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This Guide establishes general rules for evaluating and expressing uncertainty in measurement that are
intended to be applicable to a broad spectrum of measurements. The basis of the Guide is
Recommendation 1 (CI-1981) of the Comité International des Poids et Mesures (CIPM) and Recommendation
INC-1 (1980) of the Working Group on the Statement of Uncertainties. The Working Group was convened by
the Bureau International des Poids et Mesures (BIPM) in response to a request of the CIPM. The CIPM
Recommendation is the only recommendation concerning the expression of uncertainty in measurement
adopted by an intergovernmental organization.

This Guide was prepared by a joint working group consisting of experts nominated by the BIPM, the
International Electrotechnical Commission (IEC), the International Organization for Standardization (ISO), and
the International Organization of Legal Metrology (OIML).

Thg following seven organizations* supported the development of this Guide, which is publishedin their name:

BIPM: Bureau International des Poids et Mesures

IEC: International Electrotechnical Commission
IFCC: International Federation of Clinical Chemistry**
ISO: International Organization for Standardization

IUPAC: International Union of Pure and Applied Chemistry**
IUPAP: International Union of Pure and Applied Physics**
OIML: International Organization of Legal Metrology

Usérs of this Guide are invited to send their comments and requests for clarification to any of the seven
supporting organizations, the mailing addresses of‘Wwhich are given on the inside front cover***,

*  |Footnote-to the 2008 version:

In 2005, the International Laboratory Accreditation Cooperation (ILAC) officially joined the seven founding international
organizations.

*%

Footnote to the 2008 version:

The names of these three organizations have changed since 1995. They are now:
IFCC: International Federation for Clinical Chemistry and Laboratory Medicine
IUPAC: International Organization for Pure and Applied Chemistry

IUPAP: International Organization for Pure and Applied Physics.

*** Footnote to the 2008 version:

Links to the addresses of the eight organizations presently involved in the JCGM (Joint Committee for Guides in Metrology)
are given on http://www.bipm.org/en/committees/jc/jcgm.

© ISO/IEC 2008 — All rights reserved Vv
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Foreword

In 1977, recognizing the lack of international consensus on the expression of uncertainty in measurement, the
world's highest authority in metrology, the Comité International des Poids et Mesures (CIPM), requested the
Bureau International des Poids et Mesures (BIPM) to address the problem in conjunction with the national

standards |
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metrology
organizatio
was import
for combini
apparent o
uniform an
from 11 na

Recommer
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aboratories and to make a recommendation.

aboratories known to have an interest in the subject (and, for information, to five internati
ns). By early 1979 responses were received from 21 laboratories [1].1) Almost all believed th
Ant to arrive at an internationally accepted procedure for expressing measurementcuncertainty
hg individual uncertainty components into a single total uncertainty. However, a consensus was
h the method to be used. The BIPM then convened a meeting for the purpose of arriving

 generally acceptable procedure for the specification of uncertainty; it wasiattended by exp|
lional standards laboratories. This Working Group on the Statement of Wncertainties develo
dation INC-1(1980), Expression of Experimental Uncertainties [2]““The CIPM approved
dation in 1981 [3] and reaffirmed it in 1986 [4].

f developing a detailed guide based on the Working Group-Recommendation (which is a |
er than a detailed prescription) was referred by the CIPM to”the International Organization

Standardization (1ISO), since ISO could better reflect the needs arising:from the broad interests of industry

commerce.
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ity was assigned to the ISO Technical Advisory Greup on Metrology (TAG 4) because one 0
coordinate the development of guidelines on measurement topics that are of common intereg
b six organizations that participate with ISO instheé work of TAG 4: the International Electrotechr]

n of Legal Metrology (OIML), the two worldwide metrology organizations; the International Unio
pplied Chemistry (IUPAC) and the International Union of Pure and Applied Physics (IUPAP),
tional unions that represent chemistry and physics; and the International Federation of Clir]
IFCC).

rn established Working Group*3 (ISO/TAG 4/WG 3) composed of experts nominated by the Bl
and OIML and appointed )by the Chairman of TAG 4. It was assigned the following term

elop a guidance (document based upon the recommendation of the BIPM Working Group on
ent of Uncertainties which provides rules on the expression of measurement uncertainty for
standardization, calibration, laboratory accreditation, and metrology services;

rpose of\such guidance is

promate full information on how uncertainty statements are arrived at;

prepared a detailed questionnaire covering the issues involved and distributed it to 32 natianaI
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h (IEC), the partner of ISO in worldwide" standardization; the CIPM and the Internati¢nal
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provide g basis for the international comparison of measurement results
L L

This first edition of ISO/IEC Guide 98-3 cancels and replaces the Guide to the Expression of Uncertainty in
Measurement (GUM), BIPM, IEC, IFCC, ISO, IUPAC, IUPAP, OIML, 1993, corrected and reprinted in 1995.

1) See the

*

Bibliography.

Footnote to the 2008 version:

In producing this 2008 version of the GUM, necessary corrections only to the printed 1995 version have been introduced
by JCGM/WG 1. These corrections occur in Subclauses 4.2.2,4.2.4,5.1.2,B.2.17,C.3.2,C.3.4,E.4.3, H4.3, H.5.2.5 and

H.6.2.
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0 Introduction

0.1  When reporting the result of a measurement of a physical quantity, it is obligatory that some quantitative
indication of the quality of the result be given so that those who use it can assess its reliability. Without such
an indication, measurement results cannot be compared, either among themselves or with reference values
given in a specification or standard. It is therefore necessary that there be a readily implemented, easily
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0.4
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pr evaluating and expressing its uncertainty.

The concept of uncertainty as a quantifiable attribute is relatively new in the history."of m¢
ough error and error analysis have long been a part of the practice of measurementscience of
now widely recognized that, when all of the known or suspected components of error
luated and the appropriate corrections have been applied, there still remainsJan uncertainty
ectness of the stated result, that is, a doubt about how well the result of the‘measurement rep

e of the quantity being measured.

Just as the nearly universal use of the International System of Units (SI) has brought cohe
ntific and technological measurements, a worldwide consensus ©on the evaluation and ex
ertainty in measurement would permit the significance of a vast spectrum of measuremen
nce, engineering, commerce, industry, and regulation to be readily understood and properly int
era of the global marketplace, it is imperative that the, method for evaluating and expressing
uniform throughout the world so that measurements“performed in different countries car

The ideal method for evaluating and expressing the uncertainty of the result of a measuren

universal: the method should be applicable to all kinds of measurements and to all types o
used in measurements.

actual quantity used to express uncertainty should be:

internally consistent: it should be directly derivable from the components that contribute to it
independent of how these components are grouped and of the decomposition of the comp
subcomponents;

transferable: it-should be possible to use directly the uncertainty evaluated for one result as a
in evaluating’the’ uncertainty of another measurement in which the first result is used.

her, in many industrial and commercial applications, as well as in the areas of health and safet
essary,to provide an interval about the measurement result that may be expected to encomp
tion‘of the distribution of values that could reasonably be attributed to the quantity subject to mg

Thd

erstood, and generally accepted procedure for characterizing the quality of a result of a measufement, that

asurement,
metrology.
have been

about the
resents the

rence to all
bression of
t results in
erpreted. In
uncertainty

be easily

hent should

input data

as well as
onents into

component

y, it is often
ass a large
pasurement.

s the ideal method for evaluating and expressing uncertainty in measurement should be capab

e of readily

providing such an interval, in particular, one with a coverage probability or level of confidence that
corresponds in a realistic way with that required.

0.5

The approach upon which this guidance document is based is that outlined in Recommendation

INC-1 (1980) [2] of the Working Group on the Statement of Uncertainties, which was convened by the BIPM in
response to a request of the CIPM (see Foreword). This approach, the justification of which is discussed
in Annex E, meets all of the requirements outlined above. This is not the case for most other methods
in current use. Recommendation INC-1 (1980) was approved and reaffirmed by the CIPM in its own
Recommendations 1 (CI-1981) [3] and 1 (CI-1986) [4]; the English translations of these CIPM Recommendations
are reproduced in Annex A (see A.2 and A.3, respectively). Because Recommendation INC-1 (1980) is the
foundation upon which this document rests, the English translation is reproduced in 0.7 and the French text,
which is authoritative, is reproduced in A.1.
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0.6 A succinct summary of the procedure specified in this guidance document for evaluating and
expressing uncertainty in measurement is given in Clause 8 and a number of examples are presented in detail
in Annex H. Other annexes deal with general terms in metrology (Annex B); basic statistical terms and
concepts (Annex C); “true” value, error, and uncertainty (Annex D); practical suggestions for evaluating
uncertainty components (Annex F); degrees of freedom and levels of confidence (Annex G); the principal
mathematical symbols used throughout the document (Annex J); and bibliographical references (Bibliography).
An alphabetical index concludes the document.

0.7 Recommendation INC-1 (1980) Expression of experimental uncertainties

1) The uncertainty in the result of a measurement generally consists of several components which may

bg
A.
B.
TH
th

un

Al
fo

2) TH

3) TH

4) TH
us
bg

5) If,

ar

grouped into two categories according to the way in which their numerical value is estimated;
those which are evaluated by statistical methods,
those which are evaluated by other means.

ere is not always a simple correspondence between the classification into £ategories A or B
b previously used classification into “random” and “systematic” uncertainties»The term “system
certainty” can be misleading and should be avoided.

y detailed report of the uncertainty should consist of a complete list\of the components, specif
each the method used to obtain its numerical value.

e components in category A are characterized by the estimated variances s,-z, (or the estimd
andard deviations” s;) and the number of degreesi..of freedom v;. Where appropriate,
variances should be given.

e components in category B should be charactéerized by quantities uj2 which may be considg
approximations to the corresponding variances; the existence of which is assumed. The quant
may be treated like variances and the guantities u; like standard deviations. Where appropri
b covariances should be treated in a similar way.

e combined uncertainty should bé characterized by the numerical value obtained by applying

and
atic

ing

ted
the

red
ties
ate,

the

ual method for the combination of variances. The combined uncertainty and its components shquld

expressed in the form of “standard deviations”.

for particular applications;-it is necessary to multiply the combined uncertainty by a factor to ob
overall uncertainty, the-multiplying factor used must always be stated.

tain

viii
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Uncertainty of measurement —

Part 3:
Guide to the expression of uncertainty in measurement
(GUM:1995)

1

1.1

can
resg
me

1.2
wel
the
mo
deg

1.3
con

components and systems~BeCause a measurement result and its uncertainty may be conceptual

enti
this|

1.4
tha
me
abg

Scope

This Guide establishes general rules for evaluating and expressing uncertaintyDin measu
be followed at various levels of accuracy and in many fields — from thershop floor to f
parch. Therefore, the principles of this Guide are intended to be applicable”to a broad ¢
hsurements, including those required for:

maintaining quality control and quality assurance in production;

complying with and enforcing laws and regulations;

calibrating standards and instruments and performing tests.throughout a national measuremer
order to achieve traceability to national standards;

developing, maintaining, and comparing internationaland national physical reference standard
reference materials.

This Guide is primarily concerned with-\the expression of uncertainty in the measurg
-defined physical quantity — the measurand — that can be characterized by an essentially unid
phenomenon of interest can be represented only as a distribution of values or is dependen
e parameters, such as time, then-the’ measurands required for its description are the set o
cribing that distribution or that dependence.

This Guide is also applicable to evaluating and expressing the uncertainty associate
ceptual design and theoretical analysis of experiments, methods of measurement, an

rely on hypothetical data, the term “result of a measurement” as used in this Guide should be in
broader context.

h detailed,~teChnology-specific instructions. Further, it does not discuss how the uncertainty of
hsurementvresult, once evaluated, may be used for different purposes, for example, to draw

conducting basic research, and applied research and development, in science and engineering;

ement that
indamental
pectrum of

t system in

s, including

ment of a
ue value. If
on one or
f quantities

d with the
d complex
and based
terpreted in

This Guidé/provides general rules for evaluating and expressing uncertainty in measurement rather

a particular
conclusions

ut the eompatibility of that result with other similar results, to establish tolerance limits in a m

measurement or with the various uses of quantitative expressions of uncertainty.* These standards may be
simplified versions of this Guide but should include the detail that is appropriate to the level of accuracy and
complexity of the measurements and uses addressed.

NOTE

applicable, such as when the precision of a test method is determined (see Reference [5], for example).

*

Footnote to the 2008 version:

There may be situations in which the concept of uncertainty of measurement is believed not to be fully

Several derivative general and specific applications documents have been published. Non-exhaustive compilations listing
these documents can be found on http://www.bipm.org/en/committees/jc/jcgm/wg1_bibliography.html. In addition, up-to-
date listings of documents that cite the Guide to the expression of uncertainty in measurement can be found by using the
full-text search options on http://www.iso.org/ and http://www.iec.ch/.
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2 Definitions

2.1 General metrological terms

The definition of a number of general metrological terms relevant to this Guide, such as “measurable quantity”,
“‘measurand”, and “error of measurement’, are given in Annex B. These definitions are taken from the
International vocabulary of basic and general terms in metrology (abbreviated VIM)* [6]. In addition, Annex C
gives the definitions of a number of basic statistical terms taken mainly from International Standard
ISO 3534-1 [7]. When one of these metrological or statistical terms (or a closely related term) is first used in
the text, starting with Clause 3, it is printed in boldface and the number of the subclause in which it is defined

is given in paremntheses:.

Because

its importance to this Guide, the definition of the general metrological term “uncertainty

measurement” is given both in Annex B and 2.2.3. The definitions of the most important terms specific to

Guide are
around cerj
confusion.

2.2 The
The concef

221 Thq
means dou
general co
for example

222 |In
uncertainty
appropriate

223 Th
the VIM [6]

uncertaint
parameter,
could reasd

NOTE 1
interval havi

NOTE 2

evaluated fi
experimenta
evaluated frq

iven in 2.3.1 to 2.3.6. In all of these subclauses and in Annexes B and C, the use-of parenthe
tain words of some terms means that these words may be omitted if this is Unlikely to ca

term “uncertainty”
t of uncertainty is discussed further in Clause 3 and Annex D.

e word “uncertainty” means doubt, and thus in its broadest-Sense “uncertainty of measurem
bt about the validity of the result of a measurement. Becausé of the lack of different words for
ncept of uncertainty and the specific quantities that provide' quantitative measures of the cond|
, the standard deviation, it is necessary to use the word “uncertainty” in these two different sens

this Guide, the word “uncertainty” without adjectives refers both to the general concep
and to any or all quantitative measures of that concept. When a specific measure is inteng
adjectives are used.

e formal definition of the term “uncertainty of measurement” developed for use in this Guide an
(VIM:1993, definition 3.9) is as follows:

y (of measurement)
associated with the result 6fya measurement, that characterizes the dispersion of the values
nably be attributed to the measurand

The parameter may be;for example, a standard deviation (or a given multiple of it), or the half-width

g a stated level of Confidence.

Uncertainty of measurement comprises, in general, many components. Some of these components ma
om the statistical distribution of the results of series of measurements and can be characterizeg
standard\deviations. The other components, which also can be characterized by standard deviations,
m assumied probability distributions based on experience or other information.

of
this
ses
use

ent”
this
ept,
es.

of
ed,

din

that

f an

be

by
are

NOTE 3

t is“understood that the result of the measurement is the best estimate of the value of the measurand

and

that all components of uncertainty, including those arising from systematic effects, such as components associated with
corrections and reference standards, contribute to the dispersion.

2.2.4 The definition of uncertainty of measurement given in 2.2.3 is an operational one that focuses on the
measurement result and its evaluated uncertainty. However, it is not inconsistent with other concepts of
uncertainty of measurement, such as

*

Footnote to the 2008 version:

The third edition of the vocabulary was published in 2007, under the title ISO/IEC Guide 99, International vocabulary of
metrology — Basic and general concepts and associated terms (VIM).
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a measure of the possible error in the estimated value of the measurand as provided by the result of a
measurement;

an estimate characterizing the range of values within which the true value of a measurand lies (VIM:1984,
definition 3.09).

Although these two traditional concepts are valid as ideals, they focus on unknowable quantities: the “error” of
the result of a measurement and the “true value” of the measurand (in contrast to its estimated value),
respectively. Nevertheless, whichever concept of uncertainty is adopted, an uncertainty component is always
evaluated using the same data and related information. (See also E.5.)

2.3 Terms specific to this Guide

In general, terms that are specific to this Guide are defined in the text when first introduced. However, the
definitions of the most important of these terms are given here for easy reference.

NOTE Further discussion related to these terms may be found as follows: for 2.3.2, see)3.3.3 and 4.2; fpr 2.3.3, see
3.3.3 and 4.3; for 2.3.4, see Clause 5 and Equations (10) and (13); and for 2.3.5 and 2.3.6{ see Clause 6.

2.311
stapdard uncertainty
ungertainty of the result of a measurement expressed as a standard deviation

23)2
TypRe A evaluation (of uncertainty)
method of evaluation of uncertainty by the statistical analysis of series of observations

233
Type B evaluation (of uncertainty)
method of evaluation of uncertainty by means otherthan the statistical analysis of series of observations

2.344
combined standard uncertainty
stapdard uncertainty of the result of almeasurement when that result is obtained from the values gf a number
of other quantities, equal to the positive square root of a sum of terms, the terms being the vpriances or
covariances of these other quantities weighted according to how the measurement result varies with changes
in these quantities

2.3/5
expganded uncertainty
quantity defining aminterval about the result of a measurement that may be expected to encomppss a large
fragtion of the distribution of values that could reasonably be attributed to the measurand

NOTE 1 Thefraction may be viewed as the coverage probability or level of confidence of the interval.

NOTE-2™\, ' To associate a specific level of confidence with the interval defined by the expanded uncertajnty requires
explicit_or implicit assumptions regarding the probability distribution characterized by the measurement result and its
combined standard uncertainty. The level of confidence that may be attributed to this interval can be known only to the
extent to which such assumptions may be justified.

NOTE 3  Expanded uncertainty is termed overall uncertainty in paragraph 5 of Recommendation INC-1 (1980).

2.3.6

coverage factor

numerical factor used as a multiplier of the combined standard uncertainty in order to obtain an expanded
uncertainty

NOTE A coverage factor, £, is typically in the range 2 to 3.
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3 Basic concepts

Additional discussion of basic concepts may be found in Annex D, which focuses on the ideas of “true” value,
error and uncertainty and includes graphical illustrations of these concepts; and in Annex E, which explores
the motivation and statistical basis for Recommendation INC-1 (1980) upon which this Guide rests. Annex J is
a glossary of the principal mathematical symbols used throughout the Guide.

3.1 Measurement

3.1.1  The objective of a measurement (B.2.5 2 5) is to determine the value (B 2. 2) of the measurand (B.2.9 9)
that is, the va y
with an appropriate speC|f|cat|on of the measurand “the method of measurement (B.2.7), and|the
measurement procedure (B.2.8).

NOTE he term “true value” (see Annex D) is not used in this Guide for the reasons given in D.3.5:the’terms “value
of a measurand” (or of a quantity) and “true value of a measurand” (or of a quantity) are viewed as equivalent.

3.1.2 In general, the result of a measurement (B.2.11) is only an approximation or/estimate (C.2.29) of
the value of the measurand and thus is complete only when accompanied by a statement of the uncerta|nty
(B.2.18) of that estimate.

3.1.3 In practice, the required specification or definition of the measurand is dictated by the requjred
accuracy of measurement (B.2.14). The measurand should be defined,with sufficient completeness with
respect to the required accuracy so that for all practical purposes assacCiated with the measurement its value
is unique. If is in this sense that the expression “value of the measurand”’is used in this Guide.

EXAMPLE If the length of a nominally one-metre long steel bar(is to be determined to micrometre accuracy, its
specification| should include the temperature and pressure at which the length is defined. Thus the measurand should be
specified as| for example, the length of the bar at 25,00 °C* and 101 325 Pa (plus any other defining parameters deemed
necessary, such as the way the bar is to be supported). However, if the length is to be determined to only millimetre
accuracy, ity specification would not require a defining temperature or pressure or a value for any other defining parameter.

NOTE ncomplete definition of the measurand cancgive rise to a component of uncertainty sufficiently large that it
must be inclyided in the evaluation of the uncertainty of.the measurement result (see D.1.1, D.3.4, and D.6.2).

3.1.4 In many cases, the result of a_measurement is determined on the basis of series of observations
obtained under repeatability conditions(B.2.15, Note 1).

3.1.5 Vayiations in repeated observations are assumed to arise because influence quantities (B.2.10) that
can affect the measurement resulf are not held completely constant.

3.1.6 Thé mathematical\model of the measurement that transforms the set of repeated observations jinto
the measunement resultis of critical importance because, in addition to the observations, it generally includes
various influence quantities that are inexactly known. This lack of knowledge contributes to the uncertainty of
the measurementsresult, as do the variations of the repeated observations and any uncertainty associated
with the mgthematical model itself.

3.1.7 ThisGuide treats the measurandas_a scatar (@ simgle quantity). EXtension toa set of Tetated
measurands determined simultaneously in the same measurement requires replacing the scalar measurand
and its variance (C.2.11, C.2.20, C.3.2) by a vector measurand and covariance matrix (C.3.5). Such a
replacement is considered in this Guide only in the examples (see H.2, H.3, and H.4).

*  Footnote to the 2008 version:

According to Resolution 10 of the 22nd CGPM (2003) “... the symbol for the decimal marker shall be either the point on the
line or the comma on the line...”. The JCGM has decided to adopt, in its documents in English, the point on the line.
However, in this document, the decimal comma has been retained for consistency with the 1995 printed version.
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3.2

3.2.

Errors, effects, and corrections

1

In general, a measurement has imperfections that give rise to an error (B.2.19) in the measurement

result. Traditionally, an error is viewed as having two components, namely, a random (B.2.21) component

and a systematic (B.2.22) component.
NOTE Error is an idealized concept and errors cannot be known exactly.
3.2.2 Random error presumably arises from unpredictable or stochastic temporal and spatial variations of

influence quantltles The effects of such variations, hereafter termed random effects give rise to variations in

repea
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asurement result it can usually be reduced by increasing the number of observatlons |ts exp
ected value (C.2.9, C.3.1) is zero.

[E 1
pt the random error of the mean, although it is so designated in some publications. It isfihstead a m¢g
briainty of the mean due to random effects. The exact value of the error in the mean arising)from these e
nown.

[E 2
bnyms, but represent completely different concepts; they should not be confusedwith one another or misu

3 Systematic error, like random error, cannot be eliminated, but it too can often be re
ematic error arises from a recognized effect of an influence guantity on a measurement resu
ned a systematic effect, the effect can be quantified and, ifit is significant in size relative to t
uracy of the measurement, a correction (B.2.23) or correction factor (B.2.24) can be

conmppensate for the effect. It is assumed that, after correction, the expectation or expected value

aris

NOT
the

am
aris
sho

3.2
sys

EXA
med
aris
are

unc
detd

NOT
refe
mat

ing from a systematic effect is zero.

[E The uncertainty of a correction applied to a.measurement result to compensate for a systematic
Systematic error, often termed bias, in the measurement result due to the effect as it is sometimes called
pasure of the uncertainty of the result due to incomplete knowledge of the required value of the correctid
ng from imperfect compensation of a systematic effect cannot be exactly known. The terms “error” and
Lld be used properly and care taken to distinguish between them.

4 It is assumed that the result™of a measurement has been corrected for all recognized
ematic effects and that every.effort has been made to identify such effects.

MPLE A correction due/to the finite impedance of a voltmeter used to determine the potential di
surand) across a high-impedance resistor is applied to reduce the systematic effect on the result of the n
ng from the loading effect of the voltmeter. However, the values of the impedances of the voltmeter and rg
used to estimate the‘value of the correction and which are obtained from other measurements, arg

rmination arisingfrom the correction and thus from the systematic effect due to the finite impedance of thq
[E 1

rence \materials to eliminate systematic effects; however, the uncertainties associated with these st
eridlssmust still be taken into account.

The experimental standard deviation of the arithmetic mean or average of a series of 6bservations

In this Guide, great care is taken to distinguish between the terms “efror* and “uncertainty”. T

Often, measuring instruments and systems are adjusted or calibrated using measurement stE
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ertain. These uncertainties are used to evaluate the component of the uncertainty of the potentigal difference
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NOTE 2
6.3.

3.3

3.3.

1andin F.2.4.5.

Uncertainty

1

The case where a correction for a known significant systematic effect is not applied is discussed in the Note to

The uncertainty of the result of a measurement reflects the lack of exact knowledge of the value of the

measurand (see 2.2). The result of a measurement after correction for recognized systematic effects is still
only an estimate of the value of the measurand because of the uncertainty arising from random effects and
from imperfect correction of the result for systematic effects.
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NOTE The result of a measurement (after correction) can unknowably be very close to the value of the measurand
(and hence have a negligible error) even though it may have a large uncertainty. Thus the uncertainty of the result of a
measurement should not be confused with the remaining unknown error.

3.3.2 In practice, there are many possible sources of uncertainty in a measurement, including:

a) incomplete definition of the measurand;

b) imperfect realization of the definition of the measurand;

c) nonrepresentative sampling — the sample measured may not represent the defined measurand;

d) inadequate knowledge of the effects of environmental conditions on the measurement or imperlfect
measurement of environmental conditions;

e) personal bias in reading analogue instruments;

f)  finite instrument resolution or discrimination threshold;

g) inexact values of measurement standards and reference materials;

h) inexacl values of constants and other parameters obtained from exterpal sources and used in |the
data-regduction algorithm;

i) approXimations and assumptions incorporated in the measurement method and procedure;

j)  variations in repeated observations of the measurand under apparently identical conditions.

These soulces are not necessarily independent, and some «©f sources a) to i) may contribute to source j)} Of

course, an unrecognized systematic effect cannot be takef’into account in the evaluation of the uncertainty of

the result of a measurement but contributes to its error.

3.3.3 Refommendation INC-1 (1980) of the Working Group on the Statement of Uncertainties groups

uncertainty|components into two categories based on their method of evaluation, “A” and “B” (see 0.7, 2.3.2,

and 2.3.3)] These categories apply to uncertainty and are not substitutes for the words “random” jand

“systematid’. The uncertainty of a correction for a known systematic effect may in some cases be obtained by

a Type A gvaluation while in other cases by a Type B evaluation, as may the uncertainty characterizing a

random effect.

NOTE n some publications,~Uncertainty components are categorized as “random” and “systematic” and|are

associated with errors arising_from random effects and known systematic effects, respectively. Such categorization of

components|of uncertainty can be ambiguous when generally applied. For example, a “random” component of uncertainty

in one measprement may become a “systematic” component of uncertainty in another measurement in which the resuylt of

the first megsurement is\Used as an input datum. Categorizing the methods of evaluating uncertainty components rgther

than the components\themselves avoids such ambiguity. At the same time, it does not preclude collecting individual

components| that, have been evaluated by the two different methods into designated groups to be used for a partigular

purpose (se¢ 3.4:3).

3.3.4 The purpose of the Type A and Type B classification is to indicate the two different ways of evaluating
uncertainty components and is for convenience of discussion only; the classification is not meant to indicate
that there is any difference in the nature of the components resulting from the two types of evaluation. Both
types of evaluation are based on probability distributions (C.2.3), and the uncertainty components resulting
from either type are quantified by variances or standard deviations.

3.3.5 The estimated variance u? characterizing an uncertainty component obtained from a Type A
evaluation is calculated from series of repeated observations and is the familiar statistically estimated variance
s2 (see 4.2). The estimated standard deviation (C.2.12, C.2.21, C.3.3) u, the positive square root of 2, is
thus u=s and for convenience is sometimes called a Type A standard uncertainty. For an uncertainty
component obtained from a Type B evaluation, the estimated variance 2 is evaluated using available
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knowledge (see 4.3), and the estimated standard deviation u is sometimes called a Type B standard
uncertainty.

Thus a Type A standard uncertainty is obtained from a probability density function (C.2.5) derived from an
observed frequency distribution (C.2.18), while a Type B standard uncertainty is obtained from an assumed
probability density function based on the degree of belief that an event will occur [often called subjective
probability (C.2.1)]. Both approaches employ recognized interpretations of probability.

NOTE A Type B evaluation of an uncertainty component is usually based on a pool of comparatively reliable
information (see 4.3.1).

3.3L6 The standard uncertainty of the result of a measurement, when that result is obtained from the values
of @& number of other quantities, is termed combined standard uncertainty and denoted by .. It is the
estimated standard deviation associated with the result and is equal to the positive square foot of the
conpbined variance obtained from all variance and covariance (C.3.4) components, however evalyated, using
what is termed in this Guide the law of propagation of uncertainty (see Clause 5).

3.3[7 To meet the needs of some industrial and commercial applications, as well as requirements in the
areas of health and safety, an expanded uncertainty U is obtained by multiplying the combindd standard
ungertainty u. by a coverage factor k. The intended purpose of U is to provide Jan interval about the result of a
measurement that may be expected to encompass a large fraction of ‘the’ distribution of valueq that could
reasonably be attributed to the measurand. The choice of the factor &, -Which is usually in the range 2 to 3, is
basied on the coverage probability or level of confidence required of¢he‘interval (see Clause 6).

NOTE The coverage factor & is always to be stated, so that the standard uncertainty of the measured quantity can be
recqvered for use in calculating the combined standard uncertainty of.other measurement results that may depend on that
quaptity.

3.4 Practical considerations

3.4/1 If all of the quantities on which the result-of a measurement depends are varied, its uncertginty can be
evaluated by statistical means. However, bécause this is rarely possible in practice due to limitgd time and
respurces, the uncertainty of a measurement result is usually evaluated using a mathematical nmodel of the
measurement and the law of propagation of uncertainty. Thus implicit in this Guide is the assumption that a
measurement can be modelled mathematically to the degree imposed by the required accufacy of the
measurement.

3.412 Because the mathematical model may be incomplete, all relevant quantities should be varied to the
fullest practicable extent sojthat the evaluation of uncertainty can be based as much as possible dn observed
datd. Whenever feasible;the use of empirical models of the measurement founded on long-term guantitative
datd, and the use of check standards and control charts that can indicate if a measurement is under statistical

predlcted standard deviation obtalned by comblnlng the various uncertamty components that characterize the
measurement. In such cases, only those components (whether obtained from Type A or Type B evaluations)
that could contribute to the experimentally observed variability of these output values should be considered.

NOTE Such an analysis may be facilitated by gathering those components that contribute to the variability and those
that do not into two separate and appropriately labelled groups.

3.4.4 In some cases, the uncertainty of a correction for a systematic effect need not be included in the
evaluation of the uncertainty of a measurement result. Although the uncertainty has been evaluated, it may be
ignored if its contribution to the combined standard uncertainty of the measurement result is insignificant. If the
value of the correction itself is insignificant relative to the combined standard uncertainty, it too may be
ignored.
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3.4.5 It often occurs in practice, especially in the domain of legal metrology, that a device is tested through
a comparison with a measurement standard and the uncertainties associated with the standard and the
comparison procedure are negligible relative to the required accuracy of the test. An example is the use of a
set of well-calibrated standards of mass to test the accuracy of a commercial scale. In such cases, because
the components of uncertainty are small enough to be ignored, the measurement may be viewed as
determining the error of the device under test. (See also F.2.4.2.)

3.4.6 The estimate of the value of a measurand provided by the result of a measurement is sometimes
expressed in terms of the adopted value of a measurement standard rather than in terms of the relevant unit
of the International System of Units (SI). In such cases, the magnitude of the uncertainty ascribable to the

measurement result may be significantly smaller than when that result is expressed in the relevant Sl unit

effect, the
adopted va

EXAMPLE
reference b3
The relative

standard is 2 -

in terms of
value of the

3.4.7 Blu

(In

measurand has been redefined to be the ratio of the value of the quantity to be measuredo
Jue of the standard.)

A high-quality Zener voltage standard is calibrated by comparison with a Josephson‘ieffect vol
sed on the conventional value of the Josephson constant recommended for international Use by the C
combined standard uncertainty uy(Vs)/Vs (see 5.1.6) of the calibrated potential differenee Vg of the Z
1078 when Vg is reported in terms of the conventional value, but ug(Vs)/Vs is 4 - 1077 when Vg is repg
he SI unit of potential difference, the volt (V), because of the additional uncertainty_associated with th
Josephson constant.

nders in recording or analysing data can introduce a significant unknown error in the result

measurement. Large blunders can usually be identified by a proper review of.the data; small ones could

masked by
such mista

3.48 Al

or even appear as, random variations. Measures of uncertainty are not intended to accoun
es.

hough this Guide provides a framework for assessing “Uncertainty, it cannot substitute for cri

thinking, infellectual honesty and professional skill. The evaluatiof’of uncertainty is neither a routine task n
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purely mathematical one; it depends on detailed knowledgé of the nature of the measurand and of|the
measurement. The quality and utility of the uncertainty quoted for the result of a measurement therefore
ultimately gdepend on the understanding, critical analysis, and integrity of those who contribute to |the
assignment of its value.
4 Evalyating standard uncertainty
Additional guidance on evaluating uncertainty components, mainly of a practical nature, may be found in
Annex F.
4.1 Modelling the measurement
4.1.1 In most cases, aymeasurand Y is not measured directly, but is determined from N other quantities
X1, X5, ..., Xy through afunctional relationship f-

Y = f(Xq, X, Xy) (1)
NOTE 1 Eor annnmu of hnfchnn inthis Giude the same. e\/mhnl isused forthe nh\/elr\al nuanhh/ Ifha mnaeurnnrl\ and

for the random variable (see 4.2.1) that represents the p033|ble outcome of an observatlon of that quantity. When it is
stated that X; has a particular probability distribution, the symbol is used in the latter sense; it is assumed that the physical
quantity itself can be characterized by an essentially unique value (see 1.2 and 3.1.3).

NOTE 2
of a resistor,

NOTE 3

In a series of observations, the kth observed value of X; is denoted by

the kth observed value of the resistance is denoted by R;.

The estimate of X; (strictly speaking, of its expectation) is denoted by x;.

X; r; hence if R denotes the resistance
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EXAMPLE

If a potential difference 7 is applied to the terminals of a temperature-dependent resisto

r that has a

resistance R at the defined temperature 7, and a linear temperature coefficient of resistance o, the power P (the
measurand) dissipated by the resistor at the temperature ¢ depends on V, R, o, and ¢ according to

NOTE

P= (VKo )=V *f{Ro 1+ r(r=10)])

Other methods of measuring P would be modelled by different mathematical expressions.

4.1.2 The input quantities X, X5, ..., Xy upon which the output quantity Y depends may themselves be
viewed as measurands and may themselves depend on other quantities, including corrections and correction
factors for systematic effects, thereby leading to a complicated functional relationship /' that may never be

Thy
of t
3.4
affe

must be evaluated numerically. The function f as it appears in this Guide is to be interpr
bder context, in particular as that function which contains every quantity, including all. corr
ection factors, that can contribute a significant component of uncertainty to the measurement re

s, if data indicate that / does not model the measurement to the degree imposed®y-the require
ne measurement result, additional input quantities must be included in f to eliminate the inad¢g
2). This may require introducing an input quantity to reflect incomplete knewledge of a pheno
cts the measurand. In the example of 4.1.1, additional input quantities might be needed to aqg

n algorithm
ted in this
ctions and
sult.

d accuracy
quacy (see
menon that
count for a

known nonuniform temperature distribution across the resistor, a possible imgnlinear temperature cpefficient of

resistance, or a possible dependence of resistance on barometric pressure:
NOTE Nonetheless, Equation (1) may be as elementary as Y= X;~X,. This expression models, for ¢xample, the
confparison of two determinations of the same quantity X.
4.1{3 The set of input quantities X;, X,, ..., X, may be categorized as:
quantities whose values and uncertainties are directly determined in the current measurement. These
values and uncertainties may be obtained from,for example, a single observation, repeated ohservations,
or judgement based on experience, and may involve the determination of corrections to instrument readings
and corrections for influence quantities, such as ambient temperature, barometric pressure, and humidity;
quantities whose values and uncertainties are brought into the measurement from external solirces, such
as quantities associated with caliprated measurement standards, certified reference malferials, and
reference data obtained from handbooks.
4.1}4 An estimate of the measurand Y, denoted by y, is obtained from Equation (1) using inpyt estimates
X1, ¥o, ..., Xy for the values of.the N quantities X, X5, ..., Xj. Thus the output estimate y, which is the result of
the |measurement, is given by
y=f(x1,x2,...,xN) (2)
NOTE In_somé cases, the estimate y may be obtained from
_ 1 n 1 n
y2F= Y == f (Xp X oo X i)
= =
Thatis——is—taken—as—the—arithmetie—mean—or—average—{see—4-2-H—ofn—independent—determinations—4 of Y, each

determination having the same uncertainty and each being based on a complete set of observed values of the N input
quantities X; obtained at the same time. This way of averaging, rather than y = f(X1, Xo, oo XN), where

1 n
;;Xi,k

is the arithmetic mean of the individual observations X; ,, may be preferable when f'is a nonlinear function of the input
quantities X4, X, ..., Xy, but the two approaches are identical if f'is a linear function of the X; (see H.2 and H.4).

X;

41.5 The estimated standard deviation associated with the output estimate or measurement result y,
termed combined standard uncertainty and denoted by u.(y), is determined from the estimated standard
deviation associated with each input estimate x;, termed standard uncertainty and denoted by u(x;) (see 3.3.5
and 3.3.6).
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4.1.6 Each input estimate x; and its associated standard uncertainty «(x;) are obtained from a distribution of
possible values of the input quantity .X;. This probability distribution may be frequency based, that is, based on
a series of observations Xk of X, or it may be an a priori distribution. Type A evaluations of standard
uncertainty components are founded on frequency distributions while Type B evaluations are founded on a
priori distributions. It must be recognized that in both cases the distributions are models that are used to

represent the state of our knowledge.

4.2 Type A evaluation of standard uncertainty

4.21
varies range
obtained u
(C.2.19) of

Thus, for a
X, obtaine
result y; thg
other meth

4.2.2 Thq

or random
o2 of the p

5% (qx

This estimate of variance and its positive square root s(q;), termed the experimental standard devia
aracterize the variability of the observed values ¢, , or more specifically, their dispersion about their

(B.2.17), cH
mean q.

4.2.3 Thq

2 (@)F

The experimental variance of .theé mean sz(c_l) and the experimental standard deviation of the mean ;

(B.2.17, Nd
of ¢, and ei

Thus, for an input-quantity X; determined from = independent repeated observations X

uncertainty

the n observations:
7
D 4y
=1

h input quantity X; estimated from » independent repeated observations Xjyi.the arithmetic m
d from Equation (3) is used as the input estimate x; in Equation (2) to determine the measure
tis, x; = X,. Those input estimates not evaluated from repeated observations must be obtain
pds, such as those indicated in the second category of 4.1.3.

effects (see 3.2.2). The experimental variance of the observations, which estimates the varia
obability distribution of g, is given by

1

n—1

J=1

b best estimate of 02((7) = az/n, the variance of the mean, is given by

Sz(qk)

n

te 2), equal to the positive square root of s2(c7), quantify how well g estimates the expectatio
her may be.used as a measure of the uncertainty of 4.

X; » the stang
u(xj), of its estimate x; = =X, is u(x; )= s(X;), with s2(X ) calculated according to Equation (5).

convenieng

hder the same condltlons of measurement (see B.2.15), is the arlthmetlc mean or averagg

o}

 individual observations g, differ in value because of randomvariations in the influence quantities,

In most cases, the best avallable estimate of the expectatlon or expected value o of a quan’uty q that

®)

ean
ent
by

nce

(4)

ion

®)

(q)

N oc

ard
For

e, u2(x)—s2(X) and u(x )=s(X;) are sometimes called a Type A variance and a Ty

eA

standard uncertainty, respectively.

NOTE 1
expectation

e, of the random variable q and that s (q) provides a reliable estimate of the variance 0'2(6)

The number of observations »n should be large enough to ensure that ¢ provides a reliable estimate of the
- 2/
=0“/n (see

4.3.2, note). The difference between s (q) and o (q) must be considered when one constructs confidence intervals (see
6.2.2). In this case, if the probability distribution of ¢ is a normal distribution (see 4.3.4), the difference is taken into account
through the ¢-distribution (see G.3.2).

NOTE 2  Although the variance s2(67) is the more fundamental quantity, the standard deviation s(g) is more
convenient in practice because it has the same dimension as ¢ and a more easily comprehended value than that of the
variance.
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4.2.4 For a well-characterized measurement under statistical control, a combined or pooled estimate of
variance sg (or a pooled experimental standard deviation sp) that characterizes the measurement may be
available. In such cases, when the value of a measurand ¢ is determined from » independent observations,
the experimental variance of the arithmetic mean g of the observations is estimated better by s n than by
s2(g;)/n and the standard uncertainty is u = sp/\/_ (See also the Note to H.3.6.)

4.2,5 Often an estimate x; of an input quantity X is obtained from a curve that has been fitted to
experimental data by the method of least squares. The estimated variances and resulting standard
uncertainties of the fitted parameters characterizing the curve and of any predicted points can usually be

calculated by well-known statistical procedures (see H.3 and Reference [8]).

4.2
and
give

4.2
the
est
stat

NO]

6 The degrees of freedom (C.2.31) v; of u(x;) (see G.3), equal to n — 1 in the simple case wh
u(x;)=s(X;) are calculated from n independent observations as in 4.2.1 and 4.2.3,~should
tn when Type A evaluations of uncertainty components are documented.

7 If the random variations in the observations of an input quantity are correlated, for exam

mean and experimental standard deviation of the mean as given in 4.2.1 and\4!2.3 may be in
mators (C.2.25) of the desired statistics (C.2.23). In such cases, the observations should be ¢

[E Such specialized methods are used to treat measurements of frequency standards. However,

that]
ass

thege measurements as well. (See Reference [9], for example, for a detailed discussion of the Allan variance.

4.218
exhiaustive; there are many situations, some rather complex, that can be treated by statistical n
important example is the use of calibration designs, often based on the method of least squares,
the [uncertainties arising from both short- and long-term random variations in the results of com

ma
of

fred
seq

as one goes from short-term measurements to long-term measurements of other metrological qy
mption of uncorrelated random variations may no longer be valid and-the specialized methods could be

The discussion of Type A evaluation of standardcuncertainty in 4.2.1 to 4.2.7 is not m

erial artefacts of unknown values, such as gauge blocks and standards of mass, with referencs
nown values. In such comparatively simple measurement situations, components of uncg
uently be evaluated by the statistical "analysis of data obtained from designs consisting

bre x; = X;
always be

ble, in time,
appropriate
nalysed by

istical methods specially designed to treat a series of correlated, randomly-yarying measurements.

t is possible
antities, the
Lsed to treat

eant to be
ethods. An
to evaluate
parisons of
b standards
rtainty can
of nested

uences of measurements of the measurand for a number of different values of the quantities upon which it

depgends — a so-called analysis of variance (see H.5).
NOTE At lower levels of the calibration chain, where reference standards are often assumed to be exactly known
because they have been calibrated\by a national or primary standards laboratory, the uncertainty of a calipration result

may
cha

4.3

4.3
ass
bas

be a single Type A standard uncertainty evaluated from the pooled experimental standard d
acterizes the measurement.

Type B evaluation of standard uncertainty

1 For angstimate x; of an input quantity .X; that has not been obtained from repeated obser]
pciated estimated vanance uz(x) or the standard uncertainty u(x;) is evaluated by scientific
ed on all-of the available information on the possible variability of X;. The pool of information mg

previous measurement data;

bviation that

vations, the
judgement
y include

experience with or general knowledge of the behaviour and properties of relevant materials and in
manufacturer's specifications;
data provided in calibration and other certificates;

uncertainties assigned to reference data taken from handbooks.

struments;

For convenience, uz(xi) and u(x;) evaluated in this way are sometimes called a Type B variance and a Type B
standard uncertainty, respectively.

NOTE
for simplicity, 2

(x;) and u(x;) are used throughout this Guide.

When x; is obtained from an a priori distribution, the associated variance is appropriately written as u%(

X;), but
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4.3.2 The proper use of the pool of available information for a Type B evaluation of standard uncertainty
calls for insight based on experience and general knowledge, and is a skill that can be learned with practice. It
should be recognized that a Type B evaluation of standard uncertainty can be as reliable as a Type A
evaluation, especially in a measurement situation where a Type A evaluation is based on a comparatively
small number of statistically independent observations.

NOTE If the probability distribution of ¢ in Note 1 to 4.2.3 is normal, then o[s(g)]/o(g), the standard deviation of s(g)
relative to o(7), is approximately [2(n — 1)]7"2. Thus, taking o[s(7)] as the uncertainty of s(7), for n =10 observations, the
relative uncertainty in s(¢) is 24 percent, while for n = 50 observations it is 10 percent. (Additional values are given in

Table E.1 in

Annex E.)

433 If t
other sour
standard u
uz(xi) is the|

EXAMPLE
kilogram is
standard un|
standard un

NOTE

ne estimate x; Is taken from a manufacturer's specification, calibration certificate, handbook
e and its quoted uncertainty is stated to be a particular multiple of a standard deviation;
hcertainty u(x;) is simply the quoted value divided by the multiplier, and the estimated\varig
square of that quotient.

A calibration certificate states that the mass of a stainless steel mass standard mg of.nominal value
000,000 325 g and that “the uncertainty of this value is 240 pg at the three standard deviation level”.

or
the
nce

d

one
The

certainty of the mass standard is then simply u(mg) = (240 ug)/3 =80 pg. This corresponds to a relative

ertainty u(mg)/mg of 80 - 1072 (see 5.1.6). The estimated variance is u2(mg) = (80-4g)° = 6,4 - 1079 g2.

uncertainty
Guide sinc

measureme%[

4.3.4 Thq
Instead, on
level of co
(C.2.14) w4
the quoted

n many cases, little or no information is provided about the individual components from which the qu
as been obtained. This is generally unimportant for expressing uncertaintyyaccording to the practices of]
all standard uncertainties are treated in the same way when the{eombined standard uncertainty
t result is calculated (see Clause 5).

e quoted uncertainty of x; is not necessarily given as a multiple of a standard deviation as in 4|
e may find it stated that the quoted uncertainty defines an interval having a 90, 95, or 99 per
hfidence (see 6.2.2). Unless otherwise indicated, .one may assume that a normal distribuf

bted
this
bf a

3.3.
ent
ion

s used to calculate the quoted uncertainty, and recover the standard uncertainty of x; by dividling

uncertainty by the appropriate factor for the .nosmal distribution. The factors corresponding to

above thre

NOTE
recommend
to be given (

EXAMPLE

10,000 742 |
confidence d
corresponds
u’(Rg) = (50

43,5 Co
chance tha
lies within t
approximat]
the half-wid
distribution

levels of confidence are 1,64; 1,96; and 2,58\(see also Table G.1 in Annex G).

here would be no need for such an assumption if the uncertainty had been given in accordance with
tions of this Guide regarding the reporting-of uncertainty, which stress that the coverage factor used is al\
see 7.2.3).

+129 p. at 23°C and that fthe quoted uncertainty of 129 u. defines an interval having a levg
f 99 percent”. The standard‘urcertainty of the resistor may be taken as u(Rg) = (129 p. )/2,58 =50 p. , W
to a relative standafd )uncertainty u(Rg)/Rs of 50 - 108 (see 5.1.6). The estimated varianc
b 2=25-10"9. 2

hsider the case'where, based on the available information, one can state that “there is a fifty-
the value aef.the input quantity X; lies in the interval a_ to a,” (in other words, the probability tha
his interval js 0,5 or 50 percent). If it can be assumed that the distribution of possible values of .
ely normal, then the best estimate x; of X; can be taken to be the midpoint of the interval. Furthg

the

the
ays

A calibration certificate statésithat the resistance of a standard resistor Rg of nominal value ten ohnps is

| of
hich
b IS

e

fifty
Ly,
K. is
r, if

th.ef the interval is denoted by a = (a, — a_)/2, one can take u(x;) = 1,484, because for a nor

mal

with expectation «and standard deviation o the interval «+ ¢/1,48 encompasses approxime]tely

50 percent

EXAMPLE

Of the distribution.

A machinist determining the dimensions of a part estimates that its length lies, with probability 0,5, in the

interval 10,07 mm to 10,15 mm, and reports that /= (10,11 + 0,04) mm, meaning that £ 0,04 mm defines an interval having
a level of confidence of 50 percent. Then « = 0,04 mm, and if one assumes a normal distribution for the possible values of
/, the standard uncertainty of the length is u(/)=1,48- 0,04 mm 0,06 mm and the estimated variance is
u?(l)=(1,48 - 0,04 mm)2=3,5- 1073 mm2.

4.3.6 Consider a case similar to that of 4.3.5 but where, based on the available information, one can state
that “there is about a two out of three chance that the value of X; lies in the interval a_ to a,” (in other words,
the probability that X; lies within this interval is about 0,67). One can then reasonably take u(x;) = a, because
for a normal distribution with expectation o and standard deviation ¢ the interval -+ ¢ encompasses about
68,3 percent of the distribution.
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NOTE It would give the value of u(x;) considerably more significance than is obviously warranted if one were to use
the actual normal deviate 0,967 42 corresponding to probability p=2/3, that is, if one were to write
u(x;) = al0,967 42 = 1,033a.

4.3.7 In other cases, it may be possible to estimate only bounds (upper and lower limits) for X;, in particular,
to state that “the probability that the value of X; lies within the interval a_ to a, for all practical purposes is
equal to one and the probability that X; lies outside this interval is essentially zero”. If there is no specific
knowledge about the possible values of X; within the interval, one can only assume that it is equally probable
for X; to lie anywhere within it (a uniform or rectangular distribution of possible values — see 4.4.5 and
Figure 2 a). Then x;, the expectation or expected value of .X;, is the midpoint of the interval, x; = (a_ + a,)/2,

with associated variance

2 2
W2 (x;) = (ay —a_)? 12 6)
If the difference between the bounds, a, — a_, is denoted by 24, then Equation (6) becomes

uz(xi)zaz/3 (7)
NOTE When a component of uncertainty determined in this manner contributes significantly to the ungertainty of a
megsurement result, it is prudent to obtain additional data for its further evaluation.
EXAMPLE 1 A handbook gives the value of the coefficient of linear/thermal expansion of pure copger at 20 °C,
o0(Cu), as 16,52 - 1076 °C~1 and simply states that “the error in this vélue should not exceed 0,40 - 1076 {C~"". Based
on this limited information, it is not unreasonable to assume that the\walue of o,o(Cu) lies with equal probability in the
intefval 16,12 - 1078°C~1 to 16,92 - 1076 °C", and that it is very unlikely that ayo(Cu) lies outside this |nterval. The
varifince of this symmetric rectangular distribution of possible values of a»o(Cu) of half-width « = 0,40 - 108PC™" is then,
from  Equation (7), u%(opo) = (0,40 - 108°C™1)2/3=53310"15°C2, and the standard uncertainty is

u(o

EXA

instiument is calibrated, its accuracy on the 1 VW ‘range is 14 - 1078 times the reading plus 2 - 107° timesg

Con
the
stan
spe
cortrf
half;
a=
The
V=
Typ
stan

4.3
res
bou

0)=(0,40- 1076°C™")/\/3=0,23. 1076 °C".

MPLE 2 A manufacturer's specifications for a‘digital voltmeter state that “between one and two ye
sider that the instrument is used 20 months!after calibration to measure on its 1 V range a potential diffe
prithmetic mean of a number of independent repeated observations of V' is found to be ¥ =0,928 571 V
dard uncertainty u(¥) =12 yV. One._can obtain the standard uncertainty associated with the m
Cifications from a Type B evaluation by assuming that the stated accuracy provides symmetric bounds t
ection to 7, . V, of expectation.équal to zero and with equal probability of lying anywhere within the
width « of the symmetric rectangular distribution of possible values of .7
14 . 1078). (0,928 571 W) +(2 - 1078). (1 V)=15pV, and from Equation (7), uz(‘ V)=75uV2 and u(.
estimate of the value—of the measurand V, for simplicity denoted by the same symbol 7,
V +.V=0,928 5714 One can obtain the combined standard uncertainty of this estimate by combinir
b A standard uncertainty of 7 with the 8,7 pV Type B standard uncertainty of . V. The general method f
dard uncertainfy.components is given in Clause 5, with this particular example treated in 5.1.5.

8 In 4.3.7, the upper and lower bounds a, and «_ for the input quantity X; may not be sym
bect to,its best estimate x; more specifically, if the lower bound is written as a_=x; — b_ ang
nd’as‘a, =x; - b,, then b_. b,. Since in this case x; (assumed to be the expectation of X)) i

ars after the
the range”.
rence V, and
ith a Type A
anufacturer's
b an additive
bounds. The

is then
V) 87uV.
s given by
g the 12 yv
br combining

metric with
| the upper
5 not at the

cen

tre_of the interval a_ to _a,. the probability distribution of X. cannot be uniform throughout t

he interval.

However, there may not be enough information available to choose an appropriate distribution; different
models will lead to different expressions for the variance. In the absence of such information, the simplest
approximation is

(by+6.)° _(a-a)’
12 12

u? (xi) =

(8)

which is the variance of a rectangular distribution with full width 5, + b_. (Asymmetric distributions are also
discussed in F.2.4.4 and G.5.3.)
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EXAMPLE

If in Example1 of 4.3.7 the value of the coefficient is given in the handbook

as

o0(Cu) =16,52 - 1078 °C~1 and it is stated that “the smallest possible value is 16,40 - 1076 °C~" and the largest possible

value is

16,92 108°C™", then 5.=0,12- 10%°C™'", 5,=0,40- 10°°C~", and, from Equation

u(opg) =0,15 - 1076 °C~1.

NOTE 1

8,

In many practical measurement situations where the bounds are asymmetric, it may be appropriate to apply a

correction to the estimate x; of magnitude (b, — 5-)/2 so that the new estimate x3 of X; is at the midpoint of the bounds:
x3=(a- + a4)/2. This reduces the situation to the case of 4.3.7, with new values b3 = b2 = (b, + b_)/2 = (ay — a_)2 = a.

NOTE 2
may be
. ={exp[. (b

A=[b_exp(Ab_) + by exp(~ . by)]™
b

shown to be pX;) =4 exp[-. (X; —x;)], with

+h')]_1}/{h expl (h +h')]+hl} This leads ta the variance 112(v[)—h'h —(”. —bh )/ far b, Q

Based on the principle of maximum entropy, the probability density function in the asymmetric case

and
and

forb, <b_,.

439 In
bounds a_
bounds, w
distribution
less likely t
with a sym
a, —a_=2(
rectangular
Assuming 1
associated

uz(x-

1
which beco

u2 ()Ci
NOTE 1

approximate
rather than 1
specific knoj
symmetric rq
half-width a

NOTE 2
half-width a4
width of one
The convolV
represented
exactly know

4310 1t

The trapezoidal distribution is equivalent to the convolution of two rectangular distributions [10], one wi

<0.

to a,, one could only assume that it was equally probable for X; to take any value’within th
th zero probability of being outside them. Such step function discontinuities-im a probak
are often unphysical. In many cases, it is more realistic to expect that values pear’'the bounds
han those near the midpoint. It is then reasonable to replace the symmetric réctangular distribu
metric trapezoidal distribution having equal sloping sides (an isosceles trapezoid), a base of w
, and a top of width 24, where 0 < ¢/ < 1. As {/— 1, this trapezoidal distribution approaches
distribution of 4.3.7, while for #=0, it is a triangular distribution ‘[see 4.4.6 and Figure 2
buch a trapezoidal distribution for X;, one finds that the expectationyof X; is x; = (a_ + a,)/2 ang
variance is

=a?(1+42) f6
mes for the triangular distribution, =0,

=a2/6

For a normal distribution with expectation and standard deviation o, the interval «+ 30 encompa
y 99,73 percent of the distribution. Thus, jf'the upper and lower bounds a, and «_ define 99,73 percent i
00 percent limits, and X; can be assumed\to be approximately normally distributed rather than there bein
Wledge about X; between the bounds’as in 4.3.7, then u?(x;) = «%/9. By comparison, the variance

bctangular distribution of half-width_a<is ¢%/3 [Equation (7)] and that of a symmetric triangular distributig

equal to the mean half:width of the trapezoid, a4 = a(1 + ¥)/2, the other with a half-width a, equal to the n
of the triangular portions of the trapezoid, a, = a(1 — {)/2. The variance of the distribution is u? = a$/3+ a

by a rectangular distribution of width 24, and models the fact that the bounds on an input quantity are
n. But even,if a, is as large as 30 percent of aq, u exceeds a1/\/§ by less than 5 percent.

5 important not to “double-count” uncertainty components. If a component of uncertainty ari

from a paiticular effect is obtained from a Type B evaluation, it should be included as an indepeng

}.3.7, because there was no specific knowledge about the possible values of .X; within its)estimated

ose
ility
are
tion
idth
the
b)].

| its

9a)

9b)

tSes
mits
J No
bf a
n of

is 42/6 [Equation (9b)]. The magnitudes of the variances of the three distributions are surprisingly similar in
view of the large differences in the amount ‘efinformation required to justify them.

th a
ean

2/3.

ed distribution{cari be interpreted as a rectangular distribution whose width 244 has itself an uncertainty

not

5ing
ent

component of uncertainty in the calculation of the combined standard uncertainty of the measurement result
only to the extent that the effect does not contribute to the observed variability of the observations. This is
because the uncertainty due to that portion of the effect that contributes to the observed variability is already
included in the component of uncertainty obtained from the statistical analysis of the observations.

4.3.11 The discussion of Type B evaluation of standard uncertainty in 4.3.3 to 4.3.9 is meant only to be
indicative. Further, evaluations of uncertainty should be based on quantitative data to the maximum extent
possible, as emphasized in 3.4.1 and 3.4.2.
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4.4 Graphical illustration of evaluating standard uncertainty

4.4.1 Figure 1 represents the estimation of the value of an input quantity X; and the evaluation of the
uncertainty of that estimate from the unknown distribution of possible measured values of X;, or probability
distribution of X}, that is sampled by means of repeated observations.

4.4.2 In Figure 1a), it is assumed that the input quantity X; is a temperature ¢ and that its unknown
distribution is a normal distribution with expectation o, =100 °C and standard deviation o=1,5°C. Its

probability density function (see C.2.14) is then

4 [ P 2]
£) = ' t
= e |

NOTE The definition of a probability density function p(z) requires that the relation [p(z)dz = 1 i§ ‘Satisfied.

4.4{3 Figure 1Db) shows a histogram of n=20 repeated observations ¢, of the “temperature| ¢ that are
asspmed to have been taken randomly from the distribution of Figure 1 a). {lo-obtain the hisfogram, the
20 pbservations or samples, whose values are given in Table 1, are greuped into intervals [1 °C wide.
(Preparation of a histogram is, of course, not required for the statistical analysis of the data.)

Table 1 — Twenty repeated observations of the temperature ¢
grouped in 1 °C intervals

Interval Temperature
<t<ty
141°C t21°C t/°C
94,5 95,5 —
95,5 96,5 —
96,5 97,5 96,90
97,5 98,5 98,18; 98,25
98,5 99,5 98,61; 99,03; 99,49
99,5 100,5 99,56; 99,74; 99,89; 100,07; 100,33; 100,42
100,5 101,5 100,68; 100,95; 101,11; 101,20
101,5 102,5 101,57; 101,84; 102,36
102,5 103,5 102,72
103,5 104,5 —
104,5 105,5 —

Thearihmetic_mean or_average 7 of the n =20 observatons calculated according to Equation (3) is
t =100,145°C 100,14 °C and is assumed to be the best estimate of the expectation o, of  based on the

available data. The experimental standard deviation s(z) calculated from Equation (4) is
s(t,)=1,489°C 1,49°C, and the experimental standard deviation of the mean s(7) calculated
from  Equation (5), which is the standard uncertainty u(f) of the mean f, s
u(t)=s(r)= s(tk)/@ =0,333°C 0,33 °C. (For further calculations, it is likely that all of the digits would be
retained.)

NOTE Although the data in Table 1 are not implausible considering the widespread use of high-resolution digital

electronic thermometers, they are for illustrative purposes and should not necessarily be interpreted as describing a real
measurement.
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Figure 1 — Graphical illustration of evaluating the standard uncertainty of an input quantity
from repeated observations
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Figure 2 — Graphical illustration of evaluating the standard uncertainty of an input quantity
from an a priori distribution

© ISO/IEC 2008 — Al rights reserved 17


https://standardsiso.com/api/?name=06e4b18f0802b9fbd4aa5e459cf5d309

ISO/IEC GUIDE 98-3:2008(E)

4.4.4 Figure 2 represents the estimation of the value of an input quantity X; and the evaluation of the
uncertainty of that estimate from an a priori distribution of possible values of .X;, or probability distribution of X,
based on all of the available information. For both cases shown, the input quantity is again assumed to be a
temperature .

44,5 For the case illustrated in Figure 2 a), it is assumed that little information is available about the input
quantity ¢ and that all one can do is suppose that ¢ is described by a symmetric, rectangular a priori probability
distribution of lower bound a_=96 °C, upper bound a, =104 °C, and thus half-width a =(a, —a_)/2=4°C

(see 4.3.7). The probability density function of ¢ is then
p(t)—1//(2u), u_\t\u_'_

p(1)

otherwise.

As indicated in 4.3.7, the best estimate of ¢ is its expectation o = (a, + a_)/2 =100 °C, which follows ffom
C.3.1. The| standard uncertainty of this estimate is u(e)= a/\/g 2,3 °C, which follows from C.3.2 [see
Equation (7)].

4.4.6 Forthe case illustrated in Figure 2 b), it is assumed that the available information concerning ¢ is |ess
limited and|that ¢ can be described by a symmetric, triangular a priori probability:distribution of the same lower
bound a_ =96 °C, the same upper bound a, = 104 °C, and thus the same half-width a = (a, - a_)/2=4 °Q as
in 4.4.5 (sef 4.3.9). The probability density function of 7 is then

As indicate]
uncertainty

The above
distribution

(1-a_)/a?, <t<(a,+a_))2
(a+—t)/a2,

Oa

a

(ay+a_)/2<t<a,
otherwise.

0 in 4.3.9, the expectation of ¢ is o« = (ay+ a_)/2 = 100 °C, which follows from C.3.1. The stang
of this estimate is u( )= a/\/g 1,6 °C, which follows from C.3.2 [see Equation 9 b)].

value, u(=)=1,6 °C, may be-compared with u(e)=2,3 °C obtained in 4.4.5 from a rectang
of the same 8 °C width; with’ o= 1,5 °C of the normal distribution of Figure 1 a) whose —2,58

ard

ular
o to

+2,580 width, which encompasses ;99 percent of the distribution, is nearly 8 °C; and with u(7)=0,33 °C
obtained in 4.4.3 from 20 observations assumed to have been taken randomly from the same normmal
distribution

5 Detemmining.combined standard uncertainty

5.1 Unc¢

prrelated input quantities

This subclause treats the case where all input quantities are independent (C.3.7). The case where two or
more input quantities are related, that is, are interdependent or correlated (C.2.8), is discussed in 5.2.

5.1.1 The standard uncertainty of y, where y is the estimate of the measurand Y and thus the result of the
measurement, is obtained by appropriately combining the standard uncertainties of the input estimates
X4, Xo, ..., Xy (8€€ 4.1). This combined standard uncertainty of the estimate y is denoted by u(y).

NOTE For reasons similar to those given in the note to 4.3.1, the symbols u.(y) and ug(y) are used in all cases.
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5.1.2 The combined standard uncertainty u.(y) is the positive square root of the combined variance ug(y),
which is given by

2 (y)=§['—f]2u2(xi> (10)

. X
i=1 1

where f'is the function given in Equation (1). Each u(x;) is a standard uncertainty evaluated as described in 4.2
(Type A evaluation) or as in 4.3 (Type B evaluation). The combined standard uncertainty u.(y) is an estimated
standard deviation and characterizes the dispersion of the values that could reasonably be attributed to the
measurand Y (see 2.2.3).

Equation (10) and its counterpart for correlated input quantities, Equation (13), both of which.are pased on a
first-order Taylor series approximation of Y= f(X,, X5, ..., Xy), express what is termed in this Guid¢ the law of
propagation of uncertainty (see E.3.1 and E.3.2).

NOTE When the nonlinearity of fis significant, higher-order terms in the Taylor series expansion must be included in
the [expression for ug(y), Equation (10). When the distribution of each X; is normal, the“most important terms of next
highest order to be added to the terms of Equation (10) are

sl

i=1 j=1

2 ’ S 32 2
R )
i X X

Seel H.1 for an example of a situation where the contribution of higher-érder terms to ug(y) needs to be consiflered.

5.13 The partial derivatives df/ox; are equal to df/dX;“evaluated at X;=x; (see Note 1 belpw). These
derfvatives, often called sensitivity coefficients, describe~tiow the output estimate y varies with chgnges in the
valyes of the input estimates xq, x,, ..., xy. In particular, the change in y produced by a small change . x; in
inpyit estimate x; is given by (. y); = (df/ox;)(. x,). If ¢his change is generated by the standard uncerfainty of the
estimate x;, the corresponding variation in y is~(gf/dx;)u(x;). The combined variance ug(y) can therefore be
vieyed as a sum of terms, each of which<represents the estimated variance associated with|the output
estimate y generated by the estimated variance associated with each input estimate x,. This suggests writing
Eqyation (10) as

2 u 2 ¥ 2
ug ()= [eu(x;)]" = Dadly) (11a)
i=1 i={
where
i = fl-xi uid)= | eilu(x;) (11b)

NOTE 1 Strictly'speaking, the partial derivatives are df/dx; = 9f/dX; evaluated at the expectations of the X;| However, in
pragtice, the partial derivatives are estimated by

e X X4y X9y eey X7

NOTE 2  The combined standard uncertainty us(y) may be calculated numerically by replacing c;u(x;) in Equation (11a)
with

Z; =%{f[x1, o X u(x;), xN]—f[)q, o X = (x;), xNJ}

That is, u;(y) is evaluated numerically by calculating the change in y due to a change in x; of +u(x;) and of —u(x;). The value
of u;(y) may then be taken as |Z,-| and the value of the corresponding sensitivity coefficient ¢; as Z;/u(x;).
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EXAMPLE
notation,

For the example of 4.1.1, using the same symbol for both the quantity and its estimate for simplicity of

er=-Pl.v=2v/{Ro[1+a(t-1) ]| = 2PV
cy=. P/. Ry = _VZ/{Rg [1+a(r—10) ]} =—P/Rg
e = p/. a=—V2(t—t0)/{R0 [trali-10) | =-rli-t0) [1+ali-10)]

cy=.Pl.t=-V2 {RO [1+0{(t—t0)J2}:—P(Z/[1+0{(t—t0):°

and

u?(P)

514 Ins
determined
holding the
when only

Taylor serig

515 |Iff

[cm(V)]z +[02u(R0)J
(P)+ub (P)+uf (P)

+ujy +ujz

J2u2(V)+[%]2 (R0)+[£J2u2(a)+(-. jzuZ(t)

u2
*+[eau(@)]” +[eau(r)]’

+uj (P)

<l5

| 2
- “1

u

fead of being calculated from the function f, sensitivity coefficients df/dx; are sometimes

experimentally: one measures the change in Y produced by a efjange in a particular X; w
remaining input quantities constant. In this case, the knowledge of the function f (or a portion
several sensitivity coefficients are so determined) is accordingly)reduced to an empirical first-o
s expansion based on the measured sensitivity coefficients.

quation (1) for the measurand Y is expanded about nominal values X; 4 of the input quantities

then, to figst order (which is usually an adequate approximation), Y=Y, + ¢4 5‘1 +0p0p +... + o0y, WH

Yo :f(X1 .0
analysis of
transformin

EXAMPLE
where V =
VL (T)

ug

(v

~

and the con
uc(V)/v of 1
quantities or
if the consta

51.6 If Y
having neg

X5 05 s Xy o) ;= (9f/0X;) evaluated at X; =X, gi\and 6, =X; — X; 5. Thus, for the purposes of
uncertainty, a measurand is usually approximated by a linear function of its variables

g its input quantities from X; to J; (see E.3.1).
From Example 2 of 4.3.7, h th '
,928 571V, u(V)=12uV, the additive;correction . V= 0, and u(. V) 8,7uV. Since .V/ V=1,

1, the combined variance associated with V'is given by

Eu2 (V) +u? (. 7)) = (120V) 487 V)% =219 10712 v2

the . estimate of the value of the measurand V is V=7V +|

hile
of it
rder

Il
ere
an

by

and

bined standard uncertainty, is u(7) = 15 yV, which corresponds to a relative combined standard uncertainty

h

5 - 1078 (see 5.1.6). This is an example of the case where the measurand is already a linear function o
which it depends, Wwith coefficients ¢; = +1. It follows from Equation (10) that if Y= c4Xq + cpXp +... + ey Xy
ts ¢; = +1 or —Jythen ud(y)= > My u?(x)).

is of theform v =cx {1 xh2 xIV
igible_unicertainties, the combined variance, Equation (10), can be expressed as

[”c (v

the
and

and the exponents p; are known positive or negative numbers

2 Y‘N 2
/1)—| = |_n.1l(Y~\/Y~—|
771 Zo T ]

12)

i=1

This is of the same form as Equation (11a) but with the combined variance ug(y) expressed as a relative
combined variance [uc(y)/y]2 and the estimated variance uz(xl-) associated with each input estimate expressed
as an estimated relative variance [u(xi)/xi]z. [The relative combined standard uncertainty is uc(y)/l y| and the
relative standard uncertainty of each input estimate is u(x,)/| x;|, || . 0and |x,| . 0.

NOTE 1 When Y has this form, its transformation to a linear function of variables (see 5.1.5) is readily achieved by
setting X; = X; o(1 + &), for then the following approximate relation results: (Y—Yy)/Yy = Z i]\; p; 6;. On the other hand, the
logarithmic transformation Z=InY and W,=InX; leads to an exact linearization in terms of the new variables:
Z=In c+z ,]-\;1piW,--
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NOTE 2  If each p; is either +1 or —1, Equation (12) becomes [uc(y)/y]z = f\; [u(xl-)/xi]z, which shows that, for this
special case, the relative combined variance associated with the estimate y is simply equal to the sum of the estimated
relative variances associated with the input estimates x;.

5.2 Correlated input quantities

5.2.1 Equation (10) and those derived from it such as Equations (11a) and (12) are valid only if the input
quantities X; are independent or uncorrelated (the random variables, not the physical quantities that are
assumed to be invariants — see 4.1.1, Note 1). If some of the X; are significantly correlated, the correlations
must be taken into account.

5.2]2 When the input quantities are correlated, the appropriate expression for the combined variJance ug(y)
asspciated with the result of a measurement is

2
N N N N-1 N
2 S f S| 2 S-S
ug (y)zzz— u(xi,xj)ZZ(—) u (xl)+2 z — u(x,-,xj) (13)
i=1 =% Xj i=1 i=1 j=it1Yi X
where x; and x; are the estimates of .x; and X; and u(x;, x)— u(x;, x;) is the'estimated covariance|associated

with x; and The degree of correlatlon between X; and X; is characterlzed by the estimated correlation
coefflment (é

ulx;, x;
r(xl,x/.):l—j) (14)
where r(xl,x)—r(x x;), and -1 < r(xl,x) < +1. If the estimates x; and x; are independent, »(x;, x;) =0, and a

\.

change in one does not imply an expected change, in the other (See C.2.8, C.3.6, and C.3.7 for further
disgussion.)

In terms of correlation coefficients, which are'more readily interpreted than covariances, the covafiance term
of Hquation (13) may be written as

22 Z iiu(xi)u(xj)r()cl-,xj) (15)
Equation (13) then becomes,.with the aid of Equation (11b),

ug(y) +22 Z ciCj u ( j)r(x,,xj) (16)

i=1 i=1 j=i+1

NOTE 1 For_the very special case where all of the input estimates are correlated with correlation coefficients
r(x;)x;) = +1;\Equation (16) reduces to

u(2: /) IVZ"”\“”J—‘Z_’Vi.f”(”t)—IZ
= =T

The combined standard uncertainty uc(y) is thus simply a linear sum of terms representing the variation of the output
estimate y generated by the standard uncertainty of each input estimate x; (see 5.1.3). [This linear sum should not be
confused with the general law of error propagation although it has a similar form; standard uncertainties are not errors
(see E.3.2).]
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EXAMPLE Ten resistors, each of nominal resistance R;=1000. , are calibrated with a negligible uncertainty of
comparison in terms of the same 1 000 . standard resistor Ry characterized by a standard uncertainty u(Rs) =100 m. as
given in its calibration certificate. The resistors are connected in series with wires having negligible resistance in order to
obtain a reference resistance R¢s of nominal value 10 k. . Thus R = f(R;) = ,1»21R,». Since r(x;, x;) = r(R;, R;) = +1 for
each resistor pair (see F.1.2.3, Example 2), the equation of this note applies. Since for each resistor df/dx; = dRe/OR; = 1,
and u(x;) = u(R;) = u(Rs) (see F.1.2.3, Example 2), that equatlon yields for the comblned standard uncertainty of R,
u(Ryef) = z ,101u( R,)=10- (100 m. )=1. . The result uy(R ) = [Z 201 u?(R 2 0,32. obtained from Equation (10)
is incorrect because it does not take into account that all of the calibrated values of the ten resistors are correlated.

The estimated variances #2(x;) and estimated covariances u(x;, x;) may be considered as the elements of a

Iatrix with elements u;. The diagonal elements u; of the matrix are the variances u?(x;), while the off-diagpnal
(

)

NOTE 2

covariance
elements u;
covariance
uncorrelated,

i. j) are the covariances u(x; x;)=u(x; x;). If two input estimates are uncorrelated, their associgted
nd the corresponding elements u; and u; of the covariance matrix are 0. If the input estimates ar¢ all
all of the off-diagonal elements are zero and the covariance matrix is diagonal. (See also C.3.5)

NOTE 3 For the purposes of numerical evaluation, Equation (16) may be written as

ZZZZ r(x X )
i=1j=1
iven in 5.1.3, Note 2.

ug

)t
where Z; is g

NOTE 4

N-=
2
i=1

f the X; of the special form considered in 5.1.6 are correlated, then the terms
[ (o) e [ g () ] ()
1

ed to the right-hand side of Equation (12).

1

TN
4

J

must be add

5.23 Co
varying qu
observatior
(see C.3.4)

nsider two arithmetic means ¢ and r that estimate the expectations o, and . of two randg
pntities ¢ and r, and let ¢ and » be caleculated from n independent pairs of simultane
s of ¢ and r made under the same conditions of measurement (see B.2.15). Then the covaria
of ¢ and 7 is estimated by

mly
ous
nce

n

D (k=) (1 —7)

k=1

1

n(n-1)

where g, and r, are the individual.observations of the quantities ¢ and » and ¢ and 7 are calculated from
observations according to Equation’(3). If in fact the observations are uncorrelated, the calculated covaria

(7,7 17)

the
nce

is expected

Thus the e
X, and A

to be near 0.

stimated covariance of two correlated input quantities X; and X; that are estimated by the me
determlned from independent pairs of repeated S|multaneous observations is given

ans
by

X Y,-with s(X X, ;) calculated according to Equation (17). This apphca’uon of Equation (17
=valuatlon of covarlance The est|mated correlation coefficient of X, and X is obtained f

7 (x,0) =1 (X, X)) =58, X)/[5(X)s(X,)]. l

Examples where it is necessary to use covariances as calculated from Equation (17) are given in H.2 and H.4.

[) is

fom

u(x;, x;) =s
a Type A
Equation (1

NOTE

5.2.4 There may be significant correlation between two input quantities if the same measuring instrument,
physical measurement standard, or reference datum having a significant standard uncertainty is used in their
determination. For example, if a certain thermometer is used to determine a temperature correction required in
the estimation of the value of input quantity X;, and the same thermometer is used to determine a similar
temperature correction required in the estimation of input quantity XJ the two input quantities could be
significantly correlated. However, if X; and X; in this example are redefined to be the uncorrected quantities
and the quantities that define the calibration curve for the thermometer are included as additional input
quantities with independent standard uncertainties, the correlation between X; and Xj is removed. (See F.1.2.3
and F.1.2.4 for further discussion.)
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5.2.5 Correlations between input quantities cannot be ignored if present and significant. The associated
covariances should be evaluated experimentally if feasible by varying the correlated input quantities (see
C.3.6, Note 3), or by using the pool of available information on the correlated variability of the quantities in
question (Type B evaluation of covariance). Insight based on experience and general knowledge (see 4.3.1
and 4.3.2) is especially required when estimating the degree of correlation between input quantities arising
from the effects of common influences, such as ambient temperature, barometric pressure, and humidity.
Fortunately, in many cases, the effects of such influences have negligible interdependence and the affected
input quantities can be assumed to be uncorrelated. However, if they cannot be assumed to be uncorrelated,
the correlations themselves can be avoided if the common influences are introduced as additional
independent input quantities as indicated in 5.2.4.

6 |Determining expanded uncertainty

6.1 Introduction

6.1]1 Recommendation INC-1 (1980) of the Working Group on the Statement of Uncertainties on which this
Guide is based (see the Introduction), and Recommendations 1 (CI-1981).and 1 (CI-1986) of the CIPM
apgroving and reaffirming INC-1 (1980) (see A.2 and A.3), advocate the use of the combined standard
ungertainty u(y) as the parameter for expressing quantitatively the uncertainty of the result of a mgasurement.

combined
parisons or

Indéed, in the second of its recommendations, the CIPM has requested that what is now terme
stapdard uncertainty u.(y) be used “by all participants in giving theresults of all international com
oth¢r work done under the auspices of the CIPM and Comités Consultatifs”.

6.1 It, in some
compmercial, industrial, and regulatory applications, and when health and safety are concerned| it is often

2 Although u(y) can be universally used to express theruncertainty of a measurement res]A
d
essary to give a measure of uncertainty that definesafy interval about the measurement result that may be

neg
expected to encompass a large fraction of the distribution of values that could reasonably be attributed to the
measurand. The existence of this requirement was;recognized by the Working Group and led to paragraph 5
of Recommendation INC-1 (1980). It is also refle¢ted in Recommendation 1 (CI-1986) of the CIPM.

6.2 Expanded uncertainty

6.2]1 The additional measure of uncertainty that meets the requirement of providing an interval| of the kind
indicated in 6.1.2 is termed expanded uncertainty and is denoted by U. The expanded unceftainty U is

obtained by multiplying the conibined standard uncertainty u.(y) by a coverage factor k:

The
the

U=kuc(y)

result of a measdrement is then conveniently expressed as Y =y * U, which is interpreted tg
best estimate-ofthe value attributable to the measurand Yis y, and that y — Uto y + U is an

(18)

mean that
nterval that

be expected to encompass a large fraction of the distribution of values that could reagonably be

buted to.¥. Such an interval is also expressedas y - U< Y <y + U.

ma
attr

6.22 ~AThe terms confidence interval (C.2.27, C.2.28) and confidence level (C.2.29) have specific
definitions in statistics and are only applicable to the interval defined by U when certain conditiohs are met,
including that all components of uncertainty that contribute to u.(y) be obtained from Type A evaluations. Thus,
in this Guide, the word “confidence” is not used to modify the word “interval” when referring to the interval
defined by U; and the term “confidence level” is not used in connection with that interval but rather the term
“level of confidence”. More specifically, U is interpreted as defining an interval about the measurement result
that encompasses a large fraction p of the probability distribution characterized by that result and its combined
standard uncertainty, and p is the coverage probability or level of confidence of the interval.

6.2.3 Whenever practicable, the level of confidence p associated with the interval defined by U should be
estimated and stated. It should be recognized that multiplying u.(») by a constant provides no new information
but presents the previously available information in a different form. However, it should also be recognized
that in most cases the level of confidence p (especially for values of p near 1) is rather uncertain, not only
because of limited knowledge of the probability distribution characterized by y and u.(y) (particularly in the
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extreme portions), but also because of the uncertainty of u(y) itself (see Note 2 to 2.3.5, 6.3.2, 6.3.3 and

Annex G, e

NOTE

specially G.6.6).

itis U, see 7.2.2 and 7.2.4, respectively.

6.3 Choosing a coverage factor

6.3.1

For preferred ways of stating the result of a measurement when the measure of uncertainty is uc(y) and when

The value of the coverage factor k is chosen on the basis of the level of confidence required of the

interval y — U to y + U. In general, k£ will be in the range 2 to 3. However, for special applications £ may be

a_f <l

outside thig
will be put

NOTE

reported res
“uncertainty’
known signit
how to treat
some quanti

6.3.2 Ide
provide an
99 percent;
confidence
extensive

combined

themselves

6.3.3 Re
established
presented
adequate |
approximat
which frequ
confidence
confidence

NOTE
then be useq

7 Reporting uncertainty

7.1 Gen

711 In

st H H H AN Ul ] £ Ll % biak. £
Ayt LALTTTOTVED TAMYTTITTIVE WILTT AU TUTT RTUWITUYT UT UTC UoT o TU WITILTT A TITCaAourTriieTit T

an facilitate the selection of a proper value of .

Dccasionally, one may find that a known correction 5 for a systematic effect has not been_applied to)
ult of a measurement, but instead an attempt is made to take the effect into account by enlarging
assigned to the result. This should be avoided; only in very special circumstances shpuld corrections
icant systematic effects not be applied to the result of a measurement (see F.2.4.5 for a-specific case
it). Evaluating the uncertainty of a measurement result should not be confused with assighing a safety lim

Y.

ally, one would like to be able to choose a specific value of the coverage factor £ that w
interval Y=y + U=y % ku,(y) corresponding to a particular level of confidence p, such as 94
equivalently, for a given value of &, one would like to be abledo state unequivocally the levd
associated with that interval. However, this is not easy to{do in practice because it requ
nowledge of the probability distribution characterized by{the measurement result y and
standard uncertainty u(y). Although these parameters-are of critical importance, they are
insufficient for the purpose of establishing intervals having exactly known levels of confidence.

commendation INC-1 (1980) does not specify how the relation between £ and p should
. This problem is discussed in Annex G, andca preferred method for its approximate solutio
n G.4 and summarized in G.6.4. However, 'a simpler approach, discussed in G.6.6, is 0
n measurement situations where the pfobability distribution characterized by y and u.()]
ely normal and the effective degrees of\freedom of u(y) is of significant size. When this is the g
ently occurs in practice, one can assume that taking £ =2 produces an interval having a levg
of approximately 95 percent, and that taking k=3 produces an interval having a leve
of approximately 99 percent.

A\ method for estimating the/effective degrees of freedom of ug(y) is given in G.4. Table G.2 of Annex G
to help decide if this solution’is appropriate for a particular measurement (see G.6.6).

bral guidance

sult

the
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v a

measurem

general, as one moves up the measurement hierarchy, more details are required on ho

ing

commercial and regulatory activities in the marketplace, engineering work in industry, lower-echelon
calibration facilities, industrial research and development, academic research, industrial primary standards
and calibration laboratories, and the national standards laboratories and the BIPM, all of the information
necessary for the re-evaluation of the measurement should be available to others who may have need of it.
The primary difference is that at the lower levels of the hierarchical chain, more of the necessary information
may be made available in the form of published calibration and test system reports, test specifications,
calibration and test certificates, instruction manuals, international standards, national standards, and local
regulations.

7.1.2 When the details of a measurement, including how the uncertainty of the result was evaluated, are
provided by referring to published documents, as is often the case when calibration results are reported on a
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certificate, it is imperative that these publications be kept up-to-date so that they are consistent with the
measurement procedure actually in use.

7.1.3 Numerous measurements are made every day in industry and commerce without any explicit report of
uncertainty. However, many are performed with instruments subject to periodic calibration or legal inspection.
If the instruments are known to be in conformance with their specifications or with the existing normative
documents that apply, the uncertainties of their indications may be inferred from these specifications or from
these normative documents.

7.1.4 Although in practice the amount of information necessary to document a measurement result depends
on its intended use, the basic principle of what is required remains unchanged: when reporting the result of a
measurement and its uncertainty, it is preferable to err on the side of providing too much information rather
than too little. For example, one should

a) | describe clearly the methods used to calculate the measurement result and its ‘uncertainty from the
experimental observations and input data;

b) [ list all uncertainty components and document fully how they were evaluated;

c) | present the data analysis in such a way that each of its important steps-can be readily followed and the
calculation of the reported result can be independently repeated if necessary;

d) | give all corrections and constants used in the analysis and theif.sources.

A test of the foregoing list is to ask oneself “Have | provided enough information in a sufficiently clear manner
thal my result can be updated in the future if new information.or data become available?”

7.2 Specific guidance

7.211  When reporting the result of a measurement, and when the measure of uncertainty is th¢ combined
stapdard uncertainty u.(y), one should

a) | give a full description of how the medsurand Y is defined;

b) | give the estimate y of the measurand Y and its combined standard uncertainty u(y); the unjts of y and
u(y) should always be giveny;

c) | include the relative combined standard uncertainty u,(»)/|»|, || . 0, when appropriate;
d) | give the informationoutlined in 7.2.7 or refer to a published document that contains it.

If if is deemed “dseful for the intended users of the measurement result, for example, to aid in future
calqulations of\coverage factors or to assist in understanding the measurement, one may indicate

the estimated effective degrees of freedom v (see G.4);

A Tyuna A and Tuna D aomabinad ctondord o ortointing )} and G-and-theiestimated effective

e T ypC7Tant Ty pC O CoOmomCt—Stantara— oot tiC s ”CA\// TG gty ar o tic— o otots

degrees of freedom vgs and vggg (see G.4.1, Note 3).

7.22 When the measure of uncertainty is u.(y), it is preferable to state the numerical result of the
measurement in one of the following four ways in order to prevent misunderstanding. (The quantity whose
value is being reported is assumed to be a nominally 100 g standard of mass mg; the words in parentheses
may be omitted for brevity if u is defined elsewhere in the document reporting the resuilt.)

1) “mg=100,021 47 g with (a combined standard uncertainty) u, = 0,35 mg.”

2) “mg=100,02147(35) g, where the number in parentheses is the numerical value of (the combined
standard uncertainty) u referred to the corresponding last digits of the quoted result.”
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3) “mg=100,021 47(0,000 35) g, where the number in parentheses is the numerical value of (the combined
standard uncertainty) u. expressed in the unit of the quoted result.”

4) “mg=(100,021 47 + 0,000 35) g, where the number following the symbol * is the numerical value of (the
combined standard uncertainty) . and not a confidence interval.”

NOTE The * format should be avoided whenever possible because it has traditionally been used to indicate an

interval corresponding to a high level of confidence and thus may be confused with expanded uncertainty (see 7.2.4).
Further, although the purpose of the caveat in 4) is to prevent such confusion, writing Y=y u(y) might still be
misunderstood to imply, especially if the caveat is accidentally omitted, that an expanded uncertainty with k= 1 is intended
and that the interval y — uc(y) <Y<y+tug(y)hasa specﬁ"ed level of confidence P namely, that associated with the normal

distribution (

7.2.3 WH
uncertainty

a) givea
b)
c) includg

d) give th

uc(l;

e)
determ

f)
7.24 WH

give th

result of the measurement as in the following examplé) (The words in parentheses may be omitted for brg

if U, u,, ang

“mS _

expandled uncertainty) U = ku,

and (a

interval estimated to have a level of‘confidence of 95 percent.”

7.25 |If 4
more outpy

state the result of the measurement as Y=y + U and give the units of y and U;

give the approximate level of confidence associated with thelinterval y £ U and state how it

pec 5. 1.9). AS aicated T 6-3-.2 and-ATmEexX S, |nLerpreL|ng us\y) frthis way S usually difficaitto Jubllly

en reporting the result of a measurement, and when the measure of uncertainty is the gxpan
U = kug(y), one should

full description of how the measurand Y is defined,;
the relative expanded uncertainty U/|y|, |»| . 0, when appropriate;

e value of k used to obtain U [or, for the convenience of the userof the result, give both &

ined;

e information outlined in 7.2.7 or refer to a published-document that contains it.

en the measure of uncertainty is U, it is preferable, for maximum clarity, to state the nume
k are defined elsewhere in the document reporting the result.)

100,021 47 £ 0,000 79) g, where the number following the symbol + is the numerical value of

with ¢/ determined from (a combined standard uncertainty) u, = 0,35
coverage factor) k = 2,26 based on the #distribution for v =9 degrees of freedom, and defines

measurement determines simultaneously more than one measurand, that is, if it provides tw
t estimates y, (see-H.2, H.3, and H.4), then, in addition to giving y; and u.(y;), give the covarig

matrix ele
preferably

ents u(y;, yJ) ot the elements r(y;, yJ) of the correlation coefficient matrix (C.3.6, Note 2) (
poth).

ded

and

was

ical
vity

(an
mg
an

D or
nce
and

7.2.6 The numerical values of the estimate y and its standard uncertainty u(y) or expanded uncertaint
should not pe given with an excessive number of digits. It usually suffices to quote u.(y) and U [as well as
standard u certalntles u(x ) of the mput est|mates x] to at most two 3|gn|f|cant digits, although in some cas
may be nece

y U
the
S it

In reporting final results, it may sometimes be appropriate to round uncertainties up rather than to the nearest
digit. For example, u(y) = 10,47 m. might be rounded up to 11 m. . However, common sense should prevail
and a value such as u(x;) = 28,05 kHz should be rounded down to 28 kHz. Output and input estimates should
be rounded to be consistent with their uncertainties; for example, if y=10,057 62. with u.(y)=27m. ,
y should be rounded to 10,058 . . Correlation coefficients should be given with three-digit accuracy if their
absolute values are near unity.
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7.2.

7

obtained, one should follow the recommendations of 7.1.4 and thus

a)

In the detailed report that describes how the result of a measurement and its uncertainty were

give the value of each input estimate x; and its standard uncertainty u(x;) together with a description of

how they were obtained;

give the estimated covariances or estimated correlation coefficients (preferably both) associated with all

input estimates that are correlated, and the methods used to obtain them;

give the degrees of freedom for the standard uncertainty of each input estimate and how it was obtained;

NOT
prog
ort

give the functional relationship Y=/(X,, X5, ..., X)) and, when they are deemed useful,
derivatives or sensitivity coefficients df/dx;. However, any such coefficients determined\.ex(
should be given.

'E Since the functional relationship f may be extremely complex or may not exist explicitly but only a
ram, it may not always be possible to give f'and its derivatives. The function f may then.be“described in g
he program used may be cited by an appropriate reference. In such cases, it is impertant that it be ¢

estimate y of the measurand Y and its combined standard uncertainty u(y) were obtained.

The
pre

Summary of procedure for evaluating and expressing uncertainty

steps to be followed for evaluating and expressing the uncertainty of the result of a meas
ented in this Guide may be summarized as follows:

Express mathematically the relationship between thermeasurand Y and the input quantities J
Ydepends: Y= f(X;, X, ..., Xy). The function f'shetild contain every quantity, including all corr|
correction factors, that can contribute a significant component of uncertainty to the re
measurement (see 4.1.1 and 4.1.2).

Determine x;, the estimated value of input quantity X;, either on the basis of the statistical
series of observations or by other means (see 4.1.3).

Evaluate the standard uncertainty u(x;) of each input estimate x,. For an input estimate obtain
statistical analysis of series.of observations, the standard uncertainty is evaluated as desc

uncertainty u(x;) is evaluatéd as described in 4.3 (Type B evaluation of standard uncertainty).
Evaluate the covariances associated with any input estimates that are correlated (see 5.2).

Calculate the)result of the measurement, that is, the estimate y of the measurand Y, from th
relationship£-using for the input quantities X; the estimates x; obtained in step 2 (see 4.1.4).

Determine the combined standard uncertainty uy(y) of the measurement result y from th
uncertainties and covariances associated with the input estimates, as described in Clau

the partial
erimentally

5 a computer
eneral terms
ear how the

urement as

K. on which
bctions and
sult of the

analysis of

ed from the
ibed in 4.2

(Type A evaluation of staridard uncertainty). For an input estimate obtained by other means, the standard

e functional

e standard
e 5. If the

nmeasurement determines simultaneously more than one output quantity, calculate their covar

ances (see

7)

8)

7.2.5,H.2, H.3, and H.4).

If it is necessary to give an expanded uncertainty U, whose purpose is to provide an interval y — U to

y+ U that may be expected to encompass a large fraction of the distribution of values
reasonably be attributed to the measurand Y, multiply the combined standard uncertainty
coverage factor k, typically in the range 2 to 3, to obtain U = kug(y). Select k on the basis of
confidence required of the interval (see 6.2, 6.3, and especially Annex G, which discusses the
a value of £, that produces an interval having a level of confidence close to a specified value).

that could
ug(y) by a
the level of
selection of

Report the result of the measurement y together with its combined standard uncertainty u () or expanded
uncertainty U as discussed in 7.2.1 and 7.2.3; use one of the formats recommended in 7.2.2 and 7.2.4.

Describe, as outlined also in Clause 7, how y and u.(y) or U were obtained.
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Annex A

Recommendations of Working Group and CIPM

A.1 Recommendation INC-1 (1980)

The Worki
Bureau Int
Poids et M
Recommer
Guide and

Expreq

Recommandation INC-1 (1980)

1)

2)

3)

4)

5)

L'i
ét

A.

B.

I
cq

L'expression «incertitude systématique» est susceptible de conduire a des erreurs d'interpréta

ell

Tq
co

Lg
«q
es

Lg
cq
Lg
Lg

L'i

jg Group on the Statement of Uncertainties (see Foreword) was convened In October 1980 by
rnational des Poids et Mesures (BIPM) in response to a request of the Comité International

esures (CIPM). It prepared a detailed report for consideration by the CIPM that concluded
dation INC-1 (1980) [2]. The English translation of this Recommendation is given in 077 of
he French text, which is authoritative, is as follows [2]:

sion des incertitudes expérimentales

hcertitude d'un résultat de mesure comprend généralement plusietirs composantes qui peu
e groupées en deux catégories d'aprés la méthode utilisée poursestimer leur valeur numérique:

celles qui sont évaluées a I'aide de méthodes statistiques,

celles qui sont évaluées par d'autres moyens.

the
des
ith
this

ent

ractére «aléatoire» ou «systématique» utiliseé™ antérieurement pour classer les incertitu
e doit étre évitée.

ute description détaillée de lincertitude devrait comprendre une liste compléte de
s composantes de la catégorie A sont caractérisées par les variances estimées s,~2 (ou
cart-types» estimés s;) €t les nombres v; de degrés de liberté. Le cas échéant, les covarian
timées doivent étre données.

s composantes de’la catégorie B devraient étre caractérisées par des termes uj2 qui puissent

s termes ujz peuvent étre traités comme des variances et les termes u; comme des écarts-tyj
cas échéant, les covariances doivent étre traitées de fagcon analogue.

hceftitude composée devrait étre caractérisée par la valeur obtenue en appliquant la méth

N'y a pas toujours une correspondance simple entre ‘le classement dans les catégories A ou B $t le
i

mposantes et indiquer pour chacune' la méthode utilisée pour lui attribuer une valeur numérique.

es.
ion;

Ses

es
Cces

Btre

nsidérés comme’/des approximations des variances correspondantes dont on admet I'existence.

pes.

pde

Uus

uelle de combinaison des variances. L'incertitude composée ainsi que ses composantes devra

ient

étre exprimees sous la forme d'«écart-types».

Si pour des utilisations particulieres on est amené a multiplier par un facteur l'incertitude composée
afin d'obtenir une incertitude globale, la valeur numérique de ce facteur doit toujours étre donnée.
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A.2 Recommendation 1 (CI-1981)

The CIPM reviewed the report submitted to it by the Working Group on the Statement of Uncertainties and
adopted the following recommendation at its 70th meeting held in October 1981 [3]:

Recommendation 1 (CI-1981)
Expression of experimental uncertainties

The Comité International des Poids et Mesures

considering
the need to find an agreed way of expressing measurement uncertainty in metrology;
the effort that has been devoted to this by many organizations over many years;

the encouraging progress made in finding an acceptable solution,swhich has resulted from the
discussions of the Working Group on the Expression of Uncertainties'which met at BIPM in 1980,

recognizes

that the proposals of the Working Group might form the, ‘basis of an eventual agreement on the
expression of uncertainties,

recommends
that the proposals of the Working Group be diffused widely;

that BIPM attempt to apply the principles therein to international comparisons carried out under its
auspices in the years to come;

that other interested organizations be encouraged to examine and test these proposals and let their
comments be known to BIPM;

that after two or three(years BIPM report back on the application of these proposals.

A.3 Recommendation 1 (CI-1986)

Thg CIPM furthet considered the matter of the expression of uncertainties at its 75th meeting held in October
1986 and adopted the following recommendation [4]:

Recommendation 1 (CI-1986)

Expression of uncertainties in work carried out under the auspices of the CIPM

The Comité International des Poids et Mesures,

considering the adoption by the Working Group on the Statement of Uncertainties of
Recommendation INC-1 (1980) and the adoption by the CIPM of Recommendation 1 (CI-1981),

considering that certain members of Comités Consultatifs may want clarification of this Recommendation
for the purposes of work that falls under their purview, especially for international comparisons,
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recognizes that paragraph 5 of Recommendation INC-1 (1980) relating to particular applications,
especially those having commercial significance, is now being considered by a working group of the
International Standards Organization (ISO) common to the ISO, OIML and IEC, with the concurrence and
cooperation of the CIPM,

requests that paragraph 4 of Recommendation INC-1 (1980) should be applied by all participants in
giving the results of all international comparisons or other work done under the auspices of the CIPM and
the Comités Consultatifs and that the combined uncertainty of type A and type B uncertainties in terms of
one standard deviation should be given.
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Annex B

General metrological terms

B.1 Source of definitions

Thd
fron
199
org
Intg
Intg
Che
Org
tern

As
me

The

B.2
(me
attri
qug

NOT
Exal

EXA
con

definitions of the general metrological terms relevant 10 this Guide that are given here have
h the International vocabulary of basic and general terms in metrology (abbreviated VIM), séc
3* [6], published by the International Organization for Standardization (ISO), in the name o
bnizations that supported its development and nominated the experts who prepared it:

rnational des Poids et Mesures (BIPM), the International Electrotechnical Commission
rnational Federation of Clinical Chemistry (IFCC), I1SO, the International Union~of Pure a
mistry (IUPAC), the International Union of Pure and Applied Physics (IURAP), and the |
anization of Legal Metrology (OIML). The VIM should be the first source consulted for the d
ns not included either here or in the text.

een taken
bnd edition,
the seven
he Bureau
(IEC), the
nd Applied
hternational
Efinitions of

TE Some basic statistical terms and concepts are given in Annex C,‘while the terms “true value”| “error”, and
ertainty” are further discussed in Annex D.
) Definitions
in Clause 0, in the definitions that follow, the use.of-parentheses around certain words of gome terms
hns that the words may be omitted if this is unlikely to cause confusion.
terms in boldface in some notes are additional metrological terms defined in those notes, either explicitly
or implicitly (see Reference [6]).
1
asurable) quantity
bute of a phenomenon, body or substance that may be distinguished qualitatively and |determined
ntitatively
[E 1 The term quantity-may refer to a quantity in a general sense (see Example 1) or to a particular quantity (see
mple 2).
MPLE 1 Quantities in a general sense: length, time, mass, temperature, electrical resistance, amount{of-substance
Centration.
MPLE 2 Particular quantities:

EXA

length’of a given rod

éelectrical resistance of a given specimen of wire

NOTE 2

amount-of-substance concentration of ethanol in a given sample of wine.

Quantities that can be placed in order of magnitude relative to one another are called quantities

kind.

*

Footnote to the 2008 version:

of the same

The third edition of the vocabulary was published in 2007, under the title ISO/IEC Guide 99, International vocabulary of
metrology — Basic and general concepts and associated terms (VIM).
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NOTE 3

NOTE 4
[VIM:1993,

B.2.2
value (of a

Quantities of the same kind may be grouped together into categories of quantities, for example:
work, heat, energy
thickness, circumference, wavelength.

Symbols for quantities are given in ISO 31*.

definition 1.1]

quantity)

magnitude
EXAMPLE 1
EXAMPLE 2
EXAMPLE 3
NOTE 1
NOTE 2
NOTE 3

NOTE 4
reference to

[VIM:1993,

B.2.3
true value
value consi

NOTE 1
NOTE 2

NOTE 3
there may bg

[VIM:1993,

Guide Com
Guide and
quantity) ar

B.2.4

£ =t l ey Ll <l H £ + ol ool L o
ra pdaruaoulidl Yudaritity yclichdily TAPITCooTU do a UTTt UT TTITCAOUTTITITTIU TTTUIUPTNICU Uy a TTUulmtivcl

Length of a rod: 5,34 m or 534 cm.
Mass of a body: 0,152 kg or 152 g.

Amount of substance of a sample of water (H,0): 0,012 mol or 12 mmol.

The value of a quantity may be positive, negative or zero.
The value of a quantity may be expressed in more than one way.

The values of quantities of dimension one are generally expressed as pure numbers.

A\ quantity that cannot be expressed as a unit of measurement multiplied by a number may be expresse
a conventional reference scale or to a measurement procedure orto both.

definition 1.18]

(of a quantity)
stent with the definition of a given particular.quantity

This is a value that would be obtained by, a-perfect measurement.

True values are by nature indeterminate:

The indefinite article “a”, ratherthan the definite article “the”, is used in conjunction with “true value” beca

e many values consistent with theé definition of a given particular quantity.
definition 1.19]

ment: See Annéx)D, in particular D.3.5, for the reasons why the term “true value” is not used in
why the terms“true value of a measurand” (or of a quantity) and “value of a measurand” (or
e viewed as\equivalent.

conventio

value attribs s cula
appropriate for a given purpose

EXAMPLE 1

EXAMPLE 2

al true value (of a quantity)

use

this
bf a

inty

At a given location, the value assigned to the quantity realized by a reference standard may be taken as
a conventional true value.

The CODATA (1986) recommended value for the Avogadro constant: 6,022 136 7 - 1023 mol™".

*

Footnote to the 2008 version:

The ISO 31 series is under revision as a series of ISO 80000 and IEC 80000 documents. (Some of these documents have
already been published.)
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NOTE 1

“Conventional true value” is sometimes called assigned value, best estimate of the value, conventional

value or reference value. “Reference value”, in this sense, should not be confused with “reference value” in the sense
used in the Note to VIM:1993, definition 5.7.

NOTE 2

[VIM:1993, definition 1.20]

Guide Comment: See the Guide Comment to B.2.3.

B.2

.5

measurement

set
NOT
[VIN

B.2

of operations having the object of determining a value of a quantity
'E The operations may be performed automatically.
1:1993, definition 2.1]

6

principle of measurement

scig
EXA
EXA
EXA
EXA
[VIN
B.2
me
logi

NO]

[VI

ntific basis of a measurement
MPLE 1 The thermoelectric effect applied to the measurement of temperature.
MPLE 2 The Josephson effect applied to the measurement of electric potential difference.

MPLE 3 The Doppler effect applied to the measurement of.velocity.

1:1993, definition 2.3]

7
hod of measurement
cal sequence of operations, described generically, used in the performance of measurements

[E Methods of measurement:may be qualified in various ways such as:
substitution method
differential method

null method.

1:1993, definition 2.4]

B.2

set|of-operations, described specifically, used in the performance of particular measurements acqg

8

meIsurement procedure

giv pn methad

MPLE 4 The Raman effect applied to the measurement of the wave number of molecular vibrations.

NOTE

Frequently, a number of results of measurements of a quantity is used to establish a conventional true value.

ording to a

A measurement procedure is usually recorded in a document that is sometimes itself called a “measurement

procedure” (or a measurement method) and is usually in sufficient detail to enable an operator to carry out a
measurement without additional information.

[VIM:1993, definition 2.5]
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B.2.9

measurand
particular quantity subject to measurement

EXAMPLE

NOTE
pressure.

[VIM:1993,

Vapour pressure of a given sample of water at 20 °C.

definition 2.6]

The specification of a measurand may require statements about quantities such as time, temperature and

B.2.10

influence
quantity thg
EXAMPLE 1
EXAMPLE 2

EXAMPLE 3
plasma.

[VIM:1993,

Guide Con

J|uantity

t is not the measurand but that affects the result of the measurement
Temperature of a micrometer used to measure length.
Frequency in the measurement of the amplitude of an alternating electric potential difference.

Bilirubin concentration in the measurement of haemoglobin concentration in ‘a8 sample of human b,

definition 2.7]

hment: The definition of influence quantity is understood’ t6 include values associated

ood

ith

measurement standards, reference materials, and reference data upen which the result of a measurenpent

may depen
as ambient

B.2.11
result of a
value attrib

NOTE 1
the indi

the und

and whether

NOTE 2

measurement.

[VIM:1993,

B.2.12
uncorrecte

the corfected result

d, as well as phenomena such as short-term measuring’instrument fluctuations and quantities s
temperature, barometric pressure and humidity.

measurement
Lited to a measurand, obtained by measurement

When a result is given, it should be made-¢lear whether it refers to:
Cation

prrected result

several values are averaged.

\ complete statement of the result of a measurement includes information about the uncertaint

definition3y1]

dresult

uch

of

resultof ar
[VIM:1993,

B.2.13

oot ' £ 4 '
ICASUTTITICTTU DTTUTT CUTTTUUUIT TUT SyolTiTTatt TITuUl

definition 3.3]

corrected result
result of a measurement after correction for systematic error

[VIM:1993,

definition 3.4]
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B.2.14

accuracy of measurement

closeness of the agreement between the result of a measurement and a true value of the measurand
NOTE 1 “Accuracy” is a qualitative concept.

NOTE 2  The term precision should not be used for “accuracy’.

[VIM:1993, definition 3.5]

Guide Comment: See the Guide Comment to B.2.3.

B.2|15

repgatability (of results of measurements)
clogeness of the agreement between the results of successive measurements of the same,measurand carried
outfunder the same conditions of measurement

NOTE 1 These conditions are called repeatability conditions.

NOTE 2  Repeatability conditions include:

— | the same measurement procedure

— | the same observer

— | the same measuring instrument, used under the same conditions
— | the same location

— | repetition over a short period of time.

NOTE 3  Repeatability may be expressed quantitatively in'terms of the dispersion characteristics of the resylts.
[VIM:1993, definition 3.6]

B.2|16

reproducibility (of results of measurements)
clogeness of the agreement between(the results of measurements of the same measurand carried out under
changed conditions of measurement

NOTE 1 A valid statement of reproducibility requires specification of the conditions changed.

NOTE 2  The changed conditions may include:
— | principle of measurement

— | method of measurement

— | observer

— | measuringvinstrument

— | reference standard

— | location

— conditions of use

— time.
NOTE 3 Reproducibility may be expressed quantitatively in terms of the dispersion characteristics of the results.

NOTE 4  Results are here usually understood to be corrected results.

[VIM:1993, definition 3.7]
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B.2.17

experimental standard deviation
for a series of n» measurements of the same measurand, the quantity s(q,) characterizing the dispersion of the

results and

given by the formula:

q; being the result of the kth measurement and g being the arithmetic mean of the » results considered

NOTE 1
and s(¢,) is

NOTE 2

NOTE 3

NOTE 4

Guide Com
with the no

B.2.18

uncertaint
parameter,
could reasq

NOTE 1
interval havi

NOTE 2
evaluated fi
experimentaj
evaluated frq

NOTE 3

that all com
corrections g

[VIM:1993,

Guide Coni
Guide (see

B.2.19

The expression s(qk)/JZ is an estimate of the standard deviation of the distribution of ¢ and’is called
experimental standard deviation of the mean.

The parameter may be, for example, a standard deviation (or a given multiple of it), or the half-width 9

Considering the series of n values as a sample of a distribution, ¢ is an unbiased estimate of the mean
an unbiased estimate of the variance o2, of that distribution.

|Experimental standard deviation of the mean” is sometimes incorrectly called standard,error of the mean.

Adapted from VIM:1993, definition 3.8.

ment: Some of the symbols used in the VIM have been changed in order to achieve consistg
ation used in 4.2 of this Guide.

y (of measurement)
associated with the result of a measurement, that characterizes the dispersion of the values
nably be attributed to the measurand

g a stated level of confidence.

ncertainty of measurement comprises,.in-general, many components. Some of these components ma
om the statistical distribution of the~results of series of measurements and can be characterizeg
standard deviations. The other compehents, which can also be characterized by standard deviations,
m assumed probability distributions based on experience or other information.

t is understood that the res(lt;of the measurement is the best estimate of the value of the measurand,

ponents of uncertainty, including those arising from systematic effects, such as components associated
nd reference standards,.contribute to the dispersion.

definition 3.9]

ment: It is\pointed out in the VIM that this definition and the notes are identical to those in
2.2.3).

the

ncy

that

if an

be

by
are

and
with

this

error (of m

easurement)
-7

result of a measurement minus a true value of the measurand

NOTE 1
definitions 1.

NOTE 2

19 (B.2.3) and 1.20 (B.2.4)].

of measurement. This should not be confused with absolute value of error, which is the modulus of the error.

[VIM:1993,

definition 3.10]

Since a true value cannot be determined, in practice a conventional true value is used [see VIM:1993,

When it is necessary to distinguish “error” from “relative error”, the former is sometimes called absolute error
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Guide Comment: If the result of a measurement depends on the values of quantities other than the
measurand, the errors of the measured values of these quantities contribute to the error of the result of the
measurement. Also see the Guide Comment to B.2.22 and to B.2.3.

B.2.20
relative error
error of measurement divided by a true value of the measurand

NOTE Since a true value cannot be determined, in practice a conventional true value is used [see VIM:1993,
definitions 1.19 (B.2.3) and 1.20 (B.2.4)].

[VIM:1993, definition 3.12]

Guide Comment: See the Guide Comment to B.2.3.
B.2|21

random error

reslilt of a measurement minus the mean that would result from an infinite number of measurements of the
sanie measurand carried out under repeatability conditions

NOTE 1 Random error is equal to error minus systematic error.

NOTE 2 Because only a finite number of measurements can be made(it is possible to determine only ap estimate of
random error.

[VIM:1993, definition 3.13]

Guide Comment: See the Guide Comment to B.2.22.
B.2{22

systematic error

mean that would result from an infinite number of measurements of the same measurand carriedl out under
repeatability conditions minus a true value of the measurand

NOTE 1 Systematic error is equal to error minus random error.

NOTE 2 Like true value, systematic'error and its causes cannot be completely known.
NOTE 3  For a measuring/instrument, see “bias” (VIM:1993, definition 5.25).
[VIM:1993, definition3.14]

Guide Commenti(Fhe error of the result of a measurement (see B.2.19) may often be considered as arising
from a number,'6f random and systematic effects that contribute individual components of error to the error of
theJresult. Also see the Guide Comment to B.2.19 and to B.2.3.
B.2|23

corresction
value added algebraically to the uncorrected result of a measurement to compensate for systematic error

NOTE 1 The correction is equal to the negative of the estimated systematic error.
NOTE 2  Since the systematic error cannot be known perfectly. the compensation cannot be complete.

[VIM:1993, definition 3.15]

© ISO/IEC 2008 — All rights reserved 37


https://standardsiso.com/api/?name=06e4b18f0802b9fbd4aa5e459cf5d309

ISO/IEC GUIDE 98-3:2008(E)

B.2.24

correction factor

numerical factor by which the uncorrected result of a measurement is multiplied to compensate for systematic
error

NOTE Since the systematic error cannot be known perfectly, the compensation cannot be complete.

[VIM:1993, definition 3.16]
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Annex C

Basic statistical terms and concepts

C.1 Source of definitions

The
ISQ
Sorf
thei
incl

definifions of the basic statistical terms given In this annex are taken from Internationa
3534-1:1993* [7]. This should be the first source consulted for the definitions of terms notinc
ne of these terms and their underlying concepts are elaborated upon in C.3 following the)pre
r formal definitions in C.2 in order to facilitate further the use of this Guide. Howevery C.3,
Lides the definitions of some related terms, is not based directly on ISO 3534-1:1993.

C.2 Definitions

As jn Clause 0 and Annex B, the use of parentheses around certain words of some terms meg
words may be omitted if this is unlikely to cause confusion.

Terms C.2.1 to C.2.14 are defined in terms of the properties of populations. The definitions of term
C.231 are related to a set of observations (see Reference [7]).

C.211

probability

a rgal number in the scale 0 to 1 attached to a random event

NOTE It can be related to a long-run relative frequency of occurrence or to a degree of belief that an evg
Forja high degree of belief, the probability is near+}

[1ISO 3534-1:1993, definition 1.1]

C.2[2

random variable

varjate

a variable that may take any of the values of a specified set of values and with which is as
propability distribution [IS® 3534-1:1993, definition 1.3 (C.2.3)]

NOTE 1 A random yariable that may take only isolated values is said to be “discrete”. A random variabl
takg any value within a finite or infinite interval is said to be “continuous”.

NO]

154

[E 2 <Fhe’probability of an event A is denoted by Pr(A) or P(A).

D 3534-1:1993, definition 1.2]

| Standard
uded here.
sentation of
which also

ns that the

s C.2.15to

nt will occur.

sociated a

e which may

Guide Comment: The symbol Pr(A) is used in this Guide in place of the symbol P (A) used in
ISO 3534-1:1993.

*

Footnote to the 2008 version:

ISO 3534-1:1993 has been cancelled and replaced by ISO 3534-1:2006. Note that some of the terms and definitions have
been revised. For further information, see the latest edition.
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C.23

probability distribution (of a random variable)

a function giving the probability that a random variable takes any given value or belongs to a given set of

values

NOTE

The probability on the whole set of values of the random variable equals 1.

[1SO 3534-1:1993, definition 1.3]

C.24
distributio

n function

a function d

F(x)
[1SO 3534-

C.25
probability
the derivati

/(%) 7
NOTE
f(x)d;

[ISO 3534-

C.2.6
probability
a function ¢
equals x;:

P

Pi
[ISO 3534-
Cc.2.7
parameter
a quantity
[ISO 3534-
C.2.8

correlation
the relation

iving, for every value x, the probability that the random variable X be less than or equal to x:

Pr(X <x)

1:1993, definition 1.4]

density function (for a continuous random variable)
ve (when it exists) of the distribution function:

dF(x)/dx

J(x)dx is the “probability element”:

:Pr(x<X<x+dx)

1:1993, definition 1.5]

mass function

(X =x;)

1:1993, definition 1.6]

sed in describingthe-probability distribution of a random variable

1:1993, definition 1.12]

iving, for each value x; of a discrete randem variable X, the probability p; that the random variable

5hip between two or several random variables within a distribution of two or more random varialrles

NOTE Most statistical measures of correlation measure only the degree of linear relationship.

[ISO 3534-1:1993, definition 1.13]
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C.29

expectation (of a random variable or of a probability distribution)
expected value

mean

1) For a discrete random variable X taking the values x; with the probabilities p;, the expectation, if it exists, is

OC:E(X):Zpixi

the sum being extended over all the values x; which can be taken by X.

2) Eora continuous random variable X having the probability density function £(x), the expectation_if it exists, is
o= E(X) = [ x/(x) dx

the integral being extended over the interval(s) of variation of X.

[ISO 3534-1:1993, definition 1.18]

C.2110

centred random variable

a rgndom variable the expectation of which equals zero

NOTE If the random variable X has an expectation equal to o the corresponding centred random variablg is (X — <.

[ISO 3534-1:1993, definition 1.21]

C.2l11

varjance (of a random variable or of a probability distribution)
the lexpectation of the square of the centred random variable [ISO 3534-1:1993, definition 1.21 (C.4.10)]:

o? =V (X)= E{[X—E(X)]Z}

[ISO 3534-1:1993, definition 1.22]

C.2|12

stapdard deviation (of a random variable or of a probability distribution)
the |positive square root of the variance:

o=,V(X)

[ISO 3534-1:1993; definition 1.23]

C.2113
cerjtral moment 2! of order ¢
in al univariate distribution, the expectation of the gth power of the centred random variable (X — <9:

A1

NOTE The central moment of order 2 is the variance [ISO 3534-1:1993, definition 1.22 (C.2.11)] of the random
variable X.

[ISO 3534-1:1993, definition 1.28]

2) If, in the definition of the moments, the quantities X, X—a, Y, Y — b, etc. are replaced by their absolute values, i.e. |X|
| X=al, | 7|, | Y- b|, etc., other moments called “absolute moments” are defined.
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C.214
normal dis

tribution

Laplace-Gauss distribution

the probabi

S(x)=

lity distribution of a continuous random variable X, the probability density function of which is

T

1

—exp[

1

2

X — o<

o\2m o

for-8 <x<+8.

NOTE

[ISO 3534-

C.2.15

characteristic

a property
NOTE

[ISO 3534-

C.2.16
population
the totality

NOTE
considered t

[ISO 3534-

C.2.17
frequency
the number

[ISO 3534-

C.2.18

frequency
the empirig
frequencies

NOTE

The characteristic may be either quantitative (by variables) or qualitative (by attributes).

The distribution/may be graphically presented as a histogram (1SO 3534-1:1993, definition 2.17), bar ¢

isthe nvpnrfaﬁnn and ais the standard deviation of the normal distribution

1:1993, definition 1.37]

hich helps to identify or differentiate between items of a given population

1:1993, definition 2.2]

pf items under consideration

b define the population of that variable.

1:1993, definition 2.3]

1:1993, definition 2.11]

distribution

n the case of a random variable, the probability distribution [ISO 3534-1:1993, definition 1.3 (C.2.3)

(1SO 3534-1}1993, definition 2.18), cumulative frequency polygon (1ISO 3534-1:1993, definition 2.19), or as a two-
table (1ISO 3534-1:1993, definition 2.22).

[1ISO 3534-11:1993, definition 2.15]

C.2.19

arithmetic mean

average

the sum of values divided by the number of values

NOTE 1

referring to the result of a calculation on the data obtained in a sample.

NOTE 2

] is

of occurrences of a given type of evient or the number of observations falling into a specified class

al relationship between the values of a characteristic and their frequencies or their relgtive

hart
way

The term “mean” is used generally when referring to a population parameter and the term “average” when

The average of a simple random sample taken from a population is an unbiased estimator of the mean of this

population. However, other estimators, such as the geometric or harmonic mean, or the median or mode, are sometimes

used.

[ISO 3534-1:1993, definition 2.26]
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C.2.20

variance

a measure of dispersion, which is the sum of the squared deviations of observations from their average
divided by one less than the number of observations

EXAMPLE For n observations x4, xy, ..., x, with average
X = (1/n) Z x;

the variance is

NOTE 1 The sample variance is an unbiased estimator of the population variance.
NOTE 2  The variance is n/(n — 1) times the central moment of order 2 (see note to ISO 3534%1:1993, definftion 2.39).

[1ISQ 3534-1:1993, definition 2.33]

Guide Comment: The variance defined here is more appropriately designated the “sample estinate of the
population variance”. The variance of a sample is usually defined to be the central moment of orger 2 of the
sample (see C.2.13 and C.2.22).

C.2{21
staphdard deviation
the |positive square root of the variance

NOTE The sample standard deviation is a biased estimator of the population standard deviation.
[1ISO 3534-1:1993, definition 2.34]

C.2[22

central moment of order ¢

in d distribution of a single characteristic; the arithmetic mean of the ¢gth power of the difference between the
observed values and their average Xx:

1 _
;Z(xi -X )q
1
where n is the number-of observations
NOTE The central moment of order 1 is equal to zero.
[1ISQ 3534-141993, definition 2.37]
C.2[23

statistic
a function of the sample random variables

NOTE A statistic, as a function of random variables, is also a random variable and as such it assumes different
values from sample to sample. The value of the statistic obtained by using the observed values in this function may be
used in a statistical test or as an estimate of a population parameter, such as a mean or a standard deviation.

[ISO 3534-1:1993, definition 2.45]

C.2.24

estimation

the operation of assigning, from the observations in a sample, numerical values to the parameters of a
distribution chosen as the statistical model of the population from which this sample is taken
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NOTE

definition 2.51 (C.2.26)] or as an interval estimate [see ISO 3534-1:1993, definitions 2.57 (C.2.27) and 2.58 (C.2.28)].

[ISO 3534-1:1993, definition 2.49]

C.2.25
estimator
a statistic u

sed to estimate a population parameter

[1SO 3534-1:1993, definition 2.50]

A result of this operation may be expressed as a single value [point estimate; see 1SO 3534-1:1993,

C.2.26
estimate
the value o

[ISO 3534-

C.2.27

two-sided
when T, a
estimated,
and less th

NOTE 1
such will ger]

NOTE 2
is covered b

[ISO 3534-

C.2.28
one-sided

when T is a function of the observed values such’that, . being a population parameter to be estimated,

The limits 74 and T, of the confidence interval are statistics [ISO 3534-1:1993, definition 2.45 (C.2.23)] an

[ an estimator obtained as a result of an estimation
1:1993, definition 2.51]

confidence interval

nd T, are two functions of the observed values such that, 6 being a population parameter tg
he probability Pr(Ty <. < Ty) is at least equal to (1 — &) [where (1 - @)-is a fixed number, pos
hn 1], the interval between T, and T, is a two-sided (1 — &) confidenee interval for .

erally assume different values from sample to sample.

n a long series of samples, the relative frequency of cases where the true value of the population parame
the confidence interval is greater than or equal to (1 — )«

1:1993, definition 2.57]

confidence interval

probability Pr(7 > . ) [or the probability Pr(7T <_))] is at least equal to (1 — &) [where (1 — ) is a fixed num
positive and less than 1], the interval from,the smallest possible value of . up to T (or the interval from T'u
the largest possible value of . ) is a one-sided (1 — &) confidence interval for .

NOTE 1 The limit 7 of the confidence;interval is a statistic [ISO 3534-1:1993, definition 2.45 (C.2.23)] and as such
generally aspume different values from-sample to sample.

NOTE 2 Bee Note 2 of IS@3534-1:1993, definition 2.57 (C.2.27).

[ISO 3534-[1:1993, definition 2.58]

C.2.29

confidence¢ coefficient

confidence level

be
tive

d as

the
ber,
p to

will

the value (1 — a) of the probability associated with a confidence interval or a statistical coverage interval
[See ISO 3534-1:1993, definitions 2.57 (C.2.27), 2.58 (C.2.28) and 2.61 (C.2.30).]

NOTE

(1 — o) is often expressed as a percentage.

[ISO 3534-1:1993, definition 2.59]

C.2.30

statistical coverage interval
an interval for which it can be stated with a given level of confidence that it contains at least a specified
proportion of the population

44
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NOTE 1 When both limits are defined by statistics, the interval is two-sided. When one of the two limits is not finite or
consists of the boundary of the variable, the interval is one-sided.

NOTE 2  Also called “statistical tolerance interval”. This term should not be used because it may cause confusion with
“tolerance interval” which is defined in ISO 3534-2:1993.

[ISO 3534-1:1993, definition 2.61]
C.2.31

degrees of freedom
in general, the number of terms in a sum minus the number of constraints on the terms of the sum

[1ISQ 3534-1:1993, definition 2.85]

C.3 Elaboration of terms and concepts

C.3.1 Expectation

The expectation of a function g(z) over a probability density function p(z) ofthe random variable z is [defined by
E[g(z)] = J.g(z)p(z)dz

where, from the definition of p(z), [p(z)dz = 1. The expectation ©f the random variable z, denoted|by -, and
which is also termed the expected value or the mean of z, is given by

o, =E(z)= Izp(z)dz

It ig estimated statistically by z, the arithmetic.mmeéan or average of »n independent observations z; of the
rangdom variable z, the probability density function\of which is p(z):

C.3.2 Variance

Thg variance of a randomrvariable is the expectation of its quadratic deviation about its expectation. Thus the
variance of random variable z with probability density function p(z) is given by
2

02 (z)= [(z5) p(z)dz

where o, is thie)expectation of z. The variance 02(z) may be estimated by

s2(zi): 11i(zj—2)2

n 1

where

and the z; are n independent observations of z.

NOTE 1 The factor n — 1 in the expression for s2(z;) arises from the correlation between z; and z and reflects the fact
that there are only n — 1 independent items in the set {z; -z }.
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NOTEZ2 |

$2(z;) =

f the expectation , of z is known, the variance may be estimated by

n
2
(Zi - ‘XZ)
=1

I | =

1

The variance of the arithmetic mean or average of the observations, rather than the variance of the individual
observations, is the proper measure of the uncertainty of a measurement result. The variance of a variable z
should be carefully distinguished from the variance of the mean z. The variance of the arithmetic mean of a
series of n independent observations z; of z is given by 02(2) = az(zi )/n and is estimated by the experimental

variance of

the mean

52 (z

C.3.3 Sta

The standg
obtained b
determining

) E

sz(zi) 1 u _.2
=n(n—1) Zi_z)

(

n

i=1

hdard deviation

rd deviation is the positive square root of the variance. Whereas a Type A'stahdard uncertaint
taking the square root of the statistically evaluated variance, it is oftén)more convenient w
a Type B standard uncertainty to evaluate a nonstatistical equivalent-standard deviation first

then to obtain the equivalent variance by squaring the standard deviation.

C.3.4 Coy

yariance

The covariance of two random variables is a measure of their mutual)dependence. The covariance of rang

variables y
cov(y

which lead

cov(y

where p(y,
denoted b
observatior]

and z is defined by

z)=cov(z, y) = E{[y— E(y)][= _E(Z)]}
to

z)=cov(z, y)

- _U(y— ‘xy)(z‘ <) p(», z)dydz
= ”yZp(y, z)dydz - o,

) is the joint probability density function of the two variables y and z. The covariance cov(y, z) [
. (»,2)] may be estimated by s(y; z;) obtained from n independent pairs of simultane
s y;and z; of y and'z,

og
Vol

n

1

y is
hen
and

om

hlso
ous

soa) == 25 =7)(z - %)
4=1
where
_ 1EK
y =;é{]1
and

NOTE

The estimated covariance of the two means » and z is given by s(¥,z)=s(y;, z;)/n.
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C.3.5 Covariance matrix

For a multivariate probability distribution, the matrix ¥ with elements equal to the variances and covariances
of the variables is termed the covariance matrix. The diagonal elements, . (z, z) = 62(z) or S(zp, z;) = sz(zi), are
the variances, while the off-diagonal elements, . (y, z) or s(y;, z;), are the covariances.

C.3.6 Correlation coefficient

The correlation coefficient is a measure of the relative mutual dependence of two variables, equal to the ratio
of their covariances to the positive square root of the product of their variances. Thus

N - (»2) e (»2)
-(nz)= (z) [ (1 y) (zz) o(v)a(z)

with estimates

s(ir zi) _ s(vizi)
s(yi,yi)s(zi,zi) S(yi)s(zi)

r(yi,zi)=r(zi,yl-)=\/

Thg correlation coefficient is a pure number such that -1 <. < +1 or -1, < (y;, z;) < +1.
NOTE 1 Because . and r are pure numbers in the range —1 to +1 incluSive, while covariances are usually quantities
with| inconvenient physical dimensions and magnitudes, correlation\ coefficients are generally more [useful than

covariances.

NOTE 2  For multivariate probability distributions, the correlation coefficient matrix is usually given in place of the
covariance matrix. Since . (y, y) =1 and r(y;, y;) = 1, the diagonal-elements of this matrix are unity.

NOTE 3  If the input estimates x; and x; are correlated(See 5.2.2) and if a change &; in x; produces a change &; in x;,
ther) the correlation coefficient associated with x; and x; is"estimated approximately by

swsy) ()8, ()3

Thid relation can serve as a basis for estimating correlation coefficients experimentally. It can also be used to calculate the
appfoximate change in one input estimate due to a change in another if their correlation coefficient is known.

C.3.7 Independence

Tw¢ random variables are-statistically independent if their joint probability distribution is the product of their
individual probability distributions.

NOTE If two{random variables are independent, their covariance and correlation coefficient are zgro, but the
conyerse is not.necessarily true.

C.3.8 The r-distribution; Student's distribution

Thc dictebition Ay Qi dantla Aot itinn o tha naeabh by, Adicteibhition Af o ~ontin iAo rnhdnwl Var'able t

O
OISOt O O OTtO U T Tt o UGSt TiootioTT— 19— i PTooaoTty — ot iootoTrT— O o SOt oo S ot raoTt

whose probability density function is

] r(vz”j 2 )2
+

where T is the gamma function and v > 0. The expectation of the sdistribution is zero and its variance is
vi(v=2) for v>2. As v — 8, the t-distribution approaches a normal distribution with «=0 and o =1 (see
C.2.14).
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The probability distribution of the variable (z — ,)/s(z) is the #distribution if the random variable z is normally
distributed with expectation o, where z is the arithmetic mean of » independent observations z; of z, s(z;) is
the experimental standard deviation of the n observations, and s(z) =s(z,-)/\/; is the experimental standard
deviation of the mean z with v=n — 1 degrees of freedom.
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Annex D

“True” value, error, and uncertainty

The term true value (B.2.3) has traditionally been used in publications on uncertainty but not in this Guide for

the

reasons presented in this annex. Because the terms “measurand”, “error”,

and “uncertainty” are frequently

misunderstood, this annex also provides additional discussion of the |deas underlying them to supplement the

d|s(\| Ission-givven-n f‘lallen 3—Two-figures are nracahl‘nr‘l to |||| strate \Alh\/ the-conceptof ||nr\ar+o|nh
I I Lol L

this|
qug

D.1

D.1
the
me
it lef

Guide is based on the measurement result and its evaluated uncertamty rather than on the-y
ntities “true” value and error.

The measurand
1 The first step in making a measurement is to specify the measurand ~<the quantity to be
measurand cannot be specified by a value but only by a description of & quantity. However, in

surand cannot be completely described without an infinite amount of. information. Thus, to the]
aves room for interpretation, incomplete definition of the measurand.introduces into the uncert

adopted in
nknowable

measured;
principle, a
extent that
ainty of the

res tive to the

acq

it of a measurement a component of uncertainty that may er may not be significant reld
uracy required of the measurement.

D.1{2 Commonly, the definition of a measurand specifies certain physical states and conditions.

EXA
and

MPLE The velocity of sound in dry air of compositioné(mole fraction) N, = 0,780 8, O, = 0,209 5, A
CO, = 0,000 35 at the temperature 7= 273,15 K and pressure p = 101 325 Pa.

r=0,009 35,

D.2 The realized quantity
D.2
me
qud

tion of the
rmed on a

1 Ideally, the quantity realized for-measurement would be fully consistent with the defin
bsurand. Often, however, such a‘quantity cannot be realized and the measurement is perfq
ntity that is an approximation_of.the measurand.

D.3 The “true” valué and the corrected value

D.3
qua
qua
rea
corl
res

1 The result,ofthe measurement of the realized quantity is corrected for the difference bg¢tween that
ntity and thesmeasurand in order to predict what the measurement result would have been if the realized
ntity had in fact fully satisfied the definition of the measurand. The result of the measurement of the
ized quantity is also corrected for all other recognized significant systematic effects. Although the final
ected-result is sometimes viewed as the best estimate of the “true” value of the measurand, i reality the
It iSssimply the best estimate of the value of the quantity intended to be measured.

D.3.2 As an example, suppose that the measurand is the thickness of a given sheet of material at a
specified temperature. The specimen is brought to a temperature near the specified temperature and its
thickness at a particular place is measured with a micrometer. The thickness of the material at that place and
temperature, under the pressure applied by the micrometer, is the realized quantity.

D.3.3 The temperature of the material at the time of the measurement and the applied pressure are
determined. The uncorrected result of the measurement of the realized quantity is then corrected by taking
into account the calibration curve of the micrometer, the departure of the temperature of the specimen from
the specified temperature, and the slight compression of the specimen under the applied pressure.
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D.3.4 The corrected result may be called the best estimate of the “true” value, “true” in the sense that it is
the value of a quantity that is believed to satisfy fully the definition of the measurand; but had the micrometer
been applied to a different part of the sheet of material, the realized quantity would have been different with a
different “true” value. However, that “true” value would be consistent with the definition of the measurand
because the latter did not specify that the thickness was to be determined at a particular place on the sheet.
Thus in this case, because of an incomplete definition of the measurand, the “true” value has an uncertainty
that can be evaluated from measurements made at different places on the sheet. At some level, every
measurand has such an “intrinsic” uncertainty that can in principle be estimated in some way. This is the
minimum uncertainty with which a measurand can be determined, and every measurement that achieves such
an uncertainty may be viewed as the best possible measurement of the measurand. To obtain a value of the

quantity in question having a smaller uncertainty requires that the measurand be more completely defined.

NOTE 1
affect the th
supported, €

NOTE 2
definition is

not always Be practicable. The definition may, for example, be incomplete because it does nef\Specify parameters

may have bg
whose impe
implies infin
conditions, d

NOTE 3
ostensibly thi

D.3.5 Thd
this Guide
quantity su
to measurg
(see B.2.1,
unnecessa
quantity). In

D.4 Erro

A correcteq

imperfect measurement of the realized quantity due to random variations of the observations (random effe

inadequate
physical ph
measurand

the measuned thicknessof the sheet may be in error, that is, may differ from the value of the measurand

thickness d

measuremeént result:

n the example, the measurand's specification leaves many other matters in doubt that might cohceiv
ckness: the barometric pressure, the humidity, the attitude of the sheet in the gravitational field, thesway
tc.

Aithough a measurand should be defined in sufficient detail that any uncertainty arising from its incomy
hegligible in comparison with the required accuracy of the measurement, it must be recognized that this

en assumed, unjustifiably, to have negligible effect; or it may imply conditions thatcan never be fully met
rfect realization is difficult to take into account. For instance, in the example ©f.D.1.2, the velocity of sd
te plane waves of vanishingly small amplitude. To the extent that the measurement does not meet tH
iffraction and nonlinear effects need to be considered.

nadequate specification of the measurand can lead to discrepancies between the results of measuremen
e same quantity carried out in different laboratories.

e term “true value of a measurand” or of a quantity (often truncated to “true value”) is avoide
because the word “true” is viewed as redundant_“*Measurand” (see B.2.9) means “partic
pject to measurement”, hence “value of a measurand” means “value of a particular quantity sul
ment”. Since “particular quantity” is generally dnderstood to mean a definite or specified qua
Note 1), the adjective “true” in “true value-of a measurand” (or in “true value of a quantity’
y — the “true” value of the measurand:{or quantity) is simply the value of the measurand
addition, as indicated in the discussioniabove, a unique “true” value is only an idealized conce

r
I measurement result is ‘not the value of the measurand — that is, it is in error — becaust

determination of.the’ corrections for systematic effects, and incomplete knowledge of cer
enomena (also-systematic effects). Neither the value of the realized quantity nor the value of

f the sheet), because each of the following may combine to contribute an unknown error to

ably
it is
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can ever beKnown exactly; all that can be known is their estimated values. In the example above,

the
the

a) slight differences between the indications of the micrometer when it is repeatedly applied to the same
realized quantity;

b) imperfect calibration of the micrometer;

c) imperfect measurement of the temperature and of the applied pressure;

d) incomplete knowledge of the effects of temperature, barometric pressure, and humidity on the specimen
or the micrometer or both.
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D.5 Uncertainty

D.5.1 Whereas the exact values of the contributions to the error of a result of a measurement are unknown
and unknowable, the uncertainties associated with the random and systematic effects that give rise to the
error can be evaluated. But, even if the evaluated uncertainties are small, there is still no guarantee that the
error in the measurement result is small; for in the determination of a correction or in the assessment of
incomplete knowledge, a systematic effect may have been overlooked because it is unrecognized. Thus the
uncertainty of a result of a measurement is not necessarily an indication of the likelihood that the
measurement result is near the value of the measurand; it is simply an estimate of the likelihood of nearness

to the best value that is consistent with presently available knowledge.

D.5
res
that
with

2 Uncertainty of measurement is thus an expression of the fact that, for a given measurand

are consistent with all of the observations and data and one's knowledge of the physical”worl
varying degrees of credibility can be attributed to the measurand.

D.5
dog
are
ung
effg
incq
ung

3 It is fortunate that in many practical measurement situations, much of the discussion of]
s not apply. Examples are when the measurand is adequately well defined; when standards or
calibrated using well-known reference standards that are traceable to national standards; an
ertainties of the calibration corrections are insignificant compared to the uncertainties arising fr|
cts on the indications of instruments, or from a limited number of observations (see E.4.3). Ng
mplete knowledge of influence quantities and their effects can)often contribute significa
ertainty of the result of a measurement.

D.¢ Graphical representation

D.6{1 Figure D.1 depicts some of the ideas discussed in Clause 3 of this Guide and in thi
illugtrates why the focus of this Guide is uncertainty and not error. The exact error of a
measurement is, in general, unknown and unknowable. All one can do is estimate the valu
qudntities, including corrections for recognized, systematic effects, together with their standard u
(eslimated standard deviations), either from unknown probability distributions that are sampled b
repeated observations, or from subjectivé_or a priori distributions based on the pool of available
and then calculate the measurement result from the estimated values of the input quantities and th
stapdard uncertainty of that result from the standard uncertainties of those estimated values. Only
sound basis for believing that all*of this has been done properly, with no significant systematic eff
bedn overlooked, can one assume that the measurement result is a reliable estimate of the v
measurand and that its combined standard uncertainty is a reliable measure of its possible error.

TE 1
re 1 b)].

TE 2  The correction for an error is equal to the negative of the estimate of the error. Thus in Figurg

re D.2 as well, an arrow that illustrates the correction for an error is equal in length but points in the oppo
e arrowsthat would have illustrated the error itself, and vice versa. The text of the figure makes clear i
illdstrates a correction or an error.

In Figure D:1\a), the observations are shown as a histogram for illustrative purposes [seg

and a given

LIt of measurement of it, there is not one value but an infinite number of values dispersed-abolt the result

d, and that

this annex
nstruments
d when the
om random
vertheless,
ntly to the

5 annex. It
result of a
s of input
ncertainties
y means of
nformation;
e combined
if there is a
ects having
alue of the

4.4.3 and

D.1, and in
site direction
[ a particular

Vioreover, it

also depicts the id |dea that there can be many values of the measurand if |f the definition of the measurand is
incomplete [entry g) of Figure D.2]. The uncertainty arising from this incompleteness of definition as measured
by the variance is evaluated from measurements of multiple realizations of the measurand, using the same
method, instruments, etc. (see D.3.4).

NOTE In the column headed “Variance”, the variances are understood to be the variances ulz(y) defined in
Equation (11a) in 5.1.3; hence they add linearly as shown.
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a) Concepts based on observable quantities
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uncertainty of the corrécted
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It comprises the uncertainty
of the uncotrected mean du
to the dispersion of the
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uncertainty of the applied
correction

Unknown distribution

of the entire population
of possible corrected
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Unknown population mean
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by edge of darker shading)

Un
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known "random” error
the uncorrected mean
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e

Unknown error due to all  :
recognized systematic effects

-~

Unknown error in the
corrected mean due fo the
unknown "random" error in
the uncorrected mean and
an unknown error in the
applied correction

Remaining unknown errg
in the corrected mean

aue to anm anrecognized
systematic effect

Unknown

VALUE OF
MEASURAND

b) Ideal concepts based on unknowable quantities

Figure D.1 — Graphical illustration of value, error, and uncertainty

<
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Quantity

a) Uncorrected
observations

b) Uncorrected arithmetic

Value
(not to scale)

increasing value

-
-

Variance
(not to scale)

(single observation)

mean of observations

c) Correction for all
recognized systematic
effects

d) Result of measurement

e) Remaining error
(unknowable)

f) Value of measurand
(unknowable)

g) Values of measurand

due to incomplete)definition

(unknowable)

h). Final result of
measurement

!
(arithmetic mean)

P

(does not include varfance
due to incomplete definition
of measurand)

i

Figure D.2 — Graphical illustration of values, error, and uncertainty
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Annex E

Motivation and basis for Recommendation INC-1 (1980)

This annex gives a brief discussion of both the motivation and statistical basis for Recommendation
INC-1 (1980) of the Working Group on the Statement of Uncertainties upon which this Guide rests. For further

discussion,

see References [1, 2, 11, 12].

E.1 “Saf

E.1.1  Thi

measurement. It provides a realistic rather than a “safe” value of uncertainty based on the ¢ancept that th

is no inhers
a correctio
older meth

E1.2 The

never err o
result is prg

E.1.3 Thg

“random” or

to be comb
combined i
the safety

E.2 Just

E.21 WH
the uncerts
decide in W
to be placs
deliberate
measuring
costly prod

E.2.2 That is not to say‘that those using a measurement result could not apply their own multiplicative fa

to its stateq
level of cor

meets the

e”, “random”, and “systematic”

s Guide presents a widely applicable method for evaluating and expressing)uncertainty
nt difference between an uncertainty component arising from a random effect and one arising f
ds that have the following two ideas in common.

b first idea is that the uncertainty reported should be “safe” or “conservative”, meaning that it
h the side of being too small. In fact, because the evaluation of the-uncertainty of a measure
blematic, it was often made deliberately large.

b second idea is that the influences that give rise to uncertainty were always recognizable as ei
“systematic” with the two being of different natures; the“uncertainties associated with each W
ined in their own way and were to be reported separatély (or when a single number was requi
h some specified way). In fact, the method of combining uncertainties was often designed to sa
equirement.

ification for realistic uncertainty evaluations

en the value of a measurand is reported, the best estimate of its value and the best evaluatio
inty of that estimate must be ‘given, for if the uncertainty is to err, it is not normally possibl
hich direction it should err {safely”. An understatement of uncertainties might cause too much {

pverstatement of unceftainties could also have undesirable repercussions. It could cause user
equipment to purchase instruments that are more expensive than they need, or it could ca
icts to be discarded unnecessarily or the services of a calibration laboratory to be rejected.

bd in the values reported,) with sometimes embarrassing or even disastrous consequences.

in
ere
rom

for a systematic effect (see 3.2.2 and 3.2.3). The method stands, thereforef.in contrast to ceftain

ust
ent

her
ere
red,
isfy

n of
b to
rust

5 of

use

ctor
fied

uncertainty'in order to obtain an expanded uncertainty that defines an interval having a speci

must be applie

fidencé and that satisfies their own needs, nor in certain circumstances that institutions providi

been so determined, so that the interval defined by the expanded uncertalnty has the level of confidence
required and the operation may be easily reversed.

E.2.3 Those engaged in measurement often must incorporate in their analyses the results of measurements
made by others, with each of these other results possessing an uncertainty of its own. In evaluating the
uncertainty of their own measurement result, they need to have a best value, not a “safe” value, of the
uncertainty of each of the results incorporated from elsewhere. Additionally, there must be a logical and
simple way in which these imported uncertainties can be combined with the uncertainties of their own
observations to give the uncertainty of their own result. Recommendation INC-1 (1980) provides such a way.
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E.3 Justification for treating all uncertainty components identically

The focus of the discussion of this subclause is a simple example that illustrates how this Guide treats
uncertainty components arising from random effects and from corrections for systematic effects in exactly the
same way in the evaluation of the uncertainty of the result of a measurement. It thus exemplifies the viewpoint
adopted in this Guide and cited in E.1.1, namely, that all components of uncertainty are of the same nature
and are to be treated identically. The starting point of the discussion is a simplified derivation of the
mathematical expression for the propagation of standard deviations, termed in this Guide the law of
propagation of uncertainty.

E.314 Let the output auantitvy z — £fGhe, w ) denend on A inout auantities 1w, 1w w—Where each w.

™ =1 P4 VAR S B 27 4 N7 L L bl r 27 T NT i
is described by an appropriate probability distribution. Expansion of f about the expectations of the w,
E(w)) = =5, in a first-order Taylor series yields for small deviations of z about =, in terms of small dpviations of

w; gbout o,

N
rmee =L (- ) (E1)

i=1 !

where all higher-order terms are assumed to be negligible and o =f(o4, 9, ..., =<y). The sqiare of the
devfation z — < is then given by

N 2
(=)’ =[zi<w,-— o?)] (E20)

i=1 !

whith may be written as

N 2 N-1 N
(z_xz)2=z[i] (W,._ﬁ)%z_ Z'_f_'_f(w,._x,.)(wj-xj) (E.2b)

i=1 4

Thg expectation of the squared deviation (z%< ocz)2 is the variance of z, that is, E[(z— ocz)z] = 0'5, and thus

Equation (E.2b) leads to

2
N N-1 N
o2 =Z[ .f'] o? +22 LS 0,0 . (E.3)
) . W ) e W W
i=1 ! i=1g=1 J
. . 2 2. . 2 12 .
In this expression, o} = E[(w; — =;)“] is the variance of w; and . ;; = (wi, wj)/(ai aj) is the| correlation
coeffficient of w; and W Where . (w;, wj) =E[(w; - ‘xi)(Wj - 05.)] is the covariance of w; and w;.

NOTE 1 o-f and 0',2 are, respectively, the central moments of order 2 (see C.2.13 and C.2.22) of the probability
distributions of zyand w;. A probability distribution may be completely characterized by its expectation, vpriance, and
higher-order central moments.

NOTE 2¢_ Y Equation (13) in 5.2.2 [together with Equation (15)], which is used to calculate combined standard uncertainty,
is identical to Equation (E.3) except that Equation (13) is expressed in terms of estimates of the variances, standard

d mn ol L. e o n
eviatot 15, AU CUITTIAUUIT CUTTTIVITTILS.

E.3.2 In the traditional terminology, Equation (E.3) is often called the “general law of error propagation”, an
appellation that is better applied to an expression of the form . z= Z ?Q(.f/. w;). w;, where . z is the change
in z due to (small) changes . w; in the w; [see Equation (E.8)]. In fact, it is appropriate to call Equation (E.3) the
law of propagation of uncertainty as is done in this Guide because it shows how the uncertainties of the input
quantities w;, taken equal to the standard deviations of the probability distributions of the w;, combine to give
the uncertainty of the output quantity z if that uncertainty is taken equal to the standard deviation of the
probability distribution of z.
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E.3.3 Equation (E.3) also applies to the propagation of multiples of standard deviations, for if each standard
deviation o; is replaced by a multiple ko;, with the same k for each o;, the standard deviation of the output
quantity z is replaced by ko,. However, it does not apply to the propagation of confidence intervals. If each o;
is replaced with a quantity J; that defines an interval corresponding to a given level of confidence p, the
resulting quantity for z, ., will not define an interval corresponding to the same value of p unless all of the w;
are described by normal distributions. No such assumptions regarding the normality of the probability
distributions of the quantities w; are implied in Equation (E.3). More specifically, if in Equation (10) in 5.1.2
each standard uncertainty «(x;) is evaluated from independent repeated observations and multiplied by the
t-factor appropriate for its degrees of freedom for a particular value of p (say p = 95 percent), the uncertainty of
the estimate y will not define an interval corresponding to that value of p (see G.3 and G.4).

NOTE
reasons for
assumed to

E.3.4 Co
estimated
observatior]

Wk =q
Here o is 4
The offset

characteriz
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The best e

1

w=—
n
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z=f(w)=
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4
L]
A
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S
-4

The requirement of normality when propagating confidence intervals using Equation (E.3) may be oné&{o

the historic separation of the components of uncertainty derived from repeated observations, which
be normally distributed, from those that were evaluated simply as upper and lower bounds.

hsider the following example: z depends on only one input quantity w, z=£Ww), where y

the
vere

is

by averaging » values w, of w; these » values are obtained from » independent repeated

s g, of a random variable ¢; and w; and g, are related by

+ Jay (
constant “systematic” offset or shift common to each observation, and / is a common scale faq
and the scale factor, although fixed during the course of the.@bservations, are assumed tg
ed by a priori probability distributions, with @ and ¢ the best@stimates of the expectations of th

h

pD.

timate of w is the arithmetic mean or average w obtaifned from

n
D
-1

n

wp =+ (a4 dgy)

=1

y z is then estimated by f(w)= f(, &, 49, ..., q,) and the estimate u2(z) of its variance o2(
om Equation (E.3). If for simplicity\it“is assumed that z=w so that the best estimate of
w, then the estimate u2(z) can be.réadily found. Noting from Equation (E.5) that

4)

tor.
be
ese

denoting the estimated variances of o and ¢ by u2(c) and u?({), respectively, and assuming that the

individual o

u?(2)

bservations are uncorrelated, one finds from Equation (E.3)

u? (@) +g2u? () + I )

(E.8)

where sz(qk) is the experimental variance of the observations ¢, calculated according to Equation (4) in 4.2.2,

and s%(q;)

/n 252((7) is the experimental variance of the mean ¢ [Equation (5) in 4.2.3].
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E.3.5 In the traditional terminology, the third term on the right-hand side of Equation (E.6) is called a
“random” contribution to the estimated variance u2(z) because it normally decreases as the number of
observations n increases, while the first two terms are called “systematic” contributions because they do not
depend on n.

Of more significance, in some traditional treatments of measurement uncertainty, Equation (E.6) is questioned
because no distinction is made between uncertainties arising from systematic effects and those arising from
random effects. In particular, combining variances obtained from a priori probability distributions with those
obtained from frequency-based distributions is deprecated because the concept of probability is considered to
be applicable only to events that can be repeated a large number of times under essentially the same
conditions, with the probability p of an event (0 < p < 1) indicating the relative frequency with which the event
willjoccur.

In gontrast to this frequency-based point of view of probability, an equally valid viewpoint is that prgbability is a
measure of the degree of belief that an event will occur [13, 14]. For example, supposefone has @ chance of
winhing a small sum of money D and one is a rational bettor. One's degree of belief-in event 4 pccurring is
p =[0,5 if one is indifferent to these two betting choices:

1) | receiving D if event 4 occurs but nothing if it does not occur;

2) | receiving D if event 4 does not occur but nothing if it does occur.

Regommendation INC-1 (1980) upon which this Guide rests implicitly ‘adopts such a viewpoint of probability
singe it views expressions such as Equation (E.6) as the appropriate way to calculate the combing¢d standard
uncertainty of a result of a measurement.

E.3[6 There are three distinct advantages to adopting an-interpretation of probability based on degree of
belief, the standard deviation (standard uncertainty), and\the law of propagation of uncertainty [EqUation (E.3)]
as the basis for evaluating and expressing uncertainty inmeasurement, as has been done in this Guide:

a) | the law of propagation of uncertainty allows_the combined standard uncertainty of one result tp be readily
incorporated in the evaluation of the combined standard uncertainty of another result in which the first is
used;

b) | the combined standard uncertainty,can serve as the basis for calculating intervals that corrgspond in a
realistic way to their required levels of confidence; and

c) |it is unnecessary to classify components as “random” or “systematic” (or in any other maphner) when
evaluating uncertainty because all components of uncertainty are treated in the same way.

Benefit c) is highly advantageous because such categorization is frequently a source of copfusion; an
undgertainty component/is not either “random” or “systematic”. Its nature is conditioned by the use made of the
cortesponding quantity, or more formally, by the context in which the quantity appears in the mathematical
modglel that des€ribes the measurement. Thus, when its corresponding quantity is used in a different context, a
‘random” component may become a “systematic” component, and vice versa.

E.3[7 _7“For the reason given in ¢) above, Recommendation INC-1 (1980) does not classify components of
uncertainty as either “random” or “systematic”. In fact, as far as the calculation of the combingd standard
uncertainty of a measurement result is concerned, there is no need to classify uncertainty components and
thus no real need for any classificational scheme. Nonetheless, since convenient labels can sometimes be
helpful in the communication and discussion of ideas, Recommendation INC-1 (1980) does provide a scheme
for classifying the two distinct methods by which uncertainty components may be evaluated, “A” and “B” (see
0.7,2.3.2, and 2.3.3).

Classifying the methods used to evaluate uncertainty components avoids the principal problem associated
with classifying the components themselves, namely, the dependence of the classification of a component on
how the corresponding quantity is used. However, classifying the methods rather than the components does
not preclude gathering the individual components evaluated by the two methods into specific groups for a
particular purpose in a given measurement, for example, when comparing the experimentally observed and
theoretically predicted variability of the output values of a complex measurement system (see 3.4.3).
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E.4 Standard deviations as measures of uncertainty

E.4.1 Equation (E.3) requires that no matter how the uncertainty of the estimate of an input quantity is
obtained, it must be evaluated as a standard uncertainty, that is, as an estimated standard deviation. If some
“safe” alternative is evaluated instead, it cannot be used in Equation (E.3). In particular, if the “maximum error
bound” (the largest conceivable deviation from the putative best estimate) is used in Equation (E.3), the
resulting uncertainty will have an ill-defined meaning and will be unusable by anyone wishing to incorporate it
into subsequent calculations of the uncertainties of other quantities (see E.3.3).

E.4.2 When the standard uncertainty of an input quantity cannot be evaluated by an analysis of the results

of an adequate number of repeated ohservations.a prnhahilify distribution must be adopted hased

knowledge
invalid or u
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combined
a priori pro
quantity.

that is much less extensive than might be desirable. That does not, however, make the distribu
hreal; like all probability distributions, it is an expression of what knowledge exists.

nsider s(g), the experimental standard deviation of the mean of » independent ohservations g,
stributed random variable g [see Equation (5) in 4.2.3]. The quantity s(g) is a statistic (see C.2

imes. The variance 0'2[s(c7)] of s(q) is given, approximately, by

q)] o2(7)/(2v)
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tion

her
of a
123)

ates o(q), the standard deviation of the probability distribution of ¢, that is, the standard deviation
of the distrjbution of the values of g that would be obtained if the measurement were repeated an inf

nite

7)

— 1 is the degrees of freedom of s(g) (see G.3.3). Thus the\relative standard deviation of

pason of limited sampling, can be surprisingly large; for n = 10 observations it is 24 percent.

eviation is not negligible for practical values-of n. One may therefore conclude that Tyg
of standard uncertainty are not necessarily\\nore reliable than Type B evaluations, and thg
cal measurement situations where the number of observations is limited, the components obtai
B evaluations may be better known thanthe components obtained from Type A evaluations.

as been argued that, whereas the)uncertainties associated with the application of a partic
Mmeasurement are statistical parameters characterizing random variables, there are instances
matic effect” whose uncertainty must be treated differently. An example is an offset having
ed value that is the same-for every determination by the method due to a possible imperfectio]
nciple of the method jtself or one of its underlying assumptions. But if the possibility of sucH
cknowledged to exist and its magnitude is believed to be possibly significant, then it can

that it could exist-and be significant. Thus, if one considers probability to be a measure of

standard uncertainty of a measurement result by evaluating it as a standard uncertainty of
pability distribution and treating it in the same manner as any other standard uncertainty of an i

EXAMPLE

():

en by the ratio o[s(g)]/o(g) and which can be taken as:a measure of the relative uncertainty of
proximately [2(n — 1)]"12. This “uncertainty of the uncertainty” of g, which arises from the purely
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alues are given in Table E.1, which shows that the standard deviation of a statistically estimated
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The specification of a particular measurement procedure requires that a certain input quantit

be

calculated from a specific power-series expansion whose higher-order terms are inexactly known. The systematic effect
due to not being able to treat these terms exactly leads to an unknown fixed offset that cannot be experimentally sampled
by repetitions of the procedure. Thus the uncertainty associated with the effect cannot be evaluated and included in the
uncertainty of the final measurement result if a frequency-based interpretation of probability is strictly followed. However,
interpreting probability on the basis of degree of belief allows the uncertainty characterizing the effect to be evaluated from
an a priori probability distribution (derived from the available knowledge concerning the inexactly known terms) and to be
included in the calculation of the combined standard uncertainty of the measurement result like any other uncertainty.
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Table E.1 — o[s(q)]/0(7), the standard deviation
of the experimental standard deviation of the mean g
of n independent observations of a normally distributed random variable ¢,
relative to the standard deviation of that mean (2 (b)

Number of observations ols(g)/o(q)
n (percent)
2 76
3 52
5 36
10 24
20 16
30 13
50 10

(@) The values given have been calculated from the exact expression for
o[s(7)l/o(g), not the approximate expression [2(n — 1)]~1/2,

(b) In the expression o[s(¢)l/o(g), the denominator o (g)~is the expectation
E[S/\/Z] and the numerator o[s(q)] is the square”joot of the variance
V[S/\/;], where § denotes a random variable equal’to,the standard deviation
of n independent random variables Xj,..., X3, €éach having a normal
distribution with mean value ~and variance o2

The expectation and variance of S afe\given by:

2 r'(n/2) 2 2
E[S]=,|— ————o0, V[S]=0" - E[S]",
51757 Togya] "E- "

where T'(x) is the gammafunction. Note that £[S] < o for a finite number .

E.§ A comparison of twoviews of uncertainty

E.5[1 The focus of this (Guide is on the measurement result and its evaluated uncertainty rather than on the
unkinowable quantities frue” value and error (see Annex D). By taking the operational views that the result of
a measurement is simply the value attributed to the measurand and that the uncertainty of thaf result is a
measure of the dispérsion of the values that could reasonably be attributed to the measurand, tHis Guide in
effgct uncouples~the often confusing connection between uncertainty and the unknowable quartities “true”
valle and ertor.

E.5[2.7This connection may be understood by interpreting the derivation of Equation (E.3), [the law of
propagation of uncertainty from the standpaint of “true” value and error In this case ¢ is vieed as the
unknown, unique “true” value of input quantity w; and each w; is assumed to be related to its “true” value o;
by w; = o + g;, where ¢; is the error in w;. The expectation of the probability distribution of each ¢; is assumed
to be zero, E(g;) = 0, with variance E(siz) = 0',2. Equation (E.1) becomes then

N
g, = zigi (E.8)

where ¢, =z — «_is the error in z and «_is the “true” value of z. If one then takes the expectation of the square
of ¢,, one obtains an equation identical in form to Equation (E.3) but in which af = E(ef) is the variance of ¢,

and . ;= (g,-,ej)/(aizojz-)”2 is the correlation coefficient of & and T where . (g, ej)=E(eiej) is the
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covariance of ¢; and ¢;. The variances and correlation coefficients are thus associated with the errors of the

input quanti

NOTE

ties rather than with the input quantities themselves.

that a systematic error may be treated in the same way as a random error and that ¢; represents either kind.

E.5.3

measurement result or of the uncertainty assigned to that result.

It is assumed that probability is viewed as a measure of the degree of belief that an event will occur, implying

In practice, the difference in point of view does not lead to a difference in the numerical value of the

First, in both cases, the best available estimates of the input quantities w; are used to obtain the best estimate

of z from t

e function £ it makes no difference in the calculations if the best estimates are viewed as

values mos

Second, b
uncertainty
the standa
standard u
uncertainty
of the disp
probability

NOTE

apply unless
statistical an

E.5.4 WH

approach taken in this Guide (provided that the assumption of the ,note of E.5.2 is made), this Guide's con

of uncertai
operational
observed ((

t likely to be attributed to the quantities in question or the best estimates of their “true” values:
pcause & =w;— o5, and because the o represent unique, fixed values and hence| have
the variances and standard deviations of the ¢ and w; are identical. This means that'in both cg
Fd uncertainties used as the estimates of the standard deviations o; to obtainCthe combi
hcertainty of the measurement result are identical and will yield the same numerical value for
Again, it makes no difference in the calculations if a standard uncertainty is/viewed as a meas
brsion of the probability distribution of an input quantity or as a measure.of the dispersion of
Histribution of the error of that quantity.

f the assumption of the note of E.5.2 had not been made, then the discussion of this subclause would
all of the estimates of the input quantities and the uncertainties of those estimates were obtained from
plysis of repeated observations, that is, from Type A evaluations.

ile the approach based on “true” value and error yields the same numerical results as

nty eliminates the confusion between error and uncertainty (see Annex D). Indeed, this Gui
approach, wherein the focus is on the obseryed (or estimated) value of a quantity and
r estimated) variability of that value, makes anymention of error entirely unnecessary.

the

no
Ses,

ned
that

ure
the

not
the

the
ept
pe's
the
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Annex F

Practical guidance on evaluating uncertainty components

This annex gives additional suggestions for evaluating uncertainty components, mainly of a practical nature,
that are intended to complement the suggestions already given in Clause 4.

F.1
st3

F.1

F.1
by

eva

not

F.1
rep

is p

pro
an
the

If zéroing an instrument is part of the measureméntprocedure, the instrument ought to be rezeroe
eve
potg

Sin

(prd
indi

F.1
ran
an

of ¢
exp

ie whether the' difference between them is statistically significant and thus if there is an effect
time.

jud

F.1
pre

Components evaluated from repeated observations: Type A evaluation.c
ndard uncertainty

.1 Randomness and repeated observations

11 Uncertainties determined from repeated observations are often coftrasted with thos
bther means as being “objective”, “statistically rigorous”, etc. That incorrectly implies that t
luated merely by the application of statistical formulae to the observations and that their eval
require the application of some judgement.

1.2
btitions of the measurement procedure?” If all of the observations are on a single sample, and
art of the measurement procedure because the measurand.is*the property of a material (as opp
perty of a given specimen of the material), then the obsepvations have not been independentl

observed variance of the repeated observations made on the single sample.

ry repetition, even if there is negligible drift.during the period in which observations are made,
bntially a statistically determinable uncertainty attributable to zeroing.

ilarly, if a barometer has to be read,\it should in principle be read for each repetition of the m¢
cation and in reading, even if{he barometric pressure is constant.
1.3
jom. Are the means_ and variances of their distributions constant, or is there perhaps a drift in {
inmeasured influence’quantity during the period of repeated observations? If there is a suffici

bservations, the.arithmetic means of the results of the first and second halves of the perio
erimental standard deviations may be calculated and the two means compared with each othe

1.4 If the values of “common services” in the laboratory (electric-supply voltage and frequ

evaluated
ey can be
lation does

It must first be asked, “To what extent are the repeatéd observations completely independent

if sampling
osed to the
y repeated;

bvaluation of a component of variance arising from paossible differences among samples must e added to

d as part of
for there is

pasurement

ferably after disturbing it and allowing it to return to equilibrium), for there may be a variafion both in

Second, it must'be asked whether all of the influences that are assumed to be randoin really are

he value of
ent number
d and their
in order to
arying with

ency, water

ssire and temperature, nitrogen pressure, etc.) are influence quantities, there is normally

a strongly

nonrandom element in their variations that cannot be overlooked.

F.1

1.5

If the least significant figure of a digital indication varies continually during an observation due to

“noise”, it is sometimes difficult not to select unknowingly personally preferred values of that digit. It is better to
arrange some means of freezing the indication at an arbitrary instant and recording the frozen result.
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F.1.2 Correlations

Much of the discussion in this subclause is also applicable to Type B evaluations of standard uncertainty.

F.1.2.1

a)

The covariance associated with the estimates of two input quantities .X; and X may be taken to be
zero or treated as insignificant if

X; and X; are uncorrelated (the random variables, not the physical quantities that are assumed to be

mvanants — see 4.1.1, Note 1), for example, because they have been repeatedly but not simultaneously
measured in different mdependent experiments or because they represent resultant quantities of different

evalua

b) either

c) therei

NOTE 1
apparent thg

NOTE 2
F.1.2.3).

F.1.2.2

be determ
uncompeng
input quant
calculated

F.1.2.3
standard,
uncertainty
X; and X4
X1 = F(Q1,
in one fung
then the es

u2 (X1
with a simil
u(x1,

Because o
covariance

A2

ions that have been made indpppndpntly or if

pf the quantities .X; or X; can be treated as a constant, or if
b insufficient information to evaluate the covariance associated with the estimates of X;and .x.

Dn the other hand, in certain cases, such as the reference-resistance example of/Note 1 to 5.2.2,
t the input quantities are fully correlated and that the standard uncertainties of their estimates combine ling

Different experiments may not be independent if, for example, the same instrument is used in each

ned by means of Equation (17) in 5.2.3. For example,Xif the frequency of an oscill
ated or poorly compensated for temperature is an input quanitity, if ambient temperature is alsg
ty, and if they are observed simultaneously, there may be'a significant correlation revealed by
tovariance of the frequency of the oscillator and the ambient temperature.

In practice,
measuring instrument, reference datum, or (@ven measurement method having a signifi
is used in the estimation of their values. Without loss of generality, suppose two input quant

estimated by x; and x, depend on<a set of uncorrelated variables Q4, O,, ..., O;.
D>, ..., O;) and X5 = G(04, Oy, ..., O;),calthough some of these variables may actually appear
tion and not in the other. If uz(ql) is\the estimated variance associated with the estimate ¢, of
fimated variance associated with.x, s, from Equation (10) in 5.1.2,

2
L
=\

Ar expression for #2(x3). The estimated covariance associated with x; and x;, is given by

)—Z (4:)

=1

F (G

—s~u

ans 4;

hlyhose terms for which dF/dq,. 0 and 6G/dq;. O for a given [ contribute to the sum,

it is
arly.

see

Whether or not two repeatedly and simultaneously observed iQput quantities are correlated may

ator
an
the

input quantities are often correlated because the same physical measurement

tant
ties

Tlhus

bnly
er

= 1)

=.2)

the

is-zero if no variable is common to both £ and G.

The estimated correlation coefficient (x4, x,) associated with the two estimates x4 and x, is determined from
u(xq, x5) [Equation (F.2)] and Equation (14) in 5.2.2, with u(x4) calculated from Equation (F.1) and u(x,) from a
similar expression. [See also Equation (H.9) in H.2.3.] It is also possible for the estimated covariance
associated with two input estimates to have both a statistical component [see Equation (17) in 5.2.3] and a
component arising as discussed in this subclause.

EXAMPLE 1 A standard resistor Rg is used in the same measurement to determine both a current 7 and a temperature .
The current is determined by measuring, with a digital voltmeter, the potential difference across the terminals of the
standard; the temperature is determined by measuring, with a resistance bridge and the standard, the resistance R(¢) of a
callbrated resistive temperature sensor whose temperature-resistance relation in the range 15°C <r<30°C is
t=aR} ( )—tg, where a and ¢y are known constants Thus the current is determined through the relation 7= VS/RS and the
temperature through the relation ¢ = al?(t (¢ )RS tg, where Y1) is the measured ratio Ry(r)/Rg provided by the bridge.
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Since only the quantity Rg is common to the expression for 7 and ¢, Equation (F.2) yields for the covariance of 7 and ¢

MZ(RS)Z[

(For simplicity of notation, in this example the same symbol is used for both the input quantity and its estimate.)

2[(t+1tg) o
E——

Rs.

Vs
T2

u(],t) &2

(rg)

}[Zaﬂz(t)RsJuz(Rs):—

RE

To obtain the numerical value of the covariance, one substitutes into this expression the numerical values of the measured
quantities 7 and ¢, and the values of Rg and u(Rs) given in the standard resistor's calibration certificate. The unit of u(Z, ) is
clearly A-°C since the dimension of the relative variance [u(Rg)/Rg]? is one (that is, the latter is a so-called dimensionless
quantity).

Furt
withi
vari

vn constants
terms of the

her, let a quantity P be related to the input quantities 7 and ¢ by P = Cy/2/(T + 1), where Cg and Ty are ke
negligible uncertainties [1%(Cy) 0, u’(Ty) 0]. Equation (13) in 5.2.2 then yields for the variance ef\P)in
bnces of 7 and ¢ and their covariance

uz(P) u2(1) u([, t) N uz(t)

4
P? ? To+1) (1, +1)?

-4

The| variances »2(I) and u2(f) are obtained by the application of Equation (10) of 5.4.240 the relations /

J2(1)RE —ty. The results are
w? (1)/17 =u?(vs) [V +u2(Rs)/R§
u? ()= 4(t+10)°u? (4)] P+ 4t +10) u? (Rg) [ RE
where for simplicity it is assumed that the uncertainties of the constants ¥y and « are also negligible. These
can|be readily evaluated since u2(Vg) and u2(#) may be determiried," respectively, from the repeated reg

voltneter and of the resistance bridge. Of course, any uncertainties inherent in the instruments themselvel
megsurement procedures employed must also be taken into aceount when u2(Vg) and #%({) are determined.

= Vs/Rs and

expressions
dings of the
s and in the

EXA
u(a[
resi
u2(
coe

MPLE 2 In the example of Note 1 to 5.2.2, let the\calibration of each resistor be represented by R)= o;Rs, with
the standard uncertainty of the measured ratio o; asobtained from repeated observations. Further, let &] 1 for each
5tor, and let u(¢;) be essentially the same for each-calibration so that u(¢;) u(e). Then Equations (F.1) and (F.2) yield
R;) = Réuz(a)+u2(Rs) and u(R; R) = u2(Rg).\_This implies through Equation (14) in 5.2.2 that th¢ correlation
ficient of any two resistors (i . ;) is

Sad

u(Rs)/Rg
e u(Rg)/Rs = 1074, if u(a) =100 - 1076, r;;
(&) > 0, r; — 1, and u(R;) 3> u(Rs).

—A

=r; =1+

r(Ri'RJ) ij—

Sing
as u

0,5; if u(@) =10 - 1076, r;; 0,990; and if u()=1- 1076, r;

i 1,000. Thus

NOT

corr|
of th
the

E In general, i)comparison calibrations such as this example, the estimated values of the calibrat
plated, with the-degree of correlation depending upon the ratio of the uncertainty of the comparison to th
e reference standard. When, as often occurs in practice, the uncertainty of the comparison is negligible wi
Lincertainty oft the standard, the correlation coefficients are equal to +1 and the uncertainty of each calib

ed items are
P uncertainty
th respect to
rated item is

the pame as-that of the standard.

F.1{24 The need to introduce the covariance u(x;, xj) can be bypassed if the original set of input
quantitres /‘x»],/'xz, ""/“N apomrwhich-themeasturand——depends{seeEquation _(i) im4—tHisredefimed in such a
way as to include as additional independent input quantities those quantities O, that are common to two or
more of the original X,. (It may be necessary to perform additional measurements to establish fully the
relationship between Q; and the affected X;.) Nonetheless, in some situations it may be more convenient to
retain covariances rather than to increase the number of input quantities. A similar process can be carried out
on the observed covariances of simultaneous repeated observations [see Equation (17) in 5.2.3], but the
identification of the appropriate additional input quantities is often ad hoc and nonphysical.
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EXAMPLE

If, in Example 1 of F.1.2.3, the expressions for I and ¢ in terms of Rg are introduced into the expres

for P, the result is

CoV'§

P=
R%[T0+a//2(t)R§—t0}

sion

and the correlation between 7 and ¢ is avoided at the expense of replacing the input quantities 7 and ¢ with the quantities 7,
Rg, and 4 Since these quantities are uncorrelated, the variance of P can be obtained from Equation (10) in 5.1.2.

F.2 Co

ponents evaluated by other means: Type B evaluation of standard

uncertail

F.2.1 The

If a measy
investigatio
of instrumg
approximat]
causes col
each cause
uncertainty
economic

F.2.2 Mat

F.2.21 T
One sourcH
the repeate
would not &
give the sa
a given ind
thus descr
u? = (8x)2/1

Thus a wei
to the resol

F.2.22 H

Certain kin
by a fixed

operator ta
direction of

nty
need for Type B evaluations

rement laboratory had limitless time and resources, it could conduct an exhaustive statis
n of every conceivable cause of uncertainty, for example, by using many different makes and k
pnts, different methods of measurement, different applications of the . method, and diffe
ons in its theoretical models of the measurement. The uncertainties associated with all of th
Id then be evaluated by the statistical analysis of series of observations and the uncertaint
would be characterized by a statistically evaluated standard deviatioh. In other words, all of]
components would be obtained from Type A evaluations. Singe such an investigation is no
racticality, many uncertainty components must be evaluated by whatever other means is practic

hematically determinate distributions

he resolution of a digital indication

d indications were all identical, the uncertainty of the measurement attributable to repeatal

me indication. If the resolution of the-indicating device is dx, the value of the stimulus that prody
cation X can lie with equal probability*anywhere in the interval X — 6x/2 to X + dx/2. The stimuly
bed by a rectangular probahility distribution (see 4.3.7 and 4.4.5) of width dx with varia
2, implying a standard uncerfainty of u = 0,296x for any indication.

ghing instrument with an,indicating device whose smallest significant digit is 1 g has a variance
ution of the device of u2= (1/12) g2 and a standard uncertainty of u = (1 /\/ﬁ) g=0,29g.

ysteresis

s of hysteresis can cause a similar kind of uncertainty. The indication of an instrument may d
and knewn amount according to whether successive readings are rising or falling. The prug
kes‘note of the direction of successive readings and makes the appropriate correction. But

ical
nds
rent
ese
y of
the
an
al.

of uncertainty of a digital instrument is the resélution of its indicating device. For example, evén if

ility

e zero, for there is a range of input signals to the instrument spanning a known interval that would

ces
sis
nce

due

ffer

ent
the

the hysteresis is not always observable: there may be hidden oscillations within the instrument

about an equilibrium point so that the indication depends on the direction from which that point is finally
approached. If the range of possible readings from that cause is 8x, the variance is again 12 = (6x)2/12, and
the standard uncertainty due to hysteresis is u = 0,299x.

F.2.2.3 Finite-precision arithmetic

The rounding or truncation of numbers arising in automated data reduction by computer can also be a source
of uncertainty. Consider, for example, a computer with a word length of 16 bits. If, in the course of
computation, a number having this word length is subtracted from another from which it differs only in the
16th bit, only one significant bit remains. Such events can occur in the evaluation of “ill-conditioned”
algorithms, and they can be difficult to predict. One may obtain an empirical determination of the uncertainty
by increasing the most important input quantity to the calculation (there is frequently one that is proportional to
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the magnitude of the output quantity) by small increments until the output quantity changes; the smallest
change in the output quantity that can be obtained by such means may be taken as a measure of the
uncertainty; if it is dx, the variance is «2 = (8x)2/12 and u = 0,295x.

NOTE One may check the uncertainty evaluation by comparing the result of the computation carried out on the
limited word-length machine with the result of the same computation carried out on a machine with a significantly larger
word length.

F.2.3 Imported input values

ourse of a
Frequently
ample, the
width of an
ven, or no
ust employ
uantity, the

F.2
givg
suc|
und
inte

31 An_imported value for an input quantity is one that has naot been estimated in the
bn measurement but has been obtained elsewhere as the result of an independent evaluation,
h an imported value is accompanied by some kind of statement about its uncertainty. Fore
ertainty may be given as a standard deviation, a multiple of a standard deviation, or thehalf{
rval having a stated level of confidence. Alternatively, upper and lower bounds may be g
information may be provided about the uncertainty. In the latter case, those who use the value nj
their own knowledge about the likely magnitude of the uncertainty, given the nature of the q
reliability of the source, the uncertainties obtained in practice for such quantities/ete:

NOTE

eva
obtg
unn
stan

F.2
upp
95

con
givg
ass|

F.2
are

reclangular probability distribution), but such a distribution should not be assumed if there is reasqg

that
rect
of g
ac
is a

F.2

F.2

If a

The discussion of the uncertainty of imported input quantities is jncluded in this subclause
uation of standard uncertainty for convenience; the uncertainty of such a quantity could be composed of
ined from Type A evaluations or components obtained from both Type’A and Type B evaluations
bcessary to distinguish between components evaluated by the two different’ methods in order to calculatg
dard uncertainty, it is unnecessary to know the composition of the uncCertainty of an imported quantity.

3.2 Some calibration laboratories have adopted the practice of expressing “uncertainty” in
er and lower limits that define an interval having a “minimum” level of confidence, for exampl
bercent. This may be viewed as an example of a se-called “safe” uncertainty (see E.1.2), and i
verted to a standard uncertainty without a knowledge of how it was calculated. If sufficient inf
essment of the uncertainty must be made by.whatever means are available.

3.3
said to lie. It is a common practice fe:assume that all values within those bounds are equally

values within but close to the bounds are less likely than those nearer the centre of the
angular distribution of half-width « has a variance of ¢2/3; a normal distribution for which « is th

bmpromise between these values, for example, by assuming a triangular distribution for which t
P/6 (see 4.3.9 and 44.6).

.4 Measured\input values

4.1 Single observation, calibrated instruments

h input estimate has been obtained from a single observation with a particular instrument the

on Type B
components
Since it is
a combined

the form of
b, “at least”
t cannot be
ormation is

en, it may be recalculated in accordance  with the rules of this Guide; otherwise an ipdependent

Some uncertainties are given.simply as maximum bounds within which all values of {he quantity

brobable (a
n to expect
bounds. A
e half-width

n interval having a level of sonfidence of 99,73 percent has a variance of ¢2/9. It may be prudé¢nt to adopt

he variance

t has been

cali

prated against a standard of small uncertainty, the uncertainty of the estimate is mainly one of

epeatability.

The variance of repeated measurements by the instrument may have been obtained on an earlier occasion,
not necessarily at precisely the same value of the reading but near enough to be useful, and it may be
possible to assume the variance to be applicable to the input value in question. If no such information is
available, an estimate must be made based on the nature of the measuring apparatus or instrument, the
known variances of other instruments of similar construction, etc.

F.2.4.2 Single observation, verified instruments

Not all measuring instruments are accompanied by a calibration certificate or a calibration curve. Most
instruments, however, are constructed to a written standard and verified, either by the manufacturer or by an
independent authority, to conform to that standard. Usually the standard contains metrological requirements,
often in the form of “maximum permissible errors”, to which the instrument is required to conform. The
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compliance of the instrument with these requirements is determined by comparison with a reference
instrument whose maximum allowed uncertainty is usually specified in the standard. This uncertainty is then a
component of the uncertainty of the verified instrument.

If nothing is known about the characteristic error curve of the verified instrument it must be assumed that there
is an equal probability that the error has any value within the permitted limits, that is, a rectangular probability
distribution. However, certain types of instruments have characteristic curves such that the errors are, for
example, likely always to be positive in part of the measuring range and negative in other parts. Sometimes
such information can be deduced from a study of the written standard.

F.2.4.3

Measurements are frequently made under controlled reference conditions that are assumed to.renpain
constant dyring the course of a series of measurements. For example, measurements may be perfermed on
specimens|in a stirred oil bath whose temperature is controlled by a thermostat. The temperature of the lath
may be measured at the time of each measurement on a specimen, but if the temperature-of the bath is
cycling, th¢ instantaneous temperature of the specimen may not be the temperature indicated by |the
thermometér in the bath. The calculation of the temperature fluctuations of the{spécimen based| on
heat-transfer theory, and of their variance, is beyond the scope of this Guide, but it must-start from a knowp or
assumed temperature cycle for the bath. That cycle may be observed by afine thermocouple and a
temperature recorder, but failing that, an approximation of it may be deduced from™a knowledge of the najure

There are jpccasions when all possible values of a quantity lie t6one side of a single limiting value. [For
example, when measuring the fixed vertical height # (the measurand) of a column of liquid in a manomater,
the axis ofl the height-measuring device may deviate from ‘verticality by a small angle /. The distange I
determined by the device will always be larger than #; no values less than /4 are possible. This is because|h is
equal to th¢ projection /cos ¢, implying I = h/cosd, and all\Values of cos/ are less than one; no values grepter
than one afe possible. This so-called “cosine error’ can also occur in such a way that the projection hxos|/ of
a measurand />is equal to the observed distance/,'that is, / = hxos{, and the observed distance is always
less than the measurand.

If a new vdriable § =1 - cos{ is introduced, the two different situations are, assuming ¢/ 0 or S« 1 as is
usually the |case in practice,

h=1(1-9) (F|3a)
h=1(1+6) (FI3b)

Here 7, the best estimaté/of 1, is the arithmetic mean or average of » independent repeated observations /;]of /
with estimagted variance uz(l) [see Equations (3) and (5) in 4.2]. Thus it follows from Equations (F.3a) pnd
(F.3b) that [to obtainnan estimate of # or 4>requires an estimate of the correction factor 8, while to obtain|the
combined $tandard” uncertainty of the estimate of 4 or h>requires u2(9), the estimated variance of &, More
specifically] application of Equation (10) in 5.1.2 to Equations (F.3a) and (F.3b) yields for ug(h) and u§ E)
(- and + sighsrespectivetyy

u2 =(176)2u? (1) +7%2(5) (F.4a)
u2 (T} T22 () (F 4b)

To obtain estimates of the expected value of and the variance of 6, assume that the axis of the device used
to measure the height of the column of liquid in the manometer is constrained to be fixed in a vertical plane
and that the distribution of the values of the angle of inclination ¥ about its expected value of zero is a normal
distribution with variance 2. Although ¢ can have both positive and negative values, § = 1 — cos{ is positive
for all values of /. If the misalignment of the axis of the device is assumed to be unconstrained, the orientation
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of the axis can vary over a solid angle since it is capable of misalignment in azimuth as well, but ¢ is then
always a positive angle.

In the constrained or one-dimensional case, the probability element p(/)d{ (C.2.5, note) is proportional to
{exp[-¥2/(262)]}d¥; in the unconstrained or two-dimensional case, the probability element is proportional to
{exp[-¥2/(202)]}sindd¥. The probability density functions p(d) in the two cases are the expressions required
to determine the expectation and variance of ¢ for use in Equations (F.3) and (F.4). They may readily be
obtained from these probability elements because the angle ¢ may be assumed small, and hence
5=1-cos{ and sin{ may be expanded to lowest order in & This yields § 2/2, sin{ (= 25, and
d¥= d5/«/2_§. The probability density functions are then

0\/1% exp(—&/oz)

in one dimension

p(5) = (F.5a)

1
p(6) —2exp(—§/02) (F.5b)
o
in two dimensions

where

j: p(8)ds =1

Equations (F.5a) and (F.5b), which show that the most probable value of the correction ¢ in both ¢4
givg in the one-dimensional case E(J) = 62/2 and var(é)= /2 for the expectation and the variang
in the two-dimensional case E(J) = 02 and var(d) = o%. Equations (F.3a), (F.3b), and (F.4b) becom

n=1[1-(d/2)u*(4))]

ses is zero,
e of §; and
b then

(F.6a)

ho=T| 1+(a/2)u® ()] (F.6b)

u? (h)=u§ (h3)=u2(l_)+(d/2)l_2u4([/) (F.6¢)

whd
bes
the

re d is the dimensionality (4 = 1 or 2) and u(¥) is the standard uncertainty of the angle ¥, take
t estimate of the standard deviation o of an assumed normal distribution and to be evaluated
information available concerning the measurement (Type B evaluation). This is an examplg

n to be the
from all of
of a case

where the estimate\of the value of a measurand depends on the uncertainty of an input quantity.

AltH carried out
ibution with
limensional

/48 in two

ough Equations (F.6a) to (F.6¢c) are specific to the normal distribution, the analysis can be
assuming-other distributions for . For example, if one assumes for ¢ a symmetric rectangular distr
upper-and lower bounds of +1/0 and —//0 in the one-dimensional case and +{; and zero in the two-q
cas L(S) — //2 /16 and var(S) — //4 /45 in one dimensiaon-and L (S) — //2 /A4 _and var(S) — //4

O =TT U’ bk e LV bl o T TE Ty == =\ LV 4 U

dimensions.

NOTE This is a situation where the expansion of the function Y = f(Xy, X5, ..., Xy) in a first-order Taylor series to
obtain uﬁ(y), Equation (10) in 5.1.2, is inadequate because of the nonlinearity of /: cos /. cos / (see Note to 5.1.2, and
H.2.4). Although the analysis can be carried out entirely in terms of  introducing the variable § simplifies the problem.

Another example of a situation where all possible values of a quantity lie to one side of a single limiting value
is the determination by titration of the concentration of a component in a solution where the end point is
indicated by the triggering of a signal; the amount of reagent added is always more than that necessary to
trigger the signal; it is never less. The excess titrated beyond the limit point is a required variable in the data
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reduction, and the procedure in this (and in similar) cases is to assume an appropriate probability distribution
for the excess and to use it to obtain the expected value of the excess and its variance.

EXAMPLE If a rectangular distribution of lower bound zero and upper bound Cj is assumed for the excess z, then
the expected value of the excess is Cy/2 with associated variance Cg /12 . If the probability density function of the excess
is taken as that of a normal distribution with 0 < z< 8, thatis, p(z)= (0'\/rc/2)‘1 exp[—zz/(20'2)] , then the expected value

is o+/2/7 with variance o2(1 - 2/x).

F.2.4.5 Uncertainty when corrections from a calibration curve are not applied

The note t
applied to
“uncertainty
where U is
in situation
parameter
a single va
values of ¢
where the
correction 4

Although th
systematic
that would
individual u

A comparatively simple approach to this problem that is consistent with the principles of this Guide is

follows:
Compute a

b =—
%)

where ¢4 a

A1) =y(?)

correction
w2 (b

not taking i
the correcti

uz[b(

b 6.3.1 discusses the case where a known correction b for a significant systematic effect is
the reported result of a measurement but instead is taken into account by enlarging
” assigned to the result. An example is replacement of an expanded uncertainty U with U
an expanded uncertainty obtained under the assumption 5 = 0. This practice is sometimes follo
5 where all of the following conditions apply: the measurand Y is defined over a rangg,of values
, as in the case of a calibration curve for a temperature sensor; U and b also depend on ¢; and
ue of “uncertainty” is to be given for all estimates y(¢) of the measurand ovey the’ range of poss
In such situations the result of the measurement is often reported as Y(IN<y(¢) £ [Upax + P4
subscript “max” indicates that the maximum value of U and the maximum value of the kn
over the range of values of ¢ are used.

is Guide recommends that corrections be applied to measurement results for known signific
effects, this may not always be feasible in such a situation because of the unacceptable expe
be incurred in calculating and applying an individual correction, and in calculating and using
ncertainty, for each value of y(z).

single mean correction b from

1

- tzb(t)dt (F

—t»] 14
hd ¢, define the range of interest of the parameter 7, and take the best estimate of Y(¢) tg

+b, where y(r) is the bestluncorrected estimate of Y(¢). The variance associated with the m
b over the range of interest’'is given by

L J't:z [5(2) —E]zdt

-1y
hto account\the uncertainty of the actual determination of the correction 5(¢). The mean varianc|
pn b(¢) dueto its actual determination is given by

(F

f22
u

(F

not
the
+ b,
ved
of a
bnly
ible

ax] ’
pwn

ant
nse
an

as

7a)

be
ean

7b)

e of

7c)

)_] L J. [b(t)]dt

D 1y —ty 14

where 12[b(1)] is the variance of the correction b(¢). Similarly, the mean variance of y(¢) arising from all sources
of uncertainty other than the correction 4(¢) is obtained from

uz[y(

1

23
fp =1y

2]

t)] (F

J. [y(t)]dt

7d)

where u2[y(¢)] is the variance of y(¢) due to all uncertainty sources other than b(z). The single value of standard
uncertainty to be used for all estimates yXz) = y(¢)+ b of the measurand Y(¢) is then the positive square root of

ug(ya) = uz[y(t)J+u2[b(t)J+u2(l;)

(F

.7e)
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An expanded uncertainty U may be obtained by multiplying «(y3) by an appropriately chosen coverage factor %,
U= kug(y3, yielding Y(¢)= y1¢)+*U = y(¢)+ b +U. However, the use of the same average correction for all
values of ¢ rather than the correction appropriate for each value of  must be recognized and a clear statement
given as to what U represents.

F.2

F.2.

.5 Uncertainty of the method of measurement

5.1

Perhaps the most difficult uncertainty component to evaluate is that associated with the method of

measurement, especially if the application of that method has been shown to give results with less variability

NOT

labg
attri
labg
iden

F.2

F.2
chq
ma
esp
cali
unkf

F.2
role
ma
oftg
the

ifity. This implies an a priori probability distribution, not a distribution from which samples~ca

vn and treated statistically. Thus, even though the uncertainty of the method may be the domin

y information often available for evaluating its standard uncertainty is one's existing knowle

sical world. (See also E.4.4.)

E Determining the same measurand by different methods, either in the same laboratory or|
ratories, or by the same method in different laboratories, can often provide valuabletinformation about th
putable to a particular method. In general, the exchange of measurement standards or reference mater

tifying previously unrecognized systematic effects.

.6 Uncertainty of the sample

6.1 Many measurements involve comparing an unknewn object with a known standard ha
racteristics in order to calibrate the unknown. Examples+include end gauges, certain thermome
Eses, resistors, and high purity materials. In mostZsuch cases, the measurement metho
ecially sensitive to, or adversely affected by, sample selection (that is, the particular unki
brated), sample treatment, or the effects of various environmental influence quantities b

6.2 In some practical measurement situations, sampling and specimen treatment play a 1
. This is often the case for the chemical analysis of natural materials. Unlike man-made mate

have proven homogeneity to a (evel beyond that required for the measurement, natural m
n very inhomogeneous. This inhomogeneity leads to two additional uncertainty components. E
first requires determining how" adequately the sample selected represents the parent ma

anglysed. Evaluation of the, second requires determining the extent to which the secondary (U

con

F.2
unga
enVi
der
ung

stituents influence the measurement and how adequately they are treated by the measurement
6.3
ertainty due tothe sample (see H.5 and H.5.3.2). Usually, however, especially when thg
ironmental influence quantities on the sample are significant, the skill and knowledge of

ertainty.

nown and standard respond in generally the same (and often predictable) way to such variableg.

be readily
nt one, the
dge of the

in different
P uncertainty
als between

ratories for independent measurement is a useful way of assessing the reliability-of evaluations of unceftainty and of

ving similar
ers, sets of
ds are not
own being
bcause the

nuch larger
rials, which
aterials are
valuation of
erial being
nanalysed)
method.

In some eases, careful design of the experiment may make it possible to evaluate stafistically the

effects of
the analyst

ved from.-experience and all of the currently available information are required for evdluating the
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Annex G

Degrees of freedom and levels of confidence

G.1 Introduction

G.1.1 Thi
from the ¢
defines an
It thus ded

S annex addresses the general question of obtaining from the estimate y of the measurand X,
bmbined standard uncertainty u.(y) of that estimate, an expanded uncertainty Up=kpuc(y)
nterval y — U,<Y<y+U, that has a high, specified coverage probability or level of canfidenc]
Is with the issue of determining the coverage factor kp that produces an interval -about

measurement result y that may be expected to encompass a large, specified fraction p of the)distributio

values that

G.1.2 In
confidence
only appro
observatior]
Table E.1i

In most cas
confidence
either a 94
with levels
that no sys
most extrer

G113 To

could reasonably be attributed to the measurand Y (see Clause 6).
most practical measurement situations, the calculation of intervals having specified levels

ximate. Even the experimental standard deviation of the mean.of~as many as 30 reped
s of a quantity described by a normal distribution has itself an uncertainty of about 13 percent
h Annex E).

of 95 percent (one chance in 20 that the value of the mgasurand Y lies outside the interval)
percent or 96 percent interval (1 chance in 17 and 25; respectively). Obtaining justifiable inten
bf confidence of 99 percent (1 chance in 100) and higher is especially difficult, even if it is assun
ematic effects have been overlooked, because se.little information is generally available about|
ne portions or “tails” of the probability distributions of the input quantities.

obtain the value of the coverage factor k& that produces an interval corresponding to a speci

level of c

nfidence p requires detailed knowledge of the probability distribution characterized by

measurement result and its combined standard uncertainty. For example, for a quantity z described b
normal disfribution with expectation o and standard deviation o, the value of k, that produces an inte

o, tk,oth
confidence

t encompasses the fractiopp-of the distribution, and thus has a coverage probability or leve
[p, can be readily calculated:~-Some examples are given in Table G.1.

Table G.1 — Value of the coverage factor &
that’'produces an interval having level of confidence p
assuming a normal distribution

and
that

e p.
the
h of

of

— indeed, the estimation of most individual uncertainty components in/such situations — is at best

ted
see

es, it does not make sense to try to distinguish between, for'example, an interval having a level of

and
vals
ned
the

fied
the
y a
rval
| of

NOTE

Level of confidence p Coverage factor ,
(percent)

68,27 1
90 1,645
95 1,960

95,45 2
99 2,576

99,73 3

By contrast, if z is described by a rectangular probability distribution with expectation o, and standard deviation

= a/\/_ where « is the half-width of the distribution, the level of confidence p is 57,74 percent for k,=1; 95 percent for
k =1,65; 99 percent for k,=1,71; and 100 percent for &, > J3 1,73; the rectangular distribution is “narrower” than the
normal distribution in the sense that it is of finite extent and has no “tails”.
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G.1.4 |If the probability distributions of the input quantities X, X, ..., Xy upon which the measurand Y
depends are known [their expectations, variances, and higher moments (see C.2.13 and C.2.22) if the
distributions are not normal distributions], and if Y is a linear function of the input quantities,
Y=cqXy +coXs + ... + ¢y Xy, then the probability distribution of Y may be obtained by convolving the individual
probability distributions [10]. Values of kp that produce intervals corresponding to specified levels of
confidence p may then be calculated from the resulting convolved distribution.

G.1.5 If the functional relationship between Y and its input quantities is nonlinear and a first-order Taylor
series expansion of the relationship is not an acceptable approximation (see 5.1.2 and 5.1.5), then the
probability distribution of Y cannot be obtained by convolving the distributions of the input quantities. In such

cas

GA1
usu
inte}
dist
con
The

G.:

G.2.

the
are
Cer
exp
and
c24
G.2
vari
mo
imp
qug
c2¢
ung
X; 8

EXA
the
of th
o2
resy

s_other analtical or numericalmethods are required
7 P4 |

.6 In practice, because the parameters characterizing the probability distributions of input-qu
ally estimates, because it is unrealistic to expect that the level of confidence to be associated v
rval can be known with a great deal of exactness, and because of the complexity of convolving
ributions, such convolutions are rarely, if ever, implemented when intervals haying specifig
fidence need to be calculated. Instead, approximations are used that take adyvantage of the G
orem.

? Central Limit Theorem

1 If Y=ciXq+cpXp+..+cyXy = 2, c;X; and all the X are characterized by normal d
h the resulting convolved distribution of Y will also be normal. However, even if the distributio
not normal, the distribution of Y may often be approximated by a normal distribution beca
tral Limit Theorem. This theorem states that the distribution of Y will be approximately
ectation E(Y) =2, ¢;E(X;) and variance o2(Y)<2", c20?(X;), where E(X,) is the expeg
0'2(Xl.) is the variance of X, if the X; are independent and o2(Y) is much larger than any single
r2(Xl.) from a non-normally distributed X;.

.2 The Central Limit Theorem is significant because it shows the very important role pla
ances of the probability distributions:-of the input quantities, compared with that played by
ments of the distributions, in determining the form of the resulting convolved distribution of Y]
lies that the convolved distribution converges towards the normal distribution as the numbk
ntities contributing to ¢2(Y)) increases; that the convergence will be more rapid the closer th
r2(Xl~) are to each other_{equivalent in practice to each input estimate x; contributing a
ertainty to the uncertainty of the estimate y of the measurand Y); and that the closer the distribu
re to being normal; the fewer X; are required to yield a normal distribution for Y.

MPLE The-rectangular distribution (see 4.3.7 and 4.4.5) is an extreme example of a non-normal dis

antities are
vith a given
probability
d levels of
entral Limit

stributions,
ns of the X;
use of the
ormal with
tation of X;
component

yed by the
the higher
Further, it
er of input
e values of
comparable
tions of the

tribution, but

convolution.of’even as few as three such distributions of equal width is approximately normal. If the half-y
e three rectangular distributions is ¢ so that the variance of each is a2/3, the variance of the convolved

1,94

Oe-and 2,576 0 (see Table G.1) [10].

vidth of each
istribution is

L 42, The. 95 percent and 99 percent intervals of the convolved distribution are defined by 1,937¢ pnd 2,379¢,
ectively, while the corresponding intervals for a normal distribution with the same standard deviation o aife defined by

NOTE 1

For every interval with a level of confidence p greater than about 91,7 percent, the value of k,

for a normal

distribution is larger than the corresponding value for the distribution resulting from the convolution of any number and size
of rectangular distributions.

NOTE 2
observations ¢, of a random variable ¢ with expectation

oc

q

It follows from the Central Limit Theorem that the probability distribution of the arithmetic mean ¢ of »
and finite standard deviation o approaches a normal

distribution with mean o, and standard deviation o-/\/; as n — 8, whatever may be the probability distribution of 4.

G.2.3 A practical consequence of the Central Limit Theorem is that when it can be established that its
requirements are approximately met, in particular, if the combined standard uncertainty u.(y) is not dominated
by a standard uncertainty component obtained from a Type A evaluation based on just a few observations, or
by a standard uncertainty component obtained from a Type B evaluation based on an assumed rectangular
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distribution, a reasonable first approximation to calculating an expanded uncertainty Up = kpuc(y) that provides
an interval with level of confidence p is to use for k, a value from the normal distribution. The values most
commonly used for this purpose are given in Table G.1.

G.3 The s-distribution and degrees of freedom

G.3.1 To obtain a better approximation than simply using a value of kp from the normal distribution as in
G.2.3, it must be recognized that the calculation of an interval having a specified level of confidence requires,
not the distribution of the variable [Y— E(Y)]/o(Y), but the distribution of the variable (y — Y)/u.(y). This is
because in|practice, all that is usually available are y, the estimate of ¥ as obtained from y = 2, 1€; X;, (where
x; is thel estimate of X; and the combined variance associated with y, C( ¥), ted

evalud
from ug(y —EN1c2u (x;), where u(x;) is the standard uncertainty (estimated standard deviation) of |the

estimate x|

NOTE
been made i
variable that|

G.3.2 If
the arithmg
[see Equat
Student's ¢

Consequen
by the arit
deviation o

Btrictly speaking, in the expression (y — Y)/uq(v), Y should read E(Y). For simplicity, sucha distinction has
h a few places in this Guide. In general, the same symbol has been used for the physicalquantity, the ran
represents that quantity, and the expectation of that variable (see 4.1.1, notes).

is a normally distributed random variable with expectation o and starndard deviation o, and
tic mean of » independent observations z, of z with s(z) the experimental standard deviation ¢
ons (3) and (5) in 4.2], then the distribution of the variable 1 =(Z< =,)/s(z) is the -distributio
Histribution (C.3.8) with v=r — 1 degrees of freedom.

hmetic mean _)_( of n independent repeated observations X; of X, with experimental stang
[ the mean s(X), then the best estimate of Y is y, =X and the experimental standard deviatio

only
Hom

Z is
fz
n or

tly, if the measurand Y is simply a single normally distributéd quantity X, Y = X; and if X is estimated

ard
n of

that estima
the ¢-distrib

Pr[—t
Pr[—t

which can Ipe rewritten as

Pr[y-.;p(v) ug(y) <Y <$51,(v) “c(y)J= »

e is u(y)=s(X). Then ¢t =(z - o,)/s(2) = (X =X)/s(X)= (y—Y)/uc(y) is distributed accordin
ution with

g to

(Gl1a)
or

(G|1b)

(Gl1c)

e of
n is

In these ey
the paramé
encompas

pressions, Pt[}-means “probability of’ and the sfactor ¢ (v) is the value of ¢ for a given valu
bter v — the"degrees of freedom (see G.3.3) — such {jhat the fraction p of the ¢ distributio
ed by thetinterval —tp(v) to +tp(v). Thus the expanded uncertainty

picty) = 1,(v)uc(y)

defines an interval y — U, to y + U, conveniently written as Y=y £ U,, that may be expected to encompass a
fraction p of the distribution of values that could reasonably be attributed to Y, and p is the coverage probability
or level of confidence of the interval.

==

(Gl1d)

G.3.3 The degrees of freedom v is equal to n — 1 for a single quantity estimated by the arithmetic mean of
n independent observations, as in G.3.2. If n independent observations are used to determine both the slope
and intercept of a straight line by the method of least squares, the degrees of freedom of their respective
standard uncertainties is v=n — 2. For a least-squares fit of m parameters to n data points, the degrees of
freedom of the standard uncertainty of each parameter is v=n—-m. (See Reference [15] for a further
discussion of degrees of freedom.)
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G.3.4 Selected values of ¢ (v) for different values of v and various values of p are given in Table G.2 at the

end

where in this expression % is the coverage factor required to obtain an interval with level

normally distributed variable. Thus the value of tp(8) in Table G.2 for a given p equals the value of kp

8

of this annex. As v — 8 the distribution approaches the normal distribution and ¢

L,0) (1
of
b

Table G.1 for the same p.

NOTE

Often, the #-distribution is tabulated in quantiles; that is, values of the quantile ¢1 _ , are given,

denotes the cumulative probability and the relation

1—a= jj‘g’"‘f(z, v)dr

+20v)12,

confidence p for a

where 1 — «

defi
exa

G.4 Effective degrees of freedom

nes the quantile, where f'is the probability density function of « Thus ¢, and t; - , are related by pz 4
mple, the value of the quantile g 975, for which 1 — a =0,975 and o = 0,025, is the same as tp(v) for p=0,9

G.
su
esti

app
We

or

with

whd
intel

NO7
the

NOT

exp

.1 In general, the ¢-distribution will not describe the dlstr|but|on of the variable-¢y — Y)/u (y) if 4
of two or more estimated variance components u; (y)—c u (x) (see\5.1.3), even if eaq
mate of a normally distributed input quantity X.. However the distribution of that variab
roximated by a tdistribution with an effective degrees of, freedom v obtained

ch-Satterthwaite formula [16], [17], [18]

N u4
=Z zv(y)

i=1 i

Veff

-

re ug(y) = Z {L ul?(y) (see 5.1.3). The expanded uncertainty U,= kpuc(y) = tp(veﬁ)uc(y) then
rval Y=y + U, haying-an approximate level of confidence p.

[E 1 If the value of ve obtained from Equation (G.2b) is not an integer, which will usually be the cas
Correspondingvalue of ¢, may be found from Table G.2 by interpolation or by truncating ves to the next low]

[E 2 If an |nput estimate x; is itself obtained from two or more other estimates, then the value of v; to
) = [c u (x )] in the denominator of Equation (G.2b) is the effective degrees of freedom calcula
essSion equivalent to Equation (G.2b).

1-2ca. For

o

C( y) is the
h x; is the
le may be
from the

(G.2a)

(G.2b)

(G.2¢c)

brovides an
b in practice,
er integer.

be used with
ed from an

NOTE 3  Depending upon the needs of the potential users of a measurement result, it may be useful, in addition to vg,
to calculate and report also values for vega and vegg, computed from Equation (G.2b) treatlng separately the standard
uncertainties obtained from Type A and Type B evaluatlons If the contrlbutlons to uc(y) of the Type A and Type B
standard uncertainties alone are denoted, respectively, by ucA(y) and ucB(y) the various quantities are related by

ud(y)=ula(y)+uds(v)
ug(v) _ucaly) , uca(»)
Veff VeffA VeffB
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EXAMPLE

input quantities X;, X, X3 are the arithmetic means of n4=10,
observations,
u(x3)/x3 = 0,82 percent.

Consider that Y= f(Xq, Xo, X3) = bX1XoX3 and that the estimates x4, xp, x3 of the normally distributed

respectively, with relative standard uncertainties wu(xq)/xq
In this case,

= 0,25 percent, u(x)/x, = 0,57 percent,

C; =

[uc(y)/y]2 = z ?:1 [u(x,-)/x,—]2 =(1,03 percent)2 (see Note 2 to 5.1.6), and Equation (G.2b) becomes

np=5, and n3=15 independent repeated

and

oflox; = YIX; (fo be evaluated at xq, x5, x3 — see 5.1.3, Note 1),

4
|:”c y)/)’]
Z [u (xi)/xi]
i=1 Vi
Thus
1,03*
Veff = 7} 7} 7} =19,0
,25% 0,577 0,82
0-1 5-1 15-1
The value of|#, for p = 95 percent and v = 19 is, from Table G.2, #95(19) = 2,09; hence the relative expanded uncertaint
this level of |confidence is Ugs =2,09 - (1,03 percent) = 2,2 percent. It may then be stated that ¥V,=y # Ugs =y(1 £ 0,

(v to be detgrmined from y = bxqxox3), or that 0,978y < Y < 1,022y, and that the level of confidence-to be associated

the interval i

G4.2 |In
non-norma
probability
estimate y
function ¢ =

expectation|.

Welch-Satt

The questig
evaluation
recognizes
Equation (H

5 approximately 95 percent.

bractice, u.(y) depends on standard uncertainties u(x;) of input estimates of both normally
ly distributed input quantities, and the u(x;) are obtained from both’frequency-based and a p
Histributions (that is, from both Type A and Type B evaluations):A similar statement applies to
and input estimates x; upon which y depends. Neverthelgss;y the probability distribution of
(v = Y)/ug(y) can be approximated by the s-distribution if it.is expanded in a Taylor series abou
In essence, this is what is achieved, in the’lowest order approximation, by
erthwaite formula, Equation (G.2a) or Equation (G.2b)(

n arises as to the degrees of freedom to assign-io a standard uncertainty obtained from a Tyg
vhen v is calculated from Equation (G.2b). Since the appropriate definition of degrees of freeg
that v as it appears in the ¢-distribution is, a measure of the uncertainty of the variance 52
.7) in E.4.3 may be used to define the degrees of freedom v,

N o

The quant
uncertainty
available in|

EXAMPLE

u(x;) was evaluated leads\one to judge that the value of u(x;) is reliable to about 25 percent. This may be taken to n

that the relg
judged the V|

—~~

uz(xi) |: u\x; ):|

o2 [u(xl)] )

ty in large brackets s, the relative uncertainty of u(x;); for a Type B evaluation of stang
it is a subjective quantity whose value is obtained by scientific judgement based on the pod
formation.

u(xl

y for
D22)
with

and
riori
the
the
t its
the

e B
om

),

5.3)

ard
| of

Consider that'one's knowledge of how input estimate x; was determined and how its standard uncertainty

u(x;)lu(x;) = 0,25, and thus from Equation (G.3), v; = (0,25)2/2 = 8. If instead one
2. (See also Table E.1 in Annex E.)

tive uncertainty is .
hlue ofw(x;) to be reliable to only about 50 percent, then v; =

ean
had

G.43 In

the/discussion in 4.3 and 4.4 of Type B evaluation of standard uncertainty from an a o

jori

probability distribution, it was implicitly assumed that the value of u(x;) resulting from such an evaluation is
exactly known. For example, when u(x;) is obtained from a rectangular probability distribution of assumed
half-width a = (a, —a_)/2 as in 4.3.7 and 4.4.5, u(x;)= a/\/§ is viewed as a constant with no uncertainty
because a, and a_, and thus q, are so viewed (but see 4.3.9, Note 2). This implies through Equation (G.3) that
v, — 8 or 1/v; — 0, but it causes no difficulty in evaluating Equation (G.2b). Further, assuming that v, —» 8 is
not necessarily unrealistic; it is common practice to choose a_ and a, in such a way that the probability of the
quantity in question lying outside the interval a_ to a, is extremely small.
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G.5 Other considerations

G.5.

1

An expression found in the literature on measurement uncertainty and often used to obtain an

uncertainty that is intended to provide an interval with a 95 percent level of confidence may be written as

1/2
Ugs = 13 (var)s” +3u? |

(G.4)

Here 795(vag) is taken from the r-distribution for vyg degrees of freedom and p = 95 percent; vy is the
effective degrees of freedom calculated from the Welch-Satterthwaite formula [Equat|on (G.2b)] taking into

acce
obs
acc
low|

NOT
wayj
and

G.52

acq

whd

Inn
it is
dist]
ma
bot
mu

ervatlons in the current measurement s c2s2 c;= 6f/3xi; and u2 = z ‘
punts for all other components of uncertainty, where +a; and —q; are the assumed exactly know

br bounds ofXj relative to its best estimate X; (thatis, x —a; < X <x;+a).

g
['E A component based on repeated observations made outside the current measurement is treated
as any other component included in #2. Hence, in order to make a meaningful comparison between E
Equation (G.5) of the following subclause, it is assumed that such components, if présént, are negligible.

If an expanded uncertainty that provides an interval with a 95 percentlevel of confidence i
prding to the methods recommended in G.3 and G .4, the resulting expression in place of Equat

1/2
Ugs =f95(Veff)(S +”2)

re veg is calculated from Equation (G.2b) and the calculation includes all uncertainty componen

assumed that in evaluating Equation (G.5), all Type B variances are obtained from a priori
ributions with half-widths that are the same as’the bounds a; used to compute 12 of Equation
be understood by recognizing that, although“gs(v3¢) will in most cases be somewhat larger th
W factors are close to 2; and in Equation’{€.5) u2 is multiplied by ¢ (veff) 4 while in Equat|o
tiplied by 3. Although the two expressions yield equal values of Ua35 and Ugs for u? < 52,

repeated

H(a3/3)

upper and

in the same
quation (G.4)

5 evaluated

on (G.4) is
(G.5)

[s.

nost cases, the value of Uys from Equation (G.5) willbé larger than the value of Uzg from Equation (G.4), if

rectangular
(G.4). This
an 1g5(Veff),
n(G4)itis
/35 will be

as much as 13 percent smaller than Ugg\if u? > 52, Thus in general, Equation (G.4) yields an uncertainty that

pro
ung

NOT
hav
praq
have

NOT
p =
inde

ides an interval having a smaller level of confidence than the interval provided by the
ertainty calculated from Equation (G.5).

[E 1 In the limits «?/s2 —'8/and ve — 8, Uzs — 1,732u while Ugs — 1,960u. In this case, Uzs providg
ng only a 91,7 percent level of confidence, while Ugs provides a 95 percent interval. This case is app
tice when the components obtained from estimates of upper and lower bounds are dominant, large in
b values of u* (y) ~ c2a /3 that are of comparable size.

[E2  For a.normal distribution, the coverage factor & =3 1,732 provides an interval with a level g
D1,673... percent. This value of p is robust in the sense that it is, in comparison with that of any other val
pendent.ef small deviations of the input quantities from normality.

G.
of

expanded

s an interval
roximated in
humber, and

f confidence
Le, optimally

bcted value

.3 Occasionally an input quantity X; is distributed asymmetrically — deviations about its exp

makes no

difference in the evaluation of the standard uncertainty u(x;) of the estimate x; ofX and thus in the evaluation
of u.(y), it may affect the calculation of U.

It is usually convenient to give a symmetric interval, Y=y + U, unless the interval is such that there is a cost
differential between deviations of one sign over the other. If the asymmetry of X; causes only a small
asymmetry in the probability distribution characterized by the measurement result y and its combined standard
uncertainty u.(y), the probability lost on one side by quoting a symmetric interval is compensated by the
probability gained on the other side. The alternative is to give an interval that is symmetric in probability (and
thus asymmetric in U): the probability that Y lies below the lower limit y — U_ is equal to the probability that
Y lies above the upper limit y + U,. But in order to quote such limits, more information than simply the
estimates y and u.(y) [and hence more information than simply the estimates x; and u(x;) of each input quantity
X is needed.
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G.5.4 The evaluation of the expanded uncertainty U, given here in terms of u.(y), ves, and the factor ’p(Veff)
from the r-distribution is only an approximation, and it has its limitations. The distribution of (y — Y)/u.(y) is
given by the ¢distribution only if the distribution of Y is normal the estimate y and its combined standard
uncertainty u.(y) are independent, and if the distribution of « ( ) is a . 2 distribution. The introduction of veff,
Equation (G.2b), deals only with the latter problem, and prowdes an approximately . 2 distribution for uc(y)
the other part of the problem, arising from the non-normality of the distribution of Y, requires the consideration

of higher m

oments in addition to the variance.

G.6 Summary and conclusions

G.6.1 Thq
level can o
if these dis
their stand4

G.6.2 Be
by the extd
quantity is
probability
effective dg

G.6.3 To
component
independer
independer
Type B eva
Equation ((

G.6.4 Th

b coverage factor &, that provides an interval having a level of confidence p close to a.spec
nly be found if there is extensive knowledge of the probability distribution of each input quantity
ributions are combined to obtain the distribution of the output quantity. The input estimates x;
rd uncertainties u(x;) by themselves are inadequate for this purpose.

cause the extensive computations required to combine probability distributiopstare seldom just
nt and reliability of the available information, an approximation to the distribution of the ou
acceptable. Because of the Central Limit Theorem, it is usually sufficient to assume that
distribution of (y — Y)/u.(y) is the t-distribution and take &, =t (veff ), With' the #-factor based on
grees of freedom v of u(y) obtained from the Welch- Satferthwane formula, Equation (G.2b).

obtain v from Equation (G.2b) requires the degrees of freedom v, for each standard uncertg
t repeated observations upon which the corresponding input estimate is based and the numbg
t quantities determined from those observations (see G.3.3). For a component obtained fro

luation, v; is obtained from the judged reliability of the value of that component [see G.4.2

p.3)].

s the following is a summary of the preferred method of calculating an expanded uncertg

For a component obtained from a Type A evaluation, <, is obtained from the numbef

fied
and
and

fied
tput
the

an

inty

of
r of
n a
and

inty

U, = kyuc(y
1)
2)

intended to provide an interval Y=y + Us that has an approximate level of confidence p:
Obtain|y and u(y) as described in Clauses*4:and 5.

Compute v from the Welch-Satterthwaite formula, Equation (G.2b) (repeated here for easy referencg

(G|2b)

If u(x;)
Type B
otherw

is obtained. from a Type A evaluation, determine v; as outlined in G.3.3. If u(x;) is obtained fro
evaluation ‘and it can be treated as exactly known, which is often the case in practice, v;
ise, estimate v, from Equation (G.3).

m a

3) Obtain

either |

the, r-factor ¢ (veﬁ) for the desired level of confidence p from Table G.2. If v is not an inte

III.UI PUIG[U Ul I.l Ul I\Jalc Veff lU lI 1< IIUI\L IUVVUI II ILUHUI

ger,

4) Take ky, = tp(veff) and calculate U,= kpuc(y).

G.6.5 In certain situations, which should not occur too frequently in practice, the conditions required by the
Central Limit Theorem may not be well met and the approach of G.6.4 may lead to an unacceptable result.
For example, if u(y) is dominated by a component of uncertainty evaluated from a rectangular distribution
whose bounds are assumed to be exactly known, it is possible [if ¢ (veﬁ > f] that y + U, and y - Uy, the
upper and lower limits of the interval defined by Uy, could lie outside the bounds of the probab|llty d|str|but|on
of the output quantity Y. Such cases must be dealt with on an individual basis but are often amenable to an
approximate analytic treatment (involving, for example, the convolution of a normal distribution with a

rectangular distribution [10]).
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G.6.6 For many practical measurements in a broad range of fields, the following conditions prevail:

the estimate y of the measurand Y is obtained from estimates x; of a significant number of input quantities

X, that are describable by well-behaved probability distributions, such as the normal and
distributions;

rectangular

the standard uncertainties u(x;) of these estimates, which may be obtained from either Type A or Type B
evaluations, contribute comparable amounts to the combined standard uncertainty u.(y) of the

measurement result y;

the linear approximation implied by the law of propagation of uncertainty is adequate (se

5.1.2 and

ung

conmpbined standard uncertainty can be assumed to be normal because of the Central Limit Theorer

can
the

app
bety

or

AltH
me
clos
99

10

for
tha
pro

Veff

E.3.1);

magnitude, say greater than 10.
er these circumstances, the probability distribution characterized by the measurement res

be taken as a reasonably reliable estimate of the standard deviation of that nérmal distribution
significant size of vy Then, based on the discussion given in this anpex/including that empH
roximate nature of the uncertainty evaluation process and the impracticality of trying to
wveen intervals having levels of confidence that differ by one or two percent, one may do the follg

adopt k£ =2 and assume that U = 2u(y) defines an interval haying a level of confidence of ap
95 percent;

or more critical applications,

adopt £ = 3 and assume that U = 3u,(y) definessan interval having a level of confidence of ap
99 percent.

ough this approach should be suitable foromany practical measurements, its applicability to an
hsurement will depend on how close k=2 must be to 7g5(ves) OF k=3 must be to zgg(ves); that
e the level of confidence of the(nterval defined by U= 2ug(y) or U= 3u,(y) must be to 95
bercent, respectively. Although for v = 11, k=2 and k& = 3 underestimate ¢g5(11) and 799(11) by
bercent and 4 percent, respeetively (see Table G.2), this may not be acceptable in some cas
all values of vy somewhat\arger than 13, k= 3 produces an interval having a level of confid
1 99 percent. (See Table'G.2, which also shows that for v — 8 the levels of confidence of t
Huced by k=2 and k=3 are 95,45 percent and 99,73 percent, respectively). Thus, in practice,
and what is required.of the expanded uncertainty will determine whether this approach can be |

the uncertainty of u.(y) is reasonably small because its effective degrees of freedom i has a significant

ult and its
n; and u.(y)
because of
asizing the
distinguish
wing:

proximately

proximately

y particular

is, on how
percent or
only about
bs. Further,
ence larger
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Table G.2 — Value of 7 (v) from the r-distribution for degrees of freedom v that defines
an interval —tp(v) o +tp(v) that encompasses the fraction p of the distribution

Df? g::jismOf Fraction p in percent
v 68,272 90 95 95,452) 99 99,732)
1 1,84 6,31 12,71 13,97 63,66 235,80
2 1,32 2,92 4,30 4,53 9,92 19,21
3 1,20 2,35 3,18 3,31 5,84 9,22
4 1,14 2,13 2,78 2,87 4,60 6,62
5 1,11 2,02 2,57 2,65 4,03 5,51
6 1,09 1,94 2,45 2,52 3,71 4,90
7 1,08 1,89 2,36 2,43 3,50 4,53
8 1,07 1,86 2,31 2,37 3,36 4,28
9 1,06 1,83 2,26 2,32 3,25 4,09
10 1,05 1,81 2,23 2,28 3,17 3,96
11 1,05 1,80 2,20 2,25 3,1 3,85
12 1,04 1,78 2,18 2,23 3,05 3,76
13 1,04 1,77 2,16 2,21 3,01 3,69
14 1,04 1,76 2,14 2,20 2,98 3,64
15 1,03 1,75 2,13 2,18 2,95 3,59
16 1,03 1,75 2,12 217 2,92 3,54
17 1,03 1,74 2,1 2,16 2,90 3,51
18 1,03 1573 2,10 2,15 2,88 3,48
19 1,03 1,73 2,09 2,14 2,86 3,45
20 1,03 1,72 2,09 2,13 2,85 3,42
25 1,02 1,71 2,06 2,1 2,79 3,33
30 1,02 1,70 2,04 2,09 2,75 3,27
35 1,01 1,70 2,03 2,07 2,72 3,23
40 1,01 1,68 2,02 2,06 2,70 3,20
45 464 468 204 206 269 348
50 1,01 1,68 2,01 2,05 2,68 3,16
100 1,005 1,660 1,984 2,025 2,626 3,077
8 1,000 1,645 1,960 2,000 2,576 3,000

a) For a quantity z described by a normal distribution with expectation o, and standard deviation o, the interval
o, + ko encompasses p = 68,27 percent, 95,45 percent and 99,73 percent of the distribution for k=1, 2 and 3,

respectively.
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Annex H

Examples

This annex gives six examples, H.1 to H.6, which are worked out in considerable detail in order to illustrate the
basic principles presented in this Guide for evaluating and expressing uncertainty in measurement. Together
with the examples included in the main text and in some of the other annexes, they should enable the users of

this,

Bed
begc
this|
Wh
caldq

diff¢r slightly from the result implied by the numerical values given in the text for¢hese quantities.

It ig

ause they and the numerical data used in them have been chosen mainly to demonstrate - the [

Guide tonut these nrincinlas inta nractica in thair own waork
widedoputth principles-inioprastice-in-theirown work:
ause the examples are for illustrative purposes, they have by necessity been simplified.

Guide, neither they nor the data should necessarily be interpreted as describing real med

Moreover,
rinciples of
surements.

le the data are used as given, in order to prevent rounding errors, more digits aretetained in intermediate

ulations than are usually shown. Thus the stated result of a calculation involving several qud

ntities may

pointed out in earlier portions of this Guide that classifying the methods-used to evaluate components of

uncertainty as Type A or Type B is for convenience only; it is not required for the determingtion of the
conmpbined standard uncertainty or expanded uncertainty of a measurement result because all [uncertainty
conmpponents, however they are evaluated, are treated in the same-way (see 3.3.4, 5.1.2, and E.3.). Thus, in
thelexamples, the method used to evaluate a particular component of uncertainty is not specifically identified
as fo its type. However, it will be clear from the discussion whether a component is obtained from & Type A or
a Type B evaluation.
H.1 End-gauge calibration
This example demonstrates that even an apparently simple measurement may involve subtle|aspects of
uncertainty evaluation.
H.1.1 The measurement problem
Thg length of a nominally 50 mmyend gauge is determined by comparing it with a known standard ¢f the same
nominal length. The direct output of the comparison of the two end gauges is the difference d in thejir lengths:

d21(1+0{.)—ls(1+as.s) (H1)
where

/ is the measurand, that is, the length at 20 °C of the end gauge being calibrated;

Ig is the length of the standard at 20 °C as given in its calibration certificate;

o and ag are the coefficients of thermal expansion, respectively, of the gauge being calibrated and the

standard;
. and . g are the deviations in temperature from the 20 °C reference temperature, respectively, of the
gauge and the standard.
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H.1.2 Mathematical model

From Equation (H.1), the measurand is given by

_ls(1+0{s, S)+d

(1-{-0{) le+d+ls(as,s—a.)+...

(H.2)

If the difference in temperature between the end gauge being calibrated and the standard is written as

0.
becomes

1= £(

The differe
assumed tdq
would be n

It thus follo
simple exp

S,d,as,. ,60(,6. )=lS +d—ls(60{.. +dg o). )

hces 6. and d¢, but not their uncertainties, are estimated to be zero; and 8¢, ag, 8- -and .
be uncorrelated. (If the measurand were expressed in terms of the variables ., ‘& o, and o
pcessary to include the correlation between . and . g, and between « and ag.)

s from Equation (H.3) that the estimate of the value of the measurand / maybe obtained from
ession /g +d, where Ig is the length of the standard at 20 °C as givepn in its calibration certifi

N
L

—-. g and the difference in their thermal expansion coefficients as da = a - ag, Equation (H.2)

H.3)

are

L, it

the
ate

ned
sed

and d is e
standard u
below.

stimated by d, the arithmetic mean of n =5 independent repeated observations. The combi
hcertainty u.(/) of / is obtained by applying Equation (10) in 5.1.2 to,Equation (H.3), as discug

NOTE d its

estimate.

n this and the other examples, for simplicity of notation, the same symbol is used for a quantity an

H.1.3 Contributory variances

The pertingnt aspects of this example as discussed in_this and the following subclauses are summarizef in
Table H.1.
Since it is gssumed that 6z = 0 and 3. = 0, the application of Equation (10) in 5.1.2 to Equation (H.3) yieldg

ug () e§u®(ls)+cfu®(d)+cf u® (@s)+c u?(. ) +c§ u?(3a)+c§ u?(3.) (H.4)
with

cg =.f/.-1s =1-(8cre. +ag(ed ) =1

cg=-f/.-d=

Cag =t f]- ag=—lgd. =0

c =.f/.. ==lgqxr =0

Cso = | [120a =—lg.

5. =-f].-8 =-lgxs
and thus

ug ()= u2(13)+u2(d)+lé. zuz(&x )+l§ aéuz(ﬁ. ) (H.5)
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H.1

3.1 Uncertainty of the calibration of the standard, u(/g)

The calibration certificate gives as the expanded uncertainty of the standard U = 0,075 ym and states that it
was obtained using a coverage factor of £ = 3. The standard uncertainty is then

H.1

u(lg)=(0,075 um)/3 =25 nm

.3.2 Uncertainty of the measured difference in lengths, u(d)

The pooled experimental standard deviation characterizing the comparison of / and /5 was determined from

the
gay
The

Acd
ran
thu
Anr

The
sign

The

or

H.A

The
ung
the

ges and was found to be 13 nm. In the comparison of this example, five repeated observations
standard uncertainty associated with the arithmetic mean of these readings is then (see-4.2.4)

u(c7)=s(57)=(13 nm)/+/5=5,8 nm

ording to the calibration certificate of the comparator used to compare / with /g, its uncerta
jom errors” is £0,01 um at a level of confidence of 95 percent and is based on 6 replicate meg
5 the standard uncertainty, using the tfactor 7g5(5) =2,57 for v=6~1=5 degrees of frg
ex G, Table G.2), is

u(dy)=(0,01ym)/2,57 =3,9 nm

uncertainty of the comparator “due to systematic errors” is.given in the certificate as 0,02 um &
na level”. The standard uncertainty from this cause may therefore be taken to be

u(dy)=(0,02um)/3=6,7 nm
total contribution is obtained from the sum of'the estimated variances:

uz(d)=u2(d)+u2(d1)+u2(d2)=93 nm?

u(d)=9,7nm

3.3 Uncertainty of the thermal expansion coefficient, u(og)
coefficient of thermal expansion of the standard end gauge is given as ag=11,5- 1076 °(

ertainty repreSented by a rectangular distribution with bounds +2 - 1076 °C~1. The standard ur
N [see Equation (7) in 4.3.7]

u(@g)=(2- 107 ¢ N3 =12- 107 oc”’

variability of 25 independent repeated observations of the difference in lengths of two standard end

were taken.

nty “due to
surements;
edom (see

t the “three

C=1 with an
certainty is

Since Cog =df/dag =—-Igd. =0 as indicated in H.1.3, this uncertainty contributes nothing to the

of /

in first order. It does, however, have a second-order contribution that is discussed in H.1.7.

uncertainty
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Table H.1 — Summary of standard uncertainty components

Standard Value of Degrees of
uncertainty Source of uncertainty standard c; = 0f10x; u;(1) = |ej|u(x;) freedom
component uncertainty

u(x;) u(x;) (nm)
u(ls) Calibration of standard end 25 nm 1 25 18
gauge
u(d) Measured difference 9,7 nm 1 9,7 25,6
betweenene-gatges
(47 ) repeated observations 5,8 nm 24
(dq) random effects of 3,9 nm 5
comparator
(do) systematic effects of 6,7 nm 8
comparator
u(as) Thermal expansion 1,2 1076 °C™1 0 0
coefficient of standard end
gauge
u(.) Temperature of test bed 0,41 °C 0 0
(._) mean temperature of bed 0,2 °C
(.) cyclic variation of 0,35°C
temperature of room
u(da) Difference in expansion 0,58 - 1076 °C1 -ls. 2,9 50
coefficients of end gauges
u(®.) Difference in temperatures of | 0,029 °C -lsag 16,6 2
end gauges
u2(l)=" u?(1)=1002 nm?
ug(l)=32pm
veff(l) =] 16
H.1.3.4 Uncertainty of the deviation of the temperature of the end gauge, u(. )
The tempefature of the test/bed is reported as (19,9 + 0,5) °C; the temperature at the time of the indivigual
observation)s was not recorded. The stated maximum offset, . = 0,5 °C, is said to represent the amplitudg of
an approximately cyClical variation of the temperature under a thermostatic system, not the uncertainty of|the

mean tem

. =199°C-20°C=—

0,1°C

ratures;Fhe value of the mean temperature deviation

is reported as having a standard uncertainty itself due to the uncertainty in the mean temperature of the test

bed of

u(. )=0,2°C

while the cyclic variation in time produces a U-shaped (arcsine) distribution of temperatures resulting in a
standard uncertainty of

u(.)=(05°C)/¥2=0,35°C
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The temperature deviation . may be taken equal to . , and the standard uncertainty of ¢ is obtained from

w? (. )=u?(")+u?(.)=0,165°C?

which gives

u(. )=0,41°C
Since ¢ =0f/d. =-Igda=0 as indicated in H.1.3, this uncertainty also contributes nothing to the uncertainty
of in first order; but it does have a second-order contribution that is discussed in H.A1.7.
H.1|3.5 Uncertainty of the difference in expansion coefficients, u(5c)
The estimated bounds on the variability of S are +1 - 1076 °C~1, with an equal probability) of Sa[having any
valye within those bounds. The standard uncertainty is

H.1
The

cou
ung

H.1

The
and

or

Theg

u(da)=(1- 10 ¢} N3 =058 107 !

3.6 Uncertainty of the difference in temperature of the gauges, u(d..)

standard and the test gauge are expected to be at the same temperature, but the temperaturg
Id lie with equal probability anywhere in the estimated intefval —0,05 °C to +0,05 °C. Th
ertainty is

u(8. )=(0,05°C)/\/3=0,029 °C

.4 Combined standard uncertainty

combined standard uncertainty u(/) is calculated from Equation (H.5). The individual terms a
substituted into this expression to obtain

2
uZ (1) =(25nm)* +(9,7 nm)* + (0,05 m)? (-0,1°C)* (0,58 - 10° °c™")" +

2
(0,05 m)? (11554076 ") (0,029 °C)*

=(25 nm)2 +(97 nm)2 +(29 nm)2 +(16,6 nm)2 =1002 nm?

uc (1) =32'nm

dominant component of uncertainty is obviously that of the standard, u(/g) = 25 nm.

b difference
e standard

e collected

(H.6a)

(H.6b)

(H.6c)

H.1

-5 Fimatresutt

The calibration certificate for the standard end gauge gives /g = 50,000 623 mm as its length at 20 °C. The
arithmetic mean d of the five repeated observations of the difference in lengths between the unknown end
gauge and the standard gauge is 215 nm. Thus, since [ =/g+ d (see H.1.2), the length 7 of the unknown end
gauge at 20 °C is 50,000 838 mm. Following 7.2.2, the final result of the measurement may be stated as:

/=50,000 838 mm with a combined standard uncertainty u.=32nm. The correspondi

Cc
combined standard uncertainty is u.//=6,4 - 1077,

ng relative
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H.1.6 Expanded uncertainty

Suppose that one is required to obtain an expanded uncertainty Ugg = kggu(/) that provides an interval having
a level of confidence of approximately 99 percent. The procedure to use is that summarized in G.6.4, and the

required de

grees of freedom are indicated in Table H.1. These were obtained as follows:

1) Uncertainty of the calibration of the standard, u(lg) [H.1.3.1]. The calibration certificate states that the
effective degrees of freedom of the combined standard uncertainty from which the quoted expanded
uncertainty was obtained is vgg(/g) = 18.

2) Uncertgh

repeats
on 25

of free
dq wag
compa
Equati
vefi(d),

3) Uncert
-1
Equati

4) Uncert
-0,05
from E

The calculg

of Veff(d) in

Veff (l)

To obtain t
It then f
2,92 (32

d) was obtained from a pooled experimenta

bbservations, the degrees of freedom of u(d) is v(d)=25-1=24 (see H.3.6, note). The deg
Hom of u(d¢), the uncertainty due to random effects on the comparator, is v(d;) =6 — 1.= 5’becq
obtained from six repeated measurements. The +0,02 um uncertainty for systematic effects on
rator may be assumed to be reliable to 25 percent, and thus the degrees ©f-freedom f

bn (G.3) in G.4.2 is v(d,) = 8 (see the example of G.4.2). The effective degrees§ of freedom of 4
is then obtained from Equation (G.2b) in G.4.1:
2(7\. .2 2 2 4
» (02 (d)+u? (dy)+u? (d3) (9,7 nm) -
ff )= = = =25,
ut(d) Jut(dn) ut(dy) (58 nm)* _(39nm)*_(6,7nm)°*

ainty of the difference in expansion coeficients, u(d¢) [H.1.3.5]. The estimated bounds
D=6 °C~1 on the variability of 3o are deemed toctie reliable to 10 percent. This gives, f
bn (G.3)in G.4.2, v(d«) = 50.

ainty of the difference in temperatures of-the gauges, u(d.) [H.1.3.6]. The estimated int¢
C to +0,05 °C for the temperature difference d. is believed to be reliable only to 50 percent, wl
quation (G.3) in G.4.2 gives v(d. ) = 2.

tion of vg(/) from Equation (G.2b)\n' G.4.1 proceeds in exactly the same way as for the calcula
2) above. Thus from Equations\(H.6b) and (H.6¢) and the values for v given in 1) through 4),

4
_ (32.nm) _ 167
(25 nm)* L (o7 rin)” (29 nm)* , (166 nm)*
18 25,6 50 2

ne required expanded uncertainty, this value is first truncated to the next lower integer, veg(/) 5
bllows from Table G.2 in Annex G that 199(16)=2,92, and hence Ugg= tg99(16)u,
hm) =93 nm. Following 7.2.4, the final result of the measurement may be stated as:

1= (50

ees
use

the
rom

(@),

of
rom

rval
hich

tion

16.
)=

~

000 838 + 0,000 093) mm, where the number following the symbol + is the numerical value o

[ an

expanded uncertainty U = ku,, with U determined from a combined standard uncertainty u, = 32 nm and a
coverage factor k£ = 2,92 based on the ¢-distribution for v = 16 degrees of freedom, and defines an interval
estimated to have a level of confidence of 99 percent. The corresponding relative expanded uncertainty is

Ull=1

,9- 1076,
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H.1.7 Second-order terms

The note to 5.1.2 points out that Equation (10), which is used in this example to obtain the combined standard
uncertainty u(/), must be augmented when the nonlinearity of the function Y = f(X;, X5, ..., Xy) is so significant
that the higher-order terms in the Taylor series expansion cannot be neglected. Such is the case in this
example, and therefore the evaluation of u.(/) as presented up to this point is not complete. Application to
Equation (H.3) of the expression given in the note to 5.1.2 vyields in fact two distinct non-negligible
second-order terms to be added to Equation (H.5). These terms, which arise from the quadratic term in the
expression of the note, are

12,208 20 V7220 N 2(8 )
) o \ U Nl

)

butjonly the first of these terms contributes significantly to u(/):

Isu(da)u(. )=(0,05m)(0,58- 107° °C™")(0,41°C) =11,7 nm
Isu(erg)u(3. )= (0,05 m)(1,2: 107° °C™"}(0,029°C) =1,7 nm

Theg second-order terms increase u.(/) from 32 nm to 34 nm.

H.2 Simultaneous resistance and reactance measurement

This example demonstrates the treatment of multiplé<\measurands or output quantities [determined
simjultaneously in the same measurement and the correlation of their estimates. It considers only the random
variations of the observations; in actual practice, the tncertainties of corrections for systematic effects would
alsg contribute to the uncertainty of the measurementresults. The data are analysed in two different ways with
each yielding essentially the same numerical values’

H.2.1 The measurement problem

Thg resistance R and the reactance X.of a circuit element are determined by measuring the ampljtude V" of a
sinysoidally-alternating potential difference across its terminals, the amplitude I of the alternaling current
passing through it, and the phase=shift angle ¢ of the alternating potential difference relative to thg alternating
curtent. Thus the three input/quantities are ¥, I, and ¢ and the three output quantities — the megsurands —
are|the three impedance components R, X, and Z. Since Z2 = R2 + X2, there are only two independent output
qugntities.

H.2.2 Mathematical model and data

Thg measurands are related to the input quantities by Ohm's law:

/4 V. Vv
R=—cos¢g;, X=—sing, Z=— H.7
7 ¢ 7 ¢ 7 (H.7)

Consider that five independent sets of simultaneous observations of the three input quantities V, 7, and ¢ are
obtained under similar conditions (see B.2.15), resulting in the data given in Table H.2. The arithmetic means
of the observations and the experimental standard deviations of those means calculated from Equations (3)
and (5) in 4.2 are also given. The means are taken as the best estimates of the expected values of the input
quantities, and the experimental standard deviations are the standard uncertainties of those means.

Because the means V, I, and ¢ are obtained from simultaneous observations, they are correlated and the
correlations must be taken into account in the evaluation of the standard uncertainties of the measurands R, X,
and Z. The required correlation coefficients are readily obtained from Equation (14) in 5.2.2 using values of
s(V, 1), s(V,9), and s(I, ¢) calculated from Equation (17) in 5.2.3. The results are included in Table H.2,
where it should be recalled that »(x;, xj) = r(xj, x;) and r(x;, x;) = 1.
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Table H.2 — Values of the input quantities V, I, and ¢ obtained from five sets
of simultaneous observations

Set number Input quantities
k 4 I 0
V) (mA) (rad)
1 5,007 19,663 1,045 6
2 4,994 19,639 1,043 8
3 5 005 19 640 1046 8
4 4,990 19,685 1,042 8
5 4,999 19,678 1,043 3
Arithmetic mean V =4,999 0 7 =19,6610 ¢ =1,044 46
Expermental standard | (7) =0,0032 | s(T) =0,0095 | () =0,00075

Correlation coefficients

r(V, 1) =-0,36
r(V,9) = 0,86
r(,9) =-0,65

H.2.3 Results: approach 1
Approach 1 is summarized in Table H.3.

The values|of the three measurands R, X, and Z are obtained from the relations given in Equation (H.7) using
the mean yalues V, I,and ¢ of Table H.2 for J, /;vand ¢. The standard uncertainties of R, X, and Z|are
obtained from Equation (16) in 5.2.2 since, ag_pointed out above, the input quantities ¥, 7, and ¢ |are

correlated. | As an example, consider Z =V /. Identifying ¥ with xq, 7 with x,, and f with Z=}/I,
Equation (16) in 5.2.2 yields for the combined standard uncertainty of Z

e (7] ({7

222[”(;)]2+22[@T_zz{”(;)"”(;)}(ﬁ 7) (H|8b)

<

Ju(T)r(V,T) (H|8a)

or

g o (A i 2 2 o (LY T i 8c)

where u(V)=s(V), u(I)=s(I), and the subscript “r’ in the last expression indicates that u is a relative
uncertainty. Substitution of the appropriate values from Table H.2 into Equation (H.8a) then gives
us(2)=0,236. .

Because the three measurands or output quantities depend on the same input quantities, they too are
correlated. The elements of the covariance matrix that describes this correlation may be written in general as

yl ym ZZ D m, xi u(xj)r(xi,xj) (H.9)

l1j1
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where y; = fi(x4, X, ..., xy) and y, =f, (x4, X5, ..., x)). Equation (H.9) is a generalization of Equation (F.2) in
F.1.2.3 when the g, in that expression are correlated. The estimated correlation coefficients of the output
quantities are given by r(y;, y,,) = ul, y,)u(y)u(y,), as indicated in Equation (14) in 5.2.2. It should be
recognized that the diagonal elements of the covariance matrix, u(y;, y;) = uz(yl), are the estimated variances
of the output quantities y, (see 5.2.2, Note 2) and that for m = [, Equation (H.9) is identical to Equation (16) in
5.2.2.

To apply Equation (H.9) to this example, the following identifications are made:

y1 =R X1 =I7 u(xi)=s(xl)
Y2 =4 x2=1: N=J3
yz3 =2 x3=9

The results of the calculations of R, X, and Z and of their estimated variances and correlation coefficients are
given in Table H.3.

Table H.3 — Calculated values of the output quantities R, X, and Z: approach 1

Measurand Relationship between Value of estimate y;, which Combined standard
index estimate of measurand y, is the result uncertainty uc();Enof result
/ and input estimates x; of measurement of measurement

= - s ug(R)=0,071.

1 y1=R=(VII)cos¢ 1 =RE127,732 . u(RYIR = 0,08 - 1072
Ty T N ug(X) = 0,295 .

2 yo=X=(WII)sing yo'=X=219,847 . ugX)x =013 102
—7=-VIT 7 uc(2)=0,236 .

3 y3=Z=VII v3=27Z=254,260 . ud2)/Z=0,09- 1072

Correlation coefficients r(y;, v,,)
£(1, y2) = (R, X) =-0,588
r(v1, y3) = r(R, Z) = -0,485
r(v2, y3)=r(X, 2)= 0,993

H.2.4 Results: approach-2
Apgroach 2 is summafized in Table H.4.

Singe the datathave been obtained as five sets of observations of the three input quantities V, I,|and ¢, it is
possible to cempute a value for R, X, and Z from each set of input data, and then take the arithmdtic mean of
thelfive individual values to obtain the best estimates of R, X, and Z. The experimental standard leviation of
eagh mean (which is its combined standard uncertainty) is then calculated from the five individual values in
the|usual way [Equation (5) in 4.2.3]; and the estimated covariances of the three means are cgiculated by
applying Equation (17) in 5.2.3 directly to the five individual values from which each mean is obtained. There
are no differences in the output values, standard uncertainties, and estimated covariances provided by the two
approaches except for second-order effects associated with replacing terms such as ¥/7 and cos¢ by V/I
and cosg.

To demonstrate this approach, Table H.4 gives the values of R, X and Z calculated from each of the five sets
of observations. The arithmetic means, standard uncertainties, and estimated correlation coefficients are then
directly computed from these individual values. The numerical results obtained in this way are negligibly
different from the results given in Table H.3.
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Table H.4 — Calculated values of the output quantities R, X, and Z: approach 2

In the tern
7=(X i
in that not

Set number Individual values of measurands
k R=(VII)cos¢ X=(VI)sing Z=VI
() () ()
1 127,67 220,32 254,64
2 127,89 219,79 254,29
3 127,51 220,64 254,84
Z TZ7, 77 218,97 753,49
5 127,88 219,51 254,04
Arithmetic mean y1=R=127,732 | y,=X =219,847 | y5=7=254,260
Experimental standard | - 7 _ ) 474 s(X)=0,295 $(Z) = 0,236
deviation of mean
Correlation coefficients (v}, v,,,)
r(y1, ¥2)=r(R, X)=-0,588
r(y1, v3)=r(R, Z) =-0,485
r(y2, v3)=r(X,Z)= 0,993

hinology of the Note to 4.1.4, approach 2 is an example of obtaining the estimate y f
Yk) n, while approach 1 is an example of obtaining @#from y = f (X4, X5, ..., Xy). As pointed
b, in general, the two approaches will give identical results if /' is a linear function of its i

quantities (provided that the experimentally observed correlation coefficients are taken into account w

implementing approach 1). If f'is not a linear function, then the results of approach 1 will differ from thosg of
approach 2 depending on the degree of nonlinearity.and the estimated variances and covariances of thg X..
This may bg seen from the expression
o _ gy 2 ! o

y=S (X Koo Xy )+ D S u( X, X )+ (HI10)

24 XX

i=1 j=1 L
where the pecond term on the right-hand side is the second-order term in the Taylor series expansion |of f
in terms offthe X; (see also 5.1.2, note). In the present case, approach 2 is preferred because it avoids|the

approximat

on y= f(X4, Xo,-%, Xy) and better reflects the measurement procedure used — the data we]

fact collectgd in sets.

On the ot
observatior]
by n3 = 5 (o]

her handy/approach 2 would be inappropriate if the data of Table H.2 represented n,
= 5 observations of the current 7, and then follo

s of the-potential difference 7, followed by #,

e in

ved

bservations of the phase ¢, and would be impossible if #, . ns. (Itis in fact poor measure

procedure

.n2

and the current through it are dlrectly related.)

If the data of Table H.2 are reinterpreted in this manner so that approach 2 is inappropriate, and if correlations
among the quantities ¥, I, and ¢ are assumed to be absent, then the observed correlation coefficients have no
significance and should be set equal to zero. If this is done in Table H.2, Equation (H.9) reduces to the
equivalent of Equation (F.2) in F.1.2.3, namely,

“(J’[r)’m)=§: Yi- Ym 2(xi)

- . x X
i=1

(H.11)

1

and its application to the data of Table H.2 leads to the changes in Table H.3 shown in Table H.5.
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Table H.5 — Changes in Table H.3 under the assumption
that the correlation coefficients of Table H.2 are zero

Combined standard uncertainty u.(y;) of result of measurement

ue(R) = 0,195 .
ue(R)YR = 0,15 - 1072

ue(X) = 0,201 .
ug(X)/X = 0,09 - 1072

H.3

Thi
par

obtqin from the curve the value and standard uncertainty*of a predicted correction.

H.3

A thermometer is calibrated by comparingtn = 11 temperature readings ¢, of the thermometer, ¢

neg
to 4
tem

is fi
Y2,

qug
not
thei
ung

uo(Z) = 0,204 .
us(Z)/Z =0,08 - 1072

Correlation coefficients r(y;, v,,)

r(y1, y2) = r(R, X) = 0,056
r(y1, y3) = r(R, 2) = 0,527
r(yo, ¥3) = r(X, Z) = 0,878

b Calibration of a thermometer

5 example illustrates the use of the method of least squares-to obtain a linear calibration curve 4
bmeters of the fit, the intercept and slope, and their, estimated variances and covariance, §

.1 The measurement problem

ligible uncertainty, with corresponding known reference temperatures tg , in the temperature n
7 °C to obtain the corrections by =g , — ¢, to the readings. The measured corrections b; and
peratures ¢, are the input quantities of the evaluation. A linear calibration curve

b(t)=yq+ya(t—tg)

Which are respéectively the intercept and slope of the calibration curve, are the two measurang
ntities to be ‘determined. The temperature ¢, is a conveniently chosen exact reference temps
an indepgndent parameter to be determined by the least-squares fit. Once y, and y, are found
r estimated variances and covariance, Equation (H.12) can be used to predict the value ar]
ertainty-of the correction to be applied to the thermometer for any value ¢ of the temperature.

nd how the
re used to

ach having
ange 21 °C
measured

(H.12)

ted to the measured Corrections and temperatures by the method of least squares. The paramégters y, and

s or output
rature; it is
along with
d standard

H.3.2 Least-squares fitting

Based on the method of least squares and under the assumptions made in H.3.1 above, the output quantities
¥4 and y, and their estimated variances and covariance are obtained by minimizing the sum

n
S =Z[bk - y1-y2(t —fo)]2
k=1
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This leads to the following equations for y4, y,, their experimental variances s2(y1) and s2(y2), and their
estimated correlation coefficient »(y4, y5) = s(y1, ¥2)/s(y1)s(v9), where s(y4, y) is their estimated covariance:

() (X #)- (e )X )

= H.13a
1 D ( )
ny b,., - b .
D
2 2
2 § Z k )
— H.13c
s (1 . ( )
2 52
=n— H.13d
s“(va) =n 5 ( )
(o fo) = (H.13e)
2
nz k
Y5, —b(1,)
§2 = 4.4[ A k)J (H.n3f)
n—2
D= V;‘ 2 2 _ —\2 _ -2 H.13
=nd B0 ) =l e =) =2 (-1 (H.139)
where all sums are from k=1 to n, 6, = t, — t,".C =(z k)/n, and ¢ = (Ztk)/n; [b, — b(t,)] is the differgnce
between the measured or observed correction b, at the temperature ¢, and the correction b(t,) predicted by|the
fitted curve b(r) = y4 + yo(t — 1p) at ;. The variance s2 is a measure of the overall uncertainty of the fit, where
the factor n|— 2 reflects the fact that because two parameters, y, and y,, are determined by the n observati¢ns,
the degrees of freedom of s2is v=n— 2 (see G.3.3).
H.3.3 Calgulation of results
The data to be fittedyare given in the second and third columns of Table H.6. Taking ;=20 °C as|the
reference temperature, application of Equations (H.13a) to (H.13q) yields
y1=-P112°C s(y4)=0,0029 °C
yo =0,00218 s(y,)=0,000 67

r(y1,72)=-0930  s=0,0035°C

The fact that the slope y, is more than three times larger than its standard uncertainty provides some
indication that a calibration curve and not a fixed average correction is required.
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The

whd
corl
pre
valy
me
of t

H.3

The

obtained by applying the law of propagation of uncertainty, Equation (16) in 5.2.2, to Equation (H.

that

Table H.6 — Data used to obtain a linear calibration curve for a thermometer by the method
of least squares

Reading Thermometer Observed Predicted Difference between observed
number reading correction correction and predicted correction

k I by=1r k—l b(;) by — b(1)

(°C) (°C) (°C) (°C)

1 21,521 -0,171 -0,167 9 -0,003 1

2 22,012 -0,169 -0,166 8 -0,002 2

3 22,512 -0,166 -0,1657 -0,000 3

4 23,003 -0,159 -0,164 6 +0,005 6

5 23,507 -0,164 -0,163 5 -0,000'5

6 23,999 -0,165 -0,162 5 -0,002 5

7 24,513 -0,156 -0,1614 +0,005 4

8 25,002 -0,157 -0,160 3 +0,003 3

9 25,503 -0,159 -0,159 2 +0,000 2

10 26,010 -0,161 -0,158 1 -0,002 9

11 26,511 -0,160 -0,157Q -0,003 0

calibration curve may then be written as
b(t)=-0,1712(29) °C+0,002 18(67)(r — 20.°C)

re the numbers in parentheses are the numerical values of the standard uncertainties refe
esponding last digits of the quoted results for the intercept and slope (see 7.2.2). This equatio
licted value of the correction b(s) at*any temperature 7, and in particular the value b(z;) at ¢
es are given in the fourth column of the table while the last column gives the differences b
hsured and predicted values,Sby = b(z;). An analysis of these differences can be used to check
ne linear model; formal tests.exist (see Reference [8]), but are not considered in this example.

.4 Uncertainty of.a predicted value
expression for-the combined standard uncertainty of the predicted value of a correction car

b(1) = {4y ) and writing u(y4) = s(v4) and u(y,) = s(y,), one obtains

(H.14)

rred to the
n gives the
=1,. These
etween the
the validity

be readily
112). Noting

ug[b{t\]:uz(v1\+(t—tc\2u2{v2\+2(t—tc)u{vﬂu(vz\r(v», VZ‘

(H.15)

2

The estimated variance ug [b(t)] is a minimum at ¢, = 1o — u(y4)7(y1, ¥2)/u(y,), which in the present case is

frmin

= 24,008 5 °C.

As an example of the use of Equation (H.15), consider that one requires the thermometer correction and its
uncertainty at =30 °C, which is outside the temperature range in which the thermometer was actually
calibrated. Substituting ¢ = 30 °C in Equation (H.14) gives

b(30°C) = 0,149 4 °C
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while Equation (H.15) becomes

u2[5(30 °C)] = (0,002 9 °C)? +(10 °C)? (0,000 67)* +2(10 °C)(0,002 9 °C)(0,000 67)(~0,930)
=17,1- 1078 oc?
or
ug[5(30°C)]=0,004 1°C

Thus the correction at 30 °C is —0,149 4 °C, with a combined standard uncertainty of u, = 0,004 1 °C, and with
u having v[zn—2=9 degrees of ireedom.

H.3.5 Elimination of the correlation between the slope and intercept

Equation (H.13e) for the correlation coefficient r(yq,y,) implies that if ¢, is s@Ochosen fhat
Z£:1. = 21?21 (ty —t9) =0, then r(y4, y2)=0 and y; and y, will be uncorrelated, thereby simplifying|the
computation of the standard uncertainty of a predicted correction. Since Z,’:=1. + =0 when
to=1 = (2:,:’:1 I én and 7 =24,0085°C in the present case, repeating the)'least-squares fit with
to =1 =24{008 5 °C would lead to values of y; and y, that are uncorrelated. (The-temperature 7 is also|the
temperature at which #2[b(¢)] is a minimum — see H.3.4.) However, repeating-the fit is unnecessary because
it can be stown that

b(t)=ly3+ya(t-7) (H.16a)

u2[b()]=u?(r2) +(t-7)%u?(v2) (H.16b)

r(¥3242)=0 (H.16¢)
where

=y +ya(t—1to)
t=tos(y1)r(y1.v2)/s(y2)

52 (v3) =s* (y1)[1 —r?(y1003 )]

and in writing Equation{HA6b), the substitutions u(y3)=s(y3) and u(y,)=s(y,) have been made [see
Equation (H.15)].

Application|of these relations to the results given in H.3.3 yields

b(t) =662 5(11) + 0,002 18(67)(r — 24,008 5 °C) (H.17a)

u2[b(1)]= (0,001 1) + (- 24,008 5 °C) (0,000 67)° (H.17b)

That these expressions give the same results as Equations (H.14) and (H.15) can be checked by repeating
the calculation of 5(30 °C) and u[6(30 °C)]. The substitution of =30 °C into Equations (H.17a) and (H.17b)
yields

b(30°C)=-0,149 4 °C

ug[5(30°C)]=0,004 1°C
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which are identical to the results obtained in H.3.4. The estimated covariance between two predicted
corrections b(z4) and b(t,) may be obtained from Equation (H.9) in H.2.3.

H.3.6 Other considerations

The least-squares method can be used to fit higher-order curves to data points, and is also applicable to
cases where the individual data points have uncertainties. Standard texts on the subject should be consulted
for details [8]. However, the following examples illustrate two cases where the measured corrections b, are not

ass

umed to be exactly known.

1)

H.4

Thi
the

apn
acg

H.4.1 The-measurement problem

Theg
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repeated readings, and let the pooled estlmate of variance for such readlngs based on a Iarge
data obtained over several months be s2. Then the estimated variance of each IR, (188D Z /I
each observed correction b, = g , — ; has the same standard uncertainty u,. Under, thelse C|rc
(and under the assumption that there is no reason to believe that the linear model is ind
replaces s2 in Equations (H.13c) and (H.13d).

NOTE A pooled estimate of variance sg
variable is obtained from

based on N series of independent Qbservations of the s

where 9 is the experimental variance of the ith series of‘w; |ndependent repeated observations [Eg
4. 2 4.2.2] and has degrees of freedom v; = n; — 1. The degrees-of/freedom of s2is v= Z Z1v;. The experimg
Sp 2 Im (and the experimental standard deV|at|on s /\/_) of the arithmetic mean of m independent
characterlzed by the pooled estimate of variance s also has v degrees of freedom.

Suppose that each ¢, has negligible uncertainty, that a correction g, is applied to each of the n
and that each correction has the same- standard uncertalnty Uy Then the standard uncertai
by=1IR 1t is alsou,, and s (y1) issreplaced by s (y1)+ua and s (y?) is replaced by s (y

|l Measurement of activity

5 example is similar to.example H.2, the simultaneous measurement of resistance and reacta
data can be analysedin two different ways but each yields essentially the same numerical res
roach illustrates~once again the need to take the observed correlations between input qu
punt.

unknown radon (222Rn) activity concentration in a water sample is determined by liquid;
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activity concentration is obtained by measuring three counting sources consisting of approximately 5 g of
water and 12 g of organic emulsion scintillator in vials of volume 22 ml:

Source (a) a standard consisting of a mass mg of the standard solution with a kno

concentration;
used to

Source (b) a matched blank water sample containing no radioactive material,

background counting rate;

Source (c)

wn activity

obtain the

the sample consisting of an aliquot of mass m, with unknown activity concentration.
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Six cycles of measurement of the three counting sources are made in the order standard — blank — sample;
and each dead-time-corrected counting interval T, for each source during all six cycles is 60 minutes.
Although the background counting rate cannot be assumed to be constant over the entire counting interval
(65 hours), it is assumed that the number of counts obtained for each blank may be used as representative of
the background counting rate during the measurements of the standard and sample in the same cycle. The

data are given in Table H.7, where

tg, IRy Ly are the times from the reference time =0 to the midpoint of the dead-time-corrected
counting intervals 7, =60 min for the standard, blank, and sample vials, respectively;
although g is given for completeness, it is not needed in the analysis;

Cs, Cgl C, are the number of counts recorded in the dead-time-corrected counting intervals T = 60 jmin

for the standard, blank, and sample vials, respectively.

The observed counts may be expressed as

CS = (WB +€A8Tomse_' ’'s

where

=(B +£AxT0mxe_’

Ix

(H.18a)

(H.18b)

is the liquid scintillation detection efficiency for 222Rn/for a given source compositjon,
assumed to be independent of the activity level;

is the activity concentration of the standard at the,reference time ¢ = 0;

is the measurand and is defined as the unknown activity concentration of the sample at|the

reference time ¢ = 0;

is the mass of the standard solution;

is the mass of the sample aliquet;

is the decay constant fer#??Rn: . = (In 2)/T;,, =1,258 94 - 10~ min™! (T;,, = 5 505,8 mi

Table H.7 — Counting data for determining the activity concentration

of an unknown sample

=]
~

Cycle Standard Blank Sample
k ts Cs 8 Cp I Cy
(min) (counts) (min) (counts) (min) (counts)
1 243,74 15 380 305,56 4 054 367,37 41 432
2 984.53 14 978 1046.10 3922 1107.66 38 706
3 1723,87 14 394 1785,43 4200 1 846,99 35 860
4 2 463,17 13 254 2524,73 3830 2 586,28 32 238
5 3 217,56 12 516 3279,12 3 956 3 340,68 29 640
6 3 956,83 11 058 4018,38 3980 4 079,94 26 356

94
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Equations (H.18a) and (H.18b) indicate that neither the six individual values of Cg nor of C, given in Table H.7
can be averaged directly because of the exponential decay of the activity of the standard and sample, and
slight variations in background counts from one cycle to another. Instead, one must deal with the
decay-corrected and background-corrected counts (or counting rates defined as the number of counts divided
by Ty = 60 min). This suggests combining Equations (H.18a) and (H.18b) to obtain the following expression for
the unknown concentration in terms of the known quantities:

Ax =f(AS,mS,mx, Cs, Cx, CB’IS’tx’ . )

mg (Cx —CB)e' fx

- (H.19)
M. (CaC\a-!S
TATO B/
475 Cx=Ch . (1-15)
m, Cg—Cp
where (C, — Cg)e: x and (Cgq — Cg)e- ’s are, respectively, the background-corrected ¢ounts of the $ample and
the [standard at the reference time =0 and for the time interval T = 60 min. Alternatively, one may simply
write
mg Rx
Ax=f(As,ms,mx,Rs,Rx)=AS—— (HZO)
mx RS

whgre the background-corrected and decay-corrected counting rate$'R, and Rg are given by

R, =[(C,~Cg)/Ty]e ™ (H.21a)

Rg =[(Cs-Cg)/Tpe 'S (H.21b)
H.4.2 Analysis of data
Tafle H.8 summarizes the values of the background-corrected and decay-corrected counting rate$ Rq and R,
calgulated from Equations (H.21a) and-(H.21b) using the data of Table H.7 and . = 1,258 94 - 10[* min~"1 as
given earlier. It should be noted that.the'ratio R = R, /Rg is most simply calculated from the expressipn

[(C.~Ca)/(Cs ~Ca)]o= ™)
Thq arithmetic means Rg; R,, and R, and their experimental standard deviations s(Rg), s(R,), ar|d s(R), are
calgulated in the usualway [Equations (3) and (5) in 4.2]. The correlation coefficient (R, Rg) is calqulated from
Equation (17) in 5.2.3 and Equation (14) in 5.2.2.
Begause of. the ‘comparatively small variability of the values of R, and of Rg, the ratio of means ﬁx /ES and
the [standard uncertainty u(R,/Rg) of this ratio are, respectively, very nearly the same as the mean ratio R
and its<experimental standard deviation s(R) as given in the last column of Table H.8 [see| H.2.4 and
Eqyation (H.10) therein]. However, in calculating the standard uncertainty u(R,./Rg), the correlatipn between

R, and Rg as represented by the correlation coefficient (R, Rg) must be taken into account using
Equation (16) in 5.2.2. [That equation yields for the relative estimated variance of R, /Rg the last three terms

of Equation (H.22b).]

It should be recognized that the respective experimental standard deviations of R. and of Rg, \/Es(ﬁx) and
Jgs(ﬁs), indicate a variability in these quantities that is two to three times larger than the variability implied by
the Poisson statistics of the counting process; the latter is included in the observed variability of the counts
and need not be accounted for separately.
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Table H.8 — Calculation of decay-corrected and background-corrected counting rates

Cycle R, Rg t,—Is R= RX/RS

k (min™") (min~1) (min)

1 652,46 194,65 123,63 3,352 0

2 666,48 208,58 123,13 3,1953

3 665,80 211,08 123,12 3,154 3

4 655,68 21417 123,11 3,0615

5 651,87 213,92 123,12 3,047 3

6 623,31 194,13 123,11 3,2107

R, =652,60 Rg = 206,09 R =3(170
s(R,) =6,42 s(Rg) =3,79 _ s(R);20,046
s(R,)/R, =0,98 - 1072 s(Rg)/Rg =1,84- 1072 S(R)[R =144 1072
R,/Rg =3,167
u(R,/Rg) =0,045
u(R,IRg)/(R, IRg) =1,42- 1072
Correlation coefficient
r(Ry,Rg) = 0,646

H.4.3 Calculation of final results
To obtain |the unknown activity concentration 4, _and its combined standard uncertainty u.(4,) from
Equation (H.20) requires Ag, m,, and mg and their standard uncertainties. These are given as

A5 =0,136 8 Ba/g

u(4g)|=0,0018Ba/g;  u(4g)/Ag=132- 1072

mg =%,0192g

u(mg)=0,0050 g; u(mig)/ms =0,10- 1072

m,=980571g

u(m,)|=0,0010g; u(m,)/my,=0,02- 1072
Other poss|ble sources of uncertainty are evaluated to be negligible:

standard-uncertainties of the decay times, u(tg ;) and u(t, ,);

standard uncertainty of the decay constant of 222Rn, (. ) =1 - 1077 min~1. (The significant quantity is the
decay factor expl. (¢, — tg)], which varies from 1,015 63 for cycles £ =4 and 6 to 1,015 70 for cycle k = 1.
The standard uncertainty of these values is u = 1,2 - 1079);

uncertainty associated with the possible dependence of the detection efficiency of the scintillation counter

on the

source used (standard, blank, and sample);

uncertainty of the correction for counter dead-time and of the correction for the dependence of counting
efficiency on activity level.
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