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ISO/IEC Foreword

ISO (the International Organization for Standardization) and IEC (the International Electrote
Commission) form the specialized system for worldwide standardization. National bodies that are mem
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established by the respective organization to deal with particular fields of technical activity. ISO a
technical committees collaborate in fields of mutual interest. Other international organizations, goyern
and non-governmental, in liaison with ISO and IEC, also take part in the work.

Draft Guides adopted by the responsible Committee or Group are circulated to the memberbodies for
Publication as a Guide requires approval by at least 75 % of the member bodies castingya vote.

Attention is drawn to the possibility that some of the elements of this document/may be the subject of
rights. ISO shall not be held responsible for identifying any or all such patent rights:

ISO/IEC Guide 98-4 was prepared by Working Group 1 of the Joint Commnittee for Guides in Metrol
JCGM 106:2012), and was adopted by the national bodies of ISO andAE€.

ISO/IEC Guide 98 consists of the following parts, under the generaltitle Uncertainty of measurement.
— Part 1: Introduction to the expression of uncertainty in measurement

— Part 3: Guide to the expression of uncertainty in measurement (GUM:1995)
— Part 4: Role of measurement uncertainty in conformity assessment

The following parts are planned:

— Part 2: Concepts and basic principles

— Part 5: Applications of the least-squares method

ISO/IEC Guide 98-3 has twe,supplements:.

— Supplement 1: Propagation of distributions using a Monte Carlo method

— Supplement 2y Extension to any number of output quantities

The following'supplement to ISO/IEC Guide 98-3 is planned:

— Supplement 3: Modelling
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Given that ISO/IEC Guide 98-3:2008/Suppl.1:2011 is identical in content to JCGM 101:2011, the ¢

symbol 1s a point on the line Iin the English version and a comma on the line in the French version.

Annex ZZ has been appended to provide a list of corresponding ISO/IEC Guides and JCGM guidance

documents for which equivalents are not given in the text.
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Foreword

In 1997 a Joint Committee for Guides in Metrology (JCGM), chaired by the Director of the Bureau International des
Poids et Mesures (BIPM), was created by the seven international organizations that had originally in 1993 prepared
the Guide to the expression of uncertainty in measurement (GUM) and the International vocabulary of basic and
general terms in metrology (VIM). The JCGM assumed responsibility for these two documents from the ISO Technical
Advisory Group 4 (TAG4).

The Joint Committee is formed by the BIPM with the International Electrotechnical Commission (IEC), the In-
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hal Federation of Clinical Chemistry and Laboratory Medicine (IFCC), the International Organizatien|
lization (ISO), the International Union of Pure and Applied Chemistry (IUPAC), the Internationah\Ui
and Applied Physics (IUPAP), and the International Organization of Legal Metrology (OIML)? A

hnization joined these seven international organizations, namely, the International Laboratory Aceredita
tion (ILAC).

the use of the GUM and to prepare Supplements and other documents for its broadyapplication. Worl
, “Working Group on International vocabulary of basic and general terms in metrology (VIM)”, has the
and promote the use of the VIM. For further information on the activity of the . JCGM, see www.bipm.o

nts such as this one are intended to give added value to the GUM by providing guidance on aspects of
bn and use of measurement uncertainty that are not explicitly treated fn<the GUM. Such guidance will b
ht as possible with the general probabilistic basis of the GUM.

cument has been prepared by Working Group 1 of the JCGM, and has benefited from detailed revil
ken by member organizations of the JCGM and National Metrology Institutes.

has two Working Groups. Working Group 1, “Expression of uncertainty in measuremeéiit”, has the task
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Introduction

Conformity assessment (see , as broadly defined, is any activity undertaken to determine, directly or indirectly,
whether a product, process, system, person or body meets relevant standards and fulfills specified requirements (see
3.3.3). ISO/IEC 17000:2004 gives general terms and definitions relating to conformity assessment, including the
accreditation of conformity assessment bodies and the use of conformity assessment in facilitating trade.

Ina partlcular kind of conforrmty assessment, sometimes called mspectwn seem the determination that a product
fy i ! alsou 6-1:-2003 [22] sets
ot gu1dehnes for checkmg conformlty Wlth spemﬁed hmlts in the case Where a quantu‘y (see m is measyred and a
rgsulting coverage interval (see (termed ‘uncertainty interval’ in ISO 10576-1:2003) is comparedwith 4 tolerance
terval (see. The present document extends this approach to include explicit consideration of rigsks, anfl develops
g¢neral procedures for deciding conformity based on measurement results (see , recognizing’the central role of
probability distributions (see as expressions of uncertainty and incomplete informationg

.

The evaluation of measurement uncertainty is a technical problem whose solution is adfressed by JCGM]| 100:2008,
lie Guide to the expression of uncertainty in measurement (GUM), and by and itg"Supplements, JCGM|101:2008,
CGM 102:2011 and JCGM 103 [3]. The present document assumes that a quantity of interest, the measfirand (see
ED, has been measured, with the result of the measurement expressed in a manmner compatible with the|principles
bscribed in the GUM. In particular, it is assumed that corrections have heen“applied to account for all tecognized
significant systematic effects.

-+

o.[59]

I} conformity assessment, a measurement result is used to decide @D an item of interest conforms to 4 specified
rgquirement. The item might be, for example, a gauge block or digital voltmeter to be calibrated in compllance with
ISO/IEC 17025:2005 [23] or verified according to ISO 3650 [24] <t & sample of industrial waste water. The requirement
typically takes the form of one or two tolerance limits (see @ that define an interval of permissible valuds, called a
lerance interval (see , of a measurable property of the-dtem. Examples of such properties include the length of a
gauge block, the error of indication of a voltmeter, and tlé mass concentration of mercury in a sample of wgste water.
If] the true value of the property lies within the tolerance interval, it is said to be conforming, and non-cpnforming
otherwise.

=+

NIOTE The term ‘tolerance interval’ as used in ¢onformity assessment has a different meaning from the same term 4s it is used
iny statistics.

Iy general, deciding whether an itemi gonforms will depend on a number of measured properties and therd might be
ofie or more tolerance intervals agsociated with each property. There may also be a number of possible decisions with
rgspect to each property, giventhe result of a measurement. Having measured a particular quantity, for exgmple, one
ight decide to (a) accept phe.tem, (b) reject the item, (c¢) perform another measurement and so on. This|document
pals with items having a-single scalar property with a requirement given by one or two tolerance limits, anfl a binary
ofitcome in which thererare only two possible states of the item, conforming or non-conforming, and two possible
corresponding decisions; accept or reject. The concepts presented can be extended to more general decision|problems.

2 B

I} the evaluatiem of measurement data, knowledge of the possible values of a measurand is, in general, encoded
ahd conveyed\by a probability density function (see 7 or a numerical approximation of such a functjon. Such
khowledgeis often summarized by giving a best estimate (taken as the measured quantity value (see ) together
wlith an¢associated measurement uncertainty, or a coverage interval that contains the value of the measurgnd with a
stlated “coverage probability (see . An assessment of conformity with specified requirements is thus almatter of

h s S K91 1 h| Cad : LR I I | £ c : 1
p UDablIlIty, Dascd OI1 TIITOTIIIat o avaltapte atter PCIIOIIIIITE the measurenTent:

In a typical measurement, the measurand of interest is not itself observable. The length of a steel gauge block,
for example, cannot be directly observed, but one could observe the indication of a micrometer with its anvils in
contact with the ends of the block. Such an indication conveys information about the length of the block through
a measurement model that includes the effects of influence quantities such as thermal expansion and micrometer
calibration. In conformity assessment, an accept/reject decision is based on observable data (measured quantity
values, for example) that lead to an inference regarding the possible values of a non-observable measurand [37].

Because of uncertainty in measurement, there is always the risk of incorrectly deciding whether or not an item conforms

© ISO/IEC — JCGM 2012 — All rights reserved Vi


https://standardsiso.com/api/?name=3dc841aed0235de4433113bd556be06a

ISO/IEC GUIDE 98-4:2012(E) JCGM 106:2012

to a specified requirement based on the measured value of a property of the item. Such incorrect decisions are of two
types: an item accepted as conforming may actually be non-conforming, and an item rejected as non-conforming may

actually

be conforming.

By defining an acceptance interval (see of permissible measured values of a measurand, the risks of incorrect
accept/reject decisions associated with measurement uncertainty can be balanced in such a way as to minimize the
costs associated with such incorrect decisions. This document addresses the technical problem of calculating
conformance probability (see and the probabilities of the two types of incorrect decisions, given a probability
density function (PDF) for the measurand, the tolerance limits and the limits of the acceptance interval.

the

A partid

Choosin|
associat
the scop

ular acceptance interval, and its relation to a corresponding tolerance interval is shown in figure

Acceptance interval ‘

A

Toleranceinterval ‘

F'igure 1 — Binary conformity assessment where decisions are based on measured quantity values. The
rue value of a measurable property (the measurand) of an item(is specified to lie in a tolerance interval
bfined by limits (71,,7y). The item is accepted as conforming if.the measured value of the property lies in
an interval defined by acceptance limits (see i (AL, Ay)s~and rejected as non-conforming otherwise.

o the tolerance limits and acceptance limits are husiness or policy decisions that depend upon the consequeil
bd with deviations from intended product quality: A general treatment of the nature of such decisions is bey|
e of this document; see, for example, refexénces [14), [15], 34] [35] [36], [44].

Lces
bnd

viii
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Evaluation of measurement data — The role of
measurement uncertainty in conformity assessment

1

Scope

This document provides guidance and procedures for assessing the conformity of an item (entity, object or system)

A
p

as

ti

2

T

ith specified requirements. The item might be, for example, a gauge block, a grocery scale or a blood a1
ocedures can be applied where the following conditions exist:

- the item is distinguished by a single scalar quantity (see[3.2.1) (a measurable property) definedcto a lev:
sufficient to be reasonably represented by an essentially unique true value;

NOTE The GUM provides a rationale for not using the term ‘true’, but it will be used.im“this document wh
otherwise a possibility of ambiguity or confusion.

- an interval of permissible values of the property is specified by one or two polerance limits;

- the property can be measured and the measurement result (see [3.2.5)_éxpressed in a manner consi
the principles of the GUM, so that knowledge of the value of the prepeérty can be reasonably describe
probability density function (see[3.1.3) (PDF), (b) a distribution fun¢tion (see[3.1.2)), (c) numerical apprd
to such functions, or (d) a best estimate, together with a coverage interval and an associated coverage p

he procedures developed in this document can be used te_realize an interval, called an acceptance ii
brmissible measured values of the property of interest. Aegeptance limits can be chosen so as to balanc
sociated with accepting non-conforming items (consumer’s risk) or rejecting conforming items (producer’

wo types of conformity assessment problems areladdressed. The first is the setting of acceptance limit
sure that a desired conformance probability for’a single measured item is achieved. The second is the
ceptance limits to assure an acceptable levehof confidence on average as a number of (nominally identical
easured. Guidance is given for their solution.

his document contains examples tQ illustrate the guidance provided. The concepts presented can be ey
ore general conformity assessment.problems based on measurements of a set of scalar measurands. Docur]
references [19, [I3] cover sector=specific aspects of conformity assessment.

he audience of this documerit includes quality managers, members of standards development organizations,

bn authorities and thie-staffs of testing and measuring laboratories, inspection bodies, certification bodies,
bencies, academicgand researchers.

Normative references

mple. The

bl of detail

en there is

btent with
d by (a) a
ximations
obability.

hterval, of
b the risks
S risk).

that will
setting of
items are

tended to
hents such

accredita-
egulatory

hé following referenced documents are indispensable for the application of this document.

JCGM 100:2008. Evaluation of measurement data — Guide to the expression of uncertainty in measurement (GUM).

JCGM 101:2008.| Evaluation of measurement data — Supplement 1 to the ” Guide to the expression of uncertainty in
measurement” — Propagation of distributions using a Monte Carlo method.

JCGM 102:2011.] Evaluation of measurement data — Supplement 2 to the ”Guide to the expression of uncertainty in
measurement” — Extension to any number of output quantities.

JCGM 200:2012.| International vocabulary of metrology — Basic and general concepts and associated terms (VIM3).
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ISO/IEC 17000:2004. Conformity assessment — Vocabulary and general principles.
ISO 3534-1:2006. Statistics — Vocabulary and symbols — Part 1: Probability and general statistical terms.

ISO 3534-2:2006. Statistics — Vocabulary and symbols — Part 2: Applied statistics.

3 Terms and definitions

For the [purposes of this document the definitions of JCGM 100:2010, JCGM 101:2008 and JCGM 200:2012 "apjply,
unless ofpherwise indicated. Some of the most relevant definitions from these documents are given succingfly below.
Supplenjentary information, including notes and examples, can be found in the normative references.

Further [definitions are also given, including definitions taken, or adapted, from other sources, which”are especiplly
importapt in conformity assessment.

For defihitions that cite other documents, a NOTE that occurs prior to such citation is a part)of the cited entry; ofher
NOTES|are particular to the present document.

i

In this document, the terms “indication” and “maximum permissible error (of indic¢ation)” are taken to be quantities

rather than values, in contrast with JCGM 200:2012.

NOTE Citations of the form [JCGM 101:2008 3.4] are to the indicated (sub)clauses of the cited reference.

3.1 Terms related to probability

3.1.1
probability distribution

distribufion

probability measure induced by a random variable

NOTE [There are numerous, equivalent mathematical representations of a distribution, including distribution function |see
clause 3.[.2)), probability density function, if it exi§ts' (see clause 3.1.3), and characteristic function.

[Adaptefl from ISO 3534-1:2006 2.11]
3.1.2

distribfition function
function| giving, for every value-¢, the probability that the random variable X be less than or equal to &:

G (S Pr(X <€)
[JCGM [101:2008 3:2]

3.1.3
probability density function

PDF
derivative, when it exists, of the distribution function

9x (5) =dGy (5)/(16

NOTE g, (§)d¢ is the ‘probability element’
gx (§)d€ = Pr(§ < X <+ d9).

[Adapted from JCGM 101:2008 3.3]
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3.14
normal distribution
probability distribution of a continuous random variable X having the probability density function

for —oo < £ < 400

NOTE 1 p is the expectation (see3.1.5) and o is the standard deviation (see|3.1.7) of X.

NIOTE 2 The normal distribution is also known as a Gaussian distribution.

[

CGM 101:2008 3.4]

w

1.5
Xpectation
fgr a continuous random variable X characterized by a PDF g, (£),

[¢]

B = [ g () de

NOTE 1 The expectation is also known as the mean.
NOTE 2 Not all random variables have an expectation.

NOTE 3 The expectation of the random variable Z = F(X), for a'given function F(X), is

B(Z) = B(F(X)) = / " P(e)gy (6)de

[

CGM 101:2008 3.6]

w

1.6
variance
fdr a continuous random variable X characterized by a PDF g, (&),

veo = [ T EN B2 g, () de

— o

NIOTE Not all random variables have a variance.

[

CGM 101:2008 34}

3|1.7
standard deviation
ppsitive Sguare root of the variance

[

CGM 101:2008 3.8]

3.2 Terms related to metrology

3.2.1

quantity

property of a phenomenon, body, or substance, where the property has a magnitude that can be expressed as a number
and a reference

[JCGM 200:2012 1.1]
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3.2.2
quantit,
value of
value
number

y value
a quantity

and reference together expressing magnitude of a quantity

[JCGM 200:2012 1.19]

3.2.3

true qu
true val
true val
quantity

[JCGM

3.2.4
measuy
quantity

[JCGM

NOTE 1

3.2.5

measur
result of
set of q

NOTE
with an
(c) a PD|

[JCGM

3.2.6

measuy
value of
measure
quantity

NOTE |
[JCGM

3.2.7
coverag
interval

antity value

he of a quantity

e

value consistent with the definition of a quantity

200:2012 2.11]

and
intended to be measured

00:2012 2.3]

n this document, the measurand is a measurable property of an item of interest.

ement result
measurement
lantity values being attributed to a measurand together, with any other available relevant information

A measurement result may be expressed in a number of Ways, by giving, for example, (a) a measured quantity v,
ssociated measurement uncertainty; (b) a coverage interval for the measurand with an associated coverage probabi
F: or (d) a numerical approximation to a PDF.

00:2012 2.9]

ed quantity value

a measured quantity

d value

value representing a measurement result

\ measured quantityvalue is also known as an estimate, or best estimate, of a quantity.

00:2012 2.10}

e interval

hlue
ity;

ion

comtaining the set of true quantity values of a measurand with a stated probability, based on the informa

availabl
[JCGM

3.2.8

200:2012 2.36]

coverage probability
probability that the set of true quantity values of a measurand is contained within a specified coverage interval

[JCGM

200:2012 2.37]
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3.2.9
indication
quantity provided by a measuring instrument or measuring system

N
fo

N

[Adapted from JCGM 200:2012 4 1]

OTE 1 An indication is often given as the position of a pointer for an analogue output or the displayed or print
r a digital output.

OTE 2 An indication is also known as a reading.

ed number

C{

o

S]

=

—

V9

=

t

iy

3 Terms related to conformity assessment

3.1
bnformity assessment

\dapted from ISO/IEC 17000:2004 2.1]

3.2
)spection
nformity assessment by observation and judgement accompanied, as approepriate, by measurement, testing

\dapted from ISO 3534-2:2006 4.1.2]

3.3
becified requirement
bed or expectation that is stated

OTE Specified requirements may be stated in normative documents such as regulations, standards and technical spd

SO/IEC 17000:2004 3.1]

OTE 1 The term ‘expectation’ in the context of a specified requirement is not related to the expectation of]

riable; see definition

OTE 2 In this document/a typical specified requirement takes the form of a stated interval of permissible
easurable property of an item.

XAMPLE 1 A sample/of industrial waste water (the item) is required to have a mass concentration of dissolvd
he property) of no gféater than 10ng/L.

XAMPLE 2 A, grocery scale (the item) is required to have an indication R (the property) in tH
09.5 g < (R\< 1000.5 g] when measuring a standard 1 kg weight.

3.4
blérance limit

3
t
S

OTE A measurement performed as part of conformity assessment4s sometimes called an inspection measurement.

tivity to determine whether specified requirements relating to a product, process, system ‘person or body are fulfilled

br gauging

cifications.

a random

values of a

d mercury

e interval

2 . .. .
eCIICatIion ot

specified upper or lower bound of permissible values of a property

[Adapted from ISO 3534-2:2006 3.1.3]

3.3.5
tolerance interval
interval of permissible values of a property

[Adapted from ISO 10576-1:2003 3.5]
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NOTE 1

Unless otherwise stated in a specification, the tolerance limits belong to the tolerance interval.

NOTE 2 The term ‘tolerance interval’ as used in conformity assessment has a different meaning from the same term as it is

used in s

NOTE 3

3.3.6
toleran

tatistics.

A tolerance interval is called a ‘specification zone’ in ASME B89.7.3.1:2001 [2].

ce
o]

specifie
differen

3.3.7
conforr]
probabil

3.3.8
accepts
specified

[Adapte

3.3.9
accepts
interval

NOTE 1

NOTE 2

3.3.10
rejectid
interval

NOTE 1

3.3.11
guard 1
interval

NOTE

3.3.12

decisiol
documel
rejecting

[Adapte

TOTCT BT

e between upper and lower tolerance limits

hance probability
ity that an item fulfills a specified requirement

nce limit
upper or lower bound of permissible measured quantity values

1 from ISO 3534-2:2006 3.1.6]

nce interval
of permissible measured quantity values

Unless otherwise stated in the specification, the acceptance limits belong to the acceptance interval.

An acceptance interval is called an ‘acceptance zone’ in ASME B89.7.3.1 [2].

n interval
of non-permissible measured quantity values

A rejection interval is called an ‘rejectionyzone’ in ASME B89.7.3.1 [2].

and
between a tolerance limit, and/a corresponding acceptance limit

['he guard band includes\the limits.

h rule
ited rule that describes how measurement uncertainty will be accounted for with regard to accepting
an itenh given a specified requirement and the result of a measurement

H ffom ASME B89.7.3.1-2001 [2]]

3.3.13

specific consumer’s risk
probability that a particular accepted item is non-conforming

3.3.14

specific producer’s risk
probability that a particular rejected item is conforming
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3.3.15

global consumer’s risk

consumer’s risk

probability that a non-conforming item will be accepted based on a future measurement result

3.3.16

global producer’s risk

producer’s risk

probability that a conforming item will be rejected based on a future measurement result

3
n
t

p
N|

3
n
M
fq
1

—-

o

N|
id

S

efror of indication is typically evaluated by measuring a calibrated reference standard.

3.17

jeasurement capability index

lerance divided by a multiple of the standard measurement uncertainty associated with the rheasured
operty of an item

OTE In this document the multiple is taken to be 4; see clause [7.6.3

3.18

jaximum permissible error (of indication)

PE

r a measuring instrument, maximum difference, permitted by specificatiofis)or regulations, between the i
dication and the quantity being measured

OTE 1 When more than one maximum difference is specified, the terfn “maximum permissible errors” is used; f
specified maximum negative difference and a specified maximum poS§itive difference.

OTE 2 The error of indication can be written as E = R — Ry, where R is the indication and Ry denotes the indid
eal measuring instrument measuring the same measurand Y In the testing and verification of a measuring instr

Conventions and notation
r the purposes of this document the-f¢llowing conventions, notation and terminology are adopted.
1  In the GUM, the standard uncertainty associated with an estimate y of a measurand Y is written as 4
ibscript “c”, denoting “combined” standard uncertainty, is viewed as redundant and is not used in this
ee JCGM 101:2008 4.10),
2  An expression written A =: B means that B is defined by A.
3 When thefeis'no potential for confusion, the symbol u, rather than u(y), will be used for notational

he expanded wticertainty U is generally taken to be U = ku using a coverage factor of k = 2; the value of]
(plicitly whet there is potential for ambiguity.

value of a

hstrument

r example,

ation of an
ment, the

c(y). The

Hocument.

simplicity.
k is given

4 . Woproperty of interest (the measurand) is regarded as a random variable Y with possible values 7.
edsured, evaluation of the measurement data yields a measured quantity value n,, taken to be a realiz

hen Y is
tion of an

(6]
w

11 k| CH T I 1 I 1 1 1 1 LR B B K o £ Nz ] 1
SCIVaDIC TalldOIII vVariavltc Iy, . 111 §ClICldl, .blll:: HIC4ASUIret valuc 7y, WII UIICT IO I DYy all UIIKIIOWID €TT

hich depends on random and systematic effects.

or F/, say,

4.5 A tolerance interval specifies permissible values of the measurand Y. A conformity assessment decision is based
on the measured value 7, and the relation of n,, to a defined acceptance interval.

4.6  Knowledge of the quantities Y and Y}, is encoded and conveyed by conditional PDFs whose forms depend on
available information. Conditional PDFs are written with a vertical bar, with information to the right of the bar
regarded as given. The PDF for a measurand Y before measurement is gy|;(n|I), where the symbol I denotes prior
information.
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4.7  Following a measurement of a property of interest, yielding an observed measured value 7, the post-
measurement PDF for Y is gy, 1(01m, I)-

4.8  The analogous PDFs for the possible values 7, of the measuring system output quantity Yy, are (a), gy, |1 (fm|1),
encoding belief in possible measured values given only the prior information I, and (b), gy, 5,1 (m|n, I), the analogous
PDF when, in addition to the prior information I, the measurand is assumed to have a given true value Y = 7.

4.9  In the interests of brevity, in this document explicit display of the fixed prior information I is largely omitted.
Also, PDF's for Y and Y, are expressed in terms of symbols g and h respectively, using the following notation in which
subscripts are largely suppressed:

—  For|pre-measurement knowledge of the measurand Y,

gY|1(77|I) =:9,(n);

— For|post-measurement knowledge of the measurand Y,

Y 00, (M70, 1) =2 9 (000 5

— Kn¢wledge of possible measured values given only the prior information I,

gYm|1(77m|I) =:hy(Nm);

—  Kn¢wledge of Yy, assuming, in addition to information I, a given value Y = n of the measurand,
9Yauln 2 (Mn |7, I) =2 h (1n |1) -

These PDFs are not independent but are related by Bayes’ théérem (see clause [6.2])

4.10 |According to Resolution 10 of the 22nd CGPM:{2003) “ . . . the symbol for the decimal marker shal] be

either the point on the line or the comma on the line\\" . 7. The JCGM has decided to adopt, in its documentf in
English,| the point on the line.

5 Tolerance limits and tolerance intervals
5.1 C(onformity assessment\measurements
5.1.1 | Consider a situation~where a property of an item of interest, such as the error of indication of a voltmeter, is

measured in order to decideswhether or not the item conforms to a specified requirement. Such a test of conformity
compris¢s a sequence of thrée operations:

— megsure the property of interest;

— comnjpare tlie measurement result with the specified requirement;

1 1 4 —
I deb UT U a SUOSTUUTIIL aCTtIouILL

5.1.2  In practice, once the measurement result has been obtained, the comparison/decision operations are typically
implemented using a previously established and stated decision rule (see[3.3.12)) that depends upon the measurement
result, the specified requirement, and the consequences of an incorrect decision.

5.1.3  Guidance is available regarding the formulation of a decision rule. ISO 14253-1 [2I] and ASME B89.7.3.1
[2] provide guidelines for documenting a chosen decision rule and for describing the role of measurement uncertainty
in setting acceptance limits. These documents address decision rules involving two or more possible decisions, and
include the binary decision rule, with which this document is concerned, as a special case.
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5.1.4 A measurement performed as part of a conformity assessment is designed to obtain information sufficient
to enable a decision to be made with an acceptable level of risk. An appropriate measurement strategy will balance
the cost of reducing measurement uncertainty against the benefit of more certain knowledge of the true value of the
measurand.

5.1.5  An inspection measurement together with an associated decision rule is thus closely related to matters such
as costs and risks. As such, the design of a satisfactory conformity assessment is often not a purely technical exercise.
If the goal is to minimize cost, then given a suitable economic model the problem can be reduced to direct calculation.

5|2 Permissible and non-permissible values: tolerance intervals
5{2.1  In this document, specified requirements for a measurand of interest consist of limiting valuesy called tolerance
limits, that separate intervals of permissible values of the measurand from intervals of non-periissible vplues [22].
Intervals of permissible values, called tolerance intervals, are of two kinds:

— a one-sided tolerance interval with either an upper or a lower tolerance limit;

— a two-sided tolerance interval with both upper and lower tolerance limits.

In} either case, an item conforms to the specified requirement if the true value(ofjthe measurand lies within the tolerance
riterval and is non-conforming otherwise. The above tolerance intervals dr€illustrated in figure

—-

5[2.2  Seemingly one-sided tolerance intervals often have implied additional limits, for physical or theoretichl reasons,
that are not explicitly stated [22]. Such tolerance intervals are@flectively two-sided, having one specified| limit and
ofe implied limit; see examples 4 and 5 below.

Tolerance interval

Tolerance interval

Tolerance interval

©

Figure 2 — Tolerance intervals. (a) A one-sided interval having a single lower tolerance limit 71 ; (b)|a
one-sided interval having a single upper tolerance limit Ty; (c) a two-sided interval having lower and
upper tolerance limits. The difference Ty — T7, is called the tolerance.

NOTE 1 In some cases, such as food safety or environmental protection, specifying the tolerance limits in conformity assess-
ment measurements may involve uncertainties related to the difficulty in assessing the consequences of incorrect decisions [29].
A related problem in reliability analysis, called completeness uncertainty, is associated with unanalysed contributions to risk
[31].

NOTE 2 Matters such as completeness uncertainty bear no relation to the measurement uncertainty associated with an
estimate of a measurand resulting from an inspection measurement. In this document the tolerance limits are taken to be fixed
constants.
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5.3 Examples of tolerance limits
EXAMPLE 1 Single upper tolerance limit

The breakdown voltage V4, for a certain type of Zener diode is specified to be no greater than —5.4 V. For a conforming diode,
W lies in the open interval V;, < —5.4 V.

EXAMPLE 2 Single lower tolerance limit

A metal container for soft drinks is required to have a bursting strength B of not less than 490 kPa. Conforming values of B
lie in theg open interval B > 490 kPa.

EXAMPLE 3 Explicit upper and lower tolerance limits

An OIML Class E; 1 kg weight [25] is specified to have a maximum permissible error (MPE) of 500 pug. This nieans that|the
mass m ¢f the weight is specified to be not less than 0.999999 5 kg and not more than 1.0000005 kg. A conforming 1 kg wejght
is one for which the mass error E = m — mo, with mo = 1 kg, lies in the interval —500 pg < E < 500 pg.

EXAMPLE 4 Explicit upper and implied lower tolerance limits

An envionmental regulation requires the mass concentration X of mercury in a stream of’industrial waste water to b¢ no
greater than 10 ng/L, which is an explicit upper tolerance limit. Since the mass concentration/cannot be less than zero, there
is an implied lower tolerance limit of 0 ng/L. A sample of waste water complies with thé Begulation if the mass concentrafion
of mercupy in the sample lies in the interval 0 ng/L < X < 10 ng/L.

EXAMPLE 5 Explicit lower and implied upper tolerance limits

Powderegl sodium benzoate, used as a food preservative, is required to havé)avpurity P, expressed as a mass fraction on a|dry
basis in percent, of no less than 99.0 %, which is an explicit lower tolerance limit. The purity cannot be greater than 100 %,
which is Jan implied upper tolerance limit. A conforming sample of soditim benzoate is one for which the sample purity ligs in
the interjal 99.0 % < P < 100 %.

6 Knowledge of the measurand
6.1 Hrobability and information

6.1.1 In measurements performed as part of a conformity assessment, knowledge of a property of interest (the
measuragnd) is modelled by a conditional probability density function (PDF) whose form depends on available inffor-
mation. [ Such information always has“two components: that which is available before performing the measurenjent
(called yprior information) and the additional information supplied by the measurement [38].

6.1.2 | The PDF for a propezty of interest (the measurand) encodes and conveys belief in its possible values, givén a
particulfr state of knowledge: A poorly known measurand generally has a broad PDF, relative to the requirementfs of
a confority assessment, indicating a wide interval of possible values compatible with meagre information. Perfornjing
a measufement providés fresh information that serves to sharpen the PDF and to narrow the interval of possible values
of the nleasurand{

6.1.3 | Thé effect of a measurement is thus to update a pre-measurement (or prior) state of knowledge, yielding a ppst-
measurgnient (or posterior) state of knowledge that includes the measurement data. The rule for this transformation
is called Bayes theorem and the underlying mathematical ITamework 1S Known as Bayesian probability theory. 1 this
document the results of this framework are used without detailed development or proof. A considerable literature is
available; see, for example, references [4, [5l [16] 26] 27, 39].

6.2 Bayes’ theorem

6.2.1 In conformity assessment, a measurable property Y of an item of interest is regarded as a random variable
with possible values denoted by 7. Before measuring Y, reasonable belief in its possible values is characterized by a
prior (pre-measurement) PDF g, (r) whose form is independent of the measuring system (see clause [4.9)).
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6.2.2  The prior PDF g,(n) is often assigned based on knowledge acquired by previous measurements of similar
items. Methods for assigning a prior PDF for a property of interest are discussed in Annex

6.2.3 In a typical inspection measurement, the quantity Y is measured using a procedure designed to provide
sufficient information to assess conformity with a specified requirement.

NOTE 1 The same symbol is used for a quantity and for the random variable that represents that quantity (see [GUM 4.1.1
note 1]).

NOTE-2  Cuidance-on-the-assicnment-of-PDEs in-some-comnon-situations—is g;wm i JCCM 101:-2008 and AmmvE
S

2.4  The output of the measuring system is a quantity regarded as a random variable Y;,, with possible values
bnoted by 7. Measurement of YV yields a particular realization, the measured quantity value ny,' (see clquses
apd , and the resulting posterior (post-measurement) PDF for Y, given this new information,\is written as

o =2)

g (Y = 1m) =: g (NNm) -
6{2.5  The prior and posterior PDFs are related by Bayes’ theorem

g (nnm) = Cgy(n) h (uln), (1)

where, given a measured value 7, C is a constant chosen such that ffooo g (N|m) dn = 1. The term A (nm|n) in
Tpression is the PDF for the possible values of Y, given some particitlar value Y = n of the measurarld.

@

6]2.6  Expressed as a function of 1 for a measured value 7y, thi€ PDF h (n,|n) is called the likelihood jof n given
M, and is written as

b (1mln) = £ (175 Nm) -

Al measurement can be viewed in terms of stimulus and response or in terms of input and output. In thig view, the
ikelihood function £ (n; nm) characterizes the distribution of plausible stimuli or inputs (values of 1) that rhight have
cqused the observed response or output (measured value 7, ).

—_
=

[=2)

2.7  The form of the likelihood functiori will depend on the specific measurement problem and the measuring
system, as described in a mathematicallmodel, as well as on other relevant information such as historical data,
rlstrument calibrations and the result$ of measurements of calibrated artefacts or standard reference mat¢rials, and
experience with similar systems. {In many cases of practical interest, the likelihood function can be charactqrised by a
rmal (Gaussian) distribution.

—-

=

=2)

2.8  Bayes’ theorem~shows how the posterior (post-measurement) state of knowledge is derived fron] a combi-
tion of prior (pre-nfeastrement) information, encoded in the prior distribution, and information supplied by the
njeasurement, represented by the likelihood function.

[=]

6{2.9 In many cases, the measuring system is employed in order to supplement relatively meagre prior knowledge
of the meagurand with accurate measurement information. In such a case, the posterior (post-measurement) state of
howledge-PDF is essentially defined by the likelihood function (encoding the measurement information), ie.,

e

g (Mnm) = Ch (mln)

to a close approximation, where C is a constant.

6.3 Summary information
6.3.1 Best estimate and standard uncertainty

A measurement result is often summarized by giving an estimate of a measurand and a parameter that characterizes
the dispersion of probable values about this estimate. In this document, the estimate y of a property Y is taken to be
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the expectation (see[3.1.5) E(Y |nm). The associated dispersion parameter u(y) = u, called the standard uncertainty,
is taken to be the standard deviation (see[3.1.7) of Y, the positive square root of the wvariance (see|3.1.6) V(Y |7 ).
E(Y|nm) and V(Y |nm) are given by

B(Y ) =y = [ g () g, V(Y ]) = o = / = 929 (i) d

— 00 — 00

6.3.1.1  The standard uncertainty u characterizes the dispersion of Y about the estimate y. When the PDF for Y
is single-peaked (unimodal) and symmetric, the estimate y is also the most probable value of Y i.e., the mode of the
distribufion.

6.3.1.2| For a measurement analysed according to JCGM 100:2010 (GUM), evaluation of the measurement data
yields af estimate of the measurand (measured quantity value) 7, and an associated standard uncertajuty u,,. [The
prior information is assumed to be so meagre that the post-measurement PDF ¢ (9|ny,) can be summfarised by [the
estimatd y = 1, and the associated standard uncertainty u = uy, (see clause[7.6.1)).

6.3.2 [Coverage intervals

6.3.2.1| Following a measurement, the probability that Y is no greater than a given/yalue a is

a

Pr(Y < alim) = Gla) = / 9 (nlm) i,

—0o0
where ({(z f_ (n|nm) dn is the distribution function of Y, given data ny,.

6.3.2.2| It follows that the probability p that Y lies in the interval [a, b], with a < b, is

b
p=Pr(a<Y < blym) = / 9 (1l1m) d = €0 - G(a). (2)

a

6.3.2.3| An interval such as [a,b] is called a coverage interval for Y, and p is the associated coverage probability.
Guidande on constructing a coverage interval witha desired coverage probability, including the case of a disctete
approximation to the distribution function obtained by a Monte Carlo method, is given in JCGM 101:2008.

6.3.2.4 When the PDF for Y is symmetric’and unimodal, an important and widely-used coverage interval is cenfjred
on the bst estimate y, with a length eqtial to a multiple of the standard uncertainty u. The GUM defines an additignal
measure of uncertainty called the expanded uncertainty, U, obtained by multiplying the standard uncertainty u Iy a
coveragd factor k:

U = ku. (3)

6.3.2.5| The coveragefactor is chosen in order to achieve a desired coverage probability associated with the covejage
interval [y — U, y + &]& The relationship between k and the associated coverage probability depends on the PDF| for
Y.

NOTE 1| Adoyerage interval of the form [y—U, y+U] is sometimes called an uncertainty interval, as in ISO 10576-1:2003 3.7 |22].

NOTE 2l—H+theRDBEfor¥Xis-asymmetric—it—may—be-nore-appropriate—to-determine-the-shortest—coverage—ntervalfor-a-al ven
coverage probability. See JCGM 101:2008 5 3.4 for guidance on this calculation.

7 Probability of conformity with specified requirements

7.1 General rule for calculation of conformance probability

7.1.1  An item conforms to a specified requirement if the true value of its associated property Y lies in the tolerance
interval. Knowledge of Y is conveyed by a PDF g (7|nm) so that a statement of conformity is always an inference,
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with some probability of being true. Denoting the set of permissible (conforming) values of Y by ¢, the conformance
probability, denoted by p., is given by

pe = Pr(Y € Clipm) = / 9 (lw) . (4)

7.1.2  Expression gives the general rule for calculating the probability that an item conforms to a specified
requirement based on measurement of a relevant property of the item. Given a two-sided tolerance interval for the
measurand Y, for example, with lower limit 77, and upper limit Ty, ¢ = [T, Tu] and the conformance probability is

Ty
Pe = / g (nlnm) dn.
TL
711.3  Since the item either does, or does not, conform to specification, the probability thatcit’does not ¢onform is

ﬁczlip(:'

712 Conformance probabilities with normal PDF's

712.1  The conformance probability depends on a state of knowledge of a measurand Y as encoded and cqnveyed by
thle PDF g (n|nm). In many cases it is reasonable to characterise knowledgeyot Y by a normal distribution |see
ahd this probability can be calculated. If the prior distribution is normalk and the measuring system (i.e., the|likelihood
fynction) is characterised by a normal distribution then the distribution g (n|nm) is also a normal distributjon.

712.2  More generally, if the likelihood function is characterised by a normal distribution and the prior ifformation
islmeagre, then the posterior (post-measurement) PDF will bé.approximately normal. In such a case, g (n|1hm) can be
approximated adequately by a normal distribution with expectation (mean) and standard deviation given Hy the best
eftimate y and standard uncertainty u calculated as in~clduse [6.3.1}

NOTE 1 A normal distribution is completely specifiediby its expectation (mean) and standard deviation.

NOTE 2 Some properties of normal PDF's are reviewed in Annex @

\]

2.3  Because of their familiarity and,widespread use, normal PDFs will be used to illustrate the caldulation of
nformance probabilities in many examples in this document. Such calculations can be extended to the dase where
alsmall number of indications gives rise to a scaled and shifted ¢-distribution (see JCGM 101:2008 6.4.9).

Q

712.4  Suppose that the PDF g (n|nm,) for the measurand Y is (or is well approximated by) a normal djstribution
sppecified by a best estimate-fexpectation) y and standard uncertainty (standard deviation) u. Then g (n|n) is given
by

) = ﬁe}(p l; (ﬂ;y) ] =t (my,u?). )

712.5 I general, the estimate y depends on 7y, i.e., y = y(fm). When knowledge of Y is meagre pefore the
njeastirément, then typically y &~ ny,; see clause for an example where this is not the case.

7.2.6  From the steps leading to expression , the probability that Y lies in the interval [a, b], given the PDF ({),
is

Pr(a§Y§b|nm):<I>(b_uy>—@(a_y>, (6)

u

where y = y(nm) and

D(z) = \/127[‘/_2 exp(—t%/2) dt
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is the standard normal distribution function (see Annex [A)).

7.3 One-sided tolerance intervals with normal PDFs
7.3.1 Single lower tolerance limit

Figure [3] shows a one-sided tolerance interval with a single lower tolerance limit 77,. Conforming values of a property
of interest Y lie in the interval > T1,. Knowledge of Y following an inspection measurement is conveyed by a nermal
PDF, sHown superimposed on the tolerance interval. The best estimate y lies in the tolerance interval; the"shaded
region t the left of 77, indicates the probability that the item does not conform with specification. From expression @,
with a = T1,, b — 00, and noting that ®(co) = 1, the conformance probability is

p6:1—<1>(TL‘y). (7)

u

Since ®(t) + ®(—¢) = 1, the probability (7]) can be written

— (H) (8)

u

Tolerance interval

Ty n
Figure 3 — Tolérarice interval with a single lower tolerance limit 7},. Knowledge of a quantity Y (the

measurable property of interest) following measurement is characterized by a normal PDF with best
estimate y @and associated standard uncertainty u. Conforming values of Y lie in the interval n > Ti,.

7.3.2 Single upper tolerance limit

Figure [4] shows a normal PDF superimposed on a one-sided tolerance interval with a single upper tolerance limit Ty .
Conforming values of a property of interest Y lie in the interval 7 < Tyy. In this case, the shaded region to the right
of Ty indicates the probability that the item does not conform with specification. From expression @, with a — —o0,
b = Ty, and noting that ®(—oco) = 0, the conformance probability is

pe=® (M) )

u
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Tolerance interval /

T n

Figure 4 — As figure |3| except with a single upper tolerance limit 7y. Conforming walues of Y lie in ¢
interval n < Ty.

3.3 General approach with single tolerance limits
robabilities and @D are of the same form and can be written as
Pc = CD<Z)7

here z = (y — T1,)/u for a lower limit and z = (Ty — y)/udor an upper limit. In both cases, p. is great
jual to 1/2 for an estimate y in the tolerance interval (z 2.0) and less than 1/2 otherwise. Table |1] shows 1
r several values of the conformance probability p..

Table 1 — Conformance (pc) and non-confermance (p. = 1 — pc) probabilities for one-sided tolerance
intervals and normal PDFs. For a lower limit, z = (y — 71,)/u; for an upper limit, z = (Ty — y)/u. In bo|
cases, z > 0 for-an estimate y in the tolerance interval

Pe P 2
0.80 0.20 0.84
0.90 0.10 1.28
0.95 0.05 1.64
0.99 0.01 2.33
0.999 0.001 3.09

XAMPLE 1 The.bréakdown voltage V4, of a Zener diode is measured, yielding a best estimate v, = —5.47 V with|
andard uncertainty’ v = 0.05 V. Specification of the diode requires V4, < —5.40 V, which is an upper limit on the
ltage. Thenez's [—5.40 — (—5.47)]/0.05 = 1.40, and from expression (10), p. = ®(1.40) = 0.92. There is a 92 %
at the diode, conforms to specification.

XAMBIE 2 A metal container is destructively tested using pressurized water in a measurement of its bursting S
he-measurement yields a best estimate b = 509.7 kPa, with associated standard uncertainty v = 8.6 kPa. Th

(10)

br than or
balues of z

associated
breakdown
probability

trength B.
b container

ecification requires B > 490 kPa, which is a lower limit on the bursting strength. Then z = (509.7 — 490)/8.6

— 2.3 and,

from expression (10)), pc = ®(2.3) = 0.99. There is a 99 % probability that the container conformed to specification prior to the
destructive test.

7

.4 Two-sided tolerance intervals with normal PDF's

Figure |5 shows a two-sided tolerance interval with tolerance limits 77, and Ty and length T' = Ty — T}, defining the
tolerance T'. As previously, knowledge of a measurand Y is assumed to be conveyed by a normal PDF. The estimate
y lies in the tolerance interval and there is a visible fraction of the probability in the region n > Ty beyond the upper
tolerance limit.

© ISO/IEC — JCGM 2012 — All rights reserved
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Toleranceinterval /
-

T

Figure 5 — As figure |3| except with a two-sided tolerance interval. The length, Ty — T}, ef.the interval is

equal to the tolerance 7. Conforming values of Y lie in the interval 71, <M. <"Ty.

Using ejpression @ with b = Ty and a = Ty, yields the conformance probability

EXAMP
12.5 mm
estimate

so that

There is

e =D To—y\ _ 4(L-vy
¢ U m '

F /s and no greater than 16.3 mm?/s. The kinemati¢-wviscosity of the sample is measured at 100 °C, yielding a
y=13.6 mmz/s and associated standard uncertainty v = 1.8 mm2/s. Following expression , form the quantit

(Tv —y)/u = (16.3 — 13.6)/1.8 £ 15, (T, —y)/u = (12.5 — 13.6)/1.8 = —0.6,

pe = (1.5) —B(20.6) = 0.93 — 0.27 = 0.66.

a 66 % probability’that the sample of motor oil conforms to specification.

11)

[LE A sample of SAE Grade 40 motor oil is required to have a kinematic viscosity Y at 100 °C of no less than

best
es

7.5 (

7.5.1

7.5.2

onformance probability and coverage intervals

A measurement result can be summarized by giving a coverage interval with an associated coverage probability
(see clause rather than an explicit PDF for a measurand Y. In such a case, a statement of conformance
probability can be made by comparing the coverage interval with the tolerance interval. If a coverage interval with
coverage probability p lies wholly within the tolerance interval, then p. cannot be less than p. This observation is
illustrated in figure [6] which shows two 95 % coverage intervals near an upper tolerance limit.

Interval (a) extends beyond the tolerance limit and without knowing the form of the PDF for Y, no definite
statement can be made about the conformance probability.

16
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Tolerance interval

(@ ————— Conformity cannot be decided

p.= 95%
(b) ——

Figure 6 — Two 95 % coverage intervals for a measurand Y near an upper tolerance limit Ty Interval| (a)
extends beyond the tolerance limit and the conformity cannot be decided without knowlédge of the PIDF
for Y. Interval (b) lies wholly within the tolerance interval; for this interval pe-> 95 %.

5.3  All values in interval (b) are less than the tolerance limit and there are conferming values of Y that do not
blong to this interval, so that p. > 95 %.

T

715.4  In general, if [Niow, high] 1S & coverage interval for Y, with coverage probability p, then
1 for a single upper tolerance limit Ty, pc > p if Mhigh < Tu;
1+ for a single lower tolerance limit 11, p. > p if Mow > TL;

1+ for a two-sided interval with upper and lower toleran¢elimits Ty and 11,, pc > p if Mow = 11, and Nnigd < Tu.

NOTE 1 Comparison of a coverage interval for a propétty of interest with an interval of permissible values is tlje basis for
d¢ciding conformity with specification as described in ISO 10576-1 [22].

NOTE 2 Given the PDF for Y, the conformancé-probability can always be calculated. The PDF for a measurand is more
infformative than a coverage interval with its asseciated coverage probability.

NOTE 3 When a conformity assessment\of a measuring instrument is performed — particularly when the asgessment is
rggulated by specific standards — the ‘definition of the measurand, and consequently the uncertainty evaluation, thay not be
stiraightforward and may require specific attention.

716 Measurement eapability index C,

716.1  Consider the,ease where prior information is so meagre that knowledge regarding possible values of a measured
operty Y can e ¢onsidered to be completely supplied by the measurement. In such a case, if the distribution for Y
is{ assumed to.b€ & normal PDF ¢ (n|nm) = ¢ (77; Y, u2), then y &~ ny, and u =~ uy, (see clause . In thg¢ following
sibclausesdtyis assumed that this is the case, and a measurement result will be summarised by the two garameters
m, Um ) taken to be the expectation and standard deviation of a normal PDF.

e

—~

716.2 A parameter that characterises the quality of the measurement, relative to a requirement spedified by a
tolerance, 15 called the measurement capability indet (See |3.3.17)) detined by

Ty —Ti T T
_Tv—-1n _ L (12)

Cm duy,,  Aduy,  2U°

where U = 2uy, is the expanded uncertainty with coverage factor k = 2.
7.6.3  The factor of 4 in expression is arbitrary; the particular choice is motivated by the widespread use of

the coverage interval [y — 2um, Jm + 2um| in reporting the result of a measurement. In the case where g (n|nm) is a
normal PDF, the coverage probability for such an interval is approximately 95 %.
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7.6.4 There is a close connection between C,, and other derived parameters that have been used to characterize
measurement quality in various contexts. Among these are gauging ratio, gauge maker’s rule, test uncertainty ratio
(TUR) [32] and test accuracy ratio (TAR) [I]. Such parameters are typically stated in ratio form such as a 10-to-1
rule or a TUR of 4:1. Care has to be taken when such rules are encountered because they are sometimes ambiguously
or incompletely defined. Definition , on the other hand, makes clear that a statement such as C}, > 4 means
that uy, <7T/16.

7.6.5 In the calibration or verification of a measuring instrument, a specified requirement is often expressed in terms
of a mazimum permissible error (of indication) (see [3.3.18)). Such a requirement means that when the instrument
is used fo measure a quantity Y, the error of indication must lie in an interval defined by specified upper and-lgwer
limits. In the common case of a symmetric interval [—Epax, Emax), the tolerance is T' = 2Fy,,x and the meastrerijent
capabilify index is

_ 2EIII&X _ EII]B,X

In this gxpression, U is the expanded uncertainty, for a coverage factor k = 2, associated“with a measurement of|the
error of indication of the instrument.

7.7 Nleasurement capability index and conformance probability

7.7.1 For a normal PDF, expression gives the conformance probability p. in terms of a particular paif of
tolerancp limits (71, Ty) and a particular measurement result'summarized by (y,w). Taking y = 7y, and u = uy,, phis
expressipn can be re-written in a form suitable for a genéral measurement problem by defining a quantity

~ Mm — TL
j=" 13)

For an gstimate 7y, in the tolerance(interval, y lies in the interval 0 <y < 1.

7.7.2 | For a normal post-méasiurement PDF ¢ (77; Nm, ufn), expression can then be written, using expressjons

Doy @ [4Cm(1 - m] - @(—4Cm® = pc(ga Om)v 14)

so that pfis completely determined by the two quantities ¥ and Cl,.

7.7.3 It is often the case that the standard uncertainty w,, associated with an estimate 7, has a fixed value
that depends on the design of the measuring system, but is independent of 7. A series of water samples, for
example, might be inspected to determine, for each sample, a concentration of dissolved mercury, using a measurement
procedure that yields different estimates, each having the same associated standard uncertainty u,,. In such a case the
measurement capability index Cy, = T /4uy, is fixed, and a question as to whether or not a measured property conforms
to specification with an acceptable probability can be decided based on the estimate 7n,,, using expressions and
with C\, fixed.

NOTE A case where the standard uncertainty um, is proportional to the estimate 7, is treated in [I3] Appendix A].
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Cm =T/(4um)
40
30 |

20 F

P =95 % for points on curve

—_

pe> 95 % in this region

Pe < 95 % in shaded region

etoi%s

00 ol 02 03 04 05 06
F=0n,,~1)/T

0.7 0.8 0.9 1.0

Figure 7 — Measurement capability index Cy, = T/(4um) versus y = (7im\~ 11.)/T, showing the locus of
constant 95 % conformance probability p.. The curve separates regions-of conformity and non-conformity
at a 95 % level of confidence. The post-measurement distribution for-the measurand Y is taken to be [the

normal PDF ¢ (7]; nm,u?n).

7.4  There is an infinite number of pairs (y,Cy,) that yield a given conformance probability p. via pxpression
ED. Figure E shows C, versus 7 along a curve of constant\95 % conformance probability for estimates 7, within the
¢lerance interval 0 <y < 1. The curve separates region§of conformity (unshaded) and non-conformity (shpded) at a
% level of confidence.

e 2=

J

7.5  The horizontal axis in figure [7| corresponds to Cy,, = 1, or u,, = T/4. For this relatively largq standard
hcertainty it can be seen that p. > 95 % only) for 0.45 < 7 < 0.55. If the measured property was required tjo conform
t¢ specification with at least a 95 % level wf.confidence, an acceptable estimate 7, would thus have to lie in fhe central
approximately 10 % of the tolerance inperval.

=]

03]

Acceptance intervals

81 Acceptance limits

1.1 A decision to accept an item as conforming, or reject it as non-conforming, to specification is Hased on a
easured valuejy, of a property of the item in relation to a stated decision rule that specifies the role of mepsurement
uhcertainty ntformulating acceptance criteria. An interval of measured values of a property that results in dcceptance
of the itemniS called an acceptance interval (see , defined by one or two acceptance limits (see .

Q0

=

8{162, * As suggested in the Introduction, acceptance limits and corresponding decision rules are chosen in guch a way
asto Manage the INdesiTed ConSeqUelces Of INICOITect deciSions. 1 ere are & MUIper of widely used decisiorn rules that
are simple to implement. They can be applied when knowledge of a property of interest is summarised in terms of a
best estimate and corresponding coverage interval. Two such decision rules are described in the following subclauses.

8.2 Decision rule based on simple acceptance

8.2.1  An important and widely used decision rule is known as simple acceptance [2] or shared risk [20]. Under
such a rule, the producer and user (consumer) of the measurement result agree, implicitly or explicitly, to accept
as conforming (and reject otherwise) an item whose property has a measured value in the tolerance interval. As
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the alternative name ‘shared risk’ implies, with a simple acceptance decision rule the producer and user share the
consequences of incorrect decisions.

8.2.2 In practice, in order to keep the chances of incorrect decisions to levels acceptable to both producer and user,
there is usually a requirement that the measurement uncertainty has been considered and judged to be acceptable for
the intended purpose.

8.2.3  One approach to such consideration is to require, given an estimate of a measured quantity, that the associated
expanded uncertainty U, for a coverage factor k = 2, must satisty U < Upax, where Upax is a mutually agreed maximum
acceptalple expanded uncertainty. This approach is illustrated by the following example.

EXAMPLE In legal metrology [40], a decision rule based on simple acceptance has been used in the verification of measufing
instrumepnts. Consider such an instrument that is required to have an error of indication in the interval [—FEmax}, Fax]. [The
instrument is accepted as conforming to the specified requirement if it meets the following criteria:

(a) in pheasuring a calibrated standard, the best estimate e of the instrument error of indication E satisfies
le] < Fmax, and

(b) thelexpanded uncertainty for a coverage factor k = 2 associated with the estimate e satisfies

U < Umax = Emax/3.

In terms|of the measurement capability index, criterion (b) is equivalent to the requireiient that Cm > 3 (see clause [7.6]).

8.2.4 | Another practical acceptance decision rule follows from whatis(referred to as the “accuracy method” |de-
scribed in IEC Guide 115 [19]. In this approach, a well-characterised test'method is used and sources of uncertainty|are
minimised by (a) use of measuring instruments with maximum perinissible errors within specified limits, (b) envigon-
mental influences, such as temperature and relative humidity, mdintained within specified limits, (c) well-documerted
control ¢f laboratory procedures, and (d) well-documented conipetency of measurement personnel.

8.2.5 [ By controlling sources of variability within presctibed limits, the measurement uncertainty associated yith
a best ¢stimate of a measurand is assumed to be negligible, is not explicitly evaluated, and plays no role in| an
accept/teject decision. The approach of IEC Guide 115 Procedure 2 (the “accuracy method”) formalizes the ¢ur-
rent prafctice of electrotechnical testing laboratories in using state-of-the-art measuring equipment and routine, well
established test methods.

8.2.6 | Depending upon the relative width of the tolerance interval and the coverage interval, a simple acceptgnce

decision|rule, or similar decision rulescan often support the quality objectives of measurements and calibrations cartied
out in sfyipport of conformity assegSments.

8.3 Decision rules based on guard bands
8.3.1 [General considerations
8.3.1.1 Accepting or rejecting an item when the measured value of its property of interest is close to a tolergnce

limit mdy reswlt in an incorrect decision and lead to undesirable consequences. Such incorrect decisions are generplly
of two kinds in the case of a single upper tolerance limit [illustrated in figure |8 outcomes (b) and (c)].

8.3.1.2  With a decision rule based on simple acceptance and the common case of a symmetric unimodal PDF
(such as a normal distribution) for the measurand, the probability of accepting a non-conforming item [figure (8| (b)]
or rejecting a conforming item [figure 8] (c)] can be as large as 50 %. This would happen, for example, if the measured
value of a property lay very close to the tolerance limit. In such a case about 50 % of the PDF for the measurand
would lie on either side of the limit, so that whether the item is accepted or rejected, there would be a 50 % chance
of an incorrect decision.

8.3.1.3  Either of these probabilities can be reduced, at the cost of increasing the other, by choosing acceptance limits
offset from the tolerance limits, a conformity decision strategy called guardbanding; see references [6, [7}, 8, 9, 12, 17}, [44].
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A Measured value
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(b) ——4A——®1 False acceptance
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—A——— Falserejection

(d) —e—~A——— Validrgjection

Tu=A

intervals. For such a decision rule, the acceptance limit Ay coincides with' the tolerance limit. Decisid

to accept or reject inspected items are based on measured values (trianglés); the true values (circleg

cannot be known. Cases (b) and (c) lead to incorrect decisions called false acceptance and false reject

respectively (see clause[9.3.2). In case (c) the true value of the meaSurand lies (unknowingly) outside
95 % coverage interval.

3.2 Guarded acceptance

3.2.1  The risk of accepting a non-conforming item can_be reduced by setting an acceptance limit Ay

Figure 8 — Simple acceptance decision rule near an upper tolerance limit 7}, with four 95 % coverage

ns

on,
the

inside the

lerance interval, as shown in figure @ The interval defined by Ty and Ay is called a guard band (see |3,
le resulting decision rule is called guarded acceptanee:

OTE Guarded acceptance is also known as stringelit’ acceptance [2] and positive compliance for acceptance [18].

w>0

Acceptance interval Guard band

Ay Ty

Figure 9 —‘Decision rule based on guarded acceptance. An upper acceptance limit Ay inside an upp
toleranee/limit 71y defines an acceptance interval that reduces the probability of falsely accepting a
non-conferming item (consumer’s risk). By convention, the length parameter w associated with a guar
acceptance guard band is taken to be positive: w =Ty — Ay > 0.

3:2,2  The difference between a tolerance limit and a corresponding acceptance limit defines a length

B.11f), and

ded

parameter

L 11 1 .
ToT & guara bard, VIzZ.

U):TU—AU.

For a guarded acceptance decision rule, w > 0.

8.3.2.3 In many applications, the length parameter w is taken to be a multiple of the expanded uncertainty for a
coverage factor k = 2, U = 2u, viz.

w=rU,

© ISO/IEC — JCGM 2012 — All rights reserved
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with the multiplier r chosen to assure a minimum conformance probability for an item that is accepted. A common
choice is r = 1, in which case w =U.

EXAMPLE ISO 14253-1 [2I] establishes a default guarded acceptance decision rule for demonstrating conformity with spec-
ification. Figure is adapted from ISO 14253-1, figure 7. In the case of a two-sided tolerance interval, upper and lower
acceptance limits are offset from the corresponding tolerance limits by guard bands with length parameter w = U = 2u.

The aim of the guard bands, with w = 2u, is to ensure that for any measured value lying within the acceptance interval, the
probability of accepting a nonconforming item is at most 2.3 %, assuming a normal PDF for the measured quantity. This
maximum probability occurs if the measured value of the property coincides with an acceptance limit. For measured values
away fropn the acceptance limits, the probability of a false acceptance will be less than the maximum.

U=2u U=2u

«——— Acceptanceinterval ——»|

A Ay

T Tolerance interval T

Figure 10 — Two-sided acceptance interval created by reducing the tolérance interval on either side by
the k = 2 expanded uncertainty U = 2u. This is the default decision_rule/established in ISO 14253-1 [21].

In ISO 1#1253-1, an acceptance interval is called a conformance zone, and.a*tolerance interval is called a specification zone. [The
labels in|figure [10| follow the conventions of this document.

8.3.3 [Guarded rejection

8.3.3.1 An acceptance limit outside a tolerangé interval, as shown in figure can be chosen so as to incrgase
the proHability that a rejected item is truly nonseonforming. Such a guarded rejection decision rule is often emplqgyed
when orle wants clear evidence that a limit has-been exceeded prior to taking a negative action.

NOTE (uarded rejection is also known ag stringent rejection [2] and positive non-compliance for rejection [I§].

8.3.3.2( The length parameter (w,for a guarded rejection guard band is w = Ty — Ay < 0.

w<0

\ e
Acceptance interval

Guard band

Ty A

Figure 11 — Decision rule based on guarded rejection. An upper acceptance limit Ay outside an upper
tolerance limit Ty defines an acceptance interval that reduces the probability of falsely rejecting a
conforming item (producer’s risk). The length parameter w associated with a guarded rejection guard
band is w =Ty — Ay < 0.

EXAMPLE 1 Speed limit enforcement

In highway law enforcement, the speed of motorists is measured by police using devices such as radars and laser guns [42]. A
decision to issue a speeding ticket, which may potentially lead to an appearance in court, must be made with a high degree of
confidence that the speed limit has actually been exceeded.
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Using a particular Doppler radar, speed measurements in the field can be performed with a relative standard uncertainty u(v)/v
of 2 % in the interval 50 km/h to 150 km/h. Knowledge of a measured speed v in this interval is assumed to be characterised
by a normal PDF with expectation v and standard deviation 0.02v.

Under these conditions one can ask, for a speed limit of vg = 100 km/h, what threshold speed vmax (acceptance limit) should
be set so that for a measured speed v > vmax the probability that v > vp is a least 99.9 %?

This mathematical problem is equivalent to the calculation of a conformance probability for a one-sided tolerance interval (see
clause [7.3]). Here a value of z = (Umax — v0)/(0.02Umax) is needed for which 99.9 % of the probability lies in the region V' > vy.
From table [[] on page [[5]it is seen that z = 3.09, so that

Vo B 100
1-0.02z  1—0.02 x 3.09

km/h = 107 km/h.

Umax =

The interval [100 km/h < v < 107 km/h] is a guard band that ensures a probability of at least 99.9 % that¢the spegd limit has
b¢en exceeded for a measured speed of 107 km/h or greater.

EXAMPLE 2 Drugs in live animals and animal products

The anabolic steroid nandrolone belongs to a group of substances banned as growth promoters in food-producing anfimals. The
sybstance occurs naturally in some live animals and consequently a threshold (tolerancé) limit 7" equal to 2.00 pg/[L has been
egtablished.

I1] a screening test for nandrolone, a measured concentration exceeding the threshold’value with a probability of 95 % or greater
is[considered suspect and should be followed up by a confirmation procedure.

I performing a screening test, a laboratory wishes to set a decision (acéeptance) limit A given by
A=T+g,

where g = |w| is a guard band (see figure 11), such that for a_measured concentration value y > A the probability that Y > T
s|at least 95 %.

-

The laboratory validates its measurement procedure by spiking ten blank samples at a concentration level close to thq threshold.
The samples are measured under within-laboratory \feproducibility conditions, yielding an observed reproducibility standard
d¢viation s (ISO 3534-2, 3.3.12) of 0.20 pg/L.

om the spiking experiment, the laboratory;concludes that its measurements are free from significant systematic ¢rrors. The
easurement uncertainty is dominated bysréproducibility effects and the PDF for nandrolone concentration Y is thpis taken to
b a scaled and shifted ¢-distribution (see’ JCGM 101:2008 6.4.9) with v = 9 degrees of freedom.

o5 o

Ffom a table or appropriate software for the t-distribution (one-sided, v = 9 degrees of freedom, 95 % probability)| the guard
band is calculated as

g = tomsiex s = 1.83 x 0.20 pg/L = 0.37 ug/L.
Al sample with measured value y of nandrolone concentration greater than or equal to

A = (2.00 4 0.37) pg/L = 2.37 pg/L

-
2]

thus eonsidered suspect.

9 Consumer’s and producer’s risks
9.1 General

9.1.1 In conformity assessment using a binary decision rule, a property of an item is measured and the item is
accepted as conforming if the measured value of the property lies in a defined acceptance interval. A measured value
outside the acceptance interval leads to rejection of the item as non-conforming. Figure which reproduces figure
on page illustrates the intervals of interest, showing a tolerance interval (of conforming values) and an acceptance
interval (of permissible measured values).
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9.1.2  The use of guard bands provides a way to limit the probability of making an incorrect conformance decision
based on measurement information as summarised by a coverage interval. The present clause is concerned with a more
precise evaluation of such probabilities for a production process. The evaluated probabilities depend on two factors,
the production process and the measuring system.

9.1.3  If the measuring system were perfectly accurate, all conformance decisions would be correct and all risks
would be zero. An increase in measurement uncertainty means an increase in the probability of an incorrect decision,
and the probability is greatest when measured values are close to the tolerance limits.

9.1.4 | The risks also depend on the nature of the production process. If the process rarely produces an item syhose
property of interest is near the tolerance limits, there is less opportunity for incorrect decisions to be made. Converdely,
if a prodess produces items with properties likely to be close to tolerance limits, the uncertainties associateg with|the
measurgments are brought into play. The remainder of this clause shows how the contributions of both factors can be
evaluated.

Acceptance interval ‘

A

Tolerance interval ‘

Figure 12 — Binary conformity assessment where decisiénis are based on measured quantity values. The

frue value of a measurable property (the measurand)*of an item is specified to lie in a tolerance interval

defined by limits (71,,7y). The item is accepted as conforming if the measured value of the property lies in
an acceptance interval defined by limits (AfyAy), and rejected as non-conforming otherwise.

9.2 PBPDFs for production process_and measuring system

9.2.1 Consider a process that produees a sequence of items, each having a measurable property Y with possfible
values 71. The process might be a(machine producing resistors of nominal resistance 10 k{2 or a sampling progess
yielding|vials of ocean water containing dissolved mercury. For an item chosen at random from the process, knowlgdge
of propdrty Y before it is meagured is conveyed by a prior PDF g, (n). The PDF g,(n) can be said to characterize|the
productjon process, and is sofietimes called the process probability density. The form of g,(n) is typically assigned
based on knowledge acquired by measuring the property of interest in a sample of produced items.

NOTE Apssigning a prior PDF based on a measured sample of items is discussed in Annex [B]

9.2.2 Conformity assessment of a produced item is realized by a measurement of the property of interest. [The
output ¢f the measuring system is a quantity regarded as an observable random variable Y;,, whose possible values [n,,
assuming ‘@’known input value Y = ), are encoded and conveyed by a PDF h (n,|n). The form of h (ny,|n) is assigned
based on the design of the measuring system, information supplied by calibrations and knowledge of relevant influence
quantities such as environmental parameters and material properties.

9.3 Possible outcomes of an inspection measurement with a binary decision rule

9.3.1 Let ¢ and C denote, respectively, intervals of conforming and non-conforming values of Y, and let 4 and a
denote, respectively, intervals of acceptable and non-acceptable values of Y. In figure for example, C corresponds
to values of Y in the interval 11, <Y < Ty, and 4 corresponds to values of Yy, in the interval Ay, <Yy, < Ay.
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measured quantity value ny,:

9

9.4.1

With a binary decision rule there are four possible outcomes of a conformity assessment test that yields a

Valid acceptance: the item is accepted (Y, = nm € 4) and conforms with specification (Y € C).
This is a desired outcome of the conformity assessment test, leading to acceptance of a conforming

item.

False acceptance: the item is accepted (Yo = nm € A4) but does not conform with sp
(Y € ¢). This is an incorrect decision whose probability is called consumer’s risk, becaus

ecification
e the cost

4. The joint PDF for Y and Y,

associated with such a mistake is often borne by a consumer, or user, who accepts the iten
its purpose and acts accordingly.

NOTE False acceptance is also known as a pass error or a false positive.

For a particular measured item accepted as conforming, given a measured value Yy, = n,
probability of false acceptance is called the specific consumer’s risk (see [3:3713)) [38], denot|
From the definition of conformance probability it can be seen that JR¢ is given by

RE :1_p07

for a measured value 7, in the acceptance interval. For an item chosen at random from the
process, the probability that it will be falsely accepted following a measurement is called
consumer’s risk (see[3.3.15) [38], denoted by R¢. Caleulation of R¢ is considered in clause

Valid rejection: the item is rejected (Y, = € :‘:[) and does not conform with specificatio
This is a desired outcome of the conformity assessment test, leading to rejection of a non-¢
item.

False rejection: the item is rejected (Y, = nm € ﬁ) but actually conforms with sp
(Y € ¢). This is another incorrectidecision whose probability is called producer’s risk, b
cost associated with such a mist&ke is often borne by a producer who cannot sell an iten
failed a test of conformity.

NOTE False rejection is_alse known as a fail error or a false negative.

For a particular measured item rejected as non-conforming, given a measured value Yy, = ),
probability of false rejection is called the specific producer’s risk (see [3.3.14) [38], denot
From the definition of conformance probability it can be seen that Ry is given by

*
RP = Pc,
férya measured value 7, outside the acceptance interval. For an item chosen at random

production process, the probability that it will be falsely rejected following a measuremen
the global producer’s risk (see[3.3.16]) [38], denoted Rp. Calculation of Rp is considered in

h as fit for

L, € 4, the
ed by RE.

roduction
the global

h (Y € 0).

pnforming

ecification
bcause the
h that has

h € ,747 the
bd by Rp.

from the
t is called

rlause

As seen in clause the specific consumer’s risk and specific producer’s risk R¢, and Rp are simply related

to the conformance probability for a particular measured item, given the result of a measurement. If the value of
the property Y is outside the tolerance interval and a measured value Y;, is within the acceptance interval, then a
consumer’s risk has been realised. The probability that these two events occur, i.e., the global consumer’s risk, is
specified by a joint probability distribution that depends on the production process and the measuring system.

9.4.2

The joint probability density can be written as a product of densities that are already known. In words, the

probability that the value of the measurand Y is outside the tolerance interval and measured value Y}, is within the
acceptance interval is given by the probability that the production process produces an item with a true value of Y
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outside the tolerance interval multiplied by the probability that the measuring system produces a measured value Yy,
within the acceptance interval, given that the measurand Y is outside the tolerance interval.

9.4.3  Similarly, the global producer’s risk is defined in terms of the same joint probability distribution. If the
tolerance interval, the production process and the measuring system are regarded as fixed, the global consumer’s risk
and global producer’s risk are determined by the acceptance limits. The acceptance limits can thus be set to achieve
an acceptable balance of the two kinds of risk. In general it is not possible to set the acceptance limits to minimise
both the consumer’s and producer’s risks simultaneously: decreasing one will increase the other.

9.4.4 | In the quality control and conformity assessment literature, the terms ‘consumer’s risk’ and ‘producer/s, 1fisk’
are gendrally used in the sense of global risks, as described above.

9.4.5 | For a given production process and measuring system, knowledge of the possible outcomes of'a, eonforrity
assessmeént test of an item selected at random is described by a joint probability density function. For §uch a randomly
selected [item, the probability that (a) the value of the measurand Y lies in the interval n <Y < n +dn and that|(b)
a measufrement of Y would yield a measured value Yy, in the interval ny, < Yy, < ny + dny is givén by

Pr(n <Y <n+dnand nn <Y < nw + dim) = £(1, 9 )dn A, 15)
where f[n,7m) is the joint PDF for ¥ and Y;,.

9.4.6 | Using the product (or multiplication) rule of probability theory, the, joint density f(n,nm) can be factorjzed
in two Ways, according to

F(,mm) = go(n) b (1 |m) (16a)

and

F(,mm) = ho (1) g (010m) - (16b)

9.4.7 | The two PDFs on the right in expression (I6al)dre the two probability densities described in clause Given
the forn]s of these PDF's, the two probability densities on the right-hand side of expression (16b) can be calculatedl, if
desired. |Such a calculation is illustrated in Annex [A| (see clauses and |A.4.4).

9.5 (falculation of global risks
9.5.1 [Historical context

9.5.1.1| In the following stbelauses, formulae are developed for calculating the global risks of incorrect decisipns.
Such calculations have traditionally been performed using measured frequency distributions of the various outcomes
when a Jarge sample of<nominally identical items are measured. The global consumer’s risk, in such an approacl, is
equal td the fraction ¢f items in a measured sample that are accepted for use but do not conform with a specified
requirenpent. Suglhy non-conformance, for a particular item, has to be demonstrated after the fact by a separate
measurgment with an uncertainty much smaller than that of the measuring system used in the conformity assessmgnt.

9.5.1.2| CThe global risks below are calculated using probability distributions rather than frequency distributipns,
so that TTi5s ot Tiecessary to consider an ensembie of measured items that may Tot, 10 1act, exist. vumerically,
the calculated probabilities will always agree, on average, with measured frequencies. Thus acceptance limits can be
chosen to yield acceptable fractions of mistakenly accepted or rejected items, on average, in the conformity assessment
of items in a sample.

9.5.2 General formulae

9.5.2.1  Given the joint PDF (16a)) and the two probability densities g,(n) and h (nm|n), the probabilities of each
of the four possible outcomes described above (see clause can be calculated. These probabilities are simply the
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respective volumes under the joint probability density f(n,nm), integrated over the four regions that describe all
possible outcomes.

9.5.2.2  Of particular interest are the global consumer’s risk and global producer’s risk, calculated as follows:

— For a measured value in the acceptance interval and a value of Y outside the tolerance interval, the global
consumer’s risk is

Bo = / /nu('q\h(n !7’7\ dn.dn (17)
JeJa

— For a measured value outside the acceptance interval and a value of Y within the tolerance interval, the global
producer’s risk is

Rp — / /Ego (1) h (nl) ey, (18)

©

5.2.3 Expressions (|17) and (18]) are general formulae for the calculation of glgbal consumer’s and producer’s
ripks. Depending on the particular form of the PDFs g,(n) and h (nm|n), explicit(evaluation of R¢ and Rp|may have
tq be performed numerically.

9/5.3 Special case: Binary decision rule

9/5.3.1  For the particular binary conformity assessment illugtrated in figure formulae and become

(/::+/:> /Aju 9o (1) o (11 [1) din dy, (19)

B¢

and

Rp

( / :f+ / m) / T B01) b (mln) by (20)

9{5.3.2  Use of expressions afd in the case where the joint PDF is a product of normaj distribu-
tipns is illustrated in the following example. Properties of normal distributions, including the particulat forms of
tpressions (19)) and 7 aré discussed in Annex

¢]
5d

EXAMPLE Manufactute Jof precision resistors

Alsupplier of electrical @omponents produces wire-wound precision resistors of nominal resistance 1500 . For each rgsistor (the
itpm), the resistanee)Y (the property of interest) is specified to lie in a tolerance interval defined by the limits 71, ¥ 1499.8
and Ty = 1500.2{47.

Al machine for producing such resistors is evaluated by measuring a sample of its output, using a high-accuracy ohmmeter with
n¢gligiblesheasurement uncertainty. A histogram of the measured values appears normal in shape, centred on the nofninal value
with-a‘standard deviation o = 0.12 . Based on this information, a normal PDF g¢,(n) = ¢ (n; Yo, u(z)) is assigned tq model the
production process. with yg = 1500 © and ug = o = 0.12 Q).

For a typical resistor produced by this machine, the conformance probability is

Ty 1500.2
pe = / go(n) dn = / ¢ (n;1500,0.12%) dn ~ 0.90 = 90 %. (21)
1

Ty, 499.8

If the supplier simply shipped every resistor produced, about 10 % of them would be non-conforming, which for economic
reasons is judged to be unacceptable. By purchasing a more expensive production machine the process variability could be
reduced. In this case it is decided, considering the relative costs, to keep the existing machine and implement an inspection
process to detect and remove non-conforming resistors.
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In production, the resistors are inspected for conformity with specification using a calibrated high-speed ohmmeter. A normal
PDF h (nm|n) = ¢ (nm; 7, ufn), with um = 0.04 €, is assigned to encode and convey belief in the interval of measured values that
might be observed when measuring a known resistance Y = 7. The assignment is based on a model of the measuring system
and an evaluation of the measurement uncertainty, including the uncertainty associated with the ohmmeter calibration.

In order to reduce the probability of shipping resistors that do not meet specification (the consumer’s risk), acceptance limits
A =1499.82 Q, Ay = 1500.18 Q are chosen inside the tolerance interval(see ﬁgure page, creating a guarded acceptance

interval with symmetric guard bands of length

w = (1500.2 — 1500.18) Q = 0.02 = 0.25U.

The conqumer’s and producer’s risks are then calculated from expressions (A.15)—(A.17) with

po(z) = (1/v2m) exp (—2"/2)

and

F(z)=® (w) ~ o (w) — ®(4.5 — 32) — B(—4.5 — 32).

Um Um
Numerical integration yields

—1.667 oo
Rc = / F(2)po(z)dz +/ F(2)po(2)dz =0.01 =1 %,

e 1.667

and

1.667
Rp = / [1 - F(2)]po(2)dz = 0.07T =7 %.

1.667

Interesting features of this conformity assessment procedure cari\be noted by considering an average sample of 100 resistors
produced by the machine, measured, and accepted or rejected as suitable for use:

— given the properties of the production process, 90 of the resistors conform with specification and 10 do not conform [(see

exprespion (21));
— of the 90 conforming resistors, 83 are accepted and 7 falsely rejected as non-conforming;
— of the 10 non-conforming resistors, 9 are rejected and one falsely accepted as conforming;

— 84 ¢f the resistors are accepted; of these, 83/84 ~ 99 % conform, with about 1 % out of tolerance. This is the gogl of
the ingpection measurement, reducing the proportion of non-conforming resistors, among those accepted for use, from 10 %
to 1 %;

— of the 16 resistors thdt are rejected, 7/16 ~ 44 % actually conform with specification. This is a price to be paid for redufing
the ridk of acceptingénon-conforming products.

9.5.4 PBettinng acceptance limits

9.5.4.1 L—theecmmploabove the alobal plelee R and Reweara calenlated pivon Tnowaisecoptanea a4 hnd
Ay. In most real applications, a desired level of risk is chosen based on a cost analysis and acceptance limits are
calculated so as to ensure that the desired risk level is achieved. Such calculations are not straightforward. A practical

approach to such problems is via graphical solution, as illustrated in the following example.
EXAMPLE Ball bearing production

A manufacturer produces large numbers of precision ball bearings. The performance specification for these bearings (the items)
requires that, for each of them, the radial error motion (the property of interest) be less than 2 um. Radial error motion of a
bearing is undesired motion perpendicular to the axis of rotation. For a perfect bearing, the radial error motion would be zero;
any real bearing will have a positive radial error motion.
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In order to characterize the production process, the radial error motions of a large sample of bearings are measured, using
a high-accuracy test apparatus with negligible measurement uncertainty. For this sample, the average observed radial error
motion is ¥ = 1 pm, with an associated sample standard deviation s = 0.5 pm.

Prior to shipment, bearings are tested for conformity with specification. In these tests the radial error motion is measured using
a calibrated test apparatus. The measuring system is characterized by a normal PDF ¢ (nm; 7, uﬁj) with a standard uncertainty
of um = 0.25 pm.

For economic reasons, the fraction of non-conforming bearings sold to customers as conforming (the global consumer’s risk)
must be held to 0.1 % or less. How can an acceptance limit A be chosen to satisfy this requirement?

toleranceinterval ————=|

guard band

7 Ww=rU

|——— acceptanceinterval ——s— =2ru
7

0 A T n

m

Figure 13 — Tolerance and acceptance intervals for the conformity assessment of ball bearings.
Permissible values of radial error motion Y liecin the interval 0 < n <7T. The acceptance limit A is
separated from the tolerance limit 7' by a guard‘band with length parameter w = rU = 2run,. The decigion
rule in this case is guarded acceptance, with w > 0.

The conformity assessment problém is illustrated in figure A conforming ball bearing is specified to have a 1adial error
motion Y in the interval 9.<*1) < T. Since the radial error motion is always positive, with measured values cldse to zero,
the prior PDF for the radial error Y will be modelled by a gamma probability density (see Annex clause Based on
tHe sample measurements; the expectation and standard uncertainty of the prior PDF are assigned to be yo =7 5 1 um and
up = s = 0.5 um. Using expressions 7 the parameters o and \ are calculated:

From definition (B.11) of the gamma probability density, the prior PDF for bearing radial error Y is then

9o (1) = gamma (1;4,4) =

2387736747’, n > 0. (22)
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igure 14 — Gamma prior PDF given by expression (22]), assigned based on the frequéncy distribution of
measured radial error motions for a sample of ball bearings. The tolerance jinterval is the region

0 <71 <2 um. The expectation of the distribution is the prior estimate yo = 1 'um; with an associated

andard uncertainty up = 0.5 um. Because the distribution is not symmetric, the most probable value of Y

(the mode of the distribution, here equal to 0.75 pm) is nét-equal to yo.

[ is shown in figure The probability that a ball bearing chésén”at random from the production process w
radial error motion greater than 2 um is indicated by the cross<hatched region. This non-conformance probabilit,

D. = / gamma (n; 4,4) dn = 0.042,
2

bans that if all ball bearings produced were shipped without being measured, about 4.2 % of them would be 1
hg. The post-process measuring system is desigiied to detect non-conforming bearings so that they will not be ship
tance limit is desired to reduce the consumer’s risk Rc to 0.1 % or less. For the conformity assessment decision

s to the steps leading to expressions ([19) and (20), the global consumer’s and producer’s risks are evaluated as
g g

Rc—/oo/Ago(n)h(nmn) i RP—/OT/ng(n)h(nmm A1

T 0

measuring systeny”)characterized by a normal PDF h(nm|n) =¢ (nm; n, u?n), making the substitut
- 1) /Um, dz = dfjm/um, and performing the integrations over z, these expressions become

Ro = /Too [@ (Au;n) - ¢ (_%)} 90(n) dn, Rp = /OT {1 -® (Aul_nn)} 9o () dn.

figure the tolerance interval corresponds to 0 < Y < T and the acceptance interval to 0 < Yy, < A. In a mai

uld
b is

hon-
ed.
rule
ner

ons

From figure|13|it can be seen that A =T — 2ruy,. Here T = 2 pum and um, = 0.25 pm. Then setting g, (1) equal to the gamma
PDF of expression yields the explicit results

Re(r) = 5 [ @ (5= 20 ) - a(-an)'e " an
2
128 (2 .
Rp(r) = T/ [1—®(8—2r—4n)] 7]36747] dn.
0

30

© ISO/IEC — JCGM 2012 — All rights reserved

(23)

(24)


https://standardsiso.com/api/?name=3dc841aed0235de4433113bd556be06a

JCGM 106:2012 ISO/IEC GUIDE 98-4:2012(E)

10
S 1L
S~ C
o’ .
._é L
_(n [

T
3 r
2 ;
o L
$) i

001 r=065

: L | L | L \\\‘ L J
-1.0 -05 0.0 05 10

Guard band multiplier r/unit

is A=T —2(0.65)um = 1.7 um, and the desired risk, R¢™= 0.1 % is achieved.

These integrals cannot be evaluated in closed form, but they can be calculated numerically for any chosen values o
bjnd multiplier r.

S

3

r k= 0.65. This results in a guardediacceptance interval with acceptance limit

A=T — 2rum = (2 -2 x 0.65 x 0.25) pm ~ 1.7 pm.

This.choice of acceptance limit solves the decision problem.

Figure 15 — Global consumer’s risk Rc versus guard band multiplié€c—+:"For r ~ 0.65, the acceptance li

mit

the guard

gure shows the global consumer’s risk Rc for —1 < r < 1. Positive r corresponds to A < T (guarded acceptance) and
n¢gative r corresponds to A > T. For'/= 0 there is no guard band (A = T), a decision rule called shared risf or simple
ceptance (see clause [8.2)). The figure shows that the desired level of risk, Rc = 0.1 %, is achieved for a guard band multiplier

In conformity assessment with a binary decision rule, acting to reduce the consumer’s risk will always increase the

producer’s

risk. This general rule is well illustrated by figure which shows Rp versus Rc, calculated numerically from formulae (23)
and , for the ball bearing example. For r = 0.65, the global producer’s risk Rp is about 7.5 %. This means that about 75
of every 1000 ball bearings that fail inspection would actually conform with specification, resulting in the loss of revenue that

would accrue if these good bearings were sold.

The generation of an increasing amount of conforming scrap is a cost of guarded acceptance, which seeks to reduce the

acceptance

and shipment of non-conforming products. In practice a supplier must choose an operating point along a curve such as that
shown in figure that will balance the risks and yield an optimal outcome. The choice of such an operating point is a business

or policy decision that requires an economic analysis of the decision problem.
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9.5.5.2

estimateq

9.5.5.3
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w = —U|

9.5.5.5

—  the

fo a particular value of r, the guard band multiplier, with several particular values identified. Acting to

=
o

r = +0.65: operating point for ball bearing example

Producer'sfisk RP/%

6]

0 1 2 3
Consumer'srisk RC/%

igure 16 — Global risks Rp versus Rc for the ball bearing example. Any‘pdint on the curve corresponds

bduce consumer’s risk by moving the acceptance limit farther insidé, the tolerance interval (increasing r)
always increases the risk of falsely rejecting conforming bearings:\An economic analysis is required to
choose an optimal decision rule. The open circle marks the @perating point in the worked example.

General graphical approach

For a process with given tolerance T', normal'ptior PDF g, (1) = ¢ (1; y0, ud) and normal measuring sys
Mm|n) = ¢ (nm; n, u?n), a graph such as that, shown in figure |17 can be created to aid in setting acceptd

In this example it is assumed that prior information is meagre in the sense that u2, < w32, so that
Yy & Ny with associated standard uncertainty u = uy, (see clause [A.4.4.3)).

The figure shows Rp versus R¢ for the particular case where ug = T'/6.

The five curves i-the figure correspond to values of the measurement capability index Cy, = T/(4
pe from 2 to 10, andvalong each curve solid points locate guard bands with various length parameters, f

to w = U, with the expanded uncertainty U equal to 2u.

To use~this particular graph it would be necessary to note that

process is assumed to be centred, so that the prior estimate yo of the measurand lies at the midpoint of

told

rarnce interval;

pem
11Ce

the

o1

the

— the upper and lower guard bands are assumed to have length parameters that are equal in absolute value (a
symmetric acceptance interval);

— Rp

and R¢ are calculated assuming normal process and measuring system PDF's;

— for measurement capabilities other than the five values shown, interpolation is possible;

— it is also possible to interpolate along the curves to estimate the guard bands.
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Figure 17 — Global risks Rp versus R¢ for a binary conformiity»assessment with prior standard
uncertainty uo = 7'/6. The five curves correspond to values 6fjthe measurement capability index
Cm = T/(4um) in an interval from 2 to 10. The solid points locate guard bands with length paramete
from w = —U to w = U, with U = 2u. Positive values of W ¢orrespond to guarded acceptance, with
acceptance limits inside the tolerance limits as in figure on page

5.6 The value of reduced measurement uncertainty

5.6.1  Reducing the uncertainty associated @ith the result a of conformity assessment measuremen
duce the probability of making an incorrect aecept/reject decision. This observation is well illustrated ix

v the dotted lines that mark the loci of thé various guard bands.

ere such that Cy, = T/ (4uy,) = 2; then the consumer’s risk would be R¢ &~ 0.1 % and the corresponding
5k would be Rp ~ 1.5 %.

5.6.3 Investing in an improved measuring system with C,, = 10 would reduce these risks to R¢ =~ 0
p ~ 0.07 % respectivély) Whether such a reduction in measurement uncertainty would be economically
bpends on the tradeoff-between the cost of the improved metrology and the money saved via fewer decision

5.6.4  Imptéving the production process (reducing the prior standard uncertainty ug) will have a simil
ducing both@onsumer’s and producer’s risks, and will involve a similar kind of cost/benefit analysis.

will also

| figure

5.6.2  For a simple acceptance decision rule (w = 0) it is seen, for example, that if the measurement upcertainty

broducer’s

04 % and
desirable
mistakes.

r effect in
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Annex A
(informative)
Normal distributions

A.1 Normal probability density function

A.1.1  Assume that a quantity of interest Y is measured, yielding a best estimate y and an associated standard
uncertainty u(y) = u. In many cases the dispersion of probable values 77 of Y about the estimate y, given a measyred
value 7, is well characterized by a normal probability density function (PDF), given by

2
1 Lin-y 2
e — _— = M JZ&.].
9 (i) W%exp[ 3 (2 )] U3, ()
where yf = y(9m). In many conformity assessment measurements, y = 7, but this is not(always the case; |see

clause [AL4.4

A.2 Integrals of normal PDFs

A.2.1 | In computing coverage probabilities, conformance probabilities and Jor eénsumer’s and producer’s risks, lone
often hap to evaluate integrals of normal PDFs between finite or semi-infinite limtits. Such integrals cannot be evaludted
in closed form and are therefore evaluated numerically and tabulated. In deder to simplify the notation it is convenjent
to introdluce the standard normal PDF, ¢ (t), defined by

1 2
t) = exp(—t°/2) = (¢;0,1). A2
polt) = <= exp(~/2) = p(t50,1) (42
A.2.2 [ There are two common ways that one finds integrals of normal PDFs expressed:

(a) the|standard normal distribution function, ®(t),defined by

@(z):\/% [ —— [ T ol dt, (4.3)

and|

(b) thelerror function, erf(z), defingd by

erf(z) 2 /Ze (—t?)dt (A.4)

rf(z). =4 = xp(— . .
VT Jo

These fynctions are sidiply related; from definitions (A.3)) and (A.4) it is seen that

Bz = % [1+ert(z/v)]. (A5)

A.2.3 Consider the probability that the Y lies in the interval a < Y < b, given a measured value n,,. For|the
normal PDF of expression (A.1)) this probability is given by

1 b 1 n—y2
Pr(a<Y < blny) = —— 2 .
Ha <Y < bln) Mﬂ/aexplz( ) |

Setting z = (n — y)/u and dz = dn/u, this expression becomes

Pr(a <V <t = [ T = 0 () -e (222, (A6)

(a=y)/u u u
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using expressions (A.2)) and (A.3).

A.3 Coverage probabilities for normal PDFs

A.3.1 In a common special case, points a and b define a coverage interval (or uncertainty interval) of
about the estimate y, where U = ku is the expanded uncertainty for a stated coverage factor k (see clause [6.3.2)).

T

hen a = y — ku, b = y + ku and expression (A.6) becomes

Pr(]Y —y| < kulim) = ®(k) — ®(=k) = erf(k/v2) = P(k).

he coverage probabilities (or levels of confidence) for k = 1,2, and 3 are then:
P(1) = ®(1) — &(—1) = erf(1/v2) = 0.683 = 68.3 %,

P(2) = ®(2) — ®(—2) = erf(2/V2) = 0.955 = 95.5 %,

P(3) = ®(3) — ®(—3) = erf(3/V2) = 0.997 = 99.7 %.

.4 Normal process and measurement probability densiti€s

.4.1 Prior PDF g, (n) for the measurand Y

width 2U

A.4.1.1  Before performing a measurement, knowledge of.a‘tneasurand Y is often well characterized byl a normal
ptior PDF. Denoting the best estimate by 39 and the associated standard uncertainty by ug, this prior POJF is given
by
2
90(n) = ¢ (m:90 u2)=#e><p Y (U T Iy (CL [—@(n—yoﬂ (A7)
’ N7 2\ ug 27 2 ' '
I} the last expression a weight wo = 1/ufhas been introduced to simplify the subsequent development.
A.4.2 PDF h(n,|n) for Y, given a value Y =g
A.4.2.1 Assume that thejymeasuring system used in a conformity assessment is characterised, via the [likelihood
function, by a normal PD¥': If such a system is used to measure a property of interest with an assumed value Y = n
the PDF conveying bélief in the possible values of Yy, is then given by
1 1 (Nm—n 2 w w
h m - m > 71,[,121] = €xX P = ) = = €x |:_ - m 2 ) A8
(M) w(nn)ummp[2<um 5 &P | =5 (=) (A.8)
where wiy = 1/u?,.
AL+ o fant] 1D rd . AA b 11 1 ; . . 1 1 .
Vs W IYV-AW4 LIIC IIOTIIIal I" T Ol CXPICTSSION {([A.G]] TCaSOIIaDly ClIalaClCrIZEs 4a IICASUITIIICIIL dallalyZCd aCCOI lng tO the

procedure described in the GUM, in the case where the conditions necessary for the validity of the central limit theorem
exist. The GUM assumes no prior knowledge of the measurand, so that the dispersion of values that could reasonably
be attributed to a measurand following a measurement is characterized by the standard uncertainty .y, .

A.4.3 Marginal PDF h (1) for Yi,

A.4.3.1 It is of interest to ask, and of practical value to know, what measured value 7, might be realized
were chosen at random from a production process and the property of interest Y measured. For a process characterized

if an item
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by the prior PDF of expression (A.7)) and measuring system characterized by the PDF of expression (A.8]), the desired
PDF can be calculated as a marginal probability density, using expression ([16al), as follows:

hy(nm) = / 9o () h (Mm(n) dn
N el I S _?
e 7ooexp 2(100 (1 —v0)" + wm (Nm 77)) dn
1 Wo W [ 1 wown 2}
= — /- expl——— (.. — )
V21 | Wo F Wi [ Zwo + wy ]

= ¢ (M3 yo, i),

1 1/n Y 2

m — Y0
= ——exp|—=| —— A9
Un,, V270 Y [ 2 < Uten > ] (@9

where
wo + W 9 9
Upy =) ———— = \Jug + uh- Al10
Tlm Wo W 0 m ( )
A.4.3.2( The PDF h,(nm) is seen to be a normal distribution with expectation{ yj'and associated standard unper-
tainty u}, . given by expression (A.10)).
A.4.3.3] The expectation E(Y;,) = yo follows from the assumption thdb the measuring system has been corredted
for all rg¢cognized significant systematic errors and is thus free from bids.
A.4.3.4  The standard uncertainty w,  in expression (A.10) isyseen to be the quadrature sum of the standard
uncertainties associated with the process and measuring system, PDFs. The two sources of uncertainty (an uncerfain
process |land an imperfect measuring system) combine in a@(natural way in their effects on knowledge of possible
measured values of a property of interest. Given a high-agguracy measuring system, in the sense that u, < ug, then
Uy, ~ up and uncertainty about possible measured quafifity values is almost all due to incomplete information ahout
the production process.
A.4.4 |Posterior (post-measurement)PDF ¢ (n|n,) for YV
A.4.4.1] Equating the right-hand sides of expressions (16al) and (16b)), on page and rearranging yields the HDF
for the easurand Y following a méasurement that yields a measured value 7,:
Go @R (11m|n)
9 (nlnm) = : (Al11)
" By (M)
Comparfson with expression (1)) on pagel1{shows this result to be a statement of Bayes’ theorem, with the denomingtor
hy(nm) given by expression (A.9). Substituting the normal PDFs of expressions (A.7)—(A.9) into expression (]EED
yields
2
o [Wo + Wi, [ Wo + Wm ( w0y0+wmnm\ -|
gny) = J————exp|——"F—"|n—————
] 27T I 2 N T+ Tm /|
2
1 1/n-— y>
= exp [—= A.12
uy/ 27 P [ 2 ( U ( )
= o (my.u?),
where
y = WoYo + wmnm’ (A.13)
wo + W
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and

1 1 UQUm
u = = = .
1 1 2 2
\/w0+w1n \/uig_i'_E \/u0+um

(A.14)

A.4.4.2 Bayes’ theorem shows the effect of new information about the measurand Y conveyed by the measured
value 7, and the associated standard uncertainty u,,. The posterior probability density is seen to be a normal
distribution whose expectation (best estimate) y, expression , is a weighted average of yo and 7y, with the
TgiTtS oqual to the Teciprocats of the COTTePONAINg associated VAT ances.

A.4.4.3  From expression (A.14)) it is seen that the standard uncertainty u associated with the estimate ¢ is always
ess than both ug and wuy,. There are two cases of special interest that are commonly encountered.in ‘practipe.

[—

—+ If prior knowledge is so meagre that no attempt is made to assign an explicit prior PDE to the meagurand Y,
then uy, < ug so that wy, > wp. From expression (A.14) it follows that

Y = M, U = U,

and all relevant knowledge of the possible values of Y can be said to deriye.from the measurement itself. Such mea-
surements are the focus of the GUM, which is a guide to the evaluationyef u,, given an appropriate mepsurement
model.

—+ In atypical calibration, a measuring instrument is used to measure a reference standard that realizes an estimate yg
of a quantity Y with a small associated standard uncertainty”ug. For such a calibration, the systematfic error of
the instrument is poorly known a priori in the sense that uy < uy, or wy > wy,. The posterior PDF for Y is
then such that, again using expression 7

Y = Yo, U~ Ug-

In accord with common sense, knowledge.of ‘the reference standard is unchanged by the calibration megsurement.
The instrument reading, however, conveys information about the error of indication of the instrument, which is
the quantity of interest in a calibration.

A.5 Risk calculations with normal PDFs and a binary decision rule

Al.5.1  General formula)for the calculation of global consumer’s and producer’s risks were derived in clauge[9.5] and
the special case of as¢gnformity assessment with a binary decision rule was treated in clause [9.5.3] It is pf interest
tq derive expressionS)for the global risks in the common case of a binary decision rule where prior knowlledge of a
mjeasurand and-the’possible outputs of a measuring system are both described by normal distributions.

A.5.2  Giyen normal distributions, expressions (A.7) and (A.8)), for the PDF's characterizing the productipn process
ahd theaneasuring system, the joint PDF f(n,nm), (expression (|16a)) on page 7 for the outcome of a mepsurement

S, mm) = g,(n) b (m|n) = zmloumem{—; Kn;oyof - (T)T }

Letting v = (§m — 1)/tm, dv = dnm/um and 2z = (9 — yo)/ug, dz = dn/up and substituting into expressions ([19)
and yields, after simplification, the global consumer’s and producer’s risks:

Ro= [ 7 F@wa+ [ Pl (A.15)

wg
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