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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards
bodies (ISO member bodies). The work of preparing International Standards is normally carried out
through ISO technical committees. Each member body interested in a subject for which a technical
committee has been established has the right to be represented on that committee. International
organizations, governmental and non-governmental, in liaison with ISO, also take part in the work.
ISO collaborates closely with the International Electrotechnical Commission (IEC) on all matters of
electrotechnical standardization.

The procg¢dures used to develop this document and those intended for its further maintenance-
described|in the ISO/IEC Directives, Part 1. In particular the different approval criteria needed-for {
different fypes of ISO documents should be noted. This document was drafted in accordance with {
editorial fules of the ISO/IEC Directives, Part 2 (see www.iso.org/directives).

Attention|is drawn to the possibility that some of the elements of this document may.be the subject
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Introduction

The Six Sigma and international statistical standards communities share a philosophy of continuous
improvement and many analytical tools. The Six Sigma community tends to adopt a pragmatic approach
driven by time and resource constraints. The statistical standards community arrives at rigorous
documents through long-term international consensus. The disparities in time pressures, mathematical
rigor, and statistical software usage have inhibited exchanges, synergy, and mutual appreciation
between the two groups.

: s)-develops the
topic somewhat generlcally (m the sp1r1t of Internatlonal Standards) then 1llustrates it @hrough the
use¢ of several detailed and distinct applications. The generic description focuses on theceominonalities
across studies designed to assess the association of categorical variables.

Thie Annexes containing illustrations do not only follow the basic framework;\but also identify the
nupnces and peculiarities in the specific applications. Each example will offer at least one “yinkle” to
the problem, which is generally the case for real Six Sigma and other fields application.

© ISO 2016 - All rights reserved v
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Statistical methods for implementation of Six Sigma —
Selected illustrations of contingency table analysis

HS-eoet deseribes-thenecessarystepsforcontingeneytableanalysisand-themethed{o analyse
e relation between categorical variables (including nominal variables and ordinal variabléey).

Thiis document provides examples of contingency table analysis. Several illustrations fronj different
fields with different emphasis suggest the procedures of contingency table analysis using different
software applications.

In this document, only two-dimensional contingency tables are considered.

2 | Normative references

Thlere are no normative references in this document.

3 | Terms and definitions

For the purposes of this document, the terms and definitions given in ISO 3534-1 and ISO 3534-2 and
th¢ following apply.

ISQ and IEC maintain terminological databasesfor use in standardization at the following addiresses:

—| IEC Electropedia: available at http://www.electropedia.org/

—1| ISO Online browsing platform: available at http://www.iso.org/obp

3.1
categorical variable
variable with the measuremert scale consisting of a set of categories

3.2
nominal data
variable with a néminal scale of measurement

[SQURCE: 1SQ\3534-2:2006, 1.1.6]
3.3

orflinal data
variable with an ordinal scale of measurement

[SOURCE: ISO 3534-2:2006, 1.1.7]

34

contingency table

tabular representation of categorical data, which shows frequencies for particular combinations of
values of two or more discrete random variables

Note 1 to entry: A table that cross-classifies two variables is called a “two-way contingency table;” the one that
cross-classifies three variables is called a “three-way contingency table.” A two-way table with r rows and c
columns is also named “r x c table.”

EXAMPLE Let n items be classified by categorical variables X and Y with levels X7, X2 and Y3, Y2, respectively.
The number of items with both attribute X; and Yjis njj. Then, a 2 x 2 table is as follows.

© IS0 2016 - All rights reserved 1
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Table 1 — 2 x 2 contingency table

. Variable Y
Variable X
Y1 Y;
X1 nii niz
X2 n1 nz?
3.5
p-value

probability of observing the observed test statistic value or any other value at least as unfavorable to
the null hypothesis

[SOURCE:[ISO 3534-1:2006, 1.49]

4 Symbols and abbreviated terms

Hyp null hypothesis

H, alternative hypothesis

2 2 Chi-square statistic

G2 likelihood-ratio statistic
n total number of cell count

r x c table contingency table with r rows and ¢ columns

DF degree of freedom

5 Gengral description of contingency table analysis

5.1 Ovgrview of the structure of'eontingency table analysis

This document provides general(guidelines on the design, conduct, and analysis of contingency taple
analysis and illustrates the stepsywith distinct applications given in Annexes A through D. Each of these
examples follows the basic structure given in Table 2.

Table 2 — Basic steps for contingency table analysis

State the overall objective

List attributes of interest

State a null hypothesis

Sampling plan

Process and analyse data

DU W[ =

Accept or reject the null hypothesis (Conclusions)

Contingency table analysis is used to assess the association of two or more categorical variables. This
document focuses on two-way contingency table analysis, which only considers the relation of two
categorical variables. Particular methods for three or more categorical variables analysis are not
included in this document. The steps given in Table 1 provide general techniques and procedures for
contingency table analysis. Each of the six steps is explained in general in 5.2 to 5.7.

2 © IS0 2016 - All rights reserved
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5.2 Overall objectives of contingency table analysis

Contingency table analysis can be employed in Six Sigmal projects in the “Analyse” phase of DMAIC
methodologies, and often used in sampling survey, social science and medical research, etc. Apart
from the usual statistical methods focusing on continuous variables, contingency table analysis mainly
handles the categorical data, including nominal data and ordinal data. In the case that the observed
value is the frequency of certain combinations of several objective conditions, but not the continuous
value from the equipment, the contingency table analysis is needed.

The primary motivation of this method is to test the association of categorical variables, including the

fol
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b)
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d)
e)

5.]

Thiis document considers the association of two categorical’'variables based on the observed

of

If
ve
me

5.
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5 Samplingplan
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to assess whether an observed frequency distribution differs from a theoretical distribut
to assess the independence of two categorical variables;

to assess the homogeneity of several distributions of same type;

to assess the trend association of observations on ordinal variables;

to assess extensive association between levels of categorical variables.

8 List attributes of interest

the characteristic corresponding to combinations of different levels of attributes of interes

he association between quantitative variable and;categorical variable is of interest (e.g
'sus surface decoration), it is necessary to divide ‘quantitative data into ordinal classes
dium, large).

. State a null hypothesis
pothesis for Chi-square test is
the row variable and coluiin variable are independent;

l the alternative hypothesis is

the row variable and column variable are not independent.

the sampling plan for contingency table analysis, variables and the levels should be determ

" twotway contingency tables, there are four possible sampling plans to generate the tableg.

ion;

frequency
L.

. cup size
e.g. small,

. The null

ined first.

The total number of cell count n is not fixed

The total number of cell count n is fixed, but none of the total rows or columns are fixed.

The total number of cell count n is fixed, and either the row marginal totals or the column marginal

totals are fixed;

The total number of cell count n is fixed, and both row marginal totals and the column marginal

totals are fixed.

1) Six Sigma is the trademark of a product supplied by Motorola, Inc. This information is given for the convenience
of users of this document and does not constitute an endorsement by ISO of the product named. Equivalent products
may be used if they can be shown to lead to the same results.

©lI
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The aforementioned four sampling plans correspond to different purposes of categorical data analysis.
Case a) is a random sampling, that all frequency numbers are independent. For example, the number
of customers entering a supermarket during the day is a random variable. The customers are divided
into four classes based on their gender and whether they are shopping or not (male/shopping, male/no
shopping, female/shopping, female/no shopping). These four numbers form a contingency table. Case
b) is applicable to a sampling survey where the sample size is fixed. Case c) is usually an analysis of a
comparative analysis. For example, when conducting a research on the relationship of lung cancer and
smoking, a group of patients with lung cancer and a group of healthy people with similar age, gender,
and other physical condition are chosen for the research. The total number of people in each group is
fixed. Case d) is another test of attribute agreement analysis, usually used to test whether the results
from two[measurement systems are consistent with each other. For attribute agreement analysis, dne
can refer fo ISO 14468. The calculated statistics of the test of independence for the first three cases’are
the same.

Randomization is very important when sampling for experiments. The observations in{each cell are
made on 4 random sample. When it is inconvenient or difficult to attain adequate samples, one shopild
pay close attention to any confounding factors that may affect the results of the analysis.

Table 3 sHows a two-way contingency table with r levels of variable X and c levels of Y. The observed
frequencyf of each combination of the two variables is nj; (i =1,..., r, j=1,...,c).

Table 3 — Layout of a generic r x c contingency table analysis

. Variable Y
Variable X
Y1 Y2 Yc
X1 nii ni nic
X2 nz1 nzz n2c
Xy Nr1 nr2 Nrc

5.6 Prgcess and analyse data

5.6.1 Chi-squared test

Chi-squarp (x?2) test is the most fundamental tool for contingency table analysis to test independence
of variablps. It is commonly used:to compare observed data with some expected data according tp a
specific tgst purpose.

For a one-dimension contingency table, which has only one categorical variable with two or more leve¢ls,
Chi-squarg test, usually-called “goodness-of-fit test,” can be used to assess whether the observed data
classified jpy levelsfollow an theoretical distribution.

two categprical variables are independent. It can test the homogeneity of distributions with same type,

For a twordimensional contingency table, r x c table, Chi-square test can be used to evaluate WhetlF)er
which is allsa“called "hnmngnnpifv test”

Chi-square test is defined to evaluate the distance of the observed data from the expected data. The
formula for calculating Chi-square statistic is:

(0-e)?

e

12=3 )

where

0 isthe observed frequency data;

e isthe expected frequency data.

4 © IS0 2016 - All rights reserved
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The formula is the sum of the squared difference between observed and expected frequency, divided by
the expected frequency in all cells.

Forr x ctable, there are r levels for row variable X, clevels for column variable Y. With the null hypothesis
Hp, X and Y are independent, and the alternative hypothesis Hy, X and Y are not independent, the Chi-
square statistic is calculated as follows:

(2)

where

njj is the observed frequency in the ith level of row variable X and jth level of column variable Y;

mj; is the expected value of njj assuming independence.

Thiis statistic takes its minimum value of zero when all njj =my;. For a fixed sample sizg, greater
differences between n; and mj produce larger x2 values and stronger“evidence against Ho. The x2
stdtistic follows a asymptotic Chi-square distribution for large n, with"degree of freedom (DF) = (r-1)
(c-1). Reject the null hypothesis if the p-value is less than the pre-specified value, commonly taken at
0,d5. The Chi-square approximation improves as m;j increases. Note that when any cell expe¢ted value
is less than 5, the Chi-square test is not appropriate.

An| alternative method for independence test is using likelihood-ratio function through the rgtio of two
m4dximum functions. For r x c table, the likelihood functions are based on multinomial distribution, and
the¢ likelihood-ratio statistic is

C

r n..

2

G :ZZZHU. log| —- (3)
i-1 j=1 m;;

Thijis statistic asymptotically follows thécy? distribution. The two methods usually have [the same
properties and provide same conclusiens.

If #p is small, the distribution of statistics x2 and G2are less Chi-squared. Usually, if there exigts at least
ong expected value less than 5 (in some statistical software, the criterion is slightly different), Fisher’s
exqict test is used. In this case) the observed data follow the hypergeometric distribution, which is the
exfict distribution of the datd. The calculation is much more complicated than x2 and G2 where ftatistical
software is often used.\There is another way to handle the case when the expected value is ftoo small.
Onfe can combine the row or column to the adjacent one to increase the expected values before the
independence test,~However, this method should be used with caution; combining columns/rows
mdy reduce interpretability and also may create or destroy structure in the table. If there is no clear
gujdeline, the\combination method should be avoided.

It ghould-be noted that Chi-square test is basically a test of significance. It can help decide if a rejationship
ex]sts,but not how strong it is. Chi-square test is not a measure of strength of association.

In this document, Chi-squared test is used to assess three types of comparisons: test of goodness-of-fit,
test of independence, and test of homogeneity:.

a) Test of goodness-of-fit compares the observed values and theoretical distribution to determine
whether an experimenter’s prediction fit the data.

b) Testofindependence determines whether there is a significant association between two categorical
variables.

c) Test of homogeneity compares two sets of categories to determine whether the two groups are
distributed differently among the categories.

© IS0 2016 - All rights reserved 5
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5.6.2 Linear trend test

When both row and column variables are ordinal data, linear trend test can be used to test whether a
trend exists when a variable changes. However, binary variable can also be treated as ordinal data (e.g.
no heart disease as “low” risk condition versus having heart disease as “high” risk condition). There are
two directions of the trend. Given two ordinal variables X and Y, as the level of X increase, response on
Y tends to increase to higher levels (positive linear trend), or response on Y tends to decrease to lower
levels (negative linear trend).

Correlation coefficients are sensitive to linear trends. Two common used correlation coefficients are

Pearson's rand Shaarian’c vho Doarcnn’c corrglation ic 4 ymaacnirag Af linagar rolationchin haotvaan + NO
R pear - S He—eadrSe i 5o ettt hedStre-orheatrTeratoRsHpBeeweeh 2 Y

variables.|The calculation of Pearson’s r is based on the number of observations. Spearman’s rha’is a
nonparanjetric statistic, using rank orders instead of observations.

Other three correlation coefficients assessing the trend association are Goodman and-Kruskal’§ y,
Kendall’s [r (tau-b), and Somers’ D. These nonparametric methods depend on the scores\of the data in
the rows ¢r columns, but not on the quantitative value of each cell.

The values of correlation coefficients range from -1 to 1. The closer the value o, 1, the more positjve
the linear|trend is; the closer the value is to -1, the more negative the linear ¢rend is. If the value ig 0,
there is ng relationship. Kendall’s 7, like Goodman and Kruskal’s y, tests thesignificance of associat]on
between ¢rdinal variables, and it includes tied pairs (identical pairs) in its‘calculation, which y ignorjes.
For Someqs’ D, D R|C and D C|R measure the strength and direction of the Telationship between pairg of
variables,|with row variable and column variable as the response vatiables, respectively.

These coeffficients just give a result of the possibility of trend association, but the trend association tpst
shows strength of the relationship. For each coefficient, calculate the test statistic z (z =y, 7, or d) and|its
standard prror o,. The statistic is

U=+ (4)

9z

with the hull hypothesis Hg variables X and-¥are independent. U follows the asymptotic standgrd
normal djstribution when Hy is true. Rejectthe null hypothesis if the p-value is less than the pfe-
specified yalue, commonly taken to be 0,05:

Loglinear[Model is another useful method for contingency table analysis, which is not included in this
documeny. The models specify how expected cell counts depend on levels of categorical variablles
and allow| for analysis of asso€iation and interaction patterns among variables. It often uses for hjgh
dimensional tables. Loglinear/Model method contains quite a few calculations, which is usually with the
aid of conjputer.

5.6.3 CIrrespondence analysis

Correspondence.analysis (CA) is a statistical visualization method to analyse the association betwegen

levels of rpw’and column variables in a two-way contingency table. This technique transforms the rows
and colunwﬁnﬁﬂaﬁm&;ﬁmﬂmﬂsw&ihﬂihumﬁhm&ﬂh&mmmmmmt

are consistent with their association in the table.

CA changes a data table into two sets of new variables called “factor scores” (obtained as linear
combination of row and columns, respectively). The factor scores represent the similarity of the rows
and columns structure. Plot the factor scores in a plane that optimally displays the information in the
original table. This plot is the standard symmetric representation of CA.

CA is intimately related to the independence Chi-square test. The total variance (often called “inertia”)
of the factor scores is proportional to independence x2 statistic and the factors scores in CA decompose
this x2 into orthogonal components.

In a symmetric CA plot, the distance between two row (respectively column) points in the coordinate
plane is a measure of similarity with regard to the pattern of row (respectively column) relative

6 © IS0 2016 - All rights reserved
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frequency data. When two row (respectively column) points are close to each other, it shows that there
points have similar profiles. However, the positions of row and column points with respect to each
other are not directly comparable and should be interpreted with caution. In this case, use asymmetric
plot instead. In the asymmetric plot, the distance from a row point to a column point reflects their
association directly.

5.7 Conclusions

For the independence test, when p-value is less than the prescribed significance level, it shows a
significant association between the variables, and the null hypothesis that the two variables are

independent should be rejected.

When calculating correlation coefficients for ordinal variables, the positive coefficientz () < z < 1)
implies that variables have a positive trend; else, the negative z (-1 < z < 0) shows a negative trgnd. From

thg
ths

Co
clo
6

Fo
su

Description of Annexes A through D

Table 3 — Example summaries listed by annex

 linear trend test that evaluates the strength of positive trend or negative trend,small p-yalue (less
in the significance level) indicates there exists evidence for the positive trendor negative trend.

F'respondence plot shows the association of different levels of rows ahd-columns. In general, the
ser the points are, the more similarity between them.

ir distinct examples of contingency table analysis are illustrated in the annexes, which have been
mmarized in Table 3 with the different aspects indicated:

Annex Example Contingency table analysis details

Distribution of number of techs

A nical issues found after product |Goodness-of-fit test, JMP
release to the field

B What is your perception’about 3 x 5 table, independence test, correspondence
contented life? test, Minitab

C Customer satisfaction research 3 x 3 table, independence test, Fisher’s exact tet,
on beer linear trend test, correspondence test, SAS

D Proportions of npncqnformmg 4 x 2 table, independence test, Q-DAS
parts.of production lines.

© ISO 2016 - All rights reserved
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Dist

A.1 General

In the tel
base tran

before thgir “release” in order to optimize their success and their performance oncejintroduced in {
field. Marly products are likely to be released for a given platform, with each ome_of these produ

going thr
of a new

improvenjents to the product will also be launched according to a specifiedpre-launch process. T
complex thultilevel pre-launch process is very well documented and the corresponding products,
they a new platform, a new product within a platform, or a revision af-hardware or software withi
product, go through considerable testing (verification, validation, rfegression testing, etc.) before th
are released.

The effectiveness and efficiency of the pre-launch process is assessed after release by the number
issues regorted by customers to the technical support cextre. Once a product is released, it is clos

Annex A
(informative)

ribution of number of technical issues found after product
release to the field»

bcommunications industry, new platforms such as a new mobile device platform or a n
bceiver station (BTS) platform follow a very complex and lengthy pre-launch testing proc

ugh a pre-launch process as well, somewhat simpler and shorter thanthe'pre-launch proc
platform, but still quite extensive. For a given product, many revi§ions consisting of smj

ew
bSS
he
Cts
PSS
all
his
be
h a

ey

of
ely

monitored during a period of one year in order to capture and fix as quickly as possible any issyes

that may
allocated
why issue

At any po
are being
these pro

cause a “qtop shipment,” level B being the next priority, and level C being the lowest priority as tl

category
B is track

staffing r¢quired by the centre'to ensure satisfaction of the customers.

A2 Att
The data

by the teg¢hnical customer centre on an hourly basis. Only technical issues associated with produ

launched

have been overlooked during the pre-launclyprocess. Thus, appropriate staffing needs to
for that purpose. “Lessons learned” are developed as to why issues were missed, as well
s were introduced in the first place, andiactions to prevent them in the future are taken.

int in time, there are around 200\products, all within one year from their release date tl
monitored simultaneously by.the technical support centre. Every technical issue found
Hucts is classified as a level A, B, or C, with level A being the highest priority and likely]

onsists of issues not affecsting the user directly. The number of technical issues of level A a
bd on an hourly basis and its distribution is modelled to provide information on the level

ributes ofinterest

bf interest consists of the number of technical issues of level A and B received and logged

be
as

hat
on
to
hat
nd

of

in
cts
cal

forless than a year are of interest in this study — it is rare to find such important techni

issues visible to the user after the first year’s release. This data is needed to estimate the staffing of the

technical

centre to ensure speedy and complete resolution of the customer’s issues.

A.3 Hypotheses

Our null hypothesis is that the hourly number of technical issues logged in follows a Poisson distribution
with mean and standard deviation to be estimated from the data. A Poisson distribution is a very
commonly used distribution to model number of defects that arrive during a specified time interval.

Hp: Number of technical issues A/B received per hour by the technical centre follows a Poisson
distribution.

2) This case study was provided by Dr. Michéle Boulanger, JISC-Statistics, Inc.

8
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H,: Number of technical issues A/B received per hour by the technical centre does not follow a Poisson
distribution.

A.4 Sampling plan

The technical customer centre provided the log of all the technical issues that were reported during its
10 h x 6 d weekly operation. For this study, the “sample” consists of all the technical issues of level A/B
received over the last two weeks (120 h) and we assume that these two weeks are a “representative”
sample of the past weeks and of the future weeks to come.

A.p Raw data

Thle data are shown in Table A.1.

Table A.1 — Number of first year post-release technical issues A/B legged in per hour

Number of first year post-launch Frequency.
technical issues A/B per hour (Number of
during validation week hour's)
0 96
1 11
2 6
3 1
4 3
5 0
6 2
7 1
8 0
9 0
10 0

A.p Analysis
Thle analysis of the data'in Table A.1 was carried out with SAS JMP Pro Version 11.

Summary statisties are provided in Table A.2.

Table A.2 — Summary statistics

Mean 0,475

Std Devu 12490958
Std Err Mean 0,114 105
N 120

It is useful to look at the summary statistics, in particular at the mean (0,475) and standard deviation
(1,25). A Poisson distribution has the characteristic that its mean and variance are equal. Here, the
sample variance is 1,562 4, somewhat larger than the mean, and this raises a question as to whether the
Poisson distribution will be a good fit for the data.

Figure A.1 shows the fitted Poisson distribution to the data, with mean setup to be equal to the sample
mean. The red line is the fitted distribution.

© IS0 2016 - All rights reserved 9
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Figure A.1 — Histogram of number of technical issues A/B per hour and fitted Poisson
distribution
Table A.3 —Number of technical issues A/B per hour.and expected frequencies
Number of first year post-launch Frequency Expected
technical issues A/B per hour (Number of frequencies
during validation week hours) for Poisson
0 96 74,63
1 11 35,45
2 6 8,42
3 1 1,33
4 3 0,16
5 0 0,02
6 2 0,00
7 1 0,00
8 0 0,00
9 0 0,00
10 0 0,00

There are a few cells in Table A.2 with expected frequencies less than 5. To ensure the validity of the
Pearson Chi-square test of goodness of fit, regroup the cells with low cell count as shown in Table A.3.

10
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Table A.4 — Consolidated number of technical issues A/B per hour and goodness-of-fit
calculations for Poisson distribution

Consolidated Expected
number of first pecte Expected fre- . .
year post release | Frequency probability quencies Chi-square |Chi-square p-value
. . with consoli- . elements statistic
technical issues dated cell for Poisson
A/B per hour ated cells
0 96 0,622 74,63 6,12 — —
1 11 0,295 35,45 16,86 — —
2+ 13 0,083 9,93 20,70 — —
_ — — — — 43,69 <0,001

A./ Conclusions

Thie null hypothesis is rejected and the Poisson distribution should not beyuséed to make predictions
abput staffing level or improvement in the launch process.

Thiere are other distributions that can be fitted to these data. In patticular, in the case of dount type
of [data and overdispersion (variance larger than the mean, which is the situation in this Appendix),
th¢ Gamma Poisson distribution, also known as the “negative bihemial distribution,” often 1s a better
fit|{than the Poisson distribution as it arises from a mixture ‘'of Poisson distributions, the[means of
which follow a Gamma distribution. If the number of techni¢al A/B issues from each product follows a
Pojsson distribution but the means of the Poisson distributions for different products follow|a Gamma
didtribution, then the resulting distribution of technical’A/B issues which is being observed yvill follow
a (Jamma Poisson distribution.
96

g
O
)g%

11

Key
e Gamma Poisson (0,475, 3,851 87)

Figure A.2 — Histogram of number of technical issues A/B logged in per hour
and fitted Gamma Poisson distribution

There are a few cells in Table A.2 with expected frequency less than 5. To ensure the validity of the
Pearson Chi-square test of goodness of fit for the Gamma Poisson distribution, we regrouped the cells
with low cell count as shown in Table A.5.
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Table A.5 — Consolidated number of technical issues A/B per hour and goodness-of-fit

calculations for Gamma Poisson distribution

Consolidated
. number of Expected proba- Expected fre- . Chi-
first year post- - . . Chi-square
. Frequency | bility with consol- quencies for square p-value
release technical . . elements P
. idated cells Gamma Poisson statistic
issues A/B
per hour
0 96 0,799 95,86 0,000 — —
1 T 0,099 11,82 0,057 — —
2 0,043 5,10 0,157 — —
3+ 7 0,060 7,21 0,006 — —
— — — — 0,221 0,638
This time) the null hypothesis, Hyo: The data is from the Gamma Poisson distribution, is.not rejected and

thus, it ca
known as

From Tabl

One more
number o
of our twq

Data werdg
per hour i

12

Table

Table A.6 — Parameter estimates

Type Parameter Estimate Lower 95% Upper 95 %
Location A 0,475 0,287)350 2 0,824 8182
Overdispersion o 3,851 874 4 2;321 3995 8,015 8286
2log(Likelihood) = 197,831 173 887 326

e A.6, the data follows the Gamma Poisson distribution with A = 0,475 and o = 3,85.

I be used for staffing purposes. As noted previously, the Gamma Poissofidistribution is a
“negative binomial distribution.”

verification needs to be done before adopting the Gamma Poisson distribution for our houlrly
f technical issues A/B. It relates to the.assumption made regarding the “representativenefs”
weeks’ sample for our data.

SO

collected for one more week (60.h) to assure that the distribution of technical issues recorded

5 stable (similar to our two-week analysis period). Data is given in Table A.7.
A.7 — Frequencies oftechnical issues A/B per hour for one additional week of 60 h
Namber of first year post launch Frequency
technical issues A/B per hour (Number
during validation week of hours)
0 48
1 6
2 3
3 0
4 2
5 0
6 1
7 0
8 0
9 0
10 0
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Table A.8 — Summary statistics

Mean 0,433 3333

Std Dev 1,125 4629

Std Err Mean 0,145 296 6

N 60

48
[
6
3 2

[ e e R

0 1 2 3 4 5 6 7 8 9 10

Key
Gamma Poissof (0,475, 3,851 87)

Figure A.3 — Histogram of niimber of technical issues A/B logged in per hour for one afditional
weeKkof 60 h and fitted Gamma Poisson distribution

Figure A.3 shows data-of the additional week fit Gamma Poisson (0,475, 3,851 87) very well. It is not
enpugh to make the-conclusion that the two sets of data follow the same distribution. The tgst can be
cafried out by using the likelihood ratio test as follows:

Taple A.9 —Rarameter estimates (from the additional data)

Type Parameter Estimate Lower 95 % Upper 95 %
Location A 0,4333333 0,214 826 2 0,960 899 7
Overdispersion o 3,3151288 1,7519311 9,907 578 1
-2log(Likelihood) = 95,969 897 007 548 6

Table A.10 — Parameter estimates (from the combined data)

Type Parameter Estimate Lower 95 % Upper 95 %
Location A 04611111 0,306 933 2 0,713 2089
Overdispersion o 3,671 5389 2,410920 8 6,488 796
-2log(Likelihood) = 293,883 609 376 736

The likelihood ratio statistic is calculated as follows:

© ISO 2016 - All rights reserved
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G =293,883 609 376 736-(197,831 173 887 326+95,969 897 007 548 6) = 0,082 538 48

The p-value is evaluated in the Chi-square distribution with 2 degrees of freedom. Large values being
critical for the null hypothesis, the p-value is 0,959 570 7 = 0,96.

This likelihood ratio test tests the null hypothesis that the parameters of the Gamma Poisson
distributions of the two samples are the same. The Chi-square distribution has 2 degrees of freedom
because the number of unknown parameters is reduced by 2 from 4 to 2 unknown parameters.

In conclusion, the estimated Gamma Poisson distribution with fixed parameters 0,475 and 3,851 9

fit the dat
purposes,

the futurd.

14

ta collected during the verification week well and we can use that distribution for staffing
as well as for assessing the improvement made to the pre-launch process that will be madg in
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Annex B
(informative)

People’s perception about contented life»

B.I—General

An| organization named “Manashakti Research Centre,” located in Lonawala (about‘100 kms from
Mumbai, details of the address are 76, Mumbai- Pune Road, Varsoli Lonavla 41040Y, Maharashtra,
India), west part of India, works toward the wellness of the society and has prégrams for| pregnant
mdthers/fetus, children, and adults of all ages. It is run without donations an@,governmenf support.
Volunteers of the organization give their time, and families who attend the workshops pay nominal
feds. There are about 80 families who have dedicated their lives to the activities of the centref The MRC
re¢ently carried out a survey of various age groups to investigate people’s,perception of contented life.

B.2 Attributes of interest

In [this survey, one of the questions asked to participantsyin/age groups 25 to 40, 41 to 40, and 60
abpve was

What is your perception about contented life?

A) Plentiful money

B)|Sterling standard of living

C) [Peacefulness in family

D)|Prestige

E)|Accomplishment of responsibility/spiritual progress

Thle number of each choicé among different age groups is recorded.

B.B Raw data

Table B.1 lists.theraw data.

Table B.1 — Cross-classification of people’s perception about contented life

Code
Apegroup A B C D E
25t0 40 25 69 538 11 12
41to 60 17 49 467 7 85
61 and above 6 29 271 5 57

B.4 Contingency table analysis

Contingency table analysis is conducted by Minitab 16%).

3) This case study was provided by Dr. Avinash Dharmadhikari, Tata Motors.

4) Minitab is the trade name of a product supplied by Minitab, Inc. This information is given for the convenience of
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B.4.1 Independence test

Chi-square test is used to test whether there exists association between age and their perception about

contented life.

Null hypothesis Ho: people’s age and their perception about contented life are independent.

Alternative hypothesis H,: people’s age and their perception about contented life are not independent.

Statistics in Table B.2 shows the count, expected count, and Chi-square for each cell.

Table B.2 — Tabulated statistic

A B C D E AH

25 69 538 11 12 655
25to0 40 19,08 58,43 507,15 9,14 61,21 655,00

1,8385 1,9139 1,8769 0,3779 39,560 2 —

17 49 467 7 85 625
41 to 60 18,20 55,75 483,92 8,72 58440 625,00

0,0796 0,8171 0,5916 0,3402 12,1111 —

6 29 271 5 57 368
61 and abgve 10,72 32,83 284,93 5,14 34,39 368,00

2,077 1 0,445 8 0,681 2 0,0036 14,868 0 —

48 147 1276 23 154 1648
All 48,00 147,00 1 276,00 23,00 154,00 1 648,00
Cell Contepts: Count

Expected count

Contribution to Chi-square
Pearson Chfi-square = 77,583, DF = 8, p-value 20,000
Likelihoodfratio Chi-square = 93,506, DF ¥ 8)p-value = 0,000
Chi-squarg value is 77,583, and'prvalue is 0,000 is less than the significance level 5 %, which shows that
the null hypothesis Hp should-be rejected, i.e. people’s age and their perception about contented life are
not indep¢ndent.

B.4.2 Correspondence analysis

Table B.3

Table B.3 — Chi-squared decomposition

bives the'inertia and Chi-square decomposition results.

Axis Inertia Percent Cumulative
Percent

1 0,046 6 0,9899 0,989 9

2 0,000 5 0,0101 1,000 0

Total 0,047 1 — —

The total inertia is 0,047 08, and 98,99 % of the total inertia can be interpreted by dimension 1.

users of this document and does not constitute an endorsement by ISO of the product named. Equivalent products
may be used if they can be shown to lead to the same results.
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Table B.4 — Row contributions

ID Name Dimension 1 Dimension 2
Coordinate Coordinate
Age 25to 40 -0,264 0,003
Age 41to 60 0,147 -0,024
Age 61 and above 0,219 0,034

Table B.5 — Column contributions

ID Name Dimension 1 Dimension 2
Coordinate Coordinate
1 A -0,268 -0,108
2 B -0,146 0,020
3 C -0,050 0,001
4 D -0,156 0,084
5 E 0,657 =0,006

Table B.4 and B.5 show the coordinates of row and column levels. Plotting the points

amensional plane, Figure B.1 is obtained.

in a two-

© ISO 2016 - All rights reserved
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Figure B.1 — Symmetric correspondence analysis plot

perceptioh of\contented life, which is different from young people. Answer E is isolated from all other
answers.

The corrgspondence analysis plot in Figure B.1 shows that old and middle-aged people have simi{\ar
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Figure B.2 — Asymmetric correspondence analysis plot

Figure B.2.implies that young people have slightly different perception of contented life frojm middle-
aged and old people. All of them choose relatively more peacefulness in family, sterling standarfl of living,
anf prestige. While middle-aged and old would consider accomplishment of responsibility/spiritual
progress more compared with young people.

B.5 Conclusions

The Minitab results above indicate that people in different age groups have different perception of
contented life. Young and older people have different considerations. Young people usually consider
family, sterling standard of living, and prestige important in their life, but for people older than 40,
accomplishments of responsibility/spiritual progress is relatively considered more important.
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C.1 Generat

The degr
research i
questions
help the ¢
relationsh

to win mdre market.

C.2 Att

To investigate Chinese customer satisfaction with the beer, the questionnaire contains the age of 1
pes and the degree of the satisfaction. For the age variable;t is classified to three categories:

interview
young (ag
it is class
interview,
combinati
between (¢
relations.

C.3 De

The cust
interview]
period of

C.4 Raw data

Table C.1

Annex C
(informative)

Customer satisfaction research on a brand of beer»

be of customer satisfaction with a particular brand of beer is researched in China. T
s based on a survey on 243 people of age older than 18. All the interviewees answered seve
including his/her age, degree of satisfaction with the beer, etc. This sampling survey wox
ompany to collect information of customers’ preference with regard to different age. T
ip of customers’ age and their satisfaction degree will help to make furthertargeted strate

ributes of interest

e 18 to 39), middle (age 40 to 59), and old (age 60 and above). For the levels of satisfacti
fied to three levels: low, medium, and high. The response variable is counting how m4
ees in each age category are satisfied with the beer at every level. There are nine possi
ons of the counting. The objective of the study*is to explore whether there is an associat

5ign a sampling plan for study,

mer satisfaction investigation 1S carried out by telephone survey. The total number
bes is not fixed. All the peopletare selected randomly to answer the questionnaire in a cert
ime.

ists the data-collected.

Table.€.1 — Cross-classification of customer’ satisfaction with the beer

his
ral
h1d
he

gy

he

b1,
ny
ble
on

ustomers’ age and their satisfaction degree with the beer and further for the correspondence

of
hin

Satisfaction Evaluation
Age ; ;
low medinm hlgh
Young 3 45 86
Middle 1 18 61
Oold 3 3 23

5) This case study was provided by Ms. Jian Kang, China National Institution of Standardization.
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C.5 Contingency table analysis
Contingency table analysis in SAS®) is used to assess the independence and linear trend of the categorical

variables, as well as the correspondence analysis producing a visual representation of the relationships
between the row and column categories.

C.5.1 Independence test

Chi-square test is adopted to test the independence of the row and column variables.

Alternative hypothesis H;: customers’ age and their satisfaction degree are not independenit.

Stqtistics in Table C.2 shows the frequency, expected frequency, and Chi-square for €ach cell. Qld people
of Jow and medium evaluation for the beer have the two biggest cell Chi-squaré|\centributigns, which
implies the satisfaction degree of old people may be different from young and middle-aged p€ople.

Table C.2 — Tabulated statistics

Age Evaluation Total

Frequency Low Medium High

Expected Cell

Chi-square

Young 3 45 86 134
3,860 1 36,395 93,745
0,191 6 2,034 5 0,6399

Middle 1 18 61 80
2,304 5 21,728 55,967
0,7385 0,639 8 0,452 6

old 3 3 23 29
0,835 4 7,876 5 20,288
5,6088 3,019 2 0,362 5

Total 7 66 170 243

Repults of independence-test are shown in Table C.3. The Chi-square value assesses whethdr the two
variables (customefs™age and their satisfaction degree for the beer) are independent of epch other.
The p-value represents the probability of observing the calculated test statistic could have|occurred,
assuming that thé null hypothesis is true. If the p-value is less than the pre-specified signifidance level
(alpha), which'is often 0,05, the null hypothesis should be rejected. If one rejects the null hypothesis at
the 5 % level, this implies that only 5 % of chance would be the supposed process produce a finding this
exfremef the null hypothesis is true.

Table C.3 — Chi-squared test

Statistic DF Value Probability
Chi-square 4 13,6873 0,0084
Likelihood ratio Chi-square 4 12,4658 0,0142
Warning: 33 % of the cells have expected counts less than 5. Chi-square may not be a valid test.

In Table C.3, the Chi-square value is 13,687 3, and the p-value is 0,008 4; the likelihood ratio Chi-square
is 12,465 8, and p-value is 0,014 2. Both two p-values are less than 0,05, which represents the null

6) SAS is the trade name of a product supplied by SAS Inc. This information is given for the convenience of users
of this document and does not constitute an endorsement by ISO of the product named. Equivalent products may be
used if they can be shown to lead to the same results.
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hypothesis is rejected. But note the warning statement: 33 % of the cells have expected counts less than
5. Chi-square may be not a valid test. So, Fisher’s exact test should be used in this case (see Table C.4).

Table C.4 — Fisher’s exact test

Table Probability (P) 8.282E-06
Pr<P 0,010 6

In Table C.4, p-value is 0,010 6, which is less than 0,05. This shows that the null hypothesis should be
rejected, i.e. evidence shows that customer’s age and their degree of satisfaction with the beer are not
independé¢nt.

In Table (.2, the cell Chi-square values of old people are much higher than those of customers'in other
age categgries, which shows that old people’s preference may be different from middle-aged.and yoyng
people. Td confirm this result, the test is repeated without old people.

Table C.5 — Tabulated statistics (with young and middle-aged interviewees)

Age Evaluation
Frequency Low Medium High Total
Expected
Cell Chi-square
Young 3 45 86 134
2,504 7 39,449 92,047
0,098 0,7812 0,397 2
Middle 1 18 61 80
1,495 3 23,551 54,953
0,164 1 1,808 5 0,665 3
Total 4 63 147 214

Table C.6 — Chi-squared test (with young and middle-aged interviewees)

Statistic DF Value Probability
Chi-square 2 3,414 4 0,181 4
Likelihood ratio Chirsquare 2 3,498 9 0,1739
Warning: 33 %"ef-the cells have expected counts less than 5. Chi-square may not be a
valid test.

Tables C.§ and C.6 give the statistics and Chi-square test results, but still with a warning that 33 % of
the cells have expécted counts less than 5, so the Chi-square test may not be valid. Further use Fishéer’s
exact test

Table Probability (P) 0,009 7
Pr<P 0,158 0

Fisher’s exact test result shows the p-value is 0,158 0, larger than 0,05, which implies that there is
evidence of independence between people of age below 60 and their preference of the beer.

The independence test with all customers and the test without old customers show that old people’s
satisfaction degree with the beer are significantly different from the customers in other age categories.
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C.5.2 Linear trend test

Because the row and column variables are both ordinal data, linear trend test can be used for further
analysis. Table C.8 shows several correlation coefficients value for ordinal variables, the asymptotic
standard error (ASE) for each statistic, and 95 % confidence limits.

A Spearman correlation 0,126 4 suggests a weak association between customers’ age and their
satisfaction degree. The statistic Gamma is 0,245 0, Kendall’s tau-b is 0,120 9 and Somers’ D C|R is
0,105 5 — all of them suggest there exists a weak positive trend. In Tables C.9 and C.10, p-values in
the test for Kendall’s tau-b and Somers’ D C|R are all less than 0,05, which indicates a weak positive

aciatian 3 o coticfo oo cazarl dbh o b rlhhaoc o tuaols oo oc oo T oo o
as; UCIAUIVUIL, 1. C., OAUIoTAULIVIT VVILIT LIIU ULUT ITdo d VWLUAdNIZW TITIvI vdoLe do usb ITICI CAOC O,

Table C.8 — Statistics for measures of association

Statistic Value ASE 95 % ConfidenceTimits
Gamma 0,2450 0,125 6 -0,001 2 0,491 3
Kendall’s tau-b 0,1209 0,0609 0,001 6 0,240 3
Stuart’s tau-c 0,090 7 0,045 7 0,001 1 0,180 3
Somers’ D C|R 0,105 5 0,053 2 0,001 2 0,209 7
Somers’ D R|C 0,1387 0,070 1 0,0013 0,276 1

Table C.9 — Test for Kendall’s tau-b (test of Hp: tau-b = 0)

ASE under Hy 0,0609

Z 1,984 1
One-sided Pr>7Z 0,023 6
Two-sided Pr > |Z} 0,047 2

Table C.10 — Test for Somers’ D C|D (test of Hyp: Somers’ D C|R = 0)

ASExinder Hy 0,053 2

7 1,984 1
One-sided Pr>7Z 0,023 6
Two-sided Pr > |Z] 0,047 2

C.5.3 Correspondence analysis

Cofrespondence, analysis provides a multidimensional representation of the association between
th¢ row and eolumn categories. Table C.11 shows the row profiles, each cell value is obtairjed by the
frdquency.of the contingency table divided by the row sum. Singular value indicates the ass¢ciation of
the levelsof row and columns in a two-dimensional plane.

Table C.11 — Row profiles

High Medium Low
Young 0,6418 0,022 4 0,3358
Middle 0,762 5 0,012 5 0,2250
0ld 0,821 4 0,071 4 0,107 1

Chi-square in Table C.12 is the same statistic from Chi-square test; the value is 10,090 8. Inertia measures
the strength of association of row and columns. The total inertia is 0,041 7, 81,32 % of which can be
interpreted by dimension 1, which implies most of the relations can be interpreted by dimension 1.
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Table C.12 — Inertia and Chi-squared decomposition

Singular value Inertia Chi-square Percent Cumulative percent
0,184 15 0,03391 8,206 2 81,32 81,32
0,088 25 0,007 79 1,884 6 18,68 100,00
Total 0,041 70 10,090 8 100,00 —

Degrees of freedom = 4

Table C.13 shows that the first dimension distinguishes mostly between young people and the others,

which means Young ppnp]a have different evaluation of the heoor r‘nmparnr] tothe others—Erom
Table C.14, category medium stays on the left side of the origin far away from the other two categadri¢s.

Table C.13 — Row coordinates

Dimension 1 Dimension 2
Young -0,1338 0,046 5
Middle 0,070 3 -0,1210
Oold 0,439 6 0,123 0
Table C.14 — Column coordinates
Dimension 1 Bimension 2
Low 0,496 0 0,499 8
Medium -0,2829 0,0489
High 0,092 3 -0,036 6

Tables C.13 and C.14 with row and column coordinates result in a scatter plot. The correspondence

analysis glot in Figure C.2 indicates middle-aged customers have high satisfaction, young people hgve
medium sptisfaction, and old people have relatively low satisfaction.

24
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