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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards bodies
(ISO member bodies). The work of preparing International Standards is normally carried out through ISO
technical committees. Each member body interested in a subject for which a technical committee has been
establish i ttee: i iZatiorTs; d
non-governmental, in liaison with ISO, also take part in the work. ISO collaborates closely withYihe
Internatignal Electrotechnical Commission (IEC) on all matters of electrotechnical standardization.

Internatignal Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Part’2.
The main task of technical committees is to prepare International Standards. Draft International Standards
adopted py the technical committees are circulated to the member bodies for voting:\Publication as gn
Internatignal Standard requires approval by at least 75 % of the member bodies casting.a-vote.
In excepfional circumstances, when a technical committee has collected data-of a different kind from thpat
which is hormally published as an International Standard (“state of the art”, for.example), it may decide by|a
simple mpjority vote of its participating members to publish a Technical Report. A Technical Report is entirelly
informatiye in nature and does not have to be reviewed until the data <t provides are considered to be no
longer valid or useful.

Attention|is drawn to the possibility that some of the elements of this document may be the subject of patent
rights. ISP shall not be held responsible for identifying any or allsuch patent rights.

ISO/TR 14999-2 was prepared by Technical Committee I{SO/TC 172, Optics and photonics, Subcommittge
SC 1, Fuhdamental standards.

ISO 14999 consists of the following parts, under.the general title Optics and photonics — Interferometiic
measurement of optical elements and optical systems:

— Part|1: Terms, definitions and fundamental relationships (Technical Report)
— Part2: Measurement and evaluation techniques (Technical Report)
— Part[3: Calibration and validation of interferometric test equipment (Technical Report)

— PartU: Interpretation-and evaluation of tolerances specified by ISO 10110

iv © ISO 2005 — All rights reserved
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Introduction

A series of International Standards on Indications in technical drawings for the representation of optical
elements and optical systems has been prepared by ISO/TC 172/SC 1, and published as ISO 10110 under
the title Optics and photonics — Preparation of drawings for optical elements and systems. When drafting this
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lerance, it became evident to the experts involved that additional complementary documentationyis

lerances can be demonstrated. Therefore, the responsible ISO Committee ISO/TC 172/S€ 1 d
epare an ISO Technical Report on Interferometric measurement of optical wavefronts. and surfag
btical elements.

hen discussing the topics which had to be included into or excluded from such“a Technical Repq
nvisaged that it might be the first time, where an ISO Technical Report or Standard is prepared wh
th wave-optics, i.e. that is based more in the field of physical optics than in‘the field of geometrical
consequence only fewer references than usual were available, which made the task more difficult.

hvisaging the situation, that the topic of interferometry has so far been left blank in ISO, it was th
sh to now be as comprehensive as possible. Therefore there was discussion, whether important te
ich as interference microscopy (for characterizing the -fmi¢ro-roughness of optical parts),

terferometry (e.g. for characterizing corrected optical systéms), multiple beam interferometry, ¢
ensing techniques or phase conjugation techniques should-be included or not. Other techniques,

lated to the classical two beam interferometry, like holographic interferometry, Moiré technig
ofilometry were also mentioned as well as Fourier(transform spectroscopy or the polarization te
hich are mainly for microscopic interferometry.

order to complement 1ISO 10110 the guideline adopted was to include what presently are
chniques used for the purpose of characterizing the quality of optical parts. Decision was made to
first Technical Report, and to then up=date it by supplementing new parts, as required. It is very
ore material will be added in the-ne€ar future as more stringent tolerances (two orders of magn
ptical parts and optical systems beeeme mandatory when dealing with optics for the EUV range (w.
nge 6 nm to 13 nm) for microlithography. Also, testing optics with EUV radiation (the same wave
ey are later used, e.g. at-wavelength testing) can be a new challenge, and is not covered by arj
andards.

his part of ISO 14999-should cover the need for qualifying optical parts and complete systems rega
ISO 14999 only the low- and mid-frequency parts of this error-spectrum are covered, not the veryj
the spectrum. These high-frequency errors can be measured only by microscopy, measuremg

Cattered light or by non-optical probing of the surface.

similafr statement can be made regarding the wavelength range of the radiation used for testing. 19
brisiders test methods with visible light as the typical case. In some cases, infrared radiation from C

ormation
required

describe how the necessary information on the conformance of the fabricated parts with' the stated

pcided to
e form of

rt, it was
ich deals
bptics. As

e natural
chniques
shearing
pherence
which are
jues and
chniques,

common
complete
ikely that
itude) for
hvelength
ength as
y current

rding the

avefront error produced by them. Such errors have a distribution over the spatial frequency scale; in this part

high end
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the Tange of 10,6 g 1S used for testing rough surfaces after grinding or ultraviotet Tadiation from

excimer-

lasers in the range of 193 nm or 248 nm is used for at-wavelength testing of microlithography optics. However,
these are still rare cases, which are included in standards, that will not be dealt with in detail. The wavelength
range outside these borders is not covered.
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Optics and photonics — Interferometric measurement of optical
elements and optical systems —

Part 2:
Measurement and evaluation techniques

1 Scope
This part of ISO 14999 gives fundamental explanations to interferometric measurement objects, fescribes
hardware aspects of interferometers and evaluation methods, and gives reeommendations for test reports and

alibration certificates.

Q

2| Measurement objects
2|1 Surfaces

2/1.1 Mirrors: boundary surfaces of optical components in transmission

common task in interferometry is measurementof the shape of a surface. This can be accomplished in two
fferent ways. Either reflected light or the light transmitted through the surface could be used for the
easurement.

32>

riterferometric measurement is achieved by comparing the difference of two optical path lengths jnd.
sually one path is called the reference path, the other the measurement path.

C

The resulting wave aberration, AW, for a displacement d of the surface, if measured in reflection, is AV = 2nd .
The same displacement measured in transmission results in the wave aberration AW = (n2 - n1)d .

2/1.2 Reflection degree

The Fresnel reflection from the boundary between two different media, R, can be calculated from the [refractive

index n, andi, at the boundary surface.
2
N ( na=ny "1) (1)
no +n4

For most optical glasses this value is between 4 % and 6 %, so an average of 5 % is usually a good estimate.

This reflection causes a loss of light from the transmitted wavefront at every surface. On the other hand, this
reflection is often used for the measurement itself. To obtain maximum fringe visibility, or contrast, the two
interfering beams should have approximately the same intensity. Changing the reflectivity of the beam splitter
within an interferometer only changes the amount of light in the interference pattern and does not change the
beam intensity ratio of the two beams because the light in both arms is transmitted through and reflected by
the beam splitter once. If the measurement path and reference path are separated, as in a Mach-Zehnder or
Twyman-Green set-up, it is usually possible to adjust the intensities of the light in both arms.

© 1SO 2005 - All rights reserved 1
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A major problem arises in a Fizeau interferometer. If the reference surface has high reflectance, the result will
be multiple beam interference fringes resulting in narrow fringes as in a Fabry-Perot interferometer. If
sinusoidal fringes are required as for the evaluation by phase shift interferometry, the reference surface shall
have low reflection and an element has to be introduced between the reference and the measurement surface
that will absorb light without distorting the wave aberration.

2.1.3 Roughness

For interferometric measurement the roughness of the measured surface should not exceed a certain limit that
is a fraction of the wavelength and of the difference of indices of refraction, if used in transmission.

21.4 Topology of the regions

Difficulties may arise with interferometer software when the wavefront area has breaks in it (e.g. because it jis
split into segments by the mechanical supports of the secondary mirror of a mirror telescope)yProblems afe
most seyere with static fringe analysis software that depends strongly on using neighbouring points fo
determing the position and continuity of fringes. Phase shift software is not affected to thersame extent as itfis
a point-by-point evaluation of wave aberrations.

Similar pfoblems may occur if the wavefront area has a complicated outline.

2.1.5 Cpntinuity of the surface; gradient of the surface

Due to the inherent ambiguity of + n-2x it is not possible to measure any.arbitrary surface shape uniquely. The
evaluatioh of a surface is usually correct, if the wave aberration between two resolvable points is less than .

The gradjent of the surface under test relative to the referencessurface results in a gradient of the measurgd
wave abe¢rration and in high-density or closely spaced fringes. Interferograms cannot be evaluated, if the
fringe separation is less then twice the distance of two resolvable points. If this condition is not possible by
adjustmept, or by changing the measurement set-up, compensating optics may be required in some cases.

Some of fhe problems caused by the ambiguity can.be solved by multiple wavelength interferometry.

2.1.6 Stiffness of mirrors; finite-element-calculations

During measurement the method of_supporting the optics being tested should not deform them other than
when used as intended. It is sometimes difficult to notice whether an object is deformed during the
measurement. As a first indication of the influence of the support, the object can be measured by supporting|i
in two completely different ways..Ih the case of any doubt, a finite-element-calculation is recommended.

=3

2.1.7 Temperature homogeneity of mirrors

During measurement(the object shall have a homogeneous temperature. Inhomogeneous temperatures can
cause deformationsas the expansion coefficient of optical materials is rather high and the thermal conductivity
is very low. Stabilization can take some minutes but may sometimes require several hours.

2.1.8 Examples of measurement objects

Items that can be measured by interferometry include optical flats, windows, raw glass, convex and concave
mirrors, lenses, prisms, and optical systems.

2.2 Optical components in transmission

2.21 Single-pass versus double-pass testing

Transmitting optical components can be measured in single-pass or double-pass, depending on the
interferometric set-up. Double-pass measurement increases the sensitivity by a factor of two but may also

2 © ISO 2005 — All rights reserved
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include the effect of the reflecting surface. In double-pass measurements consideration shall also be given to
the possibility that the returning light passes back through the component at different locations.

2.2.2 Windows (wavefront aberrations in transmission)

For windows the shape error of the surfaces is usually not important. Also, the measured transmitted
wavefront will include the homogeneity of the material. Depending on the application, a certain amount of
power may be tolerated separate from the other wave aberrations. Also, a tolerated wedge can be measured
by interferometry. However, it can be more convenient to measure angular errors by different equipment.

2/2.3 Prisms (wavefront aberrations and angle error)

Ak in the case for windows, the wave aberrations and angular errors of prisms can be measured by different
efiuipment. However, if the angular tolerances are in the interferometric region, and many parts are to be
neasured, it can be more convenient to measure both features by interferometry. In this_case a fixed set-up,
of a master specimen, is used as a reference.

2/2.4 Influence of temperature on the refractive index

br measurement of an optical component in transmission, it shall be noted-that not only the objects| might be
pformed by the thermal expansion but, also, that the refractive “index of the material charlges with
mperature. Therefore, thermal setting of the test piece before testingyis even more important.

Q T

—_
(o))

2|3 Optical systems

2{3.1 Single-pass versus double-pass testing

omplete optical systems can be measured by interferometry in a manner similar to the testing|of single
bmponents. It is, however, important that systems be measured in the same geometry as they were
bsigned to be used. This can lead to a complicated set-up in single or double pass. For long systems tested
double pass and in the presence of sevére aberrations, it is necessary to take into account that the light
hth on the way back can be considerably.different to that in the forward direction.

T SQ00

2{3.2 Examination in the pupil

riterferometric measurements should be made in the exit pupil of the optical system.

2|3.3 Chromatic aberrations

=

systems are measured at wavelengths different than those they are designed for, the effects caused by
nromatic aberrations shall be computed. There will be some systems, where the wave aberratior|s can be
mply scaled by the ratio of the test and design wavelengths, whereas other systems are so different that a
easurement is not possible.

3 00

2|4 Indirect examination of the function of optical elements

241 Examination with different wavelength
Usually the measurement of windows is possible and can be scaled to the correct wavelength. It shall be

noted, however, that inhomogeneities of optical materials may to some degree depend on the wavelength
range. Because of the presence of chromatic aberrations no universal recommendation is possible.

2.4.2 Examination with different beam path

Usually the measurement set-up should be as similar as possible to the application. In some cases, however,
it is more convenient to measure optical elements in a way that is different from their use. In this case, it may
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be difficult to find a correlation between the measured wave aberration and the tolerances and, therefore, not
possible to evaluate how the application is affected.

2.4.3 Tolerance range

Sometimes the relationship between the interferometric measurement and the tolerances of the measured
objects is not clear. Usually the complete test set-up shall be considered.

measurements. The skilled user might achieve a highly accurate result, whereas the unskilled user might haye
severe ¢grrors in his result that he might not be aware of. It is important to keep in mind that goqd
reproducibility of measurement is no guarantee for a correct result, because systematic sources of errofs
might haye influenced the measured results. Knowledge about such possible dnfluences, and how to avojd
them, is what experimental skill is about.

Such sodrces of errors can be, for example:

— imprpper use of the measuring instrument, because the optical principles are not well understood, e.g.
failule to image the surface under test onto the CCD cameraofithe interferometer;

— use ¢f unsuitable fixtures to hold the test piece, inducing strain which causes bending;
— influgnce of gravity on the test piece;
— vibrgtions of the test set-up, which might induceé phase-measuring errors;

— unsuitable use of polynomial fits with respect to the given shape of the aperture (for example due to sonje
obsaured parts of the circular shape) and adjacent subtraction of error terms like tilt and focus terms, dye
to an violation of the orthogonality.assumption;

— presence of stable layers of-airwith different temperatures in the interferometer cavity, causing coma and
astigmatism;

— flipping (mirroring),“or some other mismatch, of a calibration error map with respect to the actupl
orierftation, shape*Qrmagnification of the measured field;

— influgnce of<different temperature or different focus settings between calibration and measurement;

— use pf-test pieces which are not homogeneous in temperature and have a considerable coefficient pf
temperature expansion.

These are only examples; although there are a much greater number of “typical” sources of error. The only
way to overcome such types of error, which depend very much on the actual test situation and the demands
for the final accuracy, is that the operator planning and assembling the test should be aware of possible
influences on the accuracy of the measurement, which might be of optical or mechanical nature.

Conceptually, it is very important not to believe blindly the results which the instrument shows. At the same
time, it is equally important not to blame the instrument, or the principle of the interferometric measurement, if
there are inexplicable results. Note that in the majority of cases the instrument shows the “correct” readings
from what is presented to it, even if that is not the measurement task in question. If, for example, the
measured error map does not rotate by 72° when the test piece is rotated physically by 72°, this might indicate
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that the reference surface may contribute a considerable amount to the total error. The support of the test
piece can also influence the measurement, etc.

Another test might be, to repeat the measurement after 1 h without touching anything in the meantime. If the
results deviate from each other the reason might be that the temperature of the supports of the surface under
test, may have had an uneven temperature distribution in the first test. Normally, it may take more than 30 min
before the temperature has homogenized after handling a part. Also, the temperature in the laboratory might
have changed, the instrument might have warmed up, etc.

Such tests are imperative in order to exclude at least the most common sources of error. It is strongly
dcommended 1o repeal a measurement at Teast three times and compare the resulis; this repefifion should
nclude the demounting and remounting of the part in the test set-up, as well as all the adjustments of the
pt-up and the settings of the interferometer. It is even better to repeat the whole test procedure op another
by, and, even by another operator.

—_—

[e Ny ?;]

| measurement conditions and settings have to be documented and the final data sets should be|stored in
e computer in an organized way. ldeally, the documentation should be stored togéther with the measured
pta sets. Any further treatment like subtraction of tilt or even higher order (Zernike) functions, number of
erages, any filtering like smoothing with a spatial low pass or median filtérto remove “spikes”| shall be
bcumented and stored together with the data set. Such information is part'of the result and when jnot given
gether with the measured surface map, the result is useless and cannot-be used for proof of quallty for the
brt under test.

TS HEQO® Q>

3|2 Construction principles and influences on the quality of measurements

3|21 General

When the wavefront deviation of a test piece is measured by an interferometer, the test piece becomges part of
tHe optics of the instrument. The auto-collimation cendition shall be met, as well as the condition to image the
irface under test onto the detector. In order.to>achieve high flexibility of possible locations for thg surface
nder test and for different test configurations;-there will be stringent requirements on the spatial and|temporal
pherence of the light source which need:t6_be fulfilled. These can easily be attained by use of a laser and,
tqgether with a very high intensity compared to other light sources, are the reason that the lager is the
sfandard light source for interferometers:

QO cCwm

One of the consequences of thetvery high coherence of lasers is that all kinds of defects, such as impurities of
Ibstrates, optical cements and coatings, tiny scratches, bubbles, holes, dust particles, micro-roughness of
irfaces, which can occur at“any part of the light path through the interferometer, are “collected] and are
iperimposed as an uncleanliness, i.e. unwanted amplitude and phase modulations of the wavefropts which
fipally show clearly on-the interferogram. The further away the disturbing defects are from an imageg plane of
tHe detector, the more the defects are altered in their phase distributions due to Fresnel diffractipn and in
batial frequency. A very narrow defect located on a surface near an image of the light source might spread
It to a big size in the detector plane. The specification of optical parts used in an interferomefer set-up
tHerefore have to be much more stringent than in conventional optical instruments and depend on the position
the partin the ray-path. For surfaces which are at a position near the image of the light source, where the
ameters of the ray bundles are small, ultra-high surface quality requirements shall be fulfilled. {5enerally
beaking, the higher the test accuracy has to be, the more severe are the demands for the quality of all parts.

w n n

»n o 0 o

As discussed in ISO/TR 14999-1, it is very important to image the wavefront under test onto the detector
plane. If the location of this wavefront relative to the instrument changes from one test set-up to another, a
possibility of refocusing the detector to this new location shall be provided. In some instruments, provision is
made to alter the magnification with which the wavefront under test is imaged onto the detector. In some
cases, this is done in fixed steps, in other cases this is done continuously over a certain range. On the other
hand, it is necessary to attain a good optical wavefront-correction when “tailoring” the wavefronts in the
instrument to the desired shape and at the same time realizing a good optical transfer function for the
amplitude and phase when imaging the wavefront under test at the detector plane.

All such possibilities and demands cause a certain amount of complexity of the optical layout of such an
instrument, leading to optical systems with multiple surfaces. It is obvious that it is more difficult to keep the
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unwanted additional disturbances by the optical parts small when more optical parts are necessary to achieve
the desired functionality. The skill of the designer of an instrument lies in finding the best compromise between
the degree of aberration correction (keeping the wavefront errors with low spatial frequency small) and the
degree of noise (i.e. high spatial frequency errors). The noise increases with every additional surface which
might be necessary for aberration correction. Since the complexity of the optical layout grows with the
universality of the use of the instrument, it is much easier to construct a high-quality single-purpose instrument.

Due to higher cost of production, and the deterioration in the appearance of the interferograms obvious to any
customer, companies tend to minimize the number of optical elements and seek to achieve the best correction
for wavefront aberrations. This might have consequences for the handling of the instrument. If, for example,
the trans£w|SS|on Sphere, used for spherical testing, 1S not aligned properly when attached 1o the instrument,

coma and astigmatism might be introduced into the measured wavefront. If deviations in the alignmentof-the
focus sefting between calibration measurements and final measurements for the parts under test exist, this
again might cause wavefront errors in the final results. On the other hand, a highly corrected instrument might
be much|more “robust” against such higher order errors, but at the cost of a higher number of-surfaces and
therefore|a higher amount of coherent noise.

The oppgsing criteria for the way to design a laser interferometer require a compromise ‘between wavefront
quality, field correction, versatility on the one hand and number and location of surfaces<on the other hand.

3.2.2 Intrinsic instrument errors and the principle of common path

The task| gets more and more difficult when the errors, which have to be’ measured accurately, beconje
smaller gnd smaller. It might be concluded from this that it wouldbé nearly impossible to get reliable
measuring results. Needless to say, it is necessary that the “intrinsi¢)erfors” caused by the instrument itself
should b¢ at least not higher than the errors caused by the test piece. Example: suppose the test piece is|a
very well|polished spherical surface of a lens. The interferometeriitself might include in total 12 lens surfacgs
and another 10 surfaces of plane plates. Therefore, it would b&necessary to fabricate the 22 surfaces withjn
the instryment to a degree of perfection that is at least 22 times better than that of the test piece in order {o
attain thg same disturbance from the instrument (i.e. “intfinsic errors”) and from the test piece. Or, if argugd
with statigtically distributed errors, it might be concluded-that already a factor 4 to 5 would be sufficient. Evgn
in the Iatrr case, it would be nearly impossible to fabricate and maintain an instrument with such a degree pf
perfection.

This argyment is both right and wrong. It is the principle of interference that errors common to both waves, i.
the test wave and the reference wave, cancel out. The ultimate use of this principle is apparent in the Fizes
type intefferometer, where all but the ast surface before the surface to be tested and the air between thes
two surfgces are common to both-waves. The quantity that is measured by a Fizeau interferometer is t
optical path difference between_thetwo surfaces facing each other (the “optical thickness-distribution” of th
air-gap; this includes the distribution of the refractive index of the air). So far the argument is wrong; but it
right for very small-scale errors. It is never possible for the rays to travel exactly the same path, so th
principle of “common path™with cancellation of common errors is always violated, if high spatial frequenc
noise is in demand. Sa,.even if Fizeau interferometers are more robust for errors with low spatial frequencie
this is nof{ the case forcoherent noise.

< OO OODOODOC P

o

In order fo cheek: the sensitivity of an instrument to alignment errors as well as for intrinsic high frequengy
noise, the follewing two tests can be useful.

a) The following simple test should be repeated with different orientations of the fringes and also with the
highest number of fringes the instrument is capable of measuring. This test is one measure for the
robustness of the instrument against misalignments of all kinds. Proceed as follows.

1) Place a reference flat in front of the transmission flat of the instrument and adjust for about 25 fringes
of tilt.

2) Perform a measurement and store the result.

3) Adjust for zero-fringes and perform another measurement.
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4) Subtract both data sets and compute the Zernike terms for the resulting difference-data set; besides
other errors, the induced wavefront tilt with respect to the optical axis make visible the optical

wavefront aberrations which go along with the small angle of the test wave.

b) The second test checks the intrinsic high frequency noise and therefore the ability to detect small-scale

errors which normally go along with very small amplitudes. Proceed as follows.

1) Take the data of the difference from the measurement on-axis and the measurement
25 fringes of tilt.

with the

2) Subtract the first 36 Zernike terms. The remaining surface map shows mainly the intrinsic
noise of the instrument.

3) When “spikes”, which occur at the boundary of measured part, are removed, the r:m.s.
quality number for the intrinsic noise. This noise should be uncorrelated when' the exps
repeated with different orientations of the fringes and therefore reduce with'\thé square rq
measurements with different fringe orientations are averaged and the difference of those
are calculated instead of the difference of only two measurements.

—

bgether with these tests, it is recommended that two other simple checks-be performed to assess t
ignment of the instrument:

QO

The collimation of the plane-wave leaving the system can be cheCked with the help of a thick (
plane-parallel plate of known good optical quality by inserting the plane parallel plate with an inciden
45° into the beam and projecting the lateral shearing interferogram onto a screen. If the plate has n
anhgle, no fringes should be visible, but they will be present.if.the wavefront from the interferometer o
of diverges.

The adjustment for the alignment reticle, or other means for the alignment of the beam, can also bg
using a corner-cube mirror or prism of known good:quality. The returning beam should be incident pr
tHe centre of the alignment device. This is also:a“method for adjusting the reference surface perpen
tHe beam. By tilting the reference surface, the interference fringes formed by the reference wave an
rgflected by the triple-mirror (having three\surfaces with angles of 90° between them) should be
bfoad as possible.

3{2.3 Optical compensation of errors

tlis a very useful property of\two-beam interference that the physical principle can help to suppress

aused by component-parts of the interferometer. If the two interfering beams experience f{
sturbances when passing through the optical parts, the wavefront errors impressed on them arg
nd cancel out in the\final wavefront difference. Therefore, the two wavefronts should travel almost
bth through thelinstrument so ensuring that “optical compensation” of errors takes place. This is
bst by the arrahgement of a Fizeau test set-up, where the test surface and the reference surface f
her without''@ahy component in between. This cancellation is not necessarily perfect, if there are de

He optical\path when the beams are tilted with respect to each other.

O TT L QOO0

—

Ahother deviation from perfect symmetry of the interfering waves is due to the imaging conditions d

coherent

alue is a
riment is
ot law, if
averages

he proper

30 mm)
[ angle of
o wedge-
onverges

checked
ecisely at
dicular to
d a wave
made as

he errors
he same
identical
the same
achieved
ace each
iations in

f the two

slifaces in ﬁIIIPQﬁnh anta the detector. The two surfaces in a Fizeau r‘nnfigllraﬁnn, the test surfac

p and the

reference surface, cannot both be imaged exactly onto the detector surface at the same time. Normally, the
reference surface is larger than necessary, so that the surface under test defines the final aperture for the size
of the interferogram. In this case, no errors are introduced to a first order by Fresnel diffraction at the
boundary of the reference surface, when this boundary is larger than the diameter used. Nevertheless, there
remains an error influence, but it is so small, that it will not be visible in most cases. There is another higher-

order error, which will be explained in conjunction with the testing of spherical surfaces with a
“Fizeau transmission sphere”.

so-called

Figure 1 shows the optical conditions when testing a spherical surface T with respect to a reference surface R.
In this example, it is assumed that the reference surface R (this is the last surface of the transmission sphere)
as well as the test-surface T are both concave. The apexes of the surfaces are called Sg and St. The Fizeau
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cavity is set up correctly when both surfaces are arranged so that they have a common centre of curvature. If
the Fizeau lens is calculated and manufactured properly, this centre point coincides with the focal point F of
the spherical wave, illuminating the reference surface R. It is supposed that this is the case.

Key

Lp defocyis

As can b
optically
optical a
shown in

illuminating the transmission sphere as well as additional’aberrations added by the transmission sphere itself.

The trang
spherical
adding di

As was ¢
spread o
same sh

cause them to deviate from each'other when they meet to interfere on the detector. This effect is the mofe

pronoung
the radiu
Also, the
precision

It is impgrtant tokeep in mind that any wavefront error, which is already present in the plane wavefront

entering
way to oV

Figure 1 — The images Sy’ and Sy’ of the apexes of the reference surface Sg
and the test surface St are defocused with respect to each other

e seen from Figure 1, both surfaces in question are imaged by the transmission sphere (which [is
epresented by the principal plane H=H’ and the focabpoints F and F’) into different locations at the
is. The sizes of the images match, but the axial distance between the images, Ly (the “defocus”) |is
Figure 1. Now, it is supposed that there might\be aberrations already present in the wavefront

mission sphere should image an infinite object into the focus point F without introducing additiongl
aberration, as well as the test surface T into its image T’ and the reference surface R into R’ withopt
fferent phase-terms into these images;

xplained in ISO/TR 14999-1:2005,72.11, only ideal plain waves do not alter their shape when they
it. So, even if we suppose that\the two wavefronts at the locations S’ and S might still have the
hpe, i.e. the same aberrations, the fact that one of them has to travel the distance “defocus” wjill

ed the larger the distance “defocus” is compared to the diameter of the wavefront. As a rule of thumb,
5 of the test surface Should not be smaller than 10 % of the focal length of the transmission spherg.

transmission sphere should not introduce an error greater than A/2 in double pass. For high-
measurements;\these tolerances shall even be more stringent.

he transmission sphere, will be made visible also by this effect of defocused images. There is o
ercome this problem with Fizeau interferometers other than to keep the defocus as small as possible
d

by using

h transmission sphere with the smallest possible air gap. The influence of this error can be minimize

by appropriate calibration measurements.

324 M

The grea
optics” is

athematical compensation of errors

t advantage of “optical compensation” of errors due to the principle of “common path through the
that this compensation takes place in “real time”, i.e. continuously during the measurement.

In contrast to that approach, an even better effect can be gained when two measurements are performed,

including
Green or
resulting

all the errors of a test set-up “left over” by the optical compensation scheme (Fizeau or Twyman-
others). The first measurement is with a “calibration master” and the second with the test piece. The
error maps are stored in computer memory. Suppose that nothing but the master and test pieces
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have changed between the measurements, the difference of the two measurements should show only the
difference in the shape of the master piece and the test piece. All other errors should cancel out by this
“‘mathematical compensation for the intrinsic errors” of the test set-up. Therefore the master plays a similar
role as the reference wavefront, but this time some higher order errors, like “defocus” discussed in the context
with Figure 1, also cancel out due to the higher degree of “symmetry” compared to the normal Fizeau test.

The drawback with this method is that, in principle, two measurements are necessary to get the result which
increases the statistical errors by a factor of +/2 , and that the two measurements cannot be performed both at
the same time. In order that this mathematical compensation of errors be effective, it shall be assured that the
calibration measurement is still valid for the actual measurement of the test piece. It is therefore highly

reg
m

T

Q

commended 10 take the calibration measurement al a ume immediately before or after (or
easurement of the test surface.

nis “mathematical compensation” can have some important advantages compared .t0 thg
bmpensation”:

- Master piece and test piece may have the same radius of curvature, e.g. the imaging properties
detector are identical both times.

- Influences of gravitational deformations, quasi-stationary temperature gradients, etc., are cancel
some extent.

made more stable than the test piece, this might be helpful in.Some situations. For example, the
of the test piece by the support will show in the result. In)other cases, it may be possible to pr
almost identical master (but with a known error map) for:calibration purposes.

not have to be the last surface of a transmission“sphere any longer, but it could be a plane surfa
of the lens. In this way, “tilt” can be introducediinto the test configuration, without causing uncom
errors.

oth) the

“optical

onto the

ed out to

- The reference piece may be made much thicker than the transmission sphere will normally be. If it is

‘bending”
pduce an

- A greater flexibility exists for the design of the test/configuration. Especially, the reference surface does

te in front
pensated

This last point is an important one, and will be explained later in greater detail.
3/2.5 Contrast as a function of the’irradiance in test and reference arm: methods to attain eqgilibrium
il both arms
Itlis well known (see ISO/TR14999-1:2005, 3.2.1), that the intensity of two beam interference I(x) is gescribed
by the formula

2n

I(x) = 14(x) £ B (x) + 2,14 (x)] 2(x) |7/|C05{7AZOPD()C)} (2)

where

X is a vector describing the spatial coordinates, which may be on the detector or the surface
under test:

Alopp is the complete “optical path difference” of the two interfering beams, in principle from the
light source all the way down to the detector (practically, in Fizeau interferometers, it is
twice the “optical thickness” of the cavity, because of the (quasi) identical paths of the two
beams through most parts of the interferometer, as was discussed before);

! 1% | is the magnitude of the complex degree of coherence; this quantity is close to unity in most
cases when using a laser as the light source;

I,(x) and I,(x) are the intensities of the interfering wavefronts when measured separately.
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The visibility V of the fringes is given by

2 .
y- 2tz ©)

[1+12

If we assume that |;/| =1, then the visibility can be expressed as a function of the relative magnitude of the
intensities of the two waves, e.g. as a function of

Then, thq visibility is

2\F
V:24/1112 N

[1+12 1+[72 1+7]
14

—~
T
~

for O<n«1

Figure 2 gives the function V' = V' (7). Table 1 provides related values.

Figure 2 — Visibility of two-beam interference as a function
of the ratio = 1, / I, of the intensities of the two waves
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Table 1 — Intensities /,, I,, intensity-ratio 7, visibility 7 and number of bits lost,
when the intensities of the two-beam interference are not equal

I I n v bit I I n v bit

1 1 1,000 | 1,00 | 0,00 1 | 1,00 | 1,000 | 1,00 | 0,00
2 1 | 0,500 | 0,94 | 0,08 1 | 0,90 | 0,900 | 1,00 | 0,00
5 1 | 0200 | 0,75 | 0,42 1 ] 080 |0,800 | 0,99 | 0,01
10 1 | 0,700 | 0,57 | 0,80 1 | 050 | 0,500 | 0,94 | 0,08
20 1 | 0,050 | 043 | 1,23 1 | 0,10 | 0,700 | 0,57 | 0,80
25 1 | 0,040 | 0,38 | 1,38 1 | 0,06 |0,060 | 0,46 | 1,11
50 1 | 0020 | 028 | 1,85 1 | 0,04 |0,040 | 0,38 | 1,38
100 | 1 | 0,010 | 0,20 | 2,34 1 | 0,03 | 0,030 | 0,34 [O1:57
200 | 1 | 0,005 | 0,14 | 2,83 1 | 0,02 | 0,020 | 0,28+ 1,85
400 | 1 | 0,003 | 0,70 | 3,33 1 | 0,01 |0,010,{6,20 | 2,34

dctor of 25, e.g. when a highly reflective test surface is measured adgainst an uncoated Fizeau refere
In the case where the evaluation of the phase map is made.by a phase-measuring technique
intensities are measured by a CCD camera, this is equivalent’tova degradation of the contrast by 1,

nlight degrade the measurement precision unacceptably,” whereas with cameras of 10 bits or
gtiantization, the degradation might be acceptable. In afy case, this effect can be compensated by r
niimber of measurements to be included in one average by a factor of N=1/V2=(1+n)/4n,
approximately seven in our example.

rgflectance of the higher reflecting surface."Possible ways to achieve this are discussed for two vers
Tvyman-Green configuration as well as for a Fizeau configuration. In the Twyman-Green configurg
agsumed that the beam splitter BS(has no absorption and that the reflectance of the test-surface
rgference surface R are py and g respectively. The absorbance for the attenuator is abbreviated b
the abbreviation for the ratio ofithe reflectances pg / pr.

The possible interferometer-eonfigurations are given in Figure 3.

Itjcan be seen from Table 1 that the visibility drops to 38 % of its optimalwalue, when the intensities differ by a

nce plate.
and the
38 bits. If

tHe camera in the interferometer has a quantization into only 8 bits, which is the case in most sysfems, this

12 bits of
bising the
which is

If| this is not adequate, it will be necessary, to adjust the intensities in the two beams, i.e. attepuate the

sions of a
tions it is
[ and the
Y ap. 171S
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A
BS Fi BS Fi
a) Configuration 1 b) Configuration 2

T

1]
.

The necgssary attenuations and reflectance and transmittance values\for the beam splitter are:

a) Configuration 1 ap = PR = Jn
\ o7

R

c) Configuratio

JPTPR—PR 1 =n
PBS = =
PT~ PR T=n
— [ 1-
b) Configuration 2 Tgs = PT NPTLR \/;
PT - PR 1-n
with 5 =& and with p7 > pr
PT

c) Configuration 3 K = /p—R = \/;
PT

In the Fizeau configuration, the reflectance of the reference surface should not be higher than 4 %, to avojd
the influepce ofymultiple-reflections on the fringe-profile.

— i i i urface T
and the reference surface R

In the Twyman—Green configurations, only a pure two-beam interference will take place, whereas the Fizeau
configuration suffers from the fact that multiple reflections within the cavity will occur. This effect can be
neglected in most cases, provided that the reflectance of the reference surface (the so-called “transmission
flat”) is no greater than 4 %. For very high precision measurements, the true shape of the fringes should be
taken into account for the evaluation formula used for phase-measuring analysis.

The attenuator plate A in Figure 3 should be of very high quality; normally an absorbing coating is applied onto
a plane parallel plate made of fused silica or BK7. From Figure 3, it is clear that the attenuator plate A is an
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integral part of the cavity, and the influence of this plate (double transmission) to the transmitted wavefront will
be part of the measured result, adding to the errors of the test piece. If it is possible to use the “empty cavity”,
the change in the measured wavefront as a result of the insertion of the attenuator can very easily be
determined. Thus, it is possible to mathematically correct for the influence of the attenuator.

3.2.6 Contrast as a function of performance of the light source

3.2.6.1 General

The-generalized-interferometermay-be-considered-as-composed-of:
—t an optical source,

— a collimating device,

— the interferometric device,

— afocusing device, and

— a detector.

The light emitted by the optical source is used to generate interference patterns and the detector cqllects the
formation, i.e. the interferogram.

5

riterferogram contrast depends on the following parameters:

a) spectral domain,
b) coherence, and
c] polarization of the light.

The light source has to be chosen in acCordance with the application.
3/2.6.2 Spectral domain

312.6.2.1 Source and detector

he user will choosé~the source to match its spectral emission range and the spectral sensitivjty of the
btector. The emission range should be close to the maximum sensitivity.

Q —

NOTE In thé.case of visual observation, a green (filtered mercury lamp) or a yellow source (sodium spectral lamp for
clpse to null’'path difference) are the best choice (they correspond to the peak eye sensitivity); a red laser diod¢ can be a
pgor choieexdr colour-defective observers.

3]2(6:2.2 Factors impacting transmission and reflection

Between the source and the detector, light will be subject to transmissions and/or reflections when travelling
through the collimating, interferometric and focusing devices. These devices can distort the initial spectral
emission range of the light passing through them.

NOTE For example, a gold-coated mirror has a poor reflectance in the blue and green spectral range; the reflectance
increases in the yellow spectral range and is high in the red and infrared spectral ranges. With a silver coating, the
reflection curve peaks in the yellow spectral range. With an aluminium coating, the visible spectral range is not affected.

Therefore, care shall be taken when selecting the source.
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3.2.6.2.3 Control requirements

If the sample is to be used with a pre-determined wavelength, the user has less freedom in the choice of
source and detector, and will operate with the required wavelength. In some cases, the use of a substitute
wavelength is possible, but in this case appropriate information about this shall be included in the test report.

3.2.6.3 Temporal coherence

3.2.6.3.1 Pragmatic representation

Whatever the theoretical approach to describing the temporal coherence of the light, an elementary approagh
is to condider the beam as a light wave train. The train is limited in length equivalent to the coherence length.

The lightfwave train will travel from the source to the detector. Reaching the beam-splitter, the train.is divided
into two ‘fsubtrains”, one going through the reference arm, and the other through the measurement arm of the
interferometric device. After their separate paths, both subtrains reach the component used forthe light waye
train reconstruction (the beam-splitter in some cases). The reconstructing optical component performs gn
addition ¢f both subtrains, equal to the initial light wave train, if possible. The subtrains’are fully superposed|if
the arm I¢ngths are equal, or one subtrain is delayed if its arm is longer than the otherone.

The inteqfference contrast is maximum when the arm-lengths are equal, buiZdecreases as they beconje
unequal.

NOTE The contrast obtained with a helium-neon laser decreases when )the path difference is in the range pf
centimetrgs (the coherence length is usually considered to be in the range of‘the laser mechanical length).

The contrgst obtained with a medium price laser diode is very poor, when.the path difference is in the range of centimetres,
and periodically re-appears and disappears, when the path differencélincreases. This is due to the multi-ray emission jof
the laser diode.

The contrast obtained with a Na spectral lamp oscillates as\the path difference varies, the period corresponds to a path
difference|of 0,6 mm due to the Na doublet.

The contrgst obtained with a Hg low-pressure spectralllamp goes to zero, when the path difference becomes close to ofe
centimetrq.

The coherence obtained with a Hg high-pressure spectral lamp decreases very rapidly as the lamp temperature goes up,
and is qui¢kly reduced to less than one millimetre. Nevertheless, the user can maintain a longer coherence length by using
a rheostat|in the lamp power supply to{cadl the lamp during operation.

3.2.6.3.2| Sample surface contribution

The usef has to consider the question “Is the source coherence compatible with the roughness
(peak-to-palley) of the-test piece?” although it is rare to be limited by the coherence when observing the
defects (peak-to-vallgy) of a test piece.

On the ofher‘hand, it is important to adapt the form of the comparison wavefront to the surface of the sampl
This megns the user will adapt the shape of the wavefront to the sample shape, the goal being to keep the
variations of path difference lower than the source coherence at all points.

[

NOTE For example, the way to measure the quality of an aspheric surface is to give the wavefront the radius of the
best sphere, where the best sphere is the one which minimizes the distances to the surface when incident on the sample.

3.2.6.3.3 Sample thickness contribution

When the measurement beam has to travel through the test piece, two effects have to be considered.
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First, is the delay given to the “subtrain” going through the sample arm. Consider a sample with a thickness T
and a refractive index #. It will introduce in the measurement arm a path difference of 2(n - 1)T. This path
difference can be compensated by moving the mirror of the reference arm away from the beam-splitter.

Secondly, the sample can be considered as a thick window plate with parallel faces. This window plate gives
an image from the mirror of the sample arm, translated from its initial position. The translation is (n - 1)7/n in
the direction or the beam-splitter.

In total, the user wants to extend the reference arm, and the sample reduces the length of the measurement
arm. The user has to place the reference mirror in a compromise position, taking the coherence and the fringe
visibility into account.

3|3 Test environment

313.1 General

The ideal interferometer system would be a system delivering the same correct’results in any envjronment,
independent of vibrations, temperature and temperature gradients, gravity and distribution of forces supporting
tHe test piece. Such a “magic” interferometer could be thought of as having‘the ‘ability to act as a filfer, which
cpmpletely blocks all environmental influences. At the same time, it would.be' completely responsive|to all the
slirface form information of the test surface, sensing this to the highest\ptecision, which might be in the range
of sub-nanometres normally to the surface and more than 1 million measured points in the most démanding
cases. Also, such an ideal instrument would not contribute any intrinsic errors or noise to the measur¢ments.

rl practice, it is impossible to block all environmental influences and intrinsic errors or noise by the instrument.
ut, still, there are a number of ways that a designer ofsan instrument can make it more (or legs) robust
jainst environmental influences.

QL o

—

is also evident that the influence of the environment can be kept constant by keeping the environment itself
pbnstant. In a laboratory equipped with high grade,air-conditioning, shielding against vibrations, acouftic noise,
ery stable and noise-free voltage supply, etc.; and, ideally, if the tests were performed in a zero-gravity
nvironment, it would be much easier<'to attain reproducible results. The quality of the laboratory
nvironmental conditions will influenceNthe precision of the result, but not necessarily accuracy; hence,
pnerally the importance of a very good:faboratory is overestimated.

< O

owever, besides the laboratoryrand the instrument, there is a third influence: the operator of the instrument.
most practical cases, the instrument and the laboratory will already be provided, and the operatof will thus
e the key-person to influencg the ultimate accuracy and precision within the given limitations.

TS T QOO

313.2 Influence of vibrations

When testing”)optical surfaces, e.g. using a Fizeau interferometer as given in Figure 14 of
IO/TR 14999-1:2005, the two interfering waves are reflected back from the last surface V as well as the
rgference.surface M. These two surfaces have to be mounted and this mount has to provide the rjecessary
sfability. [t is essential to ensure that the gap between the surfaces will not change unintentionally quring the
agquisition of the intensity data in a (conventional) phase-measurement approach with temporal ¢arrier as
described in 4.4.

The reason for this is, that in the case of an additional change of the “interferometer cavity” due to vibrations
of the mount carrying the parts, Equation (8) is no longer complete since ¢(¢) now contains not only the
wanted term as described in 4.4, but also an unwanted component describing the vibrations in the cavity. This
“noise” term, gy, can, in the simplest case, be described by Equation (6).

ON = Z(ZTTjasina)Nt (6)
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where
a is the amplitude of the vibration;
o is the (dominant) frequency.
Even if the noise might contain a complicated spectrum, in many cases it will be sufficient to restrict the

consideration to one single frequency with the lowest mechanical eigenfrequency w  of the structure and the
largest associated amplitude a.

Given spgcific phase algorithm and given the frequency of the camera frames, it is possible to compute the
amount df the phase errors due to a, under the assumption that « is small enough (on the order of A/10)\that
the linearmodel can be applied. There are significant differences between the phase algorithms.

As interfgrometry can be used to measure deviations of wavefronts or surfaces as small as a few,hanometrgs
or even $maller, it is obvious that the test pieces need to be mounted in a stable manngr/It is therefofe
common [practice to install the interferometer on a passive or even better actively-controlledvibration isolated
table, which acts as a low-pass filter to the vibrations of the floor of the laboratory. If possible, there should he
no running machines in the vicinity of the laboratory.

However| many circumstances exist where it is difficult to avoid sources of vibrations or to isolate well enough.
In this cgse, it is useful to investigate the result of vibrations on the measurements in order to optimize the
given sef-up or, in addition to the vibration isolation, to apply further, means to minimize the effects pf
vibrationg. For example, this could be an electronic stabilization of the{interferometer cavity using a high
speed cgmera in conjunction with a powerful laser and a “two-step”phase algorithm, or the use of phage
measurement algorithms which are not sensitive to unwanted and, unknown phase shifts between severgl
camera ffames. Two groups of algorithms can be distinguished here:

— phasge-measurement algorithms with spatial carrier freqtiency (see 4.5), and
— algotithms which do not require a priori knowledge of'the phase steps.

The lattef approach is especially interesting in .cases where already reasonably good starting values for the
phase ste¢ps can be assured, which are then. further refined in an iterative optimization process, i.e. when the
vibration fisolation is already very good but(still the remaining disturbance is too high for the application. The
phase stgps are taken here as additional unknowns which need to be determined in addition to the phage
values. Note, that only the phase valuesare functions of the spatial coordinates but are not time dependent,
whereas the phase-step between twe_adjacent camera frames is one single time-dependent quantity.

It is very|important for the user-of a phase-measuring interferometer to know how to check the set-up fpr

vibrationg which might degrade’the result. For a better understanding of the procedure described hereafter,|it
is useful {o state that the/phase-errors A¢ (x,y) due to vibrations can be expressed by:

Ap(}.y) = esinf24(x, y) | +...small higher order terms ¥)

where the¢ amiplitude ¢ of the sine function is dependent on a number of parameters as:

— the specific algorithm used;

— the amplitude of the vibration;

— the ratio of the dominant vibration frequency oy to the camera frame frequency o, i.e. o \/®;

— the exposure time of the camera.

It is interesting that the dominant error term in square brackets [ ] has as its argument twice the phase value to

be measured, i.e. 2¢ (x,y). Therefore, to decide whether & is small enough to be ignored, the following
procedure is useful:
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introduce fringes into the interferogram by tilting the object;

b) compensate for piston only and count the number of “fringes” in the result after phase shift measurement

and calculation.

If it is twice the number of the pre-set fringes in the interferogram, then ¢ is not small enough.

3.3.3

Influence of gravity and support of the test piece

The effect of the support of the test piece on the measuring result under the influence of gravity shall be taken

ES +al EH
U UUTToiucTTaduult,.

FO ® —

3w

pr many practical cases, the effect is quantitatively foreseeable by mathematical means.cFor practically

Hited details, see for example Reference [4]. Such an analysis is often a rather complicated procedyre, which
bnsists in solving differential equations or in FEM calculations. Fortunately, a detailed mathematical analysis
required only in cases where the highest measuring accuracy is required.
bme basic facts and rules of thumb are very useful to estimate the magnitude and help to avoid corjsiderable
easuring errors.
Optical materials vary in their stiffness by a factor of 10 (see Table 2)~Qptical glass BK7 has it$ place in
the geometrical middle between the extrema. The sag varies betWeen three times to one thjrd of the
value for BK7.
From mechanics it is known that the sag of a twofold supperted beam (or straight-edge) is mipimized if
the support points are arranged at nearly one fifth of the beam length away from the beam ¢nds (the
so-called minimum deflection points separated by 0,85 length). This rule is useful if a hgrizontally
arranged standard surface is to be optimally supportéed.
Table 2 shows some numerical values for the sag of uniformly loaded (gravity) circular plates supported
continuously around their edges. It shows-the effect of different materials (A in Table 2), fhickness
according to the common rule “D/d = 8” (Bnf' Table 2), and the required thickness to result in g constant
sag of 33 nm (C in Table 2).
Table 2~=Sag of uniformly loaded circular plates
. Diameter Thickness Sag
Effect Material
mm mm nm
LF5 120 10 48,3
A SF59 120 10 108,6
Saphir 120 10 10,5
BK7 120 10 27,4
BK7 20 25 0,3
BK7 60 7,5 3,0
B BK7 120 15 12,2
BK7 200 25 339
BK7 300 40 66,9
BK7 400 50 135,4
BK7 400 100 33,9
BK7 300 55 35,4
c BK7 200 25 33,9
BK7 120 9 33,9
BK7 60 2,3 32,4
BK7 20 0,25 33,9
© 1SO 2005 - All rights reserved 17
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4 Methods for evaluating the optical path difference

4.1 General

Various procedures exist for the accomplishment of interferometric measurements. This clause provides an
overview of them, together with information-associated errors from random and systematic sources, as well as
certain specific procedures for high-accuracy measurements.

The various methods for the evaluation of interferograms can be divided into the following.

a) Visugl or manual procedures giving qualitative information about shape of the test wavefront (or surfac
and simple characteristic values (e.g. PV value).

U
~

b) Phage measuring procedures yielding a complete quantitative description of the wavefront (or surfac
undqgr test.

U
~

4.2 Visual inspection of interferograms

4.2.1 General

An interf¢grogram arises from a comparison of a test wavefront (surface) with ‘a known reference wavefront
(surface)| The shape and orientation of the reference wavefront should,bé-adequately chosen, so that the
ideal test|wavefront leads to a typical interference pattern (e.g. straight fringes) which is easy to interpret.

By obserying the deviation of the actual interferogram from this ideal pattern, the various optical aberrations pf
wavefronfs, as well as typical wavefront and surface distortions;can be recognized and classified by their
visual appearance.

In additign, it is important to gain information about the<sign of the wavefront aberration, i.e. whether the
distortion|is a peak or a valley, or whether a test wavefront (surface) is convex or concave with respect to|a
referencqd wavefront (surface). This phase information is not contained in a static interference pattern pr
interferodram. To obtain it, it is necessary to.ascertain and record the location of the zero order of the
interferer|ce pattern, i.e. the location where thé& optical path difference between the interfering wavefronts |is
zero. Kngwing the location of the zero ordet, and applying a variation of the optical path difference in a known
way, it is| possible to deduce the sign of the wavefront (surface) deviation by observation of the direction pf
motion off the fringes:

— If thg optical path difference-is decreased, the fringes move away from the direction of the zero order (fpr
tilted| wavefronts: to the thick’portion of the wedge).

— If thg optical path difference is increased, the fringes move toward the direction of the zero order (for tilted
wavégfronts: to the'thin portion of the wedge).

— If the tilt between the wavefronts is increased, the fringe spacing is decreased and the fringes moye
toward the\zero order fringe.

If possible 3 i
to obtain nearly straight fringes.

4.2.2 Example 1 — Fizeau interferometer

A hole will cause fringes to move toward the thin portion of the air wedge (Figure 4).
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@/ | @/ |
a) Top view

— =

b) Side view
345 345
2/ 6 2 6
1 7 1 7
\ \ ot
s s
A A

c) ¢lnterferogram

Kpy
1| hole
2| bump
3| reference surface
4| testsurface
S| fringe spacing in the best-fitting pattern
Al maximum of the fringe-pattern from the best-fitting pattern
Figure'4 — Movement of fringes in case of a hole and a bump, respectively
Fpr a congcave surface, the fringes at the edge of the pattern curve toward the thick portion of the weflge; for a

Q

bnvex surface the fringes curve toward the thin portion of the air wedge (Figure 5).
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Key
concajve sphere
convex sphere
thick gart of wedge
referehce flat

D g~ WON -

test sIrface

thin part of wedge

Flgure 5 — Movement of fringes in case of a concave and a convex surface, respectively

Figure 5 Jassumes that the wedge angle between the two“wavefronts being compared is larger than the
wavefron} errors, and thus no closed fringes are obtajned. The wedge angles in the drawings are greatfly
exaggerdted.

If the wedge direction is not known, it can be determined as described in Table 3.

For the general case, where the fringes arg neither circular nor straight, a combination of these facts appl
Firstly, the direction of the zero order as-described for straight fringes has to be determined. Secondly, th
direction [the fringes curve relative ¢o°the zero order has to be observed to determine whether th
wavefronf/surface is convex or concave. This also applies to local distortions.

® O~

In the cape of spherical waveffonts or surfaces, the sign of the optical path difference, Algpp, indicates that
the test wavefront is either concave or convex relative to the reference wavefront, which is important in the
fabrication of optical surfaces as well as in the assembly of optical systems. Table 3 also contains the
determination of the relative curvatures of test and reference surface (wavefront) in a wedge-free set-up (e.g.
proof glags). If the test surface is convex relative to the reference surface, a decrease in air gap thickness
causes the fringes 10 move out, away from the zero order [see Figure 6 a)]. In this case, the radius pf
curvaturg of thetest surface is longer than the radius of the reference surface. If on the other hand, the tefst
surface i$ concave relative to the reference surface, a decrease in air gap thickness causes the fringes o
move in, |.ezaway from the zero order, and the radius of curvature of the test surface is shorter than the radiyis
of the reference surface [Figure 6 b)].

In these considerations, the expression “surface” may be exchanged by “wavefront”.
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Table 3 —Determination of the sign of defect for a Fizeau interferogram

a) Interferometer set-up with tilt (containing air wedge)

Wedge direction known
Hole Fringe deviation from straightness toward thin portion of wedge
Bump Fringe deviation from straightness toward thick portion of wedge
Concave sphere Fringes curve toward thick portion of wedge

Convex sphere Fringes curve toward thin portion of wedge

Wedge direction not known
— Push on edge of test piece to determine direction of wedge
Number of fringes increase: pushing on thin portion of wedge
Number of fringes decrease: pushing on thick portion of wedge
— Pushing uniformly on test piece to decrease air gap thickness
Closed fringes: fringes move toward low points
Open fringes: fringes move from higher regions to lower regions
— Pushing uniformly on test piece to increase air gap thickness
Closed fringes: fringes move toward high points

Open fringes: fringes move from lower regions to higher regions

H) Interferometer set-up without tilt (air wedge), comparing sphérical surfaces

—

est wavefront (surface) radius > reference radius
— When decreasing air gap thickness: fringes move outjaway from the zero order
— Fringes are curved towards the zero order

— Wavefront (surface) convex to reference

—

est wavefront (surface) radius < reference radius
— When decreasing air gap thickness: fringes move in, away from the zero order
— Fringes are curved away from the zero order

— Wavefront (surface) concave'toreference
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22

1R 2

a) Fringes move out

3
b) Fringes move in
push
zero drder
constant distance corresponding to fringe

Figure 6 — Fringe movement
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4.2.3 Example 2 — Twyman-Green interferometer

Table 4 outlines several common techniques for determining the sign of the error.

Table 4 — Determination of the sign of defect for a Twyman-Green interferogram

a) Push in on reference mirror
1) Closed fringes

— Surface test: fringes move toward high points

— Transmission test: fringes move toward thin regions
2) Open fringes
— Surface test: fringes move from low regions to high regions

— Transmission test: fringes move from thick regions to thin regions

H) Push out on reference mirror

Opposite of 1

d) Push in on test mirror

Opposite of 1

d) Push out on test mirror

Same as 1

) Put hot wire in test beam
1) Closed fringes
— Surface test: in vicinity of the wire fringes move toward lower regions
— Transmission test: in vicinity of the wiré’fringes move toward thick regions
2) Open fringes
— Surface test: in vicinity of the:wire fringes move from high regions to low regions

— Transmission test: in vicinity of the wire fringes move from thin regions to thick regions

f] Put hot wire in reference beam

1) Closed fringes: opposite of 5 a)

2) Open fringes: opposite of 5 b)

Z

Chieve.

Q

mo <

gures'7 and 8.

pte that a changein spacing without a change in relative tilt between the wavefronts is nearly imp

bssible to

hen testing optical systems, the visual inspection of the interferogram allows (for simple cases and small
perrations) a rough statement about the nature of the aberration. Some typical cases are illu

strated in
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L\) Pure defocus b) Pure tilt c) Defocus + tilt

Interferograms show adjustment of interferometer.

Figure 7 — Interferograms for a system under test without small aberrations

b) Astigmatism c) Coma

Interferograms additionally show typical aberration-dependent patterns.

Figure 8 — Interferograms for a system under test with small aberrations

4.3 Manual evaluation of interferograms

To evaluate an interference fringe pattern, it is necessary to quantify the deviation of the fringe pattern from
some ideal best-fitting pattern, which is expected for some specific (best-fitting) test wavefront. Depending on
this theoretical wavefront, several kinds of deviations can be extracted from the interferogram, i.e. wavefront
sagitta error, irregularity and rotationally symmetric irregularity (see 1SO 10110-5:1996, Annex B). Ideally, the
fit should be based on a least-squares computation.
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In practice, try to adjust for straight fringes (minimum sagitta error), so that the estimation, respectivel

y manual

evaluation, can be done with the help of a ruler or specially designed hinged mechanical parallelogram. If this
is not possible (e.g. when using proof glasses), the central fringe should not be compared to a straight line,

but to the circular arc joining the two ends and the centre of the central fringe.

The deviation, denoted distortion, is usually presented as a fraction of the spacing between a pair of
the ideal pattern. See Figure 9.

fringes in

Kpy
S| fringe spacing in the best-fitting pattern
Al maximum of the fringe patern from the best-fitting pattern

Figure 9 — Manual evaluation of interferograms

uantitatively, Als is the fractional distortion-in the fringe spacing, where s is the fringe spaci
pst-fitting pattern, and 4 is the maximum'deviation of the fringe pattern from the best-fitting pat
prresponds to the maximum distance between the test and reference wavefront minus the minimunmj
btween the wavefronts. In this case;xwhere the wavefronts intersect, the minimum distance bet
avefronts is a negative number;_ the’ sign shall be taken into account in computing the difference
alled the peak-to-valley (PV) difference. If one of the wavefronts represents the theoretical planar \
Hen the peak-to-valley difference between the wavefronts is called the “peak-to-valley deformation”.

S TOTO

= 0

The distortion, in units of wavelengths, is equal to the product of A/s and the “interferogram scale fact

Distortion = (4ls))x (interferogram scale factor) x 4

n

pr example,_“when evaluating a mirror surface at normal incidence in a Fizeau or Twym
terferometer, the scale factor is 1/2: one fringe spacing = (1/2).

5

g in the
ern. This
distance
ween the
which is
avefront,

an-Green
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Table 5 gives the interferogram scale factors for some common interferometric set-ups.

Table 5 — Interferogram scale factors

Measured parameter Interferometric set-up Interferogram scale factor

Reflective surface Normal incidence, single pass 1/2

Reflective surface Angle of incidence = O, single pass 1/(2cos®)

Reflective surface Normal incidence, double pass 1/4

Reflectivg surface Angle of Incidence = ¢, double pass T/(4COS O)

Single paps transmitted wavefront distortion [ Single pass 1

Single paps transmitted wavefront distortion Double pass 1/2

Double p§ss transmitted wavefront distortion | Single pass 2

Double pzl:ss transmitted wavefront distortion | Double pass 1
When chpracterizing a surface form deviation in units of fringe spacings, the word\‘fringe spacing” does npt
refer to the transverse distance between fringes, but to the fact that the numbérof fringe spacings visible jn

the interf¢rence pattern corresponds to the number of half-wavelengths of surface form deviation.

The trangmitted wavefront quality of an optical element is judged by thé.deformation of a planar wavefropt

transmitt
is, perpe
spacing”,

The r.m.
manual e

The anal

4.4 Phase measurements with temporal carrier

441 G

The basi
which us
(without

interferon

The inter

d twice through that element. This deformation is measured atong the direction of propagation, thpat
ndicular to the nominal plane of the wavefront. The unit\of measure is also a “double-pass fringe
and it is equal to one wavelength of the light.

5. measures of wavefront distortion cannot be determined by visual inspection or this elementary
valuation.

sis of fringe patterns is treated more fully inymany textbooks, such as Reference [5].

eneral

C procedures for the analytical evaluation of interference patterns are described in 4.4.2 to 4.4.4,
b a temporally varying(reference phase ¢(f) to measure the phase @(x,y) of the wavefront under tefst
5ign and phase ambiguity). The description is restricted to the most common case of two-beam
hetry.

sity I(x,y) of~the interference pattern, recorded on a uniform rectangular grid, obeys the following

equation [see ISQ/TR 14999-1:2005, 3.1.1):

1(x, )= Fo(x, ) {1+ 7 (x, y)cos[ @(x, y) - (1) ]} (8)
where

Iy(x,y) is the nearly uniform background intensity;

V(x,y) is the visibility (contrast) of the fringes;

@ (x,y) is the phase distribution to be measured;

26

is the reference phase.
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Since there are three unknowns in the interference equation (I, ¥, @), a minimum of three intensity
measurements for each location (x,y) is necessary to determine the phase @ (x,y).

It is assumed that the relative orientation of both test and reference wavefront is such that the difference A@
between neighbouring points on the grid does not exceed =, so there are at least two detector locations for
each fringe (sampling according to the Nyquist frequency). Contrary to the manual evaluation methods, no
other requirements exist for the relative adjustment of the wavefronts, since in the quantitative description of
the test wavefront, tilt and defocus effects can be subtracted.

The temporal modulation of the reference phase is accomplished by continuously or stepwise changing the
optical path of one of the interferometer arms. Among various possible devices, the most common, arg:

— moving reference mirror [mounted on a piezoelectrically driven transducer (PZT)];
—t tilted glass plate;

— moving grating;

—t rotating polarizers in conjunction with a polarizing dependent interferometer'set-up;
— acousto-optical modulator.

These devices are used to either introduce a phase difference between the beams in discrete steps, pr to vary
He phase difference continuously, which corresponds to a frequéncy shift.

—

(W)

epending on the phase variation, several methods can be-distinguished (see References [6] and [7]):
— heterodyne interferometry (¢p = w¢);

— phase lock interferometry (p=asinw t + ¢y);

— phase stepping and phase shifting interferometry [¢ = ( — 1)gg].

NOTE The method described in 4.3 uses a spatially varying phase shift ¢ = p, + p,x, corresponding to a tilt between
dference and test wavefront to produce wedge-type straight fringes of a certain spatial frequency. More sophisticated
lethods relying on spatial phase variation are described in 4.5.

33

4/4.2 Heterodyne interferometry

he phase difference@= w ¢t = 2Aft) between the interfering beams is varied by means of a continugus phase
odulator, such as-a“rotating radial grating, acousto-optic modulator or rotating birefringent deviceg. Since a
pntinuously incfeasing phase difference corresponds to a second frequency, it is also possible [to use a
frequency laser. The modulated fringe intensity is photoelectrically detected. At each location (y,y) of the
terference pattern, the detector measures a signal at the beat frequency Af, provided its bandwidfh is high
nough.<Fh& phase measurement can then be performed electronically by comparing two such signals.

©O5NQ 3

Ore p033|b|I|ty is to use a detector at rest at the location (xo,yo) and another detector which is scarnned over
ll C WIIUIC IIILUIIUIUIIbU pdllclll I_Ul Udbll |JUDILIUII \J&,)/} UI LI Ic bbdlllllllg UULCbLUI lIIU plldbc U|fference
AD= D (x,y) — D (xq,y9) is determined by an electronic phasemeter. By integrating these differences over the
whole interference pattern, the optical phase difference between the wavefronts can be measured without
modulo-2n -ambiguity and including the sign information.

Another possibility is to use a second detector seeing the interference of light beams which are uninfluenced
by the probe. The phase of this detector signal is fixed and serves as a reference in the electronic phase
measuring.
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4.4.3 Phase lock interferometry (PLI)

In phase lock interferometry, the phase difference between the interfering beams is modulated sinusoidally
with an additional adjustable phase offset ¢j:

o(x,y,t) = asinot + gg(x, y,t) 9)

A simple possibility to achieve this is a piezoelectrically driven reference mirror. The resulting intensity
detected by a photoelectric sensor is

I(x,§,t) = Io {1+ cos[ @(x,y) - po (t) - asinet ]| “p)

The equdtion for the interference intensity 1(¢) at a given position (x,y) contains terms of the type cos[gsin(w {)]
and sin[agin(w t)]. These terms can be expanded into a series with Bessel functions as coefficients:

I, (f)=10+1IgVcos(@-pg ){JO (a)+27, (a)cos(2a)t)+...}

o
~Io}f sin(@ - g ){2]1 (a)sin(wt)+2J 3 (a)sin(3et) + } - anm

The freqyency spectrum of the detected signal U contains components U, U, @Ws,, - at the multiples of the
modulatign frequency w. For small modulation amplitudes a, these components are:

U, F IOVasin(wt)~sin(cD—¢)0) (

—_
NJ
~

IOVQZCOS(Za)t)-COS(@—(pO) (1B)

IR

U2a) ~

The signal component U, vanishes at the locations of a fringe maximum or minimum, whereas U, , reaches|a
maximum value:

U, +0; Uy, = max. (1¢)
U, can be separated by a suitable electroniC filter. With a phase sensitive detector, the offset phase ¢, can ke
steered in such a way that U, =0 is locked. So the change of @ with varying positions (x,y) of the scanning
detector is monitored by a variation of ¢y, since the electronic circuit maintains the condition ¢, = @.

The main features of this type of interferometry are as follows.

a) The |phase detection .s.very sensitive to phase shifts of the whole apparatus during the scanning
procedure; the achievable r.m.s. accuracies are practically limited to 4/30.

b) The pcanning region shall be determined beforehand (with some type of interactive software) to avoid an
interfuption of the phase tracking if the rim of the interferometric aperture is crossed.

4.4.4 Synchronous detection and phase-shifting interferometry

4.4.41 General

Since the interference equation [see Equation (8)] contains three unknowns (I, ¥, @), a minimum of three
discrete intensity measurements for each location (x,y) in the interference pattern is necessary to determine
the phase @ (x,y). For more than three measurements the technique corresponds to a least squares fitting
procedure with enhanced accuracy.
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The phase difference between the two beams has to be stepped, preferably the reference phase is shifted
such that R measurements are equally spaced over one or more modulation periods:

o :% with 7 =1, ..., R (15)

r

To solve the resulting equation system, the interference equation [Equation (8)] is rewritten in the following
form:

xy)=IL+Mcosp+ Nsing (16)
where

L=1I,

M = 1oV cos®

N = IV sin@ multiplied by cosg, respectively sing, and summed up ovér-one period,
where

@, =(r-1-99 and r=1, .., R,

—

follows:
R R
Mo Y I,cosp,, N I sing, (17)
r=1 r=1
where /,. being the intensity value belonging to;the reference phase value ¢,..

The following equation for the phase @ holds:

> C(x.y)sing,

N
@(x,y) = arctan— = arctanst mod 18
T e "
B

he multiplication wjth-sing, and cosg, corresponds to a synchronous detection of the cosine type signal
(9,)-

~ —

(W]

epending on the actual number of phase steps, there are several common schemes.

414.4.2_ " Four-step technique

Withp, =0, Yo, T, 3712 , Equation (3) simplifies to:

Io(x,y)—14(x,y)
14(x,y)—13(x,y) (19)

@(x,y) = arctan

The fringe visibility can be written:

):\/(11—12)2+(11—13)2

V(x,y
21, (20)
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For each detector element, the value V(x,y) gives information whether the phase measurement @ (x,y) is
reliable or not. In an automated measuring procedure it can be used for the determination of the rim of the
interference aperture or detegtion of dust particles, which do not exhibit the sinusoidal ¢.-dependence. If the
phase is integrated over A4 = Err (four-bucket technique, see 4.4.4.3), the fringe visibility is 0,9 Vstep-

4.4.4.3 Four-bucket technique

Concerning the measurement time, the phase stepping technique is not the fastest possible procedure,
because the phase stepper (for instance a piezo-driven mirror) requires a certain time to settle down after
each step—tmamuodified-schenmethephases—shiftedcontinuousty duringthedetector's-mtegratiomtme—The
phase change ¢. is divided into R sections in which the relative phase changes by an amount 4 = 2r/R.VEpr
each secfion the integrated intensity is:

(ﬂrJr%
1
(4=~ [ Toty){1+V cos[@(x.y) - ()]} do(0)
(Ur_% (21)
After integrating this expression, the recorded intensity is:
I,.(qy)= Io(x,y){1 + Vsinc(%A)cos[cp(x,y) + gor]} (2R)

where sifc(Z 4) = sin%A/%A

So the only difference of this method to phase stepping is a reduction in the detected fringe modulation. In the
descriptign of the various phase stepping schemes, this reductian factor will also be given.

4.4.4.4 | Three-step technique

There ar¢ several ways of implementing a three-step technique, the most common use phase steps of 60°,
90°, or 120°.

Ag, $60° = 1/3 (28)
211 - 3[2 + [3
@(x|y) = arctan| =——2_-8 (21)
{ V3(I2 - 13) il
Ap.$90°=n/2: ¢ ~l4,3n/4 and 5n/4 (2p)
D(x, ):arctan(lﬁ;llz]
17142 (26)
/ 2 2
- JU1=12] T2 =13)
27, (27)
Vis reduced to 0,9 Vg, if the phase is integrated over A = n/2.
Ap.=120°=2n/3; ¢,=0,2n/3 and 4n/3 (28)
D(x,y) = arctan(ﬁ%}
1=12 13 (29)
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. \/3(11—12)2+(211—12—13)2
21, (30)

V'reduces to 0,83 Ve, in case of integration over 4 = 2n/3

For a phase shift other than n/2 or 2r/3, the phase can be calculated using

- I14—-1
d)(x,y):arctan(1 cos¢ 13

Sy 2f3—17-13) (31)

where phase shifts —p, 0 and ¢ are assumed.

414.4.5 Carré technique

the previous technique, the phase shift is known (for instance by calibration of the phase shifter, gee later).
ith four steps, it is also possible to determine the unknown but constant phase shift ¢,

@\ _ [BU2-13)-(I1-14)
tan(2)_\/(12—[3)+(11—[4) (52)

=35

The phase @ at each point is

@(x,y):arctan{tan(%)X (Ip—-13)+(I4 —[4)}

(Ig+13)=(I1+14)

\/[3(12—13)—(11 —14)][Ugr13)+ (11— 14)]

= arctan (33)
(T2 +13){I1+14)
Fpr this technique the intensity modulation is
2 2
yo ] \j[(lz —13)+(Ig574)]" +[ (T2 +13)~(I1+14)]
27 2 (34)

Here ¢ is assumeddebe near /2. If the phase shift is off by £ 10 % the estimation of V" will be off by + 10 %.

The technique 'works with a phase shift which does not have to be calibrated. The phase @ (x,y) at each point
the interferogram can be determined modulo 2x, even in the case of varying phase calibration differences
Cross thexbeam.

Q5

41446 Calibrating the phase shifter

The accuracy of the above methods depends on the linearity of the phase shifter. For the typical phase shift
from the piezoelectric transducer (PZT), the linearity depends on the actual driving voltage due to hysteresis
and other nonlinear response effects. Therefore, a calibration of the phase-shifting equipment is necessary.

One possibility is given by the Carré technique already mentioned. A set of four intensity values is used to

calculate Ag. The phase shift controller should be adjusted so that the average phase shift is at the desired
value and the spread in calculated phase shifts is small.
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A simpler equation can be used when taking five intensity measurements with a constant phase shift between
them!(8l:

@(x,y) = arccos {% (%H (35)

With some prior knowledge of ¢, the sign ambiguities of the cosine function can be resolved.

With a separate small interferometer fed by light split off from the reference arm, and with a separate detector,
the phasg can also directly be measured.

With the Imeasured values, corrected values for the phase shifter controller can be obtained (for instance|a
lookup table for the input voltages of the piezo driving high voltage amplifier, if a computer controls)thé phage
shifter).

4.5 Phase measurements with spatial carrier

4.51 Fringe analysis by Fourier transform operations
If the spptial frequency v of the interference pattern obeys the condition %y max|grad® |, no closed
fringes afe present in the interferogram and one-dimensional Fourier transforms can be used to obtain the
phase @ 9]

The interference Equation (8) can be rewritten as follows:

I(x, 1) = a(x,y)+ c(x,y)ejznvox + c”‘(x,y)e_jzn'vojc (38)

where ¢( r,y):%IOVej‘p(x'y)
After a one dimensional Fourier transform the following holds:
F(I\=A(v,y)+C(v—vg,»)+C*(v +voiy) 30

where 4, |C and C* are complex Fouriep amplitudes.

By means of digital filtering, one_side-band of the intensity distribution is filtered out and undergoes an inverge
fast Fourjer transformation.(FET). In this way the quantity c(x,y) is obtained, from which the phase can ke
calculated!:

e

@(x,|y) = arctan
() Rec

modn (38)

or by usinjg-the complex logarithm: log[ ¢(x,y)] = Iog(%([oV)—‘ +jD(x,y)

If the sampling theorem is fulfilled (more than two detector elements per period of the cosine function), phase
ambiguities can also be eliminated (see 4.4.4).

A two-dimensional approach of the FFT techniquel'0l can also deal with interference patterns, where the
fringe density is smaller than the maximum slope of the wavefront: vy <max|grad® |. For example, closed
fringes are an obvious violation of this condition.

In the two-dimensional algorithm, the equation for F(/) becomes

F(I) = A(v, 1)+ C(v, )+ C™ (v, 1) (39)
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The filtering of the complex quantity C can now be done in two orthogonal directions (with different filters in the
v and u directions). Ambiguities can be resolved when making two separated calculations of @ with
band-pass filters oriented in orthogonal directions.

Another procedure is based on the evaluation of two interference patterns where the second pattern is shifted
by about a = n/2 compared to first pattern. The respective Fourier coefficients c¢¢(x,y) and c5(x,y) can be
used to calculate

Recq:-Imcy —Imceq-Re
a(x,y):arctanR ‘1 2 1 €2

(40)

eml 'Re(‘2 +|m(‘—1’ 'Im(‘2

is expected to be nearly constant apart from the sign indication, which can be used to determine the sign of
(x,y) unambiguously.

Q8

4/5.2 Spatially synchronous fringe analysis

Al the locations in the interference pattern where closed fringes appear, the local slope of the wapefront is
sleeper than the mean relative tilt between test and reference wavefront.At~such locations, the Fourier
pefficients C(v, ) and C*(v,u) of the equation for F(I) partially overlap and the sign is undgtermined
ghange of sign of the calculated phase). To remove this difficulty, the relative tilt of the reference wavefront
ay be increased, which corresponds to a higher spatial frequency v .

Q

—~

3

he underlying information about the local phase @ (x,y) of the wavefront under test can also be exfracted by
ultiplying the interference pattern of Equation (8) directly with\ecosine and sine functions that have a linear
nase dependence with the same mean spatial carrier frequency as the interference pattern111.[12], Since the
terference pattern is usually scanned, a one-dimensional representation can be used. Let f; bg a rough

503 -

estimate of the mean spatial frequency f of the interfefénce pattern. Then

I(x,y)-cos(2n fox) = a(x,y)cos(2nf0x)+gCOS[Q(x,y) + 27tf0x] + gcos[@(x,y)— anox] (41)
and

I(x,y)-sin(27 fox) = a(x, y)sin(27 fox)+gsin[d>(x, »)+ 27 fox] —gsin[@(x, V)= 2mfox] (42)

fl[the difference between the test wavefront represented by @ (x,y) and the “reference wavefront” [2x fox is
mall, the third term of these expressions represents a low spatial frequency component which can be
tracted by a low-pass)filter with a window function H(x,y) (preferably of the Hanning type).

D »

The resulting low spatial frequency Moiré can be written:

q _
M, =EIOVCOS[@(XJ)_ZTC(f_fo)x:' ~
e Z%IOV sm[@(x,y)—MU_‘JO)XJ .
and
D(x,y)-2n fox = arctan 1 2(%.) )

Mq(x,y)

Since the convolution window shall be several fringes wide, a high fringe density is needed in order for each
phase measurement to be located to a region much smaller than the overall size of the pupil. This also keeps
the loss of phase information small where the convolution window overlaps the edge of the pupil.
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The simplest implementation of the quadrate multiplicative Moiré (QMM) involves a pure one-dimensional
reference containing pure tilt, and is applicable to interferograms to which a large tilt component has been
added, eliminating closed fringes. In this case, M, and M, reduce to:

N

My=" I(x;,y)co8(2nfox;) H(x—x;,y) (46)
i=—N

N

My =Y I(x;y)sin(2nfox;) H(x—x;,y) (47)
i=—N

M
and @(x,ly) = arctan—=2

M4

In anoth¢r version, the high frequency component of the equation is extracted by filtering with a filt
frequency f,. Then:

W
-

N
Fi(xy)= Y. I(x;,y)c08[ 2nfo(x = x;) | H(x—x;,) (48)
i=—N
and
N
F(y)= D, I(x;,y)sin[2nfo(x —x;) | H(x~x;,) (49)
i=—N

is calculated, resulting in the phase

D(x|y) = arctan£2(5) (5p)

Fi(x,y)
This method is called “sinusoidal window algorithm”.

A third method makes use of a comptex exponential window to filter out the phase information of a single side
lobe of the Fourier transform

= h(x7y)ej27'cf0x (51)

resulting lin a function{lwhich real and imaginary parts are identical to F; and F, of the sinusoidal window
method. The phase-is‘then given by the arctangent of the ratio of real and imaginary parts.

4.6 Removalof phase ambiguities (phase unwrapping)

The above—equations—attowthedetermimationmof the—phasemoduto i order todetermime—thephase
difference between the interfering wavefronts without ambiguity, the following additional steps shall be
performedI®l.

a) In a first step, the determination of phase modulo 2r requires to take the signs of the numerator (sin®)
and the denominator (cos®) in the arctangent expression of the phase into account. The phase is
calculated modulo 7/2 using absolute values in the nominator and denominator, then the signs of these
quantities are used according to Table 5 to calculate the phase modulo 2.
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For the Carré technique, two other quantities instead of (sin®) and (cos®) have to be examined in the
same way:

(I1-13)=[2IgV sing|sin® (52)
and

(1o +I3)—(11+I4):[210Vc03q)sin2<p}cosd5 (53)

b) Provided that the sampling requirement is fulfiled and the phase difference between adjaceLnt pixels
exceeds n a phase jump will occur and a phase of 2n should be added with the sign of theyphase of the
previous pixel. This procedure should be carried out in two dimensions, first for one diameter and then in
the perpendicular direction from this diameter proceeding over the rest of the aperture.

In this way, a continuous phase function can be obtained from the raw phase data.

Table 6 — Determination of the phase modulo 2«

Numerator Denominator Adjusted phase Range of phase|values
(sin @) (cos @)
positive positive @ 0- %
positive negative n—@ % -
negative negative n+@ TT— %
negative positive 2n—-@ 32—”" -2
0 anything b b
negative 0 3 3
positive 0 %n %n

4|7 Registration of wavefronts; coordinate systems, coordinate system definition

rl direct phase measuring interferometers, wavefront phase or surface figure data are recorded gn a CCD
amera. At each x,, Yo pixel location on the camera where there is phase modulated intensity data, a|phase or
pight value is recorded."Some measured objects will fill the entire CCD array, while others will fill only part of
When the entire @rray contains data, the centre of the array is the centre or origin of the processed data set.
he ratio of the Humber of pixels vertically to horizontally needed to describe a circle is the aspect ratfo.

o0 =

— =

hen only/part of the array is filled with phase data, the origin of the processed data is the centre [of gravity
r centroid) of the data set. For data from a circular object, the coordinate system of the object being
easured will be shown how it is related to the pixel coordinates. For most CCD cameras, the pixel|s are not
juare” but rectangular. However, it is desirable that a circular object be displayed and analyzed a$ circular.
Jth thc CCl1 Itl;lly alld thc aopcbt |at;u Uf thU p;AC:O dal'cT abbuuntcd fUI by thc fU”UVV;IIH |||cthud. UO; g a" the
modulated phase data, the mean Xp and yp are found by summing the x and y locations of every modulated
data pixel. This mean, xy, yy of the Xp and y,, gives the centre of the data set in pixel coordinates. The
coordinates (x ypc) of the centred pixel data set is then

WH 3=

pc’
Xpc =Xp —Xg and ype = yp — Yo (54)

The centred pixel data set are then used to determine the statistics of the data by using various processing
algorithms described below.
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Another issue regarding coordinate systems is the mapping of a curved surface onto the plane CCD detector.
For a plane surface the lateral (x,y) coordinates of the object are mapped linearly onto the CCD detector. For a
powered surface, however, particularly a surface with a high numerical aperture, there is a question of how
the surface is mapped onto the detector. For most interferometers, the object under test is mapped onto that
object’s pupil plane, a plane at the object’s vertex. The mapping is given by rays that appear to come from
infinity so they are parallel to the optical axis. Thus the x,y coordinates of the surface under test are mapped
one-to-one to the pupil plane while the component of sag in the direction of the optical axis is suppressed. The
pupil plane is mapped linearly onto the detector just as in the case of a plane surface.

There are two consequences that follow immediately from this.

— A plane grid of straight lines perpendicular to the optical axis placed between the object andythe
interferometer will be imaged on the detector with pincushion distortion.

— Also| the x,y coordinates in the pupil plane are the same x,y coordinates that appear in all the’ analysis pf
the ghase data, that is, all the analysis gives height or topographic departures from a plane’surface.

4.8 Pojynomial and other representations of wavefronts

4.8.1 Rppresentation of phase data

Once the|phase data is transformed or mapped from detector or pixel coordinates into analysis coordinates,|it
can be fepresented in basically two different ways. It can be left as/discrete data points or it can Qe
interpolated with an analytic function into a global representation expressed by a number of coefficients. Eagh
method has advantages and disadvantages depending on how the data are to be used. Neither method |s
optimum fin all cases. In some methods of analysis, it is best to represent the low spatial frequency part of the
data by ahalytic functions and the high spatial frequency part by-the raw pixelated data.

Leaving the phase data as discrete data points, or pixelated data, has the advantage that it is essentially raw
data. It h@is the maximum intrinsic information about the @bject under test. As with any sampled data set, thefe
is no, or [too little information about the object on a spatial scale of less than 2 pixels, the Nyquist limit. But
there is detailed information about the surface up te'the Nyquist limit.

The disaflvantage of leaving the data pixelatedis that many useful aspects of the data are not obvious from
this large|number of essentially unrelated data points. Also to derive most statistical parameters from the datp,
the entirgl data set shall by processed to\determine each different parameter.

If the pixglated data is fit to 2-D analytic functions, many properties of the data set are obvious from inspectign
or can b¢ calculated simply fram) the coefficients representing the function. The entire data set is no longgr
needed tp get most of the .sufface information out of it. Also, if certain analytic functions are used, many
propertie$ of how well an.imaging system will work can be determined directly from the functional coefficientg.

The disaflvantage ofifitting to the raw data is that the fitting process is a filter and some of the information |is
lost, particularly the high spatial frequency part. If the raw data are ever deleted from memory there is no way
of recovefing thém*from the analytic function.

Analytic fuhctions for describing surfaces with either circular or rectangular boundaries are defined in 4.8.2 {o
4.8.6. For defails see Annex A.

4.8.2 Zernike polynomials for a circular boundary

Because most optical systems have circular pupils, a particularly useful set of analytic functions for
representing optical surface and wavefront data are the Zernike polynomials. This particular set of polynomials
is complete and orthogonal over the unit circle. In addition, with appropriate normalization, the coefficients of
the Zernike polynomials are the r.m.s. values of the individual optical aberrations present in the phase data
and these directly relate to the imaging properties of optical systems.
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It should be pointed out immediately that the useful properties of Zernike polynomials apply only to circular
apertures (or their close relatives, see 5.7.3 and 5.7.4) and that very misleading results will be obtained by
applying Zernike fitting to non-circular data sets. For square or rectangular data sets, see 5.7.5. For situations
where the clear aperture is elliptical, it is usually this way because a circular beam is incident on a mirror at a
45° (or some other large) angle of incidence. In this case, the correct amount of astigmatism over the elliptical
aperture is the equivalent of power at normal incidence. For this reason, in 5.7.3, it is suggested to rescale the
aperture coordinates to make the pupil circular, to evaluate the error with the regular Zernike polynomials and
then to scale the aperture back to its elliptical shape. Annex A shows the first six orders of Zernike
polynomials normalized in two ways depending on their application. The notation used is that of
Reference [13] with subscripts and superscripts. This differs from the recent historical practice of several
djfferent serial numbering  schemes Used for ease ol computer coding. One advaniage oi ihe Zernike
pplynomials is their characterization of the symmetry properties of the aberrations. These symmetries are
immediately obvious if the indices of the polynomials and their coefficients are given as-'subsdripts and
iperscripts, the subscript giving the radial order and the superscript giving the angular er azimuthal order.
he symmetry properties of the first few orders are obvious. A further advantage is that,the Zernike order is
bvious from inspection rather than being familiar with a proprietary scheme.

o Hw

Tvo methods of normalization are given in Annex A, the extreme value or peak-to-valley method dgsignated
with an upper case letter and the r.m.s. method designated by a lower case letter. Again, for recent|historical
rgasons, the first widely accepted publication of the Zernike polynomials for the reduction of interferometric
data used the peak-to-valley method where a coefficient with a value of A ‘meant a peak-to-valley erfor of that
tgrm of 2 units. This usage was also compatible with the shop floor method of interpreting {est plate
interferometric patterns. However, the r.m.s. method is more usefulr-when wanting to determine thg effect of
ohe or more aberrations on the imaging performance of an optical system and eliminates the negd for an
uhderstanding of exactly what peak-to-valley means.

Fpr the purposes of this part of ISO 14999, the following convention regarding normalization is adopted. If the
Zernike coefficients are designated with an upper case-or capital letter such as AZO, it will mean that peak-to-
valley normalization is being used. If the coefficients.are written as lower case letters such as a20, it means the
r.m.s. normalization is being used. Conversion from one normalization to the other is achieved by multiplying
peak-to-valley coefficients by the normalization-factor shown in Annex A to get the r.m.s. coefficients.

Aluseful initial operation to perform with the.Zernike representation is to remove the piston, tip and tilt present
i almost every set of interferometric data:-Notice the r.m.s. error is just the root sum square of the cqefficients.

milarly, higher order coefficients can be set to zero to see the effect of removing higher order aberrations.
he r.m.s. error of the remaining\surface or wavefront error is still the root sum square of the coefficignts.

o N2}

br pixel-based data, the rim..s. error in a surface or wavefront is just (1/N) [X(z2)]2 where N is the number of
bta pixels within the clear ‘aperture and z is the height above or below the mean reference plane. The sum is
er all N data points,

O QoM

n

br data fitted to Zernike polynomials using the r.m.s. normalization, the r.m.s. error in a surface or yavefront
[>(a/*)2]"25:where the sum is over all the Zernike coefficients remaining after coefficients have been set to
zero to remoye tilt, focus, etc.

&

418.3 \.Use of Zernike polynomials for an elliptical boundary

Elliptical apertures generally occur in optical systems because a collimated beam of light is reflected from a
plane mirror to fold the beam path. As in many optical systems, a small amount of power in the optical path is
of little consequence because it can usually be focused out in the image plane. However, if a plane mirror has
a little power and is used in non-normal incidence the mirror will introduce astigmatism, which will degrade the
optical performance of the system.

On the other hand, if the plane mirror has astigmatism aligned with the plane of incidence then this
astigmatism will appear as power in the system and may be focused out. Thus, the main use for Zernike
polynomials in the analysis of elliptical apertures is to determine the magnitude and orientation of power and
astigmatism in the mirror surface.
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The following procedure will permit the analysis of phase data over an elliptical aperture. First, assume the
major axis, a, of the aperture is aligned along the x-axis. Let ¢ and b be the lengths of the semi-major and
minor axes of the ellipse. Multiply the x coordinates of all the data locations by the ratio (b/a). The pupil will
now be circular. Fit Zernike polynomials as usual.

If the optical system will allow power to be focused out then the a20 coefficient times 2 times the cosine of the
angle of incidence at which the mirror will be used is a measure of the peak-to-valley power introduced by the
mirror. Any astigmatism or other aberration terms will degrade the wavefront and should be considered as
irregularity. After power (a20) is removed the peak-to-valley magnitude over the remaining irregularity needs to
be multiplied by the cosine of the angle of incidence in the system to determine its effect on the wavefront.
The comfents above assume the mirror surface 1s tested at normal incidence. If It Is tested at the angle jn
which it will be used the test will give a direct measure of the irregularity.

Once Zeinike polynomials have been fitted to the circle aperture data, a contour map of the surface.over the
elliptical pperture can be made by multiplying the x coordinates of the circular data by the ratio”(a/b) and
plotting the results.

There may be other occasions for fitting Zernike polynomials to data from an elliptical clear aperture. The
approach suggested above may also be used in this case provided there is a cleardinderstanding of hgw
scaling the aperture coordinates in one direction affects the results of the fitting.

4.8.4 Zernike-Tatian polynomials for a circular shape with a central hole (annular)

In the cage of an interferogram of an annular aperture, such as might be\ebtained when testing a Cassegrajn
type telegcope, the annular aperture can be fitted with modified Zernike polynomials as listed Annex A. Thege
polynomigls are a function of &, the ratio of the inner radius of the annulus to the unit outer radius of the
annulus. |n all other attributes, they are the same as the Zernike polynomials for the full circular aperture.

4.8.5 Legendre polynomials for a rectangle boundary

There ar¢ times when it is convenient to represent a rectangular aperture with a 2-D analytic function such as
when testing cylindrical optics. When this is necessary, Legendre polynomials are an appropriate choice.

4.8.6 Orthogonal functions on “unusual-areas”

It is possgible to compute orthogonalpolynomials, given certain desired characteristics, over an arbitrarily
shaped drea, including a weight function, if desired. Mathematically, this is not a new method but it does npt
seem to be applied in the optics wofld. The term orthogonal function, and not polynomial, is used in this tefxt
as this method applies to absolutély any base of functions. This could include, e.g. R(1 —cos@) , to accurately

computafjon. This computation can be very simple using matrix notation, enabling the generation of the
polynomigls one after'the other, in a deterministic way (no iterations or approximations).

5.1 General

The results of each test, calibration, or series of tests or calibrations carried out by a laboratory should be
reported accurately, clearly and objectively, and in accordance with any specific instructions in the test or
calibration procedures.

The results should be reported, usually in a test report or a calibration certificate, and should include all the

information requested by the client and necessary for the interpretation of the test or calibration results. This
information is normally that required by 5.2, and 5.3 or 5.4

38 © IS0 2005 — All rights reserved


https://standardsiso.com/api/?name=0ab91d90f93db898d5650ce6ccb878e7

ISO/TR 14999-2:2005(E)

5.2 Content of test reports and calibration certificates

Each test report or calibration certificate should include at least the following information, unless the laboratory
has valid reasons for not doing so:

a) atitle (e.g. “Test report” or “Calibration certificate”);

b) the name and address of the laboratory, and the location where the test or calibration was carried out if
different from the address of the laboratory;

c—unigte-igentificationof the-testreport-orcalibration-—certificatesuch-as-a-seratnumberoneachpage;
d) the name and address of the client;

e) a brief description of the method of measurement used;

f)l a brief description, including unambiguous identification, of the item(s) tested or,¢alibrated;
g) the date(s) of performance of the test or calibration;

h) the test or calibration results with the units of measurement;

i)] the name, function and signature of the person authorizing the test.report or calibration certificatg.

I

ard copies of test reports and calibration certificates should\also include the page number and| the total
imber of pages, e.g. Page 1 of 3.

>

t] is recommended that laboratories should also include a statement specifying that the test report or
calibration certificate shall not be reproduced except.infull.

5|3 Test reports

In addition to the requirements listed in 5.25-test reports should, where necessary for the interpretatjon of the
tgst results, include the following:

a) deviations from, additions to, or exclusions from the test method and information on specific test
conditions, such as environmental conditions;

b) where relevant, a statement of compliance/non-compliance of the test item(s) with requiregments or
specifications;

c] where applicable; a statement on the estimated uncertainty of measurement (information on uncertainty
of measurement is needed in test reports when it is relevant to the validity or application of the tgst results,
when a client’s instructions so require, or when the uncertainty affects compliance to a specificatjon limit);

d) wherexappropriate and needed, opinions and interpretations based on the measurement results;

e) ~additional information which may be required by specific methods or clients.

5.4 Calibration certificates

5.4.1 Basics

In addition to the requirements listed in 5.2, calibration certificates should include the following, where
necessary for the interpretation of calibration results:

a) the conditions (e.g. environmental) under which the calibrations were made that have an influence on the
measurement results;
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b) the uncertainty of measurement and/or a statement of compliance with an identified metrological
specification or clauses thereof;

c) evidence that the measurements are traceable to national standards.
5.4.2 Specification
The calibration certificate should relate only to quantities and the results of functional tests. If a statement

relating to compliance with a specification is made, this should identify which clauses of the specification are
met or not met.

When a|statement of compliance with a specification is made omitting the measurement results“\and
associatdd uncertainties, the laboratory should record those results and retain them for possibte-futufe
referencyq.

When stgtements of compliance are made, the uncertainty of measurement shall be taken into,account.

5.4.3 Adjustment or repair

When an| instrument/device for calibration has been adjusted or repaired, the calibration results before and
after adjustment or repair, if available, should be reported.

5.5 Oginions and interpretations

When opjnions and interpretations are included, the laboratory should document the basis upon which the
opinions pnd interpretations have been made. Opinions and interpretations should be clearly marked as sugh
in a test neport.

Opinions|and interpretations included in a test report may comprise, but not be limited to, the following:
— an opinion on the statement of compliance/non-compliance of the results with requirements;

— recommendations on how to use the results;

— qguidance to be used for improvements!

—

In cases where it is appropriate to comimunicate opinions and interpretations by direct dialogue with the clier
that dialogue should also be writtep-down.

5.6 Elé¢ctronic transmissSion of results

In the cgse of transmission of test or calibration results by telephone, telex, facsimile or other electronjc
means, the requirements of this part of ISO 14999 should be met.

5.7 Format.of reports and certificates

The formpt should be designed to accommodate each type of test or calibration carried out and to minimize
the possibility of misunderstanding or misuse.

Attention should be given to the layout of the test report and calibration certificate, especially with regard to
the presentation of the test and calibration data and ease of assimilation by the reader.

The headings used within the report or certificate should be standardized as far as possible.
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5.8 Amendments to test reports and calibration certificates

Material amendments to a test report or calibration certificate after issue should be made only in the form of a
further document, or data transfer, which includes a statement indicating that it is a “Supplement to test report,
serial number (XXXX)” or the equivalent for a calibration certificate.

When it is necessary to issue a completely new test report or calibration certificate, this should be uniquely
identified and should contain a reference to the original that it replaces.

6| Data format

rfformation concerning data formats used in interferometric computational processes can. be found for
ample at http://support.zygo.com/resource/manuals.cgi?type=mp or at http://www.fisba.ch/ (Metrology-
roducts-Software).

T O
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Annex A
(informative)

Orthogonal polynomials

A.1 Generat

Various golynomial sets are described here, to be used on the two most widely used area shapes in optics:
a) Circdlar area (extendible to the elliptical area);

b) Squafe area (extendible to the rectangular area).

Each set|is designated by a combination of letters:

— Areag|shape: C (circle/ellipse); S (square/rectangle);

— Gengration basis: P (polar); R (rectangular);

— Form of expression: Z (Zernike), P (polar); R (rectangular).

NOTE 1 In this Annex, the terms “polynomial” and “function” are semetimes used interchangeably. For example,

Zernike function may be obtained by multiplying a Zernike polynomiial by a harmonic function [namely, cos(¢), sin(d4

However, pxpressed in Cartesian coordinates, Zernike functions become polynomials with respect to (x, y).

NOTE 2 | The orthogonal sets described here are orthogonal on continuous areas of the appropriate shape (circle
square). Using these sets for discrete, which is always the“case with real data, results in non-orthogonality of the s3
functions. |It is up to the user to determine the degree to‘which this non-orthogonality perturbs the coefficient computatig
However, [it can be said that for metrology devicesseommon today, the discrepancy is negligible for the lower ord
functions.

CAUTION — Any orthogonal set is toibe used with caution. When applied to real data (as opposed t
e.g. studying the mathematics of aberrations), the individual orthogonal functions are unrelated to th
data to be analysed.

The reaspn why the orthogohal sets described here are useful for practical analysis is the form of first fe
terms, ngmely “piston”, “tip”'tilt”, “power”, which describe changes in conjugates, and also some useful low:

order abgrrations: “coma?, fastigmatism”, “spherical aberration”.

The univgrsally used\Zernike set (A.3.1), as well as the alternative set (A.3.3), include these useful terms. TH
Legendrd set (A.3.2)does not include all these terms (in particular, it has no “power” term).

However| above these lower orders, the terms of any orthogonal set become quite meaningless in practic
Optical components rarely exhibited, for example are a pure Z20, L17 or B29 shape.
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Table A.1 — Orthogonal set summary

No. Reference Name Area Symmetry | Coordinates | Form (see notes) Note
Table b Circular / Circle {P, (r)cos(m8)} Zernike
A2 C-p-P Zernike (ellipse) Polar Polar {Q’;(r)sin(me)} {Z}

Table . Square / Square L (x)L (x)= Legendre
A3 S-R-R Legendre (rectangle) Rectangular | Rectangular 21{70,,,(, (()Icp yq)} (L}
Table Square / Square Combination of New set
A4 S-P-Z Polar (rectangle) Polar Polar Zernike functions {B}
Table b Square / Square {P (r) cos(m8)} New set
A5 S-P-P Polar (rectangle) Polar Polar {0, (r) sin(m)} (B}
NOTE 1 P,(r), O,,(r) denote polynomials for the variable “".
NOTE 2 n, m, p, ¢ are non-negative integers.
NOTE 3 More information may be obtained, e.g. on http://www.mboptique.com.

A.2 Coefficient computation

=

hen fitting a given set of orthogonal functions {P,, P4, P, ...} to a function “ /', coefficients {ag, a4{ a, ...} of
He orthogonal functions are computed as follows:

”Pz’(“’V)f(u,v)dA 1
T 2 ”Pt (u,v) f(u,v)d4

- =
l ”Pl»(u,v)P,-(u,v)dA Stms,i "
A

—

where
(u,v)  are the space coordinates;
A is the area of integration-and d4 is the area increment;

ermS,[ is the r.m.s.-squared\value of orthogonal polynomial (P,).
.zms values are tabulated\bélow. However, because the orthogonality of the sets over discrete argas is not
{rict, it is advised to pérform the actual computation of the Srzms values when they are required, rgther than
5ing the values tabulated here.

CcC 0

A.3 Definitions, tables and illustration of orthogonal functions

NPTE C,, =Comb(n,i) =

A.3.1 Circular areas: Zernike functions (“C-P”)

A.3.1.1 General

This is the classical Zernike set, which is widely used in optics. It is orthogonal over the circular area
(extendible to the elliptical area).

Its definitions are given in A.3.1.2. Srzms values are given in Table A.2 and an illustration of the orthogonal set
(Z0—-2Z35)is given in Figure A.1.
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A.3.1.2 Definitions
Indices: (n + m) = N : Order of the function;
(n —m) = 0 : m is not greater than z;
(n — m) is even.
Area of definition: Circle, radius equal to 1.
( (n—i) ! —|
Zernike polynomial:  Z(n,m,r) = Z -1 L P21
: n+m . n—m
i=0 —i|! —i|!
( 2 j [ 2 j
n+m]
I

Principal term: T =y 2 = C,(,N/Z) r'

n+m | n—m '

2 ' 2 ’
Polynomial mean-square value (s2,s) "Z(n m, r)" = 1Y(n+1)
. . . . . cos(m6))
Zernike fyinction (orthogonal series for use in optics) : Z(n,m,r,0) =Z(n,m,r) x in(mo)
sin(m

NOTE The mean-square value of the Zernike functions is*modified by the cosine or sine functions. For thege
functions [m > 0), the mean-square value is half that of the ‘corresponding Zernike Polynomial. For the rotationally-
symmetrical functions (m = 0), the mean-square values are egtial to those of the corresponding polynomial.
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Orthogonal on the circle (extendible to the ellipse)
Polar variables: (r, 6)

Expressed in polar coordinates: X {P (r) cos(m6)} or X {Pn(r) sin(m&)}; N = n+m

Z N n, m Formula Srzms
Z0 0 0,0 |1 1
Z1 2 1,1 rcosd 1/4
Z2 : 1,1 rsind 1/4
Z3 2 2.0 2,2 1 1/3
Z4 4 2,2 |/Pcos26 1/6
Z5 : 2,2 |rsin20 1/6
76 : 3,1 |[(32-2)rcosd 1/8
z7 : 3,1 |[(32-2)rsing 1/8
Z8 4 4,0 |64-62+1 1/5
Z9 6 3,3  |r3cos30 1/8
Z10 : 3,3 [sin30 1/8
Z11 : 4,2  |(42-3)r2cos260 1/10
Z12 : 4,2 |(42-3)3sin20 1/10
Z13 : 51 |(10/*-122 +3) rcosd 1/12
Z14 : 51 |(10/*-12/2+3) rsing 1/12
Z15 6 6,0 [20/%—-30/4+122-1 1/7
Z16 8 4,4 |r*cos4l 1/10
z17 : 4,4 |Asindo 1/10
Z18 : 5,3 |(5/2-4)r3cos30 1/12
Z19 : 53 |(52-4)sin36 1/12
Z20 : 6,2 (15r4—20r +6)r cos26 1/14
Z21 : 6, 2 (154 — 2012 + 6) 1*sin24d 1/14
z22 : 7,1 [(35/% - 604 + 302 <4Yrcosd 1/16
z23 : 7,1 (35r —60r* +30/3— 4) rsind 1/16
Z24 8 8,0 |[70/8—140/5490i* — 202 + 1 1/9
225 10 55 |rPcos56 1/12
Z26 : 55 |rsin56 1/12
z27 : 6,4 |(6/2<5)*cos4d 1/14
728 : 6,4 |(6%2—5)*sind0 1/14
729 : 7,3 (214 -30r2+10) 3cos36 1/16
Z30 : 7,8 (21r - 3012 +10) 13sin36 1/16
Z31 : 8.2 |(56/°—105/*+60r2 - 10) r2cos26 1/18
Z32 : 8,2 |(56/%— 105/ +60s2 - 10) 12sin26 1/18
Z33 9,1 |(126/8 - 280/ +210+* — 60+2 + 5) rcos & 1/20
Z34 \ 9,1 |(126/8 - 280/ +210+* — 60+2 + 5) rsind 1/20
Z35 10 10,0 [252r10-630/8 + 560/° — 210/4 + 3012 - 1 1/11
Z36 12 6,6 |r8cos6o 1/14
z37 : 6,6 |[/Ssin6o 1/14
738 - F5—Fre="6)7r°cos5¢ 1/16
Z39 : 7,5 (7r - 6) rPsin50 1/16
Z40 : 8,4 |(28/*—42/2+15) r*cos4d 1/18
Z41 : 8,4 |(28/*—-42/2+15) r*sin40 1/18
Z42 : 9,3 |(84F —168r4+105r2—20) r3cos36 1/20
Z43 : 9,3 |(84/5—168/*+ 105/2 - 20) r3sin30 1/20
Z44 : 10,2 | (210/8 — 504/° + 420/# — 140:2 + 15) r2c0s20 1/22
Z45 : 10,2 | (210/8 — 5045 + 420/* — 140:2 + 15) 12sin26 1/22
746 : 11,1 [(462-10 -1 260/8 + 1 260/° — 560/ + 105/2 — 6) rcosd 1/24
ZA47 : 11,1 [(462-10 -1 260/8 + 1 260/ — 560/* + 105/2 — 6) rsind 1/24
748 12 12,0 [924/12-2 772,104 3 150/8 — 1 680/5 + 420/ — 42/2 + 1 1/13
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N| Radial cos(0)  sin(6) | cos(20)  sin(20) | cos(30)  sin(36) | cos(46)  sin(46) | cos(56)

sin(560)

Figure A.1 — Example of visualisation of Zern@rthogonal set (Z0 — Z35)

%
&
A.3.2 Square areas — Legendre functions (“S;I%iﬁ
A\
A.3.2.1 |General \O

Legendrd polynomials are 1D polynomials \é»’ multiplying two such polynomials, one for each directian
(xand y),| one obtains a 2D set of poly ials (functions) orthogonal on a square (extendible to the

rectangular area). @ .

(2

The definjitions are given in A-3-2-(jrms values are given in Table A.3 and an illustration of the orthogonal sgt

(LO — L39§) is given in Figure A.b .

&
A.3.2.2 |Definitions %\

Indices: (p, (g@‘: Order of the function;
P,é :

: Non-negative integers.

Area of defigﬁ%; Centred square, length of sides equal to 2.

pl2 .
Legendre polynomial (1D):  L(p,x)= 2—1’C;,Cé’(p ) P2
i=0
2p)!
Principal term: cé’p P = ( p)2 P
(r!)

1D Polynomial mean-square value (s2,s): ||L(p,x)||2 = 1(2p+1)
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