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This Guide establishes general rules for evaluating
and expressing uncertainty in measurement that
are intended to be applicable to a broad
spectrum of measurements, The basis of the Guide
is Recommendation 1 (CI-1981) of the Comité
International des Poids et Mesures (CIPM) and
Recommendation INC-1 (1980) of the Working
Group on the Statement of Uncertainties. The
Working Group was convened by the Bureau
Intermnational des Poids et Mesures (BIPM) in
response to a request of the CIPM. The CIPM
Recommendation is the only recommendation
concerning the expression of uncertainty in
measurement adopted by an intergovernmental
organization.

This Guide was prepared by a joint working group
consisting of experts norninated by the BIPM, the
International Electrotechnical Commission (IEC),
the International Crganization for Standardization
(150). and the International Organization of Legal
Metrology (OIML).

The following seven organizations supported the
development of this Guidle, which is published in
their name:

BIPM  Bureau International des Poids et Mesures
IEC International Electrotechnical Cormmission

oo ntemationaHrederatiorat-Clricet
Chemistry

150 International Crganization for
Standardization

IUPAC  International Union of Pure and Applied
Chemistry

IUPAP  International Union of Pure and Applied
Priysics

CIML  International Organization of Legal
Metrology

Users of this Guide are invited to send their
comments and requests for clarification to any of
the seven supporting organizations, the mailing
addresses of which are given on the inside front
cover.
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Foreword

In 197

7, recognizing the lack of international consensus on

the expression of uncertainty in measurement, the world’s

highe
des H

it authority in metrology, the Comité International
oids et Mesures (CIPM), requested the Bureau

Interrfational des Poids et Mesures (BIPM) to address the

problg

labord

The H
issue
labor;
for in
early
[1].!
an i
measy
UNCET]
Howsg

be uged. The BIPM then convene

purpg

m in conjunction with the national standards
tories and to make a recommendation.

IPM prepared a detailed questionnaire covering the
involved and distributed it to 32 national metrology
tories known to have an interest in the subject (and,
formation, to five international organizations). By

Almost all believed that it was important to arriveu@
ternationally accepted procedure for expressing
rement uncertainty and for combining J dividual
ainty components into a single total‘\\@certaimy.
ver, a consensus was not apparent omvthe method to
meeting for the

se of arriving at a uniform&enerally acceptable

Foreword

.

0

o
9
P

Responsibility was assigned to the IS%@!
Group on Metrology (TAG 4) \se one of its tas
to coordinate the devel@n nt of guidelines
measurement topics that @of common interest to
and the six organizati@\ at participate with ISO ij
work of TAG 4\
Commission ( IE&), the partner of ISO in world
slandardiz&; the CIPM and the Internat
Organization of Legal Metrology (OIML), the
wo@de metrology organizations; the Internat]

1ol of Pure and Applied Chemistry (IUPAC) ang

e International Electrotechi

U
\Qé:malional Union of Pure and Applied Phj
1979 responses were received from 21 laboratories $ (IUPAP),

the two international unions that reprd
chemistry and physics; and the International Federatiq
Clinical Chemistry (IFCC).

TAG 4 in turn established Working Grouj
(ISO/TAG 4/WG 3) composed of experts nominate
the BIPM, IEC, ISO, and OIML and appointed by
Chairman of TAG 4. It was assigned the following t

chnical Advisory

ks is

on
ISO
1 the
hical
vide
onal
wo
onal
| the
sics
tsent
n of

—

i by
the
EImS

=
1

T
Y

proceflure for the specification™ef uncertainty; it was of reference:

attended by experts fr&ll national standards

laborgtories. This Wor Group on the Statement of To develop a guidance document based upon th

Unceftainties devel Recommendation INC-1 (1980), recommendation of the BIPM Working Group o

Exprdssion of E@?ﬂ ental Uncertainties [2]. The CIPM the Statement of Uncertainties which provides rulds

approyved th mmendation in 1981 [3] and reaffirmed on the expression of measurement uncertainty fq

it in 98%% use within standardization, calibration, laborator
% ‘ _ ' accreditation, and metrology services;

The fask—oi—eschopts—a—detated—auide—based—on—the

Working Group Recommendation (which is a brief outline The purpose of such guidance is

rather than a detailed prescription) was referred by the
CIPM to the International Organization for Standardization

(ISO)
from

1) See

, since ISO could better reflect the needs arising
the broad interests of industry and commerce.

the bibliography on page 94 et seq.

- to promote full
uncertainty statements are arrived at;

~ to provide a basis for the international
comparison of measurement results.

information on how
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0 Introduction

0.1 | When reporting the result of a measurement of a
physical quantity, it is obligatory that some quantitative
indicption of the quality of the result be given so that those
who |use it can assess its reliability. Without such an
indicption, measurement results cannot be compared,
eithef among themselves or with reference values given in
a spdcification or standard. It is therefore necessary that
therel be a readily implemented, easily understood, and
genefally accepted procedure for characterizing the quality
of aresult of a measurement, that is, for evaluating and
exprgssing its uncertainty.

0.2 | The concept of uncertainty as a quantifiable
attrifjute is relatively new in the history of-m€asurement,
although error and error analysis have long-been a part of
the gractice of measurement science.Qr metrology. It is
now |widely recognized that, when-all of the known or
susp¢cted components of erros Have been evaluated and
the gppropriate correction§-have been applied, there still
remdins an uncertainty.about the correctness of the stated
resullt, that is, a déub’about how well the result of the
meaqurement repkéSents the value of the quantity being

meagured.

0.3 [ Just as the nearly universal use of the International

0 Introduction

evaluating and expressing./ uncertainty be unjform
throughout the world so that measurements performed in
different countries ¢anr-be easily compared.

0.4  The idedl-method for evaluating and expressirjg the
uncertaint§ 9f the result of a measurement should bg:

—universal: the method should be applicable fo all
kinds of measurements and to all types of [input
data used in measurements.

The actual quantity used to express uncertainty should be:

— internally consistent: it should be directly deriyvable
from the components that contribute to it, ag well
as independent of how these componenty are
grouped and of the decomposition of] the
components into subcomponents;

- transferable: it should be possible to use difectly
the uncertainty evaluated for one result |as a
component in evaluating the uncertainty of anjother
measurement in which the first result is used|

Further, in many industrial and commercial applicafions,
as well as in the areas of health and safety, it is|often

necessary to provide an interval about the measur¢ment

System of Units (SI) has brought coherence to all
scientific and technological measurements, a worldwide
consensus on the evaluation and expression of uncertainty
in measurement would permit the significance of a vast
spectrum of measurement results in science, engineering,
commerce, industry, and regulation to be readily
understood and properly interpreted. In this era of the

global marketplace, it is imperative that the method for

result that may be expected to encompass a large fraction
of the distribution of values that could reasonably be
attributed to the quantity subject to measurement. Thus the
ideal method for evaluating and expressing uncertainty in
measurement should be capable of readily providing such
an interval, in particular, one with a coverage probability
or level of confidence that corresponds in a realistic way
with that required.

vii
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0.5  The approach upon which this guidance document 0.7 Recommendation INC-1 (1980)

is based is that outlined in Recommendation INC-1 (1980)
[2] of the Working Group on the Statement of
Uncertainties, which was convened by the BIPM in
response to a request of the CIPM (see Foreword). This
approach, the justification of which is discussed in annex
E, meets all of the requirements outlined above. This is
not the case for most other methods in current use.
Recommendation INC-1 (1980) was approved and

Expression of experimental uncertainties

1. The uncertainty in the result of a measurement
generally consists of several components which
may be grouped into two categories according to
the way in which their numerical value is
estimated:
A. those which are evaluated by statistical
methods,

1981) [3] and 1 (CI-1986) [4]; the English
translfitions of these CIPM Recommendations are
reproduced in annex A (see A.2 and A.3, respectively).
Because Recommendation INC-1 (1980) is the foundation
upon which this document rests, the English translation is

reprouced in 0.7 and the French text, which is
authoftitative, is reproduced in A.1.

0.6 [ A succinct summary of the procedure specified in
this guidance document for evaluating and expressing
uncerfainty in measurement is given in clause 8 and a
number of examples are presented in detail in annex H.
Other| annexes deal with general terms in metrology
(annex B); basic statistical terms and concepts (annex C);
“true’| value, error, and uncertainty (annex D); practical
suggeptions for evaluating uncertainty components (annex

G); tHe principal mathematical symbols used lhroug}g@
the dgcument (annex J); and bibliographical refgrences
(annex K). An alphabetical index concludes the ment.

X

.

\"Q “standard deviations” 5;) and the number df
F); degrees of freedom and levels of confidence (annex$

B. those which are evaluated by other m%ij

There is not always a simple corresﬁhndenc
between the classification into cate A or

and the previously used cl?ﬁcalion int
“random” and “systematic” un inties. The terr]

T = O W 10

“systematic uncertainty” _c

should be avoided.
&

Any detailed r @ of the uncertainty shoulfi
consist of ag\c}%pltxe list of the componentd,
specifyin f60 each the method used to obtain ifs
numeri alue.

<

2 .%he components in category A are characterizedl
the estimated variances s? (or the estimatefi

be misleading an

degrees of freedom v. Where appropriate, th

11

covariances should be given.

3. The components in category B should b

characterized by quantities #j, which may b

considered as approximations to the correspondinf
variances, the existence of which is assumed. The
quantities «? may be treated like variances and th
quantities u; like standard deviations. Wher
appropriate, the covariances should be treated in

L]

w

o i

=

similar way.

4. The combined wuncertainty should be
characterized by the numerical value obtained by
applying the usual method for the combination df

variances. The combined uncertainty and ifs

components should be expressed im (he form of
“standard deviations.”

5. If, for particular applications, it is necessary to
multiply the combined uncertainty by a factor to
obtain an overall uncertainty, the multiplying factor
used must always be stated.

viii
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1 Scope

GUIDE TO THE
EXPRESSION OF UNCERTAINTY

1.1 [This Guide establishes general rules for evaluating
and ejfpressing uncertainty in measurement that can be
followd at various levels of accuracy and in many fields

- fronf the shop floor to fundamental research. Therefore,

IN MEASUREMENT

1 Scope

0
O
NS
@OSb

O
N\

C)O\)

N4

O
©

1.3 This Guid®'is also applicable to evaluating jand
expressing ncertainty associated with the concepfual
design theoretical analysis of experiments, methods of
me ient, and complex components and systems.

the principles of this Guide are intended to be applicable Bepause a measurement result and its uncertainty may be
to a Hroad spectrum of measurements, including those ’aneptual and based entirely on hypothetical data, |the
requirgd for: . ®$ term “result of a measurement” as used in this Glide
- |maintaining quality control and quality assuran i should be interpreted in this broader context.
production; h\
. : : s N- 1.4  This Guide provides general rules for evaluafing
- |complying with and enforcing laws anc}s@mauons; } ) )
oo o N g_l) e and expressing uncertainty in measurement rather fhan
- |conducting basic research, and appliedfesearch an . e . .
& T Rpic ) detailed, technology-specific instructions. Further, it does
development, in science and e ering; : : ;
not discuss how the uncertainty of a partiqular
— |calibrating  standards instruments  and for

performing tests lhroug@lta national measurement
ve traceability to national

system in order to
standards;

developing Q‘rnaimaining,

internati and national physical
slan@ including reference materials.

and comparing

reference

1.2 .
expression of uncertainty in the measurement of a well-
defined physical quantity — the measurand - that can be
characterized by an essentially unique value. If the
phenomenon of interest can be represented only as a
distribution of values or is dependent on one or more
parameters, such as time, then the measurands required
for its description are the set of quantities describing that
distribution or that dependence.

measurement result, once evaluated, may be used
different purposes, for example, to draw conclusions alpout
the compatibility of that result with other similar resplts,
to establish tolerance limits in a manufacturing procesy, or
to decide if a certain course of action may be safely
undertaken. It may therefore be necessary to devplop
particular standards based on this Guide that deal witly the
problems peculiar to specific fields of measuremenf or

} 3 i : itati iong of

uncertainty. These standards may be simplified versions of

this Guide but should include the detail that is appropriate
to the
measurements and uses addressed.

level of accuracy and complexity of the

NOTE - There may be situations in which the concept of
uncertainty of measurement is believed not to be fully
applicable. such as when the precision of a test method is

determined (see reference |5]. for example).
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2.1

The q
relev

2 Definitions

General metrological terms

lefinition of a number of general metrological terms
hnt to this Guide, such as “measurable quantity,”

“medsurand,” and “error of measurement,” are given in

anne;
Inter
metrq
givey
taker

t B. These definitions are taken from the
hational vocabulary of basic and general terms in
logy (abbreviated VIM) [6]. In addition, annex C
the definitions of a number of basic statistical terms
mainly from International Standard ISO 3534-1 [7].

Whe

one of these metrological or statistical terms (or a

closely related term) is first used in the text, starting with
clausg 3, it is printed in boldface and the number of the

subclause in which it is defined is given in parentheses.

the | general metrological term

measjirement” is given both in annex B and 37 The
defipfitions of the most important terms s ic to this
Guidp are given in 2.3.1 to 2.3.6. 1 of these

subcllauses and in annexes B and C,

.

sé of parentheses

aroufpd certain words of some t@l means that these

wor
confy

2.2

The
3 ang

2.2.1

may be omitted ifCBhg)is unlikely to cause
sion.
N
The term “@bcertainty”
Concept o@ktrtaimy is discussed further in clause

| annex%

@worﬂ “uncertainty” means doubt, and thus in

\g@

Becapise of its importance to this Guide, the deﬁnition@
“uncertainty “of

Q‘b
N
adjectives refers both to the general conc
and to any or all quantitative measu

is ‘@nded.
O

O

2.2.3 The formal deﬁn\

When a specific measure
adjectives are used.

measurement” devel or use in this Guide and
current VIM [6] \ﬁM entry 3.9) is as follows:

uncertai tyQof measurement)

para; , associated with the

y f uncer{ainty
f that corjcept.
appropriate

of the term “uncertairjty of

n the

result ¢f a

asaremem, that characterizes the dispersion ¢f the

es that could reasonably be attributed ftq
7y measurand

NOTES

1 The parameter may be, for example, a standard deviat
a given multiple of it), or the half-width of an interval ha
stated level of confidence.

2 Uncertainty of measurement comprises, in general,
components. Some of these components may be evaluate
the statistical distribution of the results of series of measurg
and can be characterized by experimental standard devi
The other components, which also can be characteri

the

on (or
ving a

many
I from
ments
htions.
ed by

standard deviations, are evaluated from assumed probjability

distributions based on experience or other information.

3 Itis understood that the result of the measurement is t
estimate of the value of the measurand, and that all comp)
of uncertainty, including those arising from systematic ¢
such as components associated with corrections and ref]
standards, contribute to the dispersion.

e best
pnents
ffects,

Erence

its b

0adesl SCO5C Uncertalinty ol medsurciment  means

doubt about the validity of the result of a measurement.

Because of the lack of different words for this general
concep! of uncertainty and the specific quantities that

provide quantitative measures of the concept, for example,

the standard deviation, it is necessary to use the word

“uncertainty” in these two different senses.

2.2.2 In this Guide, the word “uncertainty” without

2.2.4 The definition of uncertainty of measurement

given

in 2.2.3 is an operational one that focuses on the

measurement result and its

evaluated uncertainty.

However, it is not inconsistent with other concepts of

uncertainty of measurement, such as

- a measure of the possible error in the estimated
value of the measurand as provided by the result of

a measurement;



https://standardsiso.com/api/?name=350e4d09405084c3da67f81ed21f4434

Expression of Uncertainty: 1993 (E)

2 Definitions

— an estimate characterizing the range of values
within which the true value of a measurand lies
(VIM, first edition, 1984, entry 3.09).

Although these two traditional concepts are valid as ideals,
they focus on unknowable quantities: the “error” of the
result of a measurement and the “true value” of the

measurand (in  contrast to its estimated value),
respectively.  Nevertheless, ~whichever concept  of
uncertdinty 1s adopted, an uncertainty comp 3.5 ecxpanded um Ty

evalualed using the same data and related information.
(See also E.5.)

2.3

In gerferal, terms that are specific to this Guide are
definedl in the text when first introduced. However, the
definitjons of the most important of these terms are given

Terms specific to this Guide

here for easy reference.

NO[TE - Further discussion related to these terms may be found
as tbllows: for 2.3.2, see 3.3.3and 4.2; for 2.3.3, see 3.3.3 and
4.3} for 2.3.4, see clause 5 and equations (10) and (13); and for
2.3]5 and 2.3.6, see clause 6.

2.3.1 |standard uncertainty
uncertpinty of the result of a measurement expressed as a
standapd deviation

.\@
2.3.2 [ Type A evaluation (of uncertainty)
methofd of evaluation of uncertainty by the

analysjis of series of observations C)\\C)

Type B evaluation (of uncertainty)
eans other than

\sﬁ?&?ic al

2.3.3
methold of evaluation of uncertaint

the stdtistical analysis of series of gbservations

N

2.3.4 combined standard uncertainty

standard uncertainty of the result of a measurement when
that result is obtained from the values of a number of
other quantities, equal to the positive square root of a sum
of terms, the terms being the variances or covariances of
these other quantities weighted according to how the
measurement result varies with changes in these quantities

quantity defining an interval about the resn@)n-a' a
measurement that may be expected to encompass’ a lqrge
fraction of the distribution of values that r(sgbi'reasonz bly
be attributed to the measurand 6@

NOTES O3

1 The fraction may be view@ag?he coverage probabilify or
level of confidence of thei\Q} L.

2 To associatea s \Ievel of confidence with the int¢rval

defined by the e)k;i:\ uncertainty requires explicit or imgplicit
assumptions regay ing the probability distribution charactefized
by the its combined stanydard
uncer
lhiQQt rval can be known only to the extent to which

surement result and

/ The level of confidence that may be attributgd to
lsuch
ptions may be justified.

\\'Q 3 Expanded uncertainty is termed overall uncertainfy in
paragraph 5 of Recommendation INC-1 (1980).

2.3.6 coverage factor
numerical factor used as a multiplier of the comb
standard uncertainty in order to obtain an exparded

ned

uncertainty

NOTE - A coverage factor, k, is typically in the range 2 fo 3.
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3 Basic concepts

Additiional discussion of basic concepts may be found in
annex
error,
of th¢se concepts; and in annex E, which explores the
motivation and statistical basis for Recommendation INC-1
(1980) upon which this Guide rests. Annex J is a glossary
of the]principal mathematical symbols used throughout the
Guidq.

D, which focuses on the ideas of “true” value,
and uncertainty and includes graphical illustrations

3.1

3.1.1( The objective of a measurement (B.2.5) is to
deterrhine the value (B.2.2) of the measurand (B.2.9),
that ip, the value of the particular quantity (B.2.1,
note 1) to be measured. A measurement therefore begi‘n%
with 4n appropriate specification of the measurand,.@s
methgd of measurement (B.2.7), and the measur@ent

"
NQTE - The term “true value” (see annex D) Qﬁol used in this
Gufde for the reasons given in D.3.5; t thrms “value of a
mepsurand” (or of a quantity) and “t ﬁle of a measurand”
(or{of a quantity) are viewed as eq@;@m.

Measurement

proceflure (B.2.8).

3.1.2 | In general, the res a measurement (B.2.11)
is only an approxim or estimate (C.2.26) of the
value jof the measu@é and thus is complete only when
accompmiedi& tatement of the uncertainty (B.2.18)

of thaf esti
<0

3.1.3 Iﬁ'gractice, the required specification or definition

D
O
N

bar is to be determined to micrometre accureggits specifipation

should include the temperature and pressure at which the
e specified af, for

is defined. Thus the measurand sh\
example, the length of the bar atﬁb Cand 101 325 Pal(plus
any other defining paramet med necessary, such

way the bar is to be supp

ength

hs the
“However, if the length is|to be

determined to only mj ‘\ue accuracy, its specification fwould

not require a defini

other defining |:§{\a\mler.
O

perature or pressure or a value fpr any

NOTE é{omplete definition of the measurand can give tise to

a co nt of uncertainty sufficiently large that it myst be

ino%ded in the evaluation of the uncertainty of the measur¢ment

t(see D.1.1, D.3.4, and D.6.2).

’Ql.d In many cases, the result of a measuremeft is
determined on the basis of series of observations obtdined
under repeatability conditions (B.2.15, note 1).

3.1.5 Variations in repeated observations are assum¢d to
arise because influence quantities (B.2.10) that can affect
the measurement result are not held completely consfant.

3.1.6 The mathematical model of the measurement| that
transforms the set of repeated observations into| the
measurement result is of critical importance becaus¢, in
addition to the observations, it generally includes vatious
influence quantities that are inexactly known. This ladk of
knowledge the
measurement result, as do the variations of the repdated

contributes to the uncertainty of

observations and any uncertainty associated with| the

mathematical model itself.

of the measurand is dictated by the required accuracy of
measurement (B.2.14). The measurand should be defined
with sufficient completeness with respect to the required
accuracy so that for all practical purposes associated with
the measurement its value is unique. It is in this sense that
the expression “value of the measurand” is used in this
Guide.

EXAMPLE - I the length of a nominally one-metre long steel

3.1.7 This Guide treats the measurand as a scalar (a
single quantity). Extension to a set of related measurands
determined simultancously in the same measurement
requires replacing the scalar measurand and its variance
(C.2.11, C.2.20, C.3.2) by a vector measurand and
covariance matrix (C.3.5). Such a replacement is
considered in this Guide only in the examples (see H.2,
H.3, and H.4).
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3.2 Errors, effects, and corrections

3.2.1 In general, a measurement has imperfections that
give rise to an error (B.2.19) in the measurement result.
Traditionally, is viewed as having two
components, namely, a random (B.2.21) component and
a systematic (B.2.22) component.

an error

NOTE - Error is an idealized concept and errors cannot be
known exactly.

3.2.4 It is assumed that the result of a measurement has
been corrected for all recognized significant systematic
effects and that every effort has been made to identify
such effects.

EXAMPLE - A correction due to the finite impedance of a
voltmeter used to determine the potential difference (the
measurand) across a high-impedance resistor is applied to
reduce the systematic effect on the result of the measurement
arising from the loading effect of the voltmeter. However, the

3.2.2 [Random error presumably arises from unpredictable
or stodhastic temporal and spatial variations of influence
quantitjies. The effects of such variations, hereafter termed
effects, give rise to variations in repeated
observhtions of the measurand. Although it is not possible
to conjpensate for the random error of a measurement
result, [it can usually be reduced by increasing the number
of obsdrvations; its expectation or expected value (C.2.9,
C.3.1)|is zero.

NOTES

1 [The experimental standard deviation of the arithmetic mean
or gverage of a series of observations (see 4.2.3) is not the
random error of the mean, although it is so designated in some

rando

publications. It is instead a measure of the uncertainty of the
mejn due to random effects. The exact value of the error in the

medn arising from these effects cannot be known.

2 |In this Guide, great care is taken to distinguish between the
ternhs “error” and “uncertainty.” They are not synonyms, but
repfesent completely different concepts; they should not be
confused with one another or misused.

3.2.3 |Systematic error, like random errory cannot be
elimingted but it too can often be reduced. If a systematic
error prises from a recognized effeet of an influence
quantify on a measurement pesult, hereafter termed a
systemptic effect, the effect €anbe quantified and, if it is
signififant in size relativé-t the required accuracy of the
measufement, a correetion (B.2.23) or correction factor
(B.2.24) can be applied to compensate for the effect. It is
d that,-.a'ﬁg’r'correction, the expectation or expected

measurement result to compensate for a systematic effect is not
the systematic error, often termed bias, in the measurement
result due to the effect as it is sometimes called. It is instead a
measure of the wncertainty of the result due to incomplete
knowledge of the required value of the correction. The error
arising from imperfect compensation of a systematic effect
cannot be exactly known. The terms “error” and “uncertainty”
should be used properly and care taken to distinguish between

them.

vat —which
are used to estimate the value of the correction and whrc are
obtained from other measurements, are themselves.uncerfain.
These uncertainties are used to evaluate the component off the
uncertainty of the potential difference defermination arifing
from the correction and thus from the systematic effect dye to
the finite impedance of the voltmeter,

NOTES

1 Often, measuring instruménts and systems are adjusted or
calibrated using measutement standards and reference matefials
to eliminate systématic effects; however, the uncertaifities
associated with these standards and materials must still be 13ken
into account,

2 Thel case where a correction for a known signiffcant
systemiatic effect is not applied is discussed in the note to 6.3.1
and in F.2.4.5.

3.3 Uncertainty

3.3.1 The uncertainty of the result of a measurenpent
reflects the lack of exact knowledge of the value of| the
measurand (see 2.2). The result of a measurement after
correction for recognized systematic effects is still only an
estimate of the value of the measurand because of|the
uncertainty arising from random effects and from
imperfect correction of the result for systematic effects.

NOTE - The result of a measurement (after correction)|can
unknowably be very close to the value of the measurand fand
hence have a negligible error) even though it may have a farge
uncertainty. Thus the uncertainty of the result of a measurement
should not be confused with the remaining unknown error

ible sourceg of

uncertainty in a measurement, including:

a) incomplete definition of the measurand;

b) imperfect realization of the definition of the
measurand;

c¢) nonrepresentative sampling - the sample measured
may not represent the defined measurand;

d) inadequate knowledge of the effects of
environmental conditions on the measurement or
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imperfect measurement of environmental
conditions;

e) personal bias in reading analogue instruments;

f) finite instrument resolution or discrimination
threshold;

g) inexact values of measurement standards and
reference materials;

h) inexact values of constants and other parameters

obtained from external sources and used in the

components resulting from the two types of evaluation.
Both types of evaluation are based on probability
distributions (C.2.3), and the uncertainty components
resulting from either type are quantified by variances or
standard deviations.

3.3.5 The estimated variance u® characterizing an

uncertainty component obtained from a Type A evaluation
is calculated from series of repeated observations and is

data-reduction algorithm;

i} approximations and assumptions incorporated in the
measurement method and procedure;

j} variations in repeated observations of the
measurand under apparently identical conditions.

Thege sources are not necessarily independent, and some
of squrces a) to i) may contribute to source j). Of course,
an ynrecognized systematic effect cannot be taken into
accojint in the evaluation of the uncertainty of the result of
a mdasurement but contributes to its error.

3.3.3 Recommendation INC-1 (1980) of the Working
the Statement of Uncertainties groups
uncgrtainty components into two categories based on their
metHod of evaluation, “A” and “B” (see 0.7, 2.3.2, and
2.3.8). These categories apply to uncertainty and are not
subs}itutes for the words “random” and “systematic.” The$

Groyp on

uncdrtainty of a correction for a known systematic effect
may|in some cases be obtained by a Type A evalvation
while in other cases by a Type B evaluation, ‘as-may the
uncdrtainty characterizing a random effect:

NOTE - In some publications uncerfainty components are
cptegorized as “random” and “sysgerqai'ic" and are associated
With errors arising from randcni,ﬁtra_f;%cts and known systematic
efffects, respectively. Such (categorization of components of
yncertainty can be ambigidus when generally applied. For
ekample, a “random”_Jcomponent of uncertainty in one
measurement m@gf@ecnme a “systematic” component of
uncertainty in_apother measurement in which the result of the
flrst measurement is used as an input datum. Categorizing the
merhqd&?nbevaluating uncertainty components rather than the
co{;pggr}enrs themselves avoids such ambiguity, At the same

the—familiarstatistiealhestimated—varianee—s2 {see 4.2).
The estimated standard deviation (C.2.12% C 2.21,
C.3.3) u, the positive square root of u?, is thi®u =|s and
for convenience is sometimes called a_nge A stapdard
uncertainty. For an uncertainty component obtained from
a Type B evaluation, the estimfated variance p? is
evaluated using available kngwiedge (see 4.3), and the
estimated standard deviation » is sometimes called 4 Type

B standard uncertainty,

Thus a Type A sfafidlard uncertainty is obtained ffom a
probability density function (C.2.5) derived frqm an
observed ,ffetqﬁency distribution (C.2.18), while a Type
B standard uncertainty is obtained from an asjumed
prohiability density function based on the degree of [belief
that” an event will occur [often called subjective
probability (C.2.1)]. Both approaches employ recognized

interpretations of probability.

NOTE - A Type B evaluation of an uncertainty compdnent is
usually based on a pool of comparatively reliable infogmation
(see 4.3.1).

3.3.6 The standard uncertainty of the result |of a
measurement, when that result is obtained from the jalues
of a number of other quantities, is termed combined
standard uncertainty and denoted by u, . It is the estimated
standard deviation associated with the result and is|equal
to the positive square root of the combined vafiance
obtained from all variance and covariance ({.3.4)
components, however evaluated, using what is terrped in
this Guide the law of propagation of uncertainty (see
clause 5).

O " ot "
e ——doessolp collectingindividual-comp ts—that

have been evaluated by the two different methods into designated
groups to be used for a particular purpose (see 3.4.3).

3.3.4 The purpose of the Type A and Type B
classification is to indicate the two different ways of
evaluating uncertainty components and is for convenience
of discussion only; the classification is not meant to
indicate that there is any difference in the nature of the

3.3.7 To meet the needs of some industrial and
commercial applications, as well as requirements in the
areas of health and safety, an expanded uncertainty U is
obtained by multiplying the combined standard uncertainty
u, by a coverage factor k. The intended purpose of U is to
provide an interval about the result of a measurement that
may be expected to encompass a large fraction of the
distribution of values that could reasonably be attributed
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to the measurand. The choice of the factor k, which is
usually in the range 2 to 3, is based on the coverage
probability or level of confidence required of the interval
(see clause 6).

NOTE - The coverage factor k is always to be stated, so that the
standard uncertainty of the measured quantity can be recovered
for use in calculating the combined standard uncertainty of other
measurement results that may depend on that quantity.

NOTE - Such an analysis may be facilitated by gathering those
components that contribute to the variability and those that do
not into two separate and appropriately labelled groups.

3.4.4 In some cases, the uncertainty of a correction for
a systematic effect need not be included in the evaluation
of the uncertainty of a measurement result. Although the
uncertainty has been evaluated, it may be ignored if its
contribution to the combined standard uncertainty of the
measurement result is insignificant. If the value of the

3.4 [Practical considerations

3.4.1| If all of the quantities on which the result of a
measyrement depends are varied, its uncertainty can be
evalujted by statistical means. However, because this is
rarely| possible in practice due to limited time and
resoufces, the uncertainty of a measurement result is
usually evaluated using a mathematical model of the
measyrement and the law of propagation of uncertainty.
Thus | implicit in this Guide is the assumption that a
measurement can be modelled mathematically to the
degrep imposed by the required accuracy of the
measyrement.

3.4.2| Because the mathematical model may be
incomplete, all relevant quantities should be varied to the

fullest practicable extent so that the evaluation of

uncerftainty can be based as much as possible on observed.
data.|Whenever feasible, the use of empirical models\of’

the njeasurement founded on long-term quantitatiy€ data,
and the use of check standards and control charté-that can
indichte if a measurement is under slapisr,_ibaf control,
should be part of the effort to obtain reliable evaluations
of uncertainty. The mathematical madel should always be
revistd when the observed data; including the result of
indefjendent determinations(Of the same measurand,
demdnstrate that the model {®incomplete. A well-designed
expefiment can grealy, fcilitate reliable evaluations of
unceftainty and _iS. an important part of the art of
measurement.

3.4.3 In¢order to decide if a measurement system is
funcfioding properly, the

experimentally observed

correction itself is insignificant relative to the combjned
standard uncertainty, it too may be ignored.

3.4.5 It often occurs in practice, especially-in the dofnain
of legal metrology, that a device ig/tested through a
comparison with a measurement: standard and | the
uncertainties associated with\the standard and | the
comparison procedure a{t_;”' segligible relative to| the
required accuracy of the\test. An example is the use|of a
set of well-calibrafed~'standards of mass to test| the
accuracy of a commercial scale. In such cases, becpuse
the components of uncertainty are small enough tp be
ignored,the)measurement may be viewed as determiping
the error of the device under test. (See also F.2.4.2.

3.6 The estimate of the value of a measurand proyided
by the result of a measurement is sometimes expressgd in
terms of the adopted value of a measurement starjdard
rather than in terms of the relevant unit of| the
International System of Units (SI). In such caseg the
magnitude of the uncertainty ascribable to| the
measurement rtesult may be significantly smaller |than
when that result is expressed in the relevant SI unif. (In
effect, the measurand has been redefined to be the rafio of
the value of the quantity to be measured to the adppted
value of the standard.)

EXAMPLE - A high-quality Zener voltage standard is caliprated
by comparison with a Josephson effect voltage reference{based
on the conventional value of the Josephson cqnstant
recommended for international use by the CIPM. The r¢lative
combined standard uncertainty u (Vg)/Vs (see 5.1.6) pf the

calibrated potential difference Vg of the Zener standprd is
2x10-8 i i ionallvalue,

variability of its output values, as measured by their
observed standard deviation, is often compared with the
predicted standard deviation obtained by combining the
various uncertainty components that characterize the
measurement. In such cases, only those components
{(whether obtained from Type A or Type B evaluations)
that could contribute to the experimentally observed
variability of these output values should be considered.

but u,(Vs)/ Vs is 41077 when Vg is reported in terms of the SI
unit of potential difference, the volt (V), because of the
additional uncertainty associated with the SI value of the
Josephson constant.

3.4.7 Blunders in recording or analysing data can
introduce a significant unknown error in the result of a
measurement. Large blunders can usually be identified by
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a proper review of the data; small ones could be masked
by, or even appear as, random variations. Measures of
uncertainty are not intended to account for such mistakes.

3.4.8 Although this Guide provides a framework for
assessing uncertainty, it cannot substitute for critical
thinking, intellectual honesty, and professional skill. The

evaluation of uncertainty is neither a routine task nor a
purely mathematical one; it depends on detailed knowledge
of the nature of the measurand and of the measurement.
The quality and utility of the uncertainty quoted for the
result of a measurement therefore ultimately depend on the
understanding, critical analysis, and integrity of those who
contribute to the assignment of its value.

.

So)
)
,’\0)
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4 Evaluating standard uncertainty

Addit{onal guidance on evaluating uncertainty components,
mainly of a practical nature, may be found in annex F.

4.1 |Modelling the measurement

4.1.1[ In most cases a measurand Y is not measured
direct|y, but is determined from N other quantities X, , X,
.|, Xy through a functional relationship f:

Y= O Xy « oK) s (1)

NQTES

1 | For economy of notation, in this Guide the same symbol is

oflan observation of that quantity. When it is stated that X, h@
a particular probability distribution, the symbol is used m e

latfer sense: it is assumed that the physical quantity itselfan be
chhracterized by an essentially unique value (see 1.\&1 3.1.3).

2 | In a series of observations, the kth obscr@ value of X; is
depoted by X, ,: hence if R denotes th
th¢ kth observed value of the rcsiis denoted by R;.

. P, .
stance of a resistor,

3 | The estimate of X; (strictl@)caking. of its expectation) is

depoted by x;. %\

EXAMPLE - If Qtntial difference V is applied to the

teyminals of : %&raturc-dcpendem resistor that has a

repistance the defined temperature f, and a linear

te npe;{?%}emciem of resistance @, the power P (the
)

dissipated by the resistor at the temperature f

m.;ga
a1l B
de e

ol ¢ aennrding 1o

e

P

quantities, including corrections and corr@yn factory for

systematic effects, thereby leadin @ complidated
functional relationship f that may

explicitly. Further, f may be de \n%vined experimenfally

(see 5.1.4) or exist only 2(911 algorithm that mugt be

be written down

evaluated numerically. nction f as it appears in this
Guide is to be int
particular as that ion which contains every quartity,
including all ofrections and correction factors, thaf can

ed in this broader contex{, in

contribut ignificant component of uncertainty tq the

measurement result.

O
1‘1%*, if data indicate that f does not model| the

us¢d for the physical quantity (the measurand) and for the \\'Qxeasurement to the degree imposed by the reqyired
rapdom variable (see 4.2.1) that represents the possibleomcome@ accuracy of the measurement result, additional

nput
quantities must be included in f to eliminate| the
inadequacy (see 3.4.2). This may require introducirlg an
input quantity to reflect incomplete knowledge pf a
phenomenon that affects the measurand. In the example of
4.1.1, additional input quantities might be needed to
account for a known nonuniform temperature distribfition
across the resistor, a possible nonlinear temperfture
coefficient of resistance, or a possible dependende of
resistance on barometric pressure.

NOTE - Nonetheless, equation (1) may be as elementdry as
Y=X -X.
comparison of two determinations of the same quantity X

This expression models, for example] the

4.1.3 The set of input quantities X;, X,, . . ., Xj{may

P = f(V,Ry, a.1) = V2[Ry[1 + a(t - 1y)]

NOTE - Other methods of measuring P would be modelled
by different mathematical expressions.

4.1.2 The input quantities X;, X,, . . . , Xy upon which
the output quantity Y depends may themselves be viewed
as measurands and may themselves depend on other

be categorized as:

- quantities whose values and uncertainties are
directly determined in the current measurement.
These values and uncertainties may be obtained
from, for example, a single observation, repeated
observations, or judgement based on experience,
and may involve the determination of corrections to
instrument readings and corrections for influence



https://standardsiso.com/api/?name=350e4d09405084c3da67f81ed21f4434

4 Evaluating standard uncertainty

Expression of Uncertainty: 1993 (E)

quantities, such as ambient temperature, barometric
pressure, and humidity;

- quantities whose values and uncertainties are
brought into
sources, such as quantities associated with
calibrated measurement certified
reference materials, and reference data obtained

the measurement from external
standards,

from handbooks.

4.2 Type A
uncertainty

evaluation of standard

the best available estimate of the
expectation or expected value u, of a quantity ¢ that varies
randomly [a random variable (C.2.2)], and for which n
independent observations g, have been obtained under the
same conditions of measurement (see B.2.15), is the
arithmetic mean or average g (C.2.19) of the n

4.2.1 In most cases,

4.1.4 | An estimate of the measurand Y, denoted by y, is
obtainpd from equation (1) using input estimates x;, x,, .

., X}y for the values of the N quantities X, X,, . . .,
Xy. Thus the outpur estimate y, which is the result of the

measufement, is given by
=f(x|,x2,....xN) .(2)

NJTE - In some cases the estimate y may be obtained from

n I n
21 = ;zf(xn,k'xz,t' e Xvi)

:Iw

Thyt is, y is taken as the arithmetic mean or average (see 4.2.1)
of p independent determinations Y, of Y, each determination
haying the same uncertainty and each being based on a complete
set pf observed values of the N input quantities X; obtained at the
sanpe time. This way of averaging, rather than y = f(}_fi, )_(2, .

indjvidual observations X, ,, may be preferable when f is]
norjlinear function of the input quantities X, X;, . . .,
the[two approaches are identical if f is a linear funch];*( e X
(se¢ H.2 and H.4). C)

.

4.1.5 | The estimated standard deviat@a;;sociated with
the oytput estimate or measur @ result y, termed
combiped standard uncertamzan denoted by u.(y), is
determpined from the ated standard deviation
associgited with each i estimate x;, termed standard
uncertpinty and den y u(x;) (see 3.3.5 and 3.3.6).

4.1.6 |Each 'ﬁl estimate x; and its associated standard
uncertpi Y ) are obtained from a distribution of
possibl i i i ili
distribution may be frequency based, that is, based on a
series of observations X, , of X

(x;

, or it may be an a priori
distribution. Type A evaiuauons of standard uncertainty
components are founded on frequency distributions while
Type B evaluations are founded on a priori distributions.
It must be recognized that in both cases the distributions
are models that are used to represent the state of our
knowledge.

L Xy), where X; = (1., X, ,)/n is the arithmetic mean of the @ probability distribution of g, is given by

% y
troservattons:

(3)

cé.
Thus, for an input quantity X; e@%ated from n
independent repeated observations \X?,, the arithmetic
mean )?i obtained from cquatio(&is used as the ipput
estimate x; in equation (2) c@;termine the measurerpent
result y; that is, x; = ‘éfrh(}se input estimates | not
evaluated from repe &ewations must be obtainefl by
other methods, such~as those indicated in the sedond
category of %.@

422 T Qldmdual observations ¢, differ in vplue
beca \of random variations in the influence quantifies,
om effects (see 3.2.2). The experimental varifince

‘6} e observauons which estimates the variance o of the

s(g) = —— Y (g, - 77 @
n-1 4

This estimate of variance and its positive square foot
s(q,), termed the experimental standard deviafion
(B.2.17), characterize the variability of the obsefved
values g,, or more specifically, their dispersion apout
their mean g.

4.2.3 The best estimate of 0%(q) = o/n , the variande of
the mean, is given by

s¥(q,)
n

s (q) =

(5)

the
experimental standard deviation of the mean s(q)
(B.2.17, note 2), equal to the positive square root of
s%(q), quantify how well g estimates the expectation H, of
g, and either may be used as a measure of the uncertainty
of q.

Thus, for an input quantity X; determined from n
independent repeated observations X;,, the standard

10
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uncertainty u(x;) of its estimate x; = )_{;- is u(x;) = s{)_([-),
with 52(}_{}) calculated according to equation (5). For
convenience, Hz(.l.';-] =53{}?,-) and wu(x;) =5(}_(;') are
sometimes called a Type A variance and a Type A

standard uncertainty, respectively.

NOTES

1 The number of observations n should be large enough to
ensure that ¢ provides a reliable estimate of the expectation g,
of 2(g i '
estimate of the variance ¢%(g) = ¢%/n (see 4.3.2, note). The
diff¢rence between 53(6) and o2(g) must be considered when
one[constructs confidence intervals (see 6.2.2). In this case, if
the [probability distribution of ¢ is a normal distribution (see
4.3)4). the difference is taken into account through the f-
dist}ibution (see G.3.2).

2 |Although the variance 53(6) is the more fundamental
quaftity, the standard deviation s(g) is more convenient in
pragtice because it has the same dimension as ¢ and a more
easily comprehended value than that of the variance.

4.2.4 |[For a well-characterized measurement under
statistical control, a combined or pooled estimate of
variange s% (or a pooled experimental standard deviation
s,) that characterizes the measurement may be available.
In sudh cases, when the value of a measurand ¢ is

deternfined from n independent observations, the

experinental variance of the arithmetic mean q of 17‘&@
h

observations is estimated better by s2/n than by s*(g
and thg standard uncertainty is u = s,/V/n. (Segé% the

note tg H.3.6.) C)’\\O

4.2.5 |Often an estimate x; of an i%@o quantity X; is
obtainpd from a curve that has been@t d

data By the method of leas
varianges and resulting stan

to experimental

ares. The estimated
ncertainties of the fitted
parampters characterizin curve and of any predicted
ulated by well-known statistical

d reference [8]).

points|can usually b
procedures (see H!

4.2.6 Th’i ees of freedom (C.2.31) v, of u(x;) (see
G.3), eqy_ to n -1 in the simple case where x; = X; and

(C.2.25) of the desired statistics (C.2.23). In such cases,
the observations should be analysed by statistical methods
specially designed to treat a series of correlated,
randomly-varying measurements.

NOTE - Such specialized methods are wused to treat
measurements of frequency standards. However, it is possible
that as one goes from short-term measurements to long-term
measurements of other metrological quantities, the assumption
of uncorrelated random variations may no longer be valid and

€ speciall nese
measurements as well. (See reference [9], for exam@gb ra
detailed discussion of the Allan variance.) N

4.2.8 The discussion of Type A evalua%n of standard
uncertainty in 4.2.1 to 4.2.7 is\
exhaustive; there are many ions, some rather
complex, that can be treatet@y statistical methods. |An

f calibration designs, often

meant to | be

important example is the
based on the metho @\least squares, to evaluate [the
uncertainties aris&a}s om both short- and long-tgrm
random variatiofis” in the results of comparisons| of
material a ts of unknown values, such as gduge
blocks a@s andards of mass, with reference standardp of
kno lues. In such comparatively simple measurenfent
%ns, components of uncertainty can frequently be

si

s@aluatt—':d by the statistical analysis of data obtained ffom

designs consisting of nested sequences of measurements of
the measurand for a number of different values of|the
quantities upon which it depends - a so-called analysis of
variance (see H.5).

NOTE - At lower levels of the calibration chain, where
reference standards are often assumed to be exactly krjown
because they have been calibrated by a national or prifjnary
standards laboratory, the uncertainty of a calibration resultfmay
be a single Type A standard uncertainty evaluated fron{ the
pooled experimental standard deviation that characterizef the
measurement.

4.3 Type B
uncertainty

evaluation of standard

4.3.1 For an estimate x; of an input quantity X; thaf has

u(x;) ?Sfmﬂ_mcd fromr—
observations as in 4.2.1 and 4.2.3, should always be given
when Type A evaluations of uncertainty components are

I | " i
TTILE C}J’Cl IUCTIL

documented.

4.2.7 If the random variations in the observations of an
input quantity are correlated, for example, in time, the
mean and experimental standard deviation of the mean as
given in 4.2.1 and 4.2.3 may be inappropriate estimators

not been obtained from repeated observations, the
associated estimated variance uz(x,-) or the standard
uncertainty u#(x;) is evaluated by scientific judgement
based on all of the available information on the possible
variability of X;. The pool of information may include
- previous measurement data,
- experience with or general knowledge of the
behaviour and properties of relevant materials and

11
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instruments;
- manufacturer’s specifications;
- data provided in calibration and other certificates;

- uncertainties assigned to reference data taken from
handbooks.

For convenience, uz(xf-) and u(x;) evaluated in this way
are sometimes called a Type B variance and a Type B
standard uncertainty, respectively.

combined standard uncertainty of a measurement result is
calculated (see clause 5).

4.3.4 The quoted uncertainty of x; is not necessarily given
as a multiple of a standard deviation as in 4.3.3. Instead,
one may find it stated that the quoted uncertainty defines
an interval having a 90, 95, or 99 percent level of
confidence (see 6.2.2). Unless otherwise indicated, one
may assume that a normal distribution (C.2.14) was used

NDTE - When x; is obtained from an a priori distribution, the
aspociated variance is appropriately written as uz(X,-), but for
ifmplicity, «’(x,) and u(x;) are used throughout this Guide.

w

4.3.2| The proper use of the pool of available information
for a|[Type B evaluation of standard uncertainty calls for
insight based on experience and general knowledge, and
is a gkill that can be learned with practice. It should be
recogpized that
uncerfainty can be as reliable as a Type A evaluation,
especjally in a measurement situation where a Type A
evalufition is based on a comparatively small number of
statisfically independent observations.

a Type B evaluation of standard

NOQTE - If the probability distribution of ¢ in note 1 t04,2.3 is

nopmal, then o[s(g)]/a(q), the standard deviation of s(g)

refative to o(g), is approximately [2(n -1)]™%. Thus, taking

o[fs(g)] as the uncertainty of s(g), for n = 10 observations the

relative uncertainty in s(g) is 24 percent, while for n :{®
obgervations it is 10 percent. (Additional values are giveiin

talfle E.1 in annex E.) B\

-

. . )

4.3.3| If the estimate x; is taken from a nufacturer’s
speciffication, calibration certificate, idbook, or other
sourc¢ and its quoted uncertain $stated to be a
partichlar multiple of a standarccggiation, the standard
uncerfainty #(x;) is simply thOted value divided by the
multiplier, and the estim ariance u”(x;) is the square
of that quotient. Q

EXMAMPLE - ibration certificate states that the mass of a
stafnless steeNmass standard mg of nominal value one kilogram
is 1 000 25 g and that “the uncertainty of this value is 240

/She three standard deviation level.” The standard
uni i - ; s
pg)/3 =80 pug. This corresponds to a relative standard
uncertainty u(mg)/mg of 80x107° (see 5.1.6). The estimated
variance is u*(mg) = (80 pg)? = 6,410 g2,

NOTE - In many cases little or no information is provided about
the individual components from which the quoted uncertainty has
been obtained. This is generally unimportant for expressing
uncertainty according to the practices of this Guide since all
standard uncertainties are treated in the same way when the

Lo 1 lat il PO | H 1

te—efretrate—ne—goted—ancertamty—amd—Ttccovey  the
standard uncertainty of x; by dividing t Lioted
uncertainty by the appropriate factor fon\% n¢rmal
distribution. The factors corresponding qbe above [three
levels of confidence are 1,64; 1,96; 2,58 (seq also

&
©

table G.1 in annex G). S
NOTE - There would be noag%r such an assumption|if the

uncertainty  had bccn% in accordance with the
recommendations of ‘% uide regarding the reportipg of
uncertainty, which
to be given (seg\, :
O

EXAM%— A calibration certificate states that the resiktance
t

that the coverage factor used is dlways

of ard resistor Ry of nominal value ten ohfns is
1&@??42:2 + 129 pQ at 23 °C and that “the dquoted
s\Q}ermimy of 129 pQ defines an interval having a lefel of
@ confidence of 99 percent.” The standard uncertainty ¢f the
resistor may be taken as w(Rg) = (129 pQ)/2,58 = 50 uQ,
which corresponds to a relative standard uncertainty u(Rs) R of
5,0%107° (see 5.1.6). The estimated variance is u*(Rs) |= (50
pQ)? =2,5%107 Q2.

4.3.5 Consider the case where, based on the available
information, one can state that “there is a fifty}Hfifty
chance that the value of the input quantity X; lies ifi the
interval @_ to a,” (in other words, the probability tHat X;
lies within this interval is 0,5 or 50 percent). If it c4n be
assumed that the distribution of possible values of [X; is
approximately normal, then the best estimate x; of X} can
be taken to be the midpoint of the interval. Further, {f the
half-width of the interval is denoted by a = (a, -al)/2,
one can take u(x;) = 1,48a, because for a ngrmal

distribution with expectation g and standard deviatijon o

percent of the distribution.

EXAMPLE - A machinist determining the dimensions of a part
estimates that its length lies, with probability 0,5, in the interval
10,07 mm 1o 10,15 mm, and reports that [ = (10,11 + 0.04)
mm, meaning that + 0,04 mm defines an interval having a level
of confidence of 50 percent. Then @ = 0.04 mm, and if one
assumes a normal distribution for the possible values of [, the
standard uncertainty of the length is w(/) = 1,48 X 0.04 mm =

12
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0.06 mm and the estimated variance is w’({) =

(1.48% 0,04 mm)? = 3,5x107 mm*,

4.3.6 Consider a case similar to that of 4.3.5 but where,
based on the available information, one can state that
“there is about a two out of three chance that the value of
X; lies in the interval a_ to a.” (in other words, the
probability that X; lies within this interval is about 0,67).
One can then reasonably take u(x;) = a, because for a

this symmetric rectangular distribution of possible values of
ay(Cu) of half-width @ = 0,40%10°6 °C™! is then, from
equation (7), u(ay) = (0,40%x107% °CH?/3 = 53,3x10°P
°C2, and the standard uncertainty is w(a,,) = (0,40x10°°
°C-h)VT =0,23%10% °C"),

2 A manufacturer’s specifications for a digital voltmeter state
that “between one and two years after the instrument is
calibrated, its accuracy on the 1 V range is 14 x107° times the
reading plus 2x107® times the range.” Consider that the

normal distribution with expectation p and standard
deviatjon ¢ the interval g + o encompasses about 68,3
percerft of the distribution.

NJTE - It would give the value of u(x;) considerably more

sighificance than is obviously warranted if one were to use the

actial normal deviate 0,96742 corresponding to probability
p 42/3, that is, if one were to write u(x) = a/0,96742 =
1,033a.

4.3.7 | In other cases it may be possible to estimate only
boundjs (upper and lower limits) for X;, in particular, to
state that “the probability that the value of X; lies within
the inferval a_ to a, for all practical purposes is equal to
one ad the probability that X; lies outside this interval is
essentfally zero.” If there is no specific knowledge about
the pgssible values of X, within the interval, one can only
assumie that it is equally probable for X; to lie anywhere
withir it (a uniform or rectangular distribution of possi
valuey - see 4.4.5 and figure 2a). Then x;, the expectation
or expected value of X;, is the midpoint of lh&g’,merval,
x, = (g + a.)/2, with associated varimcec}\

u(x,) = (a, - a-ﬁ@{* .. (6)

If thel|difference between the bm@, a, - a_, is denoted
by 2a), then equation (6) be @é

:gg\= a*/3 (D

N(QTE - When ponent of uncertainty determined in this

mjnner ct@tcs significantly to the uncertainty of a
mgasure result, it is prudent to obtain additional data for its

fu Llré('glualion‘

st : nits

1 V range a potential difference V, and the arithmetj
a number of independent repeated observations 0;\% oufd to
be V=0,928571V with a Type A stapdard"unce
u(;’) =12 V. One can obtain the slﬁﬁd uncertginty
associated with the manufacturer’s specifi¢ations from a Tylpe B
evaluation by assuming that the s d accuracy projides
symmetric bounds to an addil@correction o V, Ai, of
expectation equal to zero ith equal probability of Jying
anywhere within the bou he half-width a of the symnjetric
rectangular distrib i@ f possible values of AV is [then
a = (14x107%) 0,928 571 V) + 2x107%x(1 V) =14pV,
and from equaé{?)‘ WX(AV) =75 pV2and u(AV) = 8,pV.
The est% of the value of the measurand V, for simpjicity
deno the same symbol V, is given by V = V+ pV=
0, '?71 V. One can obtain the combined standard uncerf{ainty
i\'f)his estimate by combining the 12 pV Type A stapdard
(Zyuncertainty of V with the 8,7 pV Type B standard uncenai}ty of

> AV. The general method for combining standard uncerfainty

components is given in clause 5, with this particular exgmple
treated in 5.1.5.

4.3.8 In4.3.7 the upper and lower bounds a, and a| for
the input quantity X; may not be symmetric with respegt to
its best estimate x,; more specifically, if the lower bpund
is written as a_=x; - b_ and the upper bounl as
a, =x; +b,, then b_ # b,. Since in this cage x;
(assumed to be the expectation of X;) is not at the c¢ntre

X

of the interval a_ to a, the probability distribution pf X;
cannot be uniform throughout the interval. However, {here
may not be enough information available to choosg an
appropriate distribution; different models will leafd to
different expressions for the variance. In the abser:ﬂ of

such information the simplest approximation is

EXAMPLES

1 A handbook gives the value of the coefficient of linear
thermal expansion of pure copper at 20 °C, a(Cu), as 16,52
%1078 °C~! and simply states that “the error in this value
should not exceed 0,40x107% °C™".” Based on this limited
information, it is not unreasonable to assume that the value of
ay(Cu) lies with equal probability in the interval
16,12x10%°C”' 1o 16,92x107® °C™', and that it is very
unlikely that a,(Cu) lies outside this interval. The variance of

(b

+

+b ) (a,-a)

. (8
12 12 ®

u*(x;) =

which is the variance of a rectangular distribution with full
width b, + b_. (Asymmetric distributions are also
discussed in F.2.4.4 and G.5.3.)

EXAMPLE - If in example 1 of 4.3.7 the value of the
coefficient is given in the handbook as a,(Cu) = 16,52X
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1078 °C"! and it is stated that “the smallest possible value is
16,40 %1076 °C! and the largest possible value is 16,92 x 107
°C1” then b_=0,12x10%°C"!, b, = 0,40x10° °C"!,
and, from equation (8), u(a5) = 0,15x107 °C~!.

NOTES

I In many practical measurement situations where the bounds

are asymmetric, it may be appropriate to apply a correction to

the estimate x; of magnitude {b+—b_),/2 so that the new

estimate x; of X; is at the midpoint of the bounds:

percent limits, and X, can be assumed to be approximately
normally distributed rather than there being no specific
knowledge about X; between the bounds as in 4.3.7, then
uz(.r,-) = a’/9. By comparison, the variance of a symmetric
rectangular distribution of half-width a is a*/3 [equation (7)]
and that of a symmetric triangular distribution of half width a is
32/6 [equation (9b)]. The magnitudes of the variances of the
three distributions are surprisingly similar in view of the large
differences in the amount of information required to justify
them.

il V-
X} [Fa-F a3/ 2. TS Teduees e SITwation 10 e Tase of

4.B.7, with new values b) = b’ = (b, + b)[2 = (a, - a))/2

=Q.

2 | Based on the principle of maximum entropy, the probability
depsity function in the asymmetric case may be shown to be
p(X;) = A exp[-A(X; - x))], with A = [bexp(4ib) +
blexp(-2b,)]"' and A = {exp[A(b. + b,)] - 1}/

{blexplA(b. + b,)] + b,}. This leads to the variance u’(x;) =

blb_ - (b, -b)fA forb, >b_, A >0and forb, <b_,

A< 0.

4.3.9| In 4.3.7, because there was no specific knowledge
about| the possible values of X; within its estimated bounds

a._

to| @,, one could only assume that it was equally

probagble for X; to take any value within those bounds,
with gero probability of being outside them. Such step
function discontinuities in a probability distribution are

often|unphysical. In many cases it is more realistic_ tp;

expedt that values near the bounds are less likely than
those|near the midpoint. It is then reasonable to ‘teplace
the symmetric rectangular distribution with acsyimetric
trapegoidal distribution having equal sioﬁif;g sides (an
isoscdles trapezoid), a base of width ay -a_ = 2a, and a
top df width 248, where 0 < #<V1. As f—1 this
trapegoidal distribution apprdaches the rectangular
distripution of 4.3.7, while fo} '8 =0 it is a triangular
distribution (see 4.4.6 and fl;gure 2b). Assuming such a
trapegoidal distribution ~for X, one finds that the
expedtation of X;isX; = (a_+ a+)/2 and its associated
variance is

u(x;) = a¥(1+ B /6 ... (%92)

u¥(x;) = a*/6 ... (9b)

NOTES

1 For a normal distribution with expectation g and standard
deviation o, the interval u + 30 encompasses approximately
99,73 percent of the distribution. Thus, if the upper and lower
bounds a, and a_ define 99,73 percent limits rather than 100

2 The trapezoidal distribution is equivalent to the cofivofution
of two rectangular distributions [10], one with a hat=wifith a,
equal to the mean half-width of the trapezoid, a, =.a(1 +8)/2,
the other with a half-width a, equal to the meanwidth of gne of
the triangular portions of the trapezoid,a, = a(l -B)/2| The
variance of the distributionis u? = a}/d+ a3/3. The conjolved
distribution can be interpreted(as,'d rectangular distripution
whose width 24, has itselfan uncertainty represented |by a
rectangular distribution qf‘f‘\ngiﬁéaz and models the fact tHat the
bounds on an input quantity are not exactly known. But epen if
a, is as large as 30(percent of a;, u exceeds a,;/V3 by lesp than
5 percent.

4.3.10 ~1tis important not to “double-count” uncerfainty
components. If a component of uncertainty arising frpm a
particilar effect is obtained from a Type B evaluatign, it
should be included as an independent cornpone:[t of

“uncertainty in the calculation of the combined starjdard

uncertainty of the measurement result only to the extent
that the effect does not contribute to the obsgrved
variability of the observations. This is becausel the
uncertainty due to that portion of the effect | that
contributes to the observed variability is already included
in the component of uncertainty obtained from| the
statistical analysis of the observations.

4.3.11  The discussion of Type B evaluation of starjdard
uncertainty in 4.3.3 to 4.3.9 is meant only t¢ be
indicative. Further, evaluations of uncertainty should be
based on quantitative data to the maximum extent posdible,
as emphasized in 3.4.1 and 3.4.2.

4.4 Graphical illustration of evalu

ng

4.4.1 Figure 1 represents the estimation of the value of
an input quantity X; and the evaluation of the uncertainty
of that estimate from the unknown distribution of possible
measured values of X;, or probability distribution of X,
that is sampled by means of repeated observations.

4.4.2 In figure la it is assumed that the input quantity X,

14
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Figure 1. Graphical illustration of evaluating the standard uncertainty

of an input quantity from repeated observations
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is a temperature / and that its unknown distribution is a
normal distribution with expectation g = 100 °C and
standard deviation o = 1,5 °C. Its probability density
function (see C.2.14) is then

p(t) = exp| - (1 - )2 /207

oy2n

NOTE - The definition of a probability density function p(z)
requires that the relation fp(z)dz =1 is satisfied.

NOTE - Although the data in table 1 are not implausible
considering the widespread use of high-resolution digital
electronic thermometers, they are for illustrative purposes and
should not necessarily be interpreted as describing a real
measurement,

4.4.4 Figure 2 represents the estimation of the value of
an input quantity X; and the evaluation of the uncertainty
of that estimate from an a priori distribution of possible
values of X, or probability distribution of X, based on all

4.4.3 Figure 1b shows a histogram of n = 20 repeated
obsefvations 7, of the temperature ¢ that are assumed to
have|been taken randomly from the distribution of figure
la. [To obtain the histogram, the 20 observations or
samplles, whose values are given in table 1, are grouped
into |ntervals 1 °C wide. (Preparation of a histogram is, of
courge, not required for the statistical analysis of the
data.)

The | arithmetic mean or average ¢ of the n =20
obsefvations calculated according to equation (3) is
1= 100,145 °C = 100,14 °C and is assumed to be the
best [estimate of the expectation g, of 7 based on the
availgble data. The experimental standard deviation s(z,)

calculated from equation (4) is s(z.) = 1,489 °C

of the available information. For both cases shwg , the

input quantity is again assumed to be a temp@re L
N

4.4.5 For the case illustrated in figur it is asgumed

that little information is available al@ the input qujantity

¢ and that all one can do is sup t 1 is described by

a symmetric, rectangular a pr probabilily distrilpution
of lower bound a_ = %éwpper bound a, = 10§ °C,
and thus half-width @ X} - a.)/2 = 4 °C (see 4|3.7).
The probability de function of ¢ is then

{Q—I/Ea a_ <t <a

QQ%(!} =0,

As\\ﬁdlcated in 4.3.7, the best estimate of r [is its
&pectation y, = (a, +a.)/2 =100 °C, which fdllows

otherwise

= 1449 °C, and the experimental standard deviation of *“fom 3.1, The standard uncertainty of this estimiate is

the rpean s(7) calculated from equatlon (5), which is t

standard uncertainty (1) of the mean 7, is u(r) = s{q =
s(t)[V20 = 0,333°C = 0,33 °C. (For x@'ther
calm:[lazions, it is likely that all of the d1{ \broulcl be

retained.) . C)

Tablp 1 - Twenty repeated ObStﬁ)@OﬂS of the temperature ¢ grouped in 1°C intervals

u(y,) = alV3 =
equation (7)].

2,3 °C, which follows from C.3.} [see

4.4.6 For the case illustrated in figure 2b, it is assumed
that the available information concerning ¢ is less limited

éi?s %5

Interval ¢, éd’(; ‘t‘z Temperature
—
1/°C OCD 4/%C 1/°C
94,5 ?‘5‘ ) 95,5 —

95,§ 9.5 —
97,5 96,90

98,18; 98,25

98,5 99,5
99,5 100,5
100,5 101,5
101,5 102,5
102,5 103,5
103,5 104,5 —
104,5 105,5 —_—

98,61, 99,03; 99,49

99,56; 99,74; 99,89; 100,07; 100,33; 100,42
100,68; 100,95; 101,11; 101,20

101,57; 101,84; 102,36

102,72
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Figure 2. Graphical illustration of evaluating the standard uncertainty
of an input quantity from an a priori distribution
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and that ¢ can be described by a symmetric, triangular «
priori probability distribution of the same lower bound
a_ =96 °C, the same upper bounda, = 104 °C, and thus
the same half-width @ = (a, - @.)/2 = 4 °C as in 4.4.5
(see 4.3.9). The probability density function of ¢ is then

p(t) = (t-a)fa*, a <1t <(a,+a)/2
pt) = (@, -1/a,

p(t) =0,

(a++a_)/2 <t <a,

otherwise

The standard uncertainty of this estimate is
u( p,) = a/\/g = 1,6 °C, which follows from C.3.2 [see
equation (9b)].

The above value, u(y,) = 1,6 °C, may be compared with
u(p,) =23 °C obtained in 4.4.5 from a rectangular
distribution of the same 8 °C width; with ¢ = 1,5 °C of
the normal distribution of figure la whose -2,580 to
+2,580 width, which encompasses 99 percent of the

As |indicated in 4.3.9, the expectation of ¢ |is
i, =|(a, + a.)/2 = 100 °C, which follows from C.3.1.

distribution, is nearly 8 °C; and with u(r) =‘Q3'3 °C
obtained in 4.4.3 from 20 observations assu to have
been taken randomly from the same non&a)&'?ﬁstribl tion.

o)
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5 Determining combined standard uncertainty

5.1 | Uncorrelated input quantities

This
are ijdependent (C.3.7). The case where two or more
input jquantities are related, that is, are interdependent or
correlated (C.2.8), is discussed in 5.2.

ubclause treats the case where all input quantities

5.1.1| The standard uncertainty of y, where y is the

estimfite of the measurand ¥ and thus the result of the
measiyrement, is obtained by appropriately combining the
standjird uncertainties of the input estimates x;, X,, . . . ,
xy (s¢e 4.1). This combined standard uncertainty of the
estimpte y is denoted by u.(y).

NOTE - For reasons similar to those given in the note to 4.3.1,
th¢ symbols #.(y) and ul(y) are used in all cases.

.\@
3
5.1.2| The combined standard uncertainty u(yx@ the
positjve square root of the combined varia@b u(y),
which is given by C)\\

. (10)

is a ptandard uncertai evaluated as described in 4.2
(Typg A evaluati nﬁr as in 4.3 (Type B evaluation). The
combined st uncertainty #(y) is an estimated
standard d n and characterizes the dispersion of the
valugs PY~could reasonably be attributed to the

meaa.u%d.&(_sﬁe 2.2.3)

wherg f is the function En@ in equation (1). Each u(x;)

.\ input estimates x;, Xy, . . .

So)
o)Q

expression for uX(y), equation (10). When distributipn of

each X; is symmetric about its mean, the niady mportam ferms
of next highest order to be added to thb@vms of equatior| (10)

are
l af i3 2
2 ax, 0%, Lé‘) o, 057 ux)u(x)

See H.1 for an ex @e of a situation where the contribution of

25>

i=1 j=1

higher-order t to 2(y) needs to be considered.

5.1.3 artial derivatives df/dx; are equal to dff/aX;
evaluated'at X; = x; (see note 1 below). These derivatjves,
oftén-called sensitivity coefficients, describe how| the
put estimate y varies with changes in the values lﬂlhe

, Xy. In particular, the chpange

in y produced by a small change Ax; in input estimgte x;
is given by (Ay); = (3f/dx;)(Ax;). If this change is
generated by the standard uncertainty of the estimafe x;,
the corresponding variation in y is (3f/0x;)u(x;).| The
combined variance u2(y) can therefore be viewed|as a
sum of terms, each of which represents the estinpated
variance associated with the output estimate y generatgd by
the estimated variance associated with each input estimate
x;. This suggests writing equation (10) as

Equation (10) and its counterpart for correlated input
quantities, equation (13), both of which are based on a
first-order Taylor series approximation of Y = f(X;, X;,

, Xy), express what is termed in this Guide the law
of propagation of uncertainty (see E.3.1 and E.3.2).

NOTE - When the nonlinearity of f is significant, higher-order
terms in the Taylor series expansion must be included in the

uZ(y) = é[c,-ul(x,-}]2 = ﬁ;u,?(y). .. [l1a)
where
¢, =offox, , uly) = |c;lulx;) ...[11b)
NOTES

1 Strictly speaking, the partial derivatives are af/dx; = 3f/ X,
evaluated at the expectations of the X;. However, in practice, the
partial derivatives are estimated by
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2 The combined standard uncertainty u.( y) may be calculated
numerically by replacing c;u(x;) in equation (11a) with

Z, = Slftxs

=l

s X u(x), oL, Xy

y X u(x), ., xp)]

That is, u;( y) is evaluated numerically by calculating the change
in y due to a change in x; of +u(x;) and of ~u(x;). The value of
u;(y) may then be taken as |Z| and the value of the
corresponding sensitivity coefficient ¢; as Z/u(x,).

EXAMPLE - From example 2 of 4.3.7, the estimate of the
value of the measurand V is V = V + AV, where V =
0,928 571 V, u(V) = 12 uV, the additive correction AV = 0,
and u(AV) = 8,7 pV. Since aV/aV = 1 and aV/3(AV) = 1, the
combined variance associated with V is given by

u2(V) = u¥(V) + u¥(AV) = (12 pV)? + 8,7 pV)?

219x 10712 v2

and the combined standard uncertainty is «.(V) = 15 pV, which
corresponds to a relative combined standard uncertainty u (V)/V

EXAMPLE - For the example of 4.1.1, using the same symbol
fof both the quantity and its estimate for simplicity of notation,
¢, = dP/aV = 2V/R,[1 + a(t- t,)] = 2P/V
¢, = 0P[R, = -V2/R}[1 + a(t - 1,)] = -P/R,
¢, = 0P[da = -Vt - 1)) [Ry[1 + a(t - t,)]?

= =P(t- 1) /11 + a(t- 1,)]

¢ = aPJat = -V2a/Ry[1 + a(t - 1))
= ~Paf[l+ a(t - t)]
anfl
2 2
) = | 2wy + "’—PO W3(Ry)
2 2
+ g%] uXa) + {%]u"(r)

[}

[, V)P + [eu(R)P + [ (@) + [c H(IK\Q
xO

[}

ui(P) + ui(P) + ul(P) + ul(p)

Instead of being calculated from \\fclfnction i
times determined
in ¥ produced by
ding the remaining
‘case, the knowledge of
of it when only several

5.1.4
sensit|vity coefficients af/dx; are so
exper|mentally: one measures the ¢

a chapge in a particular X; whi
input |quantities constant. In
the fyinction f (or a poz@
sensit|vity coefficient so determined) is accordingly
reducgd to an empir@!- irst-order Taylor series expansion

based|on the red sensitivity coefficients.

5.1.5(If q?a‘non (1) for the measurand Y is expanded
about [néminal values X; , of the input quantities X;, then,

N

of 16 x10°® (see 5.1.6). This is an example of the cz% where
the measurand is already a linear function of the titles on
which it depends, with coefficients ¢, = +1. JN{J lows
equation(10) thatif ¥ = ¢, X; + ¢, X, + . %Cb cyXyand if the
constants ¢; = +1 or -1, then u2(y) = %,,uz(x'-}.
N
5.1.6 If Yis of the form Y=eX,"'%,”. .. X anfl the
exponents p; are know @ itive or negative nunjbers
having negligible un@%mies, the combined varignce,
equation (10), can\"axpressed as

from

o N
QQ((MC( »/yP = Zi:[p,-f:«!(x,-)/x,-]2 1a2)
7
Thi \\of the same form as equation (11a) but with the
combined variance u%(y) expressed as a relative comllined
“variance [u(y)/y]* and the estimated variance uf(x;)
associated with each input estimate expressed a$ an
estimated relative variance [u{x‘-)/xf-]z. [The relfative
combined standard uncertainty is u/y)/|y| and| the
relative standard uncertainty of each input estimafe is
uG)/ %1, [yl # 0and x| # 0.

NOTES

1 When Y has this form, its transformation to a linear furjction
of variables (see 5.1.5) is readily achieved by sptting
X; = X, o(1 + &), for then the following approximate refation
results: (Y - Yp)/¥y = BY.,p;6. On the other hand| the
logarithmic transformation Z = InY and W, = InX; leads o an
exact linearization in terms of the new variables: Z = Ifc +

Er:'l;l iV

2 If each p; is either +1 or -1, equation (12) bedomes

L (0)/y12 = SW_ [u(x)/x?, which shows that for this special

to first order (which is wusually an adequate
approximation), Y = Y, + ¢,6; + ;6, + . . . + ¢y 6y,
where ¥, = f(Xi0, X0, - - -y Xyo)y G = (3f/0X))

evaluated at X; = X;,, and §; = X; - X ;. Thus, for the
purposes of an analysis of uncertainty, a measurand is
usually approximated by a linear function of its variables
by transforming its input quantities from X; to &; (see
E.3.1).

case the relative combined variance associated with the estimate
y is simply equal to the sum of the estimated relative variances
associated with the input estimates x;.

5.2 Correlated input quantities

5.2.1 Equation (10) and those derived from it such as
equations (11) and (12) are valid only if the input
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quantities X; are independent or uncorrelated (the random
variables, not the physical quantities that are assumed to
be invariants - see 4.1.1, note 1). If some of the X; are
significantly correlated, the correlations must be taken into
account.

5.2.2 When the input quantities are correlated, the
appropriate expression for the combined variance u(y)
associated with the result of a measurement is

(16) reduces to
Al 9
ul(y) = [):c,.um] [): it uu}]
i=1

The combined standard uncertainty u.(y) is thus simply a linear
sum of terms representing the variation of the output estimate y
generated by the standard uncertainty of each input estimate x;
(see 5.1.3). [This linear sum should not be confused with the
general law of error propagation although it has a similar form;

N N
@0 = 3 3 L L)
i=1 j=1
2
N
=E[i u(x;) ..(13)
i=1 X
N-1 N
" of of
2} ¥ TEar(x” x;)

wherg x; and x; are the estimates of X; and X; and
u(x;, xj) = u(x;, x;) is the estimated covariance associated
with Ir; and x;. The degree of correlation between X; and x;
is chpiracterized by the estimated correlation coefficient
(C.3)6)

u(x;, j)

o
wherf 7(x;, x) = r(x;, x;), and -1 < r(x;,x) < +V I
the eptimates x; and x; are independent, r(x;, x;) 3@ and
a chaﬁnge in one does not imply an expected ck@ﬁe in the

othel. (See C.2.8, C.3.6, and C.3 ,for further

discyssion.) @ .

In t¢rms of correlation coef{“@ s, which are more
readily interpreted than cow@l‘ces the covariance term

of equation (13) may b%q en as
N 1 N
=

Equ n%ﬁ(h then becomes, with the aid of equation
(11b

af o u(.x yu(x) r(x; . (15)

I’}

- @
rG5in%) = Geyaces (1) (N

$e)

EXAMPLE - Ten resistors, each of nomil&sistance
R, = 1000 Q, are calibrated with a negli ‘hlt':\mcenai nty of
comparison in terms of the same 100 andard resistor
Ry characterized by a standard uncertginty u(Rg) = 10p mQ
as given in its calibration ceriificite. The resistofs are
connected in series with wifes\ltaving negligible resi'Is
in order to obtain a reference resistance R of ngminal
value 10 k€. Thus Sf(R) = T}, R;. Since r(x; [x;) =
r(R;, J) =+1 f@ ch resistor pair (see F.1.2.3, expmple
2), the equati this note applies. Since for each rgsistor
af/dx; = 9 R,=1, and wu(x) = u(R,) = u(Rg)| (see
E.1 2% example 2), that equation yields for the comjbined
uncertainty of R, H(Rye) = Zi% u(Rg) =
(100 mQ) =1 Q. The result u(R,) = [2'2, u*(Re)]*
\} = 0,32 Q obtained from equation (10) is incorrect bgcause
it does not take into account that all of the calibrated yalues
of the ten resistors are correlated.

tance

2 The estimated variances uztx‘-) and estimated covarjances
u(x;, x;) may be considered as the elements of a cov iance
matrix with elements u;. The diagonal elements u;; of the atrix
are the variances u2(x;), while the off-diagonal elemefits U
(i#f) are the covariances u(x,-,.rj) = u(xj,.r,]. If two| input
estimates are uncorrelated, their associated covariance apd the

e off-
ix is

corresponding elements u; and uj; of the covariance matyix are
0. If the input estimates are all uncorrelated, all of li

diagonal elements are zero and the covariance ma
diagonal. (See also C.3.5.)

3 For the purposes of numerical evaluation, equation (1) may
be written as

ul(y) = EZzz r(x;, x,)

f=1 j=

where Z; is given in 5.1.3, note 2.

"
ud(y) = Y ctu(x)
i=1

. (16)
N-1

+2Y Z c;Gu(x ) u(x)rx; , x;)

i=1 j=i+]
NOTES

1 For the very special case where all of the input estimates are

4 If the X; of the special form considered in 5.1.6 are
correlated, then the terms

22 Z [piu(x;) /X1 [pu(x;) [ X7 (x;, %)

i=1 j=i+l

must be added to the right-hand side of equation (12).

correlated with correlation coefficients 7(x;, x;) = +1, equation 5.2.3 Consider two arithmetic means c_; and 7 that
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estimate the expectations p, and p, of two randomly
varying quantities ¢ and r, and let ¢ and r be calculated
from n independent pairs of simultaneous observations of
q and r made under the same conditions of measurement
(see B.2.15). Then the covariance (see C.3.4) of g and r
is estimated by

fgir) =

T ... (17

E (qk_ (_I)(rg_?)

k=1

used to determine a temperature correction required in the
estimation of the value of input quantity X;, and the same
thermometer is used to determine a similar temperature
correction required in the estimation of input quantity X;,
the two input quantities could be significantly correlated,
However, if X; and X; in this example are redefined to be
the uncorrected quantities and the quantities that define the
calibration curve for the thermometer are included as
additional input quantities with independent standard

where| g, and r, are the individual observations of the
quantities ¢ and r, and g and r are calculated from the
obseryations according to equation (3). If in fact the
obseryations are uncorrelated, the calculated covariance is

expected to be near 0.

Thus |the estimated covariance of two correlated input
quantjties X; and X; that are estimated by the means )?,- and
X; dgtermined from independent pairs of repeated
simulfaneous observations is given by u(x;,x;) =
s(X;, [X;), with s(X;, X;) calculated according to equation
(17). | This application of equation (17) is a Type A
evalugtion of covariance. The estimated correlation
coeffiient of .3_{; and i} is obtained from equation (14):

r(x, ¥ = r(X;, X) = s(X;, X)/s(X)s(X,).
NQTE - Examples where it is necessary to use covariances as

¥
There may be significant correlation betwe@wo
juantities if the same measuring instrurnn;rQbhysical

aving a

calfulated from equation (17) are given in H.2 and H.4.

5.2.4
input
measyrement standard, or reference daam
signiffcant standard uncertainty is_ used in their
determination. For example, if a ccﬁ thermometer is

uncertainties, the correlation between X; and- X is
removed. (See F.1.2.3 and F.1.2.4 f% 'ther
N

X

5.2.5 Correlations between input~<&ltities cannof be
ignored if present and sigpi L.

discussion.)

The assocfated
covariances should be evalu@ experimentally if feagible
by varying the correlated{input quantities (see CJ3.6,
note 3), or by using t@ool of available information on
the correlated v '%ﬂiry of the quantities in quegtion
(Type B evalquig: of covariance). Insight based on

experience general knowledge (see 4.3.1 and 4)3.2)
is espe@ required when estimating the degreg of
correlation between input quantities arising from| the
e %ts of common influences, such as ambient

«{@mperature, barometric pressure,
Fortunately, in many cases, the effects of such influgnces
have negligible interdependence and the affected input
quantities can be assumed to be uncorrelated. Howevgr, if

to be uncorrelated, | the

correlations themselves can be avoided if the common
influences are introduced as additional independent input

quantities as indicated in 5.2.4.

and humiflity.

they cannot be assumed
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6 Determining expanded uncertainty

6.1 Introduction

6.1.1 Recommendation INC-1 (1980) of the Working
Group pn the Statement of Uncertainties on which this
Guide | is based (see the Introduction), and
Recomipendations 1 (CI-1981) and 1 (CI-1986) of the
CIPM gpproving and reaffirming INC-1 (1980) (see A2
and A.B), advocate the use of the combined standard
uncertalnty u(y) as the parameter for expressing

quantitjtively the uncertainty of the result of a
measurgment. Indeed, in the second of its
recomnpendations, the CIPM has requested that what is
now tefmed combined standard uncertainty #.(y) be used
“by all jparticipants in giving the results of all international
compatfisons or other work done under the auspices of the
CIPM hnd Comités Consultatifs.”

6.1.2 Although «(y) can be universally used 10 express
the urcertainty of a measurement resdlt,) "in some
commdrcial, industrial, and regulatory ‘applications, and
when Health and safety are concerned, 'h"ié often necessary
to give a measure of uncertainty thdt defines an interval
about fhe measurement resplf’that may be expected to
encompass a large fractigh,of the distribution of values
that copuld reasonably be. attributed to the measurand. The
existerlce of this Tequirement was recognized by the
Working Group/ and led to paragraph 5 of
Recon{mendation INC-1 (1980). It is also reflected in
Reconjniéndation 1 (CI-1986) of the CIPM.

U-=kul(y) ... (18)

The result of a measurement is- then convenienfly
expressed as ¥ =y + U, which is(inferpreted to mean that
the best estimate of the value aftributable to the measurapnd
Yisy, and thaty - U to y W is an interval that may be
expected to encompass-a large fraction of the distributjon
of values that could redsonably be attributed to Y. Such

interval is also.expressed asy - U < Y <y + U.

6.2.2 Thedterms confidence interval (C.2.27, C.2.28)
and confidence level (C.2.29) have specific definitiong
statistics and are only applicable to the interval defined [by

—

n

U+ ‘when certain conditions are met, including that [all
components of uncertainty that contribute to u(y) be
obtained from Type A evaluations. Thus, in this Guifle,
the word “confidence” is not used to modify the wprd
“interval” when referring to the interval defined by |U;
and the term “confidence level” is not used in connection
with that interval but rather the term “level | of
confidence.” More specifically, U is interpreted | as
defining an interval about the measurement result fhat
encompasses a large fraction p of the probability
distribution characterized by that result and its combiped
standard uncertainty, and p is the coverage probability or
level of confidence of the interval.

6.2.3 Whenever practicable, the level of confidenge p
associated with the interval defined by U should| be

6.2 Expanded uncertainty

6.2.1 The additional measure of uncertainty that meets
the requirement of providing an interval of the kind
indicated in 6.1.2 is termed expanded uncertainty and is
denoted by U. The expanded uncertainty U is obtained by
multiplying the combined standard uncertainty u.(y) by a
coverage factor k:

estimated—and—stated—It—should be recognized fthat
multiplying #.(y) by a constant provides no new
information but presents the previously available
information in a different form. However, it should also
be recognized that in most cases the level of confidence p
(especially for values of p near 1) is rather uncertain, not
only because of limited knowledge of the probability
distribution characterized by y and u(y) (particularly in
the extreme portions), but also because of the uncertainty
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of u(y) itself (see note 2 to 2.3.5, 6.3.2, and annex G,
especially G.6.6).

NOTE - For preferred ways of stating the result of a
measurement when the measure of uncertainty is u.(y) and when
it is U, see 7.2.2 and 7.2.4, respectively.

6.3 Choosing a coverage factor

6.3.1 The value of the coverage factor k is chosen on the
Ditstei—te—fercl——eomrhereeregrired—tthe—itoresd

equivalently, for a given value of k, one would like to be
able to state unequivocally the level of confidence
associated with that interval. However, this is not easy to
do in practice because it requires extensive knowledge of
the probability distribution characterized by the
measurement result its combined standard
uncertainty u(y). Although these parameters are of
critical importance, they are by themselves insufficient for
the purpose of establishing intervals having exactly known

y and

y - PUtoy + U. In general, k will be in the range 2 to 3.
However, for special applications k may be outside this
rangg. Extensive experience with and full knowledge of
the yses to which a measurement result will be put can

faciljtate the selection of a proper value of &.

NOTE - Occasionally, one may find that a known correction b
fgr a systematic effect has not been applied to the reported result
[ a measurement, but instead an attempt is made to take the

L=

[fect into account by enlarging the “uncertainty ” assigned to the
rgsult. This should be avoided; only
cfrcumstances should corrections for known

in very special

significant

v

stematic effects not be applied to the result of a measurement

3

(dee F.2.4.5 for a specific case and how to treat it). Evaluating

He uncertainty of a measurement result should not be confused
wlith assigning a safety limit to some quantity.

6.3.1
specific value of the coverage factor k that would prov@
an ifterval Y=y + U=y + kuy) corrcspondh@t a
partitular level of confidence p, such as 95 or rcent;

S

Ideally, one would like to be able to choose a

&

levels of confidence. (b

6.3.3 Recommendation INC-1 (1980) do;’sof?ol specify
how the relation between k and p sho shed.
This problem is discussed in annex (&, and a preferred
method for its approximate solutidir is presented ip G.4
and summarized in G.6.4. HowgVer, a simpler appioach,
discussed in G.6.6, is %ﬂ’ adequate in measur¢ment
situations where the ility distribution charactgrized
by y and u(y) is ximately normal and the effective
degrees of freedq of u.(y) is of significant size. When
this is the case,“which frequently occurs in practicg, one
can asﬁat taking k = 2 produces an interval Having
a level of confidence of approximately 95 percenf, and
Ih&mg k =3 produces an interval having a lej

gonfidence of approximately 99 percent.

e establ

el of

NOTE - A method for estimating the effective degrpes of
G can
then be used to help decide if this solution is appropriate for a

freedom of u.(y) is given in G.4. Table G.2 of annex

particular measurement (see G.6.6).
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7.1 | General guidance
7.1.1|In general, as one moves up the measurement
hierarthy, more details are required on how a

measyrement result and its uncertainty were obtained.
Nevertheless, at any level of this hierarchy, including
commercial and regulatory activities in the marketplace,
engingering work in industry, lower-echelon calibration
facilitjes, industrial research and development, academic
researth, industrial primary standards and calibration
laborgtories, and the national standards laboratories and
the B|PM, all of the information necessary for the re-
evalugtion of the measurement should be available to
others{ who may have need of it. The primary difference
is that
of the[necessary information may be made available in&@
f published calibration and test system repo;&@test

speciffcations, calibration and test certificates, i

.

form
ction
manugls, international standards, national ds, and
local fegulations. ..

N

7.1.2 ent, including how
the urfcertainty of the result evaluated, are provided
by reflerring to published @@mems, as is often the case
when [alibration resul reported on a certificate, it is
impergtive that the@p blications be kept up-to-date so

that they are c%%nt with the measurement procedure

actually if& Lg;é

When the details of a mea

at the lower levels of the hierarchical chain, more@

o)

)
7.1.4 Although in practice the amount Qg}%}rm tion
necessary to document a measurement fedult depencl on
its intended use, the basic principl; i
remains unchanged: when re g the result ¢f a
measurement and its uncertag’ tif, it is preferable to e

what is reqyired

on
the side of providing too information rather th
little. For example, 01@ ould

a) describe ck@% the methods used to calculate
measugenient result and its uncertainty from

too

the
the

ex ntal observations and input data;

b)qk's all uncertainty components and document
‘\ ow they were evaluated;

ully

\‘S\ c) present the data analysis in such a way that eadh of
its important steps can be readily followed ang
calculation of the reported
independently repeated if necessary;

the

result can| be

d) give all corrections and constants used in| the

analysis and their sources.

A test of the foregoing list is to ask oneself “Hape I
provided enough information in a sufficiently clear mapiner
that my result can be updated in the future if ew

information or data become available?”

7.2 Specific guidance

7.2.1 When reporting the result of a measurement, [and

when the measure of uncertainty is the combined standard

7.1.3 erous measurements are made every day in uncertainty u(y), one should
industry and commerce without any explicit report of a) give a full description of how the measurand Y is
uncertainty. However, many are performed with definied:

instruments subject to periodic calibration or legal
inspection. If the instruments are known to be in
conformance with their specifications or with the existing
normative documents that apply, the uncertainties of their
indications may be inferred from these specifications or
from these normative documents.

b) give the estimate y of the measurand Y and its
combined standard uncertainty «(y); the units of
y and u.(y) should always be given;

c) include the relative combined standard uncertainty
u(y)/yl, | | #0, when appropriate:
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d) give the information outlined in 7.2.7 or refer to a
published document that contains it.

If it is deemed useful for the intended users of the
measurement result, for example, to aid in future
factors or to assist in

calculations of coverage

understanding the measurement, one may indicate

- the estimated effective degrees of freedom v, (see
G.4);

7.2.3 When reporting the result of a measurement, and
when the measure of uncertainty is the expanded
uncertainty U = ku(y), one should
a) give a full description of how the measurand V is
defined;

b) state the result of the measurement as Y=y + U
and give the units of y and U;

¢) include the relative expanded uncertainty U/|y],
| v| #0, when appropriate;

- rthe—fype—A—and—Type—B—combined—standard
uncertainties u.,(y) and ug(y) and their estimated
effective degrees of freedom v, and vep (see
G.4.1, note 3).

7.2.2| When the measure of uncertainty is uJ(y), it is

preferjable to state the numerical result of the measurement
in ong of the following four ways in order to prevent
misurjderstanding. (The quantity whose value is being
reporfed is assumed to be a nominally 100 g standard of
mass [mg; the words in parentheses may be omitted for
brevi
repor{ing the result.)

if u; is defined elsewhere in the document

D| “mg = 100,021 47 g with (a combined standard
uncertainty) #, = 0,35 mg.”

2)| “mg = 100,021 47(35) g, where the number in
parentheses is the numerical value of (the combined
referred to the
corresponding last digits of the quoted resultC

standard uncertainty) u,

3)| “mg = 100,021 47(0,000 35) g, where _ﬁljg'humber
in parentheses is the numerical (value of (the
combined standard uncertainty) % expressed in the
unit of the quoted result.” ‘

4)| “mg = (100,021 47 + 0,000 35) g, where the
number following tle-symbol + is the numerical
value of (the comﬁﬁe‘d standard uncertainty) u, and
not a confideficévinterval.”

NOTE - Theé' + format should be avoided whenever
possiblebecause it has traditionally been used to indicate an
ir}_létvil corresponding to a high level of confidence and thus
ﬁia.y be confused with expanded uncertainty (see 7.2.4).

xéporting the result.)

d) give the value of k used to obtain U [of; fo the
convenience of the user of the result, &€ both k
and u(y)l;

e) give the approximate level of confidence assoc|ated
with the interval y + U anflstate how it |was
determined;

—

f) give the information outlined in 7.2.7 or refer|to a

published documérit that contains it.

7.2.4 When tha_méasure of uncertainty is U, |t is
preferable, for maximum clarity, to state the numeyical
result of thé)measurement as in the following example.
(The words in parentheses may be omitted for brevity if
U,y and k are defined elsewhere in the document

“mg = (100,021 47 + 0,000 79) g, where the nunber
following the symbol + is the numerical value of (an
expanded uncertainty) U = ku,, with U deternfined
from (a combined standard uncertainty) u#, = 0,3% mg
and (a coverage factor) & = 2,26 based on the ¢-
distribution for v = 9 degrees of freedom, and defines
an interval estimated to have a level of confidenge of
95 percent.”

7.2.5 If a measurement determines simultaneously fmore
than one measurand, that is, if it provides two or ore
output estimates y; (see H.2, H.3, and H.4), thep, in
addition to giving y; and u ( y;), give the covariance matrix
elements u(y;,y;) or the elements r(y;,y,) of| the
correlation coefficient matrix (C.3.6, note 2) |(and
preferably both).

Further, although the purpose of the caveat in 4) is to
prevent such confusion, writing ¥ = y + w.(y) mightstill be
misunderstood to imply, especially if the caveat is
accidentally omitted, that an expanded uncertainty with
k=1 is intended and that the interval y - u(y) <
Y <y + uy) has a specified level of confidence p,
namely, that associated with the normal distribution (see
G.1.3). As indicated in 6.3.2 and annex G, interpreting
u(y) in this way is usually difficult to justify.

7.2.6 The numerical values of the estimate y and its
standard uncertainty u.(y) or expanded uncertainty U
should not be given with an excessive number of digits. It
usually suffices to quote u.(y) and U [as well as the
standard uncertainties «(x;) of the input estimates x;] to at
most two significant digits, although in some cases it may
be necessary to retain additional digits to avoid round-off
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7 Reporting uncertainty

errors in subsequent calculations.

In reporting final results, it may sometimes be appropriate
to round uncertainties up rather than to the nearest digit.
For example, u(y) = 10,47 mQ might be rounded up to
11 mQ. However, common sense should prevail and a
value such as u(x;) = 28,05 kHz should be rounded down
10 28 kHz. Output and input estimates should be rounded
to be consistent with their uncertainties; for example, if
y = 1005762 & —with—mty i —y—shewld—be
i to 10,058 Q. Correlation coefficients should be
ith three-digit accuracy if their absolute values are

rounde
given W
near urjity.

7.2.7 |n the detailed report that describes how the result
of a m¢asurement and its uncertainty were obtained, one

should [follow the recommendations of 7.1.4 and thus
a) give the value of each input estimate x; and its
ktandard  uncertainty u(x;) together with a

description of how they were obtained;

pive the estimated covariances or estimated

correlation coefficients (preferably both) associated
with all input estimates that are correlated, and the
methods used to obtain them,;

c) give the degrees of freedom for the standard
uncertainty of each input estimate and how it was

obtained;

d)

give the functional relationship Y = f(X), X;,
..., Xy) and, when they are deemed useful, the

However, any such coefficients

experimentally should be given.

&)
N
NOTE - Since the functional relal&ip f may| be
%@explicitly but ¢nly
as a computer program, it m@ﬂol always be posgible
to give fand its deri\rativc@he function f may theq be
described in general e%h or the program used may be
cited by an appmqgé reference. In such cases, |t is

important chﬁ@ae clear how the estimate y of| the

extremely complex or may not

=

measurar{\( nd its combined standard uncertdinty
u (y) were obtained.
N
%
N\
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8 Summary of procedure for evaluating and expressing

I Egpress mathematically the relationship between the
measprand Y and the input quantities X; on which ¥
depemds: Y = f(X,, X,, . . ., X,). The function f should
contin every quantity, including all corrections and
correption factors, that can contribute a significant

component of uncertainty to the result of the measurement \‘Sh]eir covariances (see 7.2.5, H.2, H.3, and H.4).

(see 4.1.1 and 4.1.2).

eithey on the basis of the statistical analysis c«(@e ies of
obserfvations or by other means (see 4.1.3&;\\

3 Eyaluate the srandard uncerfaim%{x;) of each input
estimpte x;. For an input estim btained from the
statisfical analysis of series of og;éwations, the standard
uncerfainty is evaluated Qs}:ribed in 4.2 (Type A
evalugtion of standard %fnry}. For an input estimate
obtained by other the standard uncertainty u(x;) is
eva]ur[ited as des d in 4.3 (Type B evaluation of
standpird unc 1y).

»

he covariances associated with any input

5 Calculate the result of the measurement, that is, the
estimate y of the measurand V, from the functional
relationship f using for the input quantities X; the estimates
X; obtained in step 2 (see 4.1.4).

uncertainty

The steps to be followed for evaluating and expressing the ~ ~&
uncertainty of the result of a measurement as presented in O\)\
this Guide may be summarized as follows:

2
2 Determine x;, the estimated value of input qu @1\}"

o
)
A

o

O
o¥
O
6 Determine técombined standard uncertainty u|y) of
the measéﬁem result y from the standard uncertginties
and co@w ces associated with the input estimatds, as
deg}@td in clause 5. If the measurement deterfnines
@1 It

aneously more than one output quantity, cal¢ulate

7 If it is necessary to give an expanded uncertainfy U,
whose purpose is to provide an interval y - U to y|+ U
that may be expected to encompass a large fraction ¢f the
distribution of values that could reasonably be attriputed
to the measurand ¥, multiply the combined stapdard
uncertainty u.(y) by a coverage factor k, typically in the
range 2 to 3, to obtain U = ku.(y). Select k on the |basis
of the level of confidence required of the interval (sed 6.2,
6.3, and especially annex G, which discusses the selefction
of a value of k that produces an interval having a levlel of
confidence close to a specified value).

8 _Report the of the me ement v togetherd with
its combined standard uncertainty u.(y) or expanded
uncertainty U as discussed in 7.2.1 and 7.2.3: use one of
the formats recommended in 7.2.2 and 7.2.4. Describe, as
outlined also in clause 7, how y and wu.(y) or U were
obtained.
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Annex A

Recommendations of Working Group and CIPM

EX

1.
g¢
éty

m¢thode

ny

—
—

c1y

follows [2]:

pression des incertitudes expérimentales
Recommandation INC-1 (1980)

L’incertitude d’un résultat de mesure compn&@
néralement plusieurs composantes qui, ent
e groupées en deux catégories res la
utilisée pour estimer, leur valeur
mérique: @

A. celles qui sont éva]uéeﬁ)l’aide de méthodes
statistiques, ’

B. celles qui @ évaluées par d’autres

O

moyens.

ire le

sement dans les catégories A ou B et le

L
su

n'y a pg@%}ours une correspondance simple

«aléatoire » ou «systématique» utilisé

A.1 Recommendation INC-1 (1980)

The Working Group on the Statement of Uncertainties (see
Foreword) was convened in October 1980 by the Bureau
International des Poids et Mesures (BIPM) in response to a
request of the Comité International des Poids et Mes
(CIPM). It prepared a detailed report for consideration
CIPM that concluded with Recommendation INC-1 (1 [2].
The English translation of this Recommendation isékkn in0.7
of this Guide and the French text, which is aLQo a

¥

0
O
NS
@Q%
\S\G

\thé

tive, is as

N
\sg\®2. Les composantes de la catégorie A somt
@ caractérisées par les variances estimées s? (ou lg

« écarts-types » estimés s;) et les nombres v; d
degrés de liberté. Le cas échéant, les covariancef

L7

L]

estimées doivent étre données.

3. Les composantes de la catégorie B devraierjt
étre caractérisées par des termes u? qui puisser]t
étre considérés comme des approximations des

t

variances dont

correspondantes on admg

I’existence. Les termes a? peuvent &
comme des variances et les termes ¥
écarts-types. Le cas échéant, les covarianc

doivent étre traitées de fagon analogue.

4. L’incertitude composée devrait étre caractérisé
par la valeur obtenue en appliquant la méthod

usuelle de camhbi 1

« incertitude eslt

de

systématique »
des erreurs

expression

sceptible conduire a

d’interprétation; elle doit étre évitée.

Toute description détaillée de I’incertitude devrait

co
et

mprendre une liste compléte de ses composantes
indiquer pour chacune la méthode utilisée pour

lui attribuer une valeur numérique.

composée ainsi que ses composantes devraient étre
exprimées sous la forme d’« écart-types ».

5. Si pour des utilisations particuliéres on est
amené a multiplier par un facteur l'incertitude
composée afin d’obtenir une incertitude globale, la
valeur numérique de ce facteur doit toujours étre
donnée.
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A.2 Recommendation 1 (CI-1981) A.3 Recommendation 1 (CI-1986)

The CIPM reviewed the report submitted to it by the
Working Group on the Statement of Uncertainties and
adopted the following recommendation at its 70th meeting

The CIPM further considered the matter of the expression
of uncertainties at its 75th meeting held in October 1986
and adopted the following recommendation [4]:

held in October 1981 [3]:

The Comité International des Poids et Mesures
o The Comité International des Poids etdMesures,
cdnsidering o \%

- the need to find an agreed way of considering the adoption by thedWorking Groyp
expressing measurement uncertainty in on the Statement of _Uncertainties ¢f
metrology, Recommendation INC-1 (1980) and the adoption Hy

- the effort that has been devoted to this by the CIPM of Recommendation 1 (CI-1981),
many organizations over many years, L R\ .

; : ’ considering that\certain members of Comitgs

— the encouraging progress made in finding an : ~\ ‘ :

; . Consultatifs may want clarification of thjs
acceptable solution, which has resulted from R datton for th ¢ K thhe
&
the discussions of the Working Group on the comrr-l_cﬁn gon ‘01‘ & Hurposes ° .wor i
: P : falls under their purview, especially f¢r
Expression of Uncertainties which met at intexNOnal ;
BIPM in 1980, interational comparisons,
. recognizes that paragraph 5 of Recommendatidn
o /INC-1 (1980) relating to particular application}
— that the proposals of the Working Group . ) gtop o pp B
. . especially those having commercial significance, |s
might form the basis of an eventual ) ) )
; - now being considered by a working group of the
agreement on the expression of : S
i = International ~ Standards  Organization (ISQ)
uncertainties,
common to the ISO, OIML and IEC, with the
refommends concurrence and cooperation of the CIPM,

Recommendation 1 (CI-1981)

Recommendation 1 (CI-1986)

kXpression ol experimental uncertaintics

- that the proposals of the Workirlg Group be
diffused widely;

- that BIPM attempt to _apply the principles
therein to internationabebmparisons carried
out under its auspices in the years to come;

— that interested organizations be
encouraged* fo examine and test these
proposals-and let their comments be known
to BIRM;

- _tRat"after two or three years BIPM report
back on the application of these proposals.

other

EXpPIession Of UnCertaimnties in work
carried out under the auspices of the CIRM:

requests that paragraph 4 of Recommendatign
INC-1 (1980) should be applied by all participan{s
of all internationl
comparisons or other work done under the auspicgs
of the CIPM and the Comités Consultatifs and thpt
the combined uncertainty of type A and type B
uncertainties in terms of one standard deviatidn

in giving the results

should be given.
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B.1

Annex B

General metrological terms

Source of definitions

The deffinitions of the general metrological terms relevant

to this

Guide that are given here have been taken from the

Internqtional vocabulary of basic and general terms in

metrol

publis
Stand
organi
nomin

Interngtional des
Interni
Interni

ISO,

bgy (abbreviated VIM), second edition 6],
ed by the International Organization
dization (ISO), in the name of
that its development
hted the experts who prepared it: the Bureau
Poids et (BIPM), the
tional Electrotechnical Commission (IEC), the
tional Federation of Clinical Chemistry (IFCC),
the International Union of Pure and Applied

for
the seven
and

rations supported

Mesures

Chemistry (IUPAC), the International Union of Pure and

Applig

Organ

should

d Physics (IUPAP), and the )
jzation of Legal Metrology (OIML). The VIM
be the first source consulted for the definitions of

Internationals

NOTES

1 The term quantity may refer to a quantity-in a general

Sgnse

[see examples a)] or to a particular qua\lgh‘ﬁy [see examples|b)].

EXAMPLES

a) quantities in a general sense: length, time,
temperature, electritah “resistance,
concentration;

b) particulak quantities:

- length of’a given rod

- efeefrical resistance of a given specimen of wire

- -«amoum-of-substanceconcemration of ethanol in a
sample of wine.

rlass‘
amount-of-substance

diven

>2 * Quantities that can be placed in order of magnitude relptive

to one another are called quantities of the same kind.

3 Quantities of the same kind may be grouped together|into

categories of quantities, for example:
- work, heat, energy
- thickness, circumference, wavelength.

terms fnot included either here or in the text.
4 Symbols for quantities are given in 1SO 31.
NCTE - Some basic statistical terms and goneepts are given in
anfjex C, while the terms “true~valte,” “error,” and
“ufcertainty” are further discussed/injannex D. .
B.2.2 value (of a quantity) [VIM 1.18]
magnitude of a particular quantity generally expressed as
a unit of measurement multiplied by a number
B.2 | Definitions,
EXAMPLES
As infclause 2,._\}1n_gthe definitions that follow, the use of 2) length of a rod: 534m  or Sich:
arenfhesesaround certain words of some terms means
P Vol : : o . b) mass of a body: 0,152 kg or 152 g
that tje swords may be omitted if this is unlikely to cause
confubicl, ¢) amount of substance of a
sample of water (H,0): 0,012 mol or 1Z mmol.
The terms in boldface in some notes are additional NOTES
metrological terms defined in those notes, either explicitly ) B .
1 The value of a quantity may be positive, negative or zZero.

or implicitly (see reference [6]).

B.2.1

(measurable) quantity [VIM 1.1]

attribute of a phenomenon, body or substance that may be
distinguished qualitatively and determined quantitatively

2 The value of a quantity may be expressed in more than one

way.

3 The values of quantities of dimension one are generally

expressed as pure numbers.
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4 A quantity that cannot be expressed as a unit of

measurement multiplied by a number may be expressed by
reference to a conventional reference scale or to a measurement
procedure or to both.

B.2.3 true value (of a quantity) [VIM 1.19]
value consistent with the definition of a given particular

quantity

NOTES

B.2.6 principle of measurement [VIM 2.3)
scientific basis of a measurement
EXAMPLES

a) the thermoelectric effect applied to the measurement of
temperature;

b) the Josephson effect applied to the measurement of electric
potential difference;

c¢) the Doppler effect applied to the measurement of velocity;

;‘Eﬁﬁmmmm—w—rpﬂmn_m—nmm apphed [0 (he measurement of .Ehf wave
asurement. number of molecular vibrations.

2| True values are by nature indeterminate.

3| The indefinite article “a,” rather than the definite article

the,” is used in conjunction with “true value™ because there
mpy be many values consistent with the definition of a given
pdqrticular quantity.

Guide Comment: See annex D, in particular D.3.5, for
the rgasons why the term “true value” is not used in this

Guidp and why the terms “true value of a measurand” (or

of

a|quantity) and “value of a measurand” (or of a

quanfity) are viewed as equivalent.

B.2.4 conventional true value (of a quantity) [VIM

1.20]

value| attributed to a particular quantity and accepted,

somefimes by convention, as having an uncertaint
apprdpriate for a given purpose Q\

O
EXAMPLES \Jr\
a)| at a given location, the value assigne ﬁ\&ﬁc quantity

refilized by a reference standard may be taken'as’a conventional

trje value; @ N

b)| the CODATA (1986) recommc@valuc for the Avogadro
copstant: 6,022 136 7 x 102 n@'.

NQTES \%

copfused *reference value” in the sense used in the Note to

[V IMK;Y“

2

quantity is used to establish a conventional true value.

Guide Comment: See the Guide Comment to B.2.3.

B.2.5 measurement [ VIM 2.1]

set of operations having the object of determining a value

of a quantity

NOTE - The operations may be performed automatically.

1| “Conventional value” is sometimes called assigned
vaflue, best estg\e of the value, conventional value or

reference va 43 Reference value,” in this sense, should not be

,\Q
B.2.7 method of measurement [VIM%@'

logical sequence of operations, descr'il%i

in the performance of measuremen

enerically| used

NOTE - Methods of meaSU@Qmay be qualified in Jarious
ways such as:

- substitution \}gd/
- differenti@hod
- null method.

>

B.2.8 ement procedure [ VIM 2.5]
set %perations, described specifically, used i the
ance of particular measurements according| to a

pe
@en method
R\

NOTE - A measurement procedure is usually recordedl in a
document that is sometimes itself called a “measujement
procedure” (or a measurement method) and is usuglly in
sufficient detail to enable an operator to carry out a measufement
without additional information.

B.2.9 measurand [VIM 2.6]
particular quantity subject to measurement

EXAMPLE - vapour pressure of a given sample of witer at
20 °C.

NOTE - The specification of a measurand may rpquire
statements about quantities such as time, temperaturf and
pressure.

B.2.10  influence quantity [ VIM 2.7]

result of the measurement

EXAMPLES
a) temperature of a micrometer used 1o measure length;

b) frequency in the measurement of the amplitude of an

alternating electric potential difference;

¢) bilirubin concentration in the measurement of haemoglobin
concentration in a sample of human blood plasma.
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Guide Comment: The definition of influence quantity is
understood to include values associated with measurement
standards, reference materials, and reference data upon
which the result of a measurement may depend, as well as
phenomena such as short-term measuring instrument
fluctuations and quantities such as ambient temperature,
barometric pressure, and humidity.

B.2.11 result of a measurement [VIM 3.1]
value pttributed to a measurand, obtained by measurement

NQTES

1 | When a result is given, it should be made clear whether it
refprs to:

- the indication

- the uncorrected result

- the corrected result

and whether several values are averaged.

2 | A complete statement of the result of a measurement
indludes information about the uncertainty of measurement.

B.2.12  uncorrected result [VIM 3.3]
result|of a measurement before correction for systematic
error

B.2.1Bp  corrected result [VIM 3.4]
result| of a measurement after correction for systematic @

€ITor .
2

B.2.14  accuracy of measurement [VIM 3.5 \O
closerfess of the agreement between the . t of a
measyrement and a true value of the meastrand

NQTES @ )
1 | “Accuracy” is a qualitative coc@

2 | The term precision sho@ ‘be used for “accuracy.”

_ o
Guidd Comment: See uide Comment to B.2.3.

B.2.1p repe@'ﬁty (of results of measurements)
[VIM[3.6]

closeresy&&”thc agreement between the results of
succe s(@ measurements of the same measurand carried

- the same location
~ repetition over a short period of time.

3 Repeatability may be expressed quantitatively in terms of the
dispersion characteristics of the results.

B.2.16 reproducibility (of results of measurements)
[VIM 3.7]

closeness of the agreement between the results of
b Lo a8 Py =R Fit R Lmu 81 ey n Lo ey s B s e HATGE

changed conditions of measurement o;b
NOTES .'\Q
1 A valid statement of reproducibility reql@pspeciﬁcation of
the conditions changed. 6@
- BN
2 The changed conditions may e:

- principle of measureprent
- method of measu\
- observer

~  measurin ment
- referen %ndard

- log iuQ

- itions of use

-Qtime.

‘S\\}chwducibility may be expressed quantitatively in terfns of
the dispersion characteristics of the results.

4  Results are here usually understood to be corrected repults.

B.2.17 experimental standard deviation [ VIM 3.8]

for a series of n measurements of the same measurpnd,
the quantity s(g,) characterizing the dispersion off the
results and given by the formula:

g, being the result of the kth measurement and g bein the
arithmetic mean of the n results considered

NOTES
1__Considering the series of » values as a samplelof a

out under the same conditions of measurement

NOTES

1 These conditions are called repeatability conditions.

2 Repeatability conditions include:
- the same measurement procedure
- the same observer
- the same measuring instrument, used under the same

conditions

distribution, ¢ is an unbiased estimate of the mean Mg, and
2 . . . . . 4

$°(gy) is an unbiased estimate of the variance ¢~, of that
distribution.

2 The expression s(g,)/V'n is an estimate of the standard

deviation of the distribution of g and is called the experimental
standard deviation of the mean.

3 “Experimental standard deviation of the mean” is sometimes
incorrectly called standard error of the mean.
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Guide Comment: Some of the symbols used in the VIM
have been changed in order to achieve consistency with
the notation used in 4.2 of this Guide.

B.2.18 uncertainty (of measurement) [ VIM 3.9]
parameter, associated with the result of a measurement,
that characterizes the dispersion of the values that could
reasonably be attributed to the measurand

NOTES

NOTE - Since a true value cannot be determined, in practice a
conventional true value is used (see [VIM] 1.19 [B.2.3] and
1.20 [B.2.4)).

Guide Comment: See the Guide Comment to B.2.3.

B.2.21 random error [VIM 3.13]

result of a measurement minus the mean that would result
from an infinite number of measurements of the same
measurand carried out under repeatability conditions

1 | The parameter may be, for example, a standard deviation (or
a given multiple of it), or the half-width of an interval having a
stated level of confidence.

2 | Uncertainty of measurement comprises, in general, many
components. Some of these components may be evaluated from
th¢ statistical distribution of the results of series of measurements
anfl can be characterized by experimental standard deviations.
THe other components, which can also be characterized by
standard deviations, are evaluated from assumed probability
dijtributions based on experience or other information.

3 | It is understood that the result of the measurement is the best
esfimate of the value of the measurand, and that all components
of|uncertainty, including those arising from systematic effects,
suth as components associated with corrections and reference
standards, contribute to the dispersion.

Guid¢ Comment: It is pointed out in the VIM that this

definition and the notes are identical to those in this Gm @

(see 4.2.3).
\O
B.2.1[9 error (of measurement) [VIM 3.1
resultl of a measurement minus a tme(\ﬁ_\e of the
measyrand .
NQTES Q®

cohventional true value is see [VIM] 1.19 [B.2.3] and

1.30 [B.2.4]). %\

2 | When it is ne to distinguish “error” from “relative
erfor,” the k@?ﬁ is sometimes called absolute error of

1 | Since a true value cawgﬁetermined, in practice a

is should not be confused with absolute value

mrasurem%
of err&w ch is the modulus of the error.

NOTES

$e)

1 Random error is equal to error minus sy eten@crm‘.

2 Because only a finite number of measur@éb{s can be ade,
it is possible to determine only an esng@n random errpr.

Guide Comment: See the Gu:d@&nmem to B.2.22,.

B.2.22  systematic err@IM 3.14]
mean that would re N rom an infinite number of

measurements of ame measurand carried out ynder

repeatability c%ditlons minus a true value of| the

measurand Q

NO
@%ystemaiic error is equal to error minus random errog.

\\g\@

2 Like true value, systematic error and its causes canijot be
completely known.

3 For a measuring instrument, see “bias™ ([VIM] 5.25).

Guide Comment: The error of the result of a measurement
(see B.2.19) may often be considered as arising frgm a
number of random and systematic effects that contrfbute
individual components of error to the error of the rgsult.
Also see the Guide Comment to B.2.19 and to B.2.3.

B.2.23  correction [VIM 3.15]
value added algebraically to the uncorrected result|of a
measurement to compensate for systematic error

NOTES

1 The correction is equal to the negative of the estinated
systematic error.

2__Since the systematic error cannot be known perfectlly, the

GuidtL&mmﬂN‘—LLLhe-:esuh-aLa-memmcm—dcpgw‘e

on the values of quantities other than the measurand, the
errors of the measured values of these quantities contribute
to the error of the result of the measurement. Also see the
Guide Comment to B.2.22 and to B.2.3.

B.2.20 relative error [VIM 3.12]
error of measurement divided by a true value of the
measurand

compensation cannot be complete.

B.2.24  correction factor [VIM 3.16]

numerical factor by which the uncorrected result of a
measurement is multiplied to compensate for systematic
error

NOTE - Since the systematic error cannot be known perfectly,
the compensation cannot be complete.
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Annex C

Basic statistical terms and concepts

C.1 [Source of definitions

The définitions of the basic statistical terms given in this
annex |are taken from International Standard ISO 3534-1
[7]1. This should be the first source consulted for the
definifions of terms not included here. Some of these
terms 1and their underlying concepts are elaborated upon
in CB following the presentation of their formal
definifions in C.2 in order to facilitate further the use of
this @uide. However, C.3, which also includes the
definifions of some related terms, is not based directly on
ISO 3p34-1.

C.2 | Definitions

As inklause 2 and annex B, the use of parentheses around
certaif words of some terms means that the words may. be
omittdd if this is unlikely to cause confusion.

Term$ C.2.1 to C.2.14 are defined in-terms of the
propegties of populations. The definitions.of terms C.2:15
to Cl2.31 are related to a set ofiObservations (see
referdnce [7]).

C.2.1 probability [ISO 35341 1.1]
A redl number in the sédle O to 1 attached to a random
event

NPTE - It cdn ﬁt related to a long-run relative frequency of

‘‘‘‘‘‘

odcurrencéGrto a degree of belief that an event will occur. For

i

high'defiree of belief, the probability is near 1.

2 The probability of an event A is denoted by,Pr(A) or F{A).

Guide Comment: The symbol Pr(A) is @sed in this Gride
in place of the symbol P,(A) used in NSO 3534-1.

C.2.3 probability distribution (of a random variaple)
[1SO 3534-1, 1.3]
A function giving thc,probability that a random varipble
takes any given value or belongs to a given set of valhes.

NOTE - Tfe probability on the whole set of values of the
randopmyvariable equals 1.

C.24 distribution function [1SO 3534-1, 1.4]

Aunction giving, for every value x, the probability|that

‘the random variable X be less than or equal to x:
F(x) = Pr(X <x)

C.2.5 probability density function (for a continpous
random variable) [ISO 3534-1, 1.5]
The derivative (when it exists) of the distribution funcfion:

f(x) = dF(x)/dx
NOTE - f(x)dx is the “probability element™:

f(x)dx = Pr(x <X <x+dx)

C.2.6 probability mass function [ISO 3534-1, 1.6
A function giving, for each value x; of a discrete raijdom
variable X, the probability p; that the random varjiable
equals x;:

C.2.2 random variable; variate [1SO 3534-1, 1.2]

A variable that may take any of the values of a specified
set of values and with which is associated a probability
distribution ([1SO 3534-1] 1.3 [C.2.3]).

NOTES

1 A random variable that may take only isolated values is said
to be “discrete.” A random variable which may take any value
within a finite or infinite interval is said to be “continuous.”

= Def =x\
P T 77

C.2.7 parameter [ISO 3534-1, 1.12]
A quantity used in describing the probability distribution
of a random variable.

C.2.8 correlation [1SO 3534-1, 1.13]
The relationship between two or several random variables
within a distribution of two or more random variables.
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NOTE - Most statistical measures of correlation measure only
the degree of linear relationship.

C.2.9 expectation (of a random variable or of a
probability distribution); expected value; mean [ISO
3534-1, 1.18]

I For a discrete random variable X taking the values
x; with the probabilities p;, the expectation, if it exists,
is

C.2.14 normal distribution;
distribution [1SO 3534-1, 1.37]
The probability distribution of a continuous random
variable X, the probability density function of which is

2
1 oxp __ll.rvp]
a2 2 g

Laplace-Gauss

fx) =

for —o0 < x <+ 00,

=X = P,

—

he sum being extended over all the values x; which
cgn be taken by X.

2| For a continuous random variable X having the
probability density function f(x), the expectation, if it

exists, is
p = E(X) = fo{x)dx

thg integral being extended over the interval(s) of

vTialion of X.
1

C.2.10 centred random variable [ISO 3534-1, 1.21]
A random variable the expectation of which equals zero.

NOTE - If the random variable X has an expectation equal to g,

thg corresponding centred random variable is (X - p).

C.2.11 variance (of a random wvariable or of. @
probaLi]ity distribution) [I1SO 3534-1, 1.22]

The gxpectation of the square of the cenrre@’&%om
varialle ([1SO 3534-1] 1.21 [C.2.10]): ~\\0

o = UX) = E{[X - EX))?

C.2.1p standard deviation (o@@ﬂom variable or of
a probability distribution) [IS@ 4-1, 1.23]
The ppsitive square root 0& variance:

GV
C.2.1B cen@%&ment” of order g [ISO 3534-1,

NOFE——rtstheexpeetatiomamto s the stmdarddeviaion of
the normal distribution. q('b

C.2.15 characteristic [ISO 3534-1, 22] .
A property which helps to identify or dif%emiate between
items of a given population. .\GQ

NOTE - The characteristic m@)e either quantitative (by

variables) or qualitative (béﬁlt)ibutes),
N\

C.2.16 populati%ﬂgo 3534-1, 2.3]
The totality of itg\ﬂ\g nder consideration.
NOTE - If, the” case of a random variable, the probgbility
disrr [ISO 3534-1] 1.3 [C.2.3]) is considered to {lefine

L)

th pulation of that variable.
O
(‘Q}‘S‘l‘? frequency [ISO 3534-1, 2.11]

\\,Q‘he number of occurrences of a given type of event qr the

number of observations falling into a specified class

C.2.18 frequency distribution [ISO 3534-1, 2.15§)
The empirical relationship between the values pf a
characteristic and their frequencies or their relative
frequencies.

NOTE - The distribution may be graphically presented|as a
histogram ([1SO 3534-1] 2.17). bar chart ([1SO 3534-1] 1.18),
cumulative frequency polygon ([1SO 3534-1]2.19), or as 4 rwo-
way table ([1SO 3534-1] 2.22).

C.2.19 arithmetic mean; average [1SO 3534-1, 2.26]
The sum of values divided by the number of values.

I The term “mean” is used generally when referring|to a

1.28] NOTES
In a unEé:Yite distribution, the expectation of the gth
powerl random variahle (‘i_/ '..‘.)

EN(X-p)?]

NOTE - The central moment of order 2 is the variance (|1SO
3534-1] 1.22 [C.2.11]) of the random variable X.

1) I, in the definition of the moments, the quantities X, X - a, Y,
Y - b, etc. are replaced by their absolute values, i.e. |X|, |X - a|,
[Y[|. |Y - b, etc., other moments called “absolute moments” are
defined.

|Iupuid|.iun PaTaTeTeT and Tie [erm average  wnen rcIcrrlng (4]

the result of a calculation on the data obtained in a sample.

2 The average of a simple random sample taken from a
population is an unbiased estimator of the mean of this
population. However. other estimators, such as the geometric or

harmonic mean, or the median or mode, are sometimes used.

C.2.20  variance [ISO 3534-1, 2.33]
A measure of dispersion, which is the sum of the squared
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deviations of observations from their average divided by
one less than the number of observations.

EXAMPLE - For n observations x, x,, . . .

T=(1/mY x

, X, with average

the variance is
1 1 =2
8 =

NOTES

population from which this sample is taken.

NOTE - A result of this operation may be expressed as a single
value (point estimate; see [ISO 3534-1]2.51 [C.2.26]) or as an
interval estimate (see [ISO 3534-1] 2.57 [C.2.27] and 2.58
[C.2.28]).

C.2.25 estimator [ISO 3534-1, 2.50]
A statistic used to estimate a population parameter.

1| The sample variance is an unbiased estimator of the
population variance.

2 | The variance is n/(n - 1) times the central moment of
orfler 2 (see note to [1SO 3534-1] 2.39).

Guidg
appropriately designated the “sample estimate of the
populiation variance.” The variance of a sample is usually
defingd to be the central moment of order 2 of the sample
(see (.2.13 and C.2.22),

Comment: The variance defined here is more

C.2.21 standard deviation [ISO 3534-1, 2.34]
The positive square root of the variance.

NOTE - The sample standard deviation is a biased estimator of
thg population standard deviation.

C.2.22  central moment of order g [1SO 3534-1, 2.3@
In a distribution of a single characteristic, the arithmetic
mean|of the gth power of the difference be%’%n the
obseryed values and their average x: C)‘\\C)

1 ~ .

=) (x;-x) ‘
" O®

wherd # is the number of ob ons.

N(QTE - The central mn@ﬁaf order 1 is equal to zero.

c.2.28 statistiaigb 3534-1, 2.45)
A funtion of mple random variables.

NOTE ?ﬁa{iﬁlic, as a function of random variables, is also
a ra@n variable and as such it assumes different values from

\(\Qdifferent values from sample to sample.

\$\

C.2.26  estimate [[SO 3534-1, 2.51]

The value of an estimator obtained as a r6§b of an
N

>

C.2.27 two-sided confidence inte@g)[ISO 3534-1,
2.57] $

When T, and T, are two funcli@\?f the observed vjlues
such that, @ being a populationjparameter to be estimated,
the probability Pr(7, %%/ﬁ T,) is at least equgl to
(1 - &) [where (1 @15 a fixed number, positivel and
less than 1], the i al between 7| and 7, is a two-dided
(1 - ) confidehde interval for 6.

estimation.

NOT

1 Qﬂhc limits 7 and 7, of the confidence interval are stafistics
0 3534-1] 2.45 [C.2.23]) and as such will generally agsume

2 In a long series of samples, the relative frequency of ases
where the true value of the population parameter & is coverpd by

the confidence interval is greater than or equal to (1 - &)

C.2.28
2.58]

When T is a function of the observed values such thjt, 0
being a population parameter to be estimated, | the
probability Pr(T = @) [or the probability Pr(T < 8[)] is
at least equal to (1 - @) [where (Il - &) is a fixed
number, positive and less than 1], the interval fronf the
smallest possible value of @ up to T (or the interval {from
T up to the largest possible value of 8) is a one-gided
(1 - @) confidence interval for 6.

one-sided confidence interval [ISO 3534-1,

NOTES

sample to sample. The value of the statistic obtained by using
the observed values in this function may be used in a statistical
test or as an estimate of a population parameter, such as a mean
or a standard deviation.

C.2.24  estimation [1SO 3534-1, 2.49]

The operation of assigning, from the observations in a
to the parameters of a
model of the

sample, numerical values

distribution chosen as the statistical

—F et oftheconfrdemcemervatTs—a srarse (| [1SO
3534-1] 2.45 [C.2.23]) and as such will generally assume
different values from sample to sample.

2 See note 2 of [I1SO 3534-1] 2.57 [C.2.27).

C.2.29 confidence coefficient; confidence level [ISO
3534-1, 2.59]

The value (1 - @) of the probability associated with a
confidence interval or a statistical coverage interval. (See
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[1SO 3534-1] 2.57 [C.2.27], 2.58 [C.2.28], and 2.61
(C.2.30].)

NOTE - (1 - «) is often expressed as a percentage.

C.2.30 statistical coverage interval [1SO 3534-1, 2.61]
An interval for which it can be stated with a given level
of confidence that it contains at least a specified
proportion of the population.

o¥(z) = I(z - 1,)*p(z) dz

where y, is the expectation of z. The variance o*(z) may
be estimated by

1

2 =
s<(z;) —

n
Y (z;-7)*, where 7 =
i=1

and the z; are n independent observations of z.

NQTES

1 | When both limits are defined by statistics, the interval is
twh-sided. When one of the two limits is not finite or consists of

thq boundary of the variable, the interval is one-sided.

2 | Also called “statistical tolerance interval.” This term should
no} be used because it may cause confusion with “tolerance
interval” which is defined in ISO 3534-2.

C.2.31 degrees of freedom [ISO 3534-1, 2.85]
In geperal, the number of terms in a sum minus the
numbgpr of constraints on the terms of the sum.

C.3 | Elaboration of terms and concepts

C.3.1 Expectation

The ¢xpectation of a function g(z) over a probability
densify function p(z) of the random variable z is deﬁm‘\g
by 3
xO
Elg()] = [e@p@dz -
.\0

wherg, from the definition of p(z),

expedtation of the random variable
whicl} is also termed the expecte{@:

p(z)dz = 1. The
oted by p,, and
e or the mean of z,

is givien by O .

Y, = E(%@sz(z)dz
It is pstimated stapjstically by z, the arithmetic mean or
average of n_indépendent observations z; of the random
varia ie& probability density function of which is
p2) &

NOTES

1 The factor n - 1 in the expression for 5%(z,) arjses from the

correlation between z; and Z and reflects th@aﬂhat there are
only n - 1 independent items in the set {z;, =Z}.

2 If the expectation g, of z is kl@the variance mgy be

estimated by
5%(z) @zi -1 )
=}

The variance of H@rithmetic mean or average of the
observations,, rdthér than the variance of the indiv|dual
observati is the proper measure of the uncertainfy of
a measurement result. The variance of a variable z should
be Ily distinguished from the variance of the mean
Z €}m variance of the arithmetic mean of a series |of n
“Siidependent observations z; of z is given by o%(f) =

D 0*(z;)/n and is estimated by the experimental variange of

the mean

2
2= _ 5 (Zj) - 1
s4z) = n nin-1)

Z: {25‘2)2

=]

C.3.3 Standard deviation

The standard deviation is the positive square root of the
variance. Whereas a Type A standard uncertain{y is
obtained by taking the square root of the statistically
evaluated variance, it is often more convenient ywhen
determining a Type B standard uncertainty to evalupte a
then
to obtain the equivalent variance by squaring the starjdard
deviation.

nonstatistical equivalent standard deviation first and

C.3.2 Variance

The variance of a random variable is the expectation of its
quadratic deviation about its expectation. Thus the
variance of random variable z with probability density
function p(z) is given by

C.3.4 Covariance

The covariance of two random variables is a measure of
their mutual dependence. The covariance of random
variables y and z is defined by

cov(y,z) = cov(z,y) = E{[y-E(»]lz-E(2)]}
which leads to
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cov(z,Vy)
[ [(.\-‘ = ) (2 - p)p(y,2)dydz

JJsz(F.Udydz-iﬁ#;

cov(y,z)

where p(y, z) is the joint probability density function of
the two variables y and z. The covariance cov(y, z) [also
denoted by u(y, z)] may be estimated by s(y;, z;) obtained
from n independent pairs of simultaneous observations y;

coefficients are generally more useful than covariances.

2 For multivariate probability distributions, the correlation
coefficient matrix is usually given in place of the covariance
Since p(y.y) =1 and r(y,.y) =
elements of this matrix are unity.

matrix. 1, the diagonal

3 If the input estimates x; and x; are correlated (see 5.2.2) and
if a change & in x; produces a change & in x;, then the
correlation coefficient associated with x; and x; is estimated
approximately by

and z; df y and z,

n

1 - =
5(,\’,-,2,-] = ——E()’,‘}’)(Z,—"Z)
n-113
where
?:liv- and Z=izzi
- n g

NOTE - The estimated covariance of the two means y and Z is
giveh by s(¥.2) = s(y;, z)/n-

C.3.5 Covariance matrix

For a fultivariate probability distribution, the matrix V
with elements equal to the variances and covariances of
the variables is termed the covariance matrix. The
diagonl elements, v(z, z) = oX(z) ors(z;, z;) = s2(z,),

r(x;, x) = u(x)é/u{x)d

This relation can serve as a basis for estimatin %()I%lation
coefficients experimentally. It can also be usedﬁ
approximate change in one input estimate d@
another if their correlation coefficient i is t&w

0\)
O

Two random variables ar Bgrf tically independent if th
joint probability di ion is the product of their
individual probablkk}is%)strlbutlons

NOTE - If

alculate|the
a changg in

C.3.7 Independence

ir

[1]

random variables are independent, their
d cnrrcldtmn coefficient are zero, but the convgrse

covang
is nw essarily true.

%@B The ¢-distribution; Student’s distribution
b\

are the|variances, while the off-diagonal elements, u(y, 2) $The t-distribution or Student’s distribution is [the

or s( v, z;), are the covariances.

Q\
xO
OF
The cgrrelation coefficient is a measure c(}hc relative
mutual| dependence of two variableﬁei 10 the ratio of

C.3.6 [Correlation coefficient

their cpvariances to the positive squ ot of the product
of theif variances. Thus

.

:p(z!y) = N ‘Z) - U(Y Z

W a(y)0(2)

with eptimates v
§ 5(y:,2;)
r(y;s :,-}—&vi,-,y;) = ek =
% VSO s(z,2)

plylz)

S(ijzj]
s(y)s(z)

probability distribution of a continuous random variabfe
whose probability density function is
] ~(ve 1)I2

haiad 1
-0 < | < +00

where I' is the gamma function and v > 0. [The

expectation of the r-distribution is zero and its variande is

v/(v— 2) for v> 2. As v—= oo, the ¢ distribufion

approaches a normal distribution with p =0 and of= 1

(see C.2.14).

p(L,v) =

i

The correlation coefficient is a pure number such that
-l <p< +lor-1 =r(y,z) = +1

NOTES

1 Because p and r are pure numbers in the range -1 to +1
inclusive, while covariances are usually quantities with

inconvenient physical dimensions and magnitudes, correlation

Fhre-protabitity distributionof-the-variable{=—H9(2)
is the f-distribution if the random variable z is normally
distributed with expectation p,, where 7 is the arithmetic
mean of n independent observations z; of z, s(z;) is the
experimental standard deviation of the n observations, and
s(Z) = s(z;)/V'n is the experimental standard deviation of
the mean z with v = n - 1 degrees of freedom.
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Annex D

“True” value, error, and uncertainty

The ferm true value (B.2.3) has traditionally been used in
publjcations on uncertainty but not in this Guide for the
reasqns presented in this annex. Because the terms

i ]

megsurand,” “error,” and “uncertainty” are frequently
misunderstood, this annex also provides additional
discyssion of the ideas underlying them to supplement the
discyssion given in clause 3. Two figures are presented to
illusclrale why the concept of uncertainty adopted in this
G,

unceftainty rather than on the unknowable quantities

e is based on the measurement result and its evaluated

“trug” value and error.

D.1| The measurand

D.1.t The first step in making a measurement is to
Spccj? the measurand - the quantity to be measured; l\@

rand cannot be specified by a value but onl a
desctiption of a quantity. However, in pri Bge a
measurand cannot be complerely describ d\@&
infinfte amount of information. Thus, to x@extent that it
leavds room for interpretation, incom te'definition of the
measpirand introduces into the un&y of the result of
a measurement a component oﬁmcertaimy that may or

mea

hout an

may pot be significant relagi
the measurement. %\

the accuracy required of

D.1.2 Commonl@deﬁnition of a measurand specifies
certajn physic@ tes and conditions.

FJ{AW— The velocity of sound in dry air of composition
ction) N, = 0,7808, O, = 0.2095. Ar = 0,009 35,

pressure p = 101 325 Pa.

D.2 The realized quantity

D.2.1 Ideally, the quantity realized for measurement
would be fully consistent with the definition of the
measurand. Often, however, such a quantity cannot be
realized and the measurement is performed on a quantity

So)
)
N

that is an approximation of the measura:%.

D.3 The “true” value a\@&the corrgcted
value O\)

D.3.1 The result of t g@asuremem of the replized
quantity is correcte \f\}r the difference between that
quantity and the rand in order to predict whiat the
measurement &u would have been if the reflized
quantity had,in fact fully satisfied the definition ¢f the
he result of the measurement of the replized
quanQ‘y is also corrected for all other recognized

suég}&icam systematic effects. Although the final corfected

measur

ult is sometimes viewed as the best estimate ¢f the

”

“true” value of the measurand, in reality the rejult is
simply the best estimate of the value of the q

intended to be measured.

antity

D.3.2 As an example, suppose that the measurand [is the
thickness of a given sheet of material at a spefified
temperature. The specimen is brought to a tempefature
near the specified temperature and its thickness| at a
particular place is measured with a micrometer| The
thickness of the material at that place and temperfture,
under the pressure applied by the micrometer, {s the
realized quantity.

D.3.3 The temperature of the material at the time §f the
measurement and the applied pressure are determined. The
uncorrected result of the measurement of the replized

t the
calibration curve of the micrometer, the departure of the
temperature of the specimen from the specified
temperature, and the slight compression of the specimen

under the applied pressure.

D.3.4 The corrected result may be called the best estimate
of the “true” value, “true” in the sense that it is the value
of a quantity that is believed to satisfy fully the definition
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of the measurand; but had the micrometer been applied to
a different part of the sheet of material, the realized
quantity would have been different with a different “true”
value. However, that “true” value would be consistent
with the definition of the measurand because the latter did
not specify that the thickness was to be determined at a
particular place on the sheet. Thus in this case, because of
an incomplete definition of the measurand, the “true”
value has an uncertainty that can be evaluated from

unnecessary - the “true” value of the measurand (or
quantity) is simply the value of the measurand (or
quantity). In addition, as indicated in the discussion above,
a unique “true” value is only an idealized concept.

D.4 Error

A corrected measurement result is not the value of the
measurand — that is, it is in error - because of imperfect
measurement of the realized quantity due to random

measufements made at different places on the sheet. At
some [level, every measurand has such an “intrinsic”
uncerthinty that can in principle be estimated in some way.
This i
can bd determined, and every measurement that achieves
such 4n uncertainty may be viewed as the best possible
measufement of the measurand. To obtain a value of the
quantify in question having a smaller uncertainty requires

that tHe measurand be more completely defined.

the minimum uncertainty with which a measurand

NOTES

1 |In the example, the measurand’s specification leaves many
other matters in doubt that might conceivably affect the
thigkness: the barometric pressure, the humidity, the attitude of
the| sheet in the gravitational field, the way it is supported, etc.

2 | Although a measurand should be defined in sufficient detail
that any uncertainty arising from its incomplete definition is

measurement, it must be recognized that this may not always‘k@
pricticable. The definition may, for example, be incomplete

begause it does not specify parameters that may, ha
asqumed, unjustifiably, to have negligible effect:%&y imply
cohditions that can never be fully met and

been

se imperfect
redlization is difficult to take into accou For instance, in the
expmple of D.1.2, the velocity of s plies infinite plane
~ To the extent that the
mgasurement does not meet e conditions, diffraction and

noplinear effects need to b@midered,

3 | Inadequate speci ion of the measurand can lead to
dijcrepancies be he results of measurements of ostensibly

th¢ same quax@ arried out in different laboratories.

wdves of vanishingly small amplitu

D.3.5
quantt
Guide because the word “true”
“Measurand” (see B.2.9) means “particular quantity
subject to measurement,” hence “value of a measurand”
“value of a particular quantity subject to

3 ierm “true value of a measurand” or of a

&t o

Hhcareato H - =

is viewed as redundant.

means
measurement.” Since “particular quantity” is generally
understood to mean a definite or specified quantity (see
B.2.1, note 1), the adjective “true” in “true value of a
measurand” (or in “true value of a quantity”) is

o)

negligible in comparison with the required accuracy of the@

variations of the observations (random effects), inadas hate
determination of the corrections for systematic s, [and
incomplete knowledge of certain physical p n'g\nena (plso
systematic effects). Neither the value G?Jme realjzed
quantity nor the value of the me: d can evel be
known exactly; all that can be g&n is their estimpted
values. In the example above the’measured thickness of
the sheet may be in err t is, may differ from| the
value of the measur@\ the thickness of the sh¢et),

because each of th\@@ ow
an unknown errof.to the measurement result:
a) sligb?;ifferences between the indications of| the
eter when it is repeatedly applied to| the

ing may combine to contripute

“Same realized quantity;
sf§§\>irn1;:nerff:ct calibration of the micrometer;
®c) imperfect measurement of the temperature and of
the applied pressure;
d) incomplete knowledge of the effects| of
temperature, barometric pressure, and humidify on

the specimen or the micrometer or both.

D.5 Uncertainty

D.5.1 Whereas the exact values of the contributions tp the
and
unknowable, the uncertainties associated with the rarfjdom

error of a result of a measurement are unknown

and systematic effects that give rise to the error can be
evaluated. But, even if the evaluated uncertaintie are
small, there is still no guarantee that the error in the
measurement result is smali; for in the determinatior] of a
correction or in the assessment of incomplete knowl¢dge,

a systematic effect may have been overlooked becayse it
T i —the—treertaity—e of a
measurement is not necessarily an indication of the
likelihood that the measurement result is near the value of
the measurand; it is simply an estimate of the likelihood
of nearness to the best value that is consistent with

presently available knowledge.

D.5.2 Uncertainty of measurement is thus an expression
of the fact that, for a given measurand and a given result
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of measurement of it, there is not one value but an infinite
number of values dispersed about the result that are
consistent with all of the observations and data and one’s
knowledge of the physical world, and that with varying
degrees of credibility can be attributed to the measurand.

D.5.3 It is fortunate that in many practical measurement
situations, much of the discussion of this annex does not
apply. Examples are when the measurand is adequately

nts are calibrated

from the estimated values of the input quantities and the
combined standard uncertainty of that result from the
standard uncertainties of those estimated values. Only if
there is a sound basis for believing that all of this has
been done properly, with no significant systematic effects
having been overlooked, that the
measurement result is a reliable estimate of the value of
the measurand and that its combined standard uncertainty
is a reliable measure of its possible error.

can one assume

using yell-known reference standards that are traceable to
standards; and when the uncertainties of the
calibrgtion corrections are insignificant compared to the
uncertpinties arising from
indicafions of instruments, or from a limited number of
observfations (see [E.4.3). Nevertheless, incomplete
knowlgdge of influence quantities and their effects can
often fontribute significantly to the uncertainty of the

random effects on the

result pf a measurement.

D.6 |Graphical representation

D.6.1|Figure D.1 depicts some of the ideas discussed in
clause(3 of this Guide and in this annex. It illustrates why
the fog¢us of this Guide is uncertainty and not error. The
exact ¢rror of a result of a measurement is, in general,

unknovn and unknowable. All one can do is estimate the $

values| of input quantities, including corrections forz,
recogrlized systematic effects, together with their st ard
uncertfinties (estimated standard deviations), ei ﬁom
unknown probability distributions that are K&ed by
means|of repeated observations, or from s@)ectwe ora
priori available

information; and then calculate th@] asurement result

distributions based on the 1° of

NOTES

1 In figure D.1a, the observations are shown @ tofram
for illustrative purposes (see 4.4.3 and figure Ab),

2 The correction for an error is equal % negative of the
estimate of the error. Thus in figure EK and in figure DJ2 as
well, an arrow that illustrates the ion for an error is gqual
direction to the arrow| that

itself, and vice versa. The text

in length but points in the o
would have illustrated the
of the figure makes
correction or an err%

‘\

D.6.2 Fi QD 2 depicts some of the same ifleas
illustr én figure D.1 but in a different way. Moreo}er,
it a @eplcts the idea that there can be many valuep of
the, measurand if the definition of the measurand is

complete (entry g of the figure). The uncertainty ariping
from this incompleteness of definition as measured by| the
variance is evaluated from measurements of mulfiple
realizations of the measurand, using the same method,

if a particular arrow illustrafes a

instruments, etc. (see D.3.4).

NOTE - In the column headed *Variance”
understood to be the variances 1%( y) defined in equation (1]1) in
5.1.3; hence they add linearly as shown.

the variancey are
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Figure D.1. Graphical illustration of value, error, and uncertainty
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Figure D.2. Graphical illustration of values, error, and uncertainty

44


https://standardsiso.com/api/?name=350e4d09405084c3da67f81ed21f4434

Expression of Uncertainty: 1993 (E)

Annex E: Motivation and Basis for Recommendation INC-1 (1980)

Annex E

Motivation and basis for Recommendation INC-1 (1980)

This ahnex gives a brief discussion of both the motivation
and statistical basis for Recommendation INC-1 (1980) of
the Working Group on the Statement of Uncertainties
upon hich this Guide rests. For further discussion, see
referefces [1, 2, 11, 12].

E.1 [“Safe,” “random,” and “systematic”

E.1.1| This Guide presents a widely applicable method for
evaludting and expressing uncertainty in measurement. It
provides a realistic rather than a “safe” value of
uncertpinty based on the concept that there is no inherent
differ¢nce between an uncertainty component arising from
a random effect and one arising from a correction for a
systenpatic effect (see 3.2.2 and 3.2.3). The method
standd, therefore, in contrast to certain older methods L@t
have the following two ideas in common. \O

E.1.2| The first idea is that the uncertainty rﬁ??géd should
be “sqfe” or “conservative,” meaning thatit must never
err or} the side of being too small. aét, because the
evalugtion of the uncertainty of Qasuremem result is

probl¢gmatic, it was often mal@e iberately large.

E.1.3[ The second idea i@m the influences that give rise
to ufcertainty we Qlways recognizable as either
“randpm” or “sys tic” with the two being of different
naturgs; the ainties associated with each were to be
comb neg&l?%:ir own way and were to be reported
separg l% (or when a single number was required,

%4)

e
N
uncertainty of that estimate must be g&&g; for if] the
uncertainty is to err, it is not normally possible to defide
should ;% “safely.” | An
understatement of uncertainties @ﬁ cause too much {rust
to be placed in the value reported, with sometjmes
embarrassing or even\\ésastrous consequences.| A
deliberate OVCIS[aI@Df uncertainiies could also have
undesirable repercusSions. It could cause users| of
measuring € ipment to purchase instruments that| are
more expég than they need, or it could cause cgstly
produvl\s e

a cq{ tion laboratory to be rejected.

&

in which direction it

discarded unnecessarily or the servicgs of

’&.2.2 That is not to say that those using a measureipent

result could not apply their own multiplicative factor fo its
stated uncertainty in order to obtain an expapded
uncertainty that defines an interval having a specified level
of confidence and that satisfies their own needs, nqr in
institutions ~ provifding
measurement results could not routinely apply a factor| that
provides a similar expanded uncertainty that meety the
needs of a particular class of users of their regults.
However, such factors (always to be stated) musf be

certain  circumstances  that

applied to the uncertainty as determined by a realistic
method, and only after the uncertainty has beep so
determined, so that the interval defined by the expapded
uncertainty has the level of confidence required and the
operation may be easily reversed.

combined in some specified way). In fact, the method ol
combining uncertainties was often designed to satisfy the
safety requirement.

E.2 Justification for realistic uncertainty
evaluations

E.2.1 When the value of a measurand is reported, the
best estimate of its value and the best evaluation of the

F23—Fhose—engaged—inr—measurement—otea—mnust
incorporate in their analyses the results of measurements
made by others, with each of these other results
possessing an uncertainty of its own. In evaluating the
uncertainty of their own measurement result they need to
have a best value, not a “safe” value, of the uncertainty
of each of the results incorporated from elsewhere.
Additionally, there must be a logical and simple way in
which these imported uncertainties can be combined with
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the uncertainties of their own observations to give the
uncertainty of their own result. Recommendation INC-1
(1980) provides such a way.

E.3 Justification for treating all uncertainty
components identically

The focus of the discussion of this subclause is a simple
example that illustrates how this Guide treats uncertainty

=

i[ilzi

+2
i=1 j=

. (E.3)

af 2
w,

Mz
Q)
IH,

P

In this expression, o = E[(w; - )] is the variance of
w, and p; = v(w;, wj)/(a% 0%)* is the correlation
coefficient of w, and W, where  o(w. w.) =

comp(nents arising [fom random eilects and 1rom
correcfions for systematic effects in exactly the same way
in the| evaluation of the uncertainty of the result of a
measufement. It thus exemplifies the viewpoint adopted in
this Gltide and cited in E.1.1, namely, that all components
of uncprtainty are of the same nature and are to be treated
identigally. The starting point of the discussion is a
Simpli[rlﬂd derivation of the mathematical expression for
the p

Guide|the law of propagation of uncertainty.

opagation of standard deviations, termed in this

E.3.1|Let the output quantity z = f(wy, Wy, . . ., Wy)
dependl on N input quantities w;, w;, , Wy, where
each |w; is described by an appropriate probability
distribution. Expansion of f about the expectations of the
w;, E
small {leviations of z about , in terms of small deviations
of w; gbout 1,

Ww;) = ,, in a first-order Taylor series yields for

X\
N O
=Y Y- e

N
where|all higher-order terms are assur@’to be negligible

and Jzzf(ply}"tZ}"‘I#N}' @
deviatjon z - w, is then given(bSC)

square of the

which

form a2 -

E[(w; = p)(w; = )] is the covariance of w; andQﬁ)b
NOTES

1 oland o? are, respectively, the cemral@ms of orfler 2
(see C.2.13 and C.2.22) of the probabl]lt% ibutions of  and
w;. A probability distribution may be
by its expectation, variance, and

pletely charactefrized
-order central moments.

2 Equation (13) in 5.2. c@]er with equation (15)], which
is used to calculate com \g’standard uncertainty, is idenptical
to equation (E.3) ex at equation (13) is expressed in terms
of estimates o variances, standard deviations, | and
correlation coeéems

E.3.2 IQ@ traditional terminology, equation (E.3) is
ofte led the “general law of error propagation,| an
a glaiion that is better applied to an expression off the
N _ (3f/dw;)Aw;,, where Az is the change in
z due to (small) changes Aw; in the w; [see equdtion
(E.8)]. In fact, it is appropriate to call equation (E.3} the
law of propagation of uncertainty as is done in this Guide
because it shows how the uncertainties of the ipput
quantities w;, taken equal to the standard deviations of the
probability distributions of the w;, combine to give the
uncertainty of the output quantity z if that uncertainfy is
taken equal to the standard deviation of the probatfility

distribution of z.

E.3.3 Equation (E.3) also applies to the propagatiop of
multiples of standard deviations, for if each stanflard
deviation ¢; is replaced by a multiple ko;, with the fame
k for each o;, the standard deviation of the output quahtity
z is replaced by ko,. However, it does not apply tq the
propagation of confidence intervals. If each o, is repljiced

(z
. (E.2b)

The expectation of the squared deviation (z - p,)? is the
variance of z, that is, E[(z - )] = ¢2, and thus
equation (E.2b) leads to

with a quantity &; that defines an interval corresponding to
a given level of confidence p, the resulting quantity for z,
d,, will not define an interval corresponding to the same
value of p unless all of the w; are described by normal
distributions. No such assumptions regarding the normality
of the probability distributions of the quantities w; are
implied in equation (E.3). More specifically, if in
equation (10) in 5.1.2 each standard uncertainty u(x;) is
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evaluated from independent repeated observations and
multiplied by the r-factor appropriate for its degrees of
freedom for a particular value of p (say p = 95 percent),
the uncertainty of the estimate y will not define an interval
corresponding to that value of p (see G.3 and G.4).

NOTE - The requirement of normality when propagating
confidence intervals using equation (E.3) may be one of the
reasons for the historic separation of the components of
uncertainty_derived from repeated observations, which were

where s%(q,) is the experimental variance of the
observations g, calculated according to equation (4) in
4.2.2, and s*(q,)/n = s*(q) is the experimental variance
of the mean ¢ [equation (5) in 4.2.3].

E.3.5 In the traditional terminology, the third term on the
right-hand side of equation (E.6) is called a “random”
contribution to the estimated variance u*(z) because it
normally decreases as the number of observations n

assurthed to be normally distributed, from those that were
evaldated simply as upper and lower bounds.

E.3.4 (onsider the following example: z depends on only
one inppt quantity w, z = f(w), where w is estimated by
averagipg n values w, of w; these n values are obtained
from n fndependent repeated observations g, of a random
variablg ¢; and w, and g, are related by

we = @+ P, ... (E4)

Here «lis a constant “systematic” offset or shift common
to each|observation, and B is a common scale factor. The
offset 4nd the scale factor, although fixed during the
the observations, are to be
charactgrized by a priori probability distributions, with &
and f [the best estimates of the expectations of these
distribytions.

course | of assumed

The beft estimate of w is the arithmetic mean or av@ge

w obtained from .
O

n .
W=_Yw-= %E{awﬁ
= k=1 O
The qupntity z is then estimatec@fﬂﬁr) = f(a, B, 41, @2,
.. .,|g,) and the estimat z) of its variance o%(z) is
obtaingd from equam@ 3). If for simplicity it is
assumed that z = u@u that the best estimate of z is
7= f(p) = w, the estimate #*(z) can be readily

A‘\Q probability, an equally valid viewpoint is that probability

133 193 gorc = 1 ed
“systematic” contributions because they do not @nd
on n. y\%

Of more significance, in some traditionaltreatments |of
measurement uncertainty, equation K@@) is questiored
because no distinction is mad?&ween uncertaintjes
arising from systematic effeuf) d those arising fr¢m
random effects. In partiedlar, combining variandes
ility distributions with th¢se
-based distributions is deprecafed
because the concé& of probability is considered to [be

applicable o,

obtained from a priori
obtained from frequ

to events that can be repeated a laige
number es under essentially the same conditiofs,
with thé\probability p of an event (0 < p < 1) indicat{ng
lhcde tive frequency with which the event will occur

&

In contrast to this frequency-based point of view |of

is a measure of the degree of belief that an event will
occur [13, 14]. For example, suppose one has a chance of
winning a small sum of money D and one is a ratiopal
bettor. One’s degree of belief in event A occurring is

occur; (2) receiving D if event A does not occur put
nothing if it does occur. Recommendation INC-1 (1980)
upon which this Guide rests implicitly adopts such a

found. [Noti 1 equation (E.5) that combined standard uncertainty of a result off a
/{% measurement.
_af_ Soi ..;E = i q. - q, and ﬁ = f ; E.3.0 Therc are three disumnct
da "B nig 't ’ dg, n

denoting the estimated variances of « and 8 by u*(a) and
u*(B), respectively, and assuming that the individual
observations are uncorrelated, one finds from equation
(E.3)

Sz(qk)
n

u(z) = u¥(a) + gui(p) + p* ... (E.6)

interpretation of probability based on degree of belief, the
standard deviation (standard uncertainty), and the law of
propagation of uncertainty [equation (E.3)] as the basis for
evaluating and expressing uncertainty in measurement, as
has been done in this Guide:

a) the law of propagation of uncertainty allows the
combined standard uncertainty of one result to be readily
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incorporated in the evaluation of the combined standard
uncertainty of another result in which the first is used,;

b) the combined standard uncertainty can serve as the
basis for calculating intervals that correspond in a realistic
way to their required levels of confidence; and

¢) it is unnecessary to classify components as
“random” or “systematic” (or in any other manner) when

evaluating uncertainty because all components of

E.4 Standard deviations as measures of
uncertainty

E.4.1 Equation (E.3) requires that no matter how the
uncertainty of the estimate of an input quantity is
obtained, it must be evaluated as a standard uncertainty,
that is, as an estimated standard deviation. If some “safe”
alternative is evaluated instead, it cannot be used in
equation (E.3). In particular, if the “maximum error

unceftainty are treated in the same way.

Bengdfit c¢) is highly advantageous because such
categdorization is frequently a source of confusion; an
unceftainty component is not either “random” or
“sysfematic.” Its nature is conditioned by the use made of
the ¢orresponding quantity, or more formally, by the
cont¢xt in which the quantity appears in the mathematical
mod¢l that describes the measurement. Thus, when its
corszponding quantity is used in a different context, a
“ranflom” component may become a “systematic”

component, and vice versa.

E.3.J For the reason given in ¢) above, Recommendation

INCA11 (1980) does not classify components of uncenaintw

as eifher “random” or “systematic.” In fact, as far as@
calcylation of the combined standard uncertainty. of a
mea:Lrement result is concerned, there is s?rced to
class{fy uncertainty components and thus no‘\ need for
any dlassificational scheme. Nonetheless, sqnlc convenient
labelp can sometimes be helpful int mmunication and
discussion of ideas, Recommen INC-1 (1980) does
provide a scheme for classifyi e two distinct methods
by which uncertainty com ts may be evaluated, “A”
and TB” (see 0.7, 2.3. d 2.3.3).

Q.

Clasdifying t ethods used to evaluate uncertainty
comy onen% 1ds the principal problem associated with
ifig ‘the components themselves, namely, the

the corresponding quantity is used. However, classifying
the methods rather than the components does not preclude
gathering the individual components evaluated by the two
methods into specific groups for a particular purpose in a
given measurement, for example, when comparing the
experimentally observed and theoretically predicted
variability of the output values of a complex measurement
system (see 3.4.3).

bound” (the largest conceivable deviation froi the
putative best estimate) is used in equatio 3), the
resulting uncertainty will have an ill-defined"meanirfg and
will be unusable by anyone wishing to gnédrporate |t into
subsequent calculations of the ‘u&@taimies of |other
quantities (see E.3.3). \)\

E.4.2 When the standar@o\:rtaimy of an input quantity
cannot be evaluated analysis of the results |of an

adequate number eated observations, a probgbility
distribution mus\\B'e adopted based on knowledge Ihat is
much less Qte%ive than might be desirable. That does
not, ho , make the distribution invalid or unreal; like
all & bility distributions it is an expression of| what
k dge exists.
%

E.4.3 Evaluations based on repeated observations afe not
necessarily superior to those obtained by other :{eans.
Consider s(c_}}, the experimental standard deviation pf the
mean of n independent observations g, of a norgmally
distributed random variable g [see equation (5) in 4]2.3].
The quantity s(q) is a statistic (see C.2.23) that estifnates
o(q), the standard deviation of the probability distripution
of g, that is, the standard deviation of the distribut|on of
the values of ¢ that would be obtained if the measur¢ment
were repeated an infinite number of times. The vatiance
a*[s(q)] of 5(q) is given, approximately, by

as()] = o¥(g)/2v . (B

where v = n - 1 is the degrees of freedom of s(¢q) (see
G.3.3). Thus the relative standard deviation of [s(q),

b oo by tho patin o x H-a+are-wteh can
be taken as a measure of the relative uncertainty of s(g),
is approximately [2(n - 1)]"". This “uncertainty of the
uncertainty” of g, which arises from the purely statistical
reason of limited sampling, can be surprisingly large; for
n = 10 observations it is 24 percent. This and other
values are given in table E.1, which shows that the
standard deviation of a statistically estimated standard
deviation is not negligible for practical values of n. One
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Table E.1 - o[s(g)]/o(g), the standard deviation of the
experimental standard deviation of the mean g of n
independent observations of a normally distributed
random variable g, relative to the standard deviation of
that mean®

and treating it in the same manner as any other standard
uncertainty of an input quantity.

EXAMPLE - The specification of a particular measurement
procedure requires that a certain input quantity be calculated
from a specific power-series expansion whose higher-order terms
are inexactly known. The systematic effect due to not being able
to treat these terms exactly leads to an unknown fixed offset that
cannot be experimentally sampled by repetitions of the
procedure. Thus the uncertainty associated with the effect cannot

Number of observations ols(q)1/o(q)
n
(percent)

2 76
3 52
4 42
5 36
10 24
20 16
30 13
50 10

@The
ols(q

alues given have been calculated from the exact expression for
1/@( g ), not the approximate expression [2(1 - 1)]7*2,

may [therefore conclude that Type A evaluations of
standgrd uncertainty are not necessarily more reliable than
Type| B evaluations, that
measurement situations where the number of observations
is lifnited, the components obtained from Type %
evalupitions may be better known than the componeﬂ\t‘s
obtaifed from Type A evaluations. \J:\O
N
E.4.4 It has been argued that, whereas tlﬁ,hnccrlam{ies
assocjated with the application of a icular method of
measjirement are statistical pm@%

randdm variables, there are Gr)stanccs of a “truly
systematic effect” whose
differently. An examplf@\m offset having an unknown
fixed|value that is t @13 for every determination by the
methpd due to ossible imperfection in the very
princjple of lQnethod itself or one of its underlying
assurppti ?\ ut if the possibility of such an offset is
ackng ed to exist and its magnitude is believed to be

and in many practical

s characterizing

rtainty must be treated

final
of
robapility

be evdluated and included n [he uncer
measurement result if a frequency-based interp
probability is strictly followed. However, interpreti

on the basis of degree of belief allow

e uncertpinty
characterizing the effect to be evaluated%om an a fjriori
probability distribution (derived from vailable knowledge
concerning the inexactly known lzg/-a@nd to be included ip the
calculation of the combined the
measurement result like an
N

n of

dard uncertainty of]
r uncertainty.

E.5 A comp
uncertainty O\\

two views | of

E.5.1 Th us of this Guide is on the measurement
result aﬂa its evaluated uncertainty rather than onl the
unl%'@t\dble quantities “true” value and error (see annex
y taking the operational views that the result
’&easuremem is simply the value attributed to| the
measurand and that the uncertainty of that result [is a
measure of the dispersion of the values that dould
reasonably be attributed to the measurand, this Guide in
effect uncouples the often confusing connection betyeen
uncertainty and the unknowable quantities “true” yalue
and error.

of a

E.5.2 This connection may be understood by interprgting
the derivation of equation (E.3), the law of propagatipn of
uncertainty, from the standpoint of “true” value and efrror.

»

In this case y; is viewed as the unknown, unique “frue
o be

g is

value of input quantity w; and each w; is assumed
related to its “true” value y; by w; = p; + ¢, wherg
the error in w;. The expectation of the probapility
distribution of each ¢ is assumed to be zero, E(¢) |= 0,
then

with variance E(e?) = o?. Equation (E.1) becomes

possibly SIgmiTicant, e T Camr pe_gescriped by @
probability distribution, however simply constructed,
based on the knowledge that led to the conclusion that it
could exist and be significant. Thus, if one considers
probability to be a measure of the degree of belief than an
event will occur, the contribution of such a systematic
effect can be included in the combined standard
uncertainty of a measurement result by evaluating it as a

standard uncertainty of an a priori probability distribution

N
v
&) 5 ... (E8)

where e, = z - g, is the error in z and g, is the “true”
value of z. If one then takes the expectation of the square
of &,, one obtains an equation identical in form to equation
(E.3) but in which o = E(e.?) is the variance of ¢, and
py = vle;, z}-)/(o?o})"’" is the correlation coefficient of ¢
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and g;, where u(g;, ) = E(g;¢) is the covariance of ¢
and g;. The variances and correlation coefficients are thus
associated with the errors of the input quantities rather

than with the input quantities themselves.

NOTE - It is assumed that probability is viewed as a measure of
the degree of belief that an event will occur, implying that a
systematic error may be treated in the same way as a random
error and that & represents either kind.

deviations ; to obtain the combined standard uncertainty
of the measurement result are identical and will yield the
same numerical value for that uncertainty. Again, it makes
no difference in the calculations if a standard uncertainty
is viewed as a measure of the dispersion of the probability
distribution of an input quantity or as a measure of the
dispersion of the probability distribution of the error of
that quantity.

MNAOTE If the scciy

been

E.5.]
lead

measprement result or of the uncertainty assigned to that
resulf.

In practice, the dilference in point of view does not

to a difference in the numerical value of the

First| in both cases, the best available estimates of the
input|quantities w; are used to obtain the best estimate of
z from the function f; it makes no difference in rhe
calcujations if the best estimates are viewed as the values
most |likely to be attributed to the quantities in question or

the bgst estimates of their “true” values.

Secord, because ¢; = w; - y;, and because the y; represent
uniqye, fixed values and hence have no uncertainty, the
variafices and standard deviations of the ¢ and w; are
identjcal. This means that in both cases, the standard
uncerfainties used as the estimates of the standard

¥

made, then the discussion of this subclause woul apply

unless all of the estimates of the input qua@ and the
uncertainties of those estimates were obtained from'the stafistical
analysis of repeated observations, tha

Z
&6

on “true” value and
ults as the approach t

the assumption of the n
Guide’s concept of unce

7 from Type A
evaluations.

E.5.4 While the approach b
yields the same numeric
this Guide (provided
E.5.2 is made)
eliminates the

EITor

n in
e of
inty
inty
(see anneé(. Indeed, this Guide's operational approach,
wherei focus is on the observed (or estimated)

ofa tity and the observed (or estimated) variabil
that™ value, makes

@nnecessary .

) fusion between error and unce

value
ty of
any mention of error enfirely
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Annex F

Practical guidance on evaluating uncertainty components

So)
P

This Tex gives additional suggestions for evaluating Similarly, if a barometer has to be read,cg.s ould| in

uncertajnty components, mainly of a practical nature, that principle be read for each repetition of tidmeasurempnt
are intdnded to complement the suggestions already given (preferably after disturbing it and all\ g it to returr] to
in clauge 4. equilibrium), for there may variation both|in

indication and in reading, eve{jf the barometric presspire

is constant.

F.1 [Components evaluated from repeated O\\

obserpations: Type A evaluation of standard cﬂa .
: F.1.1.3 Second, it miust be asked whether all of [the
uncertainty

influences tha é assumed to be random really [are
random. Aé means and variances of their distributions
constant,Qr is there perhaps a drift in the value off an
un ed influence quantity during the period| of
F.1.1.I Uncertainties determined from repeated re rrf}ed observations? If there is a sufficient numbef of
observhtions are often contrasted with those evaluated by @sewations, the arithmetic means of the results of]|the
other theans as being “objective,” “statistically rigorous,” @ first and second halves of the period and their
etc. That incorrectly implies that they can be evaluatéd>~  experimental standard deviations may be calculated pnd

F.1.1 [Randomness and repeated observations

merely by the application of statistical formulae @Khe the two means compared with each other in order to jydge
observjations and that their evaluation does not r@h'ire the  whether the difference between them is statistidally
applicftion of some judgement. C)\\ significant and thus if there is an effect varying with time.

F.1.1Q2 It must first be asked, “@ﬁm extent are the ~ F.1.1.4 If the values of “common services” in| the

repeatpd observations completely\independent repetitions laboratory (electric-supply voltage and frequency, water
of the|measurement procedure? ff all of the observations pressure and temperature, nitrogen pressure, etc.)| are
are ofp a single sample, if sampling is part of the influence quantities, there is normally a stropgly
measyrement proce @because the measurand is the nonrandom element in their variations that canno be
propefty of a matepial (as opposed to the property of a overlooked.

given|specime the material), then the observations

have 10[&§dependently repeated; an evaluation of a F.1.1.5 If the least significant figure of a digital
comp¢ of variance arising from possible differences indication varies continually during an observation d{e to
among SampIes MusT DE added 1o te vbserved-varrance “poise it —is sometimes i not  to  select
the repeated observations made on the single sample. unknowingly personally preferred values of that digit. It

is better to arrange some means of freezing the indication
If zeroing an instrument is part of the measurement at an arbitrary instant and recording the frozen result.
procedure, the instrument ought to be rezeroed as part of
every repetition, even if there is negligible drift during the
period in which observations are made, for there is
potentially a statistically ~determinable uncertainty Much of the discussion in this subclause is also applicable

attributable to zeroing. to Type B evaluations of standard uncertainty.

F.1.2 Correlations
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F.1.2.1 The covariance associated with the estimates of
two input quantities X; and X; may be taken to be zero or
treated as insignificant if

a) X; and X; are uncorrelated (the random variables,
not the physical quantities that are assumed to be
invariants - see 4.1.1, note 1), for example,
because they have been repeatedly but not
simultaneously measured in different independent
experiments or because they represent resultant

2

wix) = Y i W) .. (.
i1 | 99,

with a similar expression for az(xz]. The estimated
covariance associated with x; and x, is given by

daF 4G i

ucx 1) = 35 29
! [

u(g) ... (F.2)

quantities of difjerent evaluations that have been
made independently, or if

B) either of the quantities X; or X; can be treated as a
constant, or if

q) there is insufficient information to evaluate the
covariance associated with the estimates of X;

and X;.
NOTES
I On the other hand, in certain cases, such as the reference-
rgsistance example of note 1 to 5.2.2, it is apparent that the

put quantities are fully correlated and that the standard
upcertainties of their estimates combine linearly.

]

Different experiments may not be independent if, for
kample, the same instrument is used in each (see F.1.2.3).

T

F.1.p.2 Whether or mnot two repeatedly and

simuftaneously observed input quantities are cm*nf:lat@$

may [be determined by means of equation (17) in 5\3

For | example, if the frequency of an lator
uncofnpensated or poorly compensated for temiperature is
an input quantity, if ambient temperature (s jdlso an input

may pe a significant correlation re by the calculated
covafiance of the frequency (@he oscillator and the
ambipnt temperature, % ’

F.1.4.3  In practice 4npdt quantities are often correlated
becayse the saerglysical measurement  standard,
measpring i ent, reference
measjiremen

quanlity, and if they are observed sigdltaneously, there

datum, or even

Because only those terms for which dF, (}, O and
3G/dq, # 0 for a given [ conlrlbu{e e surp, the
covariance is zero if no variable is mon to both F

and G. \)\GQ

The estimated correlation eg%iem r(x,, x,) assdciated
with the two estimat
u(x; , x,) [equation

u(xy) calculated
similar expressi

and x, is determined| from
)] and equation (14) in 5.2.9, with
equation (F.1) and u(x,) ffom a
. [See also equation (H.9) in H.2{.3.] It
is also po:QbIe for the estimated covariance associated
with nput estimates to have both a statfistical
compopnent [see equation (17) in 5.2.3] and a compjonent

g as discussed in this subclause.

EXAMPLES

I A standard resistor Ry is used in the same measurerhent to
determine both a current / and a temperature 7. The cufrent is
determined by measuring, with a digital voltmeter, the pgtential
difference across the terminals of the standard: the tempgrature
is determined by measuring, with a resistance bridge and the
standard, the resistance R (r) of a calibrated resistive tempgrature
sensor whose temperature-resistance relation in the [ range
15°C =1 =30°C is t =aR}(1) - t,, where a and |1, are
known constants. Thus the current is determined throulh the
relation [ = Vs/Rg and the temperature through the rglation
t=ap*(1)R} - to, where f(1) is the measured ratio Rf1)/Rs
provided by the bridge.

Since only the quantity R is common to the expression fof / and

variables

thod having a significant uncertainty is 1, equation (F.2) yields for the covariance of / and ¢
used [in Aﬂ?\stlmauon of their values. Without loss of 5 @
genefalily, suppose two input quantities X, and X, L e u*(Ry)
estimated by x; and x, depend on a set of uncorrelated
V.
0,9, ...,0,. Thus X, = F(Qy, O, . = _—3:- (2::,63(:)1?5]1:3(!?5)
Q) and X, = G(Qy, Q,, . . ., Q;), although some Rg
of these variables may actually appear only in one function B i3
and not in the other. If az(q,) is the estimated variance = - —R—"— NE(R,‘;)
5

associated with the estimate g, of Q,, then the estimated

variance associated with x, is, from equation (10) in
5:1.2,

(For simplicity of notation, in this example the same symbol is
used for both the input quantity and its estimate.)
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To obtain the numerical value of the covariance, one substitutes
into this expression the numerical values of the measured
quantities / and ¢, and the values of Rg and u(Rg) given in the
standard resistor’s calibration certificate. The unit of u(/,r) is
clearly A+°C since the dimension of the relative variance
[u(Rs)/Rs)? is one (that is, the latter is a so-called dimensionless
quantity).

Further, let a quantity P be related to the input quantities I and
thy P = C‘O.‘E,n"(}'"ﬂ + t), where C; and T;, are known constants

with—npegligible uneceraintios [u(C) = 0 p%T) = 0]
= T tr o +

correlation coefficients are equal to +1 and the uncertainty
of each calibrated item is the same as that of the standard.

F.1.2.4 The need to introduce the covariance u(x;, x;)
can be bypassed if the original set of input quantities
X, X, ...
[see equation (1) in 4.1] is redefined in such a way as to
include as additional independent input quantities those
quantities @, that are common to two or more of the
original X;. (It may be necessary to perform additional

, Xy upon which the measurand Y depends

Equation (13) in 5.2.2 then yields for the variance of P in terms
of the variances of / and t and their covariance

WPy _ i) _
P:‘_ 12

u(l,1) . u1)
[T+ 1) (Ty+1)?

The variances (1) and *(r) are obtained by the application of
equption (10) of 5.1.2 to the relations [ = Vg/Rg and
t =lap*(1)RE - ty. The results are

=

P(1)/I7 = uX(Vg)/ Vs + u*(R)/RS
W3(t) = 4(t + 1) ul( B)/B + 4(r + 1) u*(Rg)/Rg

whgre for simplicity it is assumed that the uncertainties of the
conptants f; and a are also negligible. These expressions can be
readlily evaluated since uz(Vs) and u*( ) may be determined,

respectively, from the repeated readings of the voltmeter and of
the fresistance bridge. Of course, any uncertaintiesinherent in the
insfruments themselves and in the measurement procedures
employed must also be taken into account when (V) Q
u?(|8 ) are determined. \O

2 |In the example of note 1 to 5.2.2, let the calibratign of each
resystor be represented by R; = ¢;Rg, with H(Sj}\;\a standard
uncertainty of the measured ratio «; as obtained fr

obsgrvations. Further, let ; = 1 for @ismr, and let u(e;)
be fssentially the same for each tion so that u(e;) =
wu(af). Then equations(F.1)and gcld W' (R,) = Riu*(a) +

w*(Rs) and u(R;, R;) = u*( is implies through equation
(14 in 5.2.2 that the corg€lalion coefficient of any two resistors

(i 4 j)is Q
& .y

r(R@Yr‘}. s | e ] ok

u(Rg) /Ry
SinkdTBR)/Rs = 107, if u(e) = 100x10°%, r, = 0.5 if

om repeated

measurements to establish fully the relationship ch:een
O, and the affected X;.) Nonetheless, in some situdtions it

'}alher an

. A similar

may be more convenient to retain covarian
to increase the number of input quan
covariancef of
simultaneous repeated observati @ec equation (17) in
5.2.3], but the identification gfgappropriate additi¢nal
input quantities is often a

process can be carried out on the obs

and nonphysical.

EXAMPLE - If, i @pic 1 of the previous subclause| the
expressions for \@ in terms of Rg are introduced intq the
expresswn for

Q c,vi
Q P = 0's
2 2 2
Q BT, + aB (O R- 1)
&0

(7and the correlation between  and 1 is avoided at the expenge of

e result is

*> " replacing the input quantities / and r with the quantities Vg | Rs,

and . Since these quantities are uncorrelated, the variance of P
can be obtained from equation (10) in 5.1.2.

F.2 Components evaluated by other meaps:
Type B evaluation of standard uncertainty

F.2.1 The need for Type B evaluations
If a measurement laboratory had limitless time Jand

ical
investigation of every conceivable cause of uncertaipty,

resources, it could conduct an exhaustive statis
for example, by using many different makes and kindjs of
instruments, different methods of measurement, diffefent
applications of the method, and different approximatjons
in its theoretical models of the measurement. [The

wlee) = 10x107°°, ry, = 0990:; and if w(a)= 1x10°,
r, = 1.000. Thus as u(a) = 0, r;, = | and u(R;) = u(Ry).

:f

NOTE - In general, in comparison calibrations such as this
example, the estimated values of the calibrated items are
correlated, with the degree of correlation depending upon
the ratio of the uncertainty of the comparison to the
uncertainty of the reference standard. When, as often occurs
in practice, the uncertainty of the comparison is negligible
with respect to the uncertainty of the standard, the

HReeFaHHesAssoctated-with-at-ofthese-causes-couldthen
be evaluated by the statistical analysis of series of
observations and the uncertainty of each cause would be
characterized by a statistically evaluated standard
deviation. In other words, all of the uncertainty
components would be obtained from Type A evaluations.
Since such an investigation is not an economic practicality,
many uncertainty components must be evaluated by
whatever other means is practical.
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F.2.2 Mathematically determinate distributions

F.2.2.1 The resolution of a digital indication

One source of uncertainty of a digital instrument is the
resolution of its indicating device. For example, even if
the repeated indications were all identical, the uncertainty
of the measurement attributable to repeatability would not
be zero, for there is a range of input signals to the

same |indication. If the resolution of the indicating device
is O0x| the value of the stimulus that produces a given
indicgtion X can lie with equal probability anywhere in the
interfal X - 6x/2 to X + &x/2. The stimulus is thus
descrfbed by a rectangular probability distribution (see
4.3.7|and 4.4.5) of width 6x with variance u? = (8x)%/12,
implying a standard uncertainty of # = 0,298x for any
indicdtion.

Thus|a weighing instrument with an indicating device
whos¢ smallest significant digit is 1 g has a variance due
to th¢ resolution of the device of u? = (1/12) g and a
standfird uncertainty of u = (1/V12) g = 0,29 g.

F.2.22 Hysteresis

Certajn kinds of hysteresis can cause a similar kind of
uncerfainty. The indication of an instrument may differ

a fijed and known amount according to w@ther
succepsive readings are rising or falling. Th%p dent
operafor takes note of the direction of succez’@ readings
and npakes the appropriate correction. But the direction of
the hlysteresis is not always obse " there may be
hiddep oscillations  within lhp@lmm{:m about an

equiljbrium point so that the~indication depends on the

direcfion from which lha\@ is finally approached. If
the rgnge of possible irigs from that cause is dx, the
variajice is agai = (6x)%/12, and the standard
uncerfainty due steresis is u = 0,293x.

F.2.2.3 «l@:-precision arithmetic

The . ; ;

automated data reduction by computer can also be a
source of uncertainty, Consider, for example, a computer
with a word length of 16 bits. If, in the course of
computation, a number having this word length is
subtracted from another from which it differs only in the
16th bit, only one significant bit remains. Such events can
occur in the evaluation of “ill-conditioned” algorithms,
and they can be difficult to predict. One may obtain an

empirical determination of the uncertainty by increasing

the most important input quantity to the calculation (there
is frequently one that is proportional to the magnitude of
the output quantity) by small increments until the output
quantity changes; the smallest change in the output
quantity that can be obtained by such means may be taken
as a measure of the uncertainty; if it is dx, the variance is
u? = (6x)2/12 and u = 0,296x.

by
the
limited word-length machine with the result @ e |same

computation carried out on a machine with a %iﬁcamly arger

K 6
. 0\
F.2.3 Imported lnpllt Vﬂlues@

word length.

F.2.3.1 An imported v or an input quantity i§ one
that has not been esti \}ed in the course of a given
measurement but cen obtained elsewhere as the esult
valuation. Frequently such an impgprted
value is acc@panied by some kind of statement abopt its
uncertagﬁor example, the uncertainty may be given as
a s@ deviation, a multiple of a standard deviatiop, or
1

the

of an independe

f-width of an interval having a stated levg¢l of
fidence. Alternatively, upper and lower bounds mgy be
given, or no information may be provided abou| the
uncertainty. In the latter case those who use the yalue
must employ their own knowledge about the ljkely
magnitude of the uncertainty, given the nature of the
quantity, the reliability of the source, the uncertajnties
obtained in practice for such quantities, etc.

NOTE - The discussion of the uncertainty of imported |input
quantities is included in this subclause on Type B evaluatjon of
standard uncertainty for convenience; the uncertainty of quch a
quantity could be composed of components obtained from| Type
A evaluations or components obtained from both Type A and
Type B evaluations. Since it is unnecessary to distipguish
between components evaluated by the two different methpds in
order to calculate a combined standard uncertainty,|it is

unnecessary to know the composition of the uncertaintyJof an

FF.2.3.2 Some calibration laboratories have adopted the
practice of expressing “uncertainty” in the form of upper
and lower limits that define an interval having a
“minimum” level of confidence, for example, “at least”
95 percent. This may be viewed as an example of a so-
called “safe” uncertainty (see E.l.2), and it cannot be
converted to a standard uncertainty without a knowledge
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of how it was calculated. If sufficient information is given
it may be recalculated in accordance with the rules of this
Guide: otherwise an independent assessment of the
uncertainty must be made by whatever means are
available.

F.2.3.3 Some uncertainties simply as

maximum bounds within which all values of the quantity

are given

are said to lie. It is a common practice to assume that all

values [within those bounds are equally probable
ular  probability distribution), but such a
distribfition should not be assumed if there is reason to
expect |that values within but close to the bounds are less
likely fhan those nearer the centre of the bounds. A
rectangular distribution of half-width @ has a variance of
a%/3; § normal distribution for which a is the half-width
of an |interval having a level of confidence of 99,73
percenf has a variance of a*/9. It may be prudent to adopt
a compromise between those values, for example, by
assuming a triangular distribution for which the variance
is a*/§ (see 4.3.9 and 4.4.6).

F.2.4 [Measured input values

F.2.4.l Single observation, calibrated instruments

determined by comparison with a reference instrument
whose maximum allowed uncertainty is usually specified
in the standard. This uncertainty is then a component of
the uncertainty of the verified instrument.

If nothing is known about the characteristic error curve of
the verified instrument it must be assumed that there is an
equal probability that the error has any value within the
permitted limits, that is, a rectangular probability

S : ; ; o
le,
likely always to be positive in part of the mcasp@g rapge
and negative in other parts. Sometimes § sinformation
can be deduced from a study of the wr'%c standard.

N\
F.2.4.3 Controlled quantitie@

characteristic curves such that the errors are, for

made under controfled
e assumed to remain consfant
a series of measurements. [For

Measurements are freq
reference conditions t

during the course
example, measuremients may be performed on specinjens
in a stirred ath whose temperature is controlled iy a
e temperature of the bath may be measyred

at the tine of each measurement on a specimen, but if| the

thermost:

temperature of the bath is cycling, the instantangous

\‘@ﬂpcramre of the specimen may not be the temperajure

If an [input estimate has been obtained from a single «\ indicated by the thermometer in the bath. The calculafion

obse
calibrdted against a standard of small uncertaing{()the
uncerthinty of the estimate is mainly one of rt?pezgabﬂity.
lBiTstrument
may lHave been obtained on an earliep’ casion, not

the reading but
ay be possible to

The variance of repeated measurements by

necessfrily at precisely the same va
near ¢nough to be useful, and i
assumgp the variance to be ap %{3 to the input value in
questipn. If no such inform?}n is available, an estimate
must [pbe made based e nature of the measuring
appargtus or instru . the known variances of other

instruments of ‘@Ear construction, etc.

F.2.4|2 &Wﬁ observation, verified instruments

Not 4 ASTTIITE T e
Most
to a written

calibration certificate or a calibration curve.

instruments, however, are constructed
standard and verified, either by the manufacturer or by an
independent authority, to conform to that standard.
Usually the standard contains metrological requirements,
often in the form of “maximum permissible errors,” to
which the instrument is required to conform. The

compliance of the instrument with these requirements is

ation with a particular instrument that has bu&i&g

of the temperature fluctuations of the specimen based on
heat-transfer theory, and of their variance, is beyond the
scope of this Guide, but it must start from a knowf or
assumed temperature cycle for the bath. That cycle nay
be observed by a fine thermocouple and a temperafure
recorder, but failing that, an approximation of it may be
deduced from a knowledge of the nature of the contrpls.

F.2.4.4 Asymmetric distributions of possible valpes

There are occasions when all possible values of a quaptity
lie to one side of a single limiting value. For exanfple,
the fixed wvertical height & [(the
measurand) of a column of liquid in a manometer, the|axis

when measuring

= = = o (1C Al
verticality by a small angle f. The distance ! determined
by the device will always be larger than h; no values less
than h are possible. This is because A is equal to the
projection [cos 3, implying [ = hfcosB, and all values of
cosf3 are less than one; no values greater than one are
possible. This so-called “cosine error” can also occur in
such a way that the projection 4'cos of a measurand A’
is equal to the observed distance /, that is, ! = h'cosf, and
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the observed distance is always /ess than the measurand.

probability density functions are then

If a new ‘varlzflb]e d=1- ccfsﬁ is introduced, the tw.o 2(8) = 1 exp(—é/o'z) (F.52)
different situations are, assuming f# = Oor é << 1 as is o'm
usually the case in practice, i otie dimension
I_(l ? (30 p(8) = %exp(—a/oz) . (E.5b)
=1(1+96) . (F.3b) 7
in two dimensions
eofFtsthe—arithmeticmean—or T T
avergge of n independent repeated observations J, of  with . Q)rb
estinjated variance u#%(!) [see equations (3) and (5) in L p(6)dé = ‘r\%
4.2]| Thus it follows from equations (F.3a) and (F.3b) o)
that {o obtain an estimate of 4 or &' requires an estimate Equations (F.5a) and (F.5b), whichhow that the| most
of the correction factor &, while to obtain the combined probable value of the correction both cases is|zero,
standard uncertainty of the estimate of A or A" requires give in the one—dimensiona&ase E(8) = 0%/2 and
u*(8), the estimated variance of 8. More specifically, var(8) = ¢*/2 for the ex &,’ltion and the variance|of &:
application of equation (10) in 5.1.2 to equations (F.3a) and in the two-dimensi }gfme E(5) = o? and var{6) =
and (F.3b) yields for u2(h) and u?(h') (- and + signs, o*. Equations (F.}% .3b), and (F.4b) become then
respdctively) g\\ B
g =2 Cn =111 - @/2)u*p) . (F.62)
- (L F 0P ut(1) + 1 u¥(s) . (F.4a) QQ
= w21y + 1°u%0) - (R.4b) K w-Tneameen L e
>
To dbtain estimates of the expected value of & and the @ (h) = uz(h) u (!) (d/2)l u (,8) . (JF.6¢)
variapce of 6, assume that the axis of the device used to  *0
mea:Erc the height of the column of liquid in t where d is the dimensionality (d = 1 or 2) and u(f) s the
manqmeter is constrained to be fixed in a vertical standard uncertainty of the angle S, taken to be th¢ best
and fhat the distribution of the values of the afele of  esiimate of the standard deviation o of an assumed ngrmal
incligation f about its 8KP€Cled value of zero \liﬂom’la] distribution and to be evaluated from all of the infornjation
distripution with variance o?. Although havc both available concerning the measurement (Typp B
positfve and negative values, 6 = 1 - ¢os 3 iS positive for evaluation). This is an example of a case wherf the
all vplues of f. If the misalign f the axis of the  estimate of the value of a measurand depends o the
devide is assumed to be uncons@jned, the orientation of uncertainty of an input quantity.
the akis can vary over a so '@1’gle since it is capable of
misalignment in azimut ell, but f is then always a Although equations (F.6a) to (F.6c) are specific tp the
positjve angle. Q normal distribution, the analysis can be carried out
Q‘ assuming other distributions for 8. For example, if one
In the constraited or one-dimensional case, the assumes for f a symmetric rectangular distribution| with
probabilit %"Ult p(B)dp(C.2.5, note) is proportional upper and lower bounds of +f, and -, in the|one-
to [4 «?7202)}‘113 in the unconstrained or two- dimcnszonal case and +ﬁ0 and zero in the |two-
dimepsienal ca pent is proportion =[Llg aod o # one

to [exp(-B*/20? )]sm,B dﬁ The probability density
functions p(é) in the two cases are the expressions
required to determine the expectation and variance of &
for use in equations (F.3) and (F.4). They may readily be
obtained from these probability elements because the angle
B may be assumed small, and hence & = 1 -cos 8 and sinf
may be expanded to lowest order in fB. This yields

6 = /2, sinf = B =25, and dB = d6/y26. The

dlmcnsmn and E :’5) = B3/4 and var(é} - ﬂ0/48 in two
dimensions.

NOTE - This is a situation where the expansion of the function
Y= f(X, X,
u2(v). equation (10) in 5.1.2, is inadequate because of the
nonlinearity of f: cosf # cos B (see note 2 to 5.1.2, and

Xy) in a first-order Taylor series to obtain

H.2.4). Although the analysis can be carried out entirely in
terms of B, introducing the variable & simplifies the problem.

56


https://standardsiso.com/api/?name=350e4d09405084c3da67f81ed21f4434

Expression of Uncertainty: 1993 (E)

Annex F: Practical guidance on evaluating uncertainty components

Another example of a situation where all possible values
of a quantity lie to one side of a single limiting value is
the determination by titration of the concentration of a
component in a solution where the end point is indicated
by the triggering of a signal; the amount of reagent added
is always more than that necessary to trigger the signal; it
is never less. The excess titrated beyond the limit point is
a required variable in the data reduction, and the
procedure in this (and in similar) cases is to assume an

A comparatively simple approach to this problem that is
consistent with the principles of this Guide is as follows:

Compute a single mean correction b from

1

b= rb(r)dr . (F.7a)
rl

L=

where t; and #, define the range of interest of the
parameter f, and take the best estimate of ¥(r) to be

approprlate probablllty distribution for the excess and to
use it fo obtain the expected value of the excess and its
variange.

EXAMPLE - If a rectangular distribution of lower bound zero
and| upper bound C; is assumed for the excess z, then the
exppcted value of the excess is Cy/2 with associated variance
C3412. If the probability density function of the excess is taken
as that of a normal distributionwith 0 = z < oo, thatis, p(z) =
(o7 /2) ‘exp(-z%/20?), then the expected value is 6 V2 / 1t
witlf variance o*(1 - 2/n).

F.2.4.p corrections from a

calibration curve are not applied

Uncertainty when

The npte to 6.3.1 discusses the case where a known
correcfion b for a significant systematic effect is not
applieq to the reported result of a measurement but instead
is take¢n into account by enlarging the
assigngd to the result. An example is replacement of

expanded uncertainty U with U + b, where i$”an
expandpd uncertainty obtained under the assumption b = 0.
This pfactice is sometimes followed in silual@n&where all
of the| following conditions apply: the\measurand Y is
eter ¢, as in the

peramre sensor; U

defined over a range of values of a
case of a calibration curve for a

and b|also depend on f; }11y a single value of
“uncerainty” is to be gi %r all estimates y(r) of the
measufand over the of possible values of ¢. In such
situatigns the resul the measurement is often reported
as Y = Y1) EMWias + bar)s
“max”| indj that the maximum value of U and the

where the subscript

maximu@l lue of the known correction b over the range

@s\ources of uncertainty other than the correction b(z) is
“uncertainty.” >,

y'(r) = y(t) + b, where y(1) is the best unconist ted
estimate of Y(r) The variance associated wit mean
correction b over the range of interest is g%'\by

lz—f. L[b{r) @d: ... (EJ7b)

not taking into account th@nccna:nty of the acfual
determination of the cor b{r) The mean vanch
of the correction b( to its actual determinatio

given by
m @ e jﬁuz[b(r)]dr ... (Flo)
Q L= (1

%[b(r)] is the variance of the correction b1).
ifdilarly, the mean variance of y(t) arising from| all

u’(b) =

is

obtained from

wly(n)] =

Iy

J‘uz[y(:)]d: ... (F[1d)
L=-4 h
where wu?[y(t)] is the variance of y(£) due to]all
uncertainty sources other than b(z). The single valug of
standard uncertainty to be used for all estimjites
y'(r) = y(t) + b of the measurand Y(¢) is then the posifive
square root of

ul(y'y = wP[y(n0] + u?[b(0)] + u*(b) . .. (F|7e)

An expanded uncertainty U may be obtained |by
multiplying #.(y’) by an appropriately chosen coverage
factor &k, U =ku y'), yielding ¥Y(t) =y'(¢t) + {J =

of valugs ol 7 are used.

Although this Guide recommends that corrections be
applied to measurement results for known significant
systematic effects, this may not always be feasible in such
a situation because of the unacceptable expense that would
be incurred in calculating and applying an individual
correction, and in calculating and using an individual
uncertainty, for each value of y(1).

y(t) + b + U. However, the use of the same average
correction for all values of r rather than the correction
appropriate for each value of ¢ must be recognized and a
clear statement given as to what U represents.

F.2.5 Uncertainty of the method of measurement

F.2.5.1 Perhaps the most difficult uncertainty
component to evaluate is that associated with the method
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of measurement, especially if the application of that
method has been shown to give results with less variability
than those of any other that is known. But it is likely that
there are other methods, some of them as yet unknown or
in some way impractical, that would give systematically
different results of apparently equal validity. This implies
an a priori probability distribution, not a distribution from
which samples can be readily drawn and treated

statistically. Thus, even though the uncertainty of the

sensitive to, or adversely affected by, sample selection
(that is, the particular unknown being calibrated), sample
or the effects of wvarious environmental
influence quantities because the unknown and standard
respond in generally the same (and often predictable) way
to such variables.

treatment,

F.2.6.2
sampling and specimen treatment play a much larger role.

In some practical measurement situations,

methquTmay—betiedomimamnt-one,theonty—mformatior——Tiris T ofter Tie Tase for T chemicaamatysisof Tgtural
often|available for evaluating its standard uncertainty is materials. Unlike man-made materials, which @ have
one’s|existing knowledge of the physical world. (See also proven homogeneity to a level beyond that iregl for
E.4.4.) the measurement, natural materials dgb’of[en very

inhomogeneous. This inhomogenei eads to | two

NOTE - Determining the same measurand by different methods,
either in the same laboratory or in different laboratories, or by
th¢ same method in different laboratories, can often provide
vajuable information about the uncertainty attributable to a
paLicuiar method. In general, the exchange of measurement
stqndards or reference materials between laboratories for
inflependent measurement is a useful way of assessing the
refiability of evaluations of uncertainty and of identifying
prgviously unrecognized systematic effects.

F.2.6 Uncertainty of the sample

F.2.4.1
unkn:
chara

Many measurements involve comparing an

teristics in order to calibrate the unknowny,
Examjples include end gauges, certain thermometers ’séls
of mjsses, resistors, and high purity materials., In"ost

cases, the measurement methods are IQ\(\g%pccially

O

such

wn object with a known standard having similar$

luation of thel first

additional uncertainty components..
\}y the sample selgcted

requires determining how adeq@e
represents the parent material being analysed. Evaluption
of the second requires ds{gﬁining the extent to which the
secondary (unan ) constituents influence | the
measurement and\Hb adequately they are treated by the

measuremen&m@md.

F.2. »{an some cases careful design of the experiment
m ake it possible to evaluate statistically| the
ertainty due to the sample (see H.5 and H.53.2).
sually, however, especially when the effecty of
environmental influence quantities on the samplqd are
significant, the skill and knowledge of the analyst defived
from experience and all of the currently avaijlable
information are required for evaluating the uncertairty.

b
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Annex G

Degrees of freedom and levels of confidence

G.1 Imtroduction

G.1.1 This annex addresses the general question of
obtaining from the estimate y of the measurand Y, and
from th¢ combined standard uncertainty u(y) of that
estimate] an expanded uncertainty U, = k,u(y) that
defines gn intervaly - U, = Y < y + U, that has a high,
specified coverage probability or level of confidence p. It
thus dedls with the issue of determining the coverage
factor k| that produces an interval about the measurement
result y| that may be expected to encompass a large,
specifieql fraction p of the distribution of values that could
reasonabply be attributed to the measurand Y (see clause
6).

G.1.2 Ih most practical measurement situations, the
calculatjon of intervals having specified levels of
confidehce — indeed, the estimation of most ind'\ﬁaal
uncertajnty components in such situations - is {\E\Jﬁ only
approximate. Even the experimental standarccg,tviation of
the megn of as many as 30 repeated servations of a
quantity described by a normal disl@] ion has itself an
uncertajnty of about 13 perccmg > ble E.l in annex E).

In mos| cases it does not %@sensc to try to distinguish

betweef, for example interval having a level of
p

norm&bﬁistribuiion
O
\‘g\ Level of confidence p Coverage factor k,
@ (percent)
Z

68,27 1
90 1,645
95 1,960
95,45 2
99 2,576
99,73 3

e
)

confidence p requires detailed knowle ¢ Nof the
probability distribution characterized by th(%a{suremc it
result and its combined standard uncertainfg. For exampl
for a quantity z described by a na:;ﬁ distribution wi
expectation y, and standard deviation o, the value of
that produces an interval p 0 that encompasses
fraction p of the distri , and thus has a coverage
probability or level\Gg confidence p, can be readily
calculated. Some @mples are given in table G.1.

™

L]

p
e

4]

S

Table G.1 @%uc of the coverage factor k, that produc
?having level of confidence p assuming|a

an inte«

NOTE - By contrast, if z is described by a rectangplar
probability distribution with expectation g, and standard
deviation o = a/V3, where a is the half-width of [the

confiddnce of 95 p (one chance in 20 that the value distribution, the level of confidence p is 57,74 percent|for
of the fneasur ies outside the interval) and either a k, = 1; 95 percent for k, = 1,65; 99 percent for k, = 171: and
, . 100 percent for k, = V'3 = 1,73. The rectangular distribytion
94 pergent 0 percent interval (1 chance in 17 and 25, . . S L
. : . is “narrower” than the normal distribution in the sense that it is
respectpy, Obtaining justifiable intervals with levels of of finite extent and has no “tails.”
confidd t (1 chance in 100) and higher is

especially difficult, even if it is assumed that no systematic
effects have been overlooked, because so little information
is generally available about the most extreme portions or
“tails” of the probability distributions of the input

quantities.

G.1.3 To obtain the value of the coverage factor k, that
produces an interval corresponding to a specified level of

G.1.4 If the probability distributions of the input
quantities X;, X,, . . . , Xy upon which the measurand ¥
depends are known [their expectations, variances, and
higher moments (see C.2.13 and C.2.22) if the
distributions are not normal distributions], and if ¥ is a
linear function of the input quantities, ¥ = ¢, X; + ;X5 +
... + cyXy, then the probability distribution of ¥ may
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be obtained by convolving the individual probability
distributions [10]. Values of k, that produce intervals
corresponding to specified levels of confidence p may then
be calculated from the resulting convolved distribution.

G.1.5 If the functional relationship between ¥ and its
input quantities is nonlinear and a first-order Taylor series
expansion of the relationship is not an acceptable
approximation (see 5.1.2 and 5.1.5), then the probability
disteibuti ; ]
distfibutions of the input quantities. In such cases, other
analytical or numerical methods are required.

G.1{6 In practice, because the parameters characterizing
the probability distributions of input quantities are usually
estinates, because it is unrealistic to expect that the level
of cpnfidence to be associated with a given interval can be
knon with a great deal of exactness, and because of the
complexity of convolving probability distributions, such
conyolutions are rarely, if ever, implemented when
intefvals having specified levels of confidence need to be
calcplated. Instead, approximations are used that take
advgntage of the Central Limit Theorem.

G.2 Central Limit Theorem

G21If Y=¢X +6X, +.
and [all the X; are characterized by normal distributiofs)
then|the resulting convolved distribution of ¥ wi l@lso be
normal. However, even if the distribulions‘ ocR}.he X; are

the distribution of Y often be
apprpximated by a normal distributionqz;use of the
Cenfral Limit Theorem. This theomém states that the
distrfibution of Y will be ap, tely normal with
expegtation E(Y) = Z¥_ ¢, E6X;) and variance o*(Y) =
2¥_|c20*(X;), where s@is the expectation of X; and
o(X;) is the varian %

not | normal,

.

;» if the X; are independent and
an any single component ¢2 o*(X,)
ly distributed X,.

() is much |
from a non-n

Q

G.22 P@%entral Limit Theorem is significant because
it shpws/the very important role played by the variances

.2 P CNXN = E?’=]CIA¥J$

(equivalent in practice to each input estimate X,

contributing a comparable uncertainty to the uncertainty of
the estimate y of the measurand Y); and that the closer the
distributions of the X; are to being normal, the fewer X,
are required to yield a normal distribution for Y.

EXAMPLE - The rectangular distribution (see 4.3.7 and 4.4.5)
is an extreme example of a non-normal distribution, but the
convolution of even as few as three such distributions of equal
width is approximately normal. If the half-width of each of the

ree rectangular distributions is a so that the variapce|of each
is a*/3, the variance of the convolved dimributi(@eﬁc 2 =g
The 95 percent and 99 percent intervals q& copvolved
distribution are defined by 1,937¢ and 2(890, respgctively,
while the corresponding intervals for a n%al distributjon with

the same standard deviation o are de by 1,960¢and|2,5760

(see table G.1) [10]. 0\}
NOTES

O
1 For every inlewal@/a level of confidence p gre;tjer than
about 91,7 perce&xlg,@ value of k, for a normal distri
larger than thi{“{ sponding value for the distribution rpsulting
from the cofy; lution of any number and size of recfangular
distrib s,

tion is

l\) follows from the Central Limit Theorem that the
s\\g\b ability distribution of the arithmetic mean g| of n

observations g, of a random variable ¢ with expectation By and

\Q finite standard deviation ¢ approaches a normal distribution with

mean y, and standard deviation o/V'n asn - o, whatever may
be the probability distribution of g.

G.2.3 A practical consequence of the Central |Limit
Theorem is that when it can be established that its
requirements are approximately met, in particular,|if the
combined standard uncertainty #.(y) is not dominafed by
a standard uncertainty component obtained from a Tlype A
evaluation based on just a few observations, or| by a
standard uncertainty component obtained from a Type B
evaluation based on an assumed rectangular distrifution,
a reasonable first approximation to calculatirfg an
expanded uncertainty U, = k,u(y) that provides an
interval with level of confidence p is to use for k, alvalue
from the normal distribution. The values most commonly
used for this purpose are given in table G.1.

of the probability distributions of the input quantities,
compared with that played by the higher moments of the
distributions, in determining the form of the resulting
convolved distribution of Y. Further, it implies that the
convolved distribution converges towards the normal
distribution as the number of input quantities contributing
to o*(Y) increases; that the convergence will be more
rapid the closer the values of c20%(X;) are to each other

G.3 The
freedom

t-distribution and degrees of

G.3.1 To obtain a better approximation than simply using
a value of k, from the normal distribution as in G.2.3, it
must be recognized that the calculation of an interval
having a specified level of confidence requires, not the
distribution of the variable [Y - E(Y)]/o(Y), but the
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distribution of the variable (y - ¥)/u.(y). This is because
in practice, all that is usually available are y, the estimate

= E’f \CiXi, Where x; is the

of ¥ as obtained from y 1 Xi

estimate of X;; and the combined variance associated with

uX(y), evaluated from u2(y) = XV c?u*(x;), where
u(x;) is the standard uncertainty (estimated standard
deviation) of the estimate x;.

NOTE - Strictly speaking, in the expression (y - Y)/u (y), Y

defines an intervaly - U,toy + U, conveniently written
as Y=y + U, that may be expected to encompass a
fraction p of the distribution of values that could
reasonably be attributed to Y, and p is the coverage
probability or level of confidence of the interval.

G.3.3 The degrees of freedom v is equal ton - 1 for a
single quantity estimated by the arithmetic mean of n
independent observations, as in G.3.2. If n independent

shpuidTead—E—Forsimpticity;suchadrstmetiomrhas—onty
been made in a few places in this Guide. In general, the same
symbol has been used for the physical quantity, the random
inablc that represents that quantity, and the expectation of that

variable (see 4.1.1, notes).

G.3.2 If z is a normally distributed random variable with
expeqtation g, and standard deviation o, and z is the
arithipetic mean of n independent observations z, of z with
s(7) | the experimental standard deviation of z [see
equatjons (3) and (5) in 4.2], then the distribution of the
variaple 1 = (Z-p,)/s(z) is the t-distribution or
Studé¢nt’s distribution (C.3.8) with v = n - | degrees of
freedpm.

Conspquently, if the measurand Y is simply a single
normplly distributed quantity X, Y =X; and if X is

observations are used to determine both the slpge and
intercept of a straight line by the method of le ugares,
the degrees of freedom of their respective” stadard
uncertainties is v =n - 2. For a least
parameters to n data points, the degr

res fit pf m
f freedom (f the
standard uncertainty of each pareu@er is v=n - m.[(See
reference [15] for a furthe)qﬁcussion of degregs of

freedom.)
N

G.3.4 Selected val(égf 1,(v) for different values|of v
and various valug\ are given in table G.2 at th¢ end

of this anne; 1@ v—> co the /-distribution approachgs the
normalé@ ution and £,(v) = (1 + ZIV}""k whdre in
this ssion k,, is the coverage factor required to optain
rval w1th level of confidence p for a normally
trlbuted variable. Thus the value of 7,(c°) in tabl G.2

estimjated by the arithmetic mean X of n lndepandent \ or a glven P equa]s the value of k in table G.1 fdr the

repeaed observations X, of X, with experimental stand
devidtion of the mean s(X) then the best estimate Of‘KIS

y =X and the experimental standard dcwanon’@ that
es_{i te is_ uly) =s(X). Then 1= (= s(z) =
(X-K)/s(X) =(y- Y)/uc(y) is dislr1bu®ccord1ng to
the rqdistribution with @
Pr[—:p(v) <t sCr) ) =p . (G.1a)
or O :
N

Prii-t,(v) = (y~ 2{Y) Sl = . (G.1b)
which can b@cn as

Pr(y ‘é&%c(}’) sY<sy+st,(Mu(yl=p...(G.lc)

same p.

NOTE - Often, the t-distribution is tabulated in quantilef; that
is, values of the quantile ;. , are given, where 1 - « dg¢notes
the cumulative probability and the relation

1-a-= Jfl'“f(:, v)dt

-

defines the quantile, where f is the probability density function
of t. Thus 1, and ¢, _, are related by p = 1 - 2a. For exqmple,
the value of the quantile £y g5, for which 1 - & = 0,975 and
= 0,025, is the same as 1,(v) for p = 0,95.

G.4 Effective degrees of freedom

G.4.1 In general, the r-distribution will not describe the
distribution of the variable (y - Y)/uc(y) if u%(y) |s the
SHi—of—two—or—hore—estimated —variance—compolnents

In these expressions, Pr[ | means “probability of” and the
t-factor Ip{v} is the value of ¢ for a given value of the
parameter v - the degrees of freedom (see G.3.3) - such
that the fraction p of the  distribution is encompassed by
the interval —rp(v) to +tp(v). Thus the expanded
uncertainty

U, = ku(y) = t,(v)u(y) . (G.1d)

u¥(y) = ctu(x;) (see 5.1.3), even if each x; is the estimate
of a normally distributed input quantity X;. However, the
distribution of that variable may be approximated by a
t-distribution with an effective degrees of freedom veg
obtained from the Welch-Satterthwaite formula [16, 17, 18]

wl(y) Moty
=9

Vest i1 Y K
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or Thus
4 N 1,03
u Verp = = 19,0
5 c(:’} . {G.25) 0.25¢ , 0,57° , 0,82°
N 5 =
E u; (y) 10-1 =] 15 1
c V.
=1 E The value of 1, for p = 95 percentand v = 19 is, from table
with G.2, 195(19) = 2,09, hence the relative expanded uncertainty
for this level of confidence is Uqgs = 2,09 (1,03 percent) =
N 2,2 percent. It may then be stated that Y=y + Uy =
Vorp = E v . (G.2¢) y(1 £ 0,022) (y to be determined from y = bx;x,x;), or
f that 0,978y < Y < 1,022y, and that the level ofconfdpﬁe
where u%(y) = Et]ﬁ%(,}’) (see 5.1.3). The expanded to be associated with the interval is appmxlm

uncertpinty U,

= kpuc(y) = 1,(vr) u(y) then provides an

intervgl Y =y + U, having an approximate level of

confidence p.

NOTES

1 |If the value of v obtained from equation (G.2b) is not an
intdger, which will usually be the case in practice, the
corpesponding value of 1, may be found from table G.2 by

intgrpolation or by truncating v, to the next lower integer.

2 |If an input estimate x; is itself obtained from two or more
othpr estimates, to be used with
ul(ly) = [c2u?(x)] in the denominator of equation (G.2b) is the
eff¢ctive degrees of freedom calculated from an expression

eqyivalent to equation (G.2b).

then the value of v,

3 |Depending upon the needs of the potential users of a
mefpsurement result, it may be useful, in addition to v, ‘t

calfulate and report also values for vy, and vy, compu&

frojn equation (G.2b) treating separately the @iard
undertainties obtained from Type A and Type B ev E‘:mes If
the|contributions to #Z(y) of the Type A and TypeB standard
undertainties alone are denoted, reqpecllvcl.y&}

u2d(y), the various quantities are reIdte@g

ul(y) = u\(y) +G§Q

ully)  u

Veif : A

EXJAMPLE r that ¥ = f(X,, X;, X3) = bX, X, X; and

thal the est@ Xj, X3, X3 of the normally distributed input
ql|.|snm&l X;, X; are the arithmetic means of n; = 10,
ny

res -
percent, #(x;)/x, = 0,57 percent, and u(x;)/x; = 0,82 percent.
Inthis casec; = df/aX; = ¥/X; (to be evaluated at x,, x,, Xy - see
5.1.3, note 1), [u(0)/yP? = T 1u(x)/x)® = (1,03 percent)®
(see note 2 to 5.1.6), and equation (G.2b) becomes

ula(y) and

" “cﬂ(y)

Verrn

nd nj = independent

repeated observations,

L) /¥
i [ulx; )/A ]4

W
i

Vert

i=1

'ﬁula, equation (G.2a) or equation (G.2b).

percent.

0

Q).

G.4.2 In practice, u.(y) depends on i&sgard uncertaifties
rmally and fon-

u(x;) of input estimates of both:
normally distributed input qua@es, and the u(x;)

are
obtained from both fr cy-based and a piiori
probability distributio \Qh t is, from both Type Aland

Type B evaluatlons similar statement applies to)

estimates x; upon which y depe

estimate y and i
Nevertheless robability distribution of the fungtion

the
nds.

th¢ 1-

t=(y -éjb (y} can be approximated by
distri \\ f it is expanded in a Taylor series abou its

ex ion. In essence, this is what is achieved, in

the

st order approximation, by the Welch-Satterthwaite

The question arises as to the degrees of freedom to agsign

to a standard uncertainty obtained from a Typ
evaluation when v, is calculated from equation (G,
Since the appropriate definition of degrees of free
recognizes that v as it appears in the r-distribution
measure of the uncertainty of the variance s%(7), equ
(E.7) in E4.3 may be used to define the degree
freedom v,

B
2b).
Hom
is a
tion
b of

2
: Aulx.
v = l& L 1| Aux) L (6.3)
R R
The quantity in large brackets is the relative uncertain{y of

u(x;); for a Type B evaluation of standard uncertainty
a subjective quantity whose value is obtained by scier

it is
tific

1.

EXAMPLE - Consider that one's knowledge of how input
estimate x; was determined and how its standard uncertainty
1(x;) was evaluated leads one to judge that the value of u(x;) is
reliable to about 25 percent. This may be taken to mean that the
and thus from
equation (G.3), v, = (0,25)%/2 = 8. If instead one had judged
the value of u(x;) to be reliable to only about 50 percent, then
v; = 2. (See also table E.1 in annex E.)

att ~, a1 1e - 2 )
relative uncertainty is mt(_r,-)/u(x,-) =0.25,
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G.4.3 In the discussion in 4.3 and 4.4 of Type B
evaluation of standard uncertainty from an a priori
probability distribution, it was implicitly assumed that the
value of u(x,) resulting from such an evaluation is exactly
known. For example, when u(x;) is obtained from a
rectangular probability distribution of assumed half-width
a=(a, -a)f2as in 4.3.7 and 4.4.5, u(x;) = alVv3 is
viewed as a constant with no uncertainty because a, and
a_, and thus a, are so viewed (but see 4.3.9, note 2).

where v, is calculated from equation (G.2b) and the
calculation includes all uncertainty components.

In most cases, the value of Uys from equation (G.5) will
be larger than the value of Uys from equation (G.4), if it
is assumed that in evaluating equation (G.5), all Type B
variances are obtained from a priori rectangular
distributions with half-widths that are the same as the

bounds a; used to compute u” of equation (G.4). This may

This implies through equation (G.3) that v;—> o or
1/v, >0, but it causes no difficulty in evaluating equation
(G.2b)
unrealiftic; it is common practice to choose a_ and a . in
such a[way that the probability of the quantity in question
lying dutside the interval a_ to a, is extremely small.

Further, assuming that v, = oo is not necessarily

G.5 |Other considerations

G.5.1|An found in the literature on

measufement uncertainty and often used to obtain an

expression

uncertjinty that is intended to provide an interval with a
95 perent level of confidence may be written as

Uss = Ltgs(vi)s?+ 34’1 ... (G.4)

Here [o5(vig) is taken from the f-distribution for veg
degreds of freedom and p =95 percent; v is they
effectle degrees of freedom calculated from the We}'ck\—
Satterfhwaite formula [equation (G.2b)] taki Qnto
accoulpt only those standard uncertainty comp&@\p% s; that
have | been evaluated statistically erui repeated
obsertations in the current measure 1t 52 = X cls;
¢; = §ff/dx; and u? = Tuk(y) = 2/3) accounts for
all other components of unce 1@ where +a; and -g;
are th¢ assumed exactly kn per and lower bounds of
.X} relative to its best es ex (that is, X -4 = X} <
x; + tlj).

NQTE - A ¢ ?r?ent based on repeated observations made

oufside the nt measurement is treated in the same way as

. . 2 .
any ot r?(?fnponent included in &*. Hence, in order to make a

m a@ | comparison between equation (G.4) and equation
(Gimmmw that—such

be understood by recognizing inat, allnougn Tgs(Vey

in most cases be somewhat larger than fys(v,
factors are close to 2; and in equation (&3) u
multiplied by #3(ver) = 4 while in equ (G.4) i
multiplied by 3. Although the two ex r?}ions yield equal
values of Usg and Uss for u* < b Uys will bq as
much as 13 percent smaller tha@ if 4% >> 5%

in general, equation (G. lds an uncertainty fhat
provides an interval hayi smaller level of confidgnce
than the interval pr d by the expanded uncertajnty
calculated from co‘l.\l}ﬂon (G.5).

NoTES < O

11 Qmits w2 s* > oo and vy > o0, Uys — 1,732u hile
Upt1,960u. In this case, Uss provides an interval hgving
GSy a 91,7 percent level of confidence, while Ugs providesja 95

\(\ percent interval, This case is approximated in practice whef the

components obtained from estimates of upper and lower bdunds

are dominant, large in number, and have valuey of

u}(y) = ¢jaj}/3 that are of comparable size.

2 For a normal distribution, the coverage factor| & =
V3 = 1,732 provides an interval with a level of confidence
p = 91,673... percent. This value of p is robust in the sens that
it is, in comparison with that of any other value, optifnally
independent of small deviations of the input quantities [from
normality.

G.5.3 Occasionally an input quantity X; is distrifjuted
asymmetrically - deviations about its expected valye of
one sign are more probable than deviations of the opppsite
sign (see 4.3.8). Although this makes no difference if the
evaluation of the standard uncertainty u(x;) of the estimate
x; of X;, and thus in the evaluation of u.(y), it may gffect

components, if present, are negligible.

G.5.2 If an expanded uncertainty that provides an interval
with a 95 percent level of confidence is evaluated
according to the methods recommended in G.3 and G.4,
the resulting expression in place of equation (G.4) is

2]]!2

Uys = I95("-:“)[52 tu ... (G.5)

the calculation or U.

It is usually convenient to give a symmetric interval,
Y=y U, unless the interval is such that there is a cost
differential between deviations of one sign over the other.
If the asymmetry of X; causes only a small asymmetry in
the probability distribution characterized by the
measurement  result combined standard
uncertainty #.(y), the probability lost on one side by

y and its
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quoting a symmetric interval is compensated by the
probability gained on the other side. The alternative is to
give an interval that is symmetric in probability (and thus
asymmetric in U): the probability that Y lies below the
lower limit y - U_ is equal to the probability that Y lies
above the upper limity + U,. But in order to quote such
limits, more information than simply the estimates y and
u,(y) [and hence more information than simply the
estimates x; and u(x;) of each input quantity X;] is needed.

estimate is based and the number of independent quantities
determined from those observations (see G.3.3). For a
component obtained from a Type B evaluation, v, is
obtained from the judged reliability of the value of that
component [see G.4.2 and equation (G.3)].

G.6.4 Thus the following is a summary of the preferred
method of expanded
U, = k,u.(y) intended to provide an interval ¥ = y +

that-hasan-appreximatetevel of confidencep——

calculating an uncertainty

U,

G.5.44 The evaluation of the expanded uncertainty U,
giverf here in terms of u(y), vy, and the factor 7,(v)
from|the t-distribution is only an approximation, and it has
its lithitations. The distribution of (y - Y}/uc(y) is given
by thp #-distribution only if the distribution of ¥ is normal,
the ey
are ifdependent, and if the distribution of u%(y) is a y*
distripution. The introduction of v, equation (G.2b),
deals| only with the latter problem, and provides an
apprqximately 2 distribution for u%(y); the other part of
the problem, arising from the non-normality of the

timate y and its combined standard uncertainty #.(y)

distripution of Y, requires the consideration of higher
moments in addition to the variance.

%
1) Obtainy and u,(y) as described in cia'u\{equ ahd 5.

.

Satterthjwaite
here for | easy

2) Compute v, from the W
formula, equation (G.2b) (rep

reference):
. (G.2b)

S
%)
v S
O\\ ui (y)
i= v;‘
O
If u(x;) is(§htained from a Type A evalugtion,
determing v; as outlined in G.3.3. If u(x;) is obtpined
fronQa ype B evaluation and it can be treat¢d as

tly known, which is often the case in pragtice,

S

G.6| Summary and conclusions @, Vi = ©°; otherwise, estimate v; from equation (G{3).
T o)

G.6.] The coverage factor k, that provides an interval Q) 3) Obtain the r-factor 1,(v.) for the desired leyel of

having a level of confidence p close to a specified le@ confidence p from table G.2. If v, is not an integer,

can gnly be found if there is extensive knowledge € either interpolate or truncate v, to the next Jower

probdgbility distribution of each input quantity if these
distriputions are combined to obtain the di‘sﬁgﬂon of the
outpyt quantity. The input estimates x; an

uncerftainties #(x;) by themselves ar@adequate for this

purps C)O

G.6.2 Because the cxtené)émputations required to
combjine probability disttibutions are seldom justified by

the extent and reliabi of the available information, an
apprgximation to?e. distribution of the output quantity is

eir standard

S€.

integer.

4) Take kp = 1,(Ver) and calculate Up = kpuc{y)

too
the
the
For

G.6.5 In certain situations, which should not occu
frequently in practice, the conditions required b{
Central Limit Theorem may not be well met an
approach of G.6.4 may lead to an unacceptable result.
example, if u(y) is dominated by a componeft of

uncertainty evaluated from a rectangular distribution

accepftable. B ¢ of the Central Limit Theorem, it is whose bounds are assumed to be exactly known,|it is
usually ient to assume that the probability possible [if 7,(verr) > V3] thaty + U, and y - U, the
distri )@gof(y = Y)/“c()’) is the r-distribution and take upper and lower limits of the interval defined by U, ¢ould
k, = EXVeT, Wi T 7-Tactor based om an erfective T f f of the

degrees of freedom v, of u.(y) obtained from the Welch-
Satterthwaite formula, equation (G.2b).

G.6.3 To obtain v, from equation (G.2b) requires the
degrees of freedom v, for each standard uncertainty
component. For a component obtained from a Type A
evaluation, v; is obtained from the number of independent
repeated observations upon which the corresponding input

output quantity Y. Such cases must be dealt with on an
individual basis but are often amenable to an approximate
analytic treatment (involving, for example, the convolution
of a normal distribution with a rectangular distribution

[10).

G.6.6 For many practical measurements in a broad range
of fields, the following conditions prevail:
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- the estimate y of the measurand Y is obtained from
estimates x; of a significant number of input quantities
X; that are describable by well-behaved probability
distributions, such as the normal and rectangular
distributions;

- the standard uncertainties u(x;) of these estimates,
which may be obtained from either Type A or Type B
evaluations, contribute comparable amounts to the

combined standard uncertainty u(y) of the

the following:

- adoptk = 2 and assume that U = 2u,(y) defines an
interval having a level of confidence of
approximately 95 percent;

or, for more critical applications,

- adopt k = 3 and assume that U = 3u.(y) defines an
interval having a level of confidence of
approximately 99 percent.

mefsurement result y;

- the| linear approximation implied by the law of
propagation of uncertainty is adequate (see 5.1.2 and
E.3.1);

- the|uncertainty of u.(y) is reasonably small because its
eff¢ctive degrees of freedom v, has a significant
magnitude, say greater than 10.

Under| these circumstances, the probability distribution
characlerized by the measurement result and its combined
standald uncertainty can be assumed to be normal because
of the [Central Limit Theorem; and #.(y) can be taken as
a reasqnably reliable estimate of the standard deviation of
that ngrmal distribution because of the significant size of
verr- Then, based on the discussion given in this annex,
includ|ng that emphasizing the approximate nature of the
uncertpinty evaluation process and the impracticality of

O
O

<

Although this approach should be suitable gﬁylany
ic

practical measurements, its applicability to icplar
measurement will depend on how close & .must b to
tos(Veip) OF kK = 3 must be to f99( v, ); that i) on how close

the level of confidence of the .j al defined| by
U=2u(y)or U=3ul(y) mu@to 95 percent ot 99
percent, respectively. Altho or vy = 11, k = 21311(1
k = 3 underestimate #g5( d tg9(11) by only abouf 10
and 4 percent, respectively (see table G.2), this may|not
be acceptable in s ases. Further, for all values of| v 4
somewhat largerthan 13, k =3 produces an intefval
having a Iﬁof confidence larger than 99 percent. {See
table G.Z) which also shows that for ve— oo the leels
ofc @ence of the intervals produced by k& = 2 and k(= :

5,45 and 99,73 percent, respectively). Thus| in

s@acticc, the size of v,; and what is required of|the
trying|to distinguish between intervals having levels of @ expanded uncertainty will determine whether this apprgach
confidence that differ by one or two percent, one may.@

can be used.
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Table G.2 - Value of rp(v) from the ¢-distribution for degrees of freedom v that defines an interval
~1,(v) to +1,(v) that encompasses the fraction p of the distribution

Degrees of Fraction p in percent
freedom
v 68,27@ 90 95 95,45@® 99 99,73@
1 1,84 6,31 12,71 13,97 63,66 235,80
2 1,32 2,92 4,30 4,53 9,92 19,21
3 1,20 2,35 3,18 3,31 5,84 922 b
4 1,14 2,13 2,78 2,87 4,60 6,6%\Q“
5 1,11 2,02 2,57 2,65 4,03 E§D
6 1,09 1,94 2,45 2,52 3,71 \S@Qﬁ,go
7 1,08 1,89 2,36 2,43 350 (47 4,53
8 1,07 1,86 2.31 2,37 3 4,28
9 1,06 1,83 2,26 2,32 d}zs 4,09
10 1,05 1,81 2,23 228, ERY, 3,96
11 1,05 1,80 2,20 2,28 | 3,11 3,85
12 1,04 1,78 2,18 Qé 3,05 3,76
13 1,04 1,77 2,16 \\)\\2,21 3,01 3,69
14 1,04 1,76 2,14 2,20 2,98 3,64
15 1,03 1,75 2. & 2,18 2,95 3,59
16 1,03 1,75 04\26.12 217 2,92 3,54
17 1,03 1,74 Vr\ 211 2,16 2,90 3,51
18 1,03 1 2,10 2,15 2,88 3,48
19 1,03 1,73 2,09 2,14 2,86 3,45
20 1,03 OQ 1,72 2,09 2,13 2,85 3,42
25 1,00)° 1,71 2,06 2,11 2,79 3,33
30 @(?ﬁ 1,70 2,04 2,09 2,75 3,27
35 pOLo 1,70 2,03 2,07 2,72 3,23
40 - 1,01 1,68 2,02 2,06 2,70 3,20
@Q 1,01 1,68 2,01 2,06 2,69 3,18
%&50 1,01 1,68 2,01 2,05 2,68 3,16
100 1,005 1,660 1,984 2,025 2,626 3,077
oo 1,000 1,645 1,960 2,000 2,576 3,000

@For a quantity z described by a normal distribution with expectation 4, and standard deviation o, the
interval p, + ko encompasses p = 68,27, 95,45, and 99,73 percent of the distribution for k¥ = 1, 2, and
3, respectively.
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Annex H

Examples

This agnex gives six examples, H.1 to H.6, which are
worked out in considerable detail in order to illustrate the
basic pfinciples presented in this Guide for evaluating and
expresding uncertainty in measurement. Together with the
examples included in the main text and in some of the
other annexes, they should enable the users of this Guide

to put these principles into practice in their own work.

Becauge the examples are for illustrative purposes, they
have b
and the numerical data used in them have been chosen
mainly| to demonstrate the principles of this Guide, neither
they rfor the data should necessarily be interpreted as
descril
given,

necessity been simplified. Moreover, because they

ing real measurements. While the data are used as

retaingd in intermediate calculations than are usua.l@@
showr|. Thus the stated result of a calculation inv@ing
several quantities may differ slightly from
impligd by the numerical values given in th(t}x for these

quantifies. @ .

It is of this Guide that
classifying the methods used@ evaluate components of
uncerfainty as Type A or B is for convenience only;
it is rjot required for %etermination of the combined
standgrd uncertai Q*or expanded uncertainty of a
because all uncertainty components,

result

ointed out in earlier port

measyrement T

howeyer th evaluated, are treated in the same way
(see 3. 1& .1.2, and E.3.7). Thus, in the examples, the
methd icular component of

uncertainty is not specifically identified as to its type.
However, it will be clear from the discussion whether a
component is obtained from a Type A or a Type B
evaluation.

H.1 End-gauge calibration

This example demonstrates that even an apparently simple
measurement may involve subtle aspects of uncertainty

in order to prevent rounding errors, more digits are @

o

H.1.1 The measurement problem . bg
N\

e
O
,‘\0)

evaluation.

The length of a nominally 50 rrglﬂd gauge is determiped
by comparing it with a n standard of the sgme

nominal length. The di }utput of the comparison of|the
two end gauges is ifference d in their lengths:

Q 5\1(1 + af) - Ig(1 + agby)
O

—

(HLD
where

@c measurand, that is, the length at 20 °C of] the
®e gauge being calibrated;

o)

s is the length of the standard at 20 °C as given ip its
calibration certificate;

« and ag are the coefficients of thermal expangion,

respectively, of the gauge being calibrated and| the
standard;
6 and 6 are the deviations in temperature from the
20 °C reference temperature, respectively, of| the
gauge and the standard.
H.1.2 Mathematical model
From equation (H.1), the measurand is given by
(1 + agB) + d
(1+406) .(H.2)

8 _— a8\ 4+
L] ”

If the difference in temperature between the end gauge
being calibrated and the standard is written  as
50 = 0 - O, and the difference in their thermal expansion
coefficients as da = @ - ag, equation (H.2) becomes

| =fds,d, e, 0, da, 80)
... (H.3)

= Ig+ d - [[5a-0 + ag56]
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The differences 66 and é«, but not their uncertainties, are
estimated to be zero; and 8, ag, 60, and 0 are assumed
to be uncorrelated. (If the measurand were expressed in
terms of the variables 0, 65, «, and «g, it would be
necessary to include the correlation between fand 6, and
between « and ag.)

It thus follows from equation (H.3) that the estimate of
the value of the measurand / may be obtained from the

it was obtained using a coverage factor of k = 3. The
standard uncertainty is then

u(lg) = (0,075pm)/3 = 25nm

H.1.3.2 Uncertainty of the measured difference in
lengths, u(d)

The pooled experimental standard deviation characterizing
the comparison of / and /; was determined from the

simpEexpress;uu t—+d—wheref—isthetengtirofthe
standprd at 20 °C as given in its calibration certificate and
d is|estimated by 3, the arithmetic mean of n =35
independent repeated observations. The combined standard

uncerftainty #.(/) of [ is obtained by applying equation (10)
in 5.1.2 to equation (H.3), as discussed below.

NOTE - In this and the other examples, for simplicity of
ngtation, the same symbol is used for a quantity and its estimate.

H.1.3 Contributory variances

The pertinent aspects of this example as discussed in this
and tHe following subclauses are summarized in table H.1.

Since|it is assumed that 8 = 0 and 80 = 0, the application
of eqpation (10) in 5.1.2 to equation (H.3) yields

ul) = cdul(ls) + cju(d) + c2 u*(ag)

variability of 25 independent repeated observations-¢f the
difference in lengths of two standard end gauges-and was
found to be 13 nm. In the comparison of this ex ple,
five repeated observations were taken)) The stapdard
uncertainty associated with the arithmetic mean of fthese
readings is then (see 4.2.4)

u(d) = s(d) = (133m)/\5 = 5,8nm

According to the calibration certificate of the compgrator
used to compare [ 'With g, its uncertainty “due to rarjdom
errors” is +0@OMpm at a level of confidence df 95
percent and-j< based on 6 replicate measurements: thys the
standard ancertainty, using the -factor 745(5) = 2,5 for
v=6>1=5 degrees of freedom (see annex G, [table
G.2), is

u(d;) = (0,01 pm)/2,57 = 3,9nm

) - ) - (Hdy The uncertainty of the comparator “due to systefnatic
+ cou™(0) + cju’(da) + cou*(86) errors” is given in the certificate as 0,02 pm at the “fhree
with sigma level.” The standard uncertainty from this dause
may therefore be taken to be
cg = Offoly =1-(ba- 0+ ad0Y = 1
s = ofals R u(dy) = (0,02um) /3 = 6,7 nm
c, = dffad =1
¢, = offdag = ~186.50 Thf: total cox?trlbutlon is obtained from the sum of the
§ estimated variances:
cg = df/00 =lsda = 0 -
0 =¥/ s u*(d) = u¥(d)+u*(d,) + u¥(d,) = 93 nm>
Cou = Of 080 /-150 5
Cso = Of7F00 = ~lgag u(d) = 9,7nm
d thus
o H.1.3.3 Uncertainty of the thermal expal}sion
TR = T . ToelTicient, #(dg)

+ 13 02 u’(dar) + 12 cBu’(30)

H.1.3.1 Uncertainty of the calibration of the
standard, u(lg)

The calibration certificate gives as the expanded

uncertainty of the standard U = 0,075 pm and states that

The coefficient of thermal expansion of the standard end
gauge is given as ag=11,5%10%°C"' with an
uncertainty represented by a rectangular distribution with
bounds +2x107® °C~!. The standard uncertainty is then
[see equation (7) in 4.3.7]

u(ag) = (2x10° °C™ /3 = 1,2x10° °C"!
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Table H.1 - Summary of standard uncertainty components

Standard Source of Value of c; = u(l) = Degrees
uncertainty uncertainty standa.rd afax, | c;|ulx;) of
component uncertainty freedom

u(x;) u(x;) (nm)
u(ls) Calibration of standard end gauge 25 nm 1 25 18
u(d) Measured difference between end gauges 9,7 nm 1 9,7 25,6
4(d) repeated observations 5,8 nm be D4
y(d,) random effects of comparator 3,9 nm Cb'\% 5
Y(d,) systematic effects of comparator 6,7 nm . qu 8
\V
u(ag Thermal expansion coefficient of standard 1,23%10°%°¢! 0 o 0
d
end gauge O
u(@ Temperature of test bed 0,41 °C O\\‘G</ 0
~ (&
4(0) mean temperature of bed 0,2 "G\J
S
y(4) cyclic variation of temperature of &5 8
room Q
: ; : : N i
u(dd) Difference in expansion coefficients of O\ x10/-92¢ -l 0 2,9 50
end gauges
V\
u(dq) Difference in temperatures of end gaug@\ 0,029 °C -lgag 16,6 2
A\%
<O u*(l) = Tuk(l) = 1002 nm*
\\C\}‘ u(l) = 32 nm
O va() = 16
Since |cq = af dag = -1580=0 agi,mdicaled in H.1.3, this is reported as having a standard uncertainty itself dije to
uncerfainty contributes nothing to the uncertainty of / in the uncertainty in the mean temperature of the test bgd of
first prder. It does, M er, have a second-order _
contripution that is %‘ sed in H.1.7. u(@) = 0,2°C
H.1.3.4 Unc y of the deviation of the while the cyclic variation in time produces a U-shpped
temptrature qu end gauge, u(0) (arcsine) distribution of temperatures resulting in a
,% standard uncertainty of
The l@ rature of the test bed is reported as
(19,9 s € fempcerature a € 1im =\ =t

individual observations was not recorded. The stated
4 =0,5°C, is said to represent the
amplitude of an approximately cyclical variation of the

maximum offset,
temperature under a thermostatic system, not the
uncertainty of the mean temperature. The value of the
mean temperature deviation

6 =19,9°C-20°C = -0,1°C

The temperature deviation & may be taken equal to £_5', and
the standard uncertainty of 8 is obtained from

u(0) = u*0) + u¥(4) = 0,165 °C?
which gives

u(@) = 0,41 °C
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3f/00 = -Ider = 0 as indicated in H.1.3, this
uncertainty also contributes nothing to the uncertainty of

Since ¢, =

[ in first order; but it does have a second-order

contribution that is discussed in H.1.7.

H.1.3.5 Uncertainty of the difference in expansion
coefficients, u(da)

The estimated bounds on the variability of da are

H.1.2), the length [ of the unknown end gauge at 20 °C
is 50,000 838 mm. Following 7.2.2, the final result of the
measurement may be stated as:

[ =50,000 838 mm with a standard
uncertainty #. = 32 nm. The corresponding relative

combined

combined standard uncertainty is /I = 6,4x107.

H.1.6 Expanded uncertainty

iIX C_ﬂ OC_}, W;th [28 0} L«\-lu‘-ll: plububi“i_}' Uf \RJIA hﬂ";lls
any vhlue within those bounds. The standard uncertainty
is
u(pe) = (1x10°°C™")/y3 =0,58x107%°C"!
H.1.3{.6 Uncertainty of the difference in temperatures
of thg gauges, u(d0)

The sfandard and the test gauge are expected to be at the
same {emperature, but the temperature difference could lie
with gqual probability anywhere in the estimated interval
-0,05] °C to +0,05 °C. The standard uncertainty is

u(86) = (0,05°C)/\3 = 0,029 °C

H.1.4 Combined standard uncertainty

from pquation (H.5). The individual terms are colleclet\@

and sybstituted into this expression to obtain
\O

(\)J‘TH 6a)

\

+(0,05 m)*(- 0,1 °C)*(0,58 xl[;‘s’ sy

u(1)| = (25 nm)* + (9,7 nm)>

&

The dombined standard uncertainty wu (/) is calculated @

Suppose that one is required to obtain an eb(hided
uncertainty Ugg = kgt (1) that provides an in 1 having
a level of confidence of approximalely@ifercen[. The
procedure to use is that summarized A .6.4, and the
required degrees of freedom are ihditated in table H.1.

These were obtained as follow@

1) Uncertainty of the @brarion of the standard,
u(lg) [H.1.3.1]. '1'@ alibration certificate states|that
the effective es of freedom of the comlined
standard unr@%’ainty from which the quoted expapded
uncertainly, was obtained is v, (l5) = 18.

2y U gaimy of the measured difference in lengths, \u(d)

:1.3:2]. Although& was obtained from five repdated
observations, because H(E) was obtained from a
pooled experimental standard deviation based of 25
observations, the degrees of freedom of u(c_f} is
v(E} =25 - 1 = 24 (see H.3.6, note). The degreps of
freedom of u(d,), the uncertainty due to random
effects on the comparator, is w(d,) =6 -1 =
because d;, was obtained from six repdated

+(0,05 m)z(ll,S %1076 © (0,029 °C)? measurements. The 40,02 pm uncertainty | for
C) systematic effects on the comparator may be assymed
= (25 nm)* + (9,7 ﬂmé . . (H.6b) to be reliable to 25 percent, and thus the degre¢s of
+ (2,9 nm)? + (1@.,1-,)2 freedom from equation (G.3) in G.4.2 is v(d,)] = 8
(see the example of G.4.2). The effective degre¢s of
= 1002 nsz_Q freedom of w(d), v (d), is then obtained from
- Q?‘ equation (G.2b) in G.4.1:
< () = 32m . (H.6¢) 2o o -
«?‘ y (d)=[u (d) +u(d)) + u(d))]
The dpfrinant component of uncertainty is obviously that o wid) w'd) u'(d)
of the standard, u(l5) = 25 nm. wd) V) )
H.1.5 Final result N (9.7 nm)* =256
o ‘ _ (5,8nm)*  (3,9nm)* (6,7 nm)*
The calibration certificate for the standard end gauge gives 74 3 g

I = 50,000 623 mm as its length at 20 °C. The arithmetic
mean d of the five repeated observations of the difference
in lengths between the unknown end gauge and the
standard gauge is 215 nm. Thus, since [ = g + d (see

3) Uncertainty of the difference in expansion coefficients,
u(da) [H.1.3.5]. The
+1x107® °C"!

estimated bounds of
on the variability of d« are deemed to
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be reliable to 10 percent. This gives, from equation
(G.3) in G.4.2, v(da) = 50.

for v = 16 degrees of freedom, and defines an interval
estimated to have a level of confidence of 99 percent.
The corresponding relative expanded uncertainty is

is

ne

4) Uncertainty of the difference in temperatures of the U/l = 1,9%10°C.

gauges, u(66) [H.1.3.6]. The estimated interval

-0,05 °C to +0,05 °C for the temperature difference H.1.7 Second-order terms

80 is believed to be reliable only to 50 percent, which

from equation (G.3) in G.4.2 gives v(38 ) = 2. The note to 5.1.2 points out that equation (10), which

used in this example to obtain the combined standard

The calculati inG.4.1 when t
proceedy in exactly the same way as for the calculation of nonlinearity of the function Y = f(X;, X5, . . . , X
vr(d) n 2) above. Thus from equations (H.6b) and significant that the higher-order terms in the Ta@@i

(H.6¢) 4nd the values for v given in 1) through 4),

Verr ({) =
(32 nm)*
@4nm)* | 9,7nm)* _ (2,9nm)* (16,6 nm)*
18 25,6 50 2

= 16,7

To obtafn the required expanded uncertainty, this value is
first truhcated to the next lower integer, v ({) = 16. It
then follows from table G.2 in annex G that 7y9(16) =
2,92, apd hence Ugg = tgo(16)u (1) = 2,92X(32 nm) =

93 nm.

Following 7.2.4, the final result of the

measurdment may be stated as:

| =
follqwing the symbol + is the numerical value
expgnded uncertainty U = ku, with U d

fron} a combined standard uncertainty nm and
a coerage factor k = 2,92 based 0@& +4-distribution

ined

N

<&
50,000 838 + 0,000 093) mm, where the numbe. ™

expansion cannot be neglected. Such is the-cas
example, and therefore the evaluation of (%as present
up to this point is not complete. Applitdtion to equati
(H.3) of the expression given in ote to 5.1.2 yiel

in fact two distinct non-negligible second-order terms
be added to equation (H

from the quadratic term {n)the expression of the note, 2

:§az(®>(e) + Ru?(ag)u’(36)
but only l&@%t of these terms contributes significan

to u (! N
Q
lm(ba) u(0)

b

11,7 nm

]

I u(a) u(80)

1,7 nm

The second-order terms increase u.(/) from 32 nm
34 nm.

in thi

—_—

(0,05m) (0,58 x 107 °C ") (0,41 °¢

(0,05m) (1,2 % 10°%°C 1) (0,029 °¢)

to
ese terms, which arise

re

Yy
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H.2 Simultaneous resistance and reactance
measurement

This example demonstrates the treatment of multiple
measurands or output quantities determined simultaneously
in the same measurement and the correlation of their
estimates. It considers only the random variations of the
observations; in actual practice, the uncertainties of
corrections for systematic effects would also contribute to
the i

obtained from equation (14) in 5.2.2 using values of
S(V 1) s(V q&) and s(l ¢) calculated from equation
(17) in 5.2.3. The results are included in table H.2, where
it should be recalled that r(x;,x;) =r(x;,x) and

r(x;, x;) =
H.2.3 Results: approach 1

Approach 1 is summarized in Table H.3.

esseptially the same numerical values.

H.2{1 The measurement problem

The [resistance R and the reactance X of a circuit element
are |determined by measuring the amplitude V of a
sinujoidally-alternating potential difference across its
termfnals, the amplitude / of the alternating current
passing through it, and the phase-shift angle ¢ of the
alterpating potential difference relative to the alternating
curr¢nt. Thus the three input quantities are V, I, and ¢
and fhe three output quantities — the measurands - are the
threq impedance components R, X, and Z. Since
Z% 4 R? + X2, there are only two independent output
quantities,

H.2.2 Mathematical model and data Q.\Q)
xO
The [measurands are related to the input qm@ines by
Ohm’s law: C)\\
Rl=Ycosp: x=Ysing, 2 Y ... my
1 I O b

Congider that five inde ‘m sets of simultaneous
obsefvations of the thr \%ul quantities V, I, and ¢ are
obtained under simil ndmons (see B.2.15), resulting
in th¢ data given i e H.2. The arithmetic means of the
obse vauons@%ﬁe experimental standard deviations of
thosd man ulated from equations (3) and (5) in 4.2

are afls n. The means are taken as the bes: estimates

N

The values of the three measurands R, X, Z are
obtained from the relations given in equation )using
the mean values ‘I-_’, ? and (?Jof table H.2 for™ , I, 4nd @.
The standard uncertainties of R, X, and) ;
from equation (16) in 5.2.2 since, a&pointed out gbove,
the input quantities V, I, and q&:c correlated. As an
example, consider Z = V/I cgalfymg V with x;, [ with
x,, and f with Z = Vi1, ion (16) in 5.2.2 yields for
the combined standa@\}icenamty of Z

(Tzfvwl ’ w*(l)

...(|H.8a)
1 ] ‘A v
7| P

are obfained

u(Vyu(I)yr(V,1)

7 am {um‘
...(H.8b)
) li@]r(m
{
or
w2 (Z) = uk(V) +uX1)

- B __...{H.Sc)
“2u (Vyu (I)r(V,I)

where u{l_/) = s(?), u(f) = s(}'), and the subscript ['r” in
the last expression indicates that u is a rdlative
uncertainty. Substitution of the appropriate values| from

table H.2 into equation (H.8a) then gives wu(Z) =
0236 Q

of t es—and—the
standard deviations are the standard
uncertainties of those means.

experimental

Because the means i’, F. and r?ﬁ are obtained from
simultaneous observations, they are correlated and the
correlations must be taken into account in the evaluation
of the standard uncertainties of the measurands R, X, and
Z. The required correlation coefficients are readily

Because the three measurands or output quantities depend
on the same input quantities, they too are correlated. The
elements of the covariance matrix that describes this
correlation may be written in general as

N N
Uy Yom) E}Z% y”'uu)u(x)r(x,.x) .. (H.9)
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Table H.2 - Values of the input quantities V, I, and ¢ obtained from five sets of simultaneous observations

Set number Input quantities
k 14 1 ¢
(V) (mA) (rad)
1 5,007 19,663 1,0456
2 4,994 19,639 1,0438
3 5,005 19,640 1,0468
4 4,990 19,685 1,0428
5 4,999 19,678 1,0433
Arithmetic V = 14,9990 1=19,6610 ¢ = 1,044 46
mean
Experimental s(V) = 0,0032 s(I) = 0,0095 s(¢) = 0,800 75
stapdard deviation
of mean
Correlation coefficients
r(v,I) = -0,36
r(V,$) = 0,86
r(I, ¢) = -0,65
where |y, = fi(x;, X3, . . ., xy) and y, =f,(x;, X%, . Sifice the data have been obtained as five sets| of
., xp)| Equation (H.9) is a generalization of equation observations of the three input quantities V, 7, and ¢, |tis
(F.2) fin F.1.2.3 when the g, in that expression are: possible to compute a value for R, X, and Z from each|set
correlated. The estimated correlation coefficients of the of input data, and then take the arithmetic mean of|the
outpuf quantities are given by r(y, ) = five individual values to obtain the best estimates of R| X,
u(yf,y,,)/a(y,)u(ym), as indicated in equatiof(14) in and Z. The experimental standard deviation of each mean
5.2.2.[It should be recognized that the diag’mnél elements (which is its combined standard uncertainty) is then
of the| covariance matrix, u(y,y) = u(y,), are the calculated from the five individual values in the usual yvay
estimafed variances of the output quartities y; (see 5.2.2, [equation (5) in 4.2.3]; and the estimated covariancep of
note 2) and that for m = [, qua'tfbn“ (H.9) is identical to the three means are calculated by applying equation (17)
equati¢n (16) in 5.2.2. in 5.2.3 directly to the five individual values from which
. “ " le. the followi each mean is obtained. There are no differences in|the
TO apply .equatlon (_ .,:"9”6 this example, the loflowing output values, standard uncertainties, and estimgted
identifications are T covariances provided by the two approaches except|for
y =K X = v u(x;) = s(x;) second-order effects @cidted with replacing terms quch
K % -1 Ko B as V/I and cos ¢ by V/I and cosg.
Y =2 = ? To-demonsirate—this-approach—table-H-4-gives-the-values

The results of the calculations of R, X, and Z and of their
estimated variances and correlation coefficients are given
in table H.3.

H.2.4 Results: approach 2

Approach 2 is summarized in table H.4.

of R, X and Z calculated from each of the five sets of
The standard
uncertainties, and estimated correlation coefficients are
then directly computed from these individual values. The
numerical results obtained in this way are negligibly
differeni from the results given in table H.3.

observations. arithmetic means,

In the terminology of the note to 4.1.4, approach 2 is an
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Table H.3 - Calculated values of the output quantities R, X, and Z: approach 1

Measurand Relationship between Value of estimate Combined standard
index estimate of measurand ¥y, which is the uncertainty #.(y,)
! y; and input estimates x; result of measurement of result of measurement
1 ¥, =R = (V/I)cos ¢ Y =R =127,732 Q u(R) = 0,071 Q
u(R)/R = 0,06x 102
2 y, =X = (V/I)sing y, =X = 219,847 Q U (X) = 0,295 Q
u(X)/X =0,13x107*
fa
s Q"’J
3 vy =2=V/ ¥y = Z =254,260 Q uJ(Z) = 0,236
u(Z)|Z = O,ngi()'2
R4
Correlation coefficients r(y,, y,,) &
L
U/
r(y;,y;) =r(R,X) = -0,588
r(yi,y3) =r(R,Z) = -0,485 \\(</
r(yy,y3) = r(X,Z) = 0,993 c\f'o
0\
L
N
<
Tablg H.4 - Calculated values of the output quantities R, X\\@ld Z: approach 2
A
Set number ‘\\QQ‘Individual values of measurands
k = (V/Qib‘o?qb X = (V/I)sing zZ=V/I
~NQ Q) @
1 (127,67 220,32 254,64
2 127,89 219,79 254,29
3 127,51 220,64 254,84
4 O 127,71 218,97 253,49
5 QO 127,88 219,51 254,04
> - - —
Arithmetic ma@ y, = R = 127,732 y, = X =219,847 y3 = Z = 254,260
s(R) = 0,071 s(X) = 0,295 s(Z) = 0,236
Correlation coefficients r(y;, y,,)

r(y1, %) = r(R,X) = -0,588
r(y;,¥3) = r(R,Z) = -0,485
r(¥2.y3) = F(X,Z) = 0,993
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example of obtaining the estimate y from Y =
(X2.,Y,)/ n, while approach 1 is an example of obtaining
y from y =f()‘(1, )?2, C .}?N). As pointed out in that
note, in general, the two approaches will give identical
results if f is a linear function of its input quantities
(provided that the experimentally observed correlation
coefficients are taken into account when implementing
approach 1). If f is not a linear function, then the results

of approach 1 will differ from those of approach 2

If the data of table H.2 are reinterpreted in this manner so
that approach 2 is inappropriate, and if correlations among
the quantities V, I, and ¢ are assumed to be absent, then
the observed correlation coefficients have no significance
and should be set equal to zero. If this is done in table
H.2, equation (H.9) reduces to the equivalent of equation
(F.2) in F.1.2.3, namely,

N dy, 8y,

Uy, ¥y = u’(x;) .. (H.1D)

depend|ng on the degree of nonlinearity and the estimated
variances and covariances of the X;. This may be seen
from tle expression

drx.x,,....X
y /e 5 W . (H.10)

where |the second term on the right-hand side is the
secondforder term in the Taylor series expansion of f in
terms ¢f the }r(f- (see also 5.1.2, note). In the present case
preferred  because it avoids the
X ) and better reflects

approath 2 s
approximationy = f(X;, X;, . .
the measurement procedure used - the data were in fact
collectpd in sets.

On thq other hand, approach 2 would be inappropriate 1@

the dafa of table H.2 represented n; = 5 observatio
the potential difference V,
obse:j:uons of the current /, and then follo%:sgy ny =5
observations of the phase ¢, and would beinpossible if
n, # h, # ny. (It is in fact poor me
to carry out the measurements A is way since the
potentjal difference across aqu impedance and the

currenft through it are dire® ated.)

followed by, .7 Ay =S

ment procedure

=] UA U.&i-

and its application to the data of table H.2 l;@o‘?o the
changes in table H.3 shown in table H.S. Cb

%)

O
Table H.5 - Changes in table I-C})under the assumptjon
that the correlation coeffici i f table H.2 are zero

Combine
4 71) &

OULR) = 0,195 Q

ard uncertainty
It of measurement

QQ 1 (R)/R = 0,15x1072
g\\\}\ u(X) = 0,201 Q

QQ’ u(X)/X = 0,09%x1072

u(Z) = 0,204 Q

u(Z)/Z = 0,08x107

Correlation coefficients r(y;, ¥,,)

r(y;,y) =r(R,X) = 0,056
r(y1,y3) =r(R,Z) =0,527
r(y,,y;) =r(X,Z) = 0,878
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H.3 Calibration of a thermometer

This example illustrates the use of the method of least
squares to obtain a linear calibration curve and how the
parameters of the fit, the intercept and slope, and their
estimated variances and covariance, are used to obtain
from the curve the value and standard uncertainty of a
predicted correction.

H.3.l The measurement problem

A thermometer is calibrated by comparing n = 11
tempgrature readings t, of the thermometer, each having
negligible uncertainty, with
refergnce temperatures fz , in the temperature range
21 °C to 27 °C to obtain the corrections b, =ty , - I, to
the rgadings. The measured corrections b, and measured
tempgratures 7, are the input quantities of the evaluation.
A linear calibration curve

corresponding  known

b(t) =y, +y,(t- 1) . (H.12)

the method of least squares. The parameters y, and y,,

is ﬁt{:d to the measured corrections and temperatures by
which are respectively the intercept and slope of the

calibfation curve, are the two measurands or output
quanfities to be determined. The temperature 7z, i§.'@

conveniently chosen exact reference temperature; itis not
an infependent parameter to be determined by the”least-
squares fit. Once y; and y, are found, along-with their
estimpated variances and covariance, equation (H.12) can

nId to predict the value and standard uncertainty of
the cprrection to be applied to thé_thermometer for any
value{ 7 of the temperature.

be u

H.3.2 Least-squares Fifting

Based on the method of least squares and under the
assunpption§atade in H.3.1 above, the output quantities y,
and ) and their estimated variances and covariance are

y.— (26") L 5G)(X %) ... (H.13a)
yy = 226 (DE b)(2 &) . (H.13b)
2 2
s2(y,) =2 ge" . (H.13¢)
P
0 (yZ)—n:5 . .,__(H.I3d)
6
r(yl,y2}=~—z—"_ ... (H.13¢)
yn¥ 6‘3
D L . (413D
n-2 /7,
D=n} 6‘: A% 6,)?
. (H.13g)

=nEY6, - 0 =n ¥ (1, - 1)

where <all“sums are from k=1 to n, 6 =11,
6 = (X6)/n, and 1= (Dt,)/n; - b(t,)] if the
difference between the measured or observed correctjon b,

.at the temperature £, and the correction b(#,) predicted by

the fitted curve b(r) = y; + y,(r - 1) at 1. The vatiance
s? is a measure of the overall uncertainty of the fit, where
the factor n - 2 reflects the fact that because| two
y; and y,, are determined by the n
observations, the degrees of freedom of s2 is v =h - 2

(see G.3.3).

parameters,

H.3.3 Calculation of results

The data to be fitted are given in the second and [third
columns of table H.6. Taking 1, = 20 °C as the refefence
temperature, application of equations (H.13a) to (H|13g)
yields

¥, = -0,1712 °C s(yy) = 0,0029 °Q

=000 19 VAR R . W Vo Vo WP -
obtairred Dy THMIMIZINg the sum YT osoo= U Sty —07 00667
r(y;,y) =-0930 s =0,0035 °C

n
§ = Y 1=y - nt - 1))

k=1
This leads to the following equations for y,, y,, their
experimental variances s%*(y,) and s%(y,), and their
estimated correlation coefficient 7(y,,y,) = s(y,, )/
s(y)s(y,), where s(y,, y,) is their estimated covariance:

The fact that the slope y, is more than three times larger
than its standard uncertainty provides some indication that
a calibration curve and not a fixed average correction is
required,

The calibration curve may then be written as
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Table H.6 - Data used to obtain a linear calibration curve for a thermometer by the method of least squares

+ 0,002 18(67)(z - 20 °C)

where|the numbers in parentheses are the numerical values
of the [standard uncertainties referred to the corresponding
last digits of the quoted results for the intercept and slope
(see 7[2.2). This equation gives the predicted value of the
correction b(¢) at any temperature f, and in particular the
value p(#,) at 1 = t,. These values are given in the fourth®
column of the table while the last column giveS)the
differgnces between the measured and predictéd-values,
b, - §(1,). An analysis of these differences can'be used to
check|the validity of the linear model; formal tests exist
(see r¢ference [8]), but are not considéred in this example.

H.3.4| Uncertainty of a predicted value

The ekpression for the-cdmbined standard uncertainty of
the predicted value df2aCorrection can be readily obtained
by applying the. daw of propagation of uncertainty,
equation (16)#'5.2.2, to equation (H.12). Noting that
b(t) f(g-j{;_',fyz) and u(y) = s(y;) and

u(y,)|=3ly,), one obtains

writing

‘While equation (H.15) becomes

Reading Thermometer Observed Predicted Difference between observed and
number reading correction correction predicted correction

k I by =ty I b(t) b, - b(t)

() C) (°C) (°C)

1 21,521 -0,171 -0,1679 -0,0031

2 22,012 -0,169 -0,1668 -0,0022

3 22512 =0,1606 =0, 1657 =0;0603

4 23,003 -0,159 -0,1646 +0,0056

5 23,507 -0,164 -0,1635 -0,0005

6 23,999 -0,165 -0,1625 -0,0025,

7 24,513 -0,156 -0,1614 +0,0084

8 25,002 -0,157 -0,1603 +0,0033

9 25,503 -0,159 -0,1592 +6,0002

10 26,010 -0,161 -0,1581 +0,0029

11 26,511 -0,160 -0,1570 -0,0030

b(t) = -0,1712(29) °C (H.14) that one requires .fhe thermometer correction and its

uncertainty at 7 =230 °C, which is outside the temperjture
range in which the thermometer was actually calibrdted.
Substituting#' = 30 °C in equation (H.14) gives

b(30 °C) = -0,1494 °C

u2[b(30 °C)] = (0,0029 °C)? + (10 °C)*(0,000 &7)*
+2(10°C)(0,0029 °C) (0,000 67)(-0,980)
= 17,1 X107 °C?
or
u [b(30 °C)] = 0,0041 °C
Thus the correction at 30 °C is -0,1494 °C, with a

combined standard uncertainty of u, = 0,0041 °C,|and
with u, having v = n - 2 = 9 degrees of freedom.

H.3.5 Elimination of the correlation between the dlope
and intercept

Equation (H.13e) for the correlation coefficient r(yi[, ¥;)

u[b(n)] = u(y)) + (1= 1) u’(y,)
200 = 1) uCy ) u(y,)r(y, ,¥,)

e (H13)

The estimated variance u2[b(1)] is a minimum at f,;, =
o — u(yriy ,yz}/u{ ¥,), which in the present case is
= 24,0085 °C.

tmin

As an example of the use of equation (H.15), consider

implies that 1f 7, 1s so chosen that X;_ 0 =
Yho(t - 1) =0, then r(y,,y;) =0 and y, and y, will
be uncorrelated, thereby simplifying the computation of
the standard uncertainty of a predicted correction. Since
%6, =0 when ty=1=(Z,4)/n, and 1=
24,0085 °C inthe present case, repeating the least-squares
fit with 1, = 1 =24,0085 °C would lead to values of y,
and y, that are uncorrelated. (The temperature 1 is also
the temperature at which u*[b(#)] is a minimum - see

Tl
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H.3.4.) However, repeating the fit is unnecessary because
it can be shown that

H.3.6 Other considerations

The least-squares method can be used to fit higher-order
curves to data points, and is also applicable to cases where
the individual data points have uncertainties. Standard
texts on the subject should be consulted for details [8].
However, the following examples illustrate two cases
where the measured corrections b, are not assumed to be
exactly known.

b(t) =y," +y,(t-1) ... (H.162)
ullb(t)] = u(y/)+ (t-1)*u*(y,) ... (H.16b)
r(y.y;) =0 ... (H.16c)

where
¥ o=y 0 -t

t

Iy~ s(yl)r()’| !.}’1)/5(}’3)

s3y)) = sHy)I - r¥(y, . 3)]

and |n writing equation (H.16b), the substitutions
u(y)) |= s(y;) and u(y,) = s(y,) have been made [see
equatipn (H.15)].

Appligation of these relations to the results given in H.3.3
yields

b(1) = -0,1625(11)

... (H.17a) .
+0,002 18(67)(1 - 24,0085 °C) © sl
2 i=1
2 z 2 N % =W
ug [b{N] = (0,0011) . (H_”b)@\. o
+ (1 - 24,0085 °C)*(0,000 67) §\® =

T O
That these expressions give the same results as .@iﬁ'ﬂons
(H.14)) and (H.15) can be checked b):{@ggdting the
calculption of 5(30 °C) and u [b(30 °C)].. substitution
of ¢ =|30 °C into equations (H.17a) @(H.l?b) yields

b(30 °C) = - 6.1494 °C
u [b(30 °C%\ ,0041 °C
which| are identical e results obtained in H.3.4. The

estimgted covari ?e“ between two predicted corrections
b(1,) #nd b(r&y be obtained from equation (H.9) in

H.2.3 ?\
5

1) Let each £, have negligible uncertainty, let ez@g@ the
n values fz , be obtained from a series ofprorepdated
readings, and let the pooled estimate of @nce for such
readings based on a large amount of data obtained pver
several months be sﬁ. Then the esti d variance of jeach
try is sifm =uf and eacliy“observed  corregtion
by = g x - t; has the same standard uncertainty u,. Upder
these circumstances (a.ncl\ er the assumption that there
is no reason to belieéx?@at the linear model is incorrect),

u} replaces s* in@\a\x ions (H.13c) and (H.13d).

NOTE - Qoged estimate of variance sg based on N serles of
observations of the same random varialjle is

indepé
nb@ from

where s? is the experimental variance of the ith series Jof n;
independent repeated observations [equation (4) in 4.2.2] and
has degrees of freedom v; = n; - 1. The degrees of freedgm of
sy is v = XV \v. The experimental variance sp/m (anfl the
experimental standard deviation sp;’\/E) of the arithmetic nean
of m independent observations characterized by the ppoled

estimate of variance 3§ also has v degrees of freedom.

2) Suppose that each 1, has negligible uncertainty, that a
correction ¢ is applied to each of the n values f ;| and
that each correction has the same standard uncertainty u,.
Then the standard uncertainty of each b, = ry , - |f, is
also u,, and s*(y,) is replaced by s%(y,) + % and s}(y})
is replaced by s?(y;) + u2.
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Annex H: Examples

H.4 Measurement of Activity

This example is similar to example H.2, the simultaneous
measurement of resistance and reactance, in that the data
can be analysed in two different ways but each yields
essentially the same numerical result. The first approach
illustrates once again the need to take the observed
correlations between input quantities into account.

H.4.1 The measurement problem

assumed that the number of counts obtained for each blank
may be used as representative of the background counting
rate during the measurements of the standard and sample
in the same cycle. The data are given in table H.7, where

are the times from the reference time t = 0
to the midpoint of the dead-time-corrected
counting intervals 7, = 60 min for the
standard, blank, and

respectively:  althoneh [
r - L= L=

g, g, I,

sample vials,

is given for

The unknown radon (%2?2Rn) activity concentration in a
sample is determined by liquid-scintillation
countirfg against a radon-in-water standard sample having
a known activity concentration. The unknown activity

water

is not needed  in~yfthe

N

are the number of counts E&rded in [the
dead-time-corrected ting interyals

completeness, it
analysis;

Ce, B G

concen !‘8.1101'} 1.s obtained b'y measuring three counting T, = 60 min for t \g‘\ndard, Blank, bid
sourceq consisting of approximately 5 g of water and 12 g . ;
i : e S sample vials, respectively.
of orgahic emulsion scintillator in vials of volume 22 mL: é})
o The observed counts m Qg/expressed as
Source (a) a standard consisting of a mass mg of 6
1he‘ §landard soll‘ltion with a known CK@B + £ 4g Tomse"“s _(H.18)
activity concentration; Q @)
C. =Cy+eA Tyme *h . (H.
Source (b) amatched blank water sample containing QQ * 0% (H. 180)
no radioactive material, used to obtain whert=:°\\
the background counting rate; Q is the liquid scintillation detection efficiency | for
O i »
Soyrce (c) the sample consisting of an aliquot of < l.ln for a given source .c?mposmon, AasmR 10
. e be independent of the activity level;
mass m, with unknown aclw&g@
concentration. xQO Ag is the activity concentration of the standard aff the
Six cyfles of measurement of the three courﬁ{@,\l?ources referenpe tines < 0;
are made in the order standard - blank - S?I@,e; and each A, is the measurand and is defined as the unknpwn
dead-t{me-corrected counting interval Ty for each source activity concentration of the sample at the refergnce
during| all six cycles is 60 mi@ . Although the e £ =0
backgj:)und counting rate can be assumed to be
constaht over the entire cou interval (65 hours), it is mg is the mass of the standard solution;
2
Table|H.7 - Counli%@ for determining the activity concentration of an unknown sample
AS
Cycle Standard Blank Sample
l C t C t C
k &v s s B B x x
Ch (min) (counts) (min) (counts) (min) (counts)
1 243,74 15380 305,56 4054 367,37 3T432
2 984,53 14 978 1046,10 3922 1107,66 38 706
3 1723,87 14 394 1785,43 4200 1846,99 35 860
4 2463,17 13254 2524,73 3830 2586,28 32238
5 3217,56 12 516 3279,12 3956 3340,68 29 640
6 3956,83 11058 4018,38 3980 4079,94 26 356
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m, is the mass of the sample aliquot;

A is the decay constant for **’Rn: A = (In 2)/T,, =
1,258 94 % 107* min"! (T, = 5505,8 min).

Equations (H.18a) and (H.18b) indicate that neither the
six individual values of Cg nor of C, given in table H.7
can be averaged directly because of the exponential decay
of the activity of the standard and sample, and slight
variations in background counts from one cycle to

The arithmetic means ﬁs, R,, and 13 and their
experimental standard deviations J(Es), s(Ex}, and s(R),
are calculated in the usual way [equations (3) and (5) in
4.2]. The correlation coefficient r(§x, !_i’s} is calculated

from equation (17) in 5.2.3 and equation (14) in 5.2.2.

Because of the comparatively small variability of the
values of R, and of Rg, the ratio of means R, /Rg and the
standard uncertainty w(R,/Rg) of this ratio are,

*eswefmhﬂeﬁhne&rly-dwc-smmmf_? and

anothjer. Instead, one must deal with the decay-corrected
and |background-corrected counts (or counting rates
defined as the number of counts divided by T, = 60 min).
This [suggests combining equations (H.18a) and (H.18b)
to optain the following expression for the unknown
conc¢ntration in terms of the known quantities:

% :f(AS’mS*mx’CS*C;'C[;’fsvfr,/{)

x

mg (C, - Cp) etk

L 4 s BIY 7 . (H.19)
. m.! (CS = CB) 8'”5
- Ag 7s _..__Cx "% etlix=1fs)
mx CS_ B
wherg  (C,- Cg)e** and (Cg- Cp)e*'s are,

respeftively, the background-corrected counts of the
sample and the standard at the reference time 7 = 0 and for
the time interval T; = 60 min. Alternatively, one mdy
simply write
Ax =f(AS ’mS’mx’RS'Rx)
.. (H.20)
ca s &
m, RS
wher¢ the background-corrected’ and decay-corrected
couniing rates R, and Rg are-given by

R, ={(§; - Cp)/Tple*s . .. (H.21a)

Ry = [(Cs - Cp)/Tyle*'s ... (H.21b)

H.4.2 &nalysis of data

‘ot be accounted for separately.

its experimental standard deviation s(ﬁ) as given’|n the
last column of table H.8 [see H.2.4 and equa_iribn (H.10)
therein]. However, in calculating the starfdard uncerfainty
u(ﬁxﬂ_i‘s), the correlation between, R, and Hs as
represented by the correlation coefficient 7(R,, Rs)| must
be taken into account using eqGation (16) in 5.2.2. [That
equation yields for the relativejestimated variance of i /ES
the last three terms of egifation (H.22b).]

It should be recoghized that the respective experimental
standard deviatlons of R, and of Rg, V6s(R )| and
V/65(Rs), ifidicate a variability in these quantities that is
two to ghre€ times larger than the variability impligd by
the Paisson statistics of the counting process; the lafter is
inchided in the observed variability of the counts and need

H.4.3 Calculation of final results

To obtain the unknown activity concentration 4, apd its
combined standard uncertainty u(A,) from eqyation
(H.20) requires A5, m,, and mg and their stapdard
uncertainties. These are given as

Ag = 0,1368 Bq/g

u(Ag) =0,0018 Bq/g; u(Ag)/As = 1,32x107?

mg =5,0192 g
u(mg) = 0,005 g; u(mg)/mg = 0,10x1072

m, = 50571 g
u(m,) =0,0010 g; wu(m,)/m, =0,02x1072

Table H.8 summarizes the values of the background-
corrected and decay-corrected counting rates Rg and R,
calculated from equations (H.21a) and (H.21b) using the
data of table H.7 and A = 1,258 94 x 10™* min! as given
earlier. It should be noted that the ratio R = R, /R is most
simply calculated from the expression

[(CX . CB)/(CS = CB}] eAlix=15)

Other possible sources of uncertainty are evaluated to be
negligible:

~- standard uncertainties of the decay times, u(fg ;) and
““;.;;)l

- standard uncertainty of the decay constant of 22Rn,
u(A) = 1x1077 min'. (The significant quantity is the
decay factor exp[A(f, - f5)], which varies from
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Table H.8 - Calculation of decay-corrected and background-corrected counting rates

Cycle R, fe = I R =R /Rs

k (min™!) (min™1) (min)

1 652,46 194,65 123,63 3,3520

2 666,48 208,58 123,13 3,1953

3 665,80 211,08 123,12 3,1543

4 655,68 214,17 123,11 3,0615

5 651,87 213,92 123,12 3,0473

6 623,31 194,13 123,11 3,2107
R, = 652,60 Rg = 206,09 R = 3,170
s(R,) = 6,42 s(R) = 3,79 s(R) = 0,046

s(R)/R, = 0,98x 1072 s(Rs)/Rs = 1,84x1072 s(R)/R £1,44 %102

R,/Rs = 3,167

u(R,/Rs) = 0,045

u(R,/Rs)/(R,/Rs) = 1,42%1072

Correlation coefficient

r(R,,Rs) = 0,646

1,415 63 for cycles k = 4 and 6 to 1,015 70 for cycle
k 4 1. The standard uncertainty of these values is
u+1,2x107%);

- ungertainty associated with the possible dependence of
thd detection efficiency of the scintillation couniter on
thg source used (standard, blank, and sam\pie;":

- ungertainty of the correction for counter dead-time and
of [ the correction for the dependénce of counting
efficiency on activity level.

H.4.3{1 Results! approach 1

As indicafed earlier, A, and u (A,) may be obtained in two
dlffercr\f ways from Pqnminn (H20) In the first

uﬁ(Ax) ) u(Ag) u*(mg) X u*(m,)

A7 A3 mg m?
uX(R 2R
' (_2‘) +“_£2_5_). . (H.22b)
Rx RS
— — u(R)u(R
_2r(R, , Rg) MM ES)
Rx RS

where, as noted in H.4.2, the last three terms f[give
uz(ﬁxﬂ—is)/(}_i’xfﬁs)z, the estimated relative variande of
R, /Rs. Consistent with the discussion of H.2.4, the repults
in table 8 show that R is not exactly equal to I_EIH_ZS; and
that the standard uncertainty u(l_i’xfﬁs) of I_?xfﬁs is| not
exactly equal to the standard uncertainty s{ﬁ) of R.

Substitution of the values of the relevant quantities|into
equations (H.22a) and (H.22b) yields

approach, A, is calculated using the arithmetic means EI
and Rg, which leads to

Mg

A = Ag—> _* = 0,4300Bq/g ... (H.222)

m=u1| =

My

Application of equation (16) in 5.2.2 to this expression
yields for the combined variance u¥(4,)

u(A,)

1,93%x1072
A

i

x

u(A,)

0,0083 Bq/g
The result of the measurement may then be stated as:

A, =0,4300 Bq/g with a combined standard

uncertainty of u, = 0,0083 Bq/g.
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