface should be smooth without any contaminations or adhesions.

d) The
part
high

apparent density of the material has to exceed the density of the dispersing liquid for the
icles not to float in wet applications. Furthermore, the apparent density should not be too
for avoiding sedimentation effects. Therefore, a value within the range above 1 000 kg/m3

and
dens

The
sizeq

e) The
aggl

adhd
f) The
g) The

flocd

usin

h) The

strength should be as high as possible since the material'should be able to withstand a typical diy

disp
valu

theo|
i) The
behd
j) The
chan

UV-g

kmaller than 2 500 Kg/m3 seems to be optimal for aqueous applications. Particles of highgr
ities can be used if a liquid with higher density or viscosity is used.

hpparent density of the material is important to be as constant as possible for different particle
. Variations of £0,5 % with respect to the mean value of the apparent density may.be acceptef.

material should not contain any kind of fragmented particles or coarsé outliers, els.
bmerates. Any other material coming in contact with the particles should not be dyed by
ring dust or abrasion.

particles shall have a high chemical stability and be non-soluble in dispersant media.

material should be easily dispersible in the chosen liquid,-No particle agglomerates o¢r
ulation should be detectable after dispersion. It is allowed £o support the particle dispersiqn
b dispersing agents or ultrasound.

particles should not be disrupted by ultrasound pressute in dispersant media. The mechanicpl

brsion procedure without getting crushed. Nevertheless, it is not possible to define a concrefe
e since there are several different dry dispersion procedures not allowing for a reliabje
retical calculation of stress parameters.

particles should not agglomerate underChormal environmental conditions. Their electrostatjic
viour should allow for using them, e:g.-on a vibratory chute without adhering to the chute itself.

material should provide a shelf life of at least two years after production without appreciably
ging its physical properties. Allimportant storage conditions have to be known, e.g. necessary
rotection/light-protection:

k) The gwelling of the material'suspended in pure dispersant media should be as low as possible. |n
any fase, it should not exeeed a value of 0,8 % referred to the particle diameter in dry conditiop.
The pwelling behaviguirshall be specified in the sample preparation procedure

1) The kize of the particle-liquid interface in dispersion should be negligible compared to the particle
dianmeter.

5 Chalracterization of the individual monodisperse fractions

5.1 Pa

rticle size distribution

Particle size should be determined by a method that provides traceable results. The requirements for
the individual methods are given below.

— Results shall be traceable to the International System of Units (SI) either by using CRMs with
traceable reference values or by being calibrationless.

— The methods shall be validated in a way that allows estimation of a measurement uncertainty.

— Uncertainty estimates for the various size fractions are available.

© ISO 2017 - All rights reserved
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— All results and characteristic values have to be given in terms of a volume-based particle size

distribution, Q3(x).

It should be ensured that the measured particle size distributions do not overlap. This is achieved if

each distribution meets the following requirements:

a) The distribution width given in terms of the ratio x9¢/x10 should be 1,12 or smaller.

b) The actual mass median particle diameter of each mono-disperse fraction should not deviate by

more than 4 % from the nominal diameter calculated from the lognormal distribution.

from a suitable optical method, x5, 3, should be in the range of 0,99 x50 3* to 1,01 x50:3*W
reliability where x50,3* is the most reliable mass median diameter. Larger uncertainties w
in larger uncertainty for the final distribution.

For example, a higher ratio x9¢/x10 is permissible if the actual mean particle diameters dev
than 4 % from the nominal ones. Regardless of failing to meet an individual requirement,
r¢quirement of non-overlapping distributions shall be met.

5(2 Aspectratio

The aspect ratio should be measured by a suitable optical méthod measuring at least 10 000
by random sampling. Fewer particles would not allow demonstrating fulfilment of the criter
the aspect ratio.

9]}

3 Density

—

he particle density should be measured by pycnometry or hydrostatic balance.

5|4 Refractive index

The refractive index shall be measured by any suitable method, e.g. by the liquid immersion m

6] Preparation of picket-fence distributions

6|1 General
Alpicket-fence disttibution should include at least one complete decade in particle size.

A]picket-fenceidistribution should contain an uneven number of mono-disperse fractions ang
than 7 different mono-disperse particle fractions within a range of one decade of particle
frlactions.should be equally spaced on a logarithmic scale.

Thénominal diameter x; of picket i is calculated from the lower diameter, x, the upper diametg

c] The uncertainty of the actual mass median particle diameter, calculated from traceable results

ith 95 %
ill result

Itlis possible to compensate for not meeting one of the above criteria by setting stricter limits on others.

riate less
the basic

particles

a set for

cthod.

not less
size. All

I, Xy, and

theTotal number of pICKeTs, Mpicket, UsINg Formula [1]:

AR

X =x .10 Npicket -1
1

1)

All pickets should consist of the same material to minimize differences in density or optical properties.

© IS0 2017 - All rights reserved
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6.2 Preparation of individual pickets

6.2.1 General

In most cases, it will be impossible to weigh the particles as dry powders due to the intrinsic uncertainty
of weighing. In addition, many particles are distributed as suspensions, so drying and weighing
increases the risk of agglomeration.

NOTE The uncertainty of the balance alone for weighing 1 mg with an analytical balance (display 0,000 00 g)
is about 15 %. Using a microbalance, this uncertainty is typically reduced to less than 0,5 %, but static influences
(e.g. incothplete transfer from the weighing boat to the final vessel) increase this uncertainty.

If direct|weighing is possible, 6.2.2 and 6.2.3 can be skipped. For particles available as suspensionls,
6.2.2 car be skipped.

6.2.2 Preparation of suspensions from dry powders

Weigh an appropriate amount of the dry powder (mjp ;) into a known amount (my;}-of the chosen solvent
and homlogenize according to the instruction of the particle producer. The pdrticle mass fraction pf
picketii$ calculated as Formula (2):

mpli

mp,i +m1'1~

6.2.3 Determination of the particle mass fraction of suspensions

For partjcles available as suspensions, the particle mass’fraction shall be determined. Follow the
following steps.

a) Cleah and dry a vessel and determine its mass, 1.

b) Weigh an appropriate amount of the suspension (ms) into the vessel. The amount taken should not
contpin less than 500 mg of solids.

c) Slowly evaporate the solvent to achieve constant mass (mq). The final drying temperature should
be hjigh enough to evaporate all solvent, but should not cause shrinkage of particles. If in douljt
contpct the provider of the suspension for appropriate drying conditions. Constant mass is achievdgd
when subsequent weighings.differ by less than 1 mg.

-

d) Detgrmine the particlefmass fraction of picket i in the suspension as given in Formula (3):

_ md —mb
mg —my

6.3 Preparation of a picket fence distribution

6.3.1 eneral

Picket-fence distributions shall be prepared as “one-shot” materials directly from gravimetric weighing
of the individual pickets to avoid errors from subsampling of a homogenized sample. The uncertainties
of the weighing should be less than 0,1 % of the weighed mass.

6.3.2 Preparation from dry powders
Weigh equal masses of the dry powders for each picket, my , into a vessel and homogenize.

NOTE This is the simplest approach for the preparation of a picket fence distribution, but the accuracy of
weighing sets a limit to the use of this approach.

6 © IS0 2017 - All rights reserved
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6.3.3 Preparation from suspensions

Prepare a picket fence distribution from i individual suspension as follows.

a) Determine the required mass, m;, of each suspension so that ; - m; is constant for all pickets.

b) Homogenize each suspension and weigh the amount calculated in a) into a vessel. Avoid weighing
less than 0,5 g to minimize weighing errors.

c) The mass of the particles of picket i (my) is calculated as given in Formula (4):

My ;=0 -m; (4)
The combined influence of the subsampling process can be assessed by preparing seyerdl suspensions
filom the same set of pickets and subject them to measurement.
7| Estimation of uncertainties
71 General
I1} order to represent particle size distribution of the reference material, the uncertainty of the picket-
fdnce distribution shall be indicated. The following uncertainty‘eontributions shall be includgd in the
copmbined uncertainty of the particle size distribution.
7t2 Uncertainty of a volume-based size distribution due to limited number of
pharticles counted
The detailed derivation of the formulae below is\given in D.1.

For the general case, the maximum uncertainty of the cumulative distribution for the size rarnge i is as
glven in Formula (5) to Formula (9):
003 ; 003 ; 003 ;
8Q3,; S|5-"-8Q0 1 [+[5-"8Q) o[+ +|5—=6Q0,n| = Q3,1 (5)
9Q,1 Qo2 0.n
3 3
. 0Q3; (Xj —XjHl )(gn ~9i)
v 5 (6)
Qo, In
3 3 3
0Qg;/ Xj In _(Xj ~Xj+1 )gi
-j s ~ (7)
Qo, In
3 3
5 o T 2 (8)
<U,J In
90, 0-x;3 Ji

i<jjen SO )

aQOl] gn

By use of Tschebyscheff theory, the uncertainty at 95 % confidence (= 5 % uncertainty) for the general
distribution is determined by References [24] and [25]. The relation confidence reliability level and

© IS0 2017 - All rights reserved
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parameter u for general and normal distributions is shown in Figure 1. The parameter value of u is 4,47
for general distribution. The derivation of the 4,47 for the general distribution is indicated in Annex D.

5Qo ;=447 Loil1=0.) (1N_Q°"') (10)

The uncertainty 6 x; for the cumulative mass distribution in size range i is calculated by Formula (11):

50-
§x; pm Q3N an

a3,

By use ¢f Formulae (D.9), (D.10), (D.18) and (D.19), the uncertainty of the particle diameter for
cumulative mass distribution is fully determined.

P
100

80

60

40

20

Key
1  nornjal distribution
2 general distribution
P reliability level, expressed in per-cent
] paraI:eter, dimensionless

Figure 1 — Relation between reliability level and parameter u

7.3 Uncertainty of a number-based size distribution

The undertainty o6 x. for the cumulative number distribution in size range j is calculated by

Formula (12):

§0n.
QO,I N (12)
q9,i

where 6Qo ; y is calculated by Formula (D.18).

6Xi,N =

8 © IS0 2017 - All rights reserved
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7.4 Picket-fence distributions composed of more than two kinds of quasi-
monodisperse particles

A picket-fence distribution composed of three-kinds of quasi-monodisperse particles is indicated in
Annex A.

The cumulative distribution composed of m kinds of quasi-monodisperse particles is shown in Figure 2.

QX))  atapt---+ay=1
1

aitdot - - - +a

A+t - - -+ q

)
¢
=~

a1t+a+as

1
]
I
I
I
I
1
1
1
1
)
I
1
I
|
I
|
]
I
]
1
1
1

LR e pp——

L ——

XNymin X
XLymag  X2ymax Xi,min Xk, max %XN:max

X2,min

X1)min

Kpy
X particle diameter, expressed in micrometers

Qp(x) mass base cumulative distribution, dimensionless

q3,x mass base distribution density, expressed in reciprocal of micrometers
a mass fraction of particles included {n'picket k, dimensionless

Figure 2 — Particle size distribution composed of more than two kinds of quasi-monodjisperse

particles
The density distribution by mass is given as Formula (13):
m
q3(x)= Yo7 q3 ;(x) (13)
¥l

where gjis the mass fraction of the sample j.

Forithe cumulative distribution by mass, the size x is in the size range of sample k, Formula (14) is
satisfied:
X
Qz(x)=aq +oy+-+ apq +oy J. a3k (x)dx (14)
Xk, min
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7.5 Uncertainty of a count base size distribution due to various number fraction
The number fraction of i kind of particles is calculated as given in Formula (15):
0) _ N;

©o__ N
“ (N{+---+N,,)

1

The symbol N; indicates particle number of picket i.

The uncertainty due to m kinds of number fraction is calculated by Formula (16):

(15)

2

5am(0)

6Q 8&5051(0) 4ot BA

8061(0) aam(o)

(=]

i,o0 =

7.6 Urncertainty of a mass base size distribution due to various mass fractions
The mas§ fraction of i kinds of particles is calculated as Formula (17):

ol
mrem)

The sympol m; indicates particle mass of picket i.

The uncdrtainty due to m kinds of mass fraction is calculated by Eormula (18):

2 2
5Q "”\/(3%5“1J +---+(aa§3 SamJ

The calcyilation method of the terms in Formula (16)\and Formula (17) is shown in D.2 and D.3.

w

Examplep of uncertainty estimation to prepare sample preparation are shown in Annex C.
7.7 Uncertainty estimation based 'on the data before or after the mixing process

7.7.1 (eneral

(14

(1]

The uncdrtainty of m kinds of quasi-monodisperse particles can be estimated by use of the data before
after the[mixing process. BotlYmethods are acceptable in calculating the uncertainty. For the uncertaint
estimatipn based on the-data after mixing process, it is not necessary to include the uncertainty due
the mixture fractiongbut the total sample size should be large enough. For the uncertainty estimatic
based or] the data.before mixing process, it is necessary to include the uncertainty contributions dt
to the mixture andthe sample size of each size distribution. The calculation method of the uncertainf

based or| the data before mixing process is shown in D.2 and D.3.

J)

)

772 L VI £ i < la laids diabiailassis la . | ila dai. £5 i
wla TILTTULAIIITY U TUUIIL dIIU IIIdSS UdST TUIIIUIAUIVE UISUIUULIVIT UdSTU UII UIT Udid dItTT U

mixing process

Formula (19) and Formula (20) are used to calculate the uncertainty. In this case, the particle size

distribution based on the mixed particles is examined.

0 Qo =\/ (6 Qo,in )2 +(0 Qg )2

(19)
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0 Q3 =\/(5 Q3,i,N)2+(5 Qad)z (20)

The values of §Qg,; y due to total sample size N is calculated by Formula (D.18) and 6Q,q is an additional
uncertainty contribution. The value of 6Q3 ;N is calculated by Formula (21):

003 ; Q53 Q53
§Q3iN = |5=0Q0 1 |*+|5—-0Qq 2|+ H5--8Q0 (21)
90 1 Qo 2 0,n
The uncertainty of particle size is calculated by Formula (22) and Formula (23):
o
5xy =220 (22)
do0,i
o
5xy =24 (23)
q3,i

7|7.3 Uncertainty of count and mass base cumulative distribution'based on the data before the
njixing process

et

1) this case, the data of particle size distribution before the mixingprocess is examined. The un¢ertainty
dpie to mixture fraction should be considered.

Formula (24) and Formula (25) are used to calculate the.wuncertainty:
2 2 2
6Qo=\/(500,1v) +(6 Qo) +(6Qaq) 24)
2 2 7
0 Q3 =\/(5 Q3,N> +(5 Q3,i,a) +(6 Qad) (25)

The term 6Qo N indicates the unceftainty of count base cumulative distribution and the|value is

cdlculated by the size distribution and number fraction of each picket. The term 6Qy,;« |ndicates
uhcertainty due to number fraction of each picket.
0 ’ 0 ’
5Q0,i,06 = Qé)()) 6@1(0) +eet %Sam(o) (26)
dosf oo,
2 2
Jor.(0) oo, (0)
S0, O =t 2% 5N | n | SN (27)
oN; oN,,

—3

he uneertainty of the number of particles of picket i depends on the uncertainty of the particle diameter
[ picket i, the uncertainty of mass of picket i and the uncertainty of the density of the particles df picket i.

]

2 2
X; m; i

SN, =1v,..\/i5x,.2+i5m,.2+i25p,.2 (28)

The detailed derivation in Formula (28) is shown in D.4.

The each term of 6Qo,; « is determined by use of Formula (27) and Formula (28). The term 6Q3,;  calculated
by Formula (18) is uncertainty due to mass fraction. For the uncertainty of mass base cumulative
distribution, the data of mass base size distribution and mass fraction of each picket are used.

The detailed calculation method is shown in D.3.

© IS0 2017 - All rights reserved 11
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In this case, the uncertainty of particle size for count and mass base is calculated by Formula (29) and

Formula (30):

6X0 :6& (30)
do,i

Sxg = 00 (31)
qsz;

7.8 Uncertainty due to microscopic scale measurement

In order| to obtain particle size by microscopic method, a calibrated scale with values traceable
to the Igternational System of Units shall be used. The uncertainty due to the microscopic scale
measurgment changes with magnification factor and position in a screen. The corresponding
deviation is indicated by &7.

7.9 Uncertainty due to surrounding particles in microscopic measureément

It is impprtant to know the uncertainty due to surrounding particles in a Screen in the microscopjc
measurement. This factor depends on magnification factor and particle diaineter. The corresponding
deviation is indicated by 65.

7.10 Other uncertainty contributions

When other uncertainty contributions (e.g. microscope reselution, threshold setting in digital image
analysis,|etc.) are known, they shall be included to calculatestotal uncertainty, 63.

7.11 Combined uncertainty

The compined uncertainty for a cumulative countyand mass distribution is given as Formula (32):

P 2
§Qof =] D.(6Q0,) (32)
i=1

5Qs} (38)

where 6@ ; anddQ3,; are'the individual uncertainty contribution i, 1 < i < p, and p is the total number
of uncertainties. Thesgombined uncertainty of particle size for count and mass base is calculated Qy
Formula|(34) and Fermula (35):

B
6 xoh ot 3BY
90,i
5
S x5, = Us (35)
do,i

The example calculation of the uncertainty based on limited number of sample size is shown in Annex B.
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Annex A
(informative)

Picket-fence distributions composed of more than two Kkinds of
quasi-monodisperse particles

For the sake of illustrative clarity, a simplified example using only three rather than the recommmended
s¢ven pickets is shown.

1 order to calculate the uncertainty of picket-fence distributions composed of three kinds pf nearly
nfono-disperse particles, a modified size distribution with maximum and minimum particle size
bised on log-normal distribution is considered. Figure A.1 shows the relationship between cumulative
d|stribution and a parameter g defined by Formula (A.1):

et

Inx—Inxsg,

(A1)
Ins g
Lo AN e o
Q U2 L& I
U, oy
M,
0,5
U, |
0

91 9
Kpy

g parameter defined Formula (A.1), dimensionless

Q

undersize distribution, dimensionless
90, g1<_parameters corresponding to the minimum and the maximum particle diameters, dimensionless

M, M4 fractions of particles between minimum particle and median particle, and median particle and maximum
particle, respectively, dimensionless

Up, U1 undersize distributions of the log-normal distribution corresponding to the minimum and the maximum

particle diameters, dimensionless

Uz fraction of particles having parameters from g1 to infinity, dimensionless

Figure A.1 — Corrected distribution with known maximum and minimum particle sizes

The parameters gop and g; in Figure A.1 correspond to the minimum and the maximum particle
diameters, respectively. The solid line shows the perfect log-normal distribution and the dotted line

© IS0 2017 - All rights reserved 13
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indicates the cumulative distribution truncated by the minimum and the maximum particle sizes. The

undersize in this case is represented as Formulae (A.2), (A.3), and (A.4):

g<90Q(g)=0 (A.2)

go<g<gi Q(g)=iL_[g exp s dg (A.3)

M 27 Y90 2

g>g Q(g)=1 (A.4)
where

M=Mo+M1=1-Uy- Uy (A.5)
As the particle size distribution is truncated at the minimum size and the maximum size, M, is smaller

than uni
nearly m
Formula
Formula
The par3

91 = (A.6)
lnsg'l
1nX—lnX5013‘2 ]
L (A1)
Insg »
Inx—Inxgp 33
B (A.8)
Ins, 3
Xl,m hx = X50,3,1 exXp (gl,max lnsg,l ) ’ Xl,min = X50,3,1 exXp (gl,min lnsg,l ) (A- ))
X2, mbx =X5032 €XP (92,max 0552 ), X2min =X50,32 €XP(g2,min NSy ;) (A.10)
X3,mhx =X50,3,2 eXp(g3,maX Insg 3 ) X3,min =X50,3,3 eXp(g3,min lnsg,3) (A.1])
where gjlis the parameéter g of particle i. In Formula (A.6) to Formula (A.11), the mass median diameter

of partic
minimur]

X

y. In order to calculate the uncertainty of picket-fence distribution composed of three kinds pf
ono-disperse particles, the true particle size distribution is represented by Formula (A.6) to
(A.11). When the three kinds of nearly mono-disperse particles that follows Formula (A.2) to
(A.5) are uniformly mixed with N1, N2 and N3 particles, the mass‘{raction of the particle i is ¢;.
meter g and minimum and maximum particle diameters are as{follows:

Inx—Inxgp34

e [ is represented by x5 3 ;. The maximum particle diameter of particle i is smaller than the
n particle diameter of particle i + 1.

1,mMd

K =Xi41,min (A.12)

Then, the cumulative distribution is represented by Formula (A.13) to Formula (A.19):

X <X1,min Q3 (g)=0 (A.13)
2
X1,min < X < X1,max Q3(9)= j exp| —=— |dg (A.14)
' , M V27 ¢ 91,min
X1,max < X < X2 min Q3 (9)2051 (A.15)
14 © IS0 2017 - All rights reserved
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(A.16)

(A.17)

(A.18)

2

RO X N~ R

count base distribution
mass base distribution

particle diameter, expressed in micrometers

x) cumulative distribution;-dimensionless

mass fraction of particles included in picket k, dimensionless

X SX<x o +— —J. d
2,min = 2,max Q3 (g) 17 \/ﬂ 92.min 2 S
X 2 max <X <X 3 min Q3 (g)=0€1+062
2
X3 min SX<X =0 +o 2 j exp| —=— |d
3,min 3,max Q3 (g) 1 2 M \/E P— p 2 ¢
X 3,max <X Q3(9):1
Altypical distribution composed of three kinds of nearly mono-disperse particles is shown'in Fil
Qx) 1 ————
08}
T ate,
0,6
04} i
"""" Oy e :
i
0,2} I
I
i
O i i |-||al i I|.||||.|Jl
0’1 X1,min 1. XZ;min: X3,min: 10 x
X1,max X2max  X3,max

Figure A2 =< Particle size distribution composed of three kinds of quasi- monodisp

particles

(A.19)

cure A.2.

erse
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Annex B
(informative)

Example of reliability calculation for a mass-based cumulative size
distribution transformed from the number-based size distribution

In this eample case, the particles are composed of three kinds of quasi-monodisperse particles and the
particle properties before mixing are as follows.

The mas§ fractions of particles 1,2, and 3 are 0,35, 0,35 and 0,30, respectively.

XSO,C,l =1 Qum Sg,l :1,05 (Bl)
XSO,C,Z =3 um Sg'z =1,05 (B Z)
X50,C,3 :6 Hm Sg,3 :1,05 (B. 3)

Total sarhple size: N =90 000.

In this ekample case, the mass fraction of a1, az, a3 is selectedras 0,35, 0,35 and 0,3. Formulae (B.4),
B.5) and (B.6) are used to calculate the number of particle 1;°2°and 3:

3
X N
oy - : 50,0,13 1 : B4
X5001" N1+X5002 Np+Xs5003 N3
3
X N
oy = - 2002 2 - (B.5)
X50,01" N1+X5002° Np+X50058 N3
3
X50,03 N3 I
a3 —| Lty (B.())

3 3 3
X50,01 N1+X5002” Ng+X5003 N3

where Nj, N2, N3 are the totalaumbers of particles of picket 1, 2 and 3. By use of the above equations,
the valugs of N1, Np, N3 are determined. By use of Formulae (A.2), (A.3) and (A.4), the sample data ate
obtained.

The saniple data-of the quasi-polydisperse particles based on a picket-fence, quasi-monodisperse
particled is showinin Table B.1. The count base data are transformed into mass base distribution datj,
q3, and the cuinulative size distribution, Q3(x). In Table B.1, the symbol aE-b means ax10-b.

The first patrt of the table indicates the range number with particle diameter from x1 to x> um. The
symbol nj indicates number of particles included in the size range i. Based on the count data, the
cumulative distributions of Qo and Q3 are determined. The uncertainty of particle diameter, 6x3
is calculated by use of Formula (7). The uncertainty of mass base cumulative distribution, 6Q3, is
calculated by use of Formula (4).
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Table B.1 — Particle size distribution

i x; (um) X, (um) n; Q Qs O ) (hm) 50,0
1 8.38E-01 8.53E-01 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
2 8.53E-01 8.67E-01 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00
3 8.67E-01 8.82E-01 1.70E+01 1.89E-04 4.68E-05 1.75E-02 5.52E-05
4 8.82E-01 8.97E-01 6.75E+02 7.69E-03 2.00E-03 4.06E-03 5.35E-04
5 8.97E-01 9.12E-01 1.48E+03 2.41E-02 6.50E-03 4.19E-03 1.27E-03
6 9.12E-01 9.27E-01 2.61E+03 5.31E-02 1.48E-02 4.35E-03 2.44E-03
7 9.27E-01 9.41E-01 4.26E+03 1.01E-01 2.91E-02 4.42E-03 4.26E-03
8 9.41E-01 9.56E-01 6.30E+03 1.71E-01 5.12E-02 4.60E-03 6.87E-03
9 9.56E-01 9.71E-01 8.21E+03 2.62E-01 8.14E-02 5.03E-03 1.02E-02
10 9.71E-01 9.86E-01 9.68E+03 3.69E-01 1.19E-01 5.66E-03 1.42E-02
11 9.86E-01 1.00E+00 1.05E+04 4.86E-01 1.61E-01 6.52E-03 1.86E-02
12 1.00E+00 1.02E+00 1.03E+04 6-00E-01 2.04E-01 9B 03 2.29E-02
13 1.02E+00 1.03E+00 9.19E+03 7.03E-01 2.45E-01 9.79E-03 2.67E-02
14 1.03E+00 1.05E+00 7.70E+03 7.88E-01 2.80E-01 1.26E-02 3.00E-02
15 1.05E+00 1.06E+00 5.82E+03 8.53E-01 3.08E-01 1.72E-02 3.24E-02
16 1.06E+00 1.08E+00 4.08E+03 8.98E-01 3.29E-01 2.48E-02 3.41E-02
17 1.08E+00 1.09E+00 2.65E+03 9.28E-01 3.42E-01 3.78E-02 3.52E-02
18 1.09E+00 1.10E+00 1.62E+03 9.46E-01 351E-01 6.07E-02 3.59E-02
19 1.10E+00 1.12E+00 9.09E+02 9.56E-01 3.56E-01 1.05E-01 3.63E-02
20 1.12E+00 1.13E+00 5.06E+02 9.61E-01 3.59E-01 1.82E-01 3.66E-02
21 1.13E+00 1.29E+00 0.00E+00 9.61E-01 3.59E-01 0.00E+00 3.71E02
22 1.29E+00 1.44E+00 0.00E+00 9.61E-01 3.59E-01 0.00E+00 3.81E-02
23 1.44E+00 1.59E+00 0.00E+00 9.61E-01 3.59E-01 0.00E+00 3.94E-02
24 1.59E+00 1.74E+00 0.00E+00 9.61E-01 3.59E-01 0.00E+0Q 4.09E-02
25 1.74E+00 1.89E+00 0.00E+00 9.61E-01 3.59E-01 0.00E+Q0 4.28E-02
26 1.89E+00 2.04E+00 0.00E+00 9.61E-01 3.59E-01 0.00E+00 4.50E-02
27 2.04E+00 2.19E+00 0.00E+00 9.61E-01 3.59E-01 0.00E+00 4.76E-02
28 2.19E+00 2.34E+00 0.00E+00 9.61E-01 3.59E-01 0,00E+00 5.06E-02
29 2.34E+00 2.49E+00 0.00E+00 9.61E-01 3.59E-07% 0.00E+00 5.39E-02
30 2.49E+00 2.65E+00 0.00E+00 9.61E-01 3.59E-04 0.00E+00 5.78E-02
31 2.65E+00 2.68E+00 2.80E+01 9.62E-01 3.61E-0L 8.56E-01 4.92E-02
32 2.68E+00 2.72E+00 3.80E+01 9.62E-01 3.65E-01 6.12E-01 4.98E-02
33 2.72E+00 2.76E+00 5.90E+01 9.63E-01 3.70E-01 3.84E-01 5.05E-02
34 2.76E+00 2.80E+00 9.40E+01 9.64E-01 3.78E-01 2.35E-01 5.13E-02
35 2.80E+00 2.83E+00 1.61E+02 9.65E-01, 3.93E-01 1.34E-01 5.24E-02
36 2.83E+00 2.87E+00 1.98E+02 9.68E-01 4.12E-01 1.33E-01 6.63E-02
37 2.87E+00 2.91E+00 2.78E+02 9.710E01 4.39E-01 9.27E-02 6.77E-02
38 2.91E+00 2.95E+00 3.13E+02 974E-01 4.71E-01 8.06E-02 6.89E-02
39 2.95E+00 2.99E+00 3.31E+02 9.78E-01 5.07E-01 7.44E-02 6.98E-02
40 2.99E+00 3.02E+00 3.53E+02 9.82E-01 5.46E-01 6.77E-02 7.04E-02
41 3.02E+00 3.06E+00 2.92E+02 9.85E-01 5.80E-01 7.91E-02 7.07E-02
42 3.06E+00 3.10E+00 2.6GE#02 9.88E-01 6.12E-01 8.37E-02 7.06E-02
43 3.10E+00 3.14E+00 25 5E+02 9.90E-01 6.39E-01 9.94E-02 7.04E-02
44 3.14E+00 3.18E+00 1.84E+02 9.92E-01 6.63E-01 1.11E-01 6.99E-02
45 3.18E+00 3.21E+00 1.32E+02 9.94E-01 6.80E-01 1.49E-01 6.94E-02
46 3.21E+00 3.25E+00 1.13E+02 9.95E-01 6.96E-01 1.66E-01 6.87E-02
47 3.25E+00 3.29E+00 6.10E+01 9.96E-01 7.05E-01 2.95E-01 6.83E-02
48 3.29E+00 383E¥00 2.60E+01 9.96E-01 7.09E-01 6.68E-01 6.83E-02
49 3.33E+00 3.37E+00 1.80E+01 9.96E-01 7.12E-01 9.33E-01 6.83E-02
50 3.37E+00 3.40E+00 9.00E+00 9.96E-01 7.13E-01 1.81E+00 6.84E-02
51 3.40E+00 3.59E+00 0.00E+00 9.96E-01 7.13E-01 0.00E+00 6.92E-02
52 3.59E+00 3.78E+00 0.00E+00 9.96E-01 7.13E-01 0.00E+00 7.06E-02
53 3.78E#00 3.97E+00 0.00E+00 9.96E-01 7.13E-01 0.00E+00 7.21E-02
54 3.97E+00 4.16E+00 0.00E+00 9.96E-01 7.13E-01 0.00E+00 7.38E-02
55 4716E+00 4.35E+00 0.00E+00 9.96E-01 7.13E-01 0.00E+00 7.56E-02
56 4.35E+00 4.54E+00 0.00E+00 9.96E-01 7.13E-01 0.00E+00 7.76E-02
57 4.54E+00 4.72E+00 0.00E+00 9.96E-01 7.13E-01 0.00E+00 7.98E-02
58 4.72E+00 4.91E+00 0.00E+00 9.96E-01 7.13E-01 0.00E+00 8.22E-02
59 4.91E+00 5.10E+00 0.00E+00 9.96E-01 7.13E-01 0.00E+00 8.48E-02
60 5.10E+00 5.29E+00 0.00E+00 9.96E-01 7.13E-01 0.00E+00 8.76E-02
61 5.29E+00 5.38E+00 3.00E+00 9.97E-01 7.15E-01 4.43E+00 8.95E-02
62 5.38E+00 5.48E+00 9.00E+00 9.97E-01 7.21E-01 1.41E+00 9.00E-02
63 5.48E+00 5.57E+00 7.00E+00 9.97E-01 7.26E-01 1.73E+00 9.06E-02
64 5.57E+00 5.66E+00 2.00E+01 9.97E-01 7.40E-01 5.70E-01 8.94E-02
65 5.66E+00 5.75E+00 2.20E+01 9.97E-01 7.57E-01 4.83E-01 8.75E-02
66 5.75E+00 5.85E+00 2.90E+01 9.97E-01 7.80E-01 3.35E-01 8.40E-02
67 5.85E+00 5.94E+00 3.30E+01 9.98E-01 8.08E-01 2.64E-01 7.89E-02
68 5.94E+00 6.03E+00 4.50E+01 9.98E-01 8.48E-01 1.64E-01 7.02E-02
) 6.03E+00 6.15E+00 5.20E+01 J.09F-01 8.90E-0T L1TE-OT 0./4k-02
70 6.13E+00 6.22E+00 4.10E+01 9.99E-01 9.35E-01 1.04E-01 4.45E-02
71 6.22E+00 6.31E+00 1.50E+01 1.00E+00 9.51E-01 2.36E-01 3.86E-02
72 6.31E+00 6.40E+00 2.20E+01 1.00E+00 9.74E-01 1.10E-01 2.76E-02
73 6.40E+00 6.50E+00 1.10E+01 1.00E+00 9.86E-01 1.53E-01 2.00E-02
74 6.50E+00 6.59E+00 7.00E+00 1.00E+00 9.94E-01 1.49E-01 1.29E-02
75 6.59E+00 6.68E+00 3.00E+00 1.00E+00 9.98E-01 2.10E-01 8.15E-03
76 6.68E+00 6.77E+00 2.00E+00 1.00E+00 1.00E+00 0.00E+00 0.00E+00
77 6.77E+00 6.87E+00 0.00E+00 1.00E+00 1.00E+00 0.00E+00 0.00E+00
78 6.87E+00 6.96E+00 0.00E+00 1.00E+00 1.00E+00 0.00E+00 0.00E+00
79 6.96E+00 7.05E+00 0.00E+00 1.00E+00 1.00E+00 0.00E+00 0.00E+00
80 7.05E+00 7.15E+00 0.00E+00 1.00E+00 1.00E+00 0.00E+00 0.00E+00

By use of Formulae (D.9), (D.10), (D.18) and (D.19), the uncertainty of particle diameter for cumulative
mass distribution is fully determined. Figure B.1 shows the results of calculation.
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B.1 — Size distribution included with uncertainty for picket-fence, quasi-monodispers
particles

It is found that the uncertainty increases around-the region of particle diameter from x1 max to X2 min-

The follojwing results are obtained regarding cumulative mass distribution.
XSO,C :1,003 um, X50,3 =2,980 Lm (B’
0x543=0,077 pm (B.
ox
503 _0.077 5026 (B.
The sample number, N, in this case is relatively large, then the uncertainty becomes small and satisfi¢

the crite
three Kkir

Fia.of feference particles. This is due to the fact that the geometric standard deviations of t}
dsof particles are extremely small.

A1

)
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Annex C
(informative)

Example of uncertainty estimation due to mixture fraction and

sample size

ax> O

A

.1 Example 1: Preparation from dry powders

5 an example, a picket is to be prepared from 235 um particles made of polystyrene crosslin
vinylbenzene (PSDVB). Specifications from the manufacturer are as follows:

mean number-based diameter: 235 pum # 3,7 um;
standard deviation of the size distribution: 7,3 um;

particle density: 1,05 g/cm3.

analytical balance (<60 g; display 0,01 mg): U = 0,00043\g + 6,54 x 10-6 x mass (g);
microbalance (<5,2 g; display 1 ug): U= 0,001 7 mg*'9,70 * 10-6 x mass (mg).

[eighing 200 mg on the analytical balance (28 000 particles) has an uncertainty of 0,13 mg
5ing the microbalance, an uncertainty of 0,036 mg is obtained. Such amounts can be we
uminium foil, where the foil is the dropped.ith the particles into the dispersant.

[eighing 10 mg on the microbalance*(¥ 500 particles) has an uncertainty of 0,001 8 m
jan 1 particle. Using the analytical-balance would introduce a weighing uncertainty of 0,]
B particles.

.2 Example 2: Preparation from suspensions

5 an example, a picketis to be prepared from a suspension of 10 um particles made of polysty}

specifications of themanufacturer are as follows:

mean numbern-based diameter: 10,00 pm * 0,08 um;
standard deviation of the size distribution: 0,09 um;
nominal particle mass fraction: 10 %;

particle density: 1,05 g/cm3.

n analytical and a microbalance are available. The weighing uneértainties are given as follows:

ked with

(0,07 %).
ighed on

b or less
|3 mg or

rene. The

An analytical and a microbalance are available. The weighing uncertainties are given as follows:

— Analytical balance (<60 g; display 0,01 mg): U= 0,000 13 g + 6,54 x 10-6 x mass (g);

— Microbalance (<5,2 g; display 1 pg): U= 0,001 7 mg + 9,70 x 10-6 x mass (mg).

The vessel has a mass of 30 g, thus making the use of the microbalance impossible.

a) Uncertainty of the particle mass fraction

©

This uncertainty involved three weighing steps: Mass of the vessel, mass of the suspension and

finally the dry mass. The standard uncertainties are as follows:

ISO 2017 - All rights reserved
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b)

20

— vessel (30 g): 0,000 33 g;
— suspension + vessel (36 g): 0,000 37 g;
— dry particles + vessel (30,6 g): 0,000 33 g.

Using these data, the dry mass content + standard uncertainty is: 0,100 0 + 0,000 11 g/g (0,11 %).
It might be argued that the definition of constant mass (“subsequent weighings should not differ
by more than 1 mg) should be part of the uncertainty. In this case, the uncertainty would increase
to 0,2 %.

NOTE If the manufacturer specifies systematic and random uncertainties separately, the uncertainty
can He decreased by using the same balance for weighing.

Uncgrtainty of an individual picket
500 mg of the suspension are used to create the picket fence.

The ptandard uncertainty of weighing 0,5 g is 0,000 13 g (0,03 %), which is negligible compared {o
the yncertainty of the determination of the dry mass content.

The jmass of particles added and their standard uncertainty is 50,00 mg/+ 0,058 mg (0,12 %) or
(910[+ 1)* 105 particles.

NOTE The uncertainty of weighing is small enough to allow also wieighing of 100 mg suspension. In thfis
case,the uncertainty of weighing (0,13 %) is no longer negligible and‘a total uncertainty of the added partidle

masq of \10,112 +0,132 =0,17% is obtained. The mas of particles added is therefore 10,00 mg + 0,02 npg
which corresponds to (181,9 + 0,3) * 105 particles.
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Annex D
(informative)

Uncertainty estimation of various cases

Iy
[

—

f

equency distributions based on number and volume are indicated as qq,/A%; and q3,;jAx;, respe

Table D.1 — Date of general particle size distribution

.1 Uncertainty of a volume-based size distribution due to limited number
particles counted

of

order to estimate the uncertainty for the general size distribution, it is necessary to obtain the
lationship between cumulative distribution based on volume and that based on count. The data
general particle size distribution obtained by use of the microscope is shewn in Table[ D.1. For
the particle diameter from x;-1 to x;, n; particles are detected among the total sample size

f N. The
ctively.

Slzeul;inge Int:rl;lval Number Count ratio Mass ratio
X0 - X1 Axq ng q0,1Ax1 q3,10K1
X1-X2 Ax; ny qo,24x7 q3,24K2
X2 - X3 Ax3 ng qo,3Ax3 q3,30K3
Xj-1 -~ X; Ax; n; q0,iAx; q3,iAK;
Xn-1—Xn Axp Np qo,nAxn Q3,nA Kn

th

he cumulative distribution based on number in this size range i is as given in Formula (D.1):

_ nl +n2 +"'+ni _ Xlonl +X20n2 +"‘+Xi0ni

Qo,

Ny +ny +---+ny x10n1 +x,%n, +-+x,%n,
he uncertainty for the siz€ nange i is obtained based on ISO 14488.

Qo (15Qq;)

0Qy; y=U
Qo,i N N

br the general-Size distribution, the uncertainty is given by Formula (D.3) based on Tschg
jeory underithe uncertainty value equal to 1/u? case.

Qo; (1-Qo,; )

(D.1)

(D.2)

byscheff

(D.3)

* \/QO,i*(l_QO,i*)

Qo —u m <Qo,i =W, +“\/ N

where Qg i* indicates the true cumulative distribution on count base.

©
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Fora5 % uncertainty (95 % confidence level) case, the value of u is determined as given in Formula (D.4):

LZ:O,OS u=4,47

u

(D.4)

On the other hand, the cumulative distribution based on volume in the size range i is as given in

Formula (D.5):

3 3 3
X1 N +X,°Ny +-+X:°n;
Qg=— 12—+ T (D.5)
Xl n1 +X2 nz +"'+Xn nn
The valuf of n; is shown as Formula (D.6):
ny =NQo1,n ZN(Qo,z ~Qo,1),n3=N(Qg3 —Qo,z) 04)
.0
n; =N (Qo; —Qo-1) 1y =N(Qon—Qopn1)
Substituting Formula (D.1) into Formula (3), the Formula (D.7) is obtained.
3 3 3
0.t X17Qo1 +X2 (Qo,z—Q0,1)+"'+Xi (QOJ_QOJ—l) _ 9 o1
3T 3 3 3 T '
x1°Qo1+x2° (Qo2 —Qo1 )+ +%,° (Qop—Qopn1) In
where
_l 3 3 3
9i =fk1°Qo1+x2° (Qo2 Qo )+ +x;° (Qo; —Qoi1) (D.$)

For the general case, maximum uncertainty of the cumulative distribution for the size range i is as given

in Formyla (D.9) to Formula (D.13):

0Q5 ; 003 ; 00Q5;
50,1 < LS +l—=L5 ot LS =60Q-; D.9
Q3, 300 1 Qo1 ‘BQO,Z Qo2 as. Qon|=00Q3iN (D.9)
3 3
o 003 _(Xf ~ X )(g"‘gf) (D.10)
ey 9n° '
PRI R
i< aQ3,i X In j j+1 )i 01D
9Qo,j gn°
3 3
i | 2% =0_(X" RN (D12)
9Qo, 9n° b
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