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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards
bodies (ISO member bodies). The work of preparing International Standards is normally carried out
through ISO technical committees. Each member body interested in a subject for which a technical
committee has been established has the right to be represented on that committee. International
organizations, governmental and non-governmental, in liaison with ISO, also take part in the work.
ISO collaborates closely with the International Electrotechnical Commission (IEC) on all matters of
electrotechnical standardization.

The procgdures used to develop this document and those intended for its further maintenance-gre
described|in the ISO/IEC Directives, Part 1. In particular the different approval criteria needed-for the
different fypes of ISO documents should be noted. This document was drafted in accordance with the
editorial fules of the ISO/IEC Directives, Part 2 (see www.iso.org/directives).

Attention|is drawn to the possibility that some of the elements of this document may.bé the subject of
patent rights. ISO shall not be held responsible for identifying any or all such patent rights. Detailq of
any patenf rights identified during the development of the document will be in the Introduction andfor
on the 1Sq list of patent declarations received (see www.iso.org/patents).

Any tradg name used in this document is information given for the convenience of users and does not
constitutg an endorsement.

For an ejplanation on the meaning of ISO specific terms and{expressions related to conformlity
assessmelt, as well as information about ISO’s adherence toithe WTO principles in the Technigal
Barriers tp Trade (TBT) see the following URL: Foreword - Supplementary information

The cominittee responsible for this document is ISOAFC 69, Applications of statistical methdds,
Subcommifittee SC 7, Applications of statistical and related-techniques for the implementation of Six Sigma.
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Introduction

The present Technical Report takes one specific statistical tool (Central Composite Designs in Response
Surface Methodology) and develops the topic somewhat generically (in the spirit of International
Standards) but then illustrates it through the use of four detailed and distinct applications. The generic
description focuses on the Central Composite Designs.

The annexes containing the four illustrations follow the basic framework but also identify the nuances
and peculiarities in the specific applications. Each example offers at least one “wrinkle” to the problem,
whichis gpnpr:\”y the case for real app]ir‘:\finnc Itis hnppd that pr:\r‘fifinnprc can idpnfif‘y with at least
ong of the four examples, if only to remind them of the basic material on response surfaceimé¢thod that
wds encountered during their training.

Eafh of the four examples is developed and analysed using statistical software of cubrent vintage. The
explanations throughout are devoid of mathematical detail—such material can be'readily obtgined from
the many design and analysis of experiments textbooks (such as those given innReferences [1]{to [7]).

© ISO 2015 - All rights reserved v
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Selected illustrations of response surface method —
Central composite design

e Surface
igns (CCD)

thodology (RSM) and the method to analyse data collected using Central
thfough illustration with four distinct applications of this methodology.

Composite Des

Repponse surface methodology (RSM) is used in order to investigate a relation betiween the response
anfl the set of quantitative predictor variables or factors. Especially after specifying the| vital few
controllable factors, RSM is used in order to find the factor setting which optimizes the response.

2 | Terms and definitions
For the purposes of this document, the following terms and definitions apply.

2.1
experiment
purposive investigation of a system through selectiveradjustment of controllable conditions and
allpcation of resources

Note 1 to entry: Adapted from ISO 3534-3:2013, definition 3.1.1. (The notes are not reproduced here.)

2.2
response variable
vafiable representing the outcome of an experiment (2.1)

Nofe 1 to entry: Adapted from 1SO~3534-3:2013, definition 3.1.3. (Except for NOTE 3 the notps are not
regroduced here.)

Note 2 to entry: A common synohym is “output variable”.

Nofe 3 to entry: The response variable is likely to be influenced by one or more predictor variablef (2.3), the
nature of which can be aseful in controlling or optimizing the response variable.

2.3
predictor variable

vafliable thatéan contribute to the explanation of the outcome of an experiment (2.1)

Note 1 tgentry: Adapted from ISO 3534-3:2013, definition 3.1.4. (The notes are not reproduced here.)

Nofe2 to entry: Natural predictor variables are expressed in natural units of measurement such ps degrees
Celcius (°C) or grams per liter, for example. In RSM work, it is convenient to transform the natural variables to
coded variables which are dimensionless variables, symmetric around zero and all with the same spread.

2.4
model
<experiment> formalized representation of outcomes of an experiment (2.1)

Note 1 to entry: Adapted from ISO 3534-3:2013, definition 3.1.2. (The notes and examples are not reproduced
here except for NOTE 2 which is NOTE 1 in ISO 3534-3.)

© IS0 2015 - All rights reserved 1
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Note 2 to entry: The model consists of three parts. The first part is the response variable (2.2) that is being
modelled. The second part is the deterministic or the systematic part of the model that includes predictor
variable(s) (2.3). Finally, the third part is the residual error (2.12) that can involve pure random error (2.13)
and misspecification error (2.14). The model applies for the experiment as a whole and for separate outcomes
denoted with subscripts. The model is a mathematical description that relates the response variable to predictor
variables and includes associated assumptions. Outcomes refer to recorded or measured observations of the
response variable.

Note 3 to entry: In some areas the term transfer function is used for the systematic part of the model.

EXAMPLE In the models considered in response surface methodology the deterministic or systematic part

1 L. | - el e L. . | A 1 1 I | LR . LI . | - e
are polynofrars T tiTe pTeUICtor var Iaults: 21 SeCoIId OT T HToucT WITIT CWO PTCUICTOT vdarl IapIts IS WTITCCCIT as

2 2
Y = Bo T ByXy + ByXy + BypX Xy + By Xy + Bppx; e

where ¢ is|the random error. The associated assumptions on the random error could be eitherthat individpal
random efrors are uncorrelated with constant variance or independent and normally distributed. The
determinigtic part of the model is the second degree polynomial in the predictor variables; and x;

2 2
Ey =| By + Byxq + Byxy + BypX X, + ByyXy + BopX;

which expliains the mean (Ey) of the response variable as a function of the predictor variables.

2.5
factor
<design of experiments> feature under examination as a potential cause of variation

Note 1 to eptry: Adapted from ISO 3534-3:2013, definition 3.1.5¥(The notes are not reproduced here.)
Note 2 to eptry: Generally the symbol k is used to indicate the number of factors in the experiment.

2.6
factor leviel
setting, vdlue or assignment of a factor (2.5)

Note 1 to eptry: Adapted from ISO 3534-3:2013, definition (3.1.12). (The notes are not reproduced here.)

2.7
coding of{factor levels
<design of experiments> one-to-one relabelling of factor levels

Note 1 to eftry: The codingef factor levels facilitates the identification of the design and the properties of the design.

Note 2 to eptry: In response surface experiments the actual (or natural or operational) levels are relabelled syich
that the cofled level$.are numeric and symmetric around 0.

Note 3 to gntry: Atwo-level factor is usually coded to have coded levels -1 and +1. A factorial design where|all
factors are|tiwe-level factors can be coded such that all runs are represented as factorial runs (2.9).

Note 4 to entry: In central composite designs numeric (or continuous) factors with five levels are considered,
except for the face-centred central composite deigns, where only three levels are needed, see note 6 to 2.7. If the
actual (or natural or operational) levels are I1 < I3 < I3 < I4 < I5 then the middle level I3 shall be the average of the
lowest level /1 and the highestlevel I5, and, furthermore, I3 shall be the average of the intermediate levels I and /4.
The form of the coding operation can be expressed as

actual value — I3

C

coded value=

where C is half the distance from I to l4. With this coding of the factors each run (2.8) of a central composite
design can be identified as either a factorial point (2.9), a centre point (2.10), or an star point (2.11). This is the
coding used in textbooks for discussing central composite designs.
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Note 5 to entry: An alternative coding is sometimes applied in the computations in software programs. The form
of the coding operation can be expressed as

actual value — I3

M

coded value=

where M is half the distance from the lowest level I to the highest level I5. This coding will be referred to as
software coding in this Technical Report.

shg
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2.1
ce
ce

perimental treatment
psign of experiments> specific settings of every factor (2.5) uSed on a particular experin
15)

te 1 to entry: Ultimately, the impact of the factors will be ‘eaptured through their representa
dictor variables (2.3) and the extent to which the model matches the outcome of the experiment (2.1

AMPLE Consider a chemical process experiment\(2.1) in which a high yield is the objecti
dictor variables are temperature, duration, and \concentration of a catalyst. A run could be a
hperature of 350 °C, 30 min duration and 10 % coficentration of the catalyst, assuming that all of the
possible and permissible.

Le 2 to entry: Adapted from ISO 3534-3:2013, definition 3.1.13.

torial point
torial run
be point

be run

ctor of factor level gsettings of the form (ay, ay, ..., ak), where each a; equals -1 or +1 as a nd
t coded levels of thefactors

Le 1 to entry:Adapted from ISO 3534-3:2013, definition 3.1.37. (The notes are not reproduced here

0
htre point
htreorun

Note 6 to entry In the face- centred CCD only three levels of each factor are needed, so 11 = 12 < 13 < 14 =g, and I3

s difficult to
-1, 0, 1.The

quidistant

igns and are

quidistant

ental unit

fion in the

).

e and the
setting of
se settings

tation for

ve

ctor of factor level settings of the form (a1, a», ..., ax), where all a; equal 0, as notation for

the coded

levels of the factors

Note 1 to entry: Adapted from ISO 3534-3:2013, definition 3.1.38. (The notes are not reproduced here.)
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2.11

star point

axial point

star run

axial run

vector of factor level (2.7) settings of the form (ay, az, ..., ax), where one g; equals a or -a and the other
a;’s equal 0, as notation for the coded levels of the factors (2.6)

Note 1 to entry: For a k factor experiment, this process yields 2k-star points of the form: (+q, 0, ..., 0), (0, 2, O, ...,
0), .., (0,0, ..., ta).

Note 2 to eptry: Star points are added to the design in order to estimate a quadratic response surface.

Note 3 to eptry: Special values of a give a nice geometric structure. For a k factor experiment, if a = \/; then the

factorial ppints and the star points are all on the sphere with radius \/; This design is therefore callefl a
spherical CD. If @ = 1, the star points are on the faces of the unit cube and the design is a face-¢entred CCD.

2.12
residual error
error term

random vjariable representing the difference between the response variable’ (2.3) and its predictjon
based on an assumed model (2.4)

Note 1 to eptry: Adapted from ISO 3534-3:2013, definition 3.1.6. (The notés are not reproduced here.)

2.13
pure rangom error
pure errgr
part of th¢ residual error (2.12) associated with replicatéd observations

Note 1 to eptry: Adapted from ISO 3534-3:2013, definition 3.1.9. (The notes are not reproduced here.)

2.14
misspecification error
part of th¢ residual error (2.12) not accounted for by pure random error (2.13)

Note 1 to eptry: Adapted from ISO 3534-3:2013, definition 3.1.9. (The notes are not reproduced here.)

2.15
experim¢ntal unit
<design of experiments> basic’unit of the experimental material

Note 1 to eptry: Adapted from ISO 3534-3:2013, definition 3.1.24. (The notes are not reproduced here.)

2.16
designed|experiment
experiment (2:1) with an explicit objective and structure of implementation

Note 1 to entry: The purpose of a properly designed experiment is to provide the most efficient and economical
method of reaching valid and relevant conclusions from the experiment.

Note 2 to entry: Associated with a designed experiment is an experimental design (2.17) that includes the response
variable (2.2) or variables and the experimental treatments (2.8) with prescribed factor levels (2.6). A class of
models that relates the response variable to the predictor variables could also be envisaged.

Note 3 to entry: Adapted from ISO 3534-3:2013, definition 3.1.27.

2.17
experimental design
assignment of experimental treatments (2.7) to each experimental unit (2.15)

Note 1 to entry: Adapted from ISO 3534-3:2013, definition 3.1.28. (The notes are not reproduced here.)

4 © IS0 2015 - All rights reserved
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2.18

rotatability

characteristic of a designed experiment (2.16) for which the response variable (2.2) that is predicted
from a fitted model (2.4) has the same variance at all equal distances from the centre of the design

Note 1 to entry: A design is rotatable if the variance of the predicted response at any point x depends only on
the distance of x from the centre point (2.10). A design with this property can be rotated around its centre point
without changing the prediction variance at x.

Note 2 to entry: Rotatability is a desirable property for response surface designs (2.25).

Note 3 to entry: Rotatability of a central composite design is obtained setting a equal to the fourth [root of the
nuber of factorial points, i.e

o= (nF)l/4

where nr denotes the number of factorial points in a CCD.
Note 4 to entry: The definition and notes 1 and 2 are adapted from ISO 3534-3:2013, definition 3.1.40,

2.19
inferaction
inflluence of one factor (2.6) on one or more other factors’ impact on the response variable (2.4

L

Note 1 to entry: Adapted from ISO 3534-3:2013, definition 3.1.1% (The notes are not reproduced here|

2.20

fa¢torial experiment
designed experiment (2.16) with one or more factors (2.5) and with at least two levels appligd for one
of the factors

Note 1 to entry: Adapted from ISO 3534-3:2013, definition 3.2.1. (The notes are not reproduced here.)

2.21
full factorial experiment
fadtorial experiment (2.12) consisting of all possible combinations of the levels of the factors (

>
(@)Y
—

Note 1 to entry: Adapted from [S©*3534-3:2013, definition 3.2.2. (The notes are not reproduced here.)

2.22
frgctional factorial.experiment
fadtorial experiment(12.12) consisting of a subset of the full factorial experiment (2.21)

Note 1 to entry: Adapted from ISO 3534-3:2013, definition 3.2.3. (The notes are not reproduced here.)

2.23
rahdomijzation
proeess used to assign treatments to experimental units so that each experimental unit ha$ an equal

h £1 - . | dos 1 de. de. de.
chamceot UCIIg d551g1ICU d pPpdltituldl tI'TAtITIIt

Note 1 to entry: Adapted from ISO 3534-3:2013, definition 3.1.26. (The notes are not reproduced here.)

2.24
replication
performance of an experiment more than once for a given set of predictor variables

Note 1 to entry: Adapted from ISO 3534-3:2013, definition 3.1.35. (The notes are not reproduced here.)

© IS0 2015 - All rights reserved 5
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2.25
response surface design
designed experiment (2.16) that identifies a subset of factors (2.5) to be optimized

Note 1 to entry: Adapted from ISO 3534-3:2013, definition 3.2.19. (The notes are not reproduced here.)

2.26
analysis of variance
ANOVA

technique which subdivides the total variation of a response variable (2.2) into components associated
with defined-sources of variation

Note 1 to eptry: Adapted from ISO 3534-3:2013, definition 3.3.8. (The notes are not reproduced here.)

3 Symbols and abbreviated terms

3.1 Symbols

y Response variable

% Predicted response variable

¥y Predicted response variable at the stationary point
S

Xs Stationary point of fitted response surface

Ds Distance of stationary point to the design.ecentre

A, B,C,D Factors

k Number of factors

2k Number of runs in a full factorial experiment with k factors all having two levels
2k-p Number of runs in a fragtional factorial experiment with k factors and fraction 2-»
ng Number of factorjal points in a CCD

ns Number of star'points in a CCD

no Number @f centre points in a CCD

aj, b, li Levels-of factors

+1, -1 High and low coded factorial levels

-a,a Axial levels of coded factors

o Standard deviation

3.2 Abbreviated terms
ANOVA analysis of variance
CCD central composite design

DOE design of experiments

6 © IS0 2015 - All rights reserved
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RSM response surface methodology

R&R repeatability and reproducibility

4 Generic descriptions of central composite designs

4.1 Overview of the structure of the examples in Annexes A to D

This Technical Report provides general guidelines on the design, conduct and analysis of central
composite designs consisting of a specified number of two-level factors, and illustrates the gteps with
foyr distinct applications given in the annexes. Each of the four examples in Annexes™A-{hrough D
folJows the basic structure as given in Table 1.

Table 1 — Basic steps in CCD design

Overall objective(s) of experiment

Description of the response variable(s)

Identification of factors affecting the response(s)

Selection of levels for each factor

U [ W (DN |-

Identification of measurement systems

Layout plan of the CCD (depending uponfwhich main effects and two factor
6 interactions are to be studied) withXrandomization” principle (if these
are physical runs)

Analyse the results - numerical’summaries and graphical displays

8 Present the results

Perform confirmation rlin

4.2 Overall objective(s) of a response surface experiment

Experiments may be conducted for a variety of reasons. Therefore, the primary objective(s) for the
experiment should be clearly stated and agreed to by all parties involved in the design, conducf, analysis
anfl implications of the experimental effort.

main goal of respdnsé surface experiments is to create a model of the relationship betfween the
fadtors and the response in order to explore optimum operating conditions. This involves ¢hoosing a
depign which allows-the fitting of a quadratic function as the systematic part of the model. The Central
Composite Designv(CCD) can achieve this and this design has been popular since its introduction in the
firgt paper on\response surface methods in 1951.[1]

Although the fundamental method for fitting first order (linear) or second order (quadratid) function
of the“predictor variables to the response is regression, the focus is not on the individual fegression
coefficients but on the regression function, the response surface, as a whole. This emphasis ig reflected
in the name Response Surface Methodology. Strong arguments in favour of this approach are given on
pages 508-509 of Reference [2].

Typically, the primary goal for the experiment is to find optimal operating conditions based on the
estimated response surface, this could involve doing several experiments, using the results of one
experiment to provide direction for what to do next. This next action could be to focus the experiment
around a different set of conditions, or to collect more data in the current experimental region in order
to fit a higher-order model or confirm what seemed to be the conclusion.

The CCD is an appropriate name because three types of design points can be identified after a coding
of the factor levels: centre points (2.10), factorial points (2.9) and star points (2.11), and those design
points are indeed centred at the origin of the design space after the coding of the factor levels (2.7).

© IS0 2015 - All rights reserved 7
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Response surface experiments traditionally involve a small number of continuous factors. Some
software packages have an upper limit of 8 factors. Response surface experiments are typically used
when the investigators already know which factors are important. One way to obtain this knowledge
is to apply a screening experiment, for example a fractional factorial experiment as explained in
ISO/TR 12845.[11]

4.3 Description of the response variable(s)

Associated with the objective of an experiment is a continuous outcome or performance measure. A
response of interest could involve maximization (larger is better), minimization (smaller is better) or
meet a tafjget value (be close to a specified value), but, in all cases, that task is one of optimization,

The respgnse variable (denoted by the variable y) should be closely related to the objective)of the
experimeft. For some situations, there are more than one variable of interest to be considered, although,
typically, jonly a primary response variable will be associated with the experiment. In-other cades,
multiple responses should be considered. In case of multiple responses, the approach taken in response
surface methodology is to analyse and optimize each response separately. The fitted response surfages
will then pe studied to find settings that meet the requirements of all the respanses. The exampld in
Annex C has three responses.

4.4 Ideptification of measurement systems

Assessmept of repeatability and reproducibility of the measurement systems for factors and responges
should be[done prior to designing the experiment.

4.5 Ideptification of factors affecting the response(s)

Response| surface experiments are usually not donewin isolation. They rely on prior knowledge
concerning important influential variables on the selécted response. If this knowledge is not available,
it is necespary to conduct a different type of experiment to identify the factors affecting the responseg.

During tHe final selection of factors, attentiemr shall be paid to the ability to set the levels of each
individua] factor independently of the otherfactors.

4.6 Selection of levels for eachfactor

There are|two aspects to the seleetion of factors. One is selecting the experimental region which is the
multidimgnsional range of interest for the factors selected. The other is the exact selection of the factor
levels in §uch a way thatthe“design has desirable properties. The first one requires subject matfer
knowledgk as to the impactof factors on the response. The second one is more straightforward once the
factors and the type of.design to be used are known. The second one is further discussed in this Clause.

The respqnse surface methods considered in this Technical Report are about the second order centre
models uging, the CCD. The CCD is an augmentation of 2k factorial experiments (or 2k-p fractional
factorial gxperiments). In addition to the two factorial levels that are used in the (fractional) factoiial
experime htss the user selects three additional ]nvn]c’ one centre level which is the average of the tivo
factorial levels, and two extreme levels which are chosen symmetrically around the centre level and
typically outside the range of the two factorial levels.

When the experimenter selects the levels of each factor he will be thinking in terms of the operational
levels of a factor, the exact setting of a temperature, for example. But when studying the properties of
the design and also when analysing the data from the design coded levels of the design are used.

8 © IS0 2015 - All rights reserved
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If the actual (or operational) levels are I1 < I3 < I3 < I4 < I5 then the middle level I3 shall be the average of
the lowest level I1 and the highest level I5, and, furthermore, I3 shall be the average of the intermediate
levels I and I4. The form of the coding operation can be expressed as Formula (1):

actual value — 13
C

coded value=

)

where C is half the distance from [ to I4. The coded value of the upper extreme level, I5, will be denoted
by a, and the coded value of the lower extreme level, /1, will be denoted by -a. It is very important to
note that the value of « is the same for all the factors of the design. Thus, the coded levels of all the
fadtors are (-a, -1, 0, 1, + ).

An| alternative coding is sometimes applied in the computations in software programs:The form of the
codling operation can be expressed as Formula (2):

original value — I,
M

coded value=

(2)
where M is half the distance from the lowest level /1 to the highest levelTs.or, equivalently, the distance
frdm I3 to I5, This coding will be referred to as software coding in this“fechnical Report.

When the levels of the factors have been chosen, the levels 6f the individual factors hpve to be
combined to define the runs of the experiment. A CCD has three types of experimental runs| factorial,
centre and axial ones.

4.6.1 Factorial runs

A fctorial run is a setting of all k factors to coded levels either -1 or +1. The factorial runs arg the runs
used in 2k-p fractional factorial experiments or:2k factorial experiments.

Wriitten as a k-dimensional vector in coded levels, the factorial run has the form (*1, #1,...,[1,..., £1).
Copsidered as points in k-dimensionali.space, the factorial runs are the vertices of a cube and the
faqtorial runs are for this reason alse:¢dlled cube points.

Thiere are 2k different factorial runs with k factors.

4.6.2 Star runs

Thee star runs are thoSe ' where one of the factors has its coded levels either —~a or @ and the remaining
faqtors are at their©eded level 0.

Wriitten as a k-dimensional vector in coded levels, the star run has the form (0, 0,..., +a,..., 0), having -«
or jx on the i 'position and 0 on all other positions.

Vigwed aspoints in k-dimensional space, the star runs are located on the coordinate axes, and for this
regson,the star runs are also called axial runs.

There are 2k different star runs with k factors.

4.6.3 Centre run

The centre run is the one where all the factors are on their coded level 0. Written as a k-dimensional
vector, it is the point (0, 0,..., 0).

There is only one centre run but the centre run may be replicated in a CCD. One reason for replicating
the centre point is to get an estimate of pure error which can be used to check the fit of the model.

© IS0 2015 - All rights reserved 9


https://standardsiso.com/api/?name=7d38a8fc5c5d48a445ba1d4bf3e10a46

ISO/TR 13195:2015(E)

4.7 Layout plan of the CCD with randomization principle

In a report, the full description of the design and the observed responses should be given. In addition to

reporting

the levels of the factors, as described in 4.6, this includes reporting the following:

— the number of replications of the three types of design points;

If the des
purpose.

by includi
column c3

As an illus
order. Wh
serial ordd
The seriall
order, firs
set of exp
factors ar
should be
design ha
experime

the number of blocks;

the randomization.

gn has only a 1ew factors, a table where each run Is represented as a row 1s useful 10T t
t is easier to grasp the design if coded levels are used. The randomization can be explait
Ing a column giving the order in which the runs have been performed. If blocking is@applied
n similarly be added to explain the allocation of runs to blocks.

tration, Table 3 provides a basic layout of a CCD for 2 factors with full factorial-design in ser
le there is a standard order for factorial designs there is no such thing for a*CCD, so the te
ris used for a way to write the runs in a CCD in such a way that the designis-easily recogniz
order used in Table 3 and throughout this Technical Report lists the factorial runs in standg
t, followed by the star runs and, finally, the centre runs. Each rowof the table represents d
erimental conditions that when run will produce a value of theaéesponse variable y. The t
e designated as A and B. In this case, only one response variable is shown, but more colum
added if more than one response variable is studied. In this case, it is readily seen that {
5 five centre runs replicated. The last column shows the(pun order, i.e. the order in which {
tal conditions have been applied. This experiment hassbeen performed in one block.

Table 3 — Layout of a generic Central Composite Design

is
ed
l, a

ial
'm
d.
rd
ne
!
ns
he
he

Serial order A B y Run order
1 -1 -1 Vi 6
2 1 -1 V2 4
3 -1 1 V3 13
4 1 1 V4 7
5 -141 0 Vs 12
6 1,41 0 Ve

7 0 -1,41 V7

8 0 1,41 V8

9 0 0 ) 2
10 0 0 V10 10
11 0 0 Vi1 1
12 0 0 Y1z 11
15 ) ) Vi3 3

4.8 Analyse the results — Numerical summaries and graphical displays

The second order model that can be fitted with the data from a CCD is a regression model and the
usual output and graphs from a regression analysis are reported. This includes the table of estimated
regression coefficients and associated t-statistics and p-values. A special feature of RSM regression is
ANOVA tables that exploit the structure of the model.

For the design in Table 3, one such ANOVA table is shown in Table 4.
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Table 4 — ANOVA table for Central Composite Design

2015(E)

Response: y
Df Sum Sq Mean Sq F-value Pr(>F)

FO(x1, x2) 2 ddd,dd ddd,dd ddd,dd d,dd
TWI(x1, x2) 1 ddd,dd ddd,dd ddd,dd d,dd
PQ(x1, x2) 2 ddd,dd ddd,dd ddd,dd d,dd
Residuals 7 ddd,dd ddd,dd

Tackof fit 3 ddd;aa ddd;da dad;dd o,dd
Pure error 4 ddd,dd ddd,dd

Table 4 is given by most, if not all, statistical packages for RSM analysis. The names of,the roy
columns may differ between statistical packages, but they are easily understood.¥ere, FO, T\
ar¢ short for First Order, Two Way Interaction and Pure Quadratic. Examples abe given in 1
B.¢ to B.7, and D.5.

In [this case, there is no data, so the table is filled in with ddd,dd oy-d)dd except for the d
frdedom which are the correct ones for the design in Table 3. The foutE-tests are of interest.
the¢ bottom of the table, the first one is the ratio of the mean squarés for Lack of fit and Pure ef
a check of the fit of the model. The second F-test is in the PQ line and it tests the need for pure
tems in the model; in this case the hypothesis that f11 = S22 20> It is the ratio of the mean squ
line to the mean square in the Residuals line of the tablé.

Anpother ANOVA table of potential interest tests for each predictor variable, the hypotheses th
negded in the model. For the example with two predictor variables in Table 3, this ANOVA tab
sts: One for the hypothesis that f1 = 12 = f11.=°0, and one for the hypothesis that 8, = 1
Nofte that 81, f12, and B11, for example, are the coefficients of all the terms in the model that {
Expmples can be found in Tables B.5 and C.7.

When looking at analyses of response surface experiments using different software, it is p
idgntify two different approaches. Oné.approach uses all the tools of regression analysis to fir
where only significant terms are included in the estimated systematic part of the model.
approach focuses on the response-surface and only tests the hypotheses described in the tv
abpve, i.e. tests whether a linear model can be used instead of a quadratic model or tests
fadtor can be considered to be essentially inert. In this Technical Report, the second approad
anfl therefore individuatnon-significant terms are not removed from the model. Strong arg
fayour of the second @pproach are given on pages 508-509 in Reference [2].

Presentthe results

Of|course,jone presentation of the result of the analysis is to give the estimated systemat
the¢ modek Although the systematic part of the model is indispensable for calculating the
regpohse for various settings, it is not very useful for understanding the nature of the respons

vs and the
W1and PQ
ables A.5,

legrees of
Read from
ror and is
quadratic
are in the

at it is not
e has two
= BZZ = 0

nvolve x1.

ossible to
d a model
The other
vo clauses
Wwhether a
h is taken
uments in

ic part of
predicted
e surface.

In |[Afnex E, four second order polynomials in two variables are

£.4), (E.5)

and (E.6). The four polynomials look very similar. They have the same distribution of 51gns among the
coefficients and the coefficients are very similar. But the perspective and contour plots in Figures E.1 to
E.4 show that the polynomials represent four very different response surfaces.

For two and three predictor variables, it is possible to get an understanding of the response surface
from contour plots, but a more formal analysis called canonical analysis is always useful, because it
gives a precise characterization of the surface that gives an understanding of the response surface even
when the number of predictor variables is larger than 3.

Canonical analysis is a method of rewriting a fitted quadratic function of the predictor variables in a
form which can be more easily understood. This is achieved by a rotation of the coordinate axes which
removes all cross-product terms. This may be followed by a change of origin to remove first order terms
as well. Details are given in E.3.
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Software packages for response surface methodology report the result of the canonical analysis. The

result has

the following parts:

— stationary point and predicted value at stationary point of the response surface;

— eigenvalues;

— eigenvectors.

The stationary point is the point where the fitted response surface has a maximum, a minimum or a
saddle point, and the eigenvalues tell exactly which one is the case. Associated with each eigenvalue

is an eige
eigenvect
is positivg

— ifallf
— ifallt

— if son]
minin

The situaf
the fitted
stationary

The situa
a maximy
response
the optim
towards t
of tool for

4.10 Perfform confirmation run

After detd
variable f]
chosen se

If the com
error (std

a) a959

b) a95%

Here, v de

hvector. Moving away from the stationary point in the positive or negative direction of {
br the response will decrease if the eigenvalue is negative, and it will increase if the eigehva
, SO

he eigenvalues are negative, the stationary point is a maximum,

he eigenvalues are positive, the stationary point is a minimum, and

1aX.

ion is further complicated by the fact that one can only hope to-approximate the response
second order model in the experimental region, so it should also be considered whether {
r point is inside or outside the experimental region.

[ion is only simple, if the object is to maximize the response and if the stationary point
m located inside the experimental region, or, alternatively, if the object is to minimize {
and if the stationary point is a minimum located‘nside the experimental region, and tH
al settings is the stationary point. In all other cases, the optimal settings need to be fou
he boundary of the experimental region. Theproprietary software packages provide a vari
this purpose.

pr these factor levels, it isstecommended that the user performs confirmation runs at {
[tting to check whether the hew observations confirm the predictions of the experiment.

puter output gives the)standard deviation (std.dev) of a single observation and the standz:
err) of the predicted’value at the optimum, then the following formulas apply for

confidenceinterval for the mean at the optimum: y + t07975(v) -std.err and

he
ue

e eigenvalues are negative and some are positive, the stationary pointis a saddle point or a

by
he

is
he
en
nd

ety

rmining the optimal combination of levels of the factors and predicting the value of response

he

rd

prediction interval foranew observation atthe optimum: y ¢ g-c(v)- \/std.dev2 + std.ery

hotes the degrees of freedom for error.

The 95 % prediction interval is particularly useful for it explains what can be expected from future
observations; if the model is good, 95 % of the observations will fall inside the 95 % prediction interval.

5 Description of Annexes A through D

5.1 Comparing and contrasting the examples

Four distinct examples of response surface designs are illustrated in Annexes A to D. Each of these

examples

12

follows the same general template as given in Table 1.
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5.2 Experiment summaries

Table 5 summarizes the four examples detailed in the annexes and indicates aspects of the analyses
which were unique to each experiment.

Table 5 — Experiment summaries

Annex |Experiment Problem-specific aspects Software used for analysis
Repetitions; Minitab® 17a

A Yield of a crop HAportart2-tactorinteractoncon
tour plots

B Button tactility Centre points; curvature in response | SAS® 9.4a

Curvature in response; face-centred | JMP® 10a
central composite design; three re-

¢ Semiconductor die deposition sponses need to be optimized; trade-
off between three responses
D Palladium-copper catalysed C-C- | Replication; central composite design |destra®Vv11a

bond formation

a | This information is given for the convenience of users of this document and‘dees not constitute and endorsement by
ISO of these products. Equivalent products may be used if they can be shown to-lead to the same results.
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A1l Pu]':ose of the experiment

An experi

beans un
(P205) an

Response
begins wi

the compgsition of the fertilizer were well understood and the purpose of the éxperiment was sim

to find an
expected

A.2 Response variable

Only one fesponse variable was considered in this experiment: Yield of beans measured in kg per plg

A.3 Predictor variables

The three|

feasible afnounts of the three fertilizer ingredientsSwere within the ranges:

— N:
— P205
— K»20:

Special at
of extrem

All variah
settings o

A.4 Ide

Annex A
(informative)

Effects of fertilizer ingredients on the yield of a cropv

ler field conditions. The fertilizer ingredients applied were nitrogen (N), phospheric a
H potash (K20). The response of interest was the yield in kg per plot.

surface methodology is often thought of as a sequential experimentation~process wh
th a screening to determine the active factors. However, in this case, the‘ctive ingredientg

optimal combination of the three ingredients. For this purpose, and‘because the surface
Fo be quadratic, a central composite design (CCD) was chosen.

fertilizer ingredients were the predictor variables in the experiment. It was decided that {

Nitrogen: 0,425 kg/plot to 2;833 kg/plot
Phosphoric Acid: 0,266 kg /plot to 1,326 kg/plot
Potash: 0,278 kg/plat to 1,900 kg/plot

fention was given to thé extreme settings and the scientist was confident that all combinatid
b settings of the variables were within the region of operability.

les were confintious in the sense that all values within the chosen ranges were possi
[ the variables.

ntification and estimation of measurement systems

ent was conducted to investigate the effects of three fertilizer ingredients on the\yield of

rid

ch
in
bly
yas

o

he

ns

ble

The repe

. LR 1 1 LR LR L 1 rad 1 - 1
LdDIIILY dIIU TCPTOUUCIDIIILY O LIIC HICAdSUT'CIIICIIU Sy SLEIIT 10T LIIE d5500IdLlEU TCS5PUIISC

nd

predictor variables was deemed adequate for the objectives of this experiment, so no further work

was initia

ted.

A.5 Selection of the settings of the predictor variables in the design

A.5.1 General considerations

To decide on the settings of the predictor variables in this experiment the following considerations
were made. First, it was decided that the extreme levels of all variables should be the endpoints of the

1) Source: Renu Gupta, Bureau of Indian Standards, India.
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ranges above. Taking nitrogen as an example and using the notation of 4.6 where the actual levels are
denoted by I1 < I < I3 < I4 < I5 implies that the lowest level is I1 = 0,425, the highest level is I5 = 2,833, and

the middle level is Iy = (I1 + 15) /2 =1,629. In order to find the values of I and l4, the value of a needs
to be known. It was decided to use a rotatable design with k = 3 factors and 8 factorial points. By the

formula in 2.18, Note 3, a is the fourth root of the number of factorial points, so a = 8l/* = 1,682. This
means that a = 1,682 is the distance in coded units from the middle level to the highest level,

— 1. —1
5 3 _1,6820r C=—-—3-0,716 (A1)
1,682
Now, the actual cube levels I; and I4 are found as
[, =1;-C=1,629—-0,716 = 0,913 andl, =I; +C = 1,629 + 0,716 = 2,345 (A.2)
Sirhilar calculations were used on phosphoric acid and potash with the results'given in Table A.1.
Tdble A.1 — Coded and actual levels of the experimental factors. Coeded levels are in the top row
and actual levels are in the following rows. The actual levelscof-all variables are kg/plot.
Coded levels -1,682 -1,000 0,000 +1,000 +1,682
N 0,425 0,913 1,629 2,345 2{833
P205 0,266 0,481 0,796 1,111 14326
K20 0,278 0,607 1,089 1,571 14900
Coged values of N, P205 and K0 are denoted by x15¥2 and x3 respectively, and the conversionf from the
actual levels given in Table A.1 to the coded level$'are given as
N—1,629
X]=——",
0,716
P,0. —0,796 (A.3)
X, =42 :
2 0,315
K,0—1,089
Xg=—5—".
0,482
In p CCD, the settings ot lévels of the predictor variables are of three types to be considered next.
A.5.2 FactorialHevels
Thie factorial levels are coded as -1 and +1, so the factorial levels in actual or natural units arfe given in
the¢ two columns labelled -1,000 and +1,000, in Table A.1. Factorial levels of the predictor vgriables in
this experiment are the following:
—| ‘N2 0,913 and 2,345 (coded as -1 and 1 respectively);

P205: 0,481 and 1,111 (coded as -1 and 1 respectively);
K20: 0,607 and 1,571 (coded as -1 and 1 respectively).

The factorial levels have been given their name because those levels are used to define a factorial
design, which is an important building block in a CCD. The factorial design is typically a full two-level
factorial design or a fractional two-level design if the number of factors is large.

©lI

SO 2015 - All rights reserved
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A.5.3 Axial levels

These are the extreme values for the predictor variables, so the axial levels in actual or natural units
are given in the two columns labelled -1,682 and +1,682, in Table A.1. In this experiment, the axial

levels are
— N:04
— P20s:

the following:
25 and 2,833 (coded as -1,682 and 1,682 respectively);
0,266 and 1,326 (coded as -1,682 and 1,682 respectively);

— K320:0,278 and 1,900 (coded as —1,682 and 1,682 respectively).

A.5.4 Cq

The centr
coded valy
But this is
the respo

— N: 1,6
— P20s5
— K>0:

A.6 Experimental design

A6.1 G

The levelg
experime

A.6.2 F4

In the fad
constitutg
chosen, sd
to 8 in cod

A.6.3 Aj

In the axi
the predig
2k=2x3

A.6.4 C¢

entre levels

e levels are the average of the two factorial levels, or the average of the two axial levels.

not a requirement. The experimenter is free to choose the region of experimentation whg
1se surface is being investigated. In this experiment, the centre levels are-the following:

29 (coded as 0);
0,796 (coded as 0);
1,089 (coded as 0).

bneral

of the individual predictor variables defined in A.5 are combined to define the runs of {
t. The three types of runs in the CCD are the factorial, the star (or axial) and the centre ru

ictorial runs

torial runs, all predictor variables are at their factorial levels. The factorial runs usu3
a full factorial or a fractionalMfactorial design. In this experiment, a full factorial design W
the number of factorial runs was 2k = 23 = 8. The factorial runs are given as serial number
ed levels in Table A.2.

xial runs

al runs, onedf-the predictor variables is at its upper or lower extreme level and the rest
tor variables are at their centre value. The total number of axial runs in the experiment w
=6 The'axial runs are given as serial number 9 to 14 in coded levels in Table A.2.

entre runs

Its

1e is 0. In this experiment, the centre levels were the nominal values of the predictor variables.

pre

he

lly
ras

s 1

of
has

In the centre runs, all of the predictor variables are at their centre level. The centre runs were replicated
six times in this experiment. The six centre runs are given as numbers 15 to 20 in the serial order in
Table A.2. This is an agricultural experiment where the experimental units are plots of land. The time
order of the recording of the yields is not relevant in this case, and for this reason there is no run order
given in Table A.2. [t is important to randomize allocation of treatments to plots, but the information of
the randomization has not been made available.
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Table A.2 — Experiment layout in coded levels

A./ Data generated by the experiment

Thie response variable from the.experiment is given in the last column in Table A.3. The rung
in lcoded levels in the first thiee columns and in actual levels in columns 4 to 6. The total

Serial order X1 X2 X3
1 -1 -1 -1
2 1 -1 -1
3 -1 1 -1
4 1 1 -1
5 -1 -1 1
6 T =T T
7 -1 1 1
8 1 1 1
9 -1,682 0 0
10 1,682 0 0
11 0 -1,682 0
12 0 1,682 0
13 0 Q0 -1,682
14 0 0 1,682
15 0 0 0
16 0 0 0
17 0 0 0
18 0 0 0
19 0 0 0
20 0 0 0

ferftilizer applied is given in the seventh column and the yield is given in the last column.

sum of N, P05 and K20 columns.

Table A.3 — Data.collected during the experiment. The Total Amount of Fertilizer is 1

are given
hmount of

he row

Total
X1 X2 X3 N P205 K20 amount of Yield
fertilizer
1 -1 -1 0,913 0,481 0,607 2,001 5,076
+ + + 2345 648+t 8,667 35433 3,798
-1 1 -1 0,913 1,111 0,607 2,631 3,798
1 1 -1 2,345 1,111 0,607 4,063 3,469
-1 -1 1 0,913 0,481 1,571 2,965 4,023
1 -1 1 2,345 0,481 1,571 4,397 4,905
-1 1 1 0,913 1,111 1,571 3,595 5,287
1 1 1 2,345 1,111 1,571 5,027 4,963
-1,682 0 0 0,425 0,796 1,089 2,310 3,541
1,682 0 0 2,833 0,796 1,089 4,718 3,541
0 -1,682 0 1,629 0,266 1,089 2,984 5,436

© ISO 2015 - All rights reserved
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Table A.3 (continued)

Total
X1 X2 X3 N P205 K20 amount of Yield
fertilizer
0 1,682 0 1,629 1,326 1,089 4,044 4977
0 0 -1,682 1,629 0,796 0,278 2,703 3,591
0 0 1,682 1,629 0,796 1,900 4,325 4,693
0 0 0 1,629 0,796 1,089 3,514 4,563
0 0 0 1,629 0,796 1,089 3,514 4,599
0 0 0 1,629 0,796 1,089 3,514 4,599
0 0 0 1,629 0,796 1,089 3,514 4,275
0 0 0 1,629 0,796 1,089 3,514 5,188
0 0 0 1,629 0,796 1,089 3,514 4,959
A.8 Anjlysis of results

A.8.1 S:[ftware used for the analysis

Data acq

A8.2 Ti

The analy
estimated
more usef
units in T4

ired through the experiment are analysed using Minitah®'17.2)

ransfer function

sis was performed using the software coded*versions of the predictor variables, but f{
transfer function (the estimated systematic.part of the model) for Yield of a crop (in kg]

ible A.4 is taken from the Minitab® 172)eutput.

Table A.4 — Estimated-transfer function in actual units

he
is

ul when expressed in the actual or naturahiits. The estimated transfer function in natujral

Yield = 6,0

- 0,715 K20*K20 - 0,142 N*P205* 0,784 N*K20 + 2,411 P205*K20

8 + 1,559 N - 6,01 P205- 0,90 K20 - 0,739 N*N + 2,116 P205*P205

A.8.3 Ej

The result

As explairy
one reconj
the indivi
to be sign

timation of coefficients
of the estimatien/is displayed in Table A.5 using software coded units.

ed in the last'paragraph of 4.8, the approach to analysis adopted in this Technical Reportis 1
mended‘by Box et al. on pages 508-509 in Reference [2]. Thus, it is not recommended to insp
Hual regression coefficients and trying to interpret whether some of the coefficients might
ficantly different from 0. The point is that a second order surface is being fitted and the le
ptimate of the fitted surface has the coefficients in the “Estimated Regression Coefficients

he
bct
ail
hst
for

squares e

Yield” part of Table A.4 or Table A.5 depending on the coding of the predictor variables used.

Table A.5 — Estimated regressions coefficients and CCD ANOVA table using software coded levels

Estimated regression coefficients for yield

Term Coef SE Coef T P
Constant 4,692 60 0,145 4 32,282 0,000
N -0,129 18 0,162 2 -0,796 0,444

2) Thisinformation is given for the convenience of users of this document and does not constitute and endorsement
by ISO of these products. Equivalent products may be used if they can be shown to lead to the same results.
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P205 -0,130 21 0,162 2 -0,803 0,441
K20 0,602 38 0,162 2 3,713 0,004
N*N -1,070 92 0,2655 -4,033 0,002
P205*P205 0,594 49 0,265 6 2,238 0,049
K20*K20 -0,470 01 0,265 6 -1,770 0,107
N*P205 -0,090 89 0,356 5 -0,255 0,804
N+K20 ;76569 09,3565 25148 0,067
P205*K20 1,036 50 0,356 7 2,906 0;0[L6
S 30,356 408 PRESS = 7,324 51
R-q = 84,40 % R-Sq(pred) = 10,07 % R-Sq(adj) = 70,37 %
Analysis of variance for yield
Sdurce DF Seq SS Adj SS Adj MS F P
Regression 9 6,874 26 6,874 26 0,763 81 6,01 0,005
Lipear 1,913 51 1,913 51 0,63784 5,02 0,022
Square 3,294 20 3,294 20 1,09807 8,64 0,004
Inferaction 3 1,666 54 1,666 54 0,555 51 4,37 0,033
Regsidual error 10 1,270 27 1,270 27 0,127 03
Lalck-of-Fit 5 0,745 30 0,745 30 0,149 06 1,42 0,355
Pure error 0,524 97 0,524.97 0,104 99
Toftal 19 8,144 53

While it is inappropriate to change the values of individual estimated regression coefficients, it does

mdke sense to look for model simplificatioirwhere one answers questions like the following:

—| Are the pure quadratic terms needed in the model?

—| Is afirst order model satisfactory?

Thiis is where the “Analysis of Variance for Yield” part of Table A.5 is useful. Read from the pottom of
the table, the first F-testofinterest is the ratio of the mean squares for Lack-of-Fit and Pure Exfror which
comes from the replication of the centre points and is a check of the fit of the model. In thig case, the
p-Value is 0,355 ardythe model is not questioned. The second F-test is in the Square line and it tests
th¢ need for pure.quadratic terms in the model; in this case, the hypothesis that f11 = 22 =[633 = 0. It
is the ratio of-the mean square in the Square line to the mean square in the Residual Error |ine of the
talle. The p-value is 0,004 and the hypothesis is strongly rejected, so quadratic terms are nee{ded in the
mqdel. The'F-test in the Interaction line tests the hypothesis 12 = f13 = f23 = 0 and this hypothesis is
aldo réjected and so is the hypothesis /1 = 52 = f3 = 0 which is tested by the F-test in the Linear line.

A.8.4 Graph of residuals

Figure A.1 shows some standard model checking plots based on the residuals that are produced by
Minitab®. The observation order that is used in the plot of residuals against observation order is the
serial order in Table A.2. There is a strange pattern in this plot: large residuals in the factorial runs,
small residuals in the axial runs and the first three centre runs, and finally large residuals in the final
three centre runs. A plot of residuals against observation order is most useful if observations are
made in a natural order, for example a time sequence. As mentioned in A.6.4, the experiment is a field
experiment so, no single one-dimensional plotting order is relevant. In this case the information about
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how the plots were laid out in the field is not available, so the plot is not particularly relevant here but is
kept as an illustration of a potentially useful plot.

Yl Yz
99 0,50 F ..
90 025}° -’
[ ] 8
50 0,00 s .
° [ ] ° [ ] ™
10 -0,25 o
®
1 _0'50 L 1 1 1 1 1
050 -025 000 025 050 X 35 40 45 50 35y X
a) Normal probability plot b) Versus fits
Ys Y4
4,8 I | 0,50
3,6 | [ ] ] 0,25
2,4 0,00
1,2 |_|_ _|_| -0,25 |
0,0 . . . . . -0,50 ] ] ] ] ] ] ] ] ]
04 0200 02 04 X 2 4 6 8 101214 16 18 20 X
c) Histogram d) Versus order
Key
X1 residugl Y1 percent
Xo fitted yalue Y2 residual
X3 residupl Y3 frequency
X4 obseryation order Y4 residual

Figure A.1 — Residual plots

A.9 Pr¢sentationof results — Optimization

A.9.1 General

Just looking-at the transfer function (the estimated systematic part of the model), whether it is shown
in actual units as in A.8.Z or in coded units, does not reveal the properties of the response surface.
It is important to realize that the second order polynomial in two or more variables can represent a
variety of surfaces. The stationary point can be a maximum, a minimum or a saddle point. Furthermore,
the stationary point can be located outside as well as inside the experimental region. The situation is
only simple, if the object is to maximize the response and if the stationary point is a maximum located
inside the experimental region, or, alternatively, if the object is to minimize the response and if the
stationary point is a minimum located inside the experimental region, and then the optimal settings is
the stationary point. In all other cases, the optimal settings need to be found towards the boundary of
the experimental region. If the number of predictor variables is two or three, then, contour plots can be
of help as illustrated in A.8.3. Alternatively, numerical methods, such as the desirability function, can
be used. An application of the desirability function is given in A.9.2.
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The desirability function is most often presented as numerical tool that can solve conflicts where two
or more responses have conflicting optimal settings, but it can also be used to find optimal settings
with just one response as illustrated in this example.

PZOS KzO
Optimal High 2,833 0 1,326 0 1,90
D:1,000 Cur [1,933 0] [1,326 0] [1,90]
Predict low 0,425 0 0,266 0 0,278 0
Yield
Maximum
y =6,3952
d=1,0000 -

Us|ng the response optimizer in Minitab® gives the optimization plot in Figure A.2. It indicz
high value of yield can be achieved when N, P05 and K>Qrare set at 1,933 0, 1,32 6 and 1,90
Ref), respectively. The estimated predicted value of yield at these values is 6,395 2 (value in |

Nofte that both P05 and K0 are set at their extreme high values in the experiment. This mea
optimal setting suggested by Minitab’s® response optimizer is rather far from settings that

Figure A.2 — Optimization plot given by Minitab’s® response optimizer

the¢ experiment. It could be argued that it lies'outside the experimental region.

C

—

—

yigld are given.

icking on Predict in the optimization.plot in Minitab® gives useful information shown in T4
is Yery useful that both the 95 % confidence interval and the 95 % prediction interval for the

Ites that a
(values in
blue).

s that the
re used in

ble A.6. It
predicted

Table A.6 — Optimal settings and predicted yield given by Minitab’s® response optimizer

Prjediction for yield

Muitiple response prediction

Vafriable Setting

N 1,933 04

P25 1,326

K20 1,9

Response Fit SE Fit 95 % CI 95 % PI

Yield 6,395 0,540 (5,191; 7,599) (4,953; 7,837)

The estimated standard errors of the predicted response at a selection of settings have been calculated
using the Prediction option in Minitab’s® Analyse response surface designs. The result is shown in
Table A.7. The setting suggested by the response optimizer which is in the fourth row of Table A.7 is
substantially larger than estimated standard errors at the other settings in Table A.7 which are all

inside the experimental region.

A.9.3 Application of contour plots to find optimal settings

With three predictor variables, a series of contour plots of the response surface in two variables for a
range of appropriately chosen values of the third value are needed to explore the response surface.
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NOTE The design points are shown as dots in the contour plots.

Figure A.3 — Contour plots of predicted responses for five fixed values of P205
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The contour plots in Figure A.3 are slices cutting through the contours in three-dimensional space at
the selected values of P20s. The fixed values are selected as the values of P20g that are used in the
experiment, see Table A.1. The design points are shown in the contour plots as dots. The highest
expected responses are seen in the contour plots with the two extreme values of P,0s. But the single
design points shown in those two plots are axial runs so moving away from this axial run in the slice
means moving outside the design space. When interpreting regression models it is not recommended to
extrapolate outside the region where one has data. So with this in mind the safe recommendation for an
optimal setting would be to set N to a value between 1,5 and 1,7, set P205 to a value between 1,11 and
1,25, say, and set K20 to a value close to 1,60 in actual units. Two example settings are given in the first
two rows of Table A.7. The last column gives the distance in software coded units of the setting to the
defign centre. If this distance is [arger than one, the setting is outside the experimental regioh.

Table A.7 — Settings of predictor variables and the corresponding estimated yield and the
estimated standard error of the estimated yield. The first two rows are settings suggested by

the inspection of contours in Figure A.3. For comparison, the centre point is given in the third
row and the optimal setting suggested by the desirability function is given in the fourth row.
N P,05 K20 Estimated yield EStimated Distarlce to de-
standard error sign/centre
1,692 1,184 1,512 5,50 0,236 0{900
1,699 1,233 1,540 5,67 0,276 0{996
1,629 0,796 1,089 4,69 0,145 0
1,933 1,326 1,900 6,40 0,540 11437

A.9.4 Canonical analysis

Mipitab® does not offer the results from a canonical analysis as part of the output from its Stat - DOE
— Response Surface — Analyze Response Surfdce Designs menu, but it is possible to use facilities in
Mipitab® to make the calculations using the formulas in Annex E. The matrix B in Formulal (E.8) can
be|constructed manually and read intg avmatrix in Minitab® and then the Calc — Matricef — Eigen
Anjalysis... menu can be used to obtainthe eigenvalues and the eigenvectors. If the columr matrix b
in |Formula (E.8) is also made available in Minitab®, the coordinates of the stationary point can be
obfained using Formula (E.9).and the facilities for matrix manipulations in the Calc — Matrices —
Arjthmetic... menu.

The standard result from“the canonical analysis is given in Tables A.8 and A.9. Table A.8|gives the
coprdinates of the stationary point in software coded units and in original units as well as the[predicted
regponse at the stationary point.

The software €oded coordinates are particularly useful for judging whether the stationary point
is inside or-outside the experimental region. In this case, the stationary point is well Within the
experimental region. But if one or more coordinates approach 1 or -1, it may be helpful to calculate the
didtancéfrom the stationary point to the centre point of the design. In this case, it is

/ 2 2 2
D= 0,107 F(=0;264)] + 0,438 = 0,52 (A.5)

Thus, the stationary point is well within the experimental region because points with a distance smaller
than 1 measured in software coded units are considered to be inside the experimental region.
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Table A.8 — Canonical analysis of response surface: Stationary point

Stationary point
N P20s5 K20
Software coded units 0,107 -0,264 0,438
Original units 1,758 0,656 1,444

Predicted value at the stationary point 4,835

Table A9 contains information that characterizes the response surface. The first column gives the
eigenvalugs and two are negative and one is positive, which means that the stationary point is a sadflle
point or 3 minimax. The eigenvector corresponding to the positive eigenvalue of 0,811 is given'in‘the
same row| The labels N, P205 and K20 have been used for the coordinates even if the coordinates arg in
software foded units. The interpretation of the eigenvector is that, if moving away from thée-stationary
pointin increments proportional to the eigenvector, then, the response increases becauseithe eigenvalue
is positivg. Similarly, if moving away from the stationary point in increments proportional to the other
two eigenyectors, then, the response decreases because the eigenvalues are negative.

Table A.9 — Canonical analysis of response surface based on softwate)coded variables:
Eigenvalues and eigenvectors

Eigenvalues Eigenvectors
N P205 K20
0,811 0,057 0,919 0,3B9
-0,458 0,513 -0,361 0,779
-1,299 0,856 0,155 -0,4Pp2

Stationary point is@,saddle point

So there i$ no single maximum inside the experiniental region, and the optimal setting should be found
towards the boundary of the experimental pégion. Since there is only one positive eigenvalue, this
optimum fshall be found in the direction pof\the eigenvector corresponding to the positive eigenvalue.
Note, frorh the coordinates of this eigenveetor in Table A.9, that the dominating coordinate is the qne
that corrgsponds to P20s5, so moving, ih.the negative direction of this eigenvector largely corresponds
to decreaping the P05 component’below the value in the stationary point, which is 0,66 in origihal
units. Simjilarly, moving in the poSitive direction of this eigenvector corresponds to increasing the P40s
componenjt above 0,66 in origifial units.

The findings here are reflécted in the contour plots of Figure A.3. Note that P;05 = 0,66 is between the
second anfd the third contour plot. Comparing the first two contour plots with P05 = 0,27 and P205 = 0}/48
it is clear fhat the response increases when P05 decreases. Similarly, comparing the last three contgur
plots whete P05 £0)8, P05 = 1,11 and P05 = 1,33 it is clear how the response increases with P;0s.

A.9.5 Conclusion

The analysis has concentrated on finding settings of the predictor variables that would maximize the
expected response while keeping the predictor variables within the experimental region. This is a
problem that is often solved with response surface methods. The recommendations can be evaluated
based on Table A.6. The nominal settings that were used before the experiment are in the third row
of Table A.6. Suggested settings are in rows one and two. The increase in expected yield is about
0,9 kg/plot, but this is at the cost of increasing the amount of fertilizer with almost the same amount.
Fertilizers are expensive so this is hardly worthwhile.

But it is possible to answer another question with these data: Is it possible to increase the yield to
5 kg/plot or above using different combinations of the three fertilizer components and reducing the
total amount of fertilizer? This question can be answered using information from the canonical analysis
and illustrated by an appropriate contour plot and this approach will be considered first. Alternatively,
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the desirability function in Minitab’s® Contour Profiler can be used to guide to a solution. This approach
is explained in connection with Figure A.6.

Recall that moving away from the stationary point in the opposite direction of the eigenvector
corresponding to the positive eigenvalue would also increase the response. This is the eigenvector in
the first row of Table A.9. Noting that the coefficient corresponding to N is very small, so the amount
of N changes very slowly, the options are best described by a contour plot where N is held fixed at the
value at the stationary point, i.e. N = 1,758. This contour plot is shown in Figure A.4. It shows how the
yield increases most rapidly when moving away from the stationary point in increments proportional
to (P20s, KZO) (0 919 0 389) The solutions offered in Table A.6 A 6 were sought i in the positive direction

ndary of

the experimental region where the conclusions are less certain, as is being emphaSized by thp increase
in the estimated standard errors of the predictions. So, the recommendation weuld be to cdnfirm the
expected results at desired settings by more experimentation. This could be simply some corlfirmation
rups, or a more elaborate design, such as a new response surface design, foré€xample
If 3 more elaborate design is chosen, it would be advisable to considerblocking in an attempt/to reduce
th¢ random variation. Advice on blocking in response surface experimentation can be foynd in the
References [2] and [7].
Thie scatterplot of observed yields against fitted values in-Eigure A.5 shows a rather large| variation
arpund the regression line showing that reducing the variation should be a major concern.
K20
4,7 4'{9 \ \ Hold Values
\_/ 5,1 610
1,75 N 1,758
N
4,9 4,8
1,50 -\
51
55
1,254
4,7
1,00 1
075
40 —uun__|
0,50
77 %8 /
3,5
5 . // / 1 l/ I I
0,4 0,6 0,8 1,0 1,2  P20s
NOTE The left hand side of the plot shows an area of settings where smaller amounts of K20 and P05 than

at the nominal setting give a higher predicted yield than at the nominal settings.

Figure A.4 — Contour plot where N is held at 1,758
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For a perfect fit, the points would be on the blue lineXThe variation around the regression line is rat
plot is equivalent to the plot of residuals against fitted values in Figure A.1.

Figure A.5 — Scatterplot of observed yield against fitted values

Response Optimizer can assist'in solving the problem of having a predicted yield
or above using combinations of the three fertilizer components and a reduction of the t
fertilizer used per plot. Eerthis purpose the total amount of fertilizer (The variable Amo
A.6) per plot is introduced’as a response variable and a second order response model w
b with N, P20s5 and K20.71s fitted. This is a mere formality to make Amount available in {
Optimizer. In the(setup window, it is chosen to minimize Amount with target 0 and
Yield with lowefdimit set to 5, reflecting the desire to have response above five, and tar

Os and Kp0Q.dre at their extreme lower levels. So, just as was the case with the application
bility fufigtion leading to Figure A.2, the solution here is outside the experimental regi
, whenrexperimentation suggests that settings outside the experimental region might
uchchypotheses should be confirmed with further experimentation.
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Optimal High 2,833 0 2,833 0 1,90
D Cur [0,960 1] [0,960 1] [0,278 0]
0,352 19 Low 0,425 0 0,425 0 0,278 0

Composite

Desirability
035219

Amount

Minimum
y=15041
d=0,498 63

Yield
Maximum
y=5,497 5

d=0,24876

Figure A.6 — Optimization results based on the Desirability Function using two responses Yield
and Total Amount of Fertilizer
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Annex B
(informative)

Optimization of the button tactility using central composite design»

B.1 Purpose of the experiment

Button ta¢tility (perceptibility by touch) is a critical requirement for wireless products such as two W
radios andl cellular phones. Poor button tactility will lead to customer complaints and dissatisfacti
The main purpose of this experiment is to provide good button tactility for two way radios by optimiz
specificatjon settings of the existing component using statistical tools.

The objective of the experiment is to achieve good button tactility on the emergericy-button. The sty
is focused on the emergency button due to higher customer complaints associated with this button
previous products.

Initially, {4 full factorial experiment using four factors was conducted to-optimize the button tactil
The analysis of the full factorial experiment indicated that two of thése factors were significant. T
analysis dlso showed the presence of curvature which suggest that'quadratic terms may be needed
the modell A response surface experiment was planned to estimatéethe quadratic terms.

B.2 Regponse variable

Only one fesponse variable was considered in this experiment: button tactility. The button tactility
defined a§ snap ratio (%) = [(F1-F2)/F1] x 100 %, where

F1 is actufition force (gf) and
F2 is retufn force (gf).

To measufte F1 and F2, a mechanical plunger is used to depress the button and the force curve grap}
plotted (Higure B.1). The unit gf is-gram force (9,806 65 x 10-3 Newton). The first peak on the grap}
the actuafion force and the lowestpoint after the first peak is the return force.

B.3 Prddictor variables

As mentigned in B.1ah initial full factorial experiment with four factors was conducted. The fq
factors infthe initial.experiment were the following:

— A. Dyro/hardness button;

Vay
pn.

ng

dy
on

ty.
he

is

1 is

| is

ur

— B. Actuation force of dome;
— C. Air vent width;

— D. Plunger length.

The initial experiment was conducted using the above four factors each at two levels. The analysis of
this full factorial experiment showed that factor A and factor B had significant impact on the response
variable button tactility, while factors C and D and interactions involving those factors were non-
significant. The analysis also indicated the presence of interaction between A and B which suggested

that quadratic terms needed to be included in the model.

3) Source: Harry Shah, USA.
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Based on the results of the full factorial experiment, the two factors A, duro hardness button, and
B, actuation force of dome, were selected for a response surface experiment. In the following, the
shorthand notation DHB for duro hardness button and AFD for actuation force of dome will be used.

YA

Key

travel distance, in millimetres (mm)

force, in gram force (gf)

<V

Figure B.1 — Button depress versus force curve

Table B.1 — Coded and.actual levels of the experimental factors

Coded levels -1,25 -1,00 0,00 +1,00 41,25
Duro hardness button
(DHB) 40 44 60 76 80
Actuation force of
dome (AFD) 120 128 160 192 200
NJTE Coded levels are-ivthe top row and actual levels are in the following rows.
B.ft Identification and estimation of measurement systems

pr

W4

snitiated.

Thle repeatability and reproducibility of the measurement system for the associated response and
pdictor variables was deemed adequate for the objectives of this experiment, so no further work

B.5 Selection of the settings of the predictor variables in the design

B.5.1 General considerations

Coded values of duro hardness button (DHB) and actuation force of dome (AFD) are denoted by x, and x,,
respectively, and the conversions from the actual levels given in Table B.1 to the coded levels are given as

__Duro hardness button — 60

Xl_

© ISO 2015 - All rights reserved

(B.1)

29


https://standardsiso.com/api/?name=7d38a8fc5c5d48a445ba1d4bf3e10a46

ISO/TR 13195:2015(E)

__Actuation force of dome — 160

, = - (B.2)

B.5.2 Factorial levels

The factorial levels are coded as -1 and +1, so the factorial levels in actual or natural units are given in
the two columns labelled -1,00 and +1,00 in Table B.1. Factorial levels of the predictor variables in this
experiment are the following:

— Duro hardness button (DHB): 44 and 76 (coded as -1 and 1 respectively);

— Actudtion force of dome (AFD): 128 and 192 (coded as -1 and 1 respectively).

The factofial levels have been given their name because those levels are used to define.a.factorial
design, which is an important building block in a CCD. The factorial design is typically a'‘full two-leyel
factorial design or a fractional two-level design if the number of factors is large.

B.5.3 Axial levels

These axipl levels are the extreme values the predictor variables can have, so,the axial levels in actpal
or natural units are given in the two columns labelled -1,25 and +1,625 inTable B.1. In this experiment,
the axial lpvels are the following:

— Duro hardness button (DHB): 40 and 80 (coded as -1,25 and,25 respectively);
— Actudtion force of dome (AFD): 120 and 200 (coded as <1,25 and 1,25 respectively).

B.5.4 Ceéntre levels

The centije levels are the average of the two factoxidl levels, and it is also the average of the two
axial levels. Its coded value is 0. In this experiment the centre levels were the nominal values of the
predictor|variables. But this is not a requirement. The experimenter is free to choose the region| of
experimeftation where the response surfaceds‘being investigated. In this experiment, the centre levels
are the following:

— Duro hardness button (DHB): 60 (coded as 0);
— Actudtion Force of dome (AFD)? 160 (coded as 0).

B.6 Experimental désign

B.6.1 General

The levelg of thetindividual predictor variables defined in B.5 are combined to define the runs of the
experimeft. The three types of runs in the CCD are the factorial, the star (or axial) and the centre rups.

B.6.2 Factorial runs

In the factorial runs, all predictor variables are at their factorial levels. The factorial runs usually constitute
a full factorial or a fractional factorial design. In this experiment, a full factorial design is chosen, so the
number of factorial runs is 22 = 4 The factorial runs are given as serial numbers 1 to 4 in Table B.2. Their
coded levels are given in columns 3 and 4 while the actual levels are given in columns 5 and 6.

B.6.3 Axial runs

In the axial runs, one of the predictor variables is at its upper or lower extreme level and the rest of the
predictor values are at their centre value. The total number of axial runs in this experiment is 4. The
axial runs are given as serial number 5 to 8 in Table B.2. Their coded levels are given in columns 3 and 4
while the actual levels are given in columns 5 and 6.
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B.6.4 Centre runs

In the centre runs, all the predictor variables are at their centre level. The centre runs were replicated
three times in this experiment. The three centre runs are given as serial number 9 to 11 in Table B.2.
Their coded levels are given in columns 3 and 4 while the actual levels are given in columns 5 and 6.

B.7 Data generated by the experiment

The response variable is measured once for each setting of the predictor variables. All the information
abput the predictor variables and the response is collected in Tahle B 2 The first column gives the order
in which the runs were made in the experiment. The second column gives a so-called serialjhumber of
the¢ runs which can be used to identify the type of run. The serial number of a run is thesntumber in the
seffial order. In this experiment the factorial runs have serial numbers 1 to 4, followed'hy the pxial runs
which have serial numbers 5 to 8, and finally the three centre runs have serial nutnbers 9 fo 11. The
rups are given in coded levels in columns 3 and 4 and in actual levels in columns,5\and 6.

Table B.2 — Design and data collected during the expériment

Run Serial Duro hard- Actuation -

X X ness button | force of dome| Button tactil-

order number 1 2 (DHB) (AFD) ity, Y
1 11 0,00 0,00 60 160 31,86

2 -1,00 -1,00 44 128 21,15

3 1,00 1,00 76 192 33,07

4 -1,00 1,00 44 192 24,72

5 2 1,00 -1,00 76 128 30,39

6 10 0,00 0,00 60 160 31,09

7 6 1;25 0,00 80 160 26,74

8 7 0,00 -1,25 60 120 26,67

9 5 -1,25 0,00 40 160 14,79

10 8 0,00 1,25 60 200 33,84
11 9 0,00 0,00 60 160 33,08

B.B Analysis ofresults

B.8.1 Software used for the analysis

Thie data are-analysed with the rsreg procedure in SAS® 9.4.

B.82- ‘Transfer function

The estimated transfer function (the estimated systematic part of the model) for Button Tactility is
given by Formula (B.3), using actual or natural units

Button Tactility = — 74,848895 + 3,069693 « DHB + 0,004 684 « AFD — 0,000 435 (DHB * AFD)

—0,022624 * (DHB * DHB) + 0,000 275 * ( AFD * AFD) (B.3)

The coefficients of the transfer function in Formula (B.3) are found in Table B.3. The values of the
predictor variables in actual units are rather large and so the estimated coefficient may become small.
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This is one argument for using coded units. It is good practice to perform the analysis in terms of the
coded or software coded variables. The transfer function in coded units is as follows.

Button Tactility = 31,514229 + 4,565263x, + 2,135088x, —0,222500 * (x, * X,)

B.4
—5,791643(x, x x;) +0,281957(x, * x,) (B4)

The coefficients of the transfer function in Formula (B.4) are found in Table B.4.The analysis is
often performed with coded variables and the results are subsequently interpreted in terms of the
actual variables.

B.8.3 Estimation of coefficients
Table B.3 — Estimated regression coefficients using actual units
Paramedter
estimate frqm
Standard Software Codped
Parametdr DF Estimate error t Value Pr& it D4ta
Intercept 1 -74,848 895 38,487 109 -1,94 0,109 4 31,514 2p9
AFD 1 0,004 684 0,364 119 0,01 0,990 2 2,668 8p0
DHB 1 3,069 693 0,617 764 4,97 0,004 2 5,706 579
AFD*AFD 1 0,000 275 0,001 060 0,26 0,805 4 0,440 557
DHB*AFD 1 -0,000 435 0,002 167 ~0,20 0,8489 -0,347 656
DHB*DHE 1 -0,022 624 0,004 239 -5,34 0,0031 -9,049 443
Table B.4 — Estimated regression coefficients using coded units

Paramefter
estimate frqm
Software
Parametdr DF Estimate| Standard error t Value Pr > |t| Coded Ddta
Intercept 1 31,514 229 1,256 212 25,09 <0,0001 31,514 29
x2 1 2,1351088 0,831 129 2,57 0,0501 2,668 8p0
x1 1 4,565 263 0,831 129 5,49 0,002 7 5,706 579
xX2*x2 1 0,281 957 1,085 222 0,26 0,805 4 0,440 57
x1*x2 1 -0,222 500 1,109 254 -0,20 0,8489 -0,347 656
x1*x1 1 -5,791 643 1,085 222 -5,34 0,003 1 -9,049 443
The analysis has'been made using coded units, but for easy reference with the transfer function| in
actual units in in-Formula (B.3) in B.8.2 the estimated regression coefficients for actual units are given
in Table B|[3-The rsreg procedure in SAS® presents some of the results in software coded units, but uges
the term Eeded-Pata—tnerderto-aveid-econfusionthe-termhas-beenchanged-te-Software-Coded-Pita

in the tables. Apart from this, the tables and figures in B.7 and B.8 have been produced by the rsreg
procedure. Note that the coded variables x1 and x; are called x1 and x2, respectively, in the tables.

Table B.5 shows the F-tests for the hypotheses that each predictor variable is not needed in the model.
The test in the row labelled x2 is the test for the hypothesis that 2 = 12 = 22 = 0, i.e. the hypothesis
that the coefficients of all the terms in the model that involve x7 are 0. These tests are the same whether
coded variables, software coded variable or actual variables are used in the analysis. These tests should
be used with caution. In this case, the hypothesis that x7 is not needed in the model is not rejected, the
p-value being 0,202 0, but inspection of individual p-values in Table B.4 indicates that the hypothesis
B2 = 0 should probably be rejected. The p-value is 0,050 1 in Table B.4 which is borderline.

Table B.5 however does give the information that most of the variation in the data are explained by x1
(DHB).
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Table B.5 — Are all predictor variables needed?

Factor DF| Sum of squares Mean square F-value Pr>F
x2 3 33,010 284 11,003 428 2,24 0,202 0
x1 3 288,875 252 96,291 751 19,56 0,003 4

Tables B.6 and B.7 are the ANOVA tables for the central composite design and they are often shown
together as a single table, and indeed some of the entries rely on information from both tables. The
F-value, 18,39, in the Linear row of Table B.6 is calculated using Formula (B.5).

180,976 619
2

r /-1839 (B.5)
4,921775

Hefre, the numbers in the numerator are found in the Sum of Squares and DF solimns of Table B.6 and
th¢ denominator is the Total Error Mean Square from Table B.7.

Table B.6 is used to decide on the complexity of the model for the response surface. The most Jmportant
qupstion is whether a quadratic surface is needed. This question is‘answered by the F-valye and the
cofresponding P value (Pr > F) in the Quadratic line of Table B.6. The P value is much smallefr than the
conventional significance level of 0,05. The conclusion is that’a quadratic surface, or a secpnd order
mddel, is needed.

Table B.6 — ANOVA table for CCD for deciding the type of response surface

DF| Sum of squares R-Square F-value Pr>F
Lihear 2 180,976 619 0,515 2 18,39 0,005 0
Quadratic 2 145,501-951 0,414 2 14,78 0,008 0
Crossproduct 1 0,198 025 0,000 6 0,04 0,848 9
Tdtal model 5 326,676 595 0,9299 13,27 0,006 5

Table B.7 gives information on the fit of the second order model. The F-value compares the Lack of Fit
esfimate of the error to the Pute Error estimate of the error which is this design comes from| the three
replicates at the centre point-The test does not question the model.

Table B.7 — ANOVA table for CCD for lack of fit

Rgsidual DF| Sum of squares Mean square F-value Pr>F
Lack of Fit 3 22,595 077 7,531 692 7,48 0,120 2
Pyre error 2 2,013 800 1,006 900
Tdtalerror 5 24,608 877 4921775

B.9 Presentation of results — Optimization

B.9.1 General

Just looking at the transfer function (the estimated systematic part of the model), whether it is shown
in actual units as in Formula (B.3) or in coded units as in Formula (B.4), does not reveal the properties
of the response surface. It is important to realize that the second order polynomial in two or more
variables can represent a variety of surfaces. The stationary point can be a maximum, a minimum or a
saddle point. Furthermore, the stationary point can be located outside as well as inside the experimental
region. The situation is only simple, if the object is to maximize the response and if the stationary point
is a maximum located inside the experimental region, or, alternatively, if the object is to minimize the
response and if the stationary point is a minimum located inside the experimental region, and then
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the optimal settings is the stationary point. In all other cases the optimal settings needs to be found
away from the stationary point but within the boundary of the experimental region. If the number of
predictor variables is two, then contour plots can be very useful as illustrated in B.9.3.

B.9.2 presents the canonical analysis of the fitted second order response surface. Canonical analysis has
been the basic tool to gain a precise understanding of the response surface. Although modern computer
software has various impressive graphical and analytical tools, the knowledge obtained from a canonical
analysis helps to fully exploit the graphical tools. The results of the canonical analysis in this experiment
are that the stationary point is a saddle point that is located far outside the experimental region.

B.9.2 Camomicatamalysis
The standard result from the canonical analysis is given is Tables B.8 and B.9. Table B.8 gives the
coordinatps of the stationary point, X¢, in coded units and in original units as well as thepredicted
response at the stationary point. Mathematical details of canonical analysis can be foundJi®E.3.
Table B.8 — Canonical analysis of response surface based on coded variables:-Stationary point
Critical value
Software

Factor coded Uncoded

x1 0,370 673 0,463 341

x2 -2,882 706 -3,603 382

Predicted value at stationary point: 28,725 098

ed
nn
res

ned in B.8.3, the rsreg procedure in SAS® presents some of the results in software cod
uses the term Coded Data. Table B.8 has been taken from the SAS® output, but the colui
pftware Coded was originally labelled Coded in the SAS® output. The rsreg procedure giy

As mentig
units, but
labelled S

some of thje calculations in software coded unitsywhich SAS® simply refer to as coded.
Table B.9|contains information that characterizes the estimated response surface. The first column
gives the|eigenvalues and they have different signs, so the stationary point is a saddle point. The
eigenvectpr corresponding to the eigenivalue 0,443 740, for example, is given in the same row.
Table B.9 — Canonical analysis of response surface based on coded variables: Eigenvalues
and eigenvectors
Eigenvectors
Eigenvalues x1 x2
0,443 740 -0,018 308 0,999 832
-9,052 626 0,999 832 0,018 308
Stationary point is a saddle point.

It is worth noting that the eigenvalues given in Table B.9 by the SAS® procedure rsreg are calculated
based on software coded variables, even if the predictor variables that are used in the analysis are the
coded variables x1 and x» from Table B.2.

The distance of the stationary point to the design centre in coded units is

2 2
D = \/o, 463341%+( —3,603382)% = 3,63 (B.6)

So the stationary pointis in this case outside the experimental region because the extreme points of the
design, the factorial points and the axial points in this design are at a distance from the design centre of

\/5 =1,41and a = 1,25, respectively.
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It may be useful to refer to the contour plot of Figure B.2 in the discussion of the canonical analysis
because it displays the design points. The stationary pointis xg = (xg;,Xg,) = (0,463341,—3,603382)

so it is obvious that the stationary point is outside the experimental region. The eigenvector
corresponding to the numerically largest eigenvalue, -9,052 626, is e; = (0, 999832,0,018 308), which

is close to (1,0) and the eigenvector corresponding to the numerically smallest eigenvalue, 0,443 740, is
e, = (—0,018308, 0,999 832) which is close to (0,1).

Moving away from the stationary point in increments proportional to e; will decrease the predicted
response, and moving away from the stationary point in increments proportional to ez will increase the
predicted response. This means that in the design region the fitted response surface is a¢iging ridge.
Thee rising ridge is a straight line through the stationary point and pointing in the direetion|of e;. The
foymula of the rising ridge is as follows:

X, = —54,612x,+21,7 (B.7)

Thie ridge intersects the line xp = -1,25 (AFD = 120) at x1 = 0,420 24 (DHB = 66,724) an(d the line
x2 F 1,25 (AFD = 200) at x; = 0,374 46 (DHB = 65,991). In the experimental region the ridge i§ very well
approximated by the vertical line x1 = 0,4 (DHB = 66,4).

B.9.3 Application of contour plots to find optimal settings

With only two predictor variables most conclusions can be drawn from a contour plot as in Figure B.2
where coded values are used on the axes or in Figure B:3\where actual values are used on the axes. A
high value of button tactility is desired, and it is obviousfrom the contour plots that a predicted response
abpve 35 can be achieved with x1 around 0,3 (DHB areund 65) and x2 around 1,25 (AFD close fo 200).
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Response Contour for Button Tactility with Design Points
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NOTE Figure B.3 is the same as Figuire B.2 except that Figure B.3 uses the actual values of th¢ predictor
vatiables on the axes.

Figure B.3 — Contours-of-the estimated response surface for button tactility with thq design
points indicated by open circles

B.9.4 Application of ridge analysis

With only twopredictor variables, there is really no need to apply other techniques than contour plots
or [canonicalanalysis, but it may be useful to present a technique that is potentially useful with a large
number\of predictor variables. The method of ridge analysis was introduced by Hoerl in 1P59, but a
gopdiintroduction is given in Reference [8]. Mathematical details are given by Draper in Refefence [9].

The SAS® procedure rsreg has implemented ridge analysis, which can be used to find a ridge of optimal
responses. This ridge is not necessarily the same as the one found using canonical analysis. But it does
give roughly the same answer in terms of optimal settings. The ridge starts at a given point xg which
is chosen well within the experimental region, and in this example the design centre is chosen as the
starting point Xg. The estimated response surface is then investigated on a series of circles centred
at xg and on each circle the setting that gives the optimal response is found. The ridge is the series of
optimal settings.

The ridge analysis can be summarized both in tabular form as in Table B.10 and in graphical form as
in Figure B.3. The Coded Radius column of Table B.10 gives the radius of the circle in software coded
units. It makes good sense to use software coded units to calculate the radius; for in software coded
units the circle with radius 1 can be considered to be the boundary of the experimental region. The
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Estimated Response in the second column is the maximal response on the circle with the given radius.
The Standard Error in the third column is the estimated standard error of the maximal estimated
response. The standard error increases as the radius increases. Finally, the last two columns give the
settings that correspond to the maximal estimated responses in column two. The settings are labelled
“Uncoded Factor values” in Table B.10 but in the SAS® language this means the variables supplied by
the user as predictor variables, and in the analysis presented here the coded variables were used as
predictor variables.

Table B.10 — Summary of the ridge analysis in tabular form

Figure B.4
shows ho}

shows the
sense, bed

Estimated ridge of maximum response for variable button tactility
Estimated Uncoded factor values
Coded radius response | Standard error x2 x1
0,0 31,514 229 1,256 212 0 )
0,1 32,074 250 1,249 734 0,067 751 0,105\047
0,2 32,520 660 1,231 254 0,168 801 0,184 408
0,3 32,899 982 1,203 886 0,293 230 0,233 754
0,4 33,248 325 1,173 959 0,425 520 0,262 551
0,5 33,584 685 1,151 747 0,558739 0,280 063
0,6 33,918 115 1,151 327 0,691 107 0,291 326
0,7 34,253 166 1,188 869 0,822 374 0,298 875
0,8 34,592 327 1,278 712 0,952 654 0,304 057
0,9 34,937 067 1,429 173 1,082 120 0,307 640
1,0 35,288 304 1,641-494 1,210 926 0,310 092

 is basically a summary of most of the information in Table B.10
v the maximal estimated response in this case increases with the radius. The second pa
optimal settings as a function of thé.radius. Here software coded units are used which mal

ause the software coded units always range from 0 to 1.

B.9.5 C

All the inyestigations of the estimated response surface in B.9.2 to B.9.4 conclude that the maximq
value of button tactility is obtgined when DHB is around 65 and AFD is around 200. AFD at 200 is {

nclusion

. The top panel in Figure

3.4
hel
Kes

hm
he

upper bouyndary of the experimental region, so higher values are not recommended without further

investigatfion. Standard‘Duro Hardness is available in increments of 5, so the team selected a Dy

Hardness[Button of 65<Then the potential optimal values for DHB and AFD were as follows:

— Duro[Hardness'‘Button = 65

— Actudtien‘Force of Dome = 200

iro

This setting is close to the ridge of maximum response given in Table B.10. The point in the bottom line of
Table B.10 corresponds to theactual values DHB = 16x, + 60 = 64,96 and AFD = 32x, + 160 = 198,75,

which are indeed close to the chosen potential optimal values of DHB=65 and AFD=200.

Table B.11 — Estimated response and standard error at the potential optimal values
DHB = 65 and AFD = 200

38

Estimated Standard Uncoded factor values
response error DHB AFD
35,397 786 1,718 440 65 200
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The estimated response at the potential optimal setting is y = 35,397786 with estimated standard

error 1,718 440 as can be seen from Table B.11. Using these values, the 95 % confidence interval for the
predicted response at the chosen setting can be calculated as

Y Etgc(v)xstderr = 35397786 + 2,5706 x 1,718 440 = 30,98, 39,82].

This is a fairly wide confidence interval, and there are a number of reasons for that. First, there are
only v =5 degrees of freedom, so the t-fractile is relatively large. Secondly, the chosen setting is at the
boundary of the experimental region, so the standard error is larger than in the centre of the design.

Ridge of Maximum y

/O

Estimated y

Coded Factor Levels

Radius

| —o6— Ridge xR ———-x1 |

Figure B.4 — Graphical summary of the ridge analysis

oc £ P
B.1U CUIILII ITIAdUUII

To validate the model, five confirmation test runs were conducted at the optimum settings. The
Button Tactility was measured for these five runs. The average Button Tactility for the five runs was
found to be 31,76 %.

Since the measured average value of Button Tactility (31,76 %) for the confirmation runs falls within
the 95 % confidence interval of the predicted value, the team concluded that the response surface
model adequately predicts future observations.

Actually, the deviation from the average of 5 observations and the predicted response could have
been even bigger than the one seen here. The reason is that the relevant interval to consider is not
the confidence interval of the mean, but the 95 % prediction interval of an average of 5 independent
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observations. This prediction interval is wider than the confidence interval of the mean because it
takes the variability of the new observations into account. This prediction interval is calculated as

4,921775

. std.dev? 2 5
V£t g5(v)x — std.err® = 35,397 786 + 2,570 6 x +1,718440% =[30,30, 40,50].

Here, the squared standard deviation is found as Total error mean square in Table B.7 and the standard
error is found in Table B.11.
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Annex C
(informative)

Semiconductor die deposition process optimization+

Semiconductor dies (chips) form an integral part of electronic devices such as satellites.and c¢ll phones.
Numerous dies are manufactured simultaneously on a thin round silicon wafer.

In jone of the manufacturing steps, a silicon dioxide (SiO3) layer is deposited overan alumirlium layer
to[create an inter-level dielectric (insulator) between metals. The metals are“patterned ipto strips
(rynners) that carry electrical current. The oxide layer is deposited using &PETEOS (Plasma [Enhanced
TetraEthylOrthoSilicate) process.

During the PETEOS deposition process, a wafer is heated in a chamberand gases are introduced through
a shower head. A radio (high) frequency power strips electrons frem TEOS molecules, ionizirlg them as
th¢y pass through a shower head and creating a plasma. The€,/ TEOS decomposes depositing a silicon
digxide layer on the wafer. A designed experiment was perfermed to

—| keep the oxide deposition rate above 127 Angstroms-per minute,
—| minimize the oxide deposition rate Non-Uniformity, and

—| take stress to a target value of 1,5 x 109 dynes/cm?2.

C.2 Response variable

Thiree experimental responses were ¢onsidered.
a) | Average oxide Deposition.Rate.

b) | Deposition rate Non-Uniformity.

c) | Stress.

Thie oxide deposition rate (deposited thickness divided by deposition time) was measured at 13 sites on
eath experimental wafer, and the average X and standard deviation s were calculated. The average
ox]de deposition rate x, which reflects throughput, should be maximized.

Nojn-Uniformity (or coefficient of variation), given by —100%, expresses the standard deviation as a
X

percentage of the mean. Non-Uniformity should be minimized to reduce differences in oxide thickness
across the wafer.

The underlying aluminium layer on the wafer has a higher expansion coefficient than the glass layer
of silicon dioxide that is deposited above it. If the aluminium layer contracts with respect to the SiO;
layer (tensile force) the wafer will become convex and the glass might crack, while if the aluminium
layer expands relative to the SiO; layer (compressive force) the wafer will become concave (bow) which
might open up the aluminium leads. Stress measures the amount of pressure on a wafer resulting from
all layers. It is desirable for stress to have a small positive value (slight wafer convexity).

4) Source: Veronica Czitrom, Statistical Training & Consulting, USA/Singapore.
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C.3 Predictor variables

Two experimental factors were considered.

a) Pressure inside the chamber.

b) Spacing between the wafer and the shower head.
The range of the factor levels was restricted.

Pressure could only be varied between 8 torr and 9 torr, because pressure below 8 torr led to plasma
arcing, and pressure above 9 torr Ied to high particle count due to gas phase reactions.

The procdss was expected to improve for higher spacing and worsen for lower spacing. The low level of
Spacing wfas set at 180 mils (current operating conditions, where one mil is 1/1 000 of an inch)y/and the
high leveljat 200 mils.

C.4 Idéentification and estimation of measurement systems

The repedtability and reproducibility of the measurement system for the.associated response and
predictor|variables was deemed adequate for the objectives of this experiment, so no further w¢rk
was initiated.

C.5 Selpction of the settings of the predictor variables in the design

C.5.1 General considerations

Previous ¢xperimental results indicated curvature in Noni-Uniformity. A central composite experimenital
design wds selected to estimate curvature and optifiize the process. Due to the restrictions on the
factor lev¢ls, a face-centred design was chosen. A face-centred design requires only three levels of eqch
factor and this may be an advantage when the range of factors is restricted.

Coded values of pressure and spacing are denoted by x1 and x», respectively, and the conversions frpm
the actualllevels given in Table C.1 to the.coded levels are given as

Pressure — 8,5
X =1

0,5 1)
bpacing — 190

10 '
C.5.2 F4ctorial levels

X, =1

The factorial levelsin'this experiment were chosen as the extreme levels possible, see C.3.

The factorialdevels are coded as -1 and +1, so the factorial levels in actual or natural units are given
in the tw¢ celumns labelled -1 and +1 in Table C.1. Factorial levels of the predictor variables in this
experimentare the funuvviug.

— Pressure (A): 8 and 9 (coded as -1 and 1 respectively);
— Spacing (B): 180 and 200 (coded as -1 and 1 respectively).

The factorial levels have been given their name because those levels are used to define a factorial
design, which is an important building block in a CCD.

C.5.3 Axial levels

In a face-centred design, the axial levels are the same as the factorial levels.
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C.5.4 Centre levels

The centre levels are the average of the two factorial levels, and they are also the average of the two
axial levels. Its coded value is 0.

— Pressure (A): 8,5 (coded as 0)
— Spacing (B): 190 (coded 0)

In this experiment, the centre levels were not the nominal values of the predictor variables. It was
undesirable to centre the design on the current operating conditions, because the process was expected
to worsen for spacing below 180.

Table C.1 — Coded and actual levels of the experimental factors

Coded levels -1 0 +1
Pressure (A) 8 8,5 9
Spacing (B) 180 190 200

NOTE Coded levels are in the top row and actual levels‘are
in the following rows. This is a face-centred design“so each
factor has three levels.

C.6 Experimental design

C.:L.l General

Thie levels of the individual predictor variables defined in C.5 are combined to define the rfins of the
experiment. The three types of runs in the CCD-are the factorial, the star (or axial) and the ceptre runs.

C.6.2 Factorial runs

Thee factorial design is typically a fullitwo-level factorial design or a fractional two-level depign if the
number of factors is large. In this case with only two factors the factorial runs constitute a feplicated
fulll 22 design. The factorial runs.are shown in actual levels as the first 8 runs in Table C.2.
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Table C.2 — Face-centred central composite design in the two factors Spacing and Pressure

Run No. Pattern Pressure Spacing Run type
3 -= 8 180 Factorial run
13 —-= 8 180 Factorial run
6 +- 9 180 Factorial run
10 +- 9 180 Factorial run
4 -+ 8 200 Factorial run
12 = 8 200 Factortat rumn
7 ++ 9 200 Factorial run
11 ++ 9 200 Factorial run
00 8,5 190 Centre run
8 00 8,5 190 Centre run
15 00 8,5 190 Centre fun
9 Oa 8,5 180 Axialrun
2 a0 8 190 Axial run
A0 9 190 Axial run
14 0A 8,5 200 Axial run

C.6.3 Axial runs

In the axipl runs, one of the predictor variables is at its upper or lower extreme level and the rest
the predig¢tor values are at their centre value. The total\number of axial runs in this experiment i
The axial|runs are shown in actual levels as the lastZthree runs in Table C.2. The axial runs are 1
replicated. Note that the axial levels are the same as the factorial levels showing that this design i
face-centjed CCD.

C.6.4 Ce¢ntre runs

In the cenftre runs, all the predictor variables are at their centre level. The centre runs were replicat
3 times in[this experiment. The 3 céntre runs are given as Run no. 1, 8 and 15 in Table C.2. Their act
levels arelgiven in columns 3 and 4.

C.7 Data generated-by the experiment

The thred response variables are measured once in each run. All the information about the predic
variables jand the&esponse is collected in Table C.3. The first four columns are the same as the fi
four columns of Table C.2, but in Table C.3 the runs are listed in the order in which they were ma
The last thre®e columns give the observations of the three response variables Deposition, Rate N
Uniformitly,ahd Stress.
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Table C.3 — Experimental Results for two factors and three responses

Run no. Pattern Pressure Spacing Dep Rate |Non-Uniformity Stress
1 00 8,5 190 128 1,01 1,56
2 a0 8 190 129 0,40 1,63
3 -= 8 180 131 1,22 1,68
4 -+ 8 200 128 0,61 1,45
5 A0 9 190 127 2,63 1,50
9] = 9 180 128 3519 1,57
7 ++ 9 200 127 1,37 1,32
8 00 8,5 190 129 0,94 1,58
9 0a 8,5 180 130 1,89 1,65
10 +- 9 180 129 3,18 1,52
11 ++ 9 200 126 1,45 1,30
12 -+ 8 200 129 0,74 1,47
13 -= 8 180 131 1,22 1,68
14 0A 8,5 200 127 0,50 1,43
15 00 8,5 190 128 097 1,58

C.8 Analysis of results

C.8.1 General

Thie essential feature of this experiment is that'it investigates three responses where
—| the oxide deposition rate must be above 127 Angstroms per minute;

—| the oxide deposition rate Non-Uniformity should be minimized;

—| the stress must be set to aitarget value of 1,5 x 109 dynes/cm?.

Se¢ond order models will be fitted to the three responses, but only the analysis for stress will be presented
in fletail. The fitted response surfaces will be investigated to see if and how the three criteria qan be met
simultaneously. The.analysis will be performed with coded variables x1 and x; as predictor varjiables.

C.8.2 Softwareused for the analysis

Thie experitment was analysed using JMP®, version 10, SAS Institute Inc., Cary, NC, USA.

C.1§.3 Transfer function

The transfer function is called the prediction expression in JMP®. The coefficients of the transfer
function are found from Table C.4.

Stress = 1,581+ —0,113 % x, — 0,070 x, — 0,004+ (x, *x,)— 0,052 (x, +x, )~ 0,027 «(x, x x, )
(C.2)

C.8.4 Estimation of coefficients

The table of parameter estimates for stress with x; and x as predictor variables is Table C.4. Note that
x1 and x are labelled as x1 and x2 in output copied from JMP®, All estimates are significant except for
the coefficient of x1x2, but this term is nevertheless kept in the model.
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Table C.4 — Parameter estimates

Term Estimate Std Error t Ratio Prob > |t|
Intercept 1,580857 1 0,008 855 178,52 <0,000 1*
x1 -0,113 0,005 522 -20,46 <0,000 1*
X2 -0,07 0,005 522 -12,68 <0,000 1*
x1*x1 -0,052 143 0,010 436 -5,00 0,000 7*
x1*x2 -0,003 75 0,006 174 -0,61 0,558 6
X4 XZ =U,UZ7 145 U,U1U 450 =4,0U U,UZo /

Table C.5 — Analysis of variance
Source DF| Sum of squares Mean square F Ratio Prob >)F
Model 5 0,192 095 36 0,038 419 125,9806 <0,0001*
Error 9 0,002 744 64 0,000 305
C. Total 14 0,194 840 00

Table C.6 — Lack of fit

Source DF| Sum of squares Mean square F Ratio Prob >F
Lack of fit 3 0,000 827 98 0,000 276 0,864 0 0,509 2
Pure error 6 0,001916 67 0,000819
Total error 9 0,002 744 64

C.6, respectively.

5is of variance table and the lack of fit tables‘are provided by JMP® and are copied to Table (.

.5 the very large and strongly significant F-test is noted. In Table C.6 the Error Mean Squ{
into its Lack of Fit and Pure Erporscomponents. The F-test for lack of fit is calculated and {
reported as 0,509 2. The model is’hot rejected.

each of the explanatory yariables is not needed in the model are called Joint Factor testq i
they are given in Table(Cy7. The row x1 gives the test of the hypothesis that f1 = f12 = f11 3
w x2 gives the test for'the hypothesis that 82 = f12 = B22 = 0. The results are not surprising i
e tests of the individual parameters given in Table C.4.

TabledG-7— Joint factor tests - Are all predictor variables needed?

Term DF Sum of squares F Ratio Prob > F
x1 3 0,135 415 36 148,014 2 <0,0001*
X2 3 0,051 175 36 55,936 6 <0,0001*

The test reported in Tables C.4 to C.7 can be supplemented by some of regression plots used for model
checking in multivariate regression. Figure C.1 shows the Actual by Predicted Plot which shows the
actual observations plotted against the predicted values from the model.
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NOTE The observations are lying closely around the identity line showing-a\good fit of the model,
Figure C.1 — Actual observation plotted against predicted values
Thie residuals are plotted against fitted values in Figure C.2) The residuals are lying closely ajround the

horizontal line through 0 indicating a satisfactory fit.
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NOTE The'\fesiduals are lying symmetrically around the horizontal line through 0 indicating a sptisfactory
fit pf the model.

Figure C.2 — Residuals plotted against predicted value

C.9 Presentation of results — Optimization

C.9.1 General

This example has three responses. In C9.2, the fitted response surfaces are characterized using
canonical analysis. In C9.3 and C.9.4, the focus is on finding the settings where the different
requirements of the three responses are met. These requirements are mentioned in C.1. C.9.3 illustrates
the desirability function and C.8.4 illustrates the Contour Profiler.
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C.9.2 Canonical analysis

JMP® also gives the results of the canonical analysis under the headline Response surface. The stationary
point is called Solution and is given in Table C.8. The stationary point is characterized as a maximum
although this observation is based on the eigenvalues, which are given in Table C.9.

Table C.8 — Solution for stress

Variable Critical value
x1 -1,039776
x2 -1,217647

Solution is a Maximum

Critical values outside data range
Predicted Value at Solution 1,682 222 2

The criticql value (stationary point) is given in coded units in Table C.8, but in actualdunits the critical vajue
is Spacing = 179,602 2 and Pressure = 7,891 2. The critical value for stress is just outside the lower left
hand cornjer of the experimental region, or the data range, as explained in the JMP® output in Table C.§.

Table C.9 — Canonical curvature

Eigenvalues and Eigenveetors

Eigenvalue -0,027 0 -0,052 3
x1 -0,074 38 0,997 23
x2 0,997 23 0,074 38

The eigenjvalues are both negative, so stress is a maXimum at the critical value. The contours of the
predicted|stress are ellipses centred at the critical value and with major axes in the directions giyen
by the eigenvectors. The eigenvectors are almost proportional to (0,1) and (1,0), so the major axes
are almogt pointing in the directions of thé.\cdordinate axes. Three contour curves for the predicted
stress ard shown in Figure C.4. The information in the canonical analysis is that those contours are
sections df ellipses centred right outside the lower left hand corner of the data range, more preciselyf at
Spacing =(179,602 2 and Pressure =%891 2.

C.9.3 Application of the desirability function

Theregregsion models for the'three responses will be used to optimize the three responses simultaneously
using two|tools that areayailable in JMP®, the prediction profiler and the contour profiler. The predict{on
profiler will be illustrated in this Clause and the contour profiler will be illustrated in C.9.4.

The threg responses are shown in the upper three rows of Figure C.3 and the response as a functjon
of the twq predictor variables are shown in the first two columns. The figure in the upper left corper
shows the
above and

The prediction profiler can be used to obtain the optimal processing conditions via the desirability
function. The right hand column of Figure C.3 shows how the experimental objectives are represented
graphically as desirability functions.

— To maximize Deposition Rate, the desirability function in the upper right corner is 0 (undesirable)
for values of Deposition Rate below 127 (the experimental objective), and 1 (most desirable) for high
values of Deposition Rate.

— To minimize Non-Uniformity, the desirability function is 0 for high values of Non-Uniformity and 1
for low values (line going down).
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— To take Stress to a target value of 1,5, the desirability function is 1 when Stress is 1,5, and decreases

to 0 when Stress is higher or lower.
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Figure C.3 — Prédiction Profiler where the desirability function is used for optimization

With equal weight (importance) given to all three responses, the graph shows that the optimal factor

seftings are-predicted to be
—| Spacing = 195,75

—| Pressure = 8,5

with response values of

— Deposition Rate = 127,7
— Non-Uniformity = 0,71
— Stress=1,50

Note that this is a numerical optimization using the regression models for the three responses.
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C.9.4 Application of contour plots to find optimal settings: Contour profiler

The contour profiler shown in Figure C.4 provides a better understanding of process behaviour and
greater control over the factor settings during optimization.

The three cubes on the right show the three corresponding response surfaces as a function of the
two factors in three dimensions. The graph at the bottom left shows overlaid contours of the three
responses as a function of the predictor variables. A few details of the contours are as follows.

— The blue contour line for Stress is at the target Value of 1,5. Two shaded areas were added with a
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where the predicted responses are as follows:

— Deposition Rate = 127,9;

— Non-Uniformity = 0,45;

— Stress =1,45.
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C.9.5 Conclusion ’\C\)j“
Thie optimal factor settings fo@’e.PETEOS deposition process are the following:
—| Spacing = 200 mils C)()
—| Pressure = 8,2 toE_rO() :
at the following c \ions.
— Non-Unif?gﬁty is predicted to be low (0,45 %) and robust, or insensitive, to changes irf Pressure
and Spacing.
10°.

— SK&S is predicted to be 1,48 x 109 dynes/cmZ2, which is close to the target value of 1,5 x

o
— %nncifinn Rateis accentabluhich 9t 129 A /min
r r J o 7

The predictions at the optimal factor settings were confirmed using several reactor runs. To ensure
process behaviour in the region around the new processing conditions was satisfactory, a new designed
experiment, centred on the new processing conditions, was performed. The new processing conditions

were adopted.
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Annex D
(informative)

Process yield-optimization of a palladium-copper catalysed C-C-
bond formation»s

D.1 Purpose of the experiment

D.1.1 General purpose

This exanjple shows the yield optimization of the main product in a chemical reaction. The considered
reaction i$ a so called Sonogashira-reaction that is applied to form carbon-carbon bohds in the synthefsis
of complek molecules, e.g. with endiyne units. Since those compounds can be cytotoxic by creating single
and double stranded DNA cuts, the substance is needed in several fields of pharmacy and medicine. The
purpose df the described experiment is to find optimum reaction conditions-n preparation of a higher
scale production of the product described in D.1.2.

The prindiples of the reaction are well known and understood.{However, when applying specific
substrate§, such as the chosen base and solvent, the reaction.needs a fine tuning to maximize the
yield. Theg Sonogashira-reaction is a cross-coupling reaction hetween terminal acetylene and a vinpyl
halide unfler mediation of a Palladium (0)/Copper (I) catalyst: For the employment of the catalyst, it
is expectgd that an increase of catalyst by a small amounit*will lead to an increase of the yield up|to
a specificloptimum value. A further increase of catalyst is expected to decrease the yield. The same
applies fof the reaction time and temperature. Optinial values for these influential factors are known
for similar reactions.

The assuined nonlinear behaviour encourages-applying a CCD in order to locate the setting for [an
optimum jield based on a response surface.

D.1.2 Chemical background and.experimental setup
The reactjon formula is given below.

X-Rj—-X+2 H-=<R, = R,—=-R,—=-R,
(01
1 2 3

The used pubstrate () is 6,7-Dibromo-9,9-dimethyl-dioxa-spirol4l.[5]dec-6-ene.

The used pubsttate (2) is Trimethylsilylacetylene:

H— % =Si{CH ) (2)

The main-product (3) is 9,9-Dimethyl-6,7-bis-silanyl-1,4-dioxa-spirol4l.[5]dec-6-ene.

This C(sp2)-C(sp) bond formation process is catalysed by Pd(0) species, mostly Pd(P(Ph)3)4 and co-
catalysed by Copper(I)iodine (Cul) in the anhydrous solvent benzene. Additionally, the reaction solution
requires the presence of an amine base, and here piperidine was used. The reaction mixture comprises
the following six components:

1. 6,7-Dibromo-9,9-dimethyl-dioxa-spirol4.5]ldec-6-ene [The substrate (1)];

2. Trimethylsilylacetylene [The substrate (2)];

5) Source: Thomas Pfeilsticker.
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benzene as a solvent;

3

4. piperidine as a base;

5. Pd(0)tetrakis-(triphenylphosphin);
6

copper(I) iodine.
The experimental procedure is as follows.

Under inert atmosphere a 100 ml three-necked flask is charged with a solution of (1; (80 mmol)) in
an TSt ; —Hsimg technique
the¢ catalyst Pd(0)tetrakis-(triphenylphosphin) and the co-catalyst copper(I) iodine ispaddled. After
stifring the mixture for 30 min, anhydrous (distilled over CaHy) piperidine is added ‘'withijn 10 min.
170 mmol Trimethylsilylacetylene (2), dissolved in anhydrous benzene, are added drdpwise via
tum technique to the stirred solution of (1).

At|the end of the reaction, the reaction-mixture is cooled and diluted with“saturated chlorine, and
exfracted with ether four times. The combined extracts are dried and concentrated undefr reduced
pressure. The crude product is purified by column chromatography (SiOg).

D.2 Response variable

Onfly one response variable was considered in this experiment: The process yield. The iroduct is
obfained as a colour-less oil, and the process yield is detefmined as a percentage (%) of the applied
m4ss of substrates, see D.1.2.

D.B Predictor variables

Thie Sonogashira-reaction which is being studied here is well known, so the experimenters we¢re able to
chpose three predictor variables which were expected to have the strongest influence on the|yield, and
they were able to decide on feasible settings of those variables. The three variables were the following:

—| Reaction-time (R): time inside the reaction flask in hours;
—| Temperature (T): tempefature during the reaction time in °C;
—| Concentration (C): concentration of Palladium catalyst/copper(I) catalyst in mmol.

Although other predictor variables such as the amounts of solvent and base and the stirring speed were
aldo expected to beactive, it was decided to run an experiment where only the three predictor variables
abpve were varied:

Thie chosert'\predictor variables can be varied in considerable ranges and a measurable resultfachieved.

Thie maximum value of the Reaction-time is 8 hours because the reaction has to be finished within one
shift-of the laboratory staff. In order to achieve a measurable amount of the main product, ajminimum
of 30 minutes is needed.

The maximum temperature is limited by the substrates. To avoid undesired side reactions, the
temperature should not exceed 80 °C. A reasonable lower boundary is room temperature of 20 °C.

The minimum amount of Palladium catalyst is 5 mmol. In order to keep the cost for the reaction
reasonable, 70 mmol (referred to Pd) should not be exceeded.

The description of the chemical reaction in D.1.2 mentions the co-catalyst Copper(I)iodine [Cu(I)], but
the optimal Pd(0)/Cu(I) relation is well known in the literature and should be constant, thus Cu(I)-co-
catalyst was set to 20,2 mmol Cu(I)iodine in the case of 10 mmol Pd(0), and to 50,4 mmol Cu(I)iodine in
the case of 25 mmol Pd(0), for example.
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D.4 Identification and estimation of measurement systems

The experiment will be conducted on laboratory scale. Thus, the measurement systems for controlling

the predictor variables work under typical laboratory conditions. The systems are for the following:

— reaction time, R: simply an alarm clock, reminding the experimenter to stop the reaction;

— temperature, T: a thermometer with 0,01 °C resolution and 0,2 °C estimated expanded uncertainty

of the measurement process;

— amount of catalyst, C: a weighing process resulting in a tested R&R value for mmol of 0,002 in the

case ¢f Pd(0).

These valies have an influence on how precisely the settings of the predictor variables in the design ¢
be realizgd. In order to assess whether the measurement systems are suitable, a referencé-is'need
In this exgmple the defined factorial levels were used, see D.5.2. Since the reaction can be“stopped i
few minutes there will be no problem with setting the values for R. Following the %R&R constructi
relating 6}0,2 °C to the range of 25 °C for T (see D.5.2), the result will be 4,8 % which can be considef
as acceptgble. The same applies for the weighing process of Pd(0).

The procgss for the estimation of the yield comprises many steps and is more’complicated. As stat
in D.1.2, the reaction product is purified in a chromatography columny This separates the desif
substancqd from all others by adsorption/desorption. Several compounds in the solution will

separated and appear in bands moving towards the bottom of the coluthn. When the band of the desir
product flows out, it needs to be detected and collected. Further steps for purification are to be carr
out to isolate the desired main product from the solution. TheXmass of purified product is measuy
and set in|relation to the amount of the applied reacting substtates. The measurement uncertainty

the combination of the weighing and purification processesds estimated to be =7 % of the yield. W
expected B0 % yield this is approximately +5 to 6 % yield and considered to be quite high.

D.5 Selpection of the settings of the predictor variables in the design

D.5.1 Geéneral considerations

A rotatable central composite design was chosen. Although for each factor variable a maximum rap
of variatign is given in D.3 meaningful'levels for factorial runs in the CCD are to be derived. Then {
actual levels corresponding to the coded levels -1, 0, +1 are given. With the choice of a rotatable des
a =81/4=1,682 where 8 is the number of factorial runs. This means that a = 1,682 is the distance in cod
units fron) the middle level td-the highest level, so the axial levels are found from the factorial levels as

I, =1 —1,682-(13 —12) and I =1, —|—1,682-(I4 —13) with C = (13 —12) = (I4 —13)
This has tp be takelvinto account when the levels I and I4 are to be defined. Since this is one of the m
difficult decisions, the way how the values are derived here will be explained as follows.
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From the most similar reaction the optimum point was used as a point of reference. Thiswas 5 h for

reaction time, 35°C for the reaction temperature and 15 mmol for the amount of catalyst. Around this

point the experimental region will be defined.
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The optimum for the Reaction Time (T) is expected to be found within *2 hours. That defines the
centre level as I3 = 5, and the factorial levels as Iy = 3 and I4 = 7. The axial levels are then calculated as
Formula (D.2)

I, =5-1,682-(5-3)=1,636 and I, =5+ 1,682 (7 — 3) = 8,364.

(D.2)

However, the upper axial level of 8,364 hours exceeds the upper limit of 8 hours given in D.3. Therefore
one hour will be subtracted from the levels found above. The new factorial levels are I = 2 and I4 = 6.

Th

T
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tempperature for this reaction should be found within a range of approximately'+15 °C around
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e new axial levels are then derived as:

I, =4—1,682-(4—2)=0,636 and I = 4+ 1,682- (6 — 2) = 7,364

same approach was chosen for all other predictor variables.

optimum temperature naturally depends on the substrates. Startinghwith 35 °C

in case of steric hindrance of the substance (1) higher reaction-temperatures may be us¢
 centre of the experimental region is shifted by 10°C towards higher\values. So the uppe
el, 14, is set to 60 °C. In order to keep the reference point within the-experimental region,
torial level I, is set to 35°C. The resulting levels are summarized in"Table D1. It can be seer
 axial levels stay within the boundaries of operability given in D4.

" the amount of catalyst I3 is set to the reference value of15/mmol. Within a range +10 mmj
the optimum for this reaction is expected. By checking the axis levels again, it can be f

=15-1,682-(15—5) = —1,82 mmol which cannet’be realized. In order be able to
asurable result from the experiment, I was set to~10 mmol, and I4 was kept at 25 mmol. Al
els are summarized in Table D1.

bcial attention was given to ensure that-in particular all combinations of extreme setti
riables were within the region of operability.

variables were continuous in the'sense that all values within the chosen ranges wer
tings of the variables.

ible D.1 — Coded and actual levels of the experimental factors rounded to two digits
decimal comma

the

(D.3)

best

this value.
bful. Thus,
 factorial
the lower
, that also

ol around
ound that

achieve a
resulting

hgs of the

b possible

after the

Coded levels -1,68 -1,00 0,00 +1,00 1

1,68

Reaction time (R) 0,64 2 4 6

7,36

Temperature(T) 26,48 35 47,5 60 ¢

8,52

Concenttation (C) 4,89 10 17,5 25

0,11

NQ
for

TE , \Goded levels are in the top row and actual levels are in the following rows. The units of the actual leve
Reaction Time, °C for temperature and mmol for Palladium concentration.

s are hours

Coded values of R, T and C are denoted by x,, x,, and x5, respectively, and the conversion from the

actual levels given in Table D.1 to the coded levels are given as

. _R-4
1 2
T — 47,5
Xo=—F7——
12,5
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_C—17,5

X D.6
3 75 (D.6)

In a CCD, the settings or levels of the predictor variables are of three types to be considered next.

D.5.2 Factorial levels

The factorial levels are coded as -1 and +1, so the factorial levels in actual or natural units are given in
the two columns labelled -1,00 and +1,00 in Table D.1. Factorial levels of the predictor variables in this
experimentare as follows:

— Reaction-time (R): 2 and 6 (coded as -1 and +1 respectively);
— Temperature (T): 35 °C and 60 °C (coded as -1 and +1 respectively);
— Concentration (C): 10 mmol and 25 mmol (coded as -1 and +1 respectively).

The factorial levels have been given their name because those levels are used {é-define a factoial
design, which is an important building block in a CCD. The factorial design is typically a full two-leyel
factorial design or a fractional two-level design.

D.5.3 Axial levels

These axipl levels are the extreme values the predictor variablesscan have, so the factorial levels|in
actual or|natural units are given in the two columns labelled:-1,68 and +1,68 in Table D.1. In this
experimeht, the axial levels are as follows:

— Reaction-time (R): 0,64 h and 7,36 h (coded as -1 and@*I respectively);
— Temperature (T): 26,48 °C and 68,52 °C (coded as,>1 and +1 respectively);

— Concentration (C): 4,89 mmol and 30,11 mm®l (coded as -1 and +1 respectively).

D.5.4 Ceéntre levels

The centr levels are the average of the two factorial levels, and it is also the average of the two axial
levels. Its|coded value is 0. It was explained in D.5.1 how the centre levels were chosen with a view
to keeping all five levels inside (fhe"maximal range of the predictor variables given in D.3. In this
experiment, the centre levels afe as follows:

— Reaction-time (R): 4d-{coded 0);
— Temperature (T):47,5 °C (coded 0);

— Concentration(C): 17,5 mmol (coded as 0).

D.6 Experimental design

D.6.1 General

The levels of the individual predictor variables defined in D.5 are combined to define the runs of the
experiment. The three types of runs in the CCD are the factorial, the star (or axial) and the centre runs.

Under the given laboratory conditions a high variation in the yield of the reactions is expected.
Furthermore, as explained in D.4, the measurement process of the yield is expected to increase the
variation. In order to increase the precision of the predictions from the experiment an unusual high
number of runs for the central composite design were chosen and the factorial and axial runs are
replicated twice.
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In the factorial runs, all predictor variables are at their factorial levels. The factorial runs usually
constitute a full factorial or a fractional factorial design. In this experiment, a replicated full factorial
design was chosen, so the number of factorial runs was 2 x23 = 16 The factorial runs are given as serial
numbers 1 to 16 in Table D.2. The factorial runs are given in actual levels in columns R, T, and C and in
coded levels in columns x1, x2 and x3.

D.6.3 Axial runs

predictor values are at their centre value. The minimum number of axial runs with 3 predictoy
, butin this design the experimenters decided to replicate the axial runs, so the total numb
s in the experiment is 12. The axial runs are given as serial number 25 to 36 in Table’D.2

is
ru

D.

In
thi

nu

6.4 Centre runs

the centre runs all the predictor variables are at their centre level. Eighttentre runs we
s experiment. The eight centre runs are given as serial number 17 tpo-24'in Table D.2. The

centre runs in this experiment is rather large. Both factorial and axial.tuns are replicated, so
mber of centre runs is not needed to provide an estimate of pure erfor.

rest of the
variables
er of axial

re used in
humber of
this large

Table D.2 — Experimental layout in actual levels of variables R, T and C and in coded vlariables
X1, X2, and x3.The yield in each run is recorded in the last column.
i X X X
‘S)il‘il:: Run order R T < (codeld R) (codezd T) (code3d Q) Vield
1 28 2,00 35,00 10,00 -1,00 -1,00 -1,00 70,5
2 29 2,00 35,00 10,00 -1,00 -1,00 -1,00 49,8
3 6 2,00 35,00 25,00 -1,00 -1,00 1,00 48,3
4 18 2,00 35;00 25,00 -1,00 -1,00 1,00 q7,3
5 15 2,00 60,00 10,00 -1,00 1,00 -1,00 70,4
6 31 2,00 60,00 10,00 -1,00 1,00 -1,00 48,9
7 1 2,00 60,00 25,00 -1,00 1,00 1,00 49,1
8 7 2,00 60,00 25,00 -1,00 1,00 1,00 48,1
9 23 6,00 35,00 10,00 1,00 -1,00 -1,00 7,2
10 33 6,00 35,00 10,00 1,00 -1,00 -1,00 7,5
11 21 6,00 35,00 25,00 1,00 -1,00 1,00 73,9
12 35 6,00 35,00 25,00 1,00 -1,00 1,00 4,1
13 8 6,00 60,00 10,00 1,00 1,00 -1,00 g0,6
1 16 ;66 66,66 16,66 +66 +66 166 91,2
15 6,00 60,00 25,00 1,00 1,00 1,00 80,2
16 32 6,00 60,00 25,00 1,00 1,00 1,00 779
17 4 4,00 47,50 17,50 0,00 0,00 0,00 77,5
18 12 4,00 47,50 17,50 0,00 0,00 0,00 75,2
19 14 4,00 47,50 17,50 0,00 0,00 0,00 77,6
20 20 4,00 47,50 17,50 0,00 0,00 0,00 76,5
21 22 4,00 47,50 17,50 0,00 0,00 0,00 75,6
22 27 4,00 47,50 17,50 0,00 0,00 0,00 76,6
23 30 4,00 47,50 17,50 0,00 0,00 0,00 74,4
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Table D.2 (continued)

Serial Run order T C XI 2 X3 Yield
order (coded R) | (coded T) | (coded C)

24 34 4,00 47,50 17,50 0,00 0,00 0,00 79,2

25 3 0,64 47,50 17,50 -1,68 0,00 0,00 70,1

26 25 0,64 47,50 17,50 -1,68 0,00 0,00 69,1

27 2 4,00 26,48 17,50 0,00 -1,68 0,00 68,6

28 VA 700 26,48 17,50 0,00 —1,68 0,00 70,0

29 9 4,00 47,50 4,89 0,00 0,00 -1,68 74,4

30 26 4,00 47,50 4,89 0,00 0,00 -1,68 75,7

31 11 4,00 47,50 30,11 0,00 0,00 1,68 72,6

32 36 4,00 47,50 30,11 0,00 0,00 1,68 72,3

33 16 4,00 68,52 17,50 0,00 1,68 0,00 75,5

34 19 4,00 68,52 17,50 0,00 1,68 0,00 74,7

35 13 7,36 47,50 17,50 1,68 0,00 0,00 79,9

36 17 7,36 47,50 17,50 1,68 0,00 0,00 80,3

D.7 Data generated by the experiment

The respqnse variable from the experiment is the processcyield and it is given in the last column| in

Table D.2} The product is obtained as a colour-less oik‘and the process yield is determined a$ a

percentage (%). The purpose of the experiment is to maximize yield. The actual levels of variables R, T

and C and|the coded variables x1, x and x3 are giveniittthe rows of Table D.2.

The seconld column of Table D.2 is the variable run.order which gives the order in which the experimental

runs werd
was randd
and axial

D.8 Analysis of results

D.8.1 S

ftware used forthe analysis

Data acqufired through'the experiment are analysed using destra®V11.

D.8.2 Transferfunction

The esti

atéd.transfer function (the estimated systematic part of the model) for Yield (in %) is giv
by the following formula using actual or natural units

performed. The very important infortimation from that column is first of all that the experim
mized. But it can also be seen that the replicates in the experiment are genuine. All the factoq
uns are replicated twice but only’in one case are identical runs performed in sequence.

ent
ial

Yield = 44,130+ 0,341-R + 0,893 T + 0,545-C—0,172-(R-R) + 0,057 (R-T)—
0,010 (T T)+0,010-(R-C)—0,0003-(T-C)-0,19-(CC|

The estimated coefficients are found in Table D.3.
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The values of the predictor variables in actual units are rather large and so the estimated coefficient
may become small. This is one argument for using coded units. The transfer function in coded units

is as follows:

Yield = 76,59 + 3,645 x, + 1,586-x, —0,731-x, — 0,687 - (x, -x,) + L413-(x, - x,)—

(D.8)
1,626 (x, - x,) + 0,150 (x, - x3) — 0,025 (x, - x3) — 1,077 - (x; - x;)

The estimated coefficients are found in Table D.4.
The analysis is performed in the next section with coded variables using the information in Table D.4
anfi The Tesults are subsequently IMterpreted 1M terms of the actual vartabies. In the calcuigtions that
ar¢ reported in the following sections the axial point values are rounded as given in fable D.2.The
cofclusion of the analysis is that a second order model fits the data and that quadratic texms are needed
in the model.
D.8.3 Estimation of coefficients

result of the estimation is displayed in Table D.3 using actual levelsand in Table D.4 ug
leviels. It is the regression coefficients given in Table D.3 that are used-to, give the first repre
of [the transfer function in Formula (D.7) in D.8.2. It is not recommended to inspect the
regression coefficients and trying to interpret whether some @f“the coefficient might
significantly different from 0. The point is that a second order‘surface is being fitted and

ing coded
psentation
ndividual
fail to be
the least
Table D.4

sqhares estimate of the fitted surface has the coefficients in/the “b;” columns of Table D.3 o
depending on the coding of the predictor variables used. The‘Column “s¢;” of Table D.3 and t]
“syi” of Table D.4 show the standard error of the coefficients. From columns "b;j [...]", “|ti|” a
be|seen, which coefficients are significantly different‘from 0. The asterisks in the text co
summarize the degree of significance. One asterisk’means that the coefficient is signifig
ignificance level of 0,05, two asterisks mean_that the coefficient is significant using a si
level of 0,01, and three asterisks mean that.the*coefficient is significant using a significan
0,d05. The graphical column “|tj]” shows a bar graph of “|tj|” with the 0,05, 0,01, and 0,005
giyen as red lines. Thus it displays the information of significance graphically. The column

e column
d “P” can
mn “|t;]”

ant using

bnificance
ce level of
quantiles

“P” gives

th¢ commonly used p-value for the test-statistic t. In column “bj[...]", the 95 % confidence interval of

the coefficients are shown. If the jnterval does not include the value 0 the coefficient is sig
diffferent from 0 with significance level 0,05.

nificantly
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Table D.3 — Estimated regressions coefficients and CCD ANOVA table using actual units

Char.N Char.Descr. Xi b; bi [] Sci | til | til P
Yield f(xq--X10)
Const. 44,13 33,42..54,84 5,209 8,471%** m <0,000 1
R¢actiontime A 0,341 -1,256...1,937 0,777 0,438 H ‘ 0,665
Tgmperature B 0,893 0,578..1,208 0,153 5,826*** E% <0,000 1
N
C4talyst-concentration C 0,545 0,104...0,986 0,214 2,542%* ‘b 0,017 3
)
R¢actiontime A? -0,172 -0,287...-0,057 0,0559 3,078 ‘ ‘ ‘ 0,004 87
AB 0,056 5 0,033 4..0,079 6 0,0112 YRl m <0,000 1
AC 0,0100 -0,0285...0,048 5 0,0187 0,534 ‘ ‘ ‘ 0,598
Tgmperature B? -0,010 4 -0,013 3...-0,007 5 0,001 43 23 m <0,000 1
BC -0,000 3 -0,00 4...0,005*9 0,002 99 0,089 ‘ ‘ ‘ 0,930
Cgtalyst-concentration c? -0,0191 -0,627°3..-0,011 0 0,003 97 4,819%** m <0,000 1
Table D.4 — Estimated regressions coefficients and CCD ANOVA table using coded levels
Char.No. Char.Descr. X b; b; Sh, t; ‘ |ti] P
Intercept 76,59 75,78..77,41 0,396 193,203*** <0,0001
Reactiontime A 3,645 3,203..4,087 0,215 16,957*** b <0,0001
Temperature B 1,586 1,144..2,027 0,215 7,379*** b <0,0001
Catalyst-concentration | C -0,730 -1,172..-0,289 0,215 -3,398*%* ‘ 0,002 19
Reactiontime A? -0,688 -1,148..-0,229 0,224 -3,078%* ‘ 0,004 87
AB 1,412 0,835...1,990 0,281 5,031%** <0,0001
AC 0,150 -0,427..0,727 0,281 0,534 H ‘ 0,598
Temperature B2 -1,624 -2,083...-1,165 0,223 -7,273%** # <0,0001
BC -0,0250 -0,602 1..0,552 0,281 -0,089 H ‘ 0,930
Catalyst-concentration | C? -1,076 -1,535..-0,617 0,223 -4,819%** <0,000 1

It is worth pointing out that the estimates of the regression coefficients depend on the coding of
predictor variables used. Note for example that the estimated coefficient of R is 0,341 and it is non-
significant when actual levels are used (see Table D.3), while the estimated coefficient of x1 is 3,645 and
is strongly significant when coded levels are used.
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While it is inappropriate to change the values of individual estimated regression coefficients it does
make sense to look for model simplification where one answers questions like the following:

— Are the pure quadratic terms needed in the model?
— Isafirst order model satisfactory?

This is where the ANOVA table in Table D.5 is useful. The ANOVA tables are the same regardless of
which coding of the variables is being used. The first 12 lines in the table give the information based on
the F-test whether a specific parameter B, Bjj, Bii or a combination of them is needed in the model. The
line “Quadratic” indicates the need for pure quadratic terms in the model by giving the F-test for the
hypothesis that f11 = 22 = £33 = 0 in the Fg-column. The p-value of the F-test is smaller than-0,0001 and
the¢ hypothesis is strongly rejected, so the quadratic terms are needed in the model. The\F-fest in the
“Tyo-factor-interaction” line tests the hypothesis 12 = f13 = f23 = 0 and this hypothesis is also rejected
anf so is the hypothesis 1 = §2 = f3 = 0 which is tested by the F-test in the “Linear}ine.
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Table D.5 — CCD ANOVA table using coded levels

R%= 94,474 % R*2= 92,561 %
Char.No. Char.Descr. Xi SS MS DF Fo Fo P
linear 445,9 148,6 3,000 | 117,9% <0,000 1
Reactiontime A 362,6 362,6 1,000 | 287,6%* <0,000 1
Temperature B 58,67 58,67 T,000 | 54,457 20,0001
Catalyst-concentration C 14,56 14,56 1,000 11,55** H 0,002 2
quadratic 82,39 27,46 3,000 | 21,78%* <0,000 1
Reactiontime A? 11,95 11,95 1,000 | 9,474** H 0,004 9
Temperature B2 66,72 66,72 1,000 52,90%% <0,000 1
Catalyst-concentration c? 29,28 29,28 1,000 b Ky A H> <0,000 1
Two-factor 32,29 10,76 3,000 | 8,535%** 0,000 4
interaction
AB 31,92 31,92 1,000 | 25,31% n> <0,000 1
AC 0,360 0,360 1,000 0,285 “} 0,598
BC 0,610 0 0,0100| 1,000 | 0,007 93 H) 0,930
Model 560,6 62,28 9,000 | 49,39%* <0,000 1
Error 32,79 1,261 26,00
Ldck of Fit 8,384 1,677 5,000 1,443 0,250
Pure Error 24,40 1,162 21,00 ---
Total 593,3 16,95 35,00
The last fjve lines-eoncern the error estimate and a model check. The experiment has 36 observatigns
and the mjodel has 10 parameters, one for each of the 10 terms on the right hand side of the formulae for
the transfeffunction in D.8.2. This gives an error estimate with 36 — 10 = 26 degrees of freedom (see the
line “Error”]. Because of the replications, Z1 degrees of ireedom can be 1dentified for pure error (see line

“Pure Error”). The 21 degrees of freedom are 7 degrees of freedom from the 8 replicates at the centre
point and 14 degrees of freedom from the two replicates at each of the 14 design points (8 factorial
points and 6 axial points). Calculating the sum of squares for Pure Error (line “Pure Error”, column “SS”)
and subtracting it from the Total Error Sum of Squares (line “Error”, column “SS”) gives the Lack of Fit
Sum of Squares in the line “Lack of Fit”. Dividing it by the remaining 5 degrees of freedom for the lack
of fit, leads to the mean squares for Lack of Fit in column “MS”. The “Lack of Fit” F-test is the ratio of the
mean square for Lack of Fit to the mean square for Pure Error. In this case the p-value is 0,250 and the
model is not questioned. The test statistic is given in column “Fg” together with the asterisks showing
the degree of significance by comparing Fo with the F-quantiles for the a-values as stated above. The
graphical “Fp”-column shows again the comparison of Fyp with F-quantiles for the different a-values. The
filled diamond on left side in graphic in line “Lack of Fit” indicates that F¢ falls below the F-quantile for
a = 0,05. This leads to the same conclusion from the p-value: No significant Lack of Fit.
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D.8.4 Graphs of data and residuals
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NOTE The plot in the upper panel showsS_the residuals against the serial order from the first|column of

Talple D.2. The type of run can be identified-on the plot noting that runs 1 to 16 are factorial runs, [runs 17 to
24 |are centre runs, and runs 25 to 36 are’star runs. The plot in the lower left hand panel shows a §-Q plot of
rediduals. Finally the plot in the lower\right hand panel shows the residuals plotted against the fitted yalue.

Figure D.1 — Selection of plots of the data and the residuals

Thie plot in the upper, paiiel shows the residuals against the serial order of the runs from the fifst column
of [lable D.2. The plotgives an overview over the residuals and shows their +3 s range. The ey¢-catching
highest deviations/from the model occur for No. 23 and 24 which are the last two replicatipns of the
centre pointsi-The overall impression is that the deviations are equally spread around the nodel and
no|systemadtic'trend is present which would indicate a systematic lack of fit. Comparing columns one
anfl two.of Table D.2 it is seen that the type of run can be identified from the serial order. Thup, the first
16|points are the pairs of replicated factorial runs, they are followed by 8 replicated centre funs, and,
finally, by 12 replicated star runs.

The plot in the lower left panel shows a Q-Q plot of residuals as a check for normal distribution. This plot
does not contradict the assumption of a normal distribution. The two largest residuals in runs 23 and 24
show up again. But they are not critical for the assumption of a normal distribution. Larger deviations
from the straight line in a Q-Q plot are always expected for smaller and for larger observations.

In the plot in the lower right panel, the residuals are plotted against the fitted values. The values in the
boxes show again the serial number in the design. If, for example, large standard deviations occurred
with large responses, this plot would show a funnel shape. But again, only randomness can be seen. For
the fitted value of 76,5 %, the replications in the centre point can easily been identified and the large
residual in runs 23 and 24 are noted again.
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Comparing the range of residuals of less than +3 % yield with a range of the explained yield in the
experimental region of about 13 % the plot also indicates a good fit of the model as already noted in the
ANOVA tables in Table D.5.

D.9 Presentation of results — Optimization

D.9.1 General

Just looking at the transfer function (the estimated systematic part of the model) whether it is shown
in actual ymi i . i i ;i . ies
of the response surface. It is important to realize that the second order polynomial in two or mgre
variables |can represent a variety of surfaces. The stationary point can be a maximum, a mipimfim
or a saddle point. Furthermore, the stationary point can be located outside as well ag_inside the
experimeftal region. The situation is only simple, if the objective is to maximize the response and if the
stationary point is a maximum located inside the experimental region, or, alternativelyyif'the objectjve
is to minimize the response and if the stationary point is a minimum located inside the experime
region, anld then the optimal settings is the stationary point. In all other cases, thecoptimal setting ne¢ds
to be fourjd away from the stationary point but within the boundary of the expérimental region. If the
number of predictor variables is two or three, then contour plots can be of help-as illustrated in D.9.3.

D.9.2 predents the canonical analysis of the fitted second order response*surface. Canonical analyjsis
has been |the basic tool to gain a precise understanding of the response surface. Although modé¢rn
computerfsoftware has various impressive graphical and analyticaliteols, the knowledge obtained frpm
a canonichl analysis helps to fully exploit the graphical tools. The results of the canonical analysig in
this experjiment are that the stationary point is a maximum thiatis located far outside the experimenital
region. THe analysis is not done with a user function of destra® V11.

In additioh to the canonical and the graphical analyses, many software packages easily apply numerigal
search mgthods in order to find a local minimum ormaximum of the response surface. D.9.3 gives the
result of the search by destra® V11 applying Powell’s' search algorithm within the experimental regipn.

D.9.2 Canonical analysis

D.9.2.1 Eigenvalues, eigenvectors and stationary point

The standard result from the cagonical analysis based on any software package is given is Table I).6.
Table D.7 jgives the coordinates-of the stationary point, Xs, in coded units and in original units as well
as the prgdicted response at-thie stationary point. Mathematical details of canonical analysis can|be
found in H.3.

Table D.p — Canonical analysis of response surface based on coded variables: Stationary point

Stationary point
R T C
Codedumits 57697 27962 07023
Original units 15,380 84,531 17,671
Predicted value at the stationary point
89,30

Table D.7 contains information that characterizes the estimated response surface. The first column
gives the eigenvalues and all three are negative, which means that the stationary point is a maximum.
The eigenvector corresponding to the eigenvalue -0,304, for example, is given in the same row. The
labels R, T and C have been used for the coordinates even if the coordinates are in coded units. All
eigenvalues are negative so the stationary point is a maximum.
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