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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards bodies
(ISO member bodies). The work of preparing International Standards is normally carried out through ISO
technical committees. Each member body interested in a subject for which a technical committee has been
established has the right to be represented on that committee. International organizations. governmental and
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n-governmental, in liaison with ISO, also take part in the work. ISO collaborates closely
brnational Electrotechnical Commission (IEC) on all matters of electrotechnical standardization.

prnational Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Pa
b main task of technical committees is to prepare International Standards. Draft_Jnternational
bpted by the technical committees are circulated to the member bodies for voting. Publica

brnational Standard requires approval by at least 75 % of the member bodies.Casting a vote.

exceptional circumstances, when a technical committee has collected~data of a different king
ch is normally published as an International Standard (“state of thé:art”, for example), it may d

simple majority vote of its participating members to publish a Techpical Report. A Technical Repor
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brmative in nature and does not have to be reviewed until the‘data it provides are considere
ger valid or useful.

ention is drawn to the possibility that some of the elements of this document may be the subjed
ts. ISO shall not be held responsible for identifying.any or all such patent rights.

D/TR 13587:2012 was prepared by Technical Committee ISO/TC 69, Applications of statistica
bcommittee SC 6, Measurement methods and'results.

s Technical Report is primarily based en Reference [10].
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Introduction

The adoption of ISO/IEC Guide 98-3 (GUM) M has led to an increasing recognition of the need to include
uncertainty statements in measurement results. Laboratory accreditation based on International Standards
like 1ISO 17025 has accelerated this process. Recognizing that uncertainty statements are required for
effective decision-making, metrologists in laboratories of all types. from National Metrology Institutes to
commercigl calibration laboratories, are exerting considerable effort on the development of appropripte
uncertainty evaluations for different types of measurement using methods given in the GUM.

Some of the strengths of the procedures outlined and popularized in the GUM are its standardiZed-approach
to uncerta|nty evaluation, its accommodation of sources of uncertainty that are evaluated either statistically
(Type A) of non-statistically (Type B), and its emphasis on reporting all sources of uncertainty_considered. The
main apprpach to uncertainty propagation in the GUM, based on linear approximation-of the measuremgent
function, ig generally simple to carry out and in many practical situations gives resultsthat are similar to thgse
obtained fnore formally. In short, since its adoption, the GUM has sparked a~revolution in uncertainty
evaluation

Of course| there will always be more work needed to improve the evaluation of uncertainty in particylar
applicatiorjs and to extend it to cover additional areas. Among such other work, the Joint Committee [for
Guides in Metrology (JCGM), responsible for the GUM since the year{2000, has completed Supplement 1 to
the GUM, hamely, “Propagation of distributions using a Monte Carlo:méthod” (referred to as GUMS1)®. The
JCGM is developing other supplements to the GUM on topics such:as modelling and models with any numper
of output quantities.

Because if should apply to the widest possible set of meastirement problems, the definition of measuremgnt
uncertainty in ISO/IEC Guide 99:2007 ! as a “non-negative parameter characterizing the dispersion of the
quantity vdlues being attributed to a measurand, based on the information used” cannot reasonably be giyen
at more than a relatively conceptual level. As a result, defining and understanding the appropriate roleq of
different sfatistical quantities in uncertainty evaluation, even for relatively well-understood measuremgnt
applicationts, is a topic of particular interest ta both statisticians and metrologists.

Earlier invgstigations have approached these topics from a metrological point of view, some authors focusing
on characferizing statistical properties_of the procedures given in the GUM. Reference [5] shows that the¢se
procedure$ are not strictly consistent with either a Bayesian or frequentist interpretation. Reference [[6]
proposes $ome minor modifications to the GUM procedures that bring the results into closer agreement with a
Bayesian interpretation in seme’situations. Reference [7] discusses the relationship between procedures |for
uncertainty evaluation preposed in GUMS1 and the results of a Bayesian analysis for a particular clasq of
models. Reference [8] dlso’discusses different possible probabilistic interpretations of coverage intervals and
recommends approximating the posterior distributions for this class of Bayesian analyses by probabllity
distributions from the.Pearson family of distributions.

Reference| [9] ‘compares frequentist (“conventional”’) and Bayesian approaches to uncertainty evaluatipn.
However, the-study is limited to measuremen ems for which all sources of uncertain an be evaluated
using Type A methods. In contrast, measurement systems with sources of uncertainty evaluated using both
Type A and Type B methods are treated in this Technical Report and are illustrated using several examples,
including one of the examples from Annex H of the GUM.

Statisticians have historically placed strong emphasis on using methods for uncertainty evaluation that have
probabilistic justification or interpretation. Through their work, often outside metrology, several different
approaches for statistical inference relevant to uncertainty evaluation have been developed. This Technical
Report presents some of those approaches to uncertainty evaluation from a statistical point of view and
relates them to the methods that are currently being used in metrology or are being developed within the
metrology community. The particular statistical approaches under which different methods for uncertainty
evaluation will be described are the frequentist, Bayesian, and fiducial approaches, which are discussed
further after outlining the notational conventions needed to distinguish different types of quantities.
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s Technical Report is concerned with three basic statistical approaches for the"” evaly

Bayesian approach, and fiducial inference. The common feature of these ‘approaches is
ineated probabilistic interpretation or justification for the resulting uncertainty intervals. For each
basic method is described and the fundamental underlying assumptions andthe probabilistic int
he resulting uncertainty are discussed. Each of the approaches is illustrated using two examples

Certainty in measurement (GUM:1995)). In addition, this document\also includes a discuss
htionship between the methods proposed in the GUM Supplement 17and these three statistical ap

Normative references

e following referenced documents are indispensables for the application of this document.
brences, only the edition cited applies. For undated references, the latest edition of the
cument (including any amendments) applies.

D 3534-1:2006, Statistics — Vocabulary and symbols — Part 1: General statistical terms and ter
bability

D 3534-2:2006, Statistics — Vocabulary and symbols — Part 2: Applied statistics

D/IEC Guide 98-3:2008, Uncertainty of measurement — Part 3: Guide to the expression of un
asurement (GUM:1995)

Certainty in measurément (GUM:1995) — Supplement 1: Propagation of distributions using a M
thod

Terms and definitions

- thé_purposes of this document, the terms and definitions in 1ISO 3534-1, ISO 3534-2 and th

ation and
/ intervals,
a clearly
approach,
rpretation
, including

example from ISO/IEC Guide 98-3 (Uncertainty of measurement —cPart 3: Guide to the expression of

ion of the
proaches.

For dated
Feferenced

ms used in

certainty in

D/IEC Guide 98-3:2008/Suppl 1:2008, Uncertainty of measurement — Part 3: Guide to the expression of

onte Carlo

e following

Dy~

3.1

empirical distribution function
empirical cumulative distribution function
distribution function that assigns probability 1/n to each of the » items in a random sample, i.e., the empirical

distribution function is a step function defined by

wh

F(x)=

|{xl. < x}|

ere {x,,...,x,} is the sample and |A| is the number of elements in the set 4.
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3.2

Bayesian sensitivity analysis

study of the effect of the choices of prior distributions for the parameters of the statistical model on the
posterior distribution of the measurand

3.3
sufficient statistic
function of a random sample X ,.., X, from a probability density function with parameter & for which the

conditional distribution of X,,..., X, given this function does not depend on &

NOTE A sufficient statistic contains as much information about 8 as X|,..., X,,.

3.4
observation model
mathematical relation between a set of measurements (indications), the measurand, and{the associated
random measurement errors

3.5
structural|equation
statistical jnodel relating the observable random variable to the unknown parameters and an unobservable
random vdriable whose distribution is known and free of unknown parameters

3.6
non-centrpl chi-squared distribution
probability|distribution that generalizes the typical (or central) chi-squared distribution

NOTE 1 |For k independent, normally distributed random variablesX, with mean ; and variance o, the random

k
variable X:Z(X[/cv[)2 is non-central chi-squared distributed. The non-central chi-squared distribution has fwo
i=1

parameters| & , the degrees of freedom (i.e., the number(of X, ), and A, which is related to the means of the random

k
variables X, by A= Z:(,u,./al.)2 and called the non-€entrality parameter.

i=l
NOTE 2 [The corresponding probability-density function is expressed as a mixture of central ;(2 probability dengity
functions aq given by

o _—A2 i
L s

g (&)= Z—g

l' Yisar

—(§+4)
e 2 ﬂ,i 3
= %

22 r(’z‘n]z”i!

H H H H H £ daom.
where Y, isldistributed-as-ehi-squared-with—¢-degrees-of-freedom:

E-+-i—1
2

4 Symbols (and abbreviated terms)

In 41.1 of the GUM, it is stated that Latin letters are used to represent both physical quantities to be
determined by measurement (i.e., measurands in GUM terminology) as well as random variables that may
take different observed values of a physical quantity. This use of the same symbols, whose different meanings
are only indicated by context, can be difficult to interpret and sometimes leads to unnecessary ambiguities or
misunderstandings. To mitigate this potential source of confusion, the more traditional notation often used in
the statistical literature is employed in this Technical Report. In this notation, Greek letters are used to
represent parameters in a statistical model (e.g., measurands), which can be either random variables or

2 © 1SO 2012 — All rights reserved
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constants depending on the statistical approach being used and nature of the model. Upper-case Latin letters
are used to represent random variables that can take different values of an observable quantity (e.g., potential
measured values), and lower-case Latin letters to represent specific observed values of a quantity (e.g.,
specific measured values). Since additional notation may be required to denote other physical, mathematical,
or statistical concepts, there will still always be some possibility for ambiguity!). In those cases the context

cla

5

rifies the appropriate interpretation.

The problem addressed

5.

qu

wh
cal

wh

The concern in this Technical Report is with a measurement model in which z,,...,4,
bntities and @ is the output quantity:

0= (tseat, ).

ere f is known as the measurement function. The function f is specified *mathematicall
culation procedure. In the GUM (4.1, NOTE 1), the same functional relationship is given as

Y=f(X,...X,)

ch cannot be easily distinguished from the measurement 9unction evaluated at the valu

cofresponding random variables for each observed input.

Us|
val

un
fun
Re

q
no

c

5.3
as

are input

(1)

y or as a

(2)

es of the

ng the procedure recommended in the GUM, the ¢p. unknown quantities u,,..,u, are esfimated by

ues x,,..,x, obtained from physical measurement.or from other sources. Their associateq

certainties are also obtained from the relevant.data by statistical methods or from probabi
ctions based on expert knowledge that .characterize the variables. The GUM (also s
ference [11]) recommends that the same measurement model that relates the measurand 6 t

antities 44,.., 4, be used to calculate *p-from x,,...,x, . Thus, the measured value (or, in
menclature, the estimate) y of @ is obtained as

y= f(xl""7xp)7

t is, the evaluated ¥, y& f(x,..x,), is taken to be the measured value of ¢. The estimates
realizations of Y, XX, respectively.

In this Technical Report, three statistical approaches are each used to provide (a) a best est
(b) the associated standard uncertainty u(y), and (c) a confidence interval or coverage interval
scribed Coyerage probability (often taken as 95 %).

When discussing standard uncertainties, distinction is made between evaluated standard ur
bociated with estimates of various quantities and their corresponding theoretical values. A

standard

ity density
be 4.5 in
b the input
statistical

mate y of
for 9 for a

certainties

ccordingly,

notation such as o, or o, will denote theoretical standard uncertainties and notation such as S, and s, will
denote an evaluated standard uncertainty before and after being observed, respectively.

1)

For example, not all quantities represented by Greek letters in a statistical model must be parameters of the model.
One common example of this type of quantity is the set of unobservable quantities that represent the random
measurement errors found in most statistical models (i.e., the &, in the model ¥, = u+¢,).
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6 Statistical approaches

6.1 Frequentist approach

6.1.1 The first statistical approach to be considered, in which uncertainty can be evaluated probabilistically,
is frequentist. The frequentist approach is sometimes referred to as “classical” or “conventional”. However,
due to the nature of uncertainty in metrology, these familiar methods must often be adapted to obtain

frequentist

6.1.2 In

uncertainty intervals under realistic conditions.

the frequentist approach, the input quantities 4,,..., £, in the measurement model (1) and the out

L

ut

quantity 4
and used
models. F

several m
bootstrap.

6.1.3 Bgq
for 0 is nd
frequently

of 6 with fepeated use. “Repeated use” means that the uncertainty evaluation.is\réplicated many times us

different g
probability
particular s

6.14 In
uncertainty
the uncert
interval an
as random
estimated

6.1.5 Tr
to attain th
using expd
procedure
measured

6.1.6 T4
evaluation

are regarded as unknown constants. Then, data related to each input parameter, 4, , is obtaip

to estimate the value of 0 based on the measurement model or the corresponding_$tatist
nally, confidence intervals for @, for a specified level of confidence, are obtained using one
athematical principles or procedures, for example, least-squares, maximum likelihood, or

cause @ is treated as a constant, a probabilistic statement associated with\a-confidence intef
t a direct probability statement about its value. Instead, it is a probability ‘statement about h
the procedure used to obtain the uncertainty interval for the measurand-weuld encompass the val

ata drawn from the same distributions. Traditional frequentist Wncertainty intervals providg
statement about the long-run properties of the procedure usedto construct the interval under
et of conditions assumed to apply to the measurement process.

most practical metrological settings, on the other handiuncertainty intervals are to account for

associated with estimates of quantities obtained using measured values (observed data) and 3
hinty associated with estimates of quantities based.on expert knowledge. To obtain an uncertai
plogous to a confidence interval, the quantities that are not based on measured values are trea
variables with probability distributions for theirvalues while those quantities whose values can
Lising statistical data are treated as unknown constants.

e specified confidence level afteraveraging over the potential values of the quantities assess
rt judgment B Such modified coverage intervals provide long-run probability statements about
used to obtain the interval«given probability distributions for the quantities that have not bg
just as traditional confidence)intervals do when all parameters are treated as constants.

ble 1 summarizes interpretations of the frequentist, Bayesian and fiducial approaches to uncertai

ed

cal
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pditional frequentist procedures for the construction of confidence intervals are then to be modifjed
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the
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hty
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Table 1 — Interpretations of the approaches to uncertainty evaluation

Approach Characterization of quantities = Uncertainty interval for Note
in measurement model output quantity 4
0= f(ﬂl,...,ﬂp)
Frequentist ¢ and the g, all unknown Long-run occurrence Classical frequentist approach
constants frequency that interval extended to integrate over
contains 4 uncertainties that are not

statistically evaluated

Bayesian ¢ and the g, are random Coverage interval Possible non-uniquene
variables. Their probability containing 0 based ona interval due to the'cho
distributions represent beliefs posterior distribution priors
about the values of the input for ¢

and output quantities

Fiqucial 4, regarded as random Coverage interval Non-uniqueness due t
variables whose distributions containing & based on a ¢hoice of the structura

are obtained from assumptions fiducial distribution for ¢
on observed data used to
estimate x4 and expert

knowledge about g,

ss of
ce of

b the
equation

6.2 Bayesian approach

The second approach is called the Bayesian approach. It is named after the fundamental theorem
is [pased, which was proved by the Reveténd Thomas Bayes in the mid-1700s "% In this
knpwledge about the quantities in measurement model (1) in Clause 5 is modelled as a set
vafiables that follow a joint probability.distribution for 4,...,x, and ¢ . Bayes’ theorem then al

prgbability distributions to be updatéd based on the observed data (also modelled using
distributions) and the interrelationships of the parameters defined by the function f or equivalen
mddels. Then, a probability distribution is obtained that describes knowledge of @ given the obsg
Uncertainty intervals that.contain 8 with any specified probability can then be obtained from this g
Befause knowledge of the parameter values is described by probability distributions, Bayesia
prqvide direct probabilistic statements about the value of 8 and the other parameters, using a d
prqbability as a measure of belief.

6.3 Fiducial approach

6.3.1 < The fiducial approach was developed by R.A. Fisher " in the 1930s. In this approach, a

bn which it
approach,
pof random
ows these
probability
statistical
rved data.
istribution.

h methods
efinition of

probability

distribution, called the fiducial distribution, for @ conditional on the data is obtained bas

d on the

interrelationship of ¢ and the u, described by f and the distributional assumptions about the data used to
estimate the . Once obtained, the fiducial distribution for 8 can be used to obtain uncertainty intervals that

contain @ with any specified probability.

6.3.2 The argument that justifies the process used to obtain the fiducial distribution is illustrated using a

simple example. Suppose the values taken by a quantity Y can be described by the equation

Y=u+7,

where u is the measurand and Z is a quantity characterized by a standard normal random variable. If y is a

realized value of Y corresponding to a realized value z of Z , then u=y—-z. Despite Z

not being

observable, knowledge of the distribution from which z was generated enables a set of plausible values of u
to be determined. The probability distribution for Z can be used to infer the probability distribution for . The
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process of transferring the relationship 4= y—z to the relation u=y-Z is what constitutes the fiducial
argument. The fiducial distribution for x is the probability distribution for the random variable y—Z with y
fixed.

6.4 Discussion

When describing the different methods for uncertainty evaluation under each of these statistical approaches,
their fundamental underlying assumptions, incorporation of uncertainties obtained using Type A or Type B
evaluation, and the probabilistic interpretation of the resulting uncertainty evaluations will be discussed. A
description of how the methods used in the GUM relate to the frequentist, Bayesian, or fiducial results will also
be given.

7 Examples

7.1 General
Two examples are given to illustrate the approaches. Example 1 is concerned with-a'\physical quantity thaf is
to be corrdcted for background interference. Table 2 gives the notation used andSubclauses 7.2 to 7.4 defjne
variants of this evaluation problem. Example 2 is the calibration of the length of'a gauge block taken frpm
Annex H.1|of the GUM. Because it is more complicated, it is considered in Clause 11, after the three methgds
for uncertginty evaluation are discussed and illustrated using Example 1.
In later clapses, the three approaches will be applied to these examples:.

NOTE The units of the quantities involved are not given when they(are immaterial for the example.

Table 2 — Notation for Example 1

Quantity Symbol
Physical quantity of interest (the measufand) 0
Quantity detected by measurement-method when measuring background p

(i.e., expected value of B ) (Background interference)

Quantity detected by measurement method when measuring the physical y=0+p
quantity of interest ((i.e-/ expected value of )

Standard deviation of measurement method when measuring the physical oy
quantity of interest (i.e., standard deviation of Y')

Standarddeviation of measurement method when measuring background (o
(i,e.)/standard deviation of B)

7.2 Example 1a
Five measured values, obtained independently, of signal plus background are observed. Each measured

value is assumed to be a realization of a random variable, Y, having a Gaussian distribution with mean
y =60+ f and standard deviation o, . The measured values, y , of the signal plus background are

3,738, 3,442, 2,994, 3,637, 3,874.

This data has a sample mean of y =3,537 and a sample standard deviation of s, =0,342.

6 © 1SO 2012 — Al rights reserved
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Similarly, five measured values, obtained independently, of the background are obtained. These measured
values are assumed to be realizations of a random variable, B, having a Gaussian distribution with mean g

and standard deviation o, . The observed values, b, of the background are

1,410, 1,085, 1,306, 1,137, 1,200.

Because there are measured values for each quantity that is a source of uncertainty, Example 1a has a
straightforward statistical interpretation for each approach.

1b

Example 1b is identical to Example 1a with the exception that the assessment of the background i$ based on
expert knowledge or past experience, rather than on fresh experimental data. In this case, the badkground g

is believed to follow a uniform (or rectangular) distribution with endpoints 1,126 and 1;829. Becapse expert
ment is applied, the uncertainty associated with a value of the background will be-obtained using a Type B
luation. Thus, Example 1b can be considered closer than Example 1a to a real measurement sitpation.

7.4 Example 1c

Example 1c is identical to Example 1b except that the signal @ is, closer to the background| The data
obsgerved for the signal plus background in this case are

1,340, 1,078, 1,114, 1,256y 1,192.

With the signal just above the background, Example®4c¢ illustrates how physical constrainfs can be
ingorporated in the evaluation of uncertainty for each approach.

8 | Frequentist approach to uncertainty evaluation

8.1 Basic method

8.1.1 In the frequentist context, parameters are unknown constants. Following the convention|to denote
rarjdom variables by upper caseletters and observed values of random variables by lower casg¢ letters, a
comfidence interval can be obtained from a pivotal quantity for 8, i.e., a function W(Y,0) of thé (possibly
myltivariate) data Y and the-parameter 0, whose probability distribution is parameter-free (provided such a
disfribution can be determined.) Then, a 100(1-«) % confidence interval for & can be detgrmined by

calculating lower and-upper percentiles ¢, and u, to satisfy P,({, <W({Y,0)<u,)=1-a.

8.1.2 For example, let Y =(Y,,...,Y,) be random variables, distributed as N(x,c*), with the furtfer random

vafiable Y = sz/”- If the parameter of interest is 2 , then for knowno, Z :¥~N(0,1).
i=1 o n

is a pivotal quantity. The frequentist confidence interval for u is
= o
Yiﬁzam (4)

where z; is the 100 # percentile of the standardized normal distribution.
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If o is not

known, it can be estimated by the sample standard deviation

Then, the (exact) pivotal quantity for u is obtained by replacing o in interval (4) by S':

Y-u

.~f{n_l)

S /"

Thus, a 10
=, 9
Y+

Ji
where ¢, |

8.1.3 Ing
are comm
approxima

8.1.4 F(
cumulativg
discussed
the bootst
distribution

procedure

8.1.5 Alkhough not explicitly given a frequentist justification from fundamental scientific considerations,

measurandg.

assumed f
quantities

sources. S

quantities

statistical
Such meth

u(x,) is de

8.1.6 Si
x, of u fg
used toge

0(1-«a ) % confidence interval for 1 based on the Student’s f-distribution is
L ¢

n-1,1-a/2°
[

is the 1003 percentile of the t-distribution with »—1 degrees of freedom.

tead of exact pivotal quantities, which exist only in simple situations, approximate pivotal quanti
te confidence intervals based on the normal distribution.

rther methods of obtaining confidence intervals (inverting ‘a test statistic, pivoting a continu

distribution function, ordering the discrete sample valuesyaccording to their probabilities, etc.)

in Reference [14]. Some of them are mentioned in Example 1. A computer-intensive method, cal
fap, also can be used to construct a confidence interval for pivotal quantities that have unkng
s. The bootstrap procedure is discussed in 8.2.

recommended in the GUM can be used’to obtain an approximate confidence interval for
Such confidence intervals are~‘based on an approximate pivotal quantity with
Ldistribution obtainable from the )/measurement model (1). Under this procedure, the unkng
..., are estimated by valuesx,,---,x, obtained from physical measurement or from ot
ome of the values x, might.be:sample means or other functions of data designed to estimate
1,1 =1,...,m . Their associated standard uncertainties u(x,) are also evaluated from the data

methods, typically using the sample standard deviation or using robust rank-based procedur
ods are known as.Fype A evaluations of uncertainty. The degrees of freedom v, associated v

termined from the-sample size used to estimate ., .

nce physical{measurements might not always be possible or feasible for some of the , , estima
r somew; say i =m+1,..., p, are obtained by subjective (or potentially subjective) evaluations, 3
her‘with x,, for i=1,..., p, obtained from Type A evaluations of uncertainty. Thus, non-statist

ies

bnly employed in applications. For large samples, the central limit theerem can be invoked to obfain

us
bre
ed
wn

he
he
an
wn
her

he
by
eS.
ith

tes
nd
cal

ng

types of i

hformation are used to estimate 4 1 usina Tvne B evaluations of uncertainty inclu
Tm+177T T p =4 AL PA

scientific judgment, manufacturer's specifications, or other indirectly related or incompletely specified
information.

NOTE

Sometimes uncertainties are obtained by both Type A and Type B evaluations of uncertainty.

8.1.7 The GUM recommends that the same measurement model relating the measurand 4 to the input
quantities z,..., ., be used to calculate y from x,...,x,. Thus, the measured value (or the estimate) y of ¢

is obtained as

V=S (X X, X g5 X, ),
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that is, the evaluated Y, y = f(x,,...x,), is taken to be the measured value of 6.

8.1.8 In the GUM, the law of propagation of uncertainty is used to evaluate the standard uncertainty, u(y).
associated with y . The standard uncertainties u(x,),...,u(x,) associated with the values x=(x,...,x,) are
used in the Taylor series expansion of the function f(x,,...x,) at x,...,,, whose terms up to first order are

f(xl9""x/))zf(ﬂl""’ﬂ/))+ici(x[_/'l[)' (6)

Depoting (4,...,42,) by p, the partial derivatives

_T

c. =
ol

i

p=x

arg called sensitivity coefficients. Applying the law of propagation of uncertainty in the GUM| gives the
approximate standard uncertainty associated with y :

=

i<j

M(y)z\/i cizuz(xi)+2zcicju(xi’xj)’ (7)

where u(x,,x,) is the covariance between X, and X, .

8.1.9 To evaluate the standard uncertainty u(y) , th&/GUM uses the effective degrees of fregedom v
computed from the Welch-Satterthwaite formula,

4

u ()
v, =W (8)
N “,4“4(-’5,')
2

i=1

NQTE Reference [15] discusses a counter-intuitive property according to which in interlaboratory studies a
corffidence interval based on the Welch-Satterthwaite approximation may be shorter for a between-laboratory difference
thah for one of its components.

8.1.10 Finally, in orderto-construct a confidence interval for &, the approximate pivotal quantity,

W(y.0) = z(—;‘; ()

is gmployed. According to the GUM,

WY, 0) ~t(Vey ), (10)

that is, W(Y,6) is an approximately pivotal quantity having a t-distribution with v degrees of freedom.
The 100(1-«) % confidence interval

Yy * u(y)tvcff,l—a/z ’ (1 1)

for & can then be recommended as the 100(1 — &) % uncertainty interval for . The half-width ¢, ,u(y) of

this interval is known as the expanded uncertainty associated with y .
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8.1.11 This recommendation agrees with standard statistical practice when all uncertainties are determined
using Type A evaluation, in which case the most commonly used statistical estimate for a particular input
quantity u is the sample mean of n observed values. The traditional method for summarizing data to obtain

the Type A standard uncertainty of this estimator is S/\n with n—1 degrees of freedom. This is based on the
fact that (n—l)Sz/(r2 has a chi-squared distribution with n—1degrees of freedom. This method applies to
more general statistics of the form Y =G(X,,..,X,), where estimators X,,i=1,..,p obey the central limit

theorem. Indeed in this situation, the standard deviation of ¥ can be approximated by Expression (7)
with u(x,,x;) replaced by Cov(X,, X)) .

The GUM method presents the collective wisdom of many metrologists, but is restricted by assumptions of

— local linearity of the function f : ideally the sensitivity coefficients should not vary much and not'vanish

— normglity of the probability distribution of point estimators Y = f(X|,...X,) : may,‘dot hold eyen
approkimately for small samples;

— validity of the Welch-Satterthwaite Formula (8): it may not work well whep~the input quantities gare
mutudlly dependent, the input quantities are not normally distributed, and the-standard uncertainties are
dissinfilar (degrees of freedom for distributions unrelated to the chi-squaredilaw are difficult to interpret,
indeed, they are not used in statistical theory).

8.1.12 Tq motivate Expression (7) in the frequentist setting, the concepts-of statistical decision theory can|be
employed pnd the variance (squared standard uncertainty) »°(y) interpreted as the mean squared error of the

statistical |estimator of f(x,x,,..,x,) . These steps can be taken provided that the quantities whose

uncertainties are determined using a Type B evaluation, namély, x x,, are eliminated by integrating oyer

m+12°°°

their distributions. See Reference [5]. If f “is sufficiently-close to being linear’, Expression (7) provides fhe
first order approximation of the mean squared error.

8.1.13 The discussion in Example 1 gives anothér customary frequentist procedure for obtaining confidence
intervals.

8.2 Bogtstrap uncertainty intervals

8.2.1 Bqotstrapping is a resampling strategy [ for estimating distribution parameters such as variance and
determining confidence intervals(for'parameters when the form of the underlying distribution is unknown. The
key idea fgr the bootstrap method is that the relation between the cumulative probability distribution (CDF)| £

for Y and |a sample from#<is similar to the relation between an estimated CDF F, which may be not the
empirical qistribution generated by the sample and a second sample drawn from F.When F is not availatple,
draws canhot be made from it, but modern computers allow a large number of draws to be made from F $o,
one uses fhe primary sample to form an approximation £ of 7, and then calculates the sampling distributjon
of the pargmeter estimate based on F . This calculation is carried out by drawing many secondary samples
and forming the estimate (or a function of the estimate) for each of the secondary sample. If £ is a ggod

approximation to F, then H , the sampling distribution of the estimate based on F,is generally a good
approximation to the sampling distribution for the estimate based on F. H is commonly called the bootstrap
distribution of the parameter.

8.2.2 There are two types of bootstrap procedures useful, respectively, for non-parametric and parametric

inference. The non-parametric bootstrap relies on the consideration of the empirical distribution 7 generated
by the primary sample from F'. In the parametric bootstrap setting, the probability distribution F is a member

of some prescribed parameter family and F is obtained by estimating the parameter(s) from the data.

NOTE Since in typical metrological problems, data sets are not large enough to ensure the validity of the
non-parametric bootstrap approach, that approach is not considered here.
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8.2.3 The key assumption used in constructing the GUM confidence interval is (10), which may not hold
approximately even for simple problems. However, the bootstrap enables confidence intervals to be obtained
that do not involve making assumptions like (10). One way to obtain such intervals is the “bootstrap-t"
approach. This procedure generates an empirical distribution for the approximate pivotal quantity W (Y,6) [to

replace the t-distribution in (10)]. When (10) is correct, the bootstrap-t distribution will reproduce
the t-distribution. The empirical bootstrap-t distribution is then used to construct a confidence interval in
exactly the same way that the t-distribution is used in constructing (11).

For the relationship between bootstrapping and the methods proposed in GUMS1, see 12.2.

8.224—Am outiine of the generation of a bootsirap sample 15 as follows. Assume that x, and u(),) are the
mgan and standard deviation for the random variable X, , which is assumed to follow a probability”listribution
in some prescribed parameter family. Here for illustration, a Gaussian distribution is used:

a)| x, and u(x,) are the estimated mean and standard deviation of a random sample of sizd £ from a
Gaussian distribution.

b) [ From N(x,,u’(x,)), generate a sample with sample size k, that s, {xil,...,xik} .
c)| From {x,,...x,}, calculate the sample mean xl* and the sample standard error u(x;) .

{x],u(x)} is a bootstrap sample of X,. Similarly, for a givenvhumber B, B bootstrap samples can be
generated for any variable.

=

8.2.5 Just as the GUM takes (x,,u(x,)), for i=1,....picas its input to produce y, u(y), and W(Y,0), the
bogptstrap samples {x;,u(x)}, i=1,...,p (see 8.2.4) can be taken as input, to compute y*,u(y") , and

y oy (12)

W' =W(y',y)=—-.
) ")

8.4.6 To obtain a bootstrap distribution for W (Y,0), for a suitably large B, say 100 000, generate B
boptstrap samples {x’(b),u(x,®))} , i=1,..,p, and for each compute W*(b), b=1,..,B . Thg 100 « th
percentile of the bootstrap-t distribution of W (Y,0) is then approximated by the value 7, such that

[ (b)<i.}|/B =l

where |A| is thedumber of elements in the set 4. Finally, the 100(1-« ) % bootstrap-t confidence interval is

Y=gy u(y) y+7fan-u(y)). (13)

The ‘Student-t percentiles are symmetric about zero, and as a consequence, (11) must always be [symmetric
about y . In contrast, the bootstrap-f percentiles used in (13) can be asymmetric about zero, leading to an

asymmetric uncertainty interval about y, which may provide a more accurate description of the physical

situation in some applications. The details of this process in constructing a 95 % uncertainty interval are
shown in the following algorithm.

a) For i=1L..,p , using the given distributions for the X, , generate B bootstrap samples

(e (0, u(x (D)), (5 (B), u(x; (B))) -

b) For each bootstrap sample (x/(b),u(x (b)) , i=L..,p and b=1,.,B, compute y"(b) , u(y (b)) ,
and W*(b)=(y"(b)—y)/u(y" (b)) following the GUM.
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c) Estimate the 100« th percentile of the bootstrap-t distribution of W(Y,6) by the value 7, such
that | {W"(b)<?,}|/B=a.

d) Formt

he 95 % bootstrap-t confidence interval (y—7, ;5 u(¥) ¥+ 705 u(»))-

8.2.7 Bootstrap samples can also be used to replace u(y) by estimating the standard deviation of Y, when
the Taylor approximation (6) is deemed inappropriate. To do so, for i=1,..,p and b=1,..,B, only input

estimates x;(b) are generated. For each bootstrap sample, y"(b)= f(x{(b),..,x, (b)) is evaluated. The

bootstrap
replicates:

u,(y)

8.2.8 Fin
underlying

a bootstrs

bstimate of the standard uncertainty associated with y is the sample standard deviation of the

3 \/Z 'O -yOr/(B-1), y0)= Zy*(b)/B :

B

ally, when the Taylor approximation may be inappropriate and there is significant asymmetry in fhe
distribution for Y, a nested bootstrap of B, x B, bootstrap samples can‘be carried out to construct

p-t interval using the bootstrap standard deviation estimator. B, bootstrap samples of input

estimates jand the corresponding " are generated. For each bootstrap gsample, u_ (y") is computed by |5,
second-leyel bootstrap samples, and

V' )

u(y’)
is evaluatgd. The collection of B, such ratios is then used;to estimate percentiles of W(Y,68), which leadq to
the constriiction of a bootstrap-t interval as in (13). An algorithm to construct a 95 % uncertainty interval usjng

the nested
a) For i
b) For e
and M
follow
1. F

samples x; (1),%x (B,) .

bootstrap is as follows.

= 1,..., p, using the distribution for the X, , generate B, first-level bootstrap samples x; (1),...,x; (B,)|-

ng algorithm:

br each'second-level bootstrap sample, evaluate y'(b,) = f(x; (b, ), ... X, (b,)) -

B,

u(y' (b)) = \/ 2 (b) =y OF /(B,-1)

2. F
3.
of the

by=1

BZ
B, replicates, where y*() =Y y"(b,)/B, .

by=1

ach first-level bootstrap samiple x/(b), i=1...p, b =1,..,B compute y'(b)=f(x/(b),...x, (D)) ,
(b)) = (y"(b)—y)/u(y" (B)), where u(y"(b)) is determined by a second-level bootstrap using the

br  i=1,..,p, ousing the distribution for u, generate B, second-level Dbootstfap

c) Estimate the 100« th percentile of the bootstrap-t distribution of W(Y,0) by the value 7, such
that | (W (b)<f}|/B =«.

12
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d) The 95 % “nested bootstrap-¢" confidence interval is

(¥ =Fogrs u(¥) Y+iops u(y)).

Although it is a more general approach, the nested bootstrap is computationally more involved and harder to
implement. The simpler bootstrap method was chosen to analyse all examples.

8.3 Example 1

8.34+—General
8.31.1 As an illustration, consider the statistical model given for Example 1 in Clause 7, mamely,
Y, =0+p+e, i=l...n, (14)

where 6 is the measurand, S represents the background and &, are independent A0,0%) errors. For a fixed
value p, with y denoting the mean of the data, the measuremefnt® equation for this model

is P=f(B.r)=r-p.

8.3.1.2 If the background, S, has a uniform distribution on the dnterval (a—d a+d), the int¢rval for
defived using the GUM is

2 2
Y—a+2 O——+d—.
n 3

Reference [5] discusses the properties of such intervals and compares them to the interval

Y—ai{Z\/E+d}, (15)

whjch is recommended by Eisenhart 7} and which can be motivated as follows. Since the fonditional
distribution of Y for a given S is.-Gaussian, N(0+ S,0%/n),

— 20
P||Y-60-L<—,1%20,95,
(' 4 &j

whijle
P(|a—ﬂ1sd):1.

It follows that the Eisenhart interval in (15), namely,

— 20
Pl|Y-a-0|<—+d [>0,95, 16
(' <7 ] (19)

is conservative.

8.3.1.3 However, if d>120/\/;, the interval recommended in the GUM contains interval (15), which
demonstrates the difference between these two approaches.

8.3.14 The interval (15) can be adjusted for a t-distributed ratio /n(Y —a— )/S . It can also be adjusted
for other distributions for the background (triangular, trapezoidal, etc.). Different frequentist methods for
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construction of confidence intervals are available in this situation. Indeed in the model (14), Y subsumes all
the information the data provide about € (thatis, Y is a sufficient statistic for @) with probability density

\/Z Ia+d e—O,Sn(f—f)—ﬂ)z/o'z dﬂ
2\2rwod 7

The special form of this distribution allows alternative confidence intervals (all centred at the maximum
likelihood estimator, ¥ —a , but of different lengths) to be derived .

8.3.2 E)lample Ta

w

The simpl 7

and u(y) 40,153 . The latter is substituted for o\ in Inequality (16) and the factor 2 should bé replaced|by
the percerntile of the t-distribution with 5,15 effective degrees of freedom. In Example 1a, the’background| g

example introduced in Clause 7 summarizes the measured values in the model (14) by~y.= 3,3

can be estjmated from measured values regarded as drawn from a Gaussian distribution, leading to » =1,428
and u(b)#+0,059 . The resulting estimate of 6 is y—-b =2,309 with associated\ standard uncertainty

Jul (¥)+u % =0,164 . The GUM confidence interval is
2,309H2,548x 0,164 =2,309+0,417 = (1,892 2,727).

The 100(1|- ) % bootstrap-t confidence interval according to (13) is 2,309-0,164-¢
where 7, [s the 1004 th percentile of W™ of (12).

2,309+0,164-7,1,),

1-al2

~

For the bnefit of users of the R-language and WinBUGS, some R-code fragments "® and WinBUGS
fragments['? are used to illustrate some of the concepts in this Technical Report. For Example 1a, an R

program fpr generating the B = 10 000 realizations of %~ is listed below.

B = 10000

y.stqdr = rnorm(B, mean=3.537, (gd=0.153)

u.y.g$tar = 0.153 * sqgrt(rchisqg(B, df=4)/4)

b.sthr = rnorm(B, mean=13:228, sd=0.059)

u.b.gtar = 0.059 * sdrt(rchisqg(B, df=4)/4)

w.star = ((y.stargbystar)-2.309)/sgrt(u.y.star™2+u.b.star”2)
The 95 % pootstrap-t confidence interval based on the 0,025 and 0,975 quantiles of the simulated distribufjon
is

2.309 - guantile(w.star, c(0.975,0.025))*0.164

## 1.B895754 2.7288172)

Namely, the 95 % bootstrap-t confidence interval is given by (1,896 2,729)3)

2) In the examples computed using R, WinBugs, or other software packages, the output is given as reported using the
software’s standard format. As indicated explicitly by the values of the uncertainties reported, not all digits in the output
may be significant digits. Note also that the standard output from these software packages uses the period rather than the
comma as a decimal indicator.

3) Values rounded to the equivalent of three significant digits in the expanded uncertainty. Note: for Monte Carlo
methods, recomputation of examples will be subject to random error from simulation.
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8.3.3 Example 1b

When there is no statistical data for the background, g is instead assumed to have a uniform distribution on
the interval (1,126 1,329) . Then, the approximate confidence interval derived from the use of the GUM is

2 2
3,537—1,228i2,5331f%+0’1% =2,310£0,415=(1,895 2,724).

The Eisenhart confidence interval is wider, namely,

Sin
esf
Ex

un
wal
un
wit

Th

Na

8.3

Sin

0,342

NG

nilar to Example 1a, a bootstrap-f confidence interval can be constructed for 6 {-Fer this ex
imates and the associated standard uncertainties for y, f and @ are numerically the same 4

ample 1a, except that S is determined based on experience or experi{opinions and its

3,537-1, 228i{2,776 +O,102} =2,310+0,526 = (1,783 2,836).

certainty is obtained by a Type B evaluation. Therefore, the realizations of \W" are generated in
y from those in from Example 1a, namely, only in generating the booistrap sample 5* and its
certainty. The bootstrap sample " is now generated from the known' uniform (1,126, 1,329)
h standard uncertainty 0,059. The R code for generating B = 10 000 Ttealizations of " is as follo

B = 10000

y.star = rnorm(B, mean=3.537, sd=0.153)
u.y.star = 0.153 * sgrt(rchisqg(B, df=4(Y4%)
b.star = runif (B, min=1.126, max=1,329)
u.b.star = 0.059

w.star = ((y.star-b.star)-2.309)/sgrt(u.y.star”2+u.b.star”2)

b 95 % bootstrap-t confidence interval based on the 0,025 and 0,975 quantiles of the distribution

2.309 - gquantile(wgstar, c(0.975,0.025))*0.164
#H# 1.918643 2.699749

mely, the 95 % bootstrap-t confidence interval is given by (1,919 2,700).
.4 Example 1c

ce y 1196, s, =0,047 , both intervals have negative lower end-points. If the mean ¢ is kn

po

bmple, the
s those in

bssociated
a different
pssociated
Histribution
VS.

so formed

bwn to be

Sitive, these end-points are replaced by zero leading to the GUM-recommended interval (0 0,1

P4) and to

the Eisenhart interval (0 0,202).

An R program for generating the B = 10 000 realizations of W" to obtain the bootstrap interval is the same as
Example 1b with y =1,196 and u(y) =0,047 .

B = 10000
y.star = rnorm(B, mean=1.196, sd=0.047)
u.y.star = 0.047 * sqgrt(rchisg(B, df=4)/4)

b.star = runif (B, min=1.126, max=1.329)

© 1SO 2012 - All rights reserved
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u.b.star = 0.059

w.star=((y.star-b.star)+0.032) /sgrt (u.y.star”2+u.b.star”2)
The untruncated 95 % bootstrap-f confidence interval is

-0.032-quantile(w.star,c(0.975,0.025))*0.075

## -0.1762648 0.1128422

Namely, the 95 % bootstrap-t confidence interval is given by (-0,176 0,113).

As 6 is knpwn to be positive, the truncated 95 % bootstrap-t confidence interval for 8 is (0 0,113).

9 Bayeésian approach for uncertainty evaluation

9.1 Basjic method

9.1.1 In|metrology, the measurand and the input variables of model (1) are physical quantities with fixed
quantity values. Nevertheless, under the Bayesian approach, the corresponding’parameters x4 and 6 fre

considered as random variables in the sense that their probability distributions' summarize knowledge abput
these quantities.

9.1.2 The Bayesian framework uses a definition of probability that*allows probability distributions to|be
defined without physical data, for example, using manufacturers' specifications or other expert knowledge| In
typical metrology applications, however, there are measured values (data) of physical quantities that can|be
used to esfimate one or more input quantities. In such cases, 'a\probability density function can be obtained|for
the quantity using Bayes’ theorem as follows. Let p(u ) be a probability density function for x as giyen

before physical data is obtained. This function is called"the prior density for . Let ¥ denote a randpm
variable for which a realization y (data) exists. The\probability density p(y|u,) for ¥ is termed a statistical
model. Unfer the Bayesian framework, since ¢ is a random variable, the notation | represents the fact that
the probability density of ¥ is conditional (on'depends) on g, . For a particular realization p(y|) of Y,
viewed as ja function of g, is called the likelihood function. Applying Bayes’ theorem,

p(u |y) =21 #IPA) |

[ 01 2o s

is the posterior density of) z/ that summarizes our knowledge about u. after the data y, was observed.

9.1.3 When no_prier knowledge of the g, exists, then a so-called non-informative prior distribution LY is

used. In cpses when prior information does exist, it is represented by an informative probability distributipn.

This is ong of.the mechanisms, under the Bayesian approach, for including information that is used to perfqrm
a Type B Cunlnnhnn aoftinecartainty Tha 'Fr\rm aof tho likalihand Funn{- N ic nonnllu colocted hacad Aan | nr\\nllcc ge

VOOt o O oo T Attty - T ToT T O i e kO T OO O o tioT T 1o ooTTiTy - OTTC Gt U oo ST O O Ik o v

of the process that generates the data.

9.1.4 The form of the likelihood function and the prior densities determine the shape of the posterior
density. It is important to select the likelihood function and the prior densities carefully and to perform
sensitivity analysis of the results with respect to plausible changes in these distributions. For the prior
distributions, this may mean comparing the results of using several different densities. A test of
appropriateness of the |Ike|lh00d function (the statistical model that describes the measurement data) is a
form of model validation ", which applies equally to Bayesian, frequentist, and fiducial models.
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9.1.5 The definition of measurement uncertainty given in the Introduction can be interpreted in the context
of Bayesian statistics as referring to the posterior probability distribution for the measurand ¢, that is, the
standard uncertainty is the standard deviation of the random variable (quantity) characterized by this
probability distribution. To obtain this standard deviation, it is necessary first to find the joint probability
distribution of the y, , and then apply a change-of-variables formula (4 to derive the distribution for 6.

Moments of this distribution can be obtained more simply as follows. For a function h(e) , obtain the expected

value E(h(@))zI..._[h(f(yl,...,,up)]p(,ul,...,,up)dyl...dyp. The corresponding variance can be obtained as

Var () = E[Hﬂ—[E(H)T. Often, the necessary integration is carried out using Monte Carlo methods .

9.1.6 When the x are independent random variables, their joint probability distribution is the“product of the
individual distributions. In many situations, however, the , are not independent such as when the|probability
di

Pl 1) # ) p(1,) - Then, the posterior density for (x4, 1, is obtained as

stribution for Y is a function of x4 and g, , that is, p(y|u.u) is the statistical model and

POV |y, 1) p(ay 11,)

p(,ula,uz |y): .
Ip(y | 4 1) p(ttys 11,)d i d

9.1.7 A common situation that leads to such dependence is when the statistical model is a functign of 4, as
well as some of the x4, . Both of the examples considered here fall)into this category, illustrating the¢ point that
ungler the Bayesian approach, whenever measurement data.is available, the process of specifying the related
prgbability distributions requires an appropriate definitioniefra statistical model. Doing so will automatically
legd to the likelihood functions needed for the application of Bayes’ theorem and to appropriatg posterior
depsities. The process can be summarized as follows:

a) | Identify all measurement data relevant to the physical quantities of interest (parameters).

b) | Specify a statistical model (also called an”observation model) relating the data to the paramefers, which
could be the u, or sometimes the measurand 6.

c) | Specify prior distributions for all'parameters involved.

d) [ Apply Bayes’ theorem to-obtain posterior distributions for the parameters.

e) | Compute the posterior-mean and posterior standard deviation of the measurand.
f) | Perform sensitivity analysis of the results with respect to plausible changes in the prior distributipns.

9.1.8 WhereYappropriate, a Taylor series approximation and a normality assumption may be used to avoid
thg numerical computations. Specifically, the Taylor series expansion of f(4,,...,u,) about thg expected

valuesofithe y, together with a normality assumption can be used to state that f(4,...,x,) is apgroximately

distribtted-as N( £ (E(u) E(u N> where
\J X\ A WAl > \N=p 773 77

P
o= Y cVar(u)+2 Yce, Cov(u,u,) .
i=l1

i<j

Cov(y;, u;) denotes the covariance of x4 and y,, and the ¢, are the partial derivatives of & with respect to
the 4, evaluated at the expected values of the g, .

NOTE Similarly appearing Formulae (6) and (7) are used in 8.1.8, but there the expansion is employed to find an
estimate of the variance of the estimator of @, not of & itself.
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9.2 Example 1

9.21 General

This process is now illustrated on Example 1 given in Clause 7. The measurand in this example is denoted
by 6. The measurement model as described in 8.3.1.1 is

O=y-p. (18)
9.2.2 Example 1a
9.2.21 There are two relevant sets of data: (i) five measured values y,, obtained independently,cof signal

plus backdround, and (ii) five measured values b,, obtained independently, of background alone,4 Each vajue
in data sqt (i) is regarded as a realization of a random variable Y, having a Gaussian distribution with
mean y =§+ £ and standard deviation o, , and similarly for each value in (ii) but for a random variable| B,
with mean| # and standard deviation o, . Thus, the statistical model for Y, is

Y 1|0, 3,0‘3 ~N(l9+ﬂ,a§),

i

and since fhe five measured values are obtained independently,

5

JS . (yi_g_ﬁ)z
expe -+ —+— 1,

2
20y

1
( b bl 9, 70 =
P ys10,B,0,) [GY\/E

9.2.2.2 The statistical model for B, is

B | Blos ~N(B,o}),
that is,

5

2
R} 2. (5:-F)
p(b..}b, | p,o,) = expy————5>7 .
1 5 B o, ,_272' 20_;
9.2.2.3 Since the{wo sets of observations are mutually independent, the statistical model for ¥ and B| is

Py, 0|10, B,0.05) = p(by,....bs | B,op)p(yy,.... ¥5 10, B,0y).

9.2.2.4 There are four parameters, 8, 8, o, and o,, which are to be assigned prior distributions. In this

example, there is no additional information about these parameters, other than that they are non-negative,
and thus the random variables will be taken as independent. It is desirable for the forms of the prior
distributions to have minimal effect on the results of the analysis. Such an effect is obtained by the use of so-
called reference priors 2% For the parameters associated with the means, that is ¢ and £, such a density

can be approximated by

6 ~ Uniform(0,c), S ~ Uniform(0, ¢)
with a large value for ¢. For the scale parameters o, and o,, the reference prior densities

p(GY)Zl/Jy, p(O-B)Zl/O-B
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are improper, that is, they do not integrate to unity. Since this aspect can cause difficulties in numerical
computation, a proper density such as

or

o, ~ Uniform(0, ¢),

o, ~Gamma(c, ¢),

with large values of ¢ is used. The notation Gamma|(d,, 4, ) represents a gamma distribution with parameters

4

Th

9.4.2.5 Application of Bayes’ theorem results in the joint posterior (density for 6, g, o,

foll

Th

Th
ob
de
str
an
crg
wh
M3
un

and ¢, , that is, for a random variable X, this probability density is given by

plxldhth) = ah e
1°>72 F(¢l) .

s completes the specification of the prior distributions.

OWS!:

p(6.5.0,.0, | v.b) = p(,010,5,0,,05)p(0) P(B)P(c,)E(0,) .
J0(.616.8.0,.0,) 0O p()p(0,) (D0 d  do, do,

b posterior density of the measurand é is obtained by integration as

p(017.6)=]) p(0.p.0,.0, 1 v.b)dp do, do,,

s posterior distribution summarizes all Yinformation about & available after the measured va
ained. The expectation of this distributian is taken as an estimate of the physical quantity and th
iation of this distribution is used\as the standard uncertainty associated with this estin
hightforward to obtain a coverage interval for the measurand from this distribution. This coverags
interval of possible values for.g with a fixed probability. In Bayesian statistics this interval

en applying Bayes’ thedarem. One possible method of making draws from the posterior dis
rkov Chain Monte Catlo) (MCMC)%? using the software WinBUGS!"®. The code for this examp
form prior distributions with ¢ = 100, is as follows

Examplelaf

theta~duniif (0,100)

beta~dunif (0,100)

gamma <- theta+beta

bnd o, as

lues were
e standard
hate. It is
interval is
s called a

dible interval. In many casés) ‘numerical methods are employed to accomplish the necessary integrations

ribution is
e, with the

sigma.Y~dunif (0,1)
sigma.B~dunif (0, 1)

tau.Y <- 1/(sigma.Y*sigma.Y)
tau.B <- 1/(sigma.B*sigma.B)
for(i in 1:n){

y[i] ~dnorm (gamma, tau.Y)

b[i] ~dnorm(beta, tau.B) }

}
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With the data given in 7.2, for which » =5, the program produced a posterior mean of ¢ of 2,309, and a
posterior standard deviation of 0,247. A 95 % credible interval for 6 is (1,805 2,815). A Bayesian sensitivity
analysis with respect to changes in the form of the four prior distributions can be carried out by varying the
value of ¢ (see 9.2.2.4), and by substituting the lines

tau.Y~dgamma (1, 0E-5,1,0E-5)

tau.B~dgamma (1, 0E-5,1,0E-5)

for the four lines

sigmal Y~dunif (0, 1)
sigmalB~dunif (0, 1)
tau.Y|<- 1/(sigma.Y*sigma.Y)

tau.B|<- 1/ (sigma.B*sigma.B)

and comparing the resulting values of posterior mean and standard deviation. The results-in this example gre
robust to sjch changes.

9.2.3 ExXample 1b

9.2.3.1 The information about the background parameter g is previded in the form of a probabllity
distribution] obtained by a Type B evaluation of uncertainty. In this case€, the observation model is only in tefms
of data sef| (i) in Example 1a (9.2.2), that is,
Y. |0,B,0;~N(@O+p,o;).

i

9.2.3.2 There are now three parameters that are tob€ assigned prior distributions. For the backgroynd
parameter| 3, the prior density is based on the information given in the Introduction, that is,

f ~ Uhpiform(1,126,1,329).
For 0 and| o, ,
6~ Uniform(0,¢), o, ~ Uniform(0,c),
with a large value for c.
This compl|etes the spegifications for the prior distributions.

9.2.3.3 The WinBUGS code for this example is as follows.

Examplelb(

thetakdonif{o-3667

beta~dunif(1.126,1.329)

sigma.Y~dunif (0, 1)

gamma <- theta+beta

tau.Y <- 1/(sigma.Y*sigma.Y) for(i in 1:n){
y[i] ~dnorm (gamma, tau.Y)

}
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With the data given in the Introduction, this code produces a posterior mean for ¢ of 2,309, and a posterior
standard deviation for 8 of 0,232. A 95 % credible interval for 9 is (1,832 2,788). A sensitivity analysis of the
results is again satisfactory.

9.24 Example 1c

9.24.1 The only difference from Example 1b is in the actual measured values (which are now close to
the background) and so the same model and WinBUGS code can be used. The posterior mean for 0 is
now 0,069, the posterior standard deviation for ¢ is 0,067 and the 95 % credible interval for @ is
(0,000 0,188). These results are robust to changes in the value of ¢ with the uniform priors. Changing the
form of the prior density for o, from uniform to Gamma results in a posterior mean of 0,058, posterior
standard deviation of 0,052 and 95 % credible interval of (0,000 0,150). This is a larger change than in the
prgvious examples, and indicates that here, because of the closeness of the data to the ba¢kgroungd, the data
is phot quite as informative about the measurand. The size of o, (controlled to some; degree by the prior
disfribution since there are only five measured values on which an estimate is based) affects how |nformative
is the data. In a case such as this, the conservative solution is to use the longer credible interval based on the
unfform distribution. A better way would be to obtain more measured values., The consequence Wwould be a
reduction in the effect of the prior density of o, on the results. (An interesting fact about the Baygs’ credible
intérvals such as those given here can be found in Reference [23]. The authors show that in modgls such as
Example 1, the 95 % Bayes’ credible interval based on the uniform priorhas frequentist coverage |of close to
95(%, while the interval based on the gamma prior usually has lower frequentist coverage.)

9.4.5 Summary of example

Example 1a illustrates the case when measured values from two independent sources are used |in a single
ungertainty evaluation. Example 1b shows how information about the background that is used to| perform a
Type B evaluation of uncertainty can be included in the*Bayesian model. Example 1c illustrates thg ease with
whijch a constraint can be included in the Bayesian-model, such as the positive constraint here on the value of
thg measurand. It also shows how the choice of asnon-informative prior distribution can affect the regults.

10 Fiducial inference for uncertainty evaluation

1011 Basic method

10]1.1 For the measurementfunction (1), the uncertainty evaluation for a measurand 6 may be based on the
fidyicial distribution for.'@ ! The following examples serve to illustrate the recipe for obtainipg fiducial
disfributions for parameters of interest.

10]1.2 Suppos€ ¥~ N(0,1), where 6 is the measurand, the measurement process has a knowh variance

eqyal to 1, and’ Y is the random variable representing values that may be observed. One might gxpress the
relation between the measured values and the underlying random experimental error process by the equation

Y20+E, (19)

where E is a random error with N(0,1) distribution. Each measured value is associated with a particular

random experimental error. Suppose a single measured value of 10 is obtained. The associated measurement
error is denoted by e. So

10=0+e.

Hence 8 =10-¢. If the value of ¢ were known, the measurand would be known exactly, but the value of ¢ is
not known. Nevertheless, the fact that the distribution from which e was generated is known helps a set of
values of 4 to be determined that is considered plausible. For instance, how plausible is the value =2 for
the measurand? For this to be true, ¢ =8 is needed. A value of 8 is highly unlikely to have come from
an N(0,1) distribution. So, it is concluded that the value 6 =2 is unlikely. How likely is it that & lies between
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10 and 127 For & to be between 10 and 12, ¢ needs to be between 0 and 2 and the probability for this
is ©(2)-d(0), where d(z) is the value of the cumulative standard Gaussian distribution at z . Thus,

probabilities associated with £ can be transferred to probabilities for . The knowledge about 8, based on
the measured value of 10, can be described by the distribution of the random variable & whose distribution is

given by that of 10 — £ . That is, é~N(lO,1) or the fiducial distribution for @ (that is, the distribution for 0 ) is

N(0,1) . The random variable & is also called a fiducial quantity (FQ) for 6. Such an FQ is related to what is

called generalized pivotal quantity ®“, ! or fiducial generalized pivotal quantity

(2611271 iy the literature.

iables

Y, =0RE,
Y, =0|+E,. (RO)

Suppose the actual measured values are 10 and 8. Then, the following equations relate'the measured valugs,
the measurand, and the realized values of experimental errors, say ¢ and e,

10=04+e,
8=0+e,.

Plausible yalues for @ are related to plausible values of (¢, e,) . What makes this example different from fhe
previous ekample is that here it is known that ¢, —e, equals 2. So,’the set of possible values for (e, e,) is nfow
limited by fthis requirement. It is known that (¢,e,) is from asstandard bivariate Gaussian distribution, but is
constrainefl to lie on the line ¢ —e, =2 . So, the probabilitiesione would associate with @ are the probabilifies
with eithef 10— ¢ or 8 — ¢, knowing that (e¢,e,) isia realization from a bivariate standard Gaussjan
distributior] subject to the additional condition that ¢S, =2 . Hence an FQ & is defined to have a distributjon
that is equpl to the conditional distribution of 10 +E; given that E, —E, =2. This is the same distribution as fhe
conditiona| distribution of 8~ E, given that E\=E, =2 . A simple calculation shows that the distribution of { is
N(»,1/2) where y=(y,+y,)/2=(10+8)/[2=9.

10.1.4 Mdre generally, for n independent measurements made from N(0,c7),

Y, =0poE,
Y, =6f+cE,,
Y =0+cE,, (1)

where E,,...E, are independent, standard Gaussian random variables. The joint fiducial distribution for (8,0)
can be obtained as follows. Use the first two (or any two) of the above » structural equations to solve for 4
and o, denoted by & and &, as functions of y,, y,, E,, and E,. The joint fiducial distribution for (6,0) is
the joint distribution for (4,6) conditioned on the E, imposed by the rest of the n—2 equations. In particular,
the fiducial distribution for 4 is

=~ N

0=y _ETn—l’ (22)
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namely, a shifted and scaled t-distribution with n—1 degrees of freedom. Here y and s are the realized

values of the sample mean X and the sample standard deviation S for the n measured values, and 7, , is a

ran

dom variable having a t-distribution with n—1 degrees of freedom.

10.1.5 There is an alternative, simpler method than that just outlined to derive a fiducial distribution for &

in (

22), which will be illustrated in the subsequent examples.

10.1.6 The above argument can be generalized and fiducial distributions can be developed for model

parameters in wide-ranging problems. The starting point for this process is called a structural equation

De
stri
€q
ar

val
for

10.

10

10
est

wh

cam be estimated from measurements that follow the model

wh
ind

valiance o;/n+c./n,, where Y and B are the means of ¥, and B, respectively and can be expres

wh

|
N

ctural equation. For n measurements, equations (21) constitute the structural equations. The
ations relate the measurements Y with model parameters S and error processes £ whose d
fully known. For instance, for a single measurement the distribution for E is known,complete
d values of 3, the distribution for £ and the structural equation G(-) determine, the ‘distribut

a Y . After observing the data Y the role of data and parameters can be interchanged. In par
ue of Y is fixed and the distribution of E and the structural equation G(-) are used to infer a
£ . This is what constitutes the fiducial argument.

2 Example 1

2.1 Example 1a

2.1.1 To illustrate, consider Example 1a described in;Clause 7 where the physical quantity
imated from measured values that follow the model

Y=0+pf+¢, i=1..,n,

ere the ¢, are independent measurement efrors with &~ N(0,0;) . Also, 3 represents a backg

B =B+, i=l..n,,

ere 5, are independent measurement errors with &, ~ N(0,0;) . It is assumed that ¢ 3
ependent. From (23) ahd (24), it follows that Y —B has a Gaussian distribution with me

2 2
s = O o
Y-B=0+{~+-L7,
n n

ere .Zis a standard Gaussian random variable. This is a structural equation for ¥ — B . Also

[28]

titutes the

structural
stributions

y. For any
on for the

ticular, the
Histribution

0 is to be

(23)

round and

(24)

nd o, are

an ¢ and
sed by

(25)

D2
=15, >
W, ="~ ()
O

Y

and

(n, —1)S?
w,= ’ 2 b~lz(nb_1)!
UB

where »°(v) stands for the chi-squared distribution with v degrees of freedom, Sj and S; are sample

variances of Y, and B,, respectively. Thus
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oL W,
L (26)
’ n-1
is a structural equation for Sf, and
oW,
S} =Lt (27)
n, —1

is a structural equation for S?. By solving the above three structural equations for 8. o, . and o,. an FQ for
0 is obtained as

|5 [(=Ds) (-Ds;
nw, W, '

D
Il
<
O,
(o]
N

10.21.2 | A 1-« fiducial interval for 6 is given by (g4,, 8,., , Where g is the~a -quantile of fhe

distributior] of @ . These quantiles can be determined analytically in simple situations: However, they are mpst
convenienfly approximated using a Monte Carlo approach. This approach involves-generating a large numper

of realizatjons from the distribution of & and determining the empirical o/2.and 1-&/2 quantiles. These
quantiles gre used as the estimates for g, and g, ,, . A single realization‘of & may be generated as folloys.

a) Genelfate a realization of a standard Gaussian random variable -Z..

b) Genefate realizations of independent y* random variable§ W, and W, with n—1 and n, -1 degreeq of
freedgm, respectively.

c) Calculate 4 asin (28).

For this eqample,n=n, =5, y =3,537, s, =0,342; b =1,228, and s, =0,131. An R program for generating fhe

500 000 rdalizations of @ is listed below.

nryn = 500000

Z 4 rnorm(nrun)

W1l |= rchisqg(nrun . 4)

Wb |= rchisqg(nraGn;” 4)

thgta = 3.53%,- 1.228 - sqrt(4*0.342A2/(5*W1)+4*O.131A2/(5*Wb))*Z

The mean|of the_Simulated distribution is

mean(theta)

## 2.308893
and a 95 % fiducial interval based on the 0,025 and 0,975 quantiles of the simulated distribution is

quantile (theta, c(0.025,0.975))

o°

## 2.5 % 97.5
## 1.857814 2.760931

Namely, the 95 % fiducial interval is given by (1,858 2,761).
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2.2 Example 1b

2.21 There is now no statistical data relating to the background. It is assumed that the i

nformation

regarding S is specified in terms of a probability distribution for g and that g and ¢, are independent.
Furthermore, it is assumed the probability distribution for g is fully known, that is, does not involve any
unknown parameters.

10.

222 The structural equation for Y is given by

To

Sj

=

A{

b

~

Fo
of

Th

— a
Y=0F5+—Z.

Jn
pether with the structural equation for S_f in (26), we obtain an FQ for @ as
~ s 7
0=y-p-—=
n W, /(n=1)

ingle realization of & may be generated as follows.

Generate a realization of 7,_; of a Student’s t random variable with »—1 degrees of freedom.

Generate g according its distribution, independently of 7, _, .

Calculate 4 as in (30).

- this example, g is assumed wniformly distributed over the interval (1,126 1,329). The 500 000 n
() are generated by

beta = runifinrun, 1.126, 1.329)
theta = 3.637 - beta - 0.342/sgrt (5) *rt (nrun, 4)

b mean of thesimulated distribution is

mean(theta)

## 2.309454

(29)

(30)

ealizations

and a 95 % fiducial interval based on the 0,025 and 0,975 quantiles of the simulated distribution is

Na

10.

quantile (theta, <¢(0.025, 0.975))
## 2.5 % 97.5 %
## 1.871685 2.745590

mely, the 95 % fiducial interval is given by (1,872 2,746).

2.2.3 The above fiducial interval agrees with the uncertainty interval obtained using the method
proposed in GUMSH1.
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10.2.3 Example 1c

10.2.3.1 The case of Example 1b applies except y =1,196 and s, =0,106. The 500 000 realizations of 0
are generated by

theta = 1.196 - beta - 0.106/sqgrt (5) *rt (nrun, 4)
The mean of the realizations is

mean (theta)

##(-0.03158058

which lies putside the parameter space for 8. The number of realizations outside of the parameter-space ¢an

be found by
lenjgth ((1:nrun) [theta < 0])
## 319168

The apprdach for handling parameter constraints is to truncate the fiducial distribution to the constrainjed
parameter|space. That is, we use max(d,0) to obtain the realizations of the fiducial distribution for 8. A 9§ %
fiducial interval is calculated as

quantile (pmax (theta, 0), c(0.025, 0.975))

##] 2.5 % 97.5 %
##| 0.0000000 0.1361553

Namely, tHe 95 % fiducial interval is given by (0,000 0,136).

10.2.3.2 The recipe described in 10.2.1.1 and.10.2.2.2 can be generalized to arbitrary statistical modelg. A
prescriptiop for constructing FQs is given in.Reference [29]. A simpler recipe for more common problems
where sufiicient statistics exist was given in_a technical report (Reference [30]) and is further discussed in
Referencep [24] and [25]. It is reproduced. here for completeness. The recipe consists of the following steps

a) Expreps each sufficient statistic-as’a function of one or more parameters and random variables whose
distributions are completely known, free of any unknown parameters. That is, obtain a structural equatjon
for eagch sufficient statistic;

b) In eadh structural egydation, express each parameter as a function of the sufficient statistics and randpm
variables whose distributions are completely known.

c) Obtain an FQ-for each parameter by replacing the sufficient statistics with their corresponding obseryed
valueg.

11 Example 2: calibration of a gauge block

11.1 General

11.1.1 This example, which is taken from Annex H.1 of the GUM, is concerned with the determination of the
length of a gauge block by comparing it with a nominally identical gauge bock that has previously been
calibrated. The notation used in the GUM is closely followed, but has been modified where needed to agree
with the notational conventions in Clause 4 that distinguish measurands from measured values. Table 2 lists
the physical quantities used.
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11.1.2 Use the notation given in Table 3 and based on
— the first line of Equation (H.2) in the GUM,

— the relationships e =a, +8, and 6, =0 + A—&, defined in H.1.2, and

— inferences drawn from the propagation of uncertainty in H.1.3.2 and H.1.3.4 of the GUM.

11.1.3 The measurement model for 4 used in the GUM analysis of Example H.1 can be expressed as

A1+, (0+A=5,][+5,+5, +5,

A= 1+(a, +3,)(0+A)

(31)

Eqpation (31) is the measurement model as described in H.1.1 and the first line of Equation (H.2) of the GUM,
rather than the approximation made on the second line of Equation (H.2) and then used throughout|the rest of
H.1.

Tiable 3 — Notation for analysis of GUM Example H.1 under each of the-three statistical appfoaches.
The random variable corresponding to 6, is denoted by p,, and its observed value by 7,

Quantity Symbol
Length of unknown end gauge at 20 °C A
Length of standard end gauge at 20 °C A,
Difference between end gauge lengths at laboratory.ambient temperature 0,
Correction to difference between gauge blocK lengths to compensate for random comparator errors 56,

Correction to difference between gauge.block lengths to compensate for systematic comparator errors |6,

Coefficient of thermal expansion-of the standard end gauge a,
Difference in coefficients\of thermal expansion of the standard and unknown end gauges o,
Average deviation-of test bed temperature from standard conditions during data collection )
Cyclic variation of test bed temperature from mean temperature due to thermostatic control A
Difference in temperatures of the standard and unknown end gauges o,

11.1.4 Equation (31) is also expressed in terms of the physical quantities used to determine the length of the
gauge block, rather than pre-summarizing the effects due to the difference between the lengths of the two
gauges and in the temperature of the test bed. It is good practice to express the measurement model in terms
of all quantities needed to determine it. This practice helps to minimize a possible failure to identify
correlations between different physical quantities, such as ¢ and ¢, and « and «, as mentioned in H.1.2,

whose values ultimately might be based on the same data.
11.1.5 Table 4 summarizes the rest of the information taken from the analysis of GUM example H.1 needed

for the analysis by the different statistical approaches to be discussed and compared in the remainder of this
clause.
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11.1.6 The description of the example in the GUM indicates that there is only one quantity, &, , whose value

has been estimated using the analysis of statistical data. The distribution of the mean of the measured values,
which provides an estimate of ¢, , is taken as Gaussian (normal) with an expected value that depends on the

length of the gauge block and the other physical quantities described in Table 3 and Table 4.

11.1.7 The values and standard uncertainties associated with the estimates of all other quantities are
obtained by Type B evaluations. Because the quantities 5, and J, follow rectangular rather than Gaussian

distributions, however, there are no widely accepted statistical methods to account for the degrees of freedom
in these two cases. As a result, the given degrees of freedom will not be used for those quantities.

Table 4 +— Summary of information from the analysis of GUM example H.1 needed for its re-analysL
Quantity Value Standard Degrees of Type of uncertainty Characterizing
uncertainty freedom evaluation distribution
A 50 000 623 nm 25 nm 18 B Gaussian
7, 215nm 5,8 nm 24 A Gaussian
D 0nm 3,9nm 5 B Gaussian
‘Cm 0 nm 6,7 nm 8 B Gaussian
2 11,5x10° °C™ 1,2x107° °C™ B Rectangular
> 0°C™ 0,58x107° °C™! 50 B Rectangular
7 -0,1°C 0,2 °C B Not specified
A 0°C 0,35°C B Arcsine
Oy 0°C 0,029 °C 2 B Rectangular
11.2 Frequentist approach
11.2.1 In|this example, the sensitivity coefficients ¢, =¢, vanish, and the second order terms are to|be
incorporatg¢d in Equations (6) and (7), although just one of them is noticeably different from zero (GUM, p 71).
11.21 T%Wmmﬂwmmrmﬂmder

calibration, and the associated standard uncertainty u(y) =34 nm are returned by the evaluation in the GUM
using second-order terms. As was mentioned in 8.1.12, the uncertainties associated with these estimates are
approximated by the marginal quadratic error if the parameters 4,6, are averaged over their normal

distributions, and 4,0, and ¢, are integrated out according their uniform distributions.

11.2.2 These results are confirmed by the propagation of distributions implemented by a Monte Carlo
method as in GUMS1, which provides a very close answer. Moreover, the approximation by
the t-distribution (10) seems to be reasonable. Figure 1 shows the empirical percentiles plotted
against t-distribution quantiles when the degrees of freedom are estimated according to Equation (8). More
results from a Monte Carlo method are reported in Reference [31].
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Figure 1 — Empirical percentiles versus percentiles of t-distribution in Example 2

11]2.3 To construct a boeotstrap interval for this example, 4 is estimated to be 50 000 838 hm with a
combined standard uncCertainty » = 31,7 nm. From Equation (13), the 100(1 —a ) % bootstrap-t fonfidence

intgrval is (50 000 838=7,,,-31,7 50000838 +7,,,-31,7), where 7, is the 100/ th percentile of " of {12). The R

codle for generating”B = 10 000 realizations of W" is as follows.

B_=v10000

X.star = cbind(

thv‘m(n’ mean=50000623 cﬂ—’)ﬁ)’

rnorm (B, mean=215, sd=5.8),

rnorm (B, mean=0, sd=3.9),

rnorm (B, mean=0, sd=6.7),

runif (B, min=0.0000095, max=0.0000135),
runif (B, min=-0.000001, max=0.000001),
runif (B, min=-0.45, max=0.25),

rbeta(B, 0.5, 0.5)-0.5,

runif (B, min=-0.05, max=0.05))
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u

.star = cbind(
25 * ggrt(rchisg(B, df=18)/18),
5.8 * ggrt(rchisqg(B, df=24)/24),
.9 * sqgrt(rchisqg(B, df=5)/5),
.7 * sqgrt(rchisq(B, df=8)/8),
.000001 2,

10)]

The R fund

d

This functi
by namev
quantity in

3

6

0

0.00000058 * sqgrt(rchisqg(B, df=50)/50),

0.2,

0.35,

0.029 * sgrt(rchisg(B, df=2)/2))

.name = c("L.g","D.lambda", "Dc.x","Dc.s","A.std","D.alpha",
"T.bar","T.cv","D.theta")

= expression((L.s* (1+A.std* (T.bar+T.cv-D.theta))+
D.lambda+Dc.r+Dc.s)/ (1+(A.std+D.alpha)* (T.bar+T.Cv)))

tar = delta(f, x.star, u.star, x.name)

.star = (starsy-50000838)/starsuc
tion delta is defined below.
lta = function (meq,x,u,namevec) {
for(i in 1l:ncol(x)) assign(namevec[i]l, x[,1])
¢ = attr(eval (deriv (meq, namevedy)y , "gradient")
i st (y=eval (meq) ,uc=sqgrt (apply (¢&*u) *2,1,sum)))

}

bn accepts a valid R expression meq, the measurement function, whose parameter names are gi

meq. The function uses the.R function deriv to evaluate the measurement function and obtain

first derivatives c (the "gradient'"'of meqg at x) with respect to all the parameters in namevec evaluated

the input
uncertainty
function dd

The 95 %
is

%]

calculated using-'the usual first-order Taylor approximation. In the bootstrap code above,
Ita is applied to'the’measurement function defined as £ in the code.

bootstrap-t.confidence interval based on the 0,025 and 0,975 quantiles of the simulated distribut

DO000838-quantile(w.star,c(0.975,0.025))*31.70511

#

50000777 50000899

en

ec, and a matrix of input values x, one column of x containing the bootstrap replicates for eqch

he
at

alues given by x. Finally, the function returns the evaluated expression (as y) and the associated

he

on

This interval, (50 000 777 50 000 899) nm, is almost 10 % shorter than that given by application of the GUM.
This general behaviour, the width of a bootstrap interval being shorter than that of an interval derived from an
uncertainty evaluation based on the first-order Taylor approximation, is further discussed in Reference [32].

11.3  Bayesian approach

11.3.1 An observational model relating the data to the parameters can be specified.

30
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11.3.2 The GUM can be interpreted as stating that the expected value E(D,) of the measurement is equal

to 8, , where

5, =A(1+(8, +a,)(0+A))- 4, [1+(<§+A)—5g]a$].

(32)

The expected value of the measurements is a function of the parameter vector y = (/Is,é,A,ﬁa,ax,ég) and the

measurand A . The GUM gives two additional components of uncertainty involving the comparator determined
by Type B evaluations. Therefore there is uncertainty about the expected value of the difference measurement

bei
un
twq

11
Ty
Ga

As

11

A" )
certainty of 7,8 nm, with 12 degrees of freedom using the Welch-Satterthwaite formula.nTh
-stage statistical model combines the available information:

D, |0, ~N(5&,’O-éz /5>

A

5, 16,~5,+18-T,.

ussian distribution with a known variance o2,

(”_1)52~;/(n—1).

2
o

2’ (n—1) is also the Gamma(*!,1) density,

25-1
SdZAGD&'-Gamma[w, ! J

2 202

D;

di

vafiables can be regarded as independent, and so their joint distribution is the product of their indi
disfributions. For the elements of the parameter vector y, the information that is used to perform

ev

luation of uncertainty-can be interpreted as informative prior densities as follows

A ~ N(50000623,625) ,

8, ~ Uniform(~1x10,1x10° ),

6y~ N(-0,1, 0,1681)

A~Beta(0,5, 0,5)-0,5,
o ~ Uniform(9,5x10°°, 13,5x10°° |,

6,~ Uniform(-0,05, 0,05).

So, the joint prior distribution is

()= p(A)p(3,) (@) p(A) p(a,) p(S,).

© 1SO 2012 - All rights reserved

obtain an
following

(33)

3.3 Given in the example is the uncertainty associated with the measured difference s, obtgined by a

pe A evaluation, providing an estimate of o, . From basic probability.theory, for a sample of sizg » from a

3.4 There are eight parameters.in the statistical model, including the measurand 1. To find g posterior
ribution for 4, the joint priofidistribution of the eight parameters is first specified. A priori, these random

idual prior
a Type B

(34)
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Prior distributions for the measurand 4 and o, are needed to complete the prior specification. In this
example, there is no additional information about these two parameters other than that they are non-negative.
As in Example 1, the parameters are assigned reference priors 1 For 4, a reference density is
approximated as

A ~ Uniform(0,¢) (35)

with a large value for c¢. Similarly, for o, ,

o, ~ [Pniform(u,c), (B6)

or Gamma(c,c) . This completes the prior distribution specification.

Note that [the two reference prior distributions, which sensitivity analysis shows have little-impact on fhe
results, ar¢ the only distributions not used in some manner by the frequentist or fiducial approaches.

11.3.5 Agplication of Bayes’ theorem results in the following joint posterior density of {/1, 7:0p, } :

_ p@e)p, 16)p(r)p(2) ploy)
p[isj/’JDx |d19sd/:‘: — .
" [p@. 18,006, 16)p(7) p(2)dydado,

The postetior density of 4 is then obtained by integration as

PN 58,) = [ P70, |d 05, Mydo, .

This posterior distribution summarizes all of the information about 4 available after the measurements wgre
obtained. The WinBUGS code for this example is as follows:

Exampled {
n<-21
df<-[n-1)/2
lambdla~dnorm(0.1,0E-18)
deltg.a~dunif (-0.000001, 0.000001)
alpha~dunif (0.0000895,0.0000135)
thetg~dnorm (-0{1,v5.94)
ddelf~dbetad0,)5,0.5)
delta<-ddelt-0.5

deltd (E=~dunif (-0.05,0.05)

lambda.s~dnorm (50000623, 0.0016)

sigma.D~dunif (0.20)

tau.D<-1/(sigma.D*sigma.D)

delta.l<-lambda* (1+ (delta.a+alpha) * (theta+delta))
-lambda.s* (1+ ( (theta+delta) -delta.t) *alpha)
delta.l.r~dt (delta.l, 0.0164,12)

msg<-5*tau.D

dbar~dnorm(delta.l.r,msqg)
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pg<-tau.D/2
ssg<- (n-1) *s.y*s.y
ssqg~ dgamma (df, pg)

}

For d, = 215 and s, = 13, this WinBUGS code obtains the posterior mean of 1 as 50 000 837 nm, with

posterior standard deviation of 34 nm. The 95 % credible interval is (50 000 768 nm 50 000 908 nm). These
results are almost identical those in the GUM.

11§3.6 In the solution here, the measurement model in terms of 4, that is Equation (31), is névgr used, so
avoiding the unnecessary and difficult task of determining how the distributions of the various parameters are
related. As in Example 1 with the two parameters, the approach given here leads to an lappropriate joint
posterior distribution for all eight parameters.

11]3.7 Consider an approximate solution for this example based on the Taylor séries approximation. In the
GUM solution, Equation (31) is approximated as

8, =2-4(1-(5,(0 +2)+as, |

Define a parameter n=1-6, . Using the Taylor series approximation, the probability density off » can be
approximated by a Gaussian as r ~ N (50 000 623 nm, 911 nm2). For simplicity, also approximate ¢, by s, .

<

Then, the statistical model becomes
_ (13)°
Dl‘é‘,y N é‘ng ’

5, 15,0 N(ﬂ—n,(7,8)z) ,
A0 N(O,¢),
70 N(50000 623, 911,47);

Fof this model, the posterior density of A can be obtained analytically (331 We obtain

. (1) oy
AU N|d+50000 623, 2—+(7,8)" +911,47 |.

Sirjce EA =215 nm, we obtain the posterior mean of 4 as 50 000 838 nm with posterior standard deviation
of Btnm, again close to those in the GUM.

11.4 Fiducial approach

11.4.1 This example is used to illustrate the fiducial inference approach in a more complex application. The
measurement function is given in (31). Based on the information provided in the GUM, the following
assumptions are made:

a) The estimated value of A, (i.e., the value given in the calibration certificate), denoted by / , is equal to

50 000 623 nm. The standard uncertainty associated with the estimate is 25 nm with 18 degrees of
freedom. Under a normality assumption, a fiducial quantity (FQ) for A, is
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d)

34

7.=50000623-25T. (37)

Expression (37) is obtained from Distribution (22) with 3 = 50 000 623 nm, u(y)= 25 nm, and 18 degrees
of freedom associated with u(y).

Each replicate measured value is regarded as drawn from a normal distribution with mean &, and

standard deviation o, . The observed mean of the five measured values is d, =215nm. From a

separate experiment, o, is estimated to be 13 nm with 24 degrees of freedom. Thus, u(g ;) =13/+/5 . So,

an FQfor o, is

§,=2A15-13T,,//5. (B8)

Also, [based on the calibration certificate for the comparator device, an estimate of, 62 is 0 with a

standard uncertainty of 3,9 nm (5 degrees of freedom), and an estimate of 5. s 0 with a standard
uncerIainty of 6,7 nm (8 degrees of freedom). Furthermore, the comparator error§'‘can be assumed to|be

independent of the replication errors. Thus,

5c, =$.9T5, (B9)
and

5, =071 (#0)

Mutugl independence among the random variables is a consequence of the GUM assumption about the
measlirement process.

Let @|be the deviation of the average temperafure of the test bed from the nominal value of 20 °C. [An

estimate of 6 is —0,1 °C with a standard-deviation of 0,2 °C. Since the GUM gives no additional
information concerning this standard deyiation, infinite degrees of freedom is assumed for it and also that

0 is 4 draw from a Gaussian distribution."Hence

D
I
|

1-0,27, 1)

whergl Z is a draw fromm~a standard Gaussian random variable, independent of all other randpm
variables.

An FQ for A has a probability density function given by

g()4—2= _0,5°C<x<0,5°C. #2)

N I=4x7 ,

For making random draws from the arcsine distribution (42), observe that if U, is a uniform (0,1) random
variable, —cos(zU,)/2 has the required arcsine distribution. So, an FQ for A may be taken to be

A =—cos(zU,)/2. (43)
An FQfor &, is
5.=U,, (44)

where U, is a uniform random variable over the interval +1 x 107° °C™".
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