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Foreword

ISO (the International Organization for Standardization) and IEC (the International Electrotechnical Commission) form the
specialized system for worldwide standardization. National bodies that are members of ISO or IEC participate in the
development of International Standards through technical committees established by the respective organization to deal with
particular fields of technical activity. ISO and IEC technical committees collaborate in fields of mutual interest. Other
international organizations, governmental and non-governmental, in liaison with ISO and IEC, also take part in the work. In
the field of information ‘re(‘hnnlngv ISO and TEC have established a joint technical committee ISO/IEC ITC 1

International Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Part 3.
The main task of the joint technical committee is to prepare International Standards. Draft International Standards jadopted by
the join{ technical committee are circulated to national bodies for voting. Publication as an International Standdqrd requires

approval| by at least 75 % of the national bodies casting a vote.

Attentioh is drawn to the possibility that some of the elements of this International Standard may be the subjedt of patent
rights. I$O and IEC shall not be held responsible for identifying any or all such patent rights,

ISO/IE(Q 13568 was prepared by Joint Technical Committee ISO/IEC JTC 1, Information technology, Subcommiftee SC 22,
Programming languages, their environments and system software interfaces.

Annexeg A to C form a normative part of this International Standard. Anneges-D and E are for information only.

©ISO/IEC 2002—All rights reserved v
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Introduction

This International Standard specifies the syntax, type system and semantics of the Z notation, as used in formal
specification.

A specification of a system should aid understanding of that system, assisting development and maintenance of the
system. Specifications need express only abstract properties, unlike implementations such as detailed algorithms,
physical circuits, etc. Specifications may be loose, allowing refinement to many different implementations. Such
abstract and loose specifications can be written in 7 notation

A spdcification written in Z notation models the specified system: it names the components of the(system and
exprepses the constraints between those components. The meaning of a Z specification—its semantiesi—is|defined
as thd set of interpretations (values for the named components) that are consistent with the constraints.

7 usep mathematical notation, hence specifications written in Z are said to be formal: the‘meéaning is chptured
by the¢ form of the mathematics used, independent of the names chosen. This formal basis enables mathgmatical
reasofing, and hence proofs that desired properties are consequences of the specification. The soundness of
inferepce rules used in such reasoning should be proven relative to the semantics of\the Z notation.

This International Standard establishes precise syntax and semantics for a system of notation for math¢matics,
providling a basis on which further mathematics can be formalized.

Partigular characteristics of Z include:

e ifs extensible toolkit of mathematical notation;
e s schema notation for specifying structures in the system.and for structuring the specification itsellf; and

e ifs decidable type system, which allows some well-formedness checks on a specification to be petrformed
utomatically.

Exaniples of the kinds of systems that have beenrspecified in Z include:

e spfety critical systems, such as railway signialling, medical devices, and nuclear power systems;
e  spcurity systems, such as transaction processing systems, and communications; and

e general systems, such as programming languages and floating point processors.
Standard Z will also be apptopriate for use in:
e fprmalizing the seraiitics of other notations, especially in standards documents.

This s the first ISQ*standard for the Z notation. Much has already been published about Z. Most usep of the
Z notjation have~een based on the examples in the book “Specification Case Studies” edited by Haydgs [2][3].
Early|definitions’of the notation were made by Sufrin [14] and by King et al [8]. Spivey’s doctoral thesis[showed
that fhe semrantics of the notation could be defined in terms of sets of models in ZF set theory [11]. His book
“The|Z Notation—A Reference Manual” [12][13] is the most complete definition of the notation, prior| to this
Internrationa card—DiA petween—7—as—defined—here—and-a H are—disenssed——H5]. This
International Standard addresses issues that have been resolved in different ways by different users, and hence

encourages interchange of specifications between diverse tools. It also aims to be a complete formal definition of
Z.

vi ©ISO/IEC 2002—All rights reserved
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Z, formal specification notation—
Syntax, type system and semantics

-
Id o)

The f

o t
o t
o ¢
o 3
o [

The f}

pcope
bllowing are within the scope of this International Standard:

he syntax of the Z notation;

he type system of the Z notation;

he semantics of the Z notation;

toolkit of widely used mathematical operators;

M TEX [10] and e-mail mark-ups of the Z notation.

bllowing are outside the scope of this International Standard:

e any method of using Z, though an informative annex (E) describes one widely-used convention.
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Normative references

llowing normative documents contain provisions which, through reference in this text, constitute pr
k' International Standard. For dated\réferences, subsequent amendments to, or revisions of, any
ations do not apply. However, parties to agreements based on this International Standard are enc
estigate the possibility of applying the most recent editions of the normative documents indicated
ndated references, the latest édition of the normative document referred to applies. Members of I
haintain registers of currently valid International Standards.

EC 10646-1:2000, Ifformation technology— Universal Multiple-Octet Coded Character Set (UCS)—

Archifecture and BasicMultilingual Plane, with amendment 1, with its amendments and corrigenda

ISO/IEC 10646-2:2001, Information technology— Universal Multiple-Octet Coded Character Set (UCS)—
Supplementary Planes

ISO/IECAL4977:1996, Information technology—Syntactic metalanguage—FExtended BNF

bvisions
bf these
uraged
below.

SO and

Part 1:

Part 2:

3 Terms and definitions

For the purposes of this International Standard, the following terms and definitions apply. [talicized terms in
definitions are themselves defined in this list.

3.1

binding

finite

function from names to values

©ISO/IEC 2002—All rights reserved
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capture

cause

3.3

a reference expression to refer to a different declaration from that intended

carrier set

set of

3.4

all values in a type

const
prop¢
3.5

envii
funct

3.6
inter
functi

3.7

raint
rty that is either true or false

onment
on from names to information used in type inference

pretation
on from global names of a section to values in the semantic universe

metalanguage

langu

3.8
meta
name

3.9
modgd
intery

3.10

hge used for defining another language

variable
denoting an arbitrary phrase of a particular syntactic class

b1
retation that makes the defining constraints of\the corresponding section be true

scherna

set of

3.11
SCOPS
part
to th

3.12
scopé
rules

3.13

bindings

b of a declaration
f a specification in whichra reference expression whose name is the same as a particular declaratio
t declaration

e rules
Hetermining the scope of a declaration

semamntic universe

set of

all.§emhantic values, providing representations for both non-generic and generic Z values

3.14

n refers

signature
function from names to types

3.15
type
set of

3.16

universe
all type values, providing representations for all Z types

Z core language
Z notation defined by this International Standard excepting the notation of the mathematical toolkit

©ISO/IEC 2002—All rights

reserved
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3.17
ZF set theory
Zermelo-Fraenkel set theory

4 Metalanguages

The metalanguages are the notations used to define the syntax, type system and semantics of Z.

4.1 [ Syntactic metalanguage

The gyntactic metalanguage used is the subset of the standard ISO/TEC 14977:1996 [7] summarisédyin Table 1,
with modifications so that the mathematical symbols of Z can be presented in a more comprehensible way.

Table 1 — Syntactic metalanguage

Symbol Definition
= defines a non-terminal on the left in terms of the syutax on the right.
| separates alternatives.

s separates notations to be concatenated.
separates notation on the left from notation o be excepted on the right.
{ delimit notation to be repeated zero or,mére times.

[ ] delimit optional notation.

(D) are grouping brackets (parentheses).

’ delimit a terminal symbol.
terminates a definition.
7 delimit informal definition ofvhotation.

(* *)| delimit commentary.

The ipfix operators | and , have precedence such that parentheses are needed when concatenating alterhations,
but npt when alternating between concatenations. The exception notation is always used with parentheses,|making
its prgcedence irrelevant. Whitespace separates tokens of the syntactic metalanguage; it is otherwise ign¢red.

HXAMPLE The lexis of a NUMERAL ‘token, and its informal reading, are as follows.

NUMERAL = NUMERAL , DECIMAL
| DEGIMAL

>

The non-terminal symbol NUMERAL stands for a maximal sequence of one or more decimal digit characters {without
htervening white Space).

—-

The dhanges toISO/TEC 14977:1996 allow use of mathematical symbols in the names of non-terminals, fand are
formally defined”as follows.

Meta |idéntifier character ? all cases from ISO/IEC 14977:1996 7

TG CA I ) LY O ) E I N S Y G X

| )]PJ)' 7:)| )7;| 7|)| )&)l ;\)l )/)l )';l 7;7| 7_)| R
I

I

)?7 | J|_7| 7V7| ).7| ;3)' )<:>;| ;:>)| )\/;' }/\Jl R
)€7| 7[;' 7><7| 7A)| ,,u’l 79}' ;87| 7>>)| )87

’

NOTE This anticipates a future version of ISO/IEC 14977:1996 permitting use of the characters of ISO/IEC
10646 [5][6].

The following standard metalanguage characters have been overloaded as Meta identifier characters: ’=’,
e, o, o, 2y, 02, 21, 2, ?)? and ?; . Uses of them as Meta identifiers are with the common

©ISO/IEC 2002—All rights reserved 3
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suffix -tok, e.g. (-tok, which may be viewed as a postfix metalanguage operator. Uses of them as meta-operators
are further distinguished by preceding and following these uses with space.

A further change to ISO/IEC 14977:1996 is the use of multiple fonts: metalanguage characters and non-terminals
are in typewriter, those non-terminals that correspond to Z tokens appear as those Z tokens normally appear,
typically in Roman, and comments are in italic.

The syntactic metalanguage is used in defining Z characters, lexis, concrete syntax and annotated syntax (clauses
6, 7, 8 and 10)

4.2 | Mathematical metalanguage

4.2.1] Introduction

Logic|and ZF set theory are the basis for the semantics of Z. In this section the specifiG~notations ysed are
described. The notations used here are deliberately similar in appearance to those of Z itself, but are gtounded
only ¢n the logic and set theory developed by the wider mathematical community.

The thathematical metalanguage is used in type inference rules and in semantic relations (clauses 13 and 15).

4.2.2 Parentheses

The fprms of proposition and expression are given below. Where there could be any ambiguity in the parsing,
usually parentheses have been used to clarify, but in any other case.flfe precedence conventions of Z iffself are
intendled to be used.

The yse of parentheses is given in tabular form in Table 2, whererp stands for any proposition and e stqnds for
any ekpression.

Table 2 — Parentheses in metalanguage

Notation Definition
(p) 2

(e) e

The shme brackets symbols are usedsaround pairs and tuple extensions (Table 12), but those cannot be pmitted
in thip way.

4.2.3 Propositions
4.2.3.1 Introduction

The yalue of a metalanguage proposition is either true or false. The values true and false are distinct.| In this
Interyational Standard, no proposition of the metalanguage is both true and false; that is, this metatheory is
considtent. Furthérmore, every proposition is either true or false, even where it is not possible to say whith; that
is, th¢ logic is-two-valued.

4.2.3.2\Propositional connectives

The proposttiomat CoMECtives of TIegat o, CoMjUITCTIoN and aisjuIction are used. 1T 1apie o amd 1ater; P, ps, etc,
represent arbitrary propositions.

Conjunction is also sometimes indicated by writing propositions on successive lines, as a vertical list.
4.2.3.3 Quantifiers

Existential, universal and unique-existential quantifiers are used. In Tables 4 and 5 and later, i, iz, etc, represent
arbitrary names, e, es, etc, represent arbitrary expressions, and ... represents zero or more repetitions of the
surrounding formulae; in these tables, the propositions can contain references to the names, but the expressions
cannot.

4 ©ISO/IEC 2002—All rights reserved
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Table 3 — Propositional connectives in metalanguage

Notation Name Definition

-p negation true iff p is false

p1 A D2 conjunction true iff p; and po are both true

p1V po disjunction false iff p; and po are both false

Table 4 — Quantifiers in metalanguage

Notjation Name Definition

d 4l e ...y ip e, o p | existential quantification there exist (3) values of 4; in setle;, ..., iy|in set
en (i1 : €15 ..; iy @ ep) such that (e) p is frue

Vil e1; ...; i : €, ® p | universal quantification for all (V) values of 4(in set ey, ..., i, inlset e,
(i1 1 €15 -5 i @ €n), A JS true that (e) p i true

3, 4 :e1; ...; in : e, @ p | unique existential quantification | there exists exdetly one (3, ) configuration fof val-
ues 71 in setcery ..., 4, in set e, (i1 : ex; .| ip :
en) suchythat (e) p is true

Certalin abbreviations in the writing of quantifications are permittéd, as given in Table 5. Some of their exgansions

involye lesser abbreviations.

Table 5 — Abbreviations in quantifications in metalanguage
Notation Definition
11502y ceey Uy & € 1€ 12,y lp @ €
| Z.17’L‘27...,Z." . e | pP1 ® P2 | i17i2,...,in Leepy A P2
V i1, G2y ey in € | D1 @ Do Y iy, gy e in s e ® (2 p1) VDo
3y i1,y in €| p1 @ Py 3y 01,02, 0 € @ D1 A P

4.2.3

The donditional expression dllows the choice between two alternative values according to the truth or fal
proposition, as defined in Table 6.

given

.4 Conditional expression

Table 6 — Conditional expression in metalanguage

ity of a

Notation

Definition

if prthen e; else e;

either p is true and e is the value, or p is false and e; is the value

4.2. Scts

4.2.4.1 Introduction

The notation used here is based on ZF set theory, as described in for example [1], and the presentation here is
guided by the order given there. In that theory there are only sets. Members of sets can be only other sets. The
word “element” may be used loosely when referring to set members treated as atomic, without regard to their
set nature. If metalanguage operations are applied to inappropriate arguments, they produce unspecified results
rather than being undefined.

©ISO/IEC 2002—All rights reserved
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4.2.4.2 The universe

The universe, U, denotes a world of sets, providing semantic values for Z expressions. U is big enough to contain
the set NAME from which Z names are drawn, and an infinite set. Also, U is closed under formation of powersets
and products. The formation of a suitable U comprising models of sets and tuples, as needed to model Z, is
well-known in ZF set theory and is assumed in this International Standard. A Z binding is modelled by a ZF
set of pairs of NAME and value. A Z generic is modelled by a ZF set of pairs (a function) from sets (the generic
arguments) to a value (the instantiated generic).

4.2.4.3 Propositions about sets and elements

The dimplest propositions about sets are the relationships of membership, non-membership, subset~and ¢quality
betwden sets or their elements, as detailed in Table 7.

Table 7 — Propositions about sets in metalanguage
Notjation Name Definition
e1 €l e membership true iff e; is a member of set ey
e1 & e non-membership e € e
e1 4 es subset Vi:e ®i€ey
e1 = e equality for e; and e; considered as sets, e; C es A ea C e

4.2.4.4 Basic set operations

ZF sef theory constructs its repertoire of set operations startirig~with the axiom of empty set, then show|ng how
to bujld up sets using the axioms of pairing and of union, aid how to trim them back with the axiom of subset
or sepjaration.

For tle purposes of this mathematical metalanguage!&he simplest form of set comprehension is defined directly
using|the axiom of separation in Table 8. The existence of a universal set U is assumed. Other formis of set
comptehension are defined in terms of the simplest form, using rules in which ¢ is any name distinct frojn those
already in use. Also defined in Table 8 are ngtations for empty set, finite set extensions, unions, intersectipns and
differ¢nces.

Table~8— Basic set operations in metalanguage
Notjation Name Definition
{i:F]p} Set comprehension | subset of elements i of e such that p, by axiom of separation
{51 :|e1; .i; in e, @ ef set comprehension | {i: U |3 i1 : €15 ...} i : €, 07 =¢}
{i :|e1; ..; in : enfplo e} | set comprehension | {i: U |3 i1 : €15 ...; in: ey |poi=e}
%] empty set {i: U] false}
{} empty set {i: U] false}
{e} singleton set {i:U]|i=¢e}
e1 Ules union i:U|i€e, Vi€Eey}
{e1,|e¢3., en} set extension {e1} U{ea,...,en}
e MNe tersection {eep|reeg
e\ e difference {i:e1|i¢e}

4.2.4.5 Powersets

The axiom of powers asserts the existence of a powerset, which is the set of all subsets of a set. The set of all
finite subsets is a subset of the powerset. It is the smallest set containing the empty set and all singleton subsets
of e and closed under the operation of forming the union with singleton subsets of e. Their forms are given in
Table 9.

6 ©ISO/IEC 2002—All rights reserved
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Table 9 — Powerset in metalanguage
Notation | Name Definition
Pe set of all subsets {i:U]iCe}
Fe set of all finite subsets | {i; : U |Viy : PPe | @€ i A (Vig:ipoVig:eoigU{is} €Ein) @iy Ein}
4.2, Natural numbers
Natugal numbers are not primitive in ZF set theory, but there are several well established ways of repr¢senting
them/ The choice of coding is irrelevant here and so is not specified. There are notations to measure-the carfinality
of a finite set, to define addition of natural numbers and to form the set of natural numbers betiveen tw¢ stated
naturpl numbers, as given in Table 10.
Table 10 — Operations on natural numbers in metalanguage
Notation Definition
e1 + e sum of natural numbers e; and es
#e cardinality of finite set e
€1..6 set of natural numbers between e; and ey inelusive
4.2.4 Names
Namgds are needed for this International Standard. There are seweral ways of representing names in ZF set] theory.
The dhoice of coding is irrelevant here and so is not specified, Only one operation is needed on names;|it is an
infix ¢peration with highest precedence, and is defined inxFable 11.
Table 11 — Decorations of names in metalanguage
Notation Definition
i decor + the name that.s like 4 but with the extra stroke *
4.2.11 Tuples and Cartesian products
Tuples and Cartesian products are-not primitive in ZF set theory, but there are various ways in which tHey may
be represented within that theory; such as the well-known encoding given by Kuratowski [1]. The choice of coding
is irrelevant here and so is mot-Specified. In this International Standard, the syntactic context of the metalgnguage
exprepsion denoting a valug always determines whether or not that value is to be interpreted as an encgding of
a tuple. Therefore thierg-is never any possibility of accidental confusion between the encoding used to r¢present
the typle and any dther value that is not a tuple.
In thip mathematical metalanguage, tuples and Cartesian products with more than two components are intdrpreted
as negted binary tuples and products, unlike in Z.
The gyfitactic forms are given in Table 12.

The brackets delimiting a pair or tuple extension written with commas shall not be omitted—they are not grouping
parentheses.

4.2.8 Function comprehensions

Table 13 defines the notation for A, which is a form of comprehension convenient when defining functions.

4.2.9 Relations

A relation is defined to be a set of pairs.

equivalences in Table 14. A proposition about relations is given in Table 15.

©ISO/IEC 2002—All rights reserved
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Table 12 — Tuples

4 Metalanguages

and Cartesian products in metalanguage

Notation Name Definition
(€1, €2) pair
€1 — e maplet (e1,e2)
firstre firstterer—°r
secopd e second(ey, e2) = eo
e1 X| e {il L e1; i2 N ] (il,ig)}
(e1, b2,y €n) tuple extension (e1, (€2, ...y €n)) where n > 2
€1 X|es X ... X e, | Cartesian product e X (e2 X ... X ey) where n > 2
el e
el iterated product ex..xe where there are n > 2 occurrences of e
Table 13 — Function comprehensions indnetalanguage
Notation Definition
Aiie ®e {i:e10i— e}
Nitel|pee {i:en|peir}
Adp:ier; o ipiep @€ {i1:e1; ..; thsen ® (i1, 0p) — €}
ANipie; .;inie, | poe {ig 1 e1; coollin s en | po(in,.yin) — €}
Table' 14 — Relations in metalanguage
Notjation Name Definition
id e identity~function Ai:eej
dom| e doméin {i:eefirst i}
e1 < ey démain restriction {i:ex] firsti € e}
e1 e domain subtraction {i:ex|firsti¢ e}
er( 2 ) relational image {i: e | first i € ey ® second i}
€13 fo relational composition | {4 : e1; 2 : e ] second 1) = first iy e first iy — second iy}
e1 ey relational overriding ((dom ez) 9 er) U eg
Table 15 — Proposition about relations in metalanguage
Notation Name Definition
€1~ ey compatible relations (dom e3) < e = (dom e1) < ey

©ISO/IEC 2002—All rights reserved
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4.2.10 Functions

002(E)

A function is a particular form of relation, where each domain element has only one corresponding range element.
Table 16 shows the various forms of function that are identified, each being a set of functions.

Table 16 — Functions in metalanguage
Notation Name Definition
i R functions {iy :P(e1 X e2) |V ia, 43 : iy | first iy = first i3 @ second iy = second i3}
e1 — ey total functions | {i: ey + ez | dom i = e}
e b ey finite functions | {i:F (e1 x e2) | i € €1 + ea}

4.2.10.1 Application

A funftion can be juxtaposed with an argument to produce a result, using the notationef Table 17. Metalanguage
notat]ons introduced above that match the e; ey pattern, such as dom e, are not applications in this sense.
Table 17 — Application in metalanguage
Notjation Name Definition
e e application if there exists a unique¢s such that e; +— e3 is in ey, thpn the
value of e; e; is e3, Otherwise each e; e; has a fixed but unknown
value
4.2.11 Sequences
A seqjuence is a particular form of function, where the-domain elements are all the natural numbers from [l to the

length of the sequence.

Table 18 & Sequences in metalanguage
Notlation Name Definition
(e1, ]y en) sequence {1—ep,.,n— ey}

4.2.12 Disjointness

A labglled family of sets ig<disjoint when any distinct pair yields sets with no members in common.
Table 19 — Disjointness in metalanguage
Notjation Name Definition
disjqintce disjointness Ve,e:dom e|leg#eoeceNee=9
4.3 Transformation metalanguage

Transformation rules map parse trees of phrases to other parse trees. Each transformation rule is written in the
following form.

concrete phrase template = less concrete phrase template

©ISO/IEC 2002—All rights reserved
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EXAMPLE 1

are as follows.

SCHi t END =—> AX [i == ¢] END

guages

The syntactic transformation rule for a schema definition paragraph, and an informal reading of it,

A schema definition paragraph is formed from a box token SCH, a name i, a schema text ¢, and an END token. An
equivalent axiomatic description paragraph is that which would be written textually as a box token AX, a [ token, the
original name ¢, a == token, the original schema text ¢, a | token, and an END token.

-

The 1§
metall
metay
20 an
of the
The 1
as usi
using

SZA DA == - c - PR 3 11 B 1 P 1 1
NAIVIT LI Z TTIC SCIHIAIILIC TIaIISIOTTIIAtION TUIC 10T 4 SCIICIIA IIIUIIE  €XPITSSIOI,  allt all HIIOIIIAal TCauIllg

5 follows.

(e g Plo]) \ (t1y.ein) = T iy :carrier (0 44); ...; in @ carrier (o in) @€

uantification of the hidden names from the schema. Each name is declared with the set that-sthe carrier s
ype of the name in the signature of the schema.

hrase templates are patterns; they are not specific sentences and they are<mot written in the s
hnguage. These patterns are written in a notation based on the concretesand annotated syntaxd
ariables appearing in place of syntactically well-formed phrases. The metavariables are defined in
1 21 (the phrases being defined in clauses 7 and 8, and the operator words in 7.4.4). Where several
same syntactic classes have to be distinguished, these metavariables.are given distinct numeric sul
ptters 1, m, n, » are used as metavariables for such numeric subscripts. The patterns can be viewe
ng the non-terminal symbols of the Z lexis with the -tok suffixgs‘6mitted from mathematical symbo
the mathematical rendering with the box tokens in place ¢f'paragraph outlines.

Table 20 — Metavariables for phrases

f it, are

schema with signature o from which some names are hidden is semantically equivalent to th€)schema existential

bt of the

ntactic
s, with
Tables
phrases
scripts.
1 either
S, Or as

Symbol Definition

a denotes an ExpressionList phrase (a for list argument).

b denotes a list of digits within a NUMERAL token.

c denotes a digitcwithin a NUMERAL token.

D denotes a Paragraph phrase.

d denotes arDeclaration phrase.

e denotes\an Expression phrase.

f denbtes a free type’s NAME token.

g denotes an injection’s NAME token (g for ingection).

h denotes an element’s NAME token (h for helement).

i, ] denote NAME tokens or DeclName or RefName phrases (i for identifier).

P denotes a Predicate phrase.

S denotes a Section phrase.

t denotes a SchemaText phrase (¢ for text).

Uy, U T, Y denote distinct names for new local declarations.

z denotes a Specification sentence.

T denotes a Type phrase.

& denotes—a—Signature—phrase

+ denotes a STROKE token.

* denotes a { STROKE } phrase.
denotes elision of repetitions of surrounding phrases, the total number of
repetitions depending on syntax.

The applicability of a transformation rule can be guarded by a condition written above the = symbol. Local
definitions can be associated with a transformation rule by appending a where clause, in which later definitions
can refer to earlier definitions.

10
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Table 21 — Metavariables for operator words
Symbol Definition
el denotes an EL token.
elp denotes an ELP token.
er denotes an ER token.
ere denotes an ERE token.
Cc7 CIJ llb'llUtCD all EREP tU}\Cll.
erp denotes an ERP token.
es denotes an ES token.
ess denotes an ES token or SS token.
mn denotes an I token.
ip denotes an IP token or € token or = token.
In denotes an L token.
Ip denotes an LP token.
post denotes a POST token.
postp denotes a POSTP token.
pre denotes a PRE token.
prep denotes a PREP token.
sr denotes an SR token.
sre denotes an SRE token.
srep denotes an SREP token.
sSTp denotes an SRP token.
EX] denotes an SS token.

The transformation rule metalanguage is used in defifiing characterisation rules, syntactic transformatign rules,
type Inference rules, and semantic transformation rules (clauses 9, 12, 13 and 14).

4.4 | Type inference rule metalanguage

Each [type inference rule is written in th¢ following form.

e subsequents
Jype subsequents (side-condition)
type sequent

here local-declaration.
and ...

This fan be read agfifi the type subsequents are valid, and the side-condition is true, then the type seuent is
valid,|in the context of the zero-or-more local-declarations. The side-condition is optional; if omitted, the type
inference rule ig"equivalent to one with a true side-condition.

The

gnnotated syntax (see 10.2) establishes notation for writing types as Type phrases and for writing signatures

Deterlmimng whether a eqiien alid or not involves manipulation o pes and signa e h equires
viewing types and signatures as values, and having a mathematical notation to do the manipulation. Signatures
are viewed as functions from names to type values. Type is used to denote the set of type values as well as the set
of type phrases, the appropriate interpretation being distinguished by context of use. Similarly, NAME is also used
to denote a set of name values. These values all lie within the type universe. A type’s NAME has a corresponding

type value in the type universe whereas a type’s carrier set is in the semantic universe.

Type values are formed from just finite sets and ordered pairs, so the mathematical metalanguage introduced in
4.2 suffices for their manipulation.

Details of which names are in scope are kept in environments. The various kinds of environment are defined in

©ISO/IEC 2002—All rights reserved 11
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4 Metalanguages

Table 22, and metavariables for environments are defined in Table 23.

Table 22 — Environments

Symbol Definition

TypeEnv denotes type environments, where TypeEnv == NAME -+ Type. Type en-
vironments associate names with types. They are like signatures, but are
used in different contexts

SectTypeEnv denotes section-type environments, where SectTypeEnv == NAME
(NAME x Type). Section-type environments associate names of declarations
with the name of the ancestral section that originally declared(tlie’ name
paired with its type.

SectEnv denotes section environments, where SectEnv == NAME(+ SectTypeEnv.
Section environments associate section names with se¢étion-type environ-
ments.

Table 23 — Metavariables for envitenments

Symbol Definition

)y denotes a type environment, 3 : TypeEnv.

r denotes a section-type environment, I' : SectTypeEnv.

A denotes a section environmentyA : SectEnv.

Variaples over the type universe are defined in Table 24, and a relation on types is defined in Table 25.

Table 24 —{ Variables over type universe

Symbol

Definition

2 @® R

denotes.a type, « : Type.

denptesa signature, § : Signature, which may be a type environment.
denotes a section-type environment, v : SectTypeEnv.

deriotes a section environment, ¢ : SectEnv.

Table 25 — Type relations

Symbol

Definition

gerieric_type T

asserts that 7 is a generic type.

TypelseGuents are written using a F symbol superscripted with a mnemonic letter to distinguish the sy

the phrase appearing to its right (Table 26).

ntax of

NOTE 1 These superscripts are the same as the superscripts used on the [ ]| semantic brackets in the semantic

relations below (Table 29).

The annotated phrases to the right of - in type sequents are phrase templates written using the same metavariables
as the syntactic transformation rules (Table 20).

12
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Table 26 — Type sequents

002(E)

Symbol Definition

F oz a type sequent asserting that specification z is well-typed.

AF s3sT a type sequent asserting that, in the context of section environment A,
section s has section-type environment I'.

SHF Do a type sequent asserting that, in the context of type environment X, the
paragraph D has signature o.

> p a type sequent asserting that, in the context of type environmeft >, the
predicate p is well-typed.

SHE esr a type sequent asserting that, in the context of type gnvironment 3, the
expression e has type 7.

HXAMPLE The type inference rule for a schema conjunction expression,and its informal reading, are as f
. . T =P[Bi]
Yk e X oes 8T 7. = P[Bs]
£ ~
YF (ex 8 m)A(ez2 8 72) 8 Ty B = fa
73 = P[B: U B2]

h a schema conjunction expression e, A e, expressions‘e; and e, shall be schemas, and their signatures
bmpatible. The type of the whole expression is that ofthe schema whose signature is the union of those of exj
L and e,.

Q

NOTE 2 The metavariables 8, and (. (in“this example denote syntactic phrases. These are mapped i
to type values, so that the set union-can*be computed, and the resulting signature is implicitly mapped|
a syntactic phrase. These mappings are not made explicit as they would make the type inference rules h

read, e.g. [ [8.] U [8.] ]

netalanguage is used in defining type inference rules (clause 13).
Semantic relation metalanguage

semantic relations aresequations written in the following form.

semantics

[phrase template]

b the definition is only partial, the equality notation is not appropriate, and instead a lower bound is §
b semanties.

semantics C [ pe, e, |°

ollows.

shall be

ressions

nplicitly
back to
arder to

pecified

phrase templates use the same metavariables as used by the syntactic transformation rules (Table 2

Symbols concerned with the domains of the semantic definitions are listed in Tables 27 and 28.

0).

The meaning of a phrase template is given by a semantic relation from the Z phrase in terms of operations of ZF
set theory on the semantic universe. There are different semantic relations for each syntactic notation, written
using the conventional [ | semantic brackets, but here superscripted with a mnemonic letter to distinguish the
syntax of phrase appearing within them (Table 29).

NOTE The superscripts are the same as those used on the F of type sequents in the type inference rules above

(Table 26).

©ISO/IEC 2002—All rights reserved
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Table 27 — Semantic universe

Symbol Definition

\W denotes the world of semantic values for Z expressions that are not generic,
where W : PU.

Model denotes models. where Model == NAME + U. Models associate names of
declarations with semantic values. They are applied only to names in their
domains, as guaranteed by well-typedness.

SectionModels denotes functions from sections’ names to their sets of models{)ywhere
SectionModels == NAME + P Model.

Table 28 — Variables over semantic universe

Symbol Definition

M denotes a model, M : Model.

T denotes a section’s name and its set of medels, T : SectionModels.

13 denotes a binding semantic value, ¢ : NAME + W.

U denotes a generic semantic value, ux U\ W.

w, T, Y denote non-generic semantic valuesyw : W; z : W; y : W.

Table 29 —:Sémantic relations

Symbol Definition

[s1°

[D]”

denotes the meaning of specification z, where [ z |© € SectionModels. The
meaning of-a‘specification is the function from its sections’ names to their
sets of models.

den6tés the meaning of section s, where [ s ]° € SectionModels —+
SectionModels. The meaning of a section is given by the extension of
a SectionModels function with an extra maplet corresponding to the given
section.

denotes the meaning of paragraph D, where [ D |” € Model « Model.
The meaning of a paragraph relates a model to that model extended ac-
cording to that paragraph.

denotes the meaning of predicate p, where [ p |© € P Model. The meaning
of a predicate is the set of all models in which that predicate is true

denotes the meaning of expression e, where [ e |° € Model — W. The
meaning of an expression is a function returning the semantic value of the
expression in the given model.

denotes the meaning of type 7, where [ 7 |” € Model + P U. The meaning
of a type is the semantic value of its carrier set, as determined from the
given model.

©ISO/IEC 2002—All rights reserved
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EXAMPLE The semantic relation for a conjunction predicate, and its informal reading, are as follows. The con-
junction predicate p, A p, is true if and only if p, and p, are true.

[[pl A P2 ]]7) = [[p1 ]]Pﬂ[[p2 ]]P

In terms of the semantic universe, it is true in those models in which both p, and p, are true, and is false otherwise.

Within the semantic relations, the idioms listed in Table 30 occur frequently.

Sema,

5 (

5.1
The

repres
specif
these

h
i
N

V]

5.2
5.2.1

For a

Table 30 — Semantic idioms
Idiom Description
[e]"M denotes the value of expression e in model M
Mot denotes the model M giving semantic values for more global declarations
overridden by the binding ¢ giving the semantic values ¢f locally declared
names

htic relation metalanguage is used in defining semantic relations (clause\t5).

Ponformance
Phases of the definition

lefinition of the Z notation is divided into a sequencé’of phases, as illustrated in Figure 1. Eac
ents a phase from a representation of a Z specification at its source to another representation d
jcation at its target. The phase is named at the left margin. Some phases detect errors in the speci
are shown drawn off to the right-hand side.

OTE 1 Figure 1 shows the order in which the/phases are applied, and where errors are detected; it does 1
hformation flows.

OTE 2 The arrows are analogous t0 total and partial function arrows in the Z mathematical toolkit, by
ertically.

Conformance requirements
Specification conformance

7 specification to,conform to this International Standard, no errors shall be detected by any of the

shown in Figure 1. Inrwerds, for a Z specification to conform to this International Standard, its formal te

be va
as a s

N
5.2.2

id mark-up of a-séquence of Z characters, that can be lexed as a valid sequence of tokens, that can b
entence of-thé concrete syntax, and that is well-typed according to the type inference system.

OTE_“The presence of sections that have no models does not affect the conformance of their specificationl

Mark-up conformance

| arrow
f the Z
ication;

ot show

t drawn

phases
xt shall
parsed

A mark-up for Z based on BTEX [10] conforms to this International Standard if and only if it follows the rules

given

for TEX mark-up in A.2.

A mark-up for Z used in e-mail correspondence conforms to this International Standard if and only if it follows
the rules given for e-mail mark-up in A.3.

Mark-up for Z based on any other mark-up language is permitted; it shall be possible to define a functional
mapping from that mark-up to sequences of Z characters.

The ISO/IEC 10646 [5][6] representation may be used directly.

©ISO/IEC 2002—All rights reserved
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source text

mark{up - mark-up|error

sequence of Z characters

lexing - lexical efror

sequence of tokens

parsiig — syntax efror
parse tree of concrete syntax senténce

charapterising

characterised parse tree of ¢oncrete syntax sentence

syntaftic transformation

parse treeLof annotated syntax sentence

—

type inference -+ type err

fully @nnotated parse tree of annotated syntax sentence

semalptic transformation

fully annotated parse tree of sentence of subset of annotated syntax

semaiptic relation,

meaning in ZF set theory

Figure 1 — Phases of the definition
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5.2.3 Deductive system conformance

A 7 deductive system conforms to this International Standard if and only if its rules are sound with respect to
the semantics, i.e. if both of the following conditions hold:

a) all of its axioms hold in all models of all Z specifications, i.e. for any axiom p,

[p]” = Model

b) alll of its rules of inference have the property that the intersection of the sets of models of each of th€é)gremises
i$ contained in the model of the conclusion, i.e. for any rule of inference where p is deduced frexap,} ... pn,

[p "Nl " Sl )"

All constraints appearing before a conjecture in a specification may be used as premises’ in inferencep about
that qonjecture. The documentation of a Z deductive system should clarify whether 6t not it allows conlstraints
appedring after a conjecture in a specification to be used as premises in inferences, @bout that conjecture

The demantic relations assigning meanings to Z phrases are defined loosely by this International Standard, so
that tlhere is a set of possible conforming semantic relations. A deductive system conforms if and only if {ts rules
are sqund with respect to one or more of these semantic relations. The do¢gumentation of a Z deductive|system
shouldl indicate the semantic relations to which its rules are sound.

5.2.4 Mathematical toolkit conformance

A 7 section whose name is the same as a section of the mathématical toolkit of annex B conforms|to this
Interyjational Standard if and only if it defines the same set offmodels as that section of the mathematical[toolkit.
A 7 spction whose name is prelude conforms to this International Standard if and only if it defines the shme set
of models as the section in clause 11.

A mafhematical toolkit conforms to this standard #\it defines a conformant section called standard_toolkit.

NOTE 1 The set of models defined by a section within a specification may be found by applying the mepning of
the specification to the section’s name.

OTE 2 A conforming section of the\teolkit may formulate its definitions differently from those in annex B.

N
NOTE 3 A conforming section ©f\the toolkit may partition its definitions amongst parent sections that differ from
those in annex B.

OTE 4 Alternative and~additional toolkits are not precluded, but are required to have different section rlames to
void confusion.

o =

NOTE 5 Some paines are loosely defined, such as A, and may be further constrained by sections that us¢ toolkit
spctions, but not)by/toolkit sections themselves.

5.2.§ Support tool conformance

A strgngly eonforming Z support tool shall recognise at least one conforming mark-up, accepting all conforming Z
specifications presented to it, and rejecting all non-conforming Z specifications presented to it. A weakly cpnform-
ing Z[support tool shall never accept a non-conforming 7 specification. nor reject a conforming 7 specification,
but it may state that it is unable to determine whether or not a Z specification conforms.

NOTE Strong conformance can be summarised as always being right, whereas weak conformance is never being
wrong.

EXAMPLE A tool would be weakly conformant if it were to announce its inability to determine the conformance
of a Z specification that used names longer than the tool could handle, but would be non-conformant if it silently
truncated long names.

Certain exceptions to general rules are anticipated and permitted in subsequent clauses, because of, for example,
implementation considerations or for backwards compatibility with pre-existing tools.

©ISO/IEC 2002—All rights reserved 17
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Structure of this document

The phases in the definition of the Z notation, and the representations of specifications manipulated by those

phase

s, as illustrated in Figure 1, are specified in the following clauses and annexes.

Annex A, Mark-ups, specifies two source text representations and corresponding mark-up phases for translating
source text to sequences of Z characters.

Claus

e 6 specifies the Z characters by their appearances and their names in ISO/IEC 10646.

Claus
token

Claus
transl

Claus
of a ¢

Claug
matio

Claug

Claus
toaq

Claus
annot
instar

Clause

e 7, Lexis, specifies tokens and the lexing phase that translates a sequence of Z characters to a_seq

D.

e 8 specifies the grammar of the concrete syntax, and hence abstractly specifies the parsing phd
ates a sequence of tokens to a parse tree of a concrete syntax sentence.

E 9 specifies the characterising phase, during which characteristic tuples are made éxplicit in the p4
bncrete syntax sentence.

e 10 specifies the grammar of the annotated syntax, defining the target langnage for the syntactic t
n phase.

e 11 specifies the prelude section, providing the initial environment of\definitions.

e 12 specifies the syntactic transformation phase that translates~aiparse tree of a concrete syntax
arse tree of an equivalent annotated syntax sentence.

e 13 specifies the type inference phase, during which type\annotations are added to the parse tre
ated syntax sentence, and reference expressions that refer to generic definitions are translated to
tiation expressions.

14 specifies the semantic transformation phase;“during which some annotated parse trees are trj

to eqiiivalent other annotated parse trees.

Claus
in ZF

Anne
6 7

6.1
A7

e 15 specifies the semantic relation betweena sentence of the remaining annotated syntax and its 1
set theory.

k C duplicates those parts of the definition that fit into an organisation by concrete syntax product

y

. characters

Introduction

haracter is the snfatlést unit of information in Z. Z characters are used to build tokens (clause 7), w

in twn the units of<nférmation in the concrete syntax (clause 8). The Z characters are defined by refeq

ISO/]1
listed

Many
charal

EC 10646-13f5} and ISO/TEC 10646-2 [6]: the appearance, code position and name of each Z charaj

7 eharacters are not present in the standard 7-bit ASCII encoding [4]. It is possible to repr
ctersMin ASCII, by defining a mark-up, where several ASCII characters are used together to rd

lence of

se that

rse tree

ansfor-

entence

b of the
generic

Inslated

neaning

ion.

hich are
ence to
cter are

esent 7
present

1 7PN 'S Tlaa Tt 43 1 Q4 pa| d_daft AQCOTT

to the

a sin

1 AL lods
TC—Z— CratraCrC— IS v racrotrar o rartal ot eSS oCT o O ot K pPpS— i ot oy T Cratiot

ISO/IEC 10646 representation (henceforth called UCS) defined here. Other mark-ups of Z characters can similarly
be defined by relation to the UCS representation.

18
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Formal definition of Z characters

The reproduction of this clause is permitted on the understanding that this material is public
domain, and on the condition that this International Standard is referenced as the source document.
With the exception of clauses 6.2, 7.2, 8.2, 11 and annex B, all other parts of the text are subject to

Copyright notice

the usual copyright rules stated on page ii of this International Standard.

ZCHAR

DIGIT

DECIN

LETTH

LATIN

GREEK
OTHER
SPECI]
STROK
WORD(
BRACHK
BOXCH

SYMB(

AL

ILETTER

AL

ECHAR

LUE

ET

AR

DIGIT | LETTER | SPECIAL | SYMBOL ;

DECIMAL
? other UCS chars with Number property but Number, Decimal Digit (as \suppo

0 | 10 | 299 | 130 | 40 | s | ’6° | J?) | '8 | 9
? any other UCS characters with Number, Decimal Digit praperty (as supporte

LATIN | GREEK | OTHERLETTER
? any characters of the mathematical toolkit with letter property (as supported)
? any other UCS characters with letter property (as supported) 7

)A) | ' B> | ;C; | ' D> | D | O | 7G; | TH> | [
LK | 0L | M2 | N | O PP | Q0 | PR
:S:l JTJl 7U:| ;V)' 7W7| :X:l ;Y:l Y70

sa | b e’ | Pd? | e’ | Jf) | ;g) | 2h> | 24

ij | 2k 2l m? ] P Yo | 7p; | 7q; | 2p?

MR R 2 IR VA IR A B B A I TR I 2

;A;l :E;l ;9:' ;A;l ;M; .
b
:Azl :N;l :IED; v
b

STROKECHAR. |\ WORDGLUE | BRACKET | BOXCHAR | NLCHAR | SPACE ;

P | 7!1 | P ;

:/‘) | 7/7 | :\; | 7'\: | 0 ;
:(: | ;); | J[) | :]; | 7{: | ;}: | :<|7 | :|>; | 7<<: | :>>: ;
ZEDCHAR | AXCHAR | SCHCHAR | GENCHAR | ENDCHAR ;

J‘J | 2&2 | PF2 ] A OV | = | e | 2 | Y | 0T
NS | ;/) | R | g | ). | ’. | L] | > | re?

: ) y .
J\) | ;[‘) | 00 | 2> | 24

U/Iby bl’l/U/I bbl/tClO Uf tl’bc Ilbllztlll/clll/wtb‘l/wl tUUl”\/l/'t Wl/'tlll/ ll/Cl/'tI’l/Cl }Cttcl Ui
number property (as supported) 7

? any other UCS characters with neither letter or
number property and that are not in SPECIAL (as supported) 7
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6.3 Additional restrictions and notes
The word supported means available for use in presenting a specification.

The characters enumerated in the formal definition are those used by the Z core language; they shall be supported.
If the mathematical toolkit is supported, then its characters shall be supported. The “other UCS characters” may
also be supported, extending DIGIT, DECIMAL, LETTER or SYMBOL according to their property, but not extending
SPECIAL. Use of characters that are absent from UCS is permitted, but there is no standard way of distinguishing
which _of DTGTT, DECTMAT., LETTER or SYMBOI. (not SPECTAL) they extend, and specifications using them mjght not
be inflerchangeable between tools.

NOTE 1 SPACE is a Z character that serves to separate two sequences of Z characters that would_othefwise be
nhis-lexed as a single token.

NOTE 2 BOXCHAR characters correspond to Z’s distinctive boxes around paragraphs. The NKCHAR charactef is used
tp mark a hard newline (see 7.5).

6.4 | Z character representations
6.4.1 Introduction

The fpllowing tables show the Z characters in their mathematical representation:” (Other representations afe given
in anfiex A.) The columns give:

Math: The representation for rendering the character on a high)resolution device, such as a bit-jnapped
sfreen, or on paper (either hand-written, or printed).

(Code position: The encoding of the Z character in UCS.

Character name: The name for the character in UCS.

NOTE The code position column is included to @ssist location of the characters by users; it is not necegsary for
definition of the characters.

6.4.2 Decimal digit characters

Math Code position Character name
0 0000 0030 DIGIT ZERO
9 0000 0039 DIGIT NINE

For eqch DECIMAL charédeter, UCS defines a corresponding decimal digit value. This is used in 7.3.
6.4.3 Letter characters
6.4.3.1 Latin 'alphabet characters

Math Code position Character name

A 0006004t HATIN-CAPT AT FETRER A
Z 0000 0054 LATIN CAPITAL LETTER 7
a 0000 0061 LATIN SMALL LETTER A

z 0000 007A LATIN SMALL LETTER Z
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6.4.3.2 Greek alphabet characters

The Greek alphabet characters used by the Z core language are those listed here.

Math Code position Character name

A 0000 0394 GREEK CAPITAL LETTER DELTA

= 0000 039E GREEK CAPITAL LETTER XI

0 0000 03B8 GREEK SMALL LETTER THETA

A 0000 03BB GREEK SMALL LETTER LAMBDA

I 0000 03BC GREEK SMALL LETTER MU
6.4.3.3 Other Z core language letter characters
The gther Z core language characters with UCS letter property are those of the prelude (clatige 11), as listpd here.
Math Code position Character name

A 0001 D538 MATHEMATICAL DOUBLE-STRUCK CAPITALA
N 0000 2115 DOUBLE-STRUCK CAPITAL N

P 0000 2119 DOUBLE-STRUCK CAPITAL P
6.4.4 Special characters
6.4.4.1 Stroke characters

Math Code position Character name

! 0000 02B9 MODIFIER LETTER PRIME

! 0000 0021 EXCLAMATION MARK

? 0000 003F QUESTION MARK

6.4.4.2 Word glue characters
The ¢haracters *> 7, 7, ’\/’, and >\ may be presented as in-line literals, or they may indicatq a rais-
ing/ldwering of the text, and possible siZe ¢hiange. Such rendering details are not defined here.
Math Code position Chadracter name

/ 0000 2197 NORTH EAST ARROW

/ 0000 2199 SOUTH WEST ARROW

N\ 0000 2198 SOUTH EAST ARROW

N 0000 2196 NORTH WEST ARROW

_ 0000-005F LOW LINE

6.4.4.3 Bracket characters

Math Code position Character name

( 0000 0028 LEFT PARENTHESIS

) 0000 0029 RIGHT PARENTHESIS

[ 0000 005B LEFT SQUARE BRACKET

] 0000 005D RIGHT SQUARE BRACKET

{ 0000 007B LEFT CURLY BRACKET

} 0000 007D RIGHT CURLY BRACKET

{ 0000 2989 7Z NOTATION LEFT BINDING BRACKET

D 0000 298A Z NOTATION RIGHT BINDING BRACKET

{ 0000 3004 LEFT DOUBLE ANGLE BRACKET

» 0000 300B RIGHT DOUBLE ANGLE BRACKET

©ISO/IEC 2002—All rights reserved
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6.4.4.4 Box characters

Box characters are assembled to form box tokens (see 7.2), which in turn correspond to boxes around paragraphs
(see 8.5). The simple renderings of the characters are suggestive of the boxes around paragraphs. The ENDCHAR
character is used to mark the end of a Paragraph.

NOTE These box characters are not intended to be used for rendering the boxes around paragraphs.

Z character Simple rendering Code position Character name

ZEDQHAR | 0000 2028 LINE SEPARATOR

AXCHAR | 0000 2577 BOX DRAWINGS LIGHT DOWN
SCHQHAR r 0000 250C BOX DRAWINGS LIGHT DOWN AND RJGHT
GENCHAR = 0000 2550 BOX DRAWINGS DOUBLE HORIZONTAL
ENDCHAR (new line) 0000 2029 PARAGRAPH SEPARATOR
6.4.4.5 Other SPECIAL characters

Z cHaracter Simple rendering Code position Character name

NLCHAR (new line) 0000 000A LINE FEED

SPACE (space) 0000 0020 SPACE
6.4.5 Symbol characters except mathematical toolkit¢characters

Math Code position Character name

| 0000 007C VERTICAL LINE

& 0000 0026 AMPERSAND

F 0000 22A2 RIGHT TACK

A 0000 2227 LOGICAL AND

\Y 0000 2228 LOGICAL OR,

= 0000 21D2 RIGHTWARDS*DOUBLE ARROW

= 0000 21D4 LEFT RIGHT DOUBLE ARROW

- 0000 OO0AC NOT SIGIN

A 0000 2200 FOR ALL

3 0000 2203 THERE EXISTS

X 0000 00D7 MULTIPLICATION SIGN

/ 0000 O02F SOLIDUS

= 0000 003D EQUALS SIGN

€ 0000 2208 ELEMENT OF

: 0000 0034 COLON

; 0000+003B SEMICOLON

, Q000 002C COMMA

. 0000 002E FULL STOP

° 0000 2981 7Z NOTATION SPOT

\ 0000 29F9 BIG REVERSE SOLIDUS

[ 0000 2A21 Z NOTATION SCHEMA FPROJECTION

s 0000 2A1F 7Z NOTATION SCHEMA COMPOSITION

>> 0000 2A20 7Z NOTATION SCHEMA PIPING

+ 0000 002B PLUS SIGN
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6.4.6 Mathematical toolkit characters

The mathematical toolkit (annex B) need not be supported by an implementation. If it is supported, it shall use
the representations given here.

Mathematical toolkit names that use only Z core language characters, or combinations of Z characters defined
here, are not themselves listed here.

6.4.6.1 Section set_toolkit

Math

§ HFOCO—D2CNINQ™I | |
o

Math

.@ = O ©o
a ® VAVA I
(o))

Code position

0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0001

Code position

0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000

2194
2192
2260
2209
2205
2286
2282
222A
2229
005C
2296
22C3
22C2
D53D

.2 Section relation_toolkit

21A6
2A3E
2218
25C1
25B7
2A64
2A65
223C
2987
2988
2295

.3 Section function_toolkit

Character name

LEFT RIGHT ARROW
RIGHTWARDS ARROW
NOT EQUAL TO

NOT AN ELEMENT OF
EMPTY SET

SUBSET OF OR EQUAL TO
SUBSET OF

UNION

INTERSECTION

REVERSE SOLIDUS
CIRCLED MINUS

N-ARY UNION

N-ARY INTERSECTION
MATHEMATICAL DOUBLE-STRUCK CAPITAL F

Character name

RIGHTWARDS ARROW FROM BAR

Z NOTATION-RELATIONAL COMPOSITION
RING OPERATOR

WHITE LEFT-POINTING TRIANGLE
WHITE RIGHT-POINTING TRIANGLE

Z NQTATION DOMAIN ANTIRESTRICTION
Z NOTATION RANGE ANTIRESTRICTION
FILDE OPERATOR

Z NOTATION LEFT IMAGE BRACKET

Z NOTATION RIGHT IMAGE BRACKET
CIRCLED PLUS

Matlh  Code position Character name

-+ 0000 21F8 RIGHTWARDS ARROW WITH VERTICAL STROKE

> 0000 2914 RIGHTWARDS ARROW WITH TAIL WITH VERTICAL STROKE

— 0000 21A3 RIGHTWARDS ARROW WITH TAIL

— 0000 2900 RIGHTWARDS TWO-HEADED ARROW WITH VERTICAL STROKE

—» 0000 21A0 RIGHTWARDS TWO-HEADED ARROW

— 0000 2916 RIGHTWARDS TWO-HEADED ARROW WITH TAIL

ST 0000 21FB RIGHTWARDS ARROW WITH DOUBLE VERTICAL STROKE

> 0000 2915 RIGHTWARDS ARROW WITH TAIL WITH DOUBLE VERTICAL STROKE
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6.4.6.4 Section number_toolkit

Lexis

d’ and
rent 7

Math  Code position Character name

Z 0000 2124 DOUBLE-STRUCK CAPITAL Z

- 0000 002D HYPHEN-MINUS

— 0000 2212 MINUS SIGN

< 0000 2264 LESS-THAN OR EQUAL TO

< 56606—863¢6 eSS AN

> 0000 2265 GREATER-THAN OR EQUAL TO

> 0000 O03E GREATER-THAN SIGN

* 0000 002A ASTERISK
6.4.4.5 Section sequence_toolkit

Math  Code position Character name

# 0000 0023 NUMBER SIGN

( 0000 3008 LEFT ANGLE BRACKET

) 0000 3009 RIGHT ANGLE BRACKET

- 0000 2040 CHARACTER TIE

1 0000 21BF UPWARDS HARPOON WITH BARBIEFTWARDS

i 0000 21BE UPWARDS HARPOON WITH BARB.RIGHTWARDS
6.4.17 Renderings of Z characters
Rendg¢rings of Z characters are called glyphs (following the tetninology of UCS). The glyphs used for Z chjracters
are d¢vice-dependent: a rendering of a Z character on a sCreen is typically different from its rendering on| a piece
of pagper.
A 7 ¢haracter may also be rendered using different* glyphs at different places in a specification, for regsons of
emphhsis or aesthetics, but such different glyphs\all represent the same Z character. For example, ‘d’, ‘d’|*
‘d’ arp all the same Z character. For historical Teasons, the following similar-looking glyphs represent diffe
charafters.
e  Ychema composition ‘g and théumathematical toolkit character relational composition ‘g’ are different Z

characters.

e  Ychema projection ‘|’ and the mathematical toolkit character filter ‘|’ are different Z characters.
e  Schema hiding ‘\’ and the mathematical toolkit character set minus ‘\’ are different Z characters.

7 lLexis
7.1 | Introduction
The lexis’specifies a function from sequences of Z characters to sequences of tokens. The domain of the flu

nction

involves all the Z characters of clause 6. The range of the function involves all the tokens used in clause 8. The
function is partial: sequences of Z characters that do not conform to the lexis are excluded from consideration at
this stage. In each association of a sequence of Z characters with a token, the sequence of Z characters is called
the spelling of the token.

The lexis is composed of two parts: a context-free part followed by a context-sensitive part. The former translates
the stream of Z characters into a stream of DECORWORDs and tokens. The latter classifies each DECORWORD as being
a keyword, an operator token, or a NAME token, taking into account its spelling and the lexical scopes of the
operators (see 7.4.4).

24
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7.2 Formal definition of context-free lexis

Copyright notice

the usual copyright rules stated on page ii of this International Standard.

The reproduction of this clause is permitted on the understanding that this material is public
domain, and on the condition that this International Standard is referenced as the source document.
With the exception of clauses 6.2, 7.2, 8.2, 11 and annex B, all other parts of the text are subject to

TOKENSTREAM = { SPACE } , { TOKEN , { SPACE } } ;
TOKEN = DECORWORD | NUMERAL | STROKE
| (-tok | )-tok | [-tok | ]-tok | {-tok | }-tok | { | DI (I )
| ZED | AX | GENAX | SCH | GENSCH | END | NL
DECORWORD = WORD , { STROKE } ;
WORD = WORDPART , { WORDPART }
| ( LETTER | ( DIGIT — DECIMAL ) ) , ALPHASTR , {/WORDPART }
| SYMBOL , SYMBOLSTR , { WORDPART }
WORDRART = WORDGLUE , ( ALPHASTR | SYMBOLSTR ) ;
ALPHASTR = { LETTER | DIGIT } ;
SYMB(OLSTR = { SYMBOL } ;
NUMERAL = NUMERAL , DECIMAL
| DECIMAL
STROKE = STROKECHAR
| »\,’ , DECIMAL , >&
(-tok = 0
)-tok = )
[-tok = [
|-tok = 'Pg
{-tok =
}-tOk = ’}’ ;
<| = ;<|) ;
D JD} ;
¢ I
) - )
ZED = ZEDCHAR ;
AX AXCHAR—
SCH = SCHCHAR ;
GENAX = AXCHAR , GENCHAR ;
GENSCH = SCHCHAR , GENCHAR ;
END = ENDCHAR ;
NL = NLCHAR ;

©ISO/IEC 2002—All rights reserved
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7.3 Additional lexical restrictions, notes and examples

Words are formed from alphanumeric and symbolic parts.

EXAMPLE 1 The following strings of Z characters are single DECORWORDs: ‘&+=', ‘a_+_y’, ‘zry’, ‘zTy’, ‘ot y’.
However, ‘z+y’ comprises the three DECORWORDs ‘z’, ‘4’ and ‘y’.

EXAMPLE 2 The following strings of Z characters are single DECORWORDs: ‘AS’, ‘AS’, ‘Ix’, ‘4_X’, ‘Ix’. However,
‘34X’ is the keyword token ‘F’, followed by the DECORWORD ‘X .

HXAMPLE 3 The following strings of Z characters are single DECORWORDs: ‘x:€’, ‘z_:_e’, ‘;:.’. However,Az{e’ is the
Word ‘z’, followed by the keyword token :’, followed by the DECORWORD ‘e’.

SPACH is not itself lexed as part of any token. It can be used freely between tokens. The cases where iffs use is
necesgary are: between two WORDs, which would otherwise be lexed as a single WORD; between @ui-alphabefic WORD
and g NUMERAL, which would otherwise be lexed as a single WORD; between a DECORWORD-~anid a STROKH, which
would otherwise be lexed as a single DECORWORD; and between two consecutive NUMERALs\which would otlherwise

be lesjed as a single NUMERAL.

HXAMPLE 4 abc is the DECORWORD ‘abc’.

bc is the DECORWORD ‘a’ followed by the DECORWORD ‘bc’.

d12 is the DECORWORD ‘a12’.

12 is the DECORWORD ‘a’ followed by the NUMERAL ‘12’.

| is the DECORWORD comprising the WORD ‘z’ followed by the STROKE ‘!’.
2] ! is the DECORWORD ‘z’ followed by the STROKE ‘!’.

! | is the DECORWORD ‘z!” followed by the STROKE ‘!’.

The lpxis allows a WORD to include subscript digits; it also allows a DECORWORD to be decorated with sfibscript

decinjal digits. Trailing subscript decimal digits shall be lexéd as strokes, not as part of a WORD.

HXAMPLE 5 1,1 is a DECORWORD comprising the WORD\‘z,  and the STROKE ‘;’.
? is a DECORWORD comprising the WORD ‘z,’ and the(STROKE ‘7.

i, is a DECORWORD comprising the WORD ‘z;1,’ and -no“strokes.

% is a DECORWORD comprising the WORD ‘a”®’ arfd)no strokes.

A mylti-digit last WORDPART enclosed in a (\¢ ...\ pair is deprecated, because of the visual ambiguity with

multiple STROKE subscript digits.

Throwghout subsequent phases of this International Standard, NUMERALs are considered to comprise dnly the
decimjal digits enumerated in 6.4:2y Any other decimal digit in a NUMERAL is transformed to the enuinerated

decinjal digit that has the samé decimal digit value as defined by UCS.

HXAMPLE MATHEMATICAL DOUBLE-STRUCK DIGIT FIVE, code position 0001 D7DD, has decirmpal digit
vplue 5 and so, whenever’it appears in a NUMERAL, is transformed to DIGIT FIVE, code position 0000 0035.

NOTE 1 Although a parser does not need to know the spelling of particular instances of DECORWORD, NUMERAL,
STROKE, etc teokens, subsequent phases of processing do. For example, references to undeclared names are ¢xcluded
Hy type inférence rules, and the values of numerals may be determined from the values of their decimal digjits. The
rglation between instances of tokens and spellings is not explicitly formalized here. The relation between ihstances
of NUMERALs and their values is formalized for those used as number literal expressions (see 12.2.6.9), bechuse the
S UMERALS
alised;

spomantic values of number literal expressions appear in models. The relation between other instances of

Tools may impose restrictions on the forms of names. Section names that are entirely ASCII, alphanumeric,
capitalized and short are the most likely to be portable between tools.

26
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7.4
7.4.1

Context-sensitive lexis

Introduction

ISO/IEC 13568:2002(E)

The context-sensitive part of lexis maps each DECORWORD to either a keyword token, an operator token, or a NAME
token. It also strips all SPACEs from the token stream, and forwards all other tokens unchanged.

If a DECORWORD’s spelling is exactly that of a keyword, the DECORWORD is mapped to the corresponding keyword
token. Otherwise, if the DECORWORD’s WORD part’s spelling is that of an operator word, the DECORWORD is mapped

to thd
In the

relevant operator token. Otherwise, the DECORWORD 1s mapped to a NAME token.
case of a NAME token, for every ’\,” WORDGLUE character in its WORD part, there shall be a paired f

>’ WORDGLUE character, for every ’ > WORDGLUE character in its WORD part, there shall be a paired f

)/;
N

W

The K
give:

14 »)

50

7.4.2

WORDGLUE character, and these shall occur only in nested pairs.

OTE 1 Operators have a similar restriction applied to the whole operator name (see 12.2(8),"not to the in
ords within the operator.

eywords are as listed in the following tables. No other spellings give rise to Keyword tokens. The

pelling: The sequence of Z characters representing the rendering of the.token on a high resolution
ich as a bit-mapped screen, or on paper (either hand-written, or printed).

loken: The token used for that keyword in the concrete syntéax:

loken name: A suggested form for reading the keyword eut loud, suitable for use in reviews, or
ussing specifications over the telephone. In the folloWwing, an English language form is given; f
atural languages, other forms may be defined.

NOTE 2 Even where a keyword consists of asingle Z character, the token name tends to reflect the k
function rather than the form of the Z character.

Alphabetic keywords

Spelling Token Token name

llowing
llowing

dividual

olumns

device,

for dis-
r other

yword’s

else else else

false false false

function function  fumction
gener]c generic generic

if if if

leftasgoc leftassde ) left [associative]
let let let

P R powerset
parengs parents parents

pre pre pre[condition]
relatipn relation relation
rightassoc righfassoc right [associafive]
section section section

then then then

true true true

©ISO/IEC 2002—All rights reserved
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7.4.3 Symbolic keywords

Spelling Token Token name

colon
== == define equal
, ~tok comma
= free equals

1

‘ i_tU}\ ual

& & and also [free types]
\ \ hide

/ / rename

. select | dot

; -tok semi[colon]

- arg[ument]

ys list arg[ument]
=-tok equals

~ =

eyword token.

Spelling Token Token name

F? F7 conjecture

v v for all

° ° spot

3 B exists

3, 3 unique exists

& & equivalent | if and only if
= = implies

Vv \% or

A A and

= = not

€ € in | memberof | element of
I i project

X X Cross

A A lambda

M M mu

0 0 theta

g g schema compose

>> > schema pipe

al NAME token.

XAMPLE 1 = is recognised as the keyword token =-tok; := is recognisedias‘a NAME token; ::= is recognisd

HXAMPRLE 2 Jand 3, (‘F°, N\, ‘I’, “\’) are recognised as keyword tokens; 3, (‘F", \/, ‘0’, ‘\’) is recog

7 Lexis

d as the

nised as

EXAMPLE 3 ) is recognised as the keyword token; Az is recognised as a NAME token; A z is recognised as the

keyword token followed by a NAME token.

7.4.4 User-defined operators

Fach operator template creates additional keyword-like associations between WORDs and operator tokens. The
scope of these associations is the whole of the section in which the operator template appears (not just from
the operator template onwards), as well as all sections of which that section is an ancestor, excluding section

headers.

28
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NOTE The set of active associations is always a function. This International Standard does not specify how that
function is determined: operator template paragraphs provide the information, yet in their concrete syntax it is
assumed that the function is already known.

The appropriate token for an operator word is as follows.

PREP prefix unary relation

PRE prefix unary function or generic
POSTP postfix unary relation

POST| postfix unary function or generic

IP infix binary relation

I infix binary function or generic

LP left bracket of non-unary relation

L left bracket of non-unary function or generic

ELP first word preceded by expression of non-unary relation

EL first word preceded by expression of non-unary function or generic

ERP right bracket preceded by expression of non-unary relation

ER right bracket preceded by expression of non-unary function or generic
SRP right bracket preceded by list argument of non-unary relation

SR right bracket preceded by list argument of non-unary function or generic

EREP | last word followed by expression and preceded by expression of tettiary or higher relation
ERE last word followed by expression and preceded by expression effertiary or higher function or generic
SREP | last word followed by expression and preceded by list argumiemt of tertiary or higher relation
SRE last word followed by expression and preceded by list argtument of tertiary or higher function or generic
ES middle word preceded by expression of non-unary operator

SS middle word preceded by list argument of non-unary<operator

BXAMPLE 1 The operator template paragraph for the (- + _) operator adds one entry to the mapping.

D

pelling Token

R I

HXAMPLE 2 The operator template paragraph for the (_ ( — |)) operator adds two entries to the mappin

9pelling  Token

( EL
) ER

BXAMPLE 3 (Dhe’operator template paragraph for the (disjoint _) operator adds one entry to the mappir

0

Ypelling «\ Token

Tsjomt PREP

EXAMPLE 4 The operator template paragraph for the ({ _ )) operator adds two entries to the mapping.

Spelling  Token

( L
) SR
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7.5 Newlines

The Z character NLCHAR is lexed either as a token separator (like the SPACE character) or as the token NL,
depending on its context. A soft newline is a NLCHAR that is lexed as a token separator. A hard newline is a
NLCHAR that is lexed as a NL token.

Tokens are assigned to a newline category, namely BOTH, AFTER, BEFORE or NEITHER, based on whether
that token could start or end a Z phrase.

e BOTH: newlines are soft before and after the token, because it is infix, something else has to appeal before
it and after it.

else function generic leftassoc parents relation rightassoc section then
n= ok () & F? ,, AV = & x [/ =tok € == : ;-tok -tok . o§7[ g =
I IP EL ELP ERE EREP ES SS SRE SREP

All newlines are soft outside of a DeclPart or a Predicate.

NOTE Tokens that cannot appear in these contexts are in category BOTH. This includes the box tokens.
Newlines at the very beginning or end of a specification are soft.

e AFTER: newlines are soft after the token, because it is prefix, somiething else has to appear after it

if let pre
[-tok - - V 3 3 P (—tok {—tok ( A a0
PRE PREP L LP

e BEFORE: newlines are soft before the token, because it is postfix, something else has to appear befpre it.

]—tok )—tok }—tok |
POST POSTP ER ERP SR SRP

e NEITHER: no newlines are soft, beeause such a token is nofix, nothing else need appear before or after it.

false true
NAME NUMERAL STROKE

For efch NLCHAR, the newline categories of the closest token generated from the preceding Z characters pnd the
token|generated from the tmmediately following Z characters are examined. If either token allows the newline to
be soft in that position{it'is soft, otherwise it is hard (and hence recognised as a NL token).

The dgperator template’paragraph allows the definition of various mixfix names (see 7.4.4), which are placef in the
apprdpriate newline category. Other (ordinary) user declared names are nofix, and so are placed in NEITHER.

Consgcutive NLCHARs are treated the same as a single NLCHAR.

8 Cr\hnwr\“‘r\ C"‘T““‘n‘r
JLLICUL CUUCU OJ LELUCOLN
8.1 Introduction

The concrete syntax defines the syntax of the Z language: every sentence of the Z language is recognised by
this syntax, and all sentences recognised by this syntax are sentences of the Z language. The concrete syntax
is written in terms of the tokens generated by the lexis (clause 7). There are no terminal symbols within this
syntax, so as to establish a formal connection with that lexis. Sequences of tokens that are not recognised by this
syntax are not sentences of the Z language and are thus excluded from consideration by subsequent phases and
so are not given a semantics by this International Standard.
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A parser conforming to this concrete syntax converts a concrete sentence to a parse tree.

The non-terminal symbols of the concrete syntax that are written as mathematical symbols or are entirely
CAPITALIZED or Roman are Z tokens defined in the lexis (claue 7). The other non-terminal symbols are written
in MixedCase and are defined within the concrete syntax.

8.2 Formal definition of concrete syntax

Conpvricht notice
Py

The reproduction of this clause is permitted on the understanding that this material is public
domain, and on the condition that this International Standard is referenced as the source doCumert.
With the exception of clauses 6.2, 7.2, 8.2, 11 and annex B, all other parts of the text are subject fo
the usual copyright rules stated on page ii of this International Standard.

Specification = { Section } (* séctioned specificafion *)
| { Paragraph } (* dnonymous specificafion *)
Section = ZED , section , NAME , parents , [ NAME , { ,-tek-5"NAME } ] , END ,
{ Paragraph } (* inheriting secfion *)
| ZED , section , NAME , END , { Paragraph,} (* base secfion *)
Paragraph = ZED , [-tok , NAME , { ,-tok , NAME.}  ]-tok , END (* given types *)
| AX , SchemaText , END (* aziomatic descripfion *)
| SCH , NAME , SchemaText , END (* schema definifion *)
| GENAX , [-tok , Formals , ]-tok\, SchemaText , END
(* generic axiomatic descripfion *)
| GENSCH , NAME , [-tok , Fg¥mals , |-tok , SchemaText , END
(* generic schema definifion *)
| ZED , DeclName , ==V, Expression , END (* horizontal definifion *)
| ZED , NAME , [-teK), Formals , ]-tok , == , Expression , END
(* generic horizontal definifion *)
| ZED , GenName., == , Expression , END (* generic operator definifion *)
| ZED , Fredtype , { & , Freetype } , END (* free types *)
| ZED , &7~ Predicate , END (* conjecfure *)
| ZEDs, [tok , Formals , ]-tok , -7 , Predicate , END  (* generic conjecture *)
| ZED.%’ OperatorTemplate , END (* operator tempflate *)
Freetlype =/ NAME , == , Branch , { |-tok , Branch } ; (* free fype *)
Brangh = DeclName , [ {( , Expression , )) 1 ; (* element or injecfion *)
Formdls = NAME , { ,-tok , NAME } ; (* generic paramefers *)
Predicate = Predicate , NI , Predicate (* newline conjunction *)
| Predicate , ;-tok , Predicate (* semicolon conjunction *)
| V , SchemaText , ® , Predicate (* universal quantification *)
| 3 , SchemaText , e , Predicate (* existential quantification *)
| 3, , SchemaText , e , Predicate (* unique existential quantification *)
| Predicate , < , Predicate (* equivalence *)
| Predicate , = , Predicate (* implication *)
| Predicate , V , Predicate (* disjunction *)
| Predicate , A , Predicate (* conjunction *)
| — , Predicate (* negation *)
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| Relation (* relation operator application *)
| Expression (* schema predicate *)
| true (* truth *)
| false (* falsity *)
| (-tok , Predicate , )-tok (* parenthesized predicate *)
Expression = V , SchemaText , e , Expression (* schema universal quantification *)
3, Schemalext , ® , EXpression (7 schema emistential quantyicaion *)
| 3, , SchemaText , e , Expression (* schema unique existential quantificafion *)
| A, SchemaText , e , Expression (* function copstrucfion *)
| u , SchemaText , e , Expression (* definite, descripfion *)
| let , DeclName , == , Expression ,
{ ;-tok , DeclName , == , Expression } ,

e , Expression (* substitution expresgion *)
| Expression , < , Expression * schema equivalgnce *)
| Expression , = , Expression (* schema implicafion *)
| Expression , V , Expression (* schema disjuncfion *)
| Expression , A , Expression (* schema conjunclion *)
| — , Expression (* schema negafion *)
| if , Predicate , then , Expression , elsé¢, Expression (* conditipnal *)
| Expression , § , Expression (* schema composifion *)
| Expression , >> , Expression (* schema piping *)
|

Expression , \ , (-tok , DeclNam&)y { ,-tok , DeclName } , )-tok
(* schema hifling *)

| Expression , | , Expression (* schema projecfion *)
| pre , Expression (* schema precondifion *)
| Expression , X , Expression , { x , Expression } (* Cartesian product *)
| P, Expression (* powefrset *)
| Application (* function and generic operator applicafion *)
| Expression , Expression (* applicafion *)
| Expression , STROKE (* schema decoralion *)
| Expression®, [-tok , DeclName , / , DeclName ,

{ ,tok\, DeclName , / , DeclName } , |-tok (* schema renanping *)
| Expression , . , RefName (* binding selecfion *)
| Expfession , . , NUMERAL (* tuple selecfion *)
| 6%)Expression , { STROKE } (* binding construcfion *)
| “RefName (* refergnce *)
|

RefName , [-tok , Expression , { ,tok , Expression } , ]-tok
(* generic instantiafion *)

| NUMERAL (* number litleral *)
| {-tok , [ Expression , { ,-tok , Expression } 1 , }-tok (* set extengion *)
| {-tok , SchemaText , e , Expression , }-tok (* set comprehengion *)
| ( ( {-tok , SchemaText , }-tok ) — ( {-tok , l}-tok ) )

— ( {-tok , Expression , }-tok )
(* characteristic set comprehension *)
| ( [-tok , SchemaText , ]-tok ) — ( [-tok , Expression , ]-tok )
(* schema construction *)
| { , [ DeclName , == , Expression ,
{ ,-tok , DeclName , == , Expression } ] , ) (* binding extension *)
| (-tok , Expression , -tok , Expression , { ,-tok , Expression } , )-tok
(* tuple extension *)
| (-tok , p , SchemaText , )-tok (* characteristic definite description *)
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| (-tok , Expression , )-tok

SchemaText = [ DeclPart ] , [ |-tok , Predicate ] ;
DeclPart = Declaration , { ( ;-tok | NL ) , Declaration } ;
Declaration = DeclName , { ,-tok , DeclName } , : , Expression
| DeclName , == , Expression
| Expression
OperqtorTemplate = relation , Template
| function , CategoryTemplate
| generic , CategoryTemplate
CategoryTemplate = PrefixTemplate
| PostfixTemplate
| Prec , Assoc , InfixTemplate
| NofixTemplate
Prec = NUMERAL ;
Assoq = leftassoc
| rightassoc
Template = PrefixTemplate
| PostfixTemplate
| InfixTemplate
| NofixTemplate
PrefixTemplate = (-tok , PrefixName , )-tok
| (-tok , BSoY , )-tok
PostflixTemplate = (-tok ), PostfixName , )-tok ;
InfiyTemplate =CGtok , InfixName , )-tok ;
NofijTemplate = (-tok , NofixName , )-tok ;
DeclName = NAME
| OpName
RefName = NAME
| (-tok , OpName , )-tok
OpName = PrefixName
| PostfixName
| InfixName
| NofixName

©ISO/IEC 2002—All rights reserved
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PrefixName PRE , _
PREP , _
L,{_,EI|,,,88}, (_,ERE|,,, SRE) , _

tp,{_,ESI|, ,S8 %, (_,EREP| ,, , SREP ) , _

PostfixName _ , POST

| _ , POSTP
|
|

-, EL, { -, BSt,,, S5 F, C-, ERt,,, SR
_,EWP ,{_,ES|,, ,S %Y, (_,ERP|,, , SRP)

InfiyName _, I, _
IP , _
_,EL ,{_,ES|],,,8 %}, (_,ERE]|,,, SRE) ,h.

_,EP,{_,ESI|, ,SS}, (_,EREP| ,, , SREP)) , _

—— —
[
.

NofixName =L,{_,EI|, ,8 %, (_,ERI|,,,SR)
| p ,{_,ESI|,,,8 %}, (_, ERP|,, ,ESRP)

GenNgme = PrefixGenName
| PostfixGenName
| InfixGenName

|

NofixGenName

PrefixGenName PRE , NAME

| L, { NAME , ( ES| SS*2'} , NAME , ( ERE | SRE ) , NAME

PostflixGenName = NAME , POST
| NAME , EL , {\NAME , ( ES| SS ) } , NAME , ( ER| SR )

InfijGenName = NAME ,-I_, NAME
| NAME. ,“~EL , { NAME , ( ES| SS ) } , NAME , ( ERE | SRE ) , NAME

NofiyGenName L, {NAME , (ES| 8S) } , NAME , ( ER| SR ) ;

PrefixRel
PostfixRel
InfixRel
NofixRel

Relatfjion

PrefixRel = PREP , Expression
| LP , ExpSep , ( Expression , EREP | ExpressionList , SREP ) , Expression

PostfixRel = Expression , POSTP
| Expression , ELP , ExpSep , ( Expression , ERP | ExpressionList , SRP )
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InfixRel = Expression , ( € | =-tok | IP ) , Expression ,

{ (€| =tok | IP ) , Expression }
| Expression , ELP , ExpSep ,
( Expression , EREP | ExpressionlList , SREP ) , Expression

ISO/IEC 13568:2002(E)

NofixRel = LP , ExpSep , ( Expression , ERP | ExpressionList , SRP ) ;
Appl ication = Prefi YAPP
| PostfixApp
| InfixApp
| NofixApp
PrefixApp = PRE , Expression
| L, ExpSep , ( Expression , ERE | ExpressionlList , SRE ) , Expressi¢n
PostdixApp = Expression , POST
| Expression , EL , ExpSep , ( Expression , ERJ/ExpressionList , SR
InfiqApp = Expression , I , Expression
| Expression , EL , ExpSep ,
( Expression , ERE | ExpressionList , SRE ) , Expression
NofisApp = L , ExpSep , ( Expression , 'ER | ExpressionList , SR ) ;
ExpSqp = { Expression , ES | ExpréssionlList , SS } ;
ExprgssionList = [ Expression , { ,-tek), Expression } ] ;
8.3 | User-defined operators
A tenjplate can reuse the same words as other templates in the same scope, so long as the same token is asgociated
with § word by all templates that use'that word. A template’s whole operator name shall be different from those
of otller templates in the same_scope. All templates in a scope that use the same word shall have the same
precegdlence.
HXAMPLE 1 These twe templates reuse a acceptably.
generic 30 leftassoc (_a_b_)
generic 30{Jeftassoc (_a_c_)
HXAMPLEN2' These two templates conflict unacceptably, because the whole operator names are identical.
furiction 10 leftassoc (_ d _)
generic 20 leftassoc (= d )

EXAMPLE 3 These two templates conflict unacceptably, because they reuse a and have different precedences.

generic 30 leftassoc (_a_b_)
generic 40 leftassoc (_a_c_)

In the Template rule’s auxiliaries, the name of each of the operator tokens shall not have any STROKEs.

NOTE 1

instance of that operator.

©ISO/IEC 2002—All rights reserved
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All prefix operators are right associative. All postfix operators are left associative. Different associativities shall
not be used at the same precedence level by operator template paragraphs in the same scope.

EXAMPLE 4 These two templates conflict unacceptably, because they have the same precedence but different
associativities.

function 50 leftassoc (- e _)
function 50 rightassoc (= f )

Table] 31 defines the relative precedences of the productions of Expression and Predicate. The@ow$ in the
table fare ordered so that the entries with higher precedence (and so that bind more strongly) appear neprer the
top of the table than those with lower precedence (that bind more weakly). Associativity has sighificancd only in
deternining the nesting of applications involving non-associative operators of the same precédence. Explicitly-
defindd infix function and generic operator applications have a range of precedences specified numerically in the
correyponding operator template paragraph. Cartesian product expressions have precedence value 8 within that
numelic range.

OTE 2 The order of productions in the Predicate and Expression rules is hased roughly on the precedences of
heir operators. Some productions have the same precedence as their neighbours,-aid so the separate table of pperator
recedences is necessary.

OTE 3 One way of parsing nested operator applications at different diser-defined levels of precedence and|associa-
vity is explained by Lalonde and des Rivieres [9]. Lalonde and des Rivieres approach is to “use a grammay ... that
escribes expressions without regard to the precedence [and assqciativity] of the operators”, and then to tfansform
he resulting parse tree to take account of precedence and associatiyity. Assuming the grammar uses left assofciativity
r all operators, the transformations to take into account precedence and associativity where necessary are aq follows.

ot o ot P o ot

(e1 infizy e2) infixs es 2" e1 infiry (e2 infirz e3)
(e1 infix e2) postS=> e infix (e2 post)
(pre e).post —> pre (e post)

If right associativity was instead assumed, (then the following transformations would be needed.

e1 mfiry (e2 infirz e3) = (e1 infiz1 e2) infize e3

pre (e1 infix e2) = (pre e1) infiz ez

—

sing distinct variants of the operator tokens PRE|...|SS for relational operators from those for function and generic
perators allows these‘4ransformations to avoid dealing with those notations whose precedences lie betWeen the
plations and the fufietions, such as the schema operations.

il e)

OTE 4 In tke'PrefixTemplate rule, the production for powerset enables explicit definition of P, in thqd mathe-
hatical toolkit’to coexist with the treatment of P as a keyword by the lexis.

= =z

8.4 | Additional syntactic restrictions and notes

STROKE is used in three contexts: within NAMEs, in binding construction expressions, and in schema degoration
expre stetrs—Hhre—cotditton f\u +STRBKE+oPe—constdered—as ycut uf - NAME—was 5ivcu e Ot}lCL STROKES are

considered to be parts of binding construction expressions if they can be when interpreted from left to right. The
schema decoration expression interpretation is considered last.

EXAMPLE 1 1In 65’ ' ’, the first ' is part of the NAME S’, the second ' can be part of the binding construction
expression, and the third ' is syntactically part of a schema decoration expression, though that will be rejected by
the type inference rules as only schemas can be decorated, not bindings.

A predicate can be just an expression, yet the same logical operators (A, V, =, =, &, V¥, 3, 3;) can be used
in both expressions and predicates. Where a predicate is expected, and one of these logical operators is used on
expressions, there is an ambiguity: either the whole logical operation is an expression and that expression is used
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Table 31 — Operator precedences and associativities

Productions Associativity
binding construction

binding selection, tuple selection
schema renaming

schema decoration

as a I
ambig

A sed
paren|

N
i
Appli
imple

h

[&
€
T

apph\,at iUll ICTIU
postfix function and generic operator application

powerset, prefix function and generic operator application
Cartesian product, infix function and generic operator application
schema precondition

schema projection left
schema hiding

schema piping

schema composition
conditional

substitution expression
definite description

function construction
relation operator application
negation

conjunction

disjunction

implication right
equivalence

universal, existential and unique existential quantifications
newline conjunction, semicolon conjunction

redicate, or the whole logical operation is a predicate involving expressions each used as a predicaf
uity is benign, as both interpretations have the same precedence, associativity and meaning.

tion header shall be parsed-usits entirety before bringing the declarations and operator templatq
L sections into scope.

OTE 1 This prevents surprises when the name of a parent section is the same as the name of an operatof
h another parent.

Cation expressiéng’ lack of any keyword token between their juxtaposed expressions is a problem f
jentations of\parsers, which may require the parentheses in phrases such as f (seq X).

OTE 2 \Tle juxtaposition of two expressions e, e, is always parsed as the application of function e, to a
L, never, as the application of relation e, to argument e, which in some previous dialects of Z, e.g. King et a
Huivalent to the relation e, € e,. In Standard Z, membership is the normal form (canonical representatio

ISO/IEC 13568:2002(E)

e. This

s of its

defined

I some

gument
[8], was
n) of all

blational predicates (see 12.2.10), and juxtaposition is the normal form of all application expressions (see 1

.2.11).

NOTE 3 The syntax of conjectures is deliberately simple.

This is so as to be compatible with the syntaxes of

sequents as found in as many different theorem provers as possible, while establishing a common form to enable
interchange.

NOTE 4

Implementations of parsers commonly inspect the next token from the input stream and have to decide

there and then whether that token is another token in an incomplete phrase or whether the current phrase is complete
and the token is starting a new phrase. The tokens defined by the lexis (clause 7) are insufficient for
implementation of a parser.

©ISO/IEC 2002—All rights reserved
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8.5

of a

8.5.

The

EXAMPLE 2 At the first comma in the set extension {z,y, z} the z shall be seen to be an expression
phrase might yet turn out to be the set comprehension {z,y, z : e}.

syntax

, yet the

EXAMPLE 3 At the opening square bracket in the application to a schema construction i [e1; ez] the name %
shall be seen to be an expression, yet the phrase might yet turn out to be the generic instantiation i[e1].

One solution to such problems is to try all possible parses and accept the one that works. Another solution is to
have the lexer lookahead far enough to be able to distinguish which of the alternative cases is present, and to provide

tjTeparser Wit oTe of Severat diStiet toKeTS: EXPIesSIonsS T, 7, 2 and T, U, 2+ ¢ Call be aistinguisied b
ahead from a comma, over following alternating names (including operator names) and commas, for a : et =
and using distinct comma tokens depending on whether that is seen or not. Expressions i [e1; ez] afd)#]e
distinguished by looking ahead from the open square bracket for the matching closing square brackets stop
Ltok, :, == or |-tok token is encountered, and using distinct open square bracket tokens for the mat¢hed and
hses.

Q

NOTE 5 An ExpressionList phrase will be regarded as an expression whose value is arsequence (see
Ih defining operators that take such ExpressionLists as arguments, it is convenient to have the opers
sequence_toolkit (see B.8) in scope.

NOTE 6 The ExpressionList rule is used only in operator applications, mot-in set extension, tuple e
aind generic instantiation expressions, so that the syntactic transformation n~12.2.12 is applied only to
ajpplications.

Box renderings

looking
= token,

can be
bing if a
stopped

[2.2.12).
tions of

ktension
bperator

Therd are two different sets of box renderings in widespread useas illustrated here. Any particular pres¢ntation

spction shall use one set or the other throughout. The middle line shall be omitted when the paragrpph has
no predicates, but otherwise shall be retained if the paragraph has no declarations. The outlines need be|only as
wide hs the text, but are here shown as wide as the page.

1 First box rendering

fpllowing four paragraphs illustrate the first‘of two alternative renderings of box tokens.

An ayiomatic paragraph, involving the AX,|tok and END tokens, shall have this box rendering.

‘ DeclPart

‘ Predicate

A schema paragraph, involving the SCH, |-tok and END tokens, shall have this box rendering.

1 NAME
DeclPart |
Predicate |

A geheric Axiomatic paragraph, involving the GENAX, |-tok and END tokens, shall have this box rendering.
- [Eormals]
DeclPart
‘ Predicate
A generic schema paragraph, involving the GENSCH, |-tok and END tokens, shall have this box rendering.

— NAME [Formals)| .
DeclPart |
Predicate |

©ISO/IEC 2002—All rights reserved
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8.5.2 Second box rendering

The following four paragraphs illustrate the second of two alternative renderings of box tokens.

An axiomatic paragraph, involving the AX, |-tok and END tokens, shall have this box rendering.

DeclPart

Predicate

A sch|

pma paragraph, involving the SCH, |-tok and END tokens, shall have this box rendering.

| NAME

ISO/IEC 13568:2002(E)

DeclPart

Predicate

A geq

1l

eric axiomatic paragraph, involving the GENAX, |-tok and END tokens, shall havé this box rendering

- [Formals]

DeclPart

Predicate

A geq

| NAME [Formals]

eric schema paragraph, involving the GENSCH, |-tok and END\tokens, shall have this box rendering.

DeclPart

Predicate

9 (

9.1
The

equiv:

Only

tion 1
Char(
9.2

A chy
which

Characterisation rules

Introduction

haracterisation rules togetheftanap the parse tree of a concrete syntax sentence to the parse trd
hlent concrete syntax sentenee in which all implicit characteristic tuples have been made explicit.

concrete trees that are(mapped to different trees are given explicit characterisation rules. The charg
ules are listed in theSame order as the corresponding productions of the concrete syntax.

cteristic tuplesare calculated from schema texts by the metalanguage function chartuple (see 9.2)
Charaeteristic tuple

racteristic tuple is computed in two phases: charac, which returns a sequence of expressions, and
cofiverts that sequence into the characteristic tuple.

chartuple t = mktuple (charac t)

e of an

cterisa-

ktuple,

Sequences of expressions are enclosed between metalanguage brackets ( and ), in general {(e,,...,e,). Two se-

quences of expressions are concatenated by the ™ operator.

<617~-~7en>A<en+17~-~7en+m> = <€1a---7en7en+17~-~7en+m>

©ISO/IEC 2002—All rights reserved
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0 oo = o 9 2 2 2

9.3
9.3.1

The
tuple

It is S
9.3.2

The
of t.

It is §
is ma

charac (dy; ...; dy | p) = charac (dy; ...; dp)
charac (dy; ...; dy,) = charac d, ™ ... charac d, where n > 1
charac () = (())
charac (iy,..oyin :€) = (i1, in)
charac (i ==e€) = (i)
charac (e *) = (fe*)
mktuple (e) = e

mktuple (€,,....en) = (€1,...,€n) where n > 2

OTE 1 In the last case of charac, the type inference rule in 13.2.6.9 ensures thab &'is a schema.
OTE 2 In mktuple, the result is a Z expression, so the brackets in its second.équiation are those of a tuple ey

OTE 3 The characteristic tuple operation determines a new phrase for use in a larger phrase. It does
ipulate semantic values or type values. It is more akin to a transform@tion rule in that it operates on phr

re not suitable, as they manipulate metalanguage sequences. Rather than invent yet more notation, the usu
otations for sequences are redefined just for this definition.

Formal definition of characterisation, rules
Function construction expression

alue of the function construction expression/\ ¢ o e is the function associating values of the chara
of ¢t with corresponding values of e.

Abeoe = {te(chartuple t,e)}

emantically equivalent to thessét of pairs representation of that function.

Characteristic set‘comprehension expression

{t} = {t e chartuple t}

emantieally equivalent to the corresponding set comprehension expression in which the characterist
le explicit.

10 Annotated syntax

tension.

not ma-
ses, but

nlike a transformation rule it does not replace a phrase by an equiwalent phrase. Its definition needs auxilifaries for

bpresenting sequences of phrases and concatenating sequences of phrases. The sequence brackets defined

n 4.2.11
al Z-like

teristic

blue of the characteristic set comprehension expression {t} is the set of the values of the characteristfic tuple

ic tuple

9.3.¢

Characteristic definite description expression

The value of the characteristic definite description expression (i t) is the sole value of the characteristic tuple of
schema text t.

(nt) = putechartuplet

It is semantically equivalent to the corresponding definite description expression in which the characteristic tuple
is made explicit.

40
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10 Annotated syntax

10
10.1

Annotated syntax

Introduction

ISO/IEC 13568:2002(E)

The annotated syntax defines a language that includes all sentences that could be produced by application of the
syntactic transformation rules (clause 12) to sentences of the concrete syntax (clause 8). This language’s set of
sentences would be a subset of that defined by the concrete syntax but for introduction of type annotations and
use of expressions in place of schema texts.

Like 1
are n
in thd

Some
introd
chara
name
belon
refere]
with

declaj

Therd
Synta
prece
The j
and g

h
h
a
t
10.2

Speci

Secti

Parag

terminal symbols within this syntax. The added type annotation notation uses three tokens(ipf
lexis: GIVEN, GENTYPE, and g.

additional characters that are presumed to be distinct from the characters used in conerete phr
uced as follows. The constituent words of operators are glued together to form single names us
Fter M, which belongs to the WORDGLUE character class. (These single names cannot elash with any
t.) For comparing the bindings of two schemas, one schema is decorated usingJthe character <
bs to the STROKECHAR character class. (Inclusion of a schema so decorated\&annot capture any
hces.) For defining the semantics of types, the names of given sets and_generic parameters are dd
haracters © and # respectively, both of which belong to the STROKECHAR Character class. (This avol
ations of the same names making holes in the scopes of the types.)

are no parentheses in the annotated syntax as defined here~‘A sentence or phrase of the an|
k should be thought of as a tree structure of nested formulae{When presented as linear text, howe
lences of the concrete syntax may be assumed and parentheges.may be inserted to override those precd
recedence of the type annotation s operator is then weaker than all other operators, and the preg
ksociativities of the type notations are analogous to these of the concrete notations of similar appe

OTE 1 This annotated syntax permits some verification of the syntactic transformation rules to be perfd

OTE 2 The annotated syntax is similar to an_annotated tree (abstract syntax) used in a tool, but thq
bstraction effected by the characterization rulesyand syntactic transformation rules might not be appropri
bol.

Formal definition of annotated syntax
fication = { Section_}; (* sectioned specifica

on = ZED , geetion , NAME , parents , [ NAME , { ,-tok , NAME } ] , END ,
£ Paragraph } , [ 3 , SectTypeEnv ] ; (* inheriting sec

ZED/ , [—tok , NAME , { ,-tok , NAME } , ]—tOk , END ,
[ s , Signature ] (* given t
[V AX , Expression , END ,
[ ¢ , Signature ] (* aziomatic descrip
| GENAX , [—tok , NAME , { ,-tok , NAME } , ]-tok , Expression , END ,
[ s , Signature ] (* generic aziomatic descrip
| ZED , NAME , == , NAME , [ ( , Expression , )) ] ,

raph

he concrete syntax, this annotated syntax is written in terms of the tokens generated by the lexik; there

defined

ses are
ing the
bxisting
, which
Existing
corated
ds local

hotated
ver, the
dences.
edences
hrance.

rmed.

level of
te for a

ion *)
ion *)
pes *)

ion *)

3

ion *)

!_frﬂ( —NAME [ U ; F'vr\'rnqq'in'n . A\ .

& , NAME , == , NAME , [ ( , Expression , )) 1 ,
|-tok , NAME , [ ( , Expression , ) 1 } } , END ,

AT

[ s , Signature ] (* free types *)

| ZED , F? , Predicate , END ,
L
| ZED ,

[

tok , NAME , { ,-tok , NAME } , ]-tok , F? , Predicate , END ,

o0 "y roo T o
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Predicate = Expression , € , Expression (* membership *)
| true (* truth *)
| — , Predicate (* negation *)
| Predicate , A , Predicate (* conjunction *)
| V , Expression , e , Predicate (* universal quantification *)
| 3, , Expression , e , Predicate (* unique existential quantification *)

Exprqsstion =NAME

[ 3, Type ] (* neferqnce *)
| NAME , [-tok , Expression , { ,-tok , Expression } , ]-tok ,

[ ¢ , Type ] (* generiginstantiafion *)
| {-tok , [ Expression , { ,-tok , Expression } ] , }-tok ,

[ 3, Type ] (* set extengion *)
| {-tok , Expression , e , Expression , }-tok ,

[ s, Type ] (* set comprehengion *)
| P, Expression ,

[ 3, Type ] (* powefset *)
| (-tok , Expression , ,tok , Expression , { tek’, Expression } , )-tok ,

[ s, Type ] (* tuple extengion *)
| Expression , . , NUMERAL ,

[ 3, Type ] (* tuple selection *)
| ( , NAME , == , Expression ,

{ ,-tok , NAME , == , Expresgion } , | ,

[ s, Type ] (* binding extengion *)

| 6 , Expression , { STROKE }*%,

[ s, Type ] (* binding construcfion *)
| Expression , . , NAME ,

[ s, Type ] (* binding selecfion *)
| Expression , Expression ,

[ 3, Typedd (* applicafion *)
| @ , Expression ) e , Expression ,

[ s, Type ] (* definite descripfion *)
| [tok , NAME*, : , Expression , ]-tok ,

[ (g% Type ] (* variable construction *)
| [-tok~, .Expression , |-tok , Predicate , ]-tok ,

s , Type ] (* schema construcfion *)
| (=", Expression ,

[ s , Type ] (* schema negafion *)
| Expression , A , Expression ,

[ 3, Type ] (* schema conjunclion *)
| Expression , , (-tok , NAME , { -tok , NAME } , )-tok ,

[ s , Type ] (* schema hidling *)
| V , Expression , e , Expression ,

[ s, Type ] (¥ schema universal quantification *)
| 3, , Expression , e , Expression ,

[ s , Type ] (* schema unique existential quantification *)

| Expression , [-tok , NAME , / , NAME ,
{ ~tok , NAME , / , NAME } , ]-tok ,

[ g8, Type | (* schema renaming *)
| pre , Expression ,
[ g , Type ] (* schema precondition *)
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| Expression , § , Expression ,

[ s, Type ] (* schema composition *)
| Expression , >> , Expression ,
[ s, Type ] (* schema piping *)
| Expression , STROKE ,
[ s, Type ] (* schema decoration *)
SectTypeEnv = [ NAME , . , (-tokK , NAME , ,-tok , Iype , )-tOK ,
{ ;-tok , NAME , : , (-tok , NAME , -tok , Type , )-tok } ] ;
Type = [tok , NAME , { ,-tok , NAME } , ]-tok ,
Type2 , [ ,-tok , Type2 ] yeneric fype *)
| Type2
Type2 = GIVEN , NAME (* given fype *)
| GENTYPE , NAME (£yeneric parameter fype *)
| P, Type2 (* powerset fype *)
| Type2 , X , Type2 , { x , Type2 } (* Cartesian product fype *)
| [-tok , Signature , ]-tok (* schema {ype *)

[ NAME , : , Type , { ;-tok , NAME ,<{) )" Type } ]
| e (* empty signafure *)

Signdture

10.3] Notes

NOTE 1 More free types than necessary are permitted by this syntax: as a result of the syntactic transfqrmation
ih 12.2.3.5, all elements appear before all injections\

NOTE 2 The only signatures that contain generic types are those in the annotations of generic axiomatic degcription
paragraphs.

11 (Prelude

Copyright notice

The reproductien, of this clause is permitted on the understanding that this material is public
domain, and on the €ondition that this International Standard is referenced as the source documerlt.
With the excepticni-of clauses 6.2, 7.2, 8.2, 11 and annex B, all other parts of the text are subject fo
the usual copyright rules stated on page ii of this International Standard.

11.1] Introduction

The prelude,is a Z section. It is an implicit parent of every other section. It assists in defining the rheaning
of numper literal expressions (see 12.2.6.9), and the list arguments of operators (see 12.2.12), via syntactic
transformation rules later in this International Standard. The prelude is presented here using the mathdmatical
lexis.

11.2 Formal definition of prelude
section prelude

The section is called prelude and has no parents.

NOTE 1

generic (P_)
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12 Syntactic transformation rules

P has already been introduced in this International Standard (see 8.3), so this operator template is not necessary.
However, it may be a convenient way of introducing to a tool the association of P with the appropriate token and
precedence, especially in preparation for the toolkit’s PP, (see B.3.6). A tool may introduce X here similarly, that
being the only other Z core notation whose precedence lies amongst those of user-defined operators.

[A]

The given type A, pronounced “arithmos”, provides a supply of values for use in specifying number systems.

The spt of natural numbers, N, is a subset of A.

0 and|

fhnction 30 leftassoc (= + _)

N:PA

number_literal_0 : N
number_literal_1 : N

1 are natural numbers, all uses of which are transformed to references to thege declarations (see 13

4+ P ((AxA)xA)

Addi

Addiﬂ
inject,
natur

Additjion is associative.

N
t

Vm,n:NeJ p:(_ + _)epl=(m,n)
Vm,n:Nem+neN
Vm,n:N|m+1l=n+lem=n
Vm:Ne-m+4+1=0
Vw:PN|OewAMVy:wey+lecw)ew=N
Vm:Nem+0=m
Vm,n:Nem+(n+1)=m+n+1

ion is a function. The sum of two natiiral numbers is a natural number. The operation of adding

hl numbers are either 0 or are formed by adding 1 to another natural number. 0 is an identity of a

OTE 2 The definition of (addition is equivalent to the following definition, which is written using notat
he mathematical toolkit ((and so is unsuitable as the normative definition here).

_ 4+ A XA A

(NxN)&QK+ )e NxN)—-N

An: Nen+1eN— N
disgoint{{0},{n : Ne n+1})

Y :PN|{0}U{n:wen+1} Cwew=N
Vm:Nem+0=m

Vmn:Nem+(nt+1l)=m+n+1

12
12.1

Syntactic transformation rules

Introduction

2.6.9).

ion is defined here for natural numbers.  (Itis extended to integers in the mathematical toolkit, annex B.)

11is an

on on natural numbers, and prodfices a result different from 0. There is an induction constraint [that all
ldition.

on from

The syntactic transformation rules together map the parse tree of a concrete syntax sentence to the parse tree of
a semantically equivalent annotated syntax sentence. The resulting annotated parse trees may refer to definitions
of the prelude.

44
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Although exhaustive application of the syntactic transformation rules produces annotated parse trees, individual
syntactic transformation rules can produce a mixture of concrete and annotated notation. Explicit distinction of
the two is not done, as it would be cumbersome and detract from readability.

Only concrete trees that are not in the annotated syntax are given explicit syntactic transformation rules. The
syntactic transformation rules are listed in the same order as the corresponding productions of the concrete
syntax. Where an individual concrete syntax production is expressed using alternations, a separate syntactic
transformation rule is given for each alternative.

All applications of syntactic transformation rules that generate new declarations shall choose the nameés pf those
declatgations to be such that they do not capture references during subsequent typechecking.

Rules|that generate type annotations generate annotations with fresh variables each time theycare“appli¢d.
12.2| Formal definition of syntactic transformation rules
12.2]1 Specification

12.2/1.1 Anonymous specification

The gnonymous specification D, ... D,, is semantically equivalent to the sdetioned specification compfising a
single| section containing those paragraphs with the mathematical toolkit of annex B as its parent.

D} .. D, = Mathematical toolkit ZED section Specificationparents standard_toolkit END D, .. D,

In this transformation, Mathematical toolkit denotes the entire text' of annex B. The name given to the|section
is nof important: it need not be Specification, though it shall' not be prelude or that of any section] of the
math¢matical toolkit.

12.2]2 Section
12.2]2.1 Base section

The hase section ZED section ¢ END D, ... D, issemantically equivalent to the inheriting section that [inherits
from ho parents (bar prelude).

ZED section ¢ END D, 7. D,, = ZED section ¢ parents END D, ... D,

12.2]3 Paragraph
12.213.1 Schema definition paragraph

The schema definition paragraph SCH ¢ ¢ END introduces the global name 7, associating it with the schema that
is the| value of t.

SCHit END = AX [i == t] END

The paragraph is semantically equivalent to the axiomatic description paragraph whose sole declaration aspociates
the sqhema’s name with the expression resulting from syntactic transformation of the schema text.

12.2.3.2 Generic schema definition paragraph

The generic schema definition paragraph GENSCH ¢ [i,,...,4,] ¢ END can be instantiated to produce a schema
definition paragraph.

GENSCH i [iy,...,i,] t END == GENAX [i,,...,4,] [i == t] END

It is semantically equivalent to the generic axiomatic description paragraph with the same generic parameters and
whose sole declaration associates the schema’s name with the expression resulting from syntactic transformation
of the schema text.
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12.2.3.3 Horizontal definition paragraph

The horizontal definition paragraph ZED ¢ == e END introduces the global name ¢, associating with it the value

of e.

ZED i == ¢ END — AX [i == ¢] END

It is semantically equivalent to the axiomatic description paragraph that introduces the same single declaration.

12.2

The ¢
defini|

It is
and t

12.2

The
eleme)

Exha

The s
(see 1

semantic transformation rule (see 14.2.3.1).

12.2

Thersg
graph

12.2
12.2
The 1

It is S
12.2
The ¢

3.4 Generic horizontal definition paragraph

eneric horizontal definition paragraph ZED ¢ [i,, ..., i,] == e END can be instantiated to produde™a-ho
bion paragraph.

ZED i [iy,...,in) == € END = GENAX [i,,...,ip] [i == e] END

emantically equivalent to the generic axiomatic description paragraph with the same generic par
hat introduces the same single declaration.

3.5 Free types paragraph

ransformation of free types paragraphs is done in two stages. Firstithe branches are permuted {
nts to the front and injections to the rear.

ol gle) R ] = . |R{DUEY ...

istive application of this syntactic transformation rule effects a sort.

becond stage requires implicit generic instantiations tothave been filled in, which is done during typed
3.2.3.3). Hence that second stage is delayed until after typechecking, where it appears in the fo

4 Operator template

are no syntactic transformation rules-for operator template paragraphs; rather, operator templaf
s determine which syntactic transfermation rule to use for each phrase that refers to or applies an o

5 Predicate
5.1 Newline conjunction predicate

ewline conjunction prédicate p, NL p, is true if and only if both its predicates are true.
p. NLp, = pi AD-

emanticallycequivalent to the conjunction predicate p, A p..
5.2 Semicolon conjunction predicate

emiGolon conjunction predicate p,; p, is true if and only if both its predicates are true.

rizontal

hmeters

o bring

hecking
rm of a

e para-
erator.

Itis s
12.2.
The e

It is s

46

P1i P2 = D1 A\D2
emantically equivalent to the conjunction predicate p, A p..
5.3 Existential quantification predicate

xistential quantification predicate 3 ¢t e p is true if and only if p is true for at least one value of ¢.
Jtep =— - Vte-p

emantically equivalent to p being false for not all values of ¢.
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12.2.5.4 Equivalence predicate

The equivalence predicate p, < p, is true if and only if both p, and p, are true or neither is true.
prep: = (p=p2) A(p2=pa)

It is semantically equivalent to each of p, and p, being true if the other is true.

12.2.5.5 Implication predicate

The ifnplicafion predicate p, = p, is true it and only if p, 1s true i p, 1S true.

Pr =P = TPV

It is gemantically equivalent to p, being false disjoined with p, being true.

12.2]5.6 Disjunction predicate

The disjunction predicate p, V p, is true if and only if at least one of p, and p, is trve.
PiVps = 2 (0pi Aps)

It is emantically equivalent to not both of p, and p, being false.

12.2]5.7 Schema predicate

The schema predicate e is true if and only if the binding of the names\in the signature of schema e satigfies the
constraints of that schema.

e = feege
It is Semantically equivalent to the binding constructed hycé€ being a member of the set denoted by schiema e.
12.2]5.8 Falsity predicate

The fhlsity predicate false is never true.

false = - true
It is gemantically equivalent to the negation“of true.

12.215.9 Parenthesized predicate

The parenthesized predicate (p).is #rue if and only if p is true.

) =

It is gemantically equivalent’to p.

12.2]6 Expression

12.216.1 Schema existential quantification expression

The value of the schema existential quantification expression 3 t e e is the set of bindings of schema e restricted
to ex¢lude.names that are in the signature of t, for at least one binding of the schema t.

. = to—T¢
It is semantically equivalent to the result of applying de Morgan’s law.
12.2.6.2 Substitution expression

The value of the substitution expression leti, == e,; ...; i, == e,, ® e is the value of e when all of its references
to the names have been substituted by the values of the corresponding expressions.

leti, ==¢e,; .;ip==e, 0 = i, ==¢€,; ...; bp =—1, €

It is semantically equivalent to the similar definite description expression.
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12.2.6.3 Schema equivalence expression

The value of the schema equivalence expression e, < e, is that schema whose signature is the union of those of
schemas e, and e,, and whose bindings are those whose relevant restrictions are either both or neither in e, and
€s.

e, e, = (e,=>e)A(es=e))

It is semantically equivalent to the schema conjunction of the schema implication e, e. with the schema
impli¢ation e, = e,.

12.2]6.4 Schema implication expression

The value of the schema implication expression e, = e, is that schema whose signature is theuhion of those of
schenjas e, and e,, and whose bindings are those whose restriction to the signature of e, A87in the value|of e, if
its regtriction to the signature of e, is in the value of e, .

e, =€, — —e; Ve,
It is emantically equivalent to the schema disjunction of the schema negation~=.¢, with e,.

12.2]6.5 Schema disjunction expression

The value of the schema disjunction expression e, V e, is that schema<whose signature is the union of fhose of
schenjas e, and e,, and whose bindings are those whose restriction/dovthe signature of e, is in the value jof e, or
its regtriction to the signature of e, is in the value of e,.

e, Ve, = (e, Aes)

It is spmantically equivalent to the schema negation of the schema conjunction of the schema negations of e, and
€s.

12.2]6.6 Conditional expression

The value of the conditional expression if .pthen e, elsee, is the value of e, if p is true, and is the value|of e, if
p is felse.

if pthene,elsees = pi:{e,e}|pAi=e, VapAi=e,0i

It is demantically equivalent to{the definite description expression whose value is either that of e, or thht of e,
such that if p is true then it{i§ e, or if p is false then it is e,.

12.216.7 Schema prejection expression

The vfalue of the schiémha projection expression e, [ e, is the schema that is like the conjunction e, A e, bult whose
signafure is restri¢ted to just that of schema e,.

e, [ea = {e;e.00e,}

It is gemrantically equivalent to that set of bindings of names in the signature of e, to values that satisfy the
constraints of botil e; and e,-

12.2.6.8 Cartesian product expression

The value of the Cartesian product expression e, X ... X e, is the set of all tuples whose components are members
of the corresponding sets that are the values of its expressions.

e X .. Xe, = {i:e; ginien® (i, .in)}

It is semantically equivalent to the set comprehension expression that declares members of the sets and assembles
those members into tuples.
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12.2.6.9 Number literal expression
The value of the multiple-digit number literal expression bc is the number that it denotes.
bc = b+b+b+b+b+
b+b+b+b+b+c

It is semantically equivalent to the sum of ten repetitions of the number literal expression b formed from all but

thlA.,]"A. ddad tao ot 1 i oot
e lapt—cipitadded—tothattast—digit-

number_literal_0
number_literal _1
1+1
2+1
3+1
441
5+1
6+ 1
7+1
8+1

FEELEreedl

The rjumber literal expressions 0 and 1 are semantically equivaléit to number_literal_0 and number_litenal_1 re-
spectively as defined in section prelude. The remaining digits aredefined as being successors of their predgcessors,
using|the function + as defined in section prelude.

NOTE These syntactic transformations are applied.only to NUMERAL tokens that form number literal expfessions,
not to other NUMERAL tokens (those in tuple selectiotdéxpressions and operator template paragraphs), as thdse other
occurrences of NUMERAL do not have semantic valués associated with them.

12.2]6.10 Schema construction expression

The value of the schema construction expression [¢] is that schema whose signature is the names declared by the
schenja text t, and whose bindings are‘those that satisfy the constraints in ¢.

] = t
It is emantically equivalent(td the schema resulting from syntactic transformation of the schema text ¢.

12.216.11 Parenthesized expression

The value of the patenthesized expression (e) is the value of expression e.
(e) = e

It is gemantically equivalent to e.

12.217 < Schema text

There is no separate schema text class in the annotated syntax: all concrete schema texts are transformed to
expressions.

12.2.7.1 Declaration
Each declaration is transformed to an equivalent expression.

A constant declaration is equivalent to a variable declaration in which the variable ranges over a singleton set.

i==e = 1i:{e}
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A comma-separated multiple declaration is equivalent to the schema conjunction of variable construction expres-
sions in which all variables are constrained to be of the same type.

Tyyeninie = [iy:e 8 ] A Alin:e s ay

12.2.7.2 DeclPart

Each declaration part is transformed to an equivalent expression.

dy; ... d, = d,N..Nd,
If NL[tokens have been used in place of any ; s, the same transformation to schema conjunctions applies
12.2]7.3 SchemaText

Giver] the above transformations of Declaration and DeclPart, any DeclPart in a SchemaText can be gssumed
to bela single expression.

A SchemaText with non-empty DeclPart and Predicate is equivalent to the schieina construction expression
contalning that schema text.

elp = [e]|p]

If bofh DeclPart and Predicate are omitted, the schema text ig)equivalent to the set containing thd empty
bindipg.

= {ld}

If jus} the DeclPart is omitted, the schema text is equivalent to the schema construction expression ifi which
therelis a set containing the empty binding.

| pO = [{{ ]} p]

12.2!8 Name
Thesq syntactic transformation rulesiaddress the concrete syntax productions Dec1Name, RefName, and OpName.

All DgclNames and RefNames thdt are NAMEs (not operator names) are transformed to those underlying NAMEs.
Thus| any DeclName and RefName nodes in the parse tree are elided.

All operator names are tranmsformed to NAMEs, by removing spaces and replacing each _ by a Z charactey that is
not afceptable in concrete'NAMEs. The Z character X is used for this purpose here. The resulting NAME fis given
the sgme STROKESs as,'the component names of the operator, all of which shall have the same STROKEs.

Each [resulting NAME shall be one for which there is an operator template paragraph in scope.
NOTE,  “This excludes names made up of words from different operator templates.

HXAMPLE Given the operator templates

generic 30 leftassoc (_a_b_)
generic 40 leftassoc (- c_d )

the following declaration conforms to the syntax but is excluded by this restriction.

XaYdZ==XxYXxZ

In every operator name generated by syntactic transformation, for every ’,’> WORDGLUE character in its WORD
part, there shall be a paired following ™’ WORDGLUE character, for every ’> 7’ WORDGLUE character in its WORD
part, there shall be a paired following ’> "’ WORDGLUE character, and these shall occur only in nested pairs.
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12.2.8.1 PrefixName

pre - = preX
prep - = prepX
In _ess, ..._essp_, _ere_ = InMess,..Xess,_.XereX
In _ess, ..._essp_ _sre_ —> I[nMess,..Xess, _,XsreX
Ip _ess, ..._essp_, _erep - = IpMess,...Xess,_,XerepX
Ilp _ess, ..._essp_, _srep . =—> I[pXess,...Xess,_.XsrepX
12.2]8.2 PostfixName
_post = MNpost
_postp = MNpostp
_el _esS, ..._e88,_, _er —> NXelXess,..Xessy,_,Xer
_el _esSy ... _e8Sy_, _sr = MNXelXess 2, Xess,, _,Xsr
_elp _ess, ..._essp_, _erp — WXelpess,...Xess,_,Xerp
_elp _ess, ..._ess,_, _srp — WXelpXess,...Xess,,_,Xsrp
12.2]8.3 InfixName
Cin - = MXinX
_ip_. = MipKX
_el _e8S, ... _ @88 _cre_  —> NXelXess,..Xess, _,XereX
_el _esSy .. 2 €88y _sre .  =—> NXelXess,..Xess,_,XsreX
_elp _essyailess, o _erep_.  —> NXelpXess,...Xess,_,XerepX
_elp_e§sy ... _essp_o _srep_ = NXelpXess,...Xess,_,XsrepX
12.2!8.4 NofixName
In _ess, ..._essp—, —er =—> [nMess,...Xess,,_,Xer
In _ess, ..._essp_, _sr —> InNess,..Xess, _,Xsr
Ilp _ess, ..._essp_, _erp = InMess,...Xess,_,Xerp
Ilp _ess, ... _eSSp_, _stp = I[nXess,...Xess,_,Xsrp

12.2.9 Generic name

All generic names are transformed to juxtapositions of NAMEs and generic parameter lists. This causes the generic
operator definition paragraphs in which they appear to become generic horizontal definition paragraphs, and thus
be amenable to further syntactic transformation.

Each resulting NAME shall be one for which there is an operator template paragraph in scope (see 12.2.8).
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12.2.9.1 PrefixGenName

pre i = preX [i]
In i, essy ... in—s €8Sp_p in_y €re i, — I[nNXess,..Xess,_XereX [i,,...,0n—0,ln_1,in]

In i, €88y ... in—n €8Sp_n in_y ST€ &y —> InXess,..Xess,_XsreX [i,, ..., ln—n,in_y,in]

12.2]9.2 PostfixGenName

i post = WNpost [i]
ir€l iy €88y .. ip_y €8Sp_y ip er =—> NelXess,..Xess,_Xer [iy, 90, .., th_1,in]

i€l iy €8Sy . Gp_y €8Sp_y iy ST = NXelXess,..Xess, XSt [i,,407, in_1,in]

12.2]9.3 InfixGenName

Gyin i, = XinX [iy, o]
iyl iy €8Sy . lp_o €8Sp_n in_, €re i, —> NXelXesgyrXMess, _XereMX [iy, iy, o in_o,in_1,1n]

116l Gy €8Sy o Tp_o €8Sp_o In_y STE &y, = NXelXEds,..Xess, _oXsTeX 11,00, oy in_o,in_1,1n)

12.2]9.4 NofixGenName

In i, essy ... in—, €sspCyytn er = InXess,..Xess,_,Xer [iy,...,in_1,0n]

In i, €88, ... in_, €8Sp—y iy, ST = InXess,..Xess,_,Xsr [iy,...,in_1,1n]

12.2]110 Relation opetator application
All rdlation operator applications are transformed to annotated membership predicates.
Each [relation NAME(shall be one for which there is an operator template paragraph in scope (see 12.2.8).

The Ipft-hand, €idés of many of these transformation rules involve ExpSep phrases: they use es metavdriables.
None|of themitise ss metavariables: in other words, only the Expression ES case of ExpSep is speciffed, not
the EkpréssionList SS case. Where the latter case occurs in a specification, the ExpressionList ghall be
transformed by the rule in 12.2.12 to an expression, and thence a transformation analogous to that specjfied for
the former case can be performed, differing only in that a ss appears in the relation name in place of an es.

12.2.10.1 PrefixRel

prep e =— e € prepX
Ip e, es, ... en_p €Sp_n €y €rep e, —>  (€1,..,€n_n,En_1,6n) € [pXes, .. Mes,,_,NerepX

Ip e, esy ... enz€8y 5 an_ysTEP €y = (€1,.0s€n_s,0n_1,€p) € [pXes, .. Mes, _,MsrepX
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12.2.10.2 PostfixRel

e postp = e € Xpostp
e, elp e, es, ... eny €Sy eperp = (€y,65,...,6n_1,6€,) € NelpXes,..Xes,,_,Xerp

€, elp ey €8s .. €y €Sy Uy STP = (€1,€s, ..., €n_1,ay) € NelpXes,..Xes,, _,Xsrp

12.2]10.3 InfixRel

e, ip, €3 ip, e5 ... = e, ip, (s 8 ay) A(es 8 ) ip, (€5 8 3)n

The dhained relation e, ip, e, ip, e ... is semantically equivalent to a conjunction“of relational predicatps, with
the cqnstraint that duplicated expressions be of the same type.

e, =e, = e, €{e,}

e, 1p e; = (61762) € Miphd

1p in phe above transformation is excluded from being € or =g whereas ip,,ip,, ... in the chained relatior] can be
€ or .
d, elp e, es, ... €5 €Sp_o €4, €TEDP € —> (61,627...76,1,276”,1,6”) € XelpXes.,...Xes,, _.XerdpX

L elp €5 €5y o €pn €Sp_n Up_q STED €  ==0{€1, €0, ..., €no, Upn_q,ep) € NelpXes,.. Xes, _Xsr¢pX

o

12.2]10.4 NofixRel

lp e, es, ... ep-in€pn_y eperp =  (€y4,...,en_1,€,) € lpXes, .. Xes,,_,Xerp

Ip e, es, .. tgy €Sp_y Qn ST = (€4, .., €n_y,ap) € [pXes, .. Xes, _,Xsrp

12.2]11 Function‘and generic operator application
All function opgrator applications are transformed to annotated application expressions.

All ggnerictoperator applications are transformed to annotated generic instantiation expressions.

For ahgparticular function or generic operator application, two potential transformations are specified below,
both of which result in the same NAME. That NAME shall be one for which there 1s an operator template paragraph
in scope (see 12.2.8). Which of the two transformations is appropriate is determined by that operator template’s
category: function or generic respectively.

The left-hand sides of many of these transformation rules involve ExpSep phrases: they use es metavariables.
None of them use ss metavariables: in other words, only the Expression ES case of ExpSep is specified, not
the ExpressionList SS case. Where the latter case occurs in a specification, the ExpressionList shall be
transformed by the rule in 12.2.12 to an expression, and thence a transformation analogous to that specified for
the former case can be performed, differing only in that a ss appears in the function or generic name in place of
an es.
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12.2.11.1 PrefixApp

Function cases

pre e — preMe
Ine, es, ... en_p €Sp_p €y, ere e, =—> InMes,..Xes,_XereX (e,,....,en_s,€n_1,€n)
In e, es, ... €p_p €Sp_p Ap_y STE €, = InMes,..Xes,_XsreX (e,,...,en_0,n_1,€p)
Genetic cases
pre e = preX [e]
In e, es, ... s €Sp_n €, €re €, —> InXes,..Nes, _.XereX [e,, ..., e, Dren_1,€n]
Ine, es, ... ey €Sp_p Ap_y STE €, —> InMes,..Xes,_XsreMX [e,,...c€n 5, An_y,ep]
12.2]11.2 PostfixApp
Functfion cases
e post = MNXpost e
€, €l ey €85 ... €y €Sy, en er = NelXes,nXes,_Xer (e,,€s,...,en_1,€p)
e, el e, €8y ... €y €Sy ap ST = WelMess..Mes,_,Xsr (e, €s,...,en_1,an)
Genetic cases
e post™ = Wpost [e]
e, el €y e85 ... en_y eSp_sener —> WelXes,..Xes,_,Xer [e;, €, ...,en_1, €n]
€, €l €y €8s ... €y €Sy T 0y, ST = NelXes,..Xes,_,Xsr [y, €, ..., €n_1, Gp]
12.2J11.3 InfixApp
Functfion cases
e, in e, = MXinX (e, e,)
e, el es~€8, ... en_s €Sy_s €y, ere e, — WNXelKes,..Xes, _,XereX (el,ez,...,en,men,l,en)
e, elses’es, ... ep_ys €Sp_pn Ap_, sTC €, => WelMes,...Xes,_XsreX (e, €s, ..., en_n,n_1,€xn)

Generic cases

e, in e, XinX [e,, €,]

e, el ey €85 ... s €Sp—s €p_q ETE € XelXes, ... Xes,, _XereX [61,62, ...,en_z,en_l,en]

L

e, el €5 e85 ... s €Sp_s Gp_, STE €5, XelXes, ... Xes,, _,XsreX [61762,...,en,2,an,1,en]
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12.2.

11.4 NofixApp

Function cases

ISO/IEC 13568:2002(E)

In e, €sy ... en_y €Sp_y ey er = InMes,..Xes,_Xer (e, ....,en_1,€n)

In e, es, ... ep_y €Sp_y ap ST = InXes,..Xes,_,Xsr (e, ...,en_1,an)
Genetic cases

Ine, es, ... en_y €Sp_y €y er = InXes,..Xes,_,Xer [e,,...,en_1,€y)

Ine, es, ... en_y €Sp_y ay ST = InKes,..Xes,_,Xsr [e,,....;en_1, ayl
12.2]12 Expression list

With
sentaf

13

13.1
All ey

terms
becau
as thd
specif

The t
rules,
can b
parse
Initia
rules
prody
matcl
for m|
insta

€rsenen = {(l,ey),...,(n,en)}

n an operator application, each expression list is syntacticallytransformed to the equivalent explici
ion of a sequence, which is a set of pairs of position and cerresponding component expression.

Type inference rules

Introduction

[pressions in Z are typed, allowing some of-the logical anomalies that can arise when sets are de
of their properties to be avoided. An example of a Z phrase that is not well-typed is the predicat

first expression. The check for well-typedness of a Z specification can be automated, by conformin
jcation given in this clause.

ype constraints that shall be satisfied between the various parts of a Z phrase are specified by type it

b viewed as a partial fanetion that maps a parse tree of an annotated syntax sentence to a fully an|
tree of an annotatedsyntax sentence.

ly, all annotatidns are set to variables, and these are all distinct except as set by the syntactic transfo
12.2.7.1 and. 12.2.10.3. A type inference rule’s type sequent is a pattern that when matched against 4
ces substitutions for its metavariables. Starting with a type sequent for a whole Z specification,
led against’ the pattern in the type inference rule for a sectioned specification. The resulting subst
etavariables are used to produce instantiations of the rule’s type subsequents and side-condition
tiated side-conditions include constraints that determine the environments to be used in typechech

t repre-

fined in
b 2 € 3,

se the second expression of a membership predicate is required to be a set of values, each of the sae type

b to the

hference

of which there is one corresponding to each annotated syntax production. The type inference rules ffogether

notated

mation
phrase
that is
jtutions
s. The
fing the

lied to

type subsequernts. 1here is 1o need to Solve the Constraints yet. 1nstead, type inierence rules cail be ap
the generated type subsequents, each application producing zero or more new type subsequents, until no more
type subsequents remain. This produces a tree of deductions, whose leaves correspond to the atomic phrases of
the sentence, namely given types paragraphs, truth predicates, and reference expressions.

There remains a collection of constraints to be solved. There are dependencies between constraints: for example,
a constraint that checks that a name is declared in an environment cannot be solved until that environment has
been determined by other constraints. Unification is a suitable mechanism for solving constraints. A typechecker
shall not impose any additional constraints, such as on the order in which constraints are expected to be solved

[16].
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For a well-typed specification, there shall be no contradictions amongst the constraints, and the solution to the
constraints shall provide values for all of the variables. If there is a contradiction amongst the constraints, there
can be no consistent assignment of annotations, and the specification is not well-typed. If the solution to the
constraints does not provide a value for a variable, there is more than one possible assignment of annotations,
and the specification is not well-typed.

EXAMPLE

13.2
13.2
13.2

| —empty == ()

h this declaration, the type of empty, P «, involves an unconstrained variable.
Formal definition of type inference rules

1 Specification

1.1 Sectioned specification

0, = {prelude/— T
VE Syt 8 To 6 F si 8D e 6 Fosealn| {r o}

wherd

Each
ronim

If ong
subse

13.2
13.2

6n u 67171 ) {i’ﬂfl — anl}
in_, is the name of section s,,_,, and none of the sections s, ...s,, are named prelude.

section is typechecked in an environment formed from preceding’ sections, and is annotated with
ent that it establishes.

OTE The section-type environment established by the prelude section is as follows.

(A, (prelude, P(GIVEN A)));

(N, (prelude, P(GIVEN A)));

(number_literal_0, (prelude, (GIVEN A)));
(number_literal_1, (prelude, (GIVEN A)))§

(X4, (prelude, P(((GIVEN A) x (GIVEN A)) x (GIVEN A))))

of the sections s, ... s, is named prelude, then the same type inference rule applies except that t}
juent for the prelude section is omitted.

2 Section
2.1 Inheriting section

1 ¢ dom A

{i1y «ory im} C dom A

~v—, = if i = prelude then {} else A prelude
Yo=V—1 UA 3, U...UA ip,

Bo = 7o § sSecond

n envi-

he type

T D
Bo F 21 8gr” . Paa B Dn o8 on disjoint {dom o, ..., dom o)
N HAZED section i re(C-+.)
parents ., ..., %, END I =~,U{j:NAME; 7:Type |j—T€0,U..U0, ®j— (i

D, so,..D, 30, s By =, Uo,

ﬁnfl = ﬁnfz Uop—1

Taking the side-conditions in order, this type inference rule ensures that:

a) the name of the section, i, is different from that of any previous section;

b) the names in the parents list are names of known sections;

96
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the section environment of the prelude is included if the section is not itself the prelude;
the section-type environment -, is formed from those of the parents;

the type environment [, is determined from the section-type environment v,;

ISO/IEC 13568:2002(E)

there is no global redefinition between any pair of paragraphs of the section (the sets of names in their

signatures are disjoint);

o)

name which is common to the environments of multiple parents shall have originated in a commen a
bction, and a name introduced by a paragraph of this section shall not also be introduced-by
Haragraph or parent section (all ensured by the combined environment being a function);

n

[l

he annotation of the section is an environment formed from those of its parents extended accordin
gnatures of its paragraphs;

n

and the type environment in which a paragraph is typechecked is formed from that of the parent
extended with the signatures of the preceding paragraphs of this section:

NOTE 1 Ancestors need not be immediate parents, and a section cannot-be amongst its own ancestors (1
W the parent relation).

-

NOTE 2 The name of a section can be the same as the name of agariable introduced in a declaration—thg
njot confused.

13.2]3 Generic instantiation

Genetic declarations can appear only at the paragraph leyél. The types of generic declarations shall be det
befor¢ the constraints arising from the side-conditions-of the type inference rules for references to generic
solved (see 13.2.6.1 and 13.2.6.2). The constraints_for"each paragraph shall have a unique solution with
consideration of the constraints of following paragraphs. That is, the constraints shall be solved in per-pa
batchps. Having determined the types of references to generic declarations, instantiations that were left
are mlade explicit, ready for subsequent semasitic relation.

NOTE This is why generic instantiation is defined here, immediately before the type inference rules for par,

13.2§3.1 Generic type instantiation

The

donstraints that cannot be'selved until the type of a generic declaration is determined are those that

the operation of generic type.instantiation. The generic type instantiation meta-function relates a known

type

hnd a list of argument’ types to the type in which each reference to a generic parameter has been|

tuted|with the corregpending argument type. Applications of the generic type instantiation meta-func
formylated here as(the juxtaposition of a generic type (parenthesized) with a square-bracketed list of ax

types

(B, .., in] GIVEN ) [1,, — GIVEN

hcestral
hnother

b to the

bections

o cycles

two are

brmined

can be
but any
agraph
implicit

hgraphs.

involve
generic
substi-
ion are
lgument

T1,

([#1, ..., 5] GENTYPE %) [Ty, ..., Tn] = Tk
oo Tl
[T1yeees Tl

T inl B7) =P 7 T Tl
([G1yeesin] 70 X oo X 1)) = ([txyeerrtn) T0) [Ty ooy Tn] X ooe X ([1yeeeyin] Th)) [Tay ey Tl
/ !

([bryeyin] [0 o705 s il s T ]) [Tay ooy T

= [7 i [inyeeerin] 70 [Tasees Tly oo Gy 2 [y eeeyin] Toy [Tas oo Tal]

13.2.3.2 Carrier set

The meta-function carrier relates a type phrase to an expression phrase denoting the carrier set of that type. It
is used for the calculation of implicit generic actuals, and also later in semantic transformation rules.
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NOTE 1

carrier (GIVEN ¢) = QO g P(GIVEN ¢)
carrier (GENTYPE i) = i# s PP(GENTYPE )
carrier (P1) = P(carriert) s PPt
carrier (1, X ... X 7,) = (carrier 7, X ... X carrier 7,) 8 P(1, X ... X 7,)
carrier ([in : Tn; - in 2Tnl]) = in : carrier T,; .. iy carrier T,) 8 Plin  Thg o it Ta

13 Type inference rules

The expressions are generated with type annotations, to avoid needing to apply type inference again, and

sep—avoid-the pnotential nroblem of tvne names being cantured by local declarations
I~ I~ r (=] I

NOTE 2 But for the GIVEN/GENTYPE distinction, the © and # strokes and the generation of type anndtatigns, each
of these equations generates an expression that has the same textual appearance as the type.
NOTE 3 There is no equation for generic types because they appear in only the type annotation-of géneric akiomatic
paragraphs, and carrier is never applied there.
13.2§3.3 Implicit instantiation
The value of a reference expression that refers to a generic definition is an inferred{instantiation of that|generic
definifion.
. . . ;o T =l e in]T) [0, e an] L . . ,
008 [iyy weny GnTy T = i [carrier an, NpoCarrier ap] 8 T
It is demantically equivalent to the generic instantiation expression whose-generic actuals are the carriet sets of
the types inferred for the generic parameters. The type 7’ is an instamtiation of the generic type 7. THe types
inferrpd for the generic parameters are o, ..., a,,. They shall all B¢’ déterminable by comparison of 7 with 7/ as
suggepted by the condition on the transformation. Cases where thése types cannot be so determined, becquse the
gener]c type is independent of some of the generic parameters; are not well-typed.
HXAMPLE 1 The paragraph
alX]==1
defines a with type [X]GIVEN A. The paragraph
b==a
typechecks, giving the annotated expression a ¢ [X]|GIVEN A GIVEN A. Comparison of the generic type ith the
ihstantiated type does not determine astype for the generic parameter X, and so this specification is not well-typed.
Cases| where these types are not unigue (contain unconstrained variables) are not well-typed.
HXAMPLE 2 The paragraph
empty == &
will contain the anngtated expression & ¢ [X]P X,Pa, in which the type determined for the generic paramdter X is
unconstrained, and §6 this specification is not well-typed.
13.2]4 Paragraph
13.2]4.1 Given types paragraph
( # {iry ooy int=mn )
T2 7rp [i i END ¢ g\ 0= i, : P(GIVEN ¢,); ...; 4, : P(GIVEN 4,)

In a given types paragraph, there shall be no duplication of names. The annotation of the paragraph is a signature
associating the given type names with powerset types.

13.2.

4.2 Axiomatic description paragraph

YFesT

L F AXe s TEND g o

(r = Plo])

In an axiomatic description paragraph AX e END, the expression e shall be a schema. The annotation of the

parag

58

raph is the signature of that schema.
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13.2.4.3 (Generic axiomatic description paragraph

S @ {i, — P(GENTYPE 4,), ..., i ~ P(GENTYPE i)} F e g 7 [ 7 {iﬂg[ﬂ'j" iny=mn
T =
D . .
¥ b GENAX [iy,...,in] € 8 TEND 8 o c=Xj:dom Beliy,... i (B7)

In a generic axiomatic description paragraph GENAX [i,, ..., i,] e END, there shall be no duplication of names within
the generic parameters. The expression e is typechecked, in an environment overridden by the generic parameters,
and shall be a schema. The annotation of the paragraph is formed from the signature of that schema, haying the
same names but associated with types that are generic.

13.2]4.4 Free types paragraph
#{f17 hllu eeey h1m17 Gi1y -y gl’ﬂ17

f’l”? h’l”l) ey hrm,‘a g’r‘17 M 4 grnr}
=r4+m;+ ...+ m, +ny +¥E N,
B =% ®{f, — P(GIVEN f)»".., fr — P(GIVEN f|)}

Ty =Poay, ... Tinr=Pan,
BE ev 8Ty o BF €in 8 Tun,
Trr =Poyr, .4 Trn,. :Parn,.
"L . o = f, : P(GIVEN f,);
BE es8m, .. BF en 8Tra, I{y s GIVEN fy; ...; by, : GIVEN fi;

fie=hial | him,
g. 1<<€11 8 Ty 1>> |

911 : P(7,, X GIVEN f,);

o Gin, :P(Tyn, X GIVEN f,);
Gin,(€1n, 8 Tan,) &

*y

4 .7 . R
Y ZED iy END g @ £, B(aTvEN £,):
fro=hey || hym, | hyq1 t GIVEN fr; .5 Ry, @ GIVEN fp;
grilers 8 Tra)) | gr1 : P(7., X GIVEN f,.);
o ;
Irn.(€rn, & Tring) 9rn, : P(Trn, X GIVEN f,.)

In a fijee types paragraph, the names/of the free types, elements and injections shall all be different. The expfessions
repregenting the domains of the‘injections are typechecked in an environment overridden by the names of [the free
types| and shall all be setg: \Phe annotation of the paragraph is the signature whose names are those of all the
free types, the elementsyand the injections, each associated with the corresponding type.

13.2/4.5 Conjecture paragraph
A p

(0 =¢e)
Y ZEDF? p END ¢ o

In a domjecture paragraph ZED 7 p END, the predicate p shall be well-typed. The annotation of the paragraph is

the etapty—sienatire:

13.2.4.6 Generic conjecture paragraph

> @ {i, — P(GENTYPE 4,), ..., i,, — P(GENTYPE i,,)} F p ( #{iy, o int=n )
¥ F ZED [iy,...,in) F? p END 8 o o= ¢

In a generic conjecture paragraph ZED [é,,...,i,] F? p END, there shall be no duplication of names within the
generic parameters. The predicate p shall be well-typed in an environment overridden by the generic parameters.
The annotation of the paragraph is the empty signature.
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5 Predicate
5.1 Membership predicate

2:]P>1
Y (e, 8 7)€ (es 8 Ta) (T T)

In a membership predicate e, € e,, expression e, shall be a set, and expression e, shall be of the same type as
the members of set e,.

13.2

A tru
13.2

A neg
13.2

5.2 Truth predicate

L H true

th predicate is always well-typed.

5.3 Negation predicate

> op

ation predicate — p is well-typed if and only if predicate p is well-typed:
5.4 Conjunction predicate

C H op, Y p,

A corf

13.2

S poAp,
junction predicate p, A p, is well-typed if and only if predicates p, and p, are well-typed.
5.5 Universal quantification predicate

L F e g T 2@5r?p7

Inay
in thd

13.2

Y
4

ZFPV(egT)Op :P[ﬁ])

niversal quantification predicate V e o foyexpression e shall be a schema, and predicate p shall be we
environment overridden by the signature of schema e.

5.6 Unique existential quantification predicate

L F esr YeapsF p

In a
well-t

13.2
13.2

In a

S 3, (e s 7)o f ™ =P)

nique existential quaitification predicate 3, e¢ e p, expression e shall be a schema, and predicate p
yped in the enviroiiment overridden by the signature of schema e.

6 Expréssion
6.1 Reference expression

eférence expression, if the name is of the form Ai and no declaration of this name yet appear

envir

I-typed

khall be

in the

nment, then the following syntactic transformation is applied

Aigdom X
—

Ai [is i)

This syntactic transformation makes the otherwise undefined name be equivalent to the corresponding schema
construction expression, which is then typechecked.

Similarly, if the name is of the form =i and no declaration of this name yet appears in the environment, then the
following syntactic transformation is applied.

60

=i T 0 =00
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NOTE 1 The = notation is deliberately not defined in terms of the A notation.

NOTE 2 Type inference could be done without these syntactic transformations, but they are necessary steps in
defining the formal semantics.

NOTE 3 Only occurrences of A and = that are in such reference expressions are so transformed, not others such as
those in the names of declarations.

T a0 2

L T( 7 = if generic_type (X i) then ¥ i, (X i) [y, ..., ] else X 4 )

In an} other reference expression ¢, the name 7 shall be associated with a type in the environmeht, If tHat type
is gemnjeric, the annotation of the whole expression is a pair of both the uninstantiated type (forthe Instaptiation
clausd to determine that this is a reference to a generic definition) and the type instantiated-with new (distinct
type Yariables (which the context shall constrain to non-generic types). Otherwise (if the type in the envionment
is norl-generic), that is the type of the whole expression.

NOTE 4 If the type is generic, the reference expression will be transformed to a genheric instantiation exprdssion by
the rule in 13.2.3.3. That shall be done only when the implicit instantiations hayve)been determined via compstraints
on the new type variables a,, ..., an.

13.2]6.2 Generic instantiation expression

1 € dom X
generic_type (X i)
y 3 3 :]P>
YFesn YXEFE e, T ay
Y F il(ey 8 )y (en 8 )] 8 T :
™ =Pay,

= (S aNay, ..., o]

In a peneric instantiation expression i [e,, ..., ey}, the name 4 shall be associated with a generic typd in the
envirgnment, and the expressions e, ..., e, shall be sets. That generic type shall have the same number of
paranheters as there are sets. The type of-the whole expression is the instantiation of that generic typd by the
types|of those sets’ components.

NOTE The operation of generic typé instantiation is defined in 13.2.3.1.

13.2]6.3 Set extension expression

if n > 0 then
(Tl =Tn
Y HE e s L E e, 8T
»E {(e, &),y (en 8 )} 8 7 The1 = Tn,
T=Pm)

elset=Pa

In a fet-‘extension expression, every component expression shall be of the same type. The type of thp whole
expretsion is a powerset of the components’ type, or a powerset of a type varjable if there are no componpnts. In
the latter case, the variable shall be constrained by the context, otherwise the specification is not well-typed.

13.2.6.4 Set comprehension expression
SFeasn  NOBF e 72<n_mﬂ])
D {(ex 8 7)o (es 8 7o)} 87y T, =P

In a set comprehension expression {e, ® e,}, expression e, shall be a schema. The type of the whole expression is
a powerset of the type of expression e,, as determined in an environment overridden by the signature of schema
e.

©ISO/IEC 2002—All rights reserved 61


https://standardsiso.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

ISO/IEC 13568:2002(E) 13 Type inference rules

13.2.6.5 Powerset expression

SFesmn (Tlpa)
SEPesr)sm\T=2=Pn

In a powerset expression Pe, expression e shall be a set. The type of the whole expression is then a powerset of
the type of expression e.

13.2.6.6 Tuple extension expression

LY Foe sm Y E e, s
»E ((ey 8 1)y (€ry 8 7T0)) 8 7T

In a tjuple extension expression (e, ..., e, ), the type of the whole expression is the Cartesian preduct of the types
of thd individual component expressions.

(T=7 X..xXT7, )

13.2)6.7 Tuple selection expression

Y e g . Zl =1041];<...><a;€
cl..

To = Qp

YF (esgn).bsm

In a tjuple selection expression e . b, the type of expression e shall be a Cartesian product, and the numeric value
of NUMERAL b shall select one of its components. The type of the whole expression is the type of the pelected
comppnent.

13.2)6.8 Binding extension expression

I £
XF e 8T XF e, 8 (#{il, ey inl=mn )
Y <] i, == (61 8 Tl)a---vin == (en 3 Tn) [> 8§ TN T [il FTas e Tn]
In a hinding extension expression { i, == e, ...,in\== e, ), there shall be no duplication amongst th¢ bound

namep. The type of the whole expression is that.éha binding whose signature associates the names with the types
of thd corresponding expressions.

13.216.9 Binding construction éxpression

S FE e 7 =8
= YV {Ndom B e (i decor *,8 i) € ¥ A = generic_type (3 i)
YFE Oesm)* s £ = 18]

In a Binding construction expression 6 e *, the expression e shall be a schema. Every name and type palir in its
signafure, with the optional decoration added, shall be present in the environment with a non-generic type. The
type ¢f the whole expréssion is that of a binding whose signature is that of the schema.

NOTE If th&type in the environment were generic, the semantic transformation in 14.2.5.2 would produce a ifeference
ekpression Syhose implicit instantiation is not determined by this International Standard.

13.2]6.10'~Binding selection expression

S Fegr [z =1[3]
¥ (6871).i372\(i>7'2)€5)

In a binding selection expression e . ¢, expression e shall be a binding, and name ¢ shall select one of its
components. The type of the whole expression is the type of the selected component.

13.2.6.11 Application expression

£ £
YF e sn, YF e, 81,

» (ex 8 7) (€5 8 T2) 8 Ty

( 7, = P(7, X 73) )
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In an application expression e, e,, the expression e, shall be a set of pairs, and expression e, shall be of the
same type as the first components of those pairs. The type of the whole expression is the type of the second
components of those pairs.

13.2.6.12 Definite description expression

Y Foe sn YSEBF e 8T , = PI]
Ty = Ta

S ples g m)e(es 8 T) 8Ty

In a definite description expression i e, ® e,, expression e, shall be a schema. The type of the whole expression
is the|type of expression e,, as determined in an environment overridden by the signature of schemase)”

13.2]6.13 Variable construction expression

S HFesgm <7’1:Pa >
YF [i:(egm)sm 72 =Pli : o]

In a yariable construction expression [i : e], expression e shall be a set. The type of #hi€ whole expressioi] is that
of a sfhema whose signature associates the name i with the type of a member of<the set e.

13.2]6.14 Schema construction expression

Y Fesn, Tap #’p(ﬂ:p[g]>
S HE [esm)|p s T2 =T

In a gchema construction expression [e | p], expression e shall beda schema, and predicate p shall be we]l-typed
in an [environment overridden by the signature of schema e. The’type of the whole expression is the samp as the
type ¢f expression e.

13.2]6.15 Schema negation expression

SE e (Tl_p[,g]>

£ —
YF -(esn)sm\T2="

In a 4chema negation expression — e, expiession e shall be a schema. The type of the whole expressioh is the
same [as the type of expression e.

13.2]6.16 Schema conjunction expression

e ‘ 7—1:]P)[/6J

b e, 3Ty YEeps 2 | 1, =P[3]
Y F (60 8 ) A (s D) 8 7y ﬁl%gfﬁ Bl
Ty = 1 2

In a 4chema conjufi¢tion expression e, A e,, expressions e, and e, shall be schemas, and their signatuies shall
be compatible.Lle type of the whole expression is that of the schema whose signature is the union of those of
exprepsions e,—and e,.

13.216.17 " Schema hiding expression

Lal

SF csr /?:PLHJ}Cd ; )
i1,y wry it C dom
» (e s 71,) \ (G1yuyin) 8 To

To = Py, -y in} <4 5]

In a schema hiding expression e \ (i1,...,1n), expression e shall be a schema, and the names to be hidden shall
all be in the signature of that schema. The type of the whole expression is that of a schema whose signature is
computed by subtracting from the signature of expression e those pairs whose names are hidden.
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13.2.6.18 Schema universal quantification expression

T, = ]P)[ﬂl]

» I—S e, ST 2@51 'f €y 8 T2 Tz:]P)[ﬂz]

ZFSV(618T1)0(628T2)37’3 /61%62
73 = Pldom (3, < (3,]

13 Type inference rules

In a schema universal quantification expression V e, e e,, expression e, shall be a schema, and expression e,, in
ironment overridden by the signature of schema e, shall also be a schema, and the signatures of these two
schenjas shall be compatible. The type of the whole expression is that of a schema whose signature is(@omputed

an en

by su
13.2

YFesn ZSebF esn| n=P8B]

btracting from the signature of e, those pairs whose names are in the signature of e;.
6.19 Schema unique existential quantification expression

T, = ]P[ﬁl]

Inas

Y F 3 (e, 3 7)e(es 8 T) 8T B = B2
! ! : ’ 8 T3 = Pldom B3, < 3,]

hema unique existential quantification expression 3, e, e e,, expression ez shall be a schema, and exj

ression

€., inl an environment overridden by the signature of schema e,, shall alse be”a schema, and the signafures of

these

13.2

6.20 Schema renaming expression
#{iy, ey in}=n
YHFegmn 7 = P[B.]

B2 = {.71 = ila ey Jn = in}gﬁl U {iu ey Zn} 651

In a

[Z)

B |_g (6 S Tl)[jl /1177]71/1774] s T2 T2 :P[ﬂ2]
B2 € (A5 )

chema renaming expression e [j, / 4,,,-5Jn / in), there shall be no duplicates amongst the old

two schemas shall be compatible. The type of the whole expression(s ‘that of a schema whose signfature is
complited by subtracting from the signature of e, those pairs whose nathes are in the signature of e, .

names

i1, ..[in. Expression e shall be a schema. Thétype of the whole expression is that of a schema whose signature

is likd that of expression e but with themew names in place of corresponding old names. Declarations f{
merggd by the renaming shall have the same type.

6.21 Schema precondition expression

In a qdchema précondition expression pree, expression e shall be a schema. The type of the whole exprg

that
have

13.2

Y F pre (e sy s 7

YF esm, ., = P[3]
7, =P[{i, j : NAME | j € dom B A (j =i decor 'V j =1 decor !) e j} <[]

f a scliema whose signature is computed by subtracting from the signature of e those pairs whosé
prinfed’ or shrieked decorations.

1622 Schema rnmpneifinn nvprnccinn
T, = ]P)[/ﬁl]
Ty = ]P)[ﬁz]

match = {i : dom B, | i decor ' € dom 3, @i}

64

SFesn TF e s By = {i : match e i decor '} <3,

S (en 87)8(en 8 Ta) g 7y | Pa=match<f,
ﬂ3%ﬂ4
{i : match @ i — [3,(i decor ")} =~ {i : match e i +— (3, i}
73 =P[B; UB,]
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In a schema composition expression e, § e,, expressions e, and e, shall be schemas. Let match be the set of
names in schema e, for which there are matching primed names in schema e,. Let 3, be the signature formed
from the components of e, excluding the matched primed components. Let 3, be the signature formed from the
components of e, excluding the matched unprimed components. Signatures §; and 3, shall be compatible. The
types of the excluded matched pairs of components shall be the same. The type of the whole expression is that
of a schema whose signature is the union of 3, and g,.

13.2.6.23 Schema piping expression

Ina

whiclj there are matching shrieked names in schema e, and queried names in\sehema e,. Let 3 be the si

form
from
The
that

13.216.24 Schema decoration expression

In a
of a

13.3] Summary of scope rules

Ty :P[ﬁl]

Ta = P[62]

. . match = {i : NAME ] 1 decor ! € dom 3, N1 decor 7 € dom 3, e
YXF e s XboesT | By={i:malchei decor |} <0,

Y E (e 87)>> (en 87) 87y | Pa=1{i:matcheidecor 7} <,

By ~ B,
{i : match o i — (,(i decor )} = {i : match®@ i — (3, (i decor
73 =P[B; U]

sthema piping expression e, >> e,, expressions e, and e, shall be schemas,.Let ‘match be the set of ng

ad from the components of e, excluding the matched shrieked components. Let 3, be the signature
he components of e, excluding the matched queried components. <Signatures 35 and 3, shall be com
tiypes of the excluded matched pairs of components shall be théssame. The type of the whole expré
f a schema whose signature is the union of 3, and g,.

YFesgmn (lep[ﬁ] >

YE (esm)*t gm\ 7==P{i:dom Beidecors™ — 3 i}]

schema decoration expression e T, expression e*shall be a schema. The type of the whole expression
sfhema whose signature is like that of e butowith the stroke appended to each of its names.

NOTE Here is an informal explanation of the scope rules implied by the type inference rules in 13.2.
A scope is static: it depends on only the structure of the text, not on the value of any predicate or expressi

A declaration can be either: a given type, a free type, a formal generic parameter, or an instance of Decl|
usually within a DeclPart.

The scopes of gitentypes and free types (which occur only at paragraph level), and Declarations at paragr
(buch as thosd el schema definitions and those of the outermost DeclPart in axiomatic descriptions), are tl
of the restof the section and any sections of which that is an ancestor.

—

edeGlaration at paragraph level of any name already declared at paragraph level is prohibited. Redeclarati
hnteT)level of any name already declared with larger scope makes a hole in the scope of the outer declaratio}

-

imes for
pnature

formed

patible.

ssion is

is that

hration

ph level
le whole

bn at an
.

In a free types paragraph, the scopes of the declarations of the free types include the right-hand sides of the free type
declarations, whereas the scopes of the declarations of the elements and injections of the free types do not include

the free types paragraph itself.
The scope of a formal generic parameter is the rest of the paragraph in which it appears.

A DeclPart is not in the scope of its declarations.

The declarations of a schema inclusion declaration are distinct from those in the signature of the schema itself, and
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65


https://standardsiso.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

ISO/IEC 13568:2002(E)

14

14.1] Introduction

and

and

syntak.

so have separate scopes.

14 Semantic transformation rules

A name may be declared more than once within a DeclPart provided the types of the several declarations are identical.
In this case, the declarations are merged, so that they share the same scope, and the corresponding properties are

conjoined.

The scope of the declarations in the DeclPart of a quantification, set comprehension, function construction,

definite

description or schema construction expression is the | part of the SchemaText and any e part of that construct.

Semantic transformation rules

The gemantic transformation rules define some annotated notations as being equivalent to other annotgted no-
tation)s. The only sentences of concern here are ones that are already known to be well-formed syntdctically

well-typed. These semantic transformations are transformations that could not‘appear earlier as syntactic
transformations because they depend on type annotations or generic instantiations efvdare applicable only fo parse
trees pf phrases that are not in the concrete syntax.
Some[semantic transformation rules generate other transformable notation, though exhaustive application jof these
rules plways terminates. They introduce no type errors. It is not intended‘that type inference be repeated on the
generpted notation, though type annotations are needed on that notatien.for the semantic relations. Neveitheless,
the mjanipulation of type annotations is not made explicit throughout’these rules, as that would be obfyscatory

cpn easily be derived by the reader. Indeed, some rules expleit concrete notation for brevity and clafity.
The spmantic transformation rules are listed in the same order as the corresponding productions of the anhotated
All agplications of transformation rules that generate ngw declarations shall choose the names of those declarations
to belsuch that they do not capture references.
14.2| Formal definition of semantic‘transformation rules
14.2]1 Specification
Therq are no semantic transformation rules for specifications.
14.212 Section
Therd are no semantic transformation rules for sections.
14.2]3 Paragraph
14.213.1 Free types paragraph
A freq types paragraph is semantically equivalent to the sequence of given type paragraph and axiomatic d¢finition
paragiraph defitted here.

NOTE U This exploits notation that is not present in the annotated syntax for the purpose of abbreviation.

AED

fro=hoo | ham, [galess) || gun, (€1n,)

& ... &

fro=heo |l hem, L gralleri) | | grn, (€rn, )

END

=

ZED

[frsens £r]

END
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AX
h117 ceey hlm1 5f1
h’r‘17 ey hrmT.:fr
911:P(€11 Xfl); <5 Gin, :P(€1n1 x.f1)
- Ple f.): G Ple £.)
|
Fue,o3, 2:g.,0. 1=u)AN . ANVu:e,, 03, 2:9,,, 02.1=u)
A
Fuier,03 z:grroz. l=u)A . ANVNuie, 3, 2:gp, 02.1=u)
Vuvie,|griu=g,v0u=0v)AN . ANV u,v:ein, |Gin,=Gginteu=mu)
I
V u,v:iers | griu=grveu=0)A.. AN U,V:€n, |Grnt=grnvels )
M b,,0,:Ne
YV w:f,]
b,=1ANw=h,, V. Vbh=mAw="hym, V
by=m+1lAwe{z:g,,0z.2} V. Vb=mj+mAwe{r:g,,, oz.2})
Aba=1ANw=hy, V..Vby=m Aw=hym N
bo=mi+1Awe{zr:g,0x.2}V..Vh=m+mAweE{zr:¢g,,, ox.2})e
by = bs) A
CA
¥ w:f |
b,=1ANw=h., V..Vb =mfw=hppm, V
by=mr+1Awe{r:g 1 02.2} V..V =m.+n ANw€E{x:gr, ox.2})
ANba=1ANw=hp, V..VIIZ=mp Aw=hpp, V
bo=my+1Awe{zlgr,0x.2} V.. Vho=m+n AweE{z:grn 0z.2})e
b, = b)
Mw, :Pfi; s we P S|
hiy €Wy Ao AN, € Wy A
CA
hy1 € WNVeo A By, € Wy A
(Vil/(ﬂ fl == Wy o3 fr ::wr.ell).gllyewl)/\
N Y (1 fy==wy e fr==w,0€,,)®gin, Y EW,) A
A
(Vy(/i fl == Wyj -ees fr ::wr.erl).grlyewr)/\
/\(Vy(M fl == W;y; .- fr ::wr.ern,-).grn,.yewr>.
w, = f1 A . ANwyp = fr
END

The type names are introduced by the given types paragraph. The elements are declared as members of their cor-
responding free types. The injections are declared as functions from values in their domains to their corresponding

free type.

The first of the four blank-line separated predicates is the total functionality propert
injection, the injection is functional at every value in its domain.

©ISO/IEC 2002—All rights reserved
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The second of the four blank-line separated predicates is the injectivity property. It ensures that for every
injection, any pair of values in its domain for which the injection returns the same value shall be a pair of equal

values (hence the name

injection).

The third of the four blank-line separated predicates is the disjointness property. It ensures that for every free
type, every pair of values of the free type are equal only if they are the same element or are returned by application
of the same injection to equal values.

The

urth of the four blank-line separated predicates is the induction property. It ensures that for every free

type,

its members are its elements, the values returned by its injections, and nothing else.

The generated p expressions in the induction property are intended to effect substitutions of all references to the

free type names, including any such references within generic instantiation lists in the e expressions.

ZED

[fasons fr]
END

AX
Pygy oo

hriy oo
i1 :€1:— fi

grl L €ra >_>f7"a

Vw, :Pfi; ..

DA

wy = fi A
END

disjoint{{h..}, ...

disjoint{{hr.}, ...

(hys, ...

i .

) hlml :fl

bl h’""mr : fT

w3 Giny P€in, — fu

oy Grop t€rng o= fr

) {hl m1}7 ran gy . 4

) {hrm,\}, ran gra,
wy 2 P fa]

e ANwy = fr

, hrmr}Ugrl(I W fr == wy;
UeeUgrn, (pfo ==w1; ..j fr==wr®erpn,.|) Cwre

NOTE 2 That is why this is a semantic transformation not a syntactic one: all implicit genéri¢-instantiati
ave been made explicit before it is applied.

h
NOTE 3 The right-hand side of this transformation could have been expressed using notafion from the mathgmatical
tpolkit, as follows, but for the desire to define the Z core language separately from thé.mathematical toolkit,

tey TGN a1y )

weey TAN Gr )

Jap JUga(pfi==wa o fr==wreeis )
UeUgin, (pfi ==w1; ooy fr==wroein, ) Cw A

e fr == Wr ® €r, D

ns shall

14.2.4 Predicate

14.2.4.1 Unique existential predicate

The unique existential quantification predicate 3, e o p is true if and only if there is exactly one value for e for

which p is true.

68

Jeep =

~(Veea(pA(V[e|[p]Tobe

fe™)))
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NOTE Exploiting notation that is not present in the annotated syntax, this abbreviates to the following.

Jd,eep = JeepA(Ve|p]~ole=0e"™)

It is semantically equivalent to there existing at least one value for e for which p is true and all those values for
which it is true being the same.

14.2.5 Expression

14.2]5.1 Tuple selection expression

The value of the tuple selection expression e . b is the b’th component of the tuple that is the value-of e.

(e 8Ty X .. XTy).b = {i:carrier (1, X ... xXT,)

(i, iy 2 carrier Ty; .. Gyt carrier T, | & = (i, 037%,) e i)} e

NOTE Exploiting notation that is not present in the annotated syntax, this abpreviates to the following.

(e 8 Tu X XTp). b = (Ni:carrier (T, X ... X Tp) ®

L Ty CATTIET Ty; ..oy dp @ CANPVET T | & = (1, ..y in) @ 1p) €

It is spmantically equivalent to the function construction, from tuplés’of the Cartesian product type to the pelected
comppnent of the tuple b, applied to the particular tuple e.

14.2]5.2 Binding construction expression

*

The value of the binding construction expression 6 e * i§ the binding whose names are those in the signpture of
schenja e and whose values are those of the same namgs with the optional decoration appended.

Oe™ g [iy:Ty; oo in T == (i, ==1, decor ™, ..., i, ==y, decor * |
It is gemantically equivalent to the binding.éxtension expression whose value is that binding.
14.215.3 Binding selection expression

The +alue of the binding selection~expression e . i is that value associated with ¢ in the binding that is the value
of e.

(e=ofo]) .i = {carrier [o] ® (chartuple (carrier [0]),i)} e

NOTE Exploiting notation that is not present in the annotated syntax, this abbreviates to the following.

(e gfo]).i = (A carrier[o]ei)e

It is detrantically equivalent to the function construction expression, from bindings of the schema type Jof e, to
the value of the selected name 7, applied to the parficular binding e.

14.2.5.4 Application expression

The value of the application expression e, e, is the sole value associated with e, in the relation e,.
e, e, 87 = (pi:carrier 7| (es,i) Ee, 01)

It is semantically equivalent to that sole range value ¢ such that the pair (e,, %) is in the set of pairs that is the
value of e,. If there is no value or more than one value associated with e,, then the application expression has a
value but what it is is not specified.
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14.2.5.5 Schema hiding expression

The value of the schema hiding expression e \ (i1, ...,1,) is that schema whose signature is that of schema e
minus the hidden names, and whose bindings have the same values as those in schema e.

Itiss

€.

(e 8 Po]) \ (iry-yin) == = (Y i, : carrier (o i,); ...; in : carrier (o i,) ® = ¢)

Fay

I

[a nE m I R e el " — ] PRI | 4 e 1.1 et 4 -] full .
A\ i W] TXPIOITIITZ TTOTATIOIT CITAt IS ITOU PTCSCITU 11T UITC aIllIToOTatTtr Sy ITtaX, CIITS ADDTCVIATTS tU UITC TOITOWIITZ®

(e s Plo]) \ (t1y.e0in) == T iy :carrier (0 4.1); ...; in @ carrier (o in) ® €

14.2]5.6 Schema unique existential quantification expression

The

€, re;

It is

\
dtricted to exclude names that are in the signature of e,, for at least one binding of the schema e, .

Jie,0e, = (Ve ea(exA(Ve, |e]™ 0fe, =0e, ™))

NOTE Exploiting notation that is not present in the annotated\syntax, this abbreviates to the following.

J e 0e. = Je, 0 A(Vies e ]  0be, =0e, ™)

quantfification predicate transformation.

14.2

5.7 Schema precondition expression

The yalue of the schema precondition expression pree is that schema which is like schema e but wit
primgd and shrieked components.

pre(e s Blov]) g Plo.] = - (VY carrier [0, \ 0.] @ —e)

NOTE Exploiting notatien that is not present in the annotated syntax, this abbreviates to the following.

pre(e 8 Plo.]) 8 Plo.] = 3 carrier [0, \oz] @€

bmantically equivalent to the schema existential quantification of the hidden names i, , ... (¢; from the|schema

alue of the schema unique existential quantification expression 3, e, ® e, i, the¢ set of bindings of[schema

bmantically equivalent to a schema existential quantification expression, analogous to the unique exjstential

hout its

It is gemanticadly ‘equivalent to the existential quantification of the primed and shrieked components ffom the
schenja e.
14.215.8\. 'Schema composition expression

The value of the schema composition expression e, g €, 1s that schema representing the operation oi doing the
operations represented by schemas e, and e, in sequence.

70

(ex 8 Ploa]) § (ex 8 Plo]) & Plo]
—
S (Velea(n(Ve,oe; e |fey;=0e")
A (Y ey o [e €| B, = 06))

where e; == carrier [{i : NAME; 7 : Type | i decor '+ 7 € o, @i decor '+ T}]
and e, == carrier [{i : NAME; 7:Type | i — T € 0, ® i — T}]
and €™ == (e, )™
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15

It is Jemantically equivalent to the existential quantification of the matched pairs of primed componen
and unprimed components of e,, with those matched pairs being equated.

14.2]5.9 Schema piping expression

The value of the schema piping expression e, >> e, is that schema representing the operation formed f;
two operations represented by schemas e, and e, with the outputs of e, identified wigh the inputs of e,.

It is demantically equivalent to the existéntial quantification of the matched pairs of shrieked componen
and queried components of e,, with.those matched pairs being equated.

14.2]5.10 Schema decoration expression

The sfalue of the schema dedoration expression e T is that schema whose bindings are like those of the s
excepf that their names-have the addition stroke T.

It is gemantically, €quivalent to the schema renaming where decorated names rename the original names.

15

15.1—Imtroduction

NOTE Exploiting notation that is not present in the annotated\syntax, this abbreviates to the following.

Semantic relations ISO/IEC 13568:2

NOTE Exploiting notation that is not present in the annotated syntax, this abbreviates to the following.

(2 8 Plou]) § (€2 8 Ploz]) 8 Plo]

Jee(Tesoer; e 0ey =0e™)
AN(Tesoles; | 0e, =0€™])

002(E)

where e; == carrier [{i : NAME; 7 : Type | i decor '+ 7 € o, @i decor '+ 7}]
and e, == carrier [{i : NAME; 7:Type | i — 7 € 0, @i > T}]
el (e}

(e, 8 Plo,]) > (e, s Plos]) s Plo]

=
S (V e 0 (= (V ey 0 [ens [ By =067
A=V ey 0= fess [ e, = 0.6))

where e, == carrier [{i : NAME; 7: Type | i decor | — 1 €6, @i decor | — 7}]
and e, == carrier [{i : NAME; 7 : Type | i decor 7¢>'1 € 0, ® i decor 7 — 1}]
and e == (e, )

(ex 8 Plo.]) => (€28 Plos]) ¢ Plo]
s

Jee(Tesoer; €| 0ey =07
A(Teyoles; ] 0e, =0€Y])

where e; == carrier [{i : NAMB; 7 : Type | i decor |+ 7 € o, @i decor ! +— T}]
and e, == carrier [{i/NAVE; T : Type | i decor ? +— T € 0, @ i decor ? — T}]
and ™ == (e,

(el Pliy i 7y o in )t = e [iy decor T /iy, ....iy decor V] iy]

Semantic relations

ts of e,

om the

ts of e,

hema e

The semantic relations define the meaning of the remaining annotated notation (that not defined by semantic
transformation rules) by relation to sets of models in ZF set theory. The only sentences of concern here are ones
that are already known to be well-formed syntactically and well-typed.

This clause defines the meaning of a Z specification in terms of the semantic values that its global variables may
take consistent with the constraints imposed on them by the specification.

This definition is loose: it leaves the values of ill-formed definite description expressions undefined. It is otherwise
tight: it specifies the values of all expressions that do not depend on values of ill-formed definite descriptions,
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every predicate is either true or false, and every expression denotes a value. The looseness leaves the values
of undefined expressions unspecified. Any particular semantics conforms to this International Standard if it is
consistent with this loose definition.

EXAMPLE The predicate (uz : { }) € T could be either true or false depending on the treatment of undefinedness.

NOTE 1 Typical specifications contain expressions that in some circumstances have undefined values. In those
circumstances, those expressions ought not to affect the meaning of the specification. This definition is then sufficiently
tight.

NOTE 2 Alternative treatments of undefined expressions include one or more bottoms outside of the_édrrier sets,
or undetermined values from within the carrier sets.

15.2| Formal definition of semantic relations
15.2{1 Specification
15.2]1.1 Sectioned specification

[ 51 ..5.]° = ([ ZED section prelude parents END ... |* g [*s]° 5...3[ 5. [°) @

The 1heaning of the Z specification s, ... s, is the function from sections’ names to their sets of models|formed
by stqrting with the empty function and extending that with a maplet from a section’s name to its set ofl models
for ealch section in the specification, starting with the prelude:

To determine [ ZED section prelude parents END ... | anothéf prelude shall not be prefixed onto it.

NOTE The meaning of a specification is not the meaning of its last section, so as to permit several meaningful units
within a single document.

15.2J2 Section
15.2]2.1 Inheriting section

The grelude section, as defined in clause™, is treated specially, as it is the only one that does not have |prelude
as an|implicit parent.

[\ZED section prelude parents END D, ... D, |°

A InSectionModels o {prelude l—_>([[ D, %53 Dn]") ({2} )}

The 1heaning of the prelude section is given by that constant function which, whatever function from sections’
namep and their setg’of models it is given, returns the singleton set mapping the name prelude to its set of jnodels.
The spt of models is that to which the set containing an empty model is related by the composition of the rplations
betwden models‘that denote the meanings of each of the prelude’s paragraphs—see clause 11 for details pf those
paragraphs!

OTE One model of the prelude section can be written as follows.

{A— A,

N +— N,
number_literal_0 +— 0,
number_literal_1 — 1,

-+-~{((0,0),0),((0,1),1),((1,0), 1), ((1,1),2), ... }}

The behaviour of (- 4 _) on non-natural numbers, e.g. reals, has not been defined at this point, so the set of models
for the prelude section includes alternatives for every possible extended behaviour of addition.
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S

[ ZED section i parents i,,...,i, END D, ... D, ]
A T : SectionModels T U {i —
([ Dy 1788 Dn 17) ( {My : T prelude; M, : T iy; ... My : T i M: Model | M = MyUM,U...UM,, ® M} |)}

The meaning of a section other than the prelude is the extension of a function from sections’ names to their sets
of models with a maplet from the given section’s name to its set of models. The given section’s set of models
is that to which the union of the models of the section’s parents is related by the composition of the relations
betwder models that denote the meaiings of eacht of the Section’s paragrapis.

15.2]3 Paragraph

15.2{13.1 Given types paragraph

The diven types paragraph ZED [i,, ..., 4,] END introduces unconstrained global names.

[ ZED [iy,...,in]) END |° = {M: Model; wy, ..., w, : W
o M— MU{i, — wy, ..., in+— wy}
U {4, decor Q — wy, ...¢op\decor Q — wy,}}

It reldtes a model M to that model extended with associations between the names of the given types and spmantic
valueg chosen to represent their carrier sets. Associations for names decorated with the reserved stroke © fre also
introduced, so that references to them from given types (see 15.2.6.1) éan avoid being captured.

15.2§3.2 Axiomatic description paragraph

The gxiomatic description paragraph AX e END introduces globalyiames and constraints on their values.
[AX e END |7 = {M: Model; t WY tc[e] Mo M— MUt}

It relgtes a model M to that model extended with a binding ¢ of the schema that is the value of e in mofdel M.
15.2]3.3 Generic axiomatic description-paragraph

The generic axiomatic description paragraph GENAX [i,, ..., i,] € END introduces global names and constrjints on
their palues, with generic parameters that hdve to be instantiated (by sets) whenever those names are ref¢renced.

[ GENAX [iy, ... in] (e 8 Py : Taje Jon ¢ 7)) END |” =
{M: Model; u:W T n=W
|V wi, o, Wi WeI w:We
u (w,Gn, wy) € w
AWDE {3y — wy, ..., iy > wy Y U {iy decor @ — wi, ..., iy, decor & — wy}) — w € e ]°
o MAMUXy:{ji, oy jmerz: Wlineuzy}

Giver] a modell M and generic argument sets wy, ..., wy,, the semantic value of the schema e in that model
overridden bythe association of the generic parameter names with those sets is w. All combinations of|generic
argunhent{sets are considered. The function u maps the generic argument sets to a binding in the schemalw. The
paragiraph relates the model M to that model extended with the binding that associates the names of the|schema
e (namely 7., ..., Jm) with the corresponding value in the binding resulting Irom application of u to arbitrary
instantiating sets z. Associations for names decorated with the reserved stroke # are also introduced whilst
determining the semantic value of e, so that references to them from generic types (see 15.2.6.2) can avoid being
captured.

15.2.3.4 Conjecture paragraph

The conjecture paragraph ZED F7 p END expresses a property that may logically follow from the specification. It
may be a starting point for a proof.

[ZEDF? p END |° = id Model
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It relates a model to itself: the truth of p in a model does not affect the meaning of the specification.
15.2.3.5 Generic conjecture paragraph

The generic conjecture paragraph ZED [i,, ...,4,] F? p END expresses a generic property that may logically follow
from the specification. It may be a starting point for a proof.

[ ZED [iy,...,in] F? p END |7 = id Model

It 1 + dal & daallfe £l o 4 +1 L M dal PEEPNS SN N M £ il MY 43
reliptes—rrrodetotme e trrof i remodedoesrrotrdect—emere—otthe s pectientton

15.2]4 Predicate

The spt of models defining the meaning of a predicate is determined from the values of its constituent expiessions.
The spt therefore depends on the particular treatment of undefinedness.

15.2{4.1 Membership predicate
The thembership predicate e, € e, is true if and only if the value of e, is in the set that is the value of ¢},.
[e.€er]” = {M: Model |[ e, M€ [ e, "M@ M}

In terms of the semantic universe, it is true in those models in which the semantic value of e, is in the spmantic
value|of e,, and is false otherwise.

15.2]4.2 Truth predicate

A truph predicate is always true.

[ true |¥ = Model

In tenms of the semantic universe, it is true in all models.

15.2]4.3 Negation predicate

The 1legation predicate = p is true if and only #p’is false.

(S 17 = Model\[p]”

In terms of the semantic universe, it is*true in all models except those in which p is true.
15.2]4.4 Conjunction predicate

The donjunction predicate p=~A.p, is true if and only if p, and p, are true.
[p. Aps ]]P = [p ﬂpm[[p2 HP

In teqms of the semantic universe, it is true in those models in which both p, and p, are true, and|is false
otherise.

15.2{4.5 Universal quantification predicate

The yniversal quantification predicate V e o p is true if and only if predicate p is true for all bindingg of the
schenja“e)

[Veep]” = {M:Model |Vt:[e]"MeMatc[p] oM}

In terms of the semantic universe, it is true in those models for which p is ¢rue in that model overridden by all
bindings in the semantic value of e, and is false otherwise.

15.2.5 Expression

Every expression has a semantic value, specified by the following semantic relations. The value of an undefined
definite description expression is left loose, and hence the values of larger expressions containing undefined values
are also loosely specified.
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15.2.5.1 Reference expression

The value of the reference expression that refers to a non-generic definition ¢ is the value of the declaration to
which it refers.

[i]° = X M: Model M i

In terms of the semantic universe, its semantic value, given a model M, is that associated with the name i in M.

15.2 59 Cleneric instantiation nv}"\vnccinh

The +alue of the generic instantiation expression i [e,, ..., €,] is a particular instance of the generic réferrdd to by
name|s.

[iler,-en] ] = X M: Model @ Mi ([e, |°M, ..., [ en ]|*M)

In terjms of the semantic universe, its semantic value, given a model M, is the generic value associated with the
nameli in M instantiated with the semantic values of the instantiation expressions in/M.

15.215.3 Set extension expression
The value of the set extension expression { e,,...,e,} is the set containing thévalues of its expressions.
[{er,nent " = X M:Model o {[ e, |"M, 3\ en "M}

In terjns of the semantic universe, its semantic value, given a model M, is'the set whose members are the spmantic
valueg of the member expressions in M.

15.2]5.4 Set comprehension expression

The value of the set comprehension expression { e, o e, }.i§the set of values of e, for all bindings of the|schema
e.

[{e oe} J° = NM:Model'e{t, :[e; ["Me[e,]° (MDt,)}

In terms of the semantic universe, its semantic value, given a model M, is the set of values of e, in M ovdrridden
with 4 binding value of e, in M.

15.2]5.5 Powerset expression

The value of the powerset expressionP e is the set of all subsets of the set that is the value of e.
[Pe]® = X M: Model o P ([ e |* M)

In terms of the semantic universe, its semantic value, given a model M, is the powerset of values of e in |M.
15.2]5.6 Tuple extension expression

The yalue of thegtiple extension expression (e,,...,e,) is the tuple containing the values of its exprespions in
order

[(er,onen) ] = X M: Model o ([e, [°M, ..., [ en ]° M)

In tefms.of the semantic universe, its semantic value, given a model M, is the tuple whose components|are the
semantic values of the component expressions in M.

15.2.5.7 Binding extension expression

The value of the binding extension expression { i, == e,,...,i, == e, ) is the binding whose names are as
enumerated and whose values are those of the associated expressions.

[(i.==¢1ein==en)]° = X M: Model ® {i, — [ e, |°M, ..., i, — [ e, ]° M}

In terms of the semantic universe, its semantic value, given a model M, is the set of pairs enumerated by its
names each associated with the semantic value of the associated expression in M.
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15.2.5.8 Definite description expression

The value of the definite description expression i e, ® e, is the sole value of e, that arises whichever binding is
chosen from the set that is the value of schema e,.

{M: Model; t, : W
|t,€le. |°M
ANV G e Mo e ]° (Mo 1) = [ e | (M& 1)
e Mi—e HS(Mmf\} C lTpe ec HE

In tejms of the semantic universe, its semantic value, given a model M in which the value of e, in(tha} model
overridden by a binding of the schema e, is the same regardless of which binding is chosen, is that-valye of e,.
In other models, it has a semantic value, but this loose definition of the semantics does not say)what it i

T

15.2]5.9 Variable construction expression

The value of the variable construction expression [i : e] is the set of all bindings whose sole name is ¢ angl whose
assocjated value is in the set that is the value of e.

[[i:e]]° = AN M: Model @ {w:[e]°Me {i—=w}}

In terms of the semantic universe, its semantic value, given a model M, is‘the set of all singleton bindinlgs (sets
of pailrs) of the name 7 associated with a value from the set that is the/ermantic value of e in M.

15.2]5.10 Schema construction expression

The yalue of the schema construction expression [e | p] is the set of all bindings of schema e that satfisfy the
consttaints of predicate p.

[lelp]]° = AM:Modele {t:e]|"M|Matec[p] ot}

In tengms of the semantic universe, its semantic valug,“given a model M, is the set of the bindings (sets ¢f pairs)
that gre members of the semantic value of schema e in M such that p is true in the model M overridden with
that Pinding.

15.2]5.11 Schema negation expression

The yalue of the schema negation expression — e is that set of bindings that are of the same type as those in
schenja e but that are not in schemaje.

[-es®r]® = XN M: Modelo{t:[T]"M|-tc[e] Met}

In teqms of the semanticarhiverse, its semantic value, given a model M, is the set of the bindings (sets ¢f pairs)
that fre members of th€)semantic value of the carrier set of schema e in M such that those bindings |are not
members of the septantic value of schema e in M.

15.2]5.12 Schema conjunction expression

The value ofbhe schema conjunction expression e, A e, is the schema resulting from merging the signafures of
schenjas- ey and e, and conjoining their constraints.

lesNex s PT]" = AN M: Modele{t: |7 Mt :[e, [[Mt:|e[M|t,Ut,=1tet}

In terms of the semantic universe, its semantic value, given a model M, is the set of the unions of the bindings
(sets of pairs) in the semantic values of e, and e, in M.

15.2.5.13 Schema universal quantification expression

The value of the schema universal quantification expression V e, ® e, is the set of bindings of schema e, restricted
to exclude names that are in the signature of e,, for all bindings of the schema e,.

[Ve oes sPT]° = XN M:Model @ {t,:[7]" M|Vt :[e,|["Mot,Ut,€[e.]° (MDt) et}
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In terms of the semantic universe, its semantic value, given a model M, is the set of the bindings (sets of pairs)
in the semantic values of the carrier set of the type of the entire schema universal quantification expression in
M, for which the union of the bindings (sets of pairs) in e, and in the whole expression is in the set that is the
semantic value of e, in the model M overridden with the binding in e, .

15.2.5.14 Schema renaming expression

The value of the schema renaming expression e [j, / 44,...,Jn / in] is that schema whose bindings are like those
ema e except that some of its names have been replaced by new names. possibly merging components.

of sch
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Leljr/trsemdn/in]]° = X M: Model o
{t,:[e]"M; t, : W |
to ={j1 — i1, dn = int 5t U{iy, .. i@t
Nty € (_ -+ _)
i}

s of the semantic universe, its semantic value, given a model M, is the set éftlie bindings (sets d
semantic value of e in M with the new names replacing corresponding old~niames. Where compon
d by the renaming, those components shall have the same value.

6 Type

alue of a type is its carrier set.

OTE 1 For an expression e with a defined value, [ e g 7] €[ #]".

OTE 2 The value of a generic type, [ [is,...,3n] 7], is neverneeded, and so is not defined.

OTE 3 [ 7]* M differs from carrier 7 in that the forméapplication returns a semantic value whereas t
pplication returns an annotated parse tree.

6.1 Given type

[ GIVEN i J50"= X\ M : Model @ M (i decor )

hame ¢ in M.

6.2 Generic parameter type

[ GENTYPE i |7 = X\ M: Model @ M (i decor &)

emantic value/df.the generic type GENTYPE ¢, given a model M, is the semantic value associated with
heter name. 3 in M.

6.3 _Powerset type

f pairs)
bnts are

he latter

kmantic value of the given type GIVEN i, given a model M, is the semantic value associated with tlie given

generic

I Pr]” = AM: Model o P (| 7| M)

The semantic value of the set type P, given a model M, is the powerset of the semantic value of type 7 in M.

15.2.

6.4 Cartesian product type

[7oX..x7 " = X M: Model o ([, ]" M) x ...x ([ 1o ]" M)

The semantic value of the Cartesian product type 7, X ... X 7, given a model M, is the Cartesian product of the
semantic values of types 7,... 7, in M.
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15.2.

6.5 Schema type

[lis:7; s in:ma] ]© = X M: Model
o {t:{iy, yin} =Wlti, e[, ]"MA..Atin€[1,] Mot}

The semantic value of the schema type [i, : 7,5 ...

15 Semantic relations

i in : Tnl, given a model M, is the set of bindings, represented

by sefsof pairsof mamesamt-vatues; for which themames—arethose of the schenmatypeamdtheassocateyl values

are tH

e semantic values of the corresponding types in M.
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Annex A
(normative)
Mark-ups

A.1 Introduction

Not ditsystems support 15O/IEC 10646 {5]16f (UCS); The definitive Tepresentation of Z characters (chpuse 6).

Othe representations are known as mark-ups. For each mark-up, there shall be a functional mapping
to thg UCS representation. The UCS representation may be used directly: the identity function is‘a)con
mappjng. This annex defines two mark-ups based on 7-bit ASCII [4] and their mappings:

The
and

individual ASCII characters (such as digits) are converted by default diréetly to the corresponding Z ch
i.e. frgm ASCII-zy to 0000 00xy in UCS. Use of different sequences of mark-up characters that correspon
same |[Z characters is permitted by this International Standard, as{the¢’same lexical tokens will result. H
tools may require lexical tokens to be marked-up consistently.

Some|mark-ups, such as the IHTEX mark-up, have a rendering separate from their conversion. A mark-
specifly rendering information, such as bold or italic, that«is irrelevant to its conversion. A mark-up’s colversion

and

sequepce of lexical tokens as is specified by this Intérdational Standard from the conversion.

The

assunpption that its sections are in a definition before use order. This restriction need not be imposed
order|in which sections are presented to adiiyan reader or to a tool. A mark-up shall be such that section
can be recognised without recognising anything else, so that sections marked-up out-of-order can be pd

first.

A.2 | BTgX mark-up

A.2

o BTEX [10] mark-up, suitable for processing by that tool to render Z characters in thejrmathematic

an e-mail, or lightweight ASCII, mark-up, suitable for rendering Z characters on allow resolution devi
as an ASCII-character-based terminal, or in e-mail correspondence.

hark-up mappings described in this annex show how to partition ASGIImark-up into ‘mark-up
How to convert each mark-up token to a corresponding sequence of Z¢characters. Mark-up tokens {

rendering shall be consistent with each other, i.e..someone reading the rendering should perceive t

demantics of a specification are specified by)the normative clauses of this International Standard

NOTE 1 Specifications with-cycles in the parents relation are erroneous, so there is no need to permute their

NOTE 2 The syntax of{aymark-up is separate from the syntax of the lexis (clause 7). It would be a mj
agsume that a mark-up.should follow the syntax of the lexis.

EXAMPLE-NThe WTEX mark-up \begin{schema}{S} becomes the Z characters SCHCHAR S for recogy
the lexis,the braces not appearing in the Z characters, though they have to be there in the A TEX marK

NOTE " Some guidance on implementing the specification contained in this clause is given in [17].
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The rendering of mark-up by ETEX depends on the mode in which it is interpreted. The mark-up of formal Z

text

shall be interpreted and rendered in IXTEX’s math mode.

Other aspects of the rendering shall be defined to be consistent with the conversion defined below.

A.2

.2 White space and comments

Within IXTEX’s math mode, white space separates tokens of the mark-up, but only sometimes is rendered as
space.
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The ASCII white space characters space, tab and newline are ‘soft’: they render as nothing, and they shall be
converted to no Z characters.

The ‘hard’ space mark-ups render as specific quantities of space and shall be converted to Z characters as listed
below. The IMTEX commands for hard space shall be in scope throughout a specification.

NOTE 1 Early ones in the table are existing IXTEX commands; later ones (the tab stops onwards) are additional
commands that have traditionally been used in mark-up of Z.

IJA LUlllllldlld Rclldcl ills Z blldl cll,i;t:l.
- interword space SPACE
\, thin space SPACE
\: medium space SPACE
\; thick space SPACE
\(spafe) interword space SPACE
A\ newline NLCHAR
\t1 tab stop 1 SPACE
\t2 tab stop 2 SPACE
\t3 tab stop 3 SPACE
\t4 tab stop 4 SPACE
\t5 tab stop 5 SPACE
\t6 tab stop 6 SPACE
\t7 tab stop 7 SPACE
\t8 tab stop 8 SPACE
\t9 tab stop 9 SPACE
\alsg small vertical space NLCHAR
\zneypage new page NLCHAR

NOTE 2 It is the generated SPACE characters that \go on to separate the tokens of the Z lexis.
All INIEX comments, except directives (see A.2:3) shall be ignored.

NOTE 3 A ETEX comment starts with.a%/character and extends to the end of that line, over the newline character
ifself, and ends with any spaces and tdbs)at the start of the next line.

All {|and } characters that are not.prefixed with \ can affect the conversion of neighbouring mark-up, but shall
themgelves convert to no Z charatters.

A.2.83 Mark-up directives
A.2.8.1 Introductien

IXTEX] mark-up is based on commands whose definitions determine their rendering. The conversion of the same
comnfands to corresponding sequences of Z characters shall be specified by mark-up directives (except the com-
mandk for hard=space defined in A.2.2 above).

Rend¢ring definitions are in terms of either a specific character or a sequence of other existing mark-up. Nlark-up
directfives shall analogously be in terms of either a specific character or a sequence of other existing mark-up.

OTE Rendering delinitions are typically formulated in terms ol \DeclareMathsymbol and \newcommand commands.

Commands that are used as operator words have space rendered between them and their operands. Mark-up
directives shall specify the conversion of corresponding space. Whereas the quantity of space rendered depends
on whether the operator is a function or a relation, a single SPACE character in the conversion suffices to ensure
consistency between rendering and conversion.

Just as it is an error for a command to be used without a rendering definition, it shall be an error for a command
to be used without a mark-up directive.

In general, a directive begins with %% at the start of a line (no leading space), and ends at the end of that line.
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The usual ITEX rule concerning soft space following a ITEX command being ignored is disabled in the case of
a newline character at the end of a directive.

A.2.3.2 Mark-up directives for single characters

The %%Zchar mark-up directive specifies the conversion of a ITEX command to a Z character. It takes one of
the following forms,

%%Zchar \LaTeXcommand U+nnnn
%%Zchar \LaTeXcommand U-nnnnnnnn

wherd nnnn is four hexadecimal digits identifying the code position of a character in the Basi¢\Mulffilingual
Plang of UCS (0000 nnnn), and nnnnnnnn is eight hexadecimal digits identifying the code positign'6f a cljaracter
anywhere in UCS (nnnn nnnn). A use of this \LaTeXcommand shall be converted to the correSponding chhracter.

HEXAMPLE 1
WWhZchar \Delta U+0394
HhZchar \arithmos U-0001D538

=

he IATEX mark-up ‘\Delta’ converts to the Z character ‘A’ and renders as ‘A%
he ETEX mark-up ‘\arithmos’ converts to the Z character ‘A’ and renders as ‘A’.

=

If a \LaTeXcommand for a character is used as an operator word, thenthe conversion of SPACE charactery before
and/dr after it shall be specified using the appropriate %%Zprechar, %#%Zpostchar or %%Zinchar mark-up dfrective.
Any fpbllowing subscript or superscript shall precede any following’SPACE. These SPACE characters shall be pmitted
if the|\LaTeXcommand is enclosed in braces.

HEXAMPLE 2
WhZinchar \sqsubseteq U+2291
HhZprechar \finset U-0001D53D

he ITEX mark-up ‘\sqsubseteq’ converts to«the Z character sequence ©° T ’ and renders as ‘ C .
he IYTEX mark-up ‘\sqsubseteq_1’ converts-to the Z character sequence ¢ T\, 1\ ’ and renders as ‘ C; [.
he ITEX mark-up ‘\sqsubseteq™_1’ couverts to the Z character sequence * T \ 1\ and renders as ‘ C |;’.
he ETEX mark-up ‘\finset’ converts\te the Z character sequence ‘F ’ and renders as ‘F’.
he ETEX mark-up ‘{\finset}’ converts to the Z character sequence ‘F’ and renders as ‘F’.

JSin [ e [ S |

NOTE The braced form is‘necessary when the character is used within a larger word.
A.2.8.3 Mark-up ditectives for words

The }%Zword mark-up~directive specifies the conversion of a IMTEX command to a sequence of Z charadters. It
takes |the following{férm,

%hZwqrd \LaTeX¢ommand Zstring

spacep @nd end at the end of the line. A use of this \LaTeXcommand shall be converted to the convefsion of
Zstring.

wherd Zstring is ITEX mark-up for a sequence of Z characters. The Zstring shall exclude any leadrlg soft

EXAMPLE 1
%hZword \phiS \phi S

The ITEX mark-up ‘\phiS’ converts to the Z character sequence ‘¢S’ and renders as ‘¢.S’.

If a \LaTeXcommand for a word is used as an operator word, then the conversion of SPACE characters before and/or
after it shall be specified using the appropriate %%Zpreword, %/%Zpostword or %%Zinword mark-up directive. Any
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following subscript or superscript shall precede any following SPACE. These SPACE characters shall be omitted if
the \LaTeXcommand is enclosed in braces.

A.2.8.4 Scope of a mark-up directive

EXAMPLE 2
Y%%Zinword \dcat {\cat}/

The BETEX mark-up ‘\dcat’ converts to the Z character sequence ‘ 7/ ’ and renders as ‘ /.

The BTEX mark-up ‘\dcat_1’ converts to the Z character sequence * /N1 ’ and renders as ‘ "/, .

M TADSS, 1 LY PO PR 1 oz ; 45 1 1
HIIC BT HA THIAlK=UpP \atat _ 1 COIVELLS TU TIHC 4 Clldal aCiCl SCUcIICC N+ AU TTIIUCTES dS 1 -

The BTEX mark-up ‘{\dcat}’ converts to the Z character sequence ‘" /’and renders as ‘" /’.

NOTE The braced form is necessary when the character sequence is used within a larger word,

The dcope of a mark-up directive is the entire section in which it appears and any/sections of which [it is an
ancesfor, excluding the headers of those sections, and excepting earlier such directives. There can be o more

than
well ds between formal paragraphs, merely having to be on lines by themselyés:

ne directive for a particular \LaTeXcommand in the same scope. These % ditéctives may appear wiithin as

In copverting the Zstring of the mark-up directive for a word, the mark-upyrules defined for the Z core lapguage,

and the mark-up rules established by earlier mark-up directives, shall e applied.

A.2.4 Core characters and words

HEXAMPLE
WhZword \foo x \bar y
WiZword \bar +

The order in which these two directives are written mattéxs: in this order, either \bar is erroneously used before it is
defined, or \bar is erroneously defined more than once!

The following mark-up shall be provided for tlie characters and words of the Z core language. Eaclh ITEX
comnjand and its conversion is specified inshe form of a directive that shall appear in the mark-up of the|prelude

sectiop.

A.2.4.1 Greek alphabet characters

Only [the minimal subset of Gfeek alphabet defined in 6.2 needs to be supported by an implementatign. The

mark{ups of any other Greek sharacters shall be as if specified by %%Zchar directives.

Z character ETEpX-mark-up

T >

82

YkhZchar \Delta U+0394
%hZchar \Xi U+039E
%hZprechar \theta U+03B8
%hZprechar \lambda U+03BB
%hZprechar \mu U+03BC

EXAMPLE

The BTEX mark-up ‘\Delta S’ converts to the Z character sequence ‘AS’ and renders as ‘AS’.
The IETEX mark-up ‘\Delta~S’ converts to the Z character sequence ‘A 8’ and renders as ‘A §’.
The ETEX mark-up ‘\lambda x’ converts to the Z character sequence ‘A x’ and renders as ‘A x’.
The BTEX mark-up ‘{\lambda}x’ converts to the Z character sequence ‘Ax’ and renders as ‘Az’.

NOTE 1 Exceptions are made for #, A and p to ease the mark-up of binding construction, function construction
and definite description expressions.
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NOTE 2 KTEX does not provide separate mark-up for upper case Greek letters that render like Roman counterparts.
A.2.4.2 Other letter characters

Z character ITEX mark-up

A
N
P

===~ |

%%Zchar \arithmos U-0001D538
%%Zchar \nat U+2115
Y%hZprechar \power U+2119

wal

XAMPLE
he ITEX mark-up ‘\power S’ converts to the Z character sequence ‘P S’ and renders as ‘P .S’.
he ITEX mark-up ‘{\power}S’ converts to the Z character sequence ‘PS’ and renders as ‘PS’.

[ |

A.2.r.3 Special characters
Z ch

racter ETEX mark-up

%hZchar \_ U+005F
%hZchar \{ U+007B
%hZchar \} U+007D
%%hZchar \ldata U+300A
%%Zchar \rdata U+300B
Y%hZchar \1blot U+2989
%hZchar \rblot U+298A

NOTE No SPACE characters need be converted aroun@SPECIAL characters; space may be rendered if desirg

ark-up \_ needs to be in scope in section headers, so is not introduced in the prelude. It is i

TEX mark-up for subscripts and supefseripts shall be converted as follows.

mark-up Z characters

/" (Z(character sequence)
tokens) ¥ /" {Zcharacter sequence)
N NZ character sequence)
N (Z character sequence)

7
7
N
AN

TEX mark-upy x~1 converts to Z character sequence ‘x /1, and renders as ‘z"’
TEX mark*vp x~{1} converts to Z character sequence ‘x /1", and renders as ‘x
TEX fitark-up x~\Delta converts to Z character sequence ‘x /A /”’, and renders as ‘z
TrX mark-up x"{\Delta S} converts to Z character sequence ‘x /AS_/”, and renders as ‘x

15
Ay
ASH

d.

h scope

TEX mark-up \exists_1 converts to Z character sequence ‘IN\ 1\ ’. and renders as ‘3.’

ETEX mark-up \exists_{1} converts to Z character sequence ‘I\1~\’, and renders as ‘3,’

BTEX mark-up \exists_\Delta converts to Z character sequence ‘IN\ AN, and renders as ‘3,’

BTEX mark-up \exists_{\Delta S} converts to Z character sequence ‘I ASN’, and renders as ‘3, ¢’
KTEX mark-up x_a”b converts to Z character sequence ‘x\,a\_/b,”’, and renders as ‘z,*’

KETEX mark-up x_{a"b} converts to Z character sequence ‘x\a b, N\, and renders as ‘z,»’

I¥TEX mark-up x_a{}_b converts to Z character sequence ‘x\ ,a\ \\b\’, and renders as ‘x,;’

Box characters arise from the conversion of paragraph mark-up, as described in A.2.7. Mark-ups for NLCHAR and
SPACE are given in A.2.2.

©ISO/IEC 2002—All rights reserved

83


https://standardsiso.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

ISO/

IEC 13568:2002(E) A Mark-ups

A.2.4.4 Symbol characters (except mathematical toolkit characters)

The BTEX mark-up of the Z character e is the ASCII character @ (see below for its spacing behaviour.) Its

mark-

up is in scope throughout a specification.

Z character ETEX mark-up

H %hZchar \vdash U+22A2
A %hZinchar \land U+2227
\Y %%hZinchar \lor U+2228
= %%Zinchar \implies U+21D2
& hhZinchar \iff U+21D4
- %hZprechar \lnot U+00AC
v %hZprechar \forall U+2200
3 %hZprechar \exists U+2203
X %%hZinchar \cross U+00D7
€ %%Zinchar \in U+2208
\ %hZinchar \hide U+29F9
I %hZinchar \project U+2A21
S %%hZinchar \semi U+2A1F
> %hZinchar \pipe U+2A20
Some|of the ASCII symbol characters have an associated spacing elass in ATEX’s math mode, which causg¢s space
to be|rendered around them in certain contexts.
The dharacters * + - @ and | are classed as IWTEX math~functions. SPACE characters shall usually b¢ added
around their individual occurrences. Any following subscript or superscript shall precede the following] SPACE.
The dases where the surrounding SPACEs are omitted(are when the character is enclosed in braces and when the
charafter is itself used as a subscript or superscript-(follows _ or ~).
HXAMPLE 1
The BETEX mark-up ‘x+y’ converts to the Z gharacter sequence ‘x + y’ and renders as ‘z + y’.
The BTEX mark-up ‘x{+}y’ converts t¢ the Z character sequence ‘x+y’ and renders as ‘z+y’.
The BTEX mark-up ‘x +_1 y’ converts to the Z character sequence ‘x +\ 1\ y’ and renders as ‘z +1 y’.
The TEX mark-up ‘x™+ converts_to the Z character sequence ‘x '+, and renders as ‘z™’.
The characters ; and , are classed as MTEX math punctuations. They are converted like the ITEX math fynctions
abovd, except that no SPACE 1S added before their occurrences.
The dharacters : < s-and > are classed as IXTEX math relations. SPACE characters shall usually be added|around
sequehces of their Gecdrrences. Any following subscript or superscript shall precede the following SPAQE. The
cases [where the.surrounding SPACEs are omitted are when the sequence of characters is enclosed in braces and
when [the sequence of characters is itself used as a subscript or superscript (follows _ or ~).
HXAMRLE 2
TheAXTEX mark-up ‘x=y’ converts to the Z character sequence ‘x = y’ and renders as ‘z = y’.
The X mmark-up- ==y convertsto theZ character sequence X ==y and Terders as— = ——"17""
The ETEX mark-up ‘x::=y’ converts to the Z character sequence ‘x ::= y’ and renders as ‘z ::= y’.
The BTEX mark-up ‘x{=}y’ converts to the Z character sequence ‘x=y’ and renders as ‘z=y’.
The BTEX mark-up ‘x =_1 y’ converts to the Z character sequence ‘x =\ 1\ y’ and renders as ‘z =1 y’.
The I¥TEX mark-up ‘x”=’ converts to the Z character sequence ‘x /=, and renders as ‘z™".
The ITEX mark-up ‘x= =y’ converts to the Z character sequence ‘x == y’ and renders as ‘c == y’.
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A.2.4.5 Core words
Z characters ETEX mark-up

002(E)

if %hZpreword \IF if
then %%Zinword \THEN then
else %hZinword \ELSE else
let %hZpreword \LET let
pre ¥hZpreword—\pre—pre
function %hZpreword \function function
generjc %hZpreword \generic generic
relatipn %hZpreword \relation relation
leftasgoc %hZinword \leftassoc leftassoc
rightgssoc %hZinword \leftassoc leftassoc
HXAMPLE ITEX mark-up: \IF \disjoint a \THEN x = y \mod z \ELSE x = y{\div z
Hxample rendering: if disjoint a thenz = y mod zelsex = y div z
7 characters: if disjoint a then x = y mod z else x = y div z
NOTE 1 Some command names are capitalised to avoid clashes with existing command names.
NOTE 2 Mark-up directives for the section and parents keywordsdg not appear in the prelude section,|as they
would not be in scope in section headers where those ITEX commands are used (see A.2.6).
A ITEX command shall be provided for the core keyword ,, to-ease the avoidance of converted SPACE between
the cgmmas (see A.2.4.4). A ITEX command shall be proyidéd for the core keyword _ to ease the convdrsion of
SPACHs around it.
Z characters ETEX mark-up
. %hZinword \listarg {,}{,;%
_ %hZinword \varg \_
A.2.5 Mathematical toolkitcharacters and words
The fpllowing mark-up shall be previded for the names defined in the mathematical toolkit. Each BTEX command
and i{s conversion is specified.in-the form of a directive that shall appear in the mark-up of the relevant gection.
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A.2.5.1 Section set_toolkit

Z character

ETEX mark-up

%%Zinchar \rel U+2194
%%Zinchar \fun U+2192
%%hZinchar \neq U+2260
%%Zinchar \notin U+2209

A Mark-ups

HMDOCO—2CNINa®™Y |

90/ 7 3 \ - —T1lOONC
1o/ ZCIIAY  \empTtysSet U T22U0

%hZinchar \subseteq U+2286

Y%%hZinchar \subset U+2282
%hZinchar \cup U+222A
%hZinchar \cap U+2229

%%Zinchar \setminus U+005C

%hZinchar \symdiff U+2296
%hZprechar \bigcup U+22C3
%hZprechar \bigcap U+22C2

%hZprechar \finset U-0001D53D

A.2.5.2 Section relation_toolkit

Z characters

—

dom

NBP== 1VAVA©° g3
+ 3
N

>
<

ETEX mark-up

%%Zinchar \mapsto U+21A6
%hZpreword \dom dom
%hZpreword \ran ran
%hZpreword \id id
%hZinchar \comp U+2A3E
%hZinchar \circ U+2218
%hZinchar \dres U+25C1
%hZinchar \rres U+25B7
%%Zinchar \ndres U+2A64
%hZinchar \nrres U+2A65
%hZpostchar \inv' U+223C
%hZinchar Xlimg U+2987
%hZpostchar-\rimg U+2988
%hZinchar’/ \oplus U+2295
hhZpostword \plus ~+
%hZpostword \star ~*

86
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A.2.5.3 Section function_toolkit
Z characters ETEX mark-up

%%Zinchar \pfun U+21F8
%hZinchar \pinj U+2914
%hZinchar \inj U+21A3

%hZinchar \psurj U+2900

ISO/IEC 13568:2002(E)

lo/o& LIITIIAL Ao UL JUTZIAY
%hZinchar \bij U+2916
%%hZinchar \ffun U+21FB
%hZinchar \finj U+2915

it hhZpreword \disjoint disjoint
itfon %hZinword \partition partition

SELILETTS

=
IS
3
<+
=&
Iy

A.2.5.4 Section number_toolkit
Z characters ETEX mark-up

Z %%hZchar \num U+2124

- %hZprechar \negate U+002D
< Y%Zinchar \leq U+2264

> %hZinchar \geq U+2265

div Y%hZinword \div div

mod %%Zinword \mod mod

The thark-up character ‘=, having had SPACEs put around it because it is a WTEX math function charadter (see
A.2.4)4), shall be converted to the subtraction operator’s Z character ‘U+2212’, while the Z character ‘-’ ghall be

the njme of the negation operator.
A.2.5.5 Section sequence_toolkit

Z characters ETEX mark-up

. %hhZinword \upto ..
# %hZprechar\ \# U+0023

seq %hZpreword \seq seq

iseq %hZpreword \iseq iseq

( %lZprechar \langle U+3008
) JhZpostchar \rangle U+3009
- %hZinchar \cat U+2040

1 %hZinchar \extract U+21BF
[ %%Zinchar \filter U+21BE
prefig %hZinword \prefix prefix
suffiz Y% Zinword \suffix suffix
nfix %hZinword \infix infix
-/ %hZinword \dcat {\catl}/

The superscripted form of relational iteration shall be marked-up using ~{ and }, with hard space where necessary

to prevent these being mistaken for parts of a larger word.
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A.2.6 Section header mark-up

A Mark-ups

Section headers shall be enclosed in a ATEX zsection environment. The \begin{zsection} is converted to
ZEDCHAR. The \end{zsection} is converted to ENDCHAR.

\begin{zsection}
\SECTION NAME \parents ...
\end{zsection}

With
space
follow

Z characters ETEX mark-up

sectio
paren|

A.2.
A.2.

Each
apped

The
that
comu]
to thq

A.2.

\begi
DeclH
\whe
Pred]
\end{

The mark-up \begin{axdef} is/converted to an AXCHAR character. The mark-up \where is converte

charal
A.2.

\begi
DeclH
\whe
Predi
\end{

M & section lieader, the only EIEX commands that are converted are \SECILUN, \parents, \_ and |
commands of A.2.2. These mark-ups for the section and parents keywords shall be as if specified
ing mark-up directives, and shall be in scope throughout a specification.

n %hZpreword \SECTION section
s %hZinword \parents parents
;'  Paragraph mark-up

/.1 Introduction

ring between such commands is informal accompanying texts

begin{xxx} command is converted to a box character, the 'ZEDCHAR character serving for those par
re rendered without a box. Any middle line in a boxed paragraph is marked-up using the \wher
and, which is converted to the Z | character with SBACEs around it. The \end{xxx} command is cq
7 ENDCHAR character.

[.2 Axiomatic description paragraph® mark-up

n{axdef}
art

e

cate
axdef}

Cter with SPACEs around/it. The mark-up \end{axdef} is converted to an ENDCHAR character.
.3 Schema definition paragraph mark-up

n{schema}{NAME}
art

e

cate

schema}

e hard
by the

formal Z paragraph appears between a pair of \begin{xxx} and‘\end{xxx} KTEX commands. Text not

hgraphs
> XTEX

mverted

l to a |

The mark-up \begin{schema}{

a | character with SPACEs around it. The mark-up \end{schema} is converted to an ENDCHAR character.

A.2.7.4 Generic axiomatic description paragraph mark-up

\begin{gendef}[Formals]
DeclPart

\where

Predicate

\end{gendef}
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The mark-up \begin{gendef} is converted to an AXCHAR and a GENCHAR character. The mark-up \where is
converted to a | character with SPACEs around it. The mark-up \end{gendef} is converted to an ENDCHAR
character.

A.2.7.5 Generic schema definition paragraph mark-up

\begin{schema}{NAME} [Formals]

DeclPart

\where

Predjcate

\end{schema}

The thark-up \begin{schema}{ } is converted to a SCHCHAR and a GENCHAR character. Thémark-up|\where
is corfverted to a | character with SPACEs around it. The mark-up \end{schema} is convérfed to an ENDCHAR
charafter.

A.3| E-mail mark-up

This ¢-mail mark-up is designed primarily as a human-readable lightweight marksup, but may also be pjocessed
by topls. The character ‘%’ delimits an ASCII string used to represent a sequence of Z characters, for ¢xample
‘x” aq ‘%x%’. This disambiguates it from, for example, the name ‘x’.

Wherp there is no danger of ambiguity (for the human reader) the trailing ‘%’ character, or both ‘%’ characters,
may lpe omitted to reduce clutter.

A litdral ‘%’ character may be introduced into the text as ‘%%,

A.3.1 Letter characters

In th¢ following, the e-mail string is to be used surrounded by a leading and trailing ‘%’ character.

Namgds that use only ASCII characters, or that are composed out of previously defined Z characters, are n¢t listed
here.

A.3.1.1 Greek alphabet characters

Only phe minimal subset of Greek alphabet defined in 6.2 need be supported by an implementation. Those Greek
charapters that are supported shall_use the mark-up given here.

E-mg4il string Z character

Delt3 A

Xi =

thet3 0

lambda A

mu 1

A.3.1,2 ~Other Z core language letter characters

E-mail string Z character

arithmos A

N N

P P
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A.3.2 Special characters

E-mail string Z character
/" /

v/ e

\v e

~\ N

<<

>> »

<| q

> D

Box dharacters arise from the conversion of paragraph mark-up, as described in A.3.5.

A.3.8 Symbol characters (except mathematical toolkit characters)

E-m4il string Z character
| |
|- H
/\ A
\/ \%
==> =
<=> o
not -
A v
E 3
X X
e S
@ °
s\ \
SI\ I
S; S
S>> >

A.3.4 Mathematical“toolkit characters and words

The fpllowing mark-up\is provided for the tokens in the mathematical toolkit.
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A.3.4.1 Section set_toolkit

E-mail string Z character

<-->
-
/=
/e
@))
c

C

|

u
n
)
uu
nn
F

HMOCODCNIN

A.3.4.2 Section relation_toolkit

E-m4il string Z character
| =—=> —
; s
o )
<: <
> >
<-: g
=> B
q (
1 )
(+) ®
+ +

A.3.4.3 Section function_toolkit

E-mg4il string Z. character
-1-> -+

>—| -3 s

>—=> —

- =>3 —+

-—>>

>—=>> —

- -> >

>—1|-> UTHS

©ISO/IEC 2002—All rights reserved 91


https://standardsiso.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

ISO/

IEC 13568:2002(E) A Mark-ups

A.3.4.4 Section number_toolkit

E-mail string Z character

yA 7

- - (unary negation)
<= <

>= >

A.3.L.5 Section sequence_toolkit

E-mg4il string Z character

< (

> )

/1 1

I\ )

A.3.p Paragraph mark-up

A.3.p.1 Axiomatic description paragraph mark-up

+..

DeclHart

| -

Predjcate

The mark-up +.. is converted to an AXCHAR character. The mark-up |-- is converted to a | charactgr. The
mark{up -. . is converted to an ENDCHAR character.

A.3.5.2 Schema definition paragraph mark-up

+-- NAME ---

DeclRart

|-

Predjcate

The 1hark-up +-- /)=~ is converted to a SCHCHAR character. The mark-up |-- is converted to a | chhracter.
The thark-up —--\is-‘converted to an ENDCHAR character.

A.3.5.3 Gerneric axiomatic description paragraph mark-up

+== [Formals] ===

DeclRart

| _

Predicate

The mark-up +== === is converted to an AXCHAR and a GENCHAR character. The mark-up |-- is converted to
a | character. The mark-up -== is converted to an ENDCHAR character.
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A.3.5.4 Generic schema definition paragraph mark-up

+-- NAME[Formals] ---

002(E)

DeclPart

| -

Predicate

The mraxl Hp—h== ===1g convertedto-a-SCHCHAR and-a-GENCHAR character—Themaarl up !__ is—eonverted to
a | chpracter. The mark-up --- is converted to an ENDCHAR character.

A.3.5.5 Other paragraph mark-up

Unboked formal paragraphs start with ‘%4%Z’ on a line by itself, which converts to a ZEDCHAR(eharacter, and end
with § ‘%%’ on a line by itself, which converts to an ENDCHAR character.
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B.1
The

Annex B
(normative)

Mathematical toolkit

B Mathematical toolkit

Copyright notice

The reproduction of this annex is permitted on the understanding that this material is public

domain, and on the condition that this International Standard is referenced as the source documer
With the exception of clauses 6.2, 7.2, 8.2, 11 and annex B, all other parts of the text are subject
the usual copyright rules stated on page ii of this International Standard.
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Introduction

hathematical toolkit is an optional extension to the compulsory Z core language. K eomprises a h
ted sections, each defining operators that are widely used in common applicatign,domains.

set_toolkit

T

relation_toolkit

T

function_toolkit number_toolkit
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sequenge_toolkit

T

standard_toolkit

Figure B.1 — Parent\relation between sections of the mathematical toolkit

ivision of the mathematical toolkit into separate sections allows use of certain subsets of the toolki
ts entirety. For exampl€, if sequences are not used in a particular specification, then using functio

and number_toolkit as paménts avoids bringing the notation of sequence_toolkit into scope. Notations that

reuse

Secti

B.2

S

I can be given-different definitions.
n standard_toolkit is an implicit parent of an anonymous specification.
Preliminary definitions

bction set_toolkit

erarchy

b rather
_toolkit
are not

B.2.1 Relations

generic 5 rightassoc (_ < _)

XY == (XXY)

X < Y is the set of relations between X and Y, that is, the set of all sets of ordered pairs whose first members
are members of X and whose second members are members of Y.

94

©ISO/IEC 2002—All rights reserved


https://standardsiso.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

B Mathematical toolkit ISO/IEC 13568:2002(E)

B.2.2 Total functions
generic 5 rightassoc (. — _)
X—->Y={f: XY |Vz:XeTJ y:Ye(z,y)ecf}

X — Y is the set of all total functions from X to Y, that is, the set of all relations between X and Y such that
each £ in X is related to exactly one y in Y.

B.3| Sets

B.3.1 Inequality relation

rplation (- # _)

= [X]
_FE XX

Ve,y: Xerx#ysr=y

Inequplity is the relation between those values of the same type that“are not equal to each other.

B.3.2 Non-membership

-

blation (- & )

= [X]
¢ X oPX

Ve:X;a:PXezdas-zr€a

Non-thembership is the relation between those values of a type, z, and sets of values of that type, a, for which z
is not{ a member of a.

B.3.3 Empty set

F X =={z:X]| falso}

The dgmpty set of duy-type is the set of that type that has no members.
B.3.4 Subset relation

rplationt (_ C _)

r_[)g_:IPX —-PX

‘ Va,b:PXeaClbs (Vz:aexz D)

Subset is the relation between two sets of the same type, a and b, such that every member of a is a member of b.
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B.3.5 Proper subset relation

relation (_ C _)

{:[)Q:PX —-PX

| Vab:PXeaCheaChrath

Propgr subset is the relation between two sets of the same type, a and b, such that a is a subset of b,-anfl a and
b are not equal.

B.3.¢ Non-empty subsets

B X=={a:PX|a#2}

If X is a set, then P, X is the set of all non-empty subsets of X.
B.3.7 Set union

fhnction 30 leftassoc (~U_)

= [X]
_U_:PXXPX -PX

Va,b:PXeaUb={z:X|x€aVzeb}

‘_ﬂl

The yYnion of two sets of the same type is the set of-wvalues that are members of either set.

B.3.8 Set intersection
fhnction 40 leftassoc (-N_)

= [X]
N_:PXXPX —-PX

Va,b:PXeanh&E{z:X|z€anzeb}

The ihtersection of¢fwo sets of the same type is the set of values that are members of both sets.

B.3.9 Set difference

fhnctiow 30 leftassoc (- \ =)

[X]
{:,\,:]P’XXIP)X—JP’X
‘ Va, b :PXea\b={z:X|x€anaxdb}

The difference of two sets of the same type is the set of values that are members of the first set but not members
of the second set.
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B.3.10 Set symmetric difference

function 25 leftassoc (L& _)

002(E)

[X]
r,@,:IP’X xPX —>PX

Va,b:PXeaob={z:X|-(z€a&x€b)}

The s
other

B.3.

ymmetric set difference of two sets of the same type is the set of values that are members of one-sef
but not members of both.

|1 Generalized union

, or the

= [X]

U:PPX -PX

The ¢
least

B.3.

VA:PPXe|JA={z:X|Ja:Aez€ca}

eneralized union of a set of sets of the same type is the set of values‘of that type that are membsg
ne of the sets.

|2 Generalized intersection

= [X]

rs of at

N:PPX -PX

The ¢
membk

B.4
B .4.

=

If X1
conta

B.4.

H

VA:PPXeNA={z:X|Va:Aez€ca}
eneralized intersection of a set of sets of values of the same type is the set of values of that type {
ers of every one of the sets.

Finite sets

| Finite subsets

eneric (F_)
X=(W{A:PPXIw@ecAN(Va:4;z:XeaU{z}e A}

s a set, then 2X"is the set of all finite subsets of X. The set of finite subsets of X is the smallest
ns the empty set and is closed under the action of adding single elements of X.

P Nomn-empty finite subsets

hat are

bet that

BH2=TFX\ {2}

If X is a set, then IF; X is the set of all non-empty finite subsets of X. The set of non-empty finite subsets of X
is the smallest set that contains the singleton sets of X and is closed under the action of adding single elements

of X.
B.5

More notations for relations

section relation_toolkit parents set_toolkit
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B.5.1 First component projection

(X, Y]
first: X xY — X

‘ Vp: X XY efirst p=np.l

For any ordered pair p, first p is the first component of the pair.

B.5.2 Second component projection

- (X, Y]
second : X x YV —-Y

Vp: X XY esecond p=p.2

For apy ordered pair p, second p is the second component of the pair.

B.5.3 Maplet

fhinction 10 leftassoc (- +— )

(X, Y]
_—_ X XY ->XxY

I

Ve: X;y:Yer—y=(z,y)

The thaplet forms an ordered pair from two values; 2> y is just another notation for (z,y).
B.5.4 Domain
— [Xa Y]
dom: (X <« YV)—>PX
Vr: X o Yedomr={p_ hepl}

The domain of a relation r is the'set of first components of the ordered pairs in 7.

B.5.5 Range

- (X, V]
ran: (X «.¥X) —>PY

Vr: XY eranr={p:rep2}

The rphage of a relation r is the set of second components of the ordered pairs in 7.

B.5.6 Identity relation

generic (id _)

dX=={z:Xez—z}

The identity relation on a set X is the relation that relates every member of X to itself.
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B.5.7 Relational composition

function 40 leftassoc (~g-)

[X,Y,Z]
F_g_:(XH YYX (Y 2Z)— (X< 2)

‘ Vr: XY, s: Yo Zergs={p:r;q:s|p2=qglepl—q2}

The rplational composition of a relation 7 : X «+» Y and s: Y < Z is a relation of type X < Z formed by taking
all th¢ pairs p of r and ¢ of s, where the second component of p is equal to the first component of ¢;and felating
the fifst component of p with the second component of ¢.

B.5.8 Functional composition

fhnction 40 leftassoc (—o _)

o (Yo ) x(XeY)— (X« 2)

F (X,Y,Z]
|

Vr: XY, s: Y Zesor=rgs

The flinctional composition of s and r is the same as the relational gomiposition of r and s.
B.5.9 Domain restriction

fhnction 65 rightassoc (- <1_)

=X, Y]
A PXXx(XeY)-(X<Y)

Va:PX;r: X Yea<r={p:r|phecal

The domain restriction of a relation 7 : Xi<<)Y by a set a : P X is the set of pairs in r whose first components
are in| a.

B.5.10 Range restriction

fhinction 60 leftassoc (- > )

(XY )%PY 5 (X< Y)
Vr:X o ¥/ "PYerb={p:r|p2€b}

T[X’ Y]

The rpnge restxi¢tion of a relation r : X < Y by a set b : P Y is the set of pairs in » whose second components
are in| b.

B.5.112 Domain subtraction

function 65 rightassoc (_<_)

(X, Y]
F_Q_ZPXX(XHY)—»(XHY)
‘ Va:PX;r: X Yeadr={p:r|pléa}

The domain subtraction of a relation r : X <+ Y by a set a : P X is the set of pairs in 7 whose first components
are not in a.
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B.5.12 Range subtraction

function 60 leftassoc (- & )

(X, Y]
{:_E_Z(XHY)XPY%(XHY)

Vr:X <Y, b:PYersb={p:r|p2¢b}

The 1
are n

B.5.
f

hnge subtraction of a relation r: X < Y by aset b : P Y is the set of pairs in r whose second e0m
t in b.

|3 Relational inversion

inction (- ™)

bonents

= [ X, Y]
V(X e YV)= (Yo X)

The i
B.5.

—

Vr:X—oYer~“={p:rep2—pl}

hverse of a relation is the relation obtained by reversing every ordered pair in the relation.
|4 Relational image

hinction (_ (| _))

L [X, V]

(=) (X =Y)xPX >PY

The r

undei

B.5.

Vr:X oY, a:PXer(a)={p:r|pl€aep2}
blational image of a set a : P X throughraelation r: X < Y is the set of values of type Y that are
r to a value in a.
|5 Overriding

inction 50 leftassoc (_ @ )

related

- [ X, Y]
O (X o YV) (X - Y)= (X <))

Vr,s: X <Y drds=((doms)<r)Us

If r ajnd s are\beth relations between X and Y, the overriding of r by s is the whole of s together wit

meml]

B.5.

ers ofr-that have no first components that are in the domain of s.

| 6) Transitive closure

h those

function (= 1)

[X]
[:_+:(X<—>X)—>(X<—>X)

Vi XeoXert={s:X—o>X|rCsArgsCs}

The transitive closure of a relation r : X « X is the smallest set that contains r and is closed under the action
of composing r with its members.
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B.5.17 Reflexive transitive closure

function (_*)

ISO/IEC 13568:2002(E)

[X]
[:_*:(XHX)—%XHX)

Vr: X o Xer*=rtuidX

The r
of r Y

B.6

Ned

X +
that d

B.6.

Ned

X
each
terms

B.6.3

g

X —

.1 Partial functions

bflexive transitive closure of a relation r : X < X is the relation formed by extending the transitivel
y the identity relation on X.

Functions

betion function_toolkit parents relation_toolkit

eneric 5 rightassoc (- -+ _)
(Y ={f: XY |Vpqg:f|pl=qglep2=9¢q2}

Y is the set of all partial functions from X to Y, that is, the set of all relations between X and

P Partial injections

eneric 5 rightassoc (- =~ _)
(Y =—={f: XY |Vpqg:fopl=qglep2=q2}

Y is the set of partial injectiensvfrom X to Y, that is, the set of all relations between X and Y sy
in X is related to no more than one y in Y, and each y in Y is related to no more than one z in
“injection” and “partial injection” are synonymous.

B Total injections

eneric 5 rightasso¢) (- — _)
o ¥V =)(X - V)N (X — V)

Y-is\the set of total injections from X to Y, that is, the set of injections from X to Y that are al

closure

Y such

ach z in X is related to at most one y in Y. The terms”“function” and “partial function” are synofymous.

ch that
X'. The

50 total

funct

n<'from X to V.

B.6.4 Partial surjections

generic 5 rightassoc (- =+ _)

X-+»Y={f:X+-Y|ranf=Y}

X —» Y is the set of partial surjections from X to Y, that is, the set of functions from X to Y whose range is

equal

to Y. The terms “surjection” and “partial surjection” are synonymous.

©ISO/IEC 2002—All rights reserved
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B.6.5 Total surjections

generic 5 rightassoc (- — _)

X—>»Y=X»Y)N(X—-Y)

X — Y is the set of total surjections from X to Y, that is, the set of surjections from X to Y that are also total
funct’ ne from X +o0 V.

B.6.¢ Bijections

generic 5 rightassoc (- — _)
X—»Y=X—->Y)N(X —Y)

X —»| Y is the set of bijections from X to Y, that is, the set of total surjections frowi X to Y that are also total
injectjons from X to Y.

B.6.7 Finite functions
generic 5 rightassoc (_ +» _)
X+ Y=X+»Y)NF(X xY)

The flnite functions from X to Y are the functions from X. %0 Y that are also finite sets.

B.6.83 Finite injections

generic 5 rightassoc (= _)
X Y=WX+Y)N(X»Y)

The flnite injections from X to Y are the injections from X to Y that are also finite functions from X to Y.

B.6.9 Disjointness

rplation (disjoint _)

:[Lv X]
disjoint _ : R(L3 P X)

Vf:L&SPX e disjointf < (Vp,q:f|p#qep2ng2=0)

A labglled\ family of sets is disjoint precisely when any distinct pair yields sets with no members in comrhon.

B 6 raY I s,
«V. 1 U L Al VIVIUILS

relation (_ partition _)

[L, X]
[:_partition_: (LePX)oPX
‘ Vf:L—PX; a:PX e fpartition a < disjoint f A|J(ran f) = a

A labelled family of sets f partitions a set a precisely when f is disjoint and the union of all the sets in f is a.
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B.7

Numbers

section number_toolkit

B.7.1 Swuccessor

function (succ -)

ISO/IEC 13568:2002(E)

succ _ : P(N x N)

The guccessor of a natural number n is equal to n + 1.

B.7.
|
Z is {
axion]
Numl}
B.7.3
f

(succ )=An:Nen+1

P Integers
Z:PA

he set of integers, that is, positive and negative whole numbers and zer¢.\The set Z is character
s for its additive structure given in the prelude (clause 11) together with-the next formal paragrapl
er systems that extend the integers may be specified as supersets, of Z.
B Addition of integers, arithmetic negation

inction (- )

-_:P(AXxA)

The Y
propq

valueg.
identity element.

h

Ve,y:Ze3 z:Ze((z,y),2)€(_+-)
Ve:Ze3 y:Ze(z,y)€(-_)
Vi,j,k:Ze

(i+j)+k=i+(G+k)

Nit+j=7j+1

ANit+-1=0

ANi+0=1
Z={z:A|3z:Nez=g\zZ=-z}
inary addition operator (v« _) is defined in the prelude (clause 11). The definition here introduces ad

rties for integers. The) addition and negation operations on integers are total functions that take
The integers fdrm a commutative group under (_ + _) with (- _) as the inverse operation and

ised by
below.

ditional
integer
) as the

OTE If function_toolkit notation were exploited, the negation operator could be defined as follows.

-SA - A

(ZxZ)<d(-+-)€EZLXZ—L

Tt <t—7%

Vi k:Ze
(i+4)+k=i+G+k)
Ni+jg=j+1
ANi+-1=0
ANi+0=1

Vh:PZe
lehA(Vi,j:hei+jEhAN-1EH)

= h=17Z

©ISO/IEC 2002—All rights reserved
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B.7.4 Subtraction

function 30 leftassoc (- —-)

_—_:P((AxA)xA)

vxvy:Z.alz:Z.((xay),z)6(—_—)
Vij:Zei—j=it-j

Subtr

i+- .

h

hction is a function whose domain includes all pairs of integers. For all integers ¢ and j, i — {154

OTE If function_toolkit notation were exploited, the subtraction operator could be defined as_follows.

\ —_tAxXA-wA

(ZXZ)<(-—)€ELXZL—TZ
Vi,j:Zei—j=it-j

B.7.5 Less-than-or-equal

—

plation (- < _)

_<_:PAxA)

For a

B.7.(

—

Vi,j:Zei<j<j—ieN

| integers 7 and j, ¢ < j if and only if their differerice j — 4 is a natural number.
5 Less-than

elation (L < _)

_<_:PAxA)

For a

B.7.

Vi,j:Zei<j&si+1<7

| integers ¢ and 7, ¢ < j if\and only if i +1 < 5.
f Greater-thantor-equal

plation (- > _)

_>_BAXA)

VijsZei>jej<i

For a

limtegers 2 and 2 3 jifand onlz if 4 2
] T 7 J Py a—

B.7.8 Greater-than

relation (> _)

_>_:PAxA)

Vi,j:Zei>j&j<i

For all integers ¢ and j, ¢ > j if and only if 7 < 4.
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B.7.9 Strictly positive natural numbers

Ny =={z:N| -z =0}

The strictly positive natural numbers N; are the natural numbers except zero.

B.7.10 Non-zero integers

l/ L Lo/ ol
T—— & & & — Uy

The 1lon-zero integers Z; are the integers except zero.

B.7.11 Multiplication of integers

fhnction 40 leftassoc (= * )

_*x_:P((A x A) x A)
Ve,y:Ze3 z:Ze((z,y),2) € (_x_)
Vi,j,k:Z e
(ixj)xk=1ix(jx*k)
Nixj=7%1
Nix(J+k)=ixj+ixk
ANOx1=0
ANlxi=1

The hinary multiplication operator (_x _) is defined fordintegers. The multiplication operation on integers is a
total function and has integer values. Multiplication.éh integers is characterised by the unique operatioh under
whicl the integers become a commutative ring with identity element 1.

NOTE 1If function_toolkit notation were exploited, the multiplication operator could be defined as follows.

_x_:(AXA)+- A

(ZXZ)< (cx_) EZXL =K
Vi,j,k:7Z e
(ixj)*xk=1x (k)
Nixj=jph
Nik(aAkyr=ixj+ixk
A0 *xd =0
N K¥o=1

B.7.12 Division, modulus

fhiaetion 40 leftassoc (- div _)
function 40 leftassoc (_mod _)

—div_ ,_mod _: P((A x A) x A)
Vo :Z; y:Z1e3,z:Ze((z,y),z2) € (_div_)
Vao:Z; y:Z, o3, z:Ze((z,y),2) € (-mod_)
Vi:Z;j:7q1
i=(idivj)*j+imodj
AN0<imodj<jVj<imodj<O0)
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For all integers ¢ and non-zero integers j, the pair (4,7) is in the domain of _div_ and of _mod_, and i div j and

7 MO

d j have integer values.

When not zero, i mod j has the same sign as j. This means that ¢ div j is the largest integer no greater than the
rational number i/j.

B.8

NOTE If function_toolkit notation were exploited, the division and modulus operators could be defined as

_div_,_mod_: A XA+ A

follows.

(ZXxZ)<(-div)) EZXZ1 — 7
(ZxZi)<(-mod_) €EZX71 —Z
Vi:Z;j:7Z1e
i=(idivj)*xj+imodj
AN0<imodj<jVj<imodj<DO0)

Sequences

spction sequence_toolkit parents function_toolkit, number_toolkit

B.8.1 Number range

fhnction 20 leftassoc (- .. -)
‘ _ .. _:AxA+-PA
(ZxZ)<(-..))€ZXZ—PZ
Vi,j:Zei..j={k:Z]|i<k<j}
The rjumber range from 4 to j is the set of all'integers greater than or equal to i, which are also less than
to j.
B.8.2 [Iteration

iter
relat

r equal

= [(X]

I

iter : Z— (X o X) = (¥ X)

Vr: X & X eidter @y =1id X

Vr: X o X; pcNoeigter (n+1) r=rg(iter nr)
Vr: X o X/ Neiter (-n) r=iter n (r")

i$ the iteration function for a relation. The iteration of a relation r : X « X for zero times is the
ipn on \X*. The iteration of a relation r : X < X for n + 1 times is the composition of the relation

iteratjof~n"times. The iteration of a relation r : X < X for - n times is the iteration for n times of the
of theTetatiom:

iter

106

dentity
with its
inverse

function (- -)

[X]
{:_—:(XHX)XZH(XHX)

‘ Vr: X< X;n:Ner ™ =jgternr

n r may be written as r ™.
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B.8.3 Number of members of a set

function (# -)

[X]
{:#_:FXHN
‘ Va:FXe#a=(un:N|(3f:1..n—aeranf =a))

The fqumber of members of a finite set is the upper limit of the number range starting at 1 that canbd put into
bijectjon with the set.

B.8.4 Minimum

fhinction (min _)

min _: PA + A

PZ<(min_)={a:PZ; m:Z|meaNn(Vn:aem<n)ear m }

If a sdt of integers has a member that is less than or equal to all members of that set, that member is its minimum.
B.8.5 Maximum

flinction (maz _)

mazr _:PA + A

PZ<(max ) ={a:PZ; m:Z|mecanh(Vn:agen<m)eaqr—m}

If a spt of integers has a member that is greater than or equal to all members of that set, that membpr is its
maxium.

B.8.¢ Finite sequences

generic (seq _)

geq X =={f: N+ X |don{f=1..#f }
A finite sequence is a finite indexed set of values of the same type, whose domain is a contiguous set of positive

integdrs starting at 1.

seq X|is the set of allkfinite sequences of values of X, that is, of finite functions from the set 1 .. n, for $ome n,
to eleents of X

B.8.T Non-empty finite sequences

seq X == seq X \ {2}

seq, X is the set of all non-empty finite sequences of values of X.
B.8.8 Injective sequences
generic (iseq _)
iseg X == seq X N (N = X)
iseq X is the set of all injective finite sequences of values of X, that is, of finite sequences over X that are also

injections.
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B.8.9 Sequence brackets

function (( ,, ))
(,, )[X]==As:seq X @5

The brackets ( and ) can be used for enumerated sequences.

B.8.10 Concatenation

fhinction 30 leftassoc (-7 =)

[X]
_7_iseq X X seq X — seq X

I

Vs,t:seqXos " t=sU{n:domten+#s—tn}

Concgtenation is a function of a pair of finite sequences of values of the same ‘type whose result is a sequelice that
beging with all elements of the first sequence and continues with all elements of the second sequence.

B.8.11 Reverse

[X]
rev : seq X — seq X

I

Vs:seqX erev s=An:domses(#s—n+1)

The reverse of a sequence is the sequence obtained by taking its elements in the opposite order.

B.8.12 Head of a sequence

= [X]
head : seq; X — X

Vs:seqy X @ head s = s 1

If s if a non-empty sequence of values, then head s is the value that is first in the sequence.
B.8.13 Last of a sequence
= [X]
last : segp X — X
Vs :seqy X o last s = s(#s)

If s i awon-empty sequence of values. then last s is the value that is last in the sequence.

B.8.14 Tail of a sequence

[X]
Ftail 1 seqy X — seq X
‘ Vs:seq; X otail s=An:1..(#s—1)es(n+1)

If s is a non-empty sequence of values, then tail s is the sequence of values that is obtained from s by discarding
the first element and renumbering the remainder.
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B.8.15 Front of a sequence

[X]
[:fmnt 1 seq; X — seq X
‘ Vs:seq, X o front s ={#s}<s

If s is a non-empty sequence of values, then front s is the sequence of values that is obtained from s by discarding
the last element.

B.8.16 Squashing

= [X]
squash : (Z + X) — seq X

Vf:Z-+w Xesquash f={p:fe#{i:domf|i<pl}—p2}

squash takes a finite function f : Z + X and renumbers its domain to produce gfinite sequence.

B.8.17 Extraction

fhinction 45 rightassoc (-1 -)

= [ X]
_:PZ x seq X — seq X

Va:PZ; s:seqX o als=squash(a<s)

The dxtraction of a set a of indices from a sequenceds the sequence obtained from the original by discarding any
indicgs that are not in the set a, then renumbesing the remainder.

B.8.18 Filtering

fhinction 40 leftassoc (- [-)

= [X]
_To:seq X xPX —lseqg X

“ﬂ‘

Vs:seqX; a:BXes | a=squash(sr> a)

The filter of a sedirence by a set a is the sequence obtained from the original by discarding any members fhat are
not iy the set«@, then renumbering the remainder.

B.8.19 « Prefix relation

I yad AY
TatIoO (= pTejtr—)

1~

[X]
[:_preﬁx_ cseq X > seq X
‘ Vs,t:seq X esprefirt < s Ct

A sequence s is a prefix of another sequence ¢ if it forms the front portion of ¢.
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B.8.20 Suffix relation

relation (_ suffiz _)

B Mathematical toolkit

[X]
F, suffic _: seq X «— seq X

Vs t-seaX assuffizt (o -sea X @y g —1
1 JJ Es

A seq|
B.8.

uence s is a suffix of another sequence ¢ if it forms the end portion of ¢.

P1  Infix relation

plation (_infiz _)

= [ X]

_infix_: seq X < seq X

A seq|
B.8.

Vs,t:seqX esinfirt < (Ju,v:seq X eu" s v=1t)

uence s is an infix of another sequence t if it forms a mid portion of ¢.

P2 Distributed concatenation

= [X]
7/ seqseq X — seq X

The d
X th

B.9

The 5
sectio

S O=0
Vs:seqX o/ (s)=s

Vg,r:seqseq X @ "[(q ") = (TR (T 1)

istributed concatenation of a.seguence ¢ of sequences of values of type X is the sequence of values

t is obtained by concatenatiing'the members of ¢ in order.

Standard toolkit

betion standard_tdolkit parents sequence_toolkit

tandardstoolkit contains the definitions of section sequence_toolkit (and implicitly those of its a

ns).

of type

hcestral
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Annex C
(normative)

Organisation by concrete syntax production

C.1 Introduction

This

syntak production. This re-organisation provides no suitable place to accommodate the material listednin
of thip introduction. That material is consequently omitted from this annex.

a)

002(E)

nnex duplicates some ol the dennirions presented 1 the normative clauses, butl re-organised DY

Hrom Concrete syntax, the rules defining:

1) Formals, used in Generic axiomatic description paragraph, Generic schema paragraph, Generic 1
tal definition paragraph, and Generic conjecture paragraph;

%) DeclName, used in Branch, Schema hiding expression, Schema renaming) expression, Colon dec
and Equal declaration;

3) RefName, used in Reference expression, Generic instantiationéxpression, and Binding selection
sion;

4) OpName and its auxiliaries, used in RefName and DeclName;

5) ExpSep and ExpressionList, used in auxiliaries of Relation operator application predicates an|
tion and generic operator application expressiens;

) and also the operator precedences and associativities and additional syntactic restrictions.
Hrom Characterisation rules:

1) Characteristic tuple.

Hrom Prelude:

1) its text is relevanf)not just to number literal expressions but also to the list arguments in ¥
operator application predicates and Function and generic operator application expressions.

Hrom Syntactic transformation rules:

1) Name'and ExpressionList.

oncrete
the rest

horizon-

aration

expres-

1 Func-

Relation

TonT Type infererce Tates:

1)  Generic type instantiation, carrier set and implicit instantiation.

2)  Summary of scope rules.
From Semantic relations:

1) all the relations for Type are omitted.
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Also, the description of the overall effect of a phase, or how the phase operates, is generally omitted from this
annex.

Moreover, some of the phases and representations are entirely omitted here, namely Mark-ups, Z characters, Lexis
and Annotated syntax.

C.2 Specification
C.2.1 Introduction

Specification is the start symbol of the syntax. A Specification can be either a sectioned spegcification or
an anjonymous specification. A sectioned specification comprises a sequence of named sections. Afnanhonymous
specification comprises a single anonymous section.

C.2.2 Sectioned specification
C.2.2.1 Syntax

Specification = { Section }

|
C.2.2.2 Type

0, = {prelude — T
} RS Spretude & Lo 5, F s, 9T, 6p Esp s Ty ) {p o}

5n = 677,71 ) {in71 g ]-—‘nfl}
wherq 7,,_, is the name of section s,,_,, and none of the sections s, ... s,, are named prelude.

Each section is typechecked in an environment formed from preceding sections, and is annotated with gn envi-
ronm¢ént that it establishes.

NOTE The section-type environmentiestablished by the prelude section is as follows.

(A, (prelude, P(GIVEN A)N;

(N, (prelude, P(GIVENA)Y);

(number_literal_Oc(prelude, (GIVEN A)));
(number_literalcly{prelude, (GIVEN A)));

(M43, (preluedeyP(((GIVEN A) x (GIVEN A)) x (GIVEN A))))

If ond of the sections™s{ ... s, is named prelude, then the same type inference rule applies except that the type
subsefjuent for the,prelude section is omitted.

C.2.2.3 Semvantics

fid il fid

i . il kil fid IS
o1 - Sn | — ([ £EU 5€CLIoL [JICL’LLU:C PalClits END ... g S1 ] g---9llon ] )] ¥

The meaning of the Z specification s, ... s, is the function from sections’ names to their sets of models formed
by starting with the empty function and extending that with a maplet from a section’s name to its set of models
for each section in the specification, starting with the prelude.

To determine [ ZED section prelude parents END ... | another prelude shall not be prefixed onto it.

NOTE The meaning of a specification is not the meaning of its last section, so as to permit several meaningful units
within a single document.
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C.2
C.2

Specification =

C.2

The
singl

.3 Anonymous specification

3.1 Syntax

| { Paragraph }

)

.3.2 Transformation

ISO/IEC 13568:2002(E)

nonymous specification D, ... D,, is semantically equivalent to the sectioned specification comp)
el section containing those paragraphs with the mathematical toolkit of annex B as its parent.

D} ... D, = Mathematical toolkit ZED section Specification parents standard_toolkit END D, ..

In this transformation, Mathematical toolkit denotes the entire text of annex B. The name) given to the
is nof important: it need not be Specification, though it shall not be prelude or that of any sectionl
math¢matical toolkit.

C.3
C.3

Section

.1 Introduction

ising a

Dy

section
of the

A Se¢tion can be either an inheriting section or a base seétion. An inheriting section gathers togetlher the
paragraphs of parent sections with new paragraphs. A bdse section is like an inheriting section but|has no
parengs.
C.3.2 Inheriting section
C.3.2.1 Syntax
Section = ZED , sectien* , NAME , parents , [ NAME , { ,-tok , NAME } ] , END ,
{ Paragraph }
|
C.3.2.2 Type
i & dom A
{i1y vy im} C dom A
~v—, = if i = prelude then {} else A prelude
Yo=7Y—1 UA i, U...UA iy,
=7, § second
By FLBL 2 o G 1P D g | 0T RS ,
- aisSjotTiL \LLUIIL U1,y ..., QOUITL Un/
A F ZED section i re(C—+.)
parents iy, ..., 4y, END I =v,U{j:NAME; 7:Type | j—~T€0,U...U0, @5 (i, 7)}
D, so,..D, 380, s By =, Uo,
ﬁnfl = ﬁnfz Uop—1
Taking the side-conditions in order, this type inference rule ensures that:
a) the name of the section, i, is different from that of any previous section;
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C.3.

The

the names in the parents list are names of known sections;
the section environment of the prelude is included if the section is not itself the prelude;
the section-type environment -, is formed from those of the parents;

the type environment [, is determined from the section-type environment ,;

C Organisation by concrete syntax production

there is no global redefinition between any pair of paragraphs of the section (the sets of names
sjgnatures are disjoint);

name which is common to the environments of multiple parents shall have originated in a.e6mmon a
spction, and a name introduced by a paragraph of this section shall not also be introduced by
Haragraph or parent section (all ensured by the combined environment being a function);

jou)

[l

he annotation of the section is an environment formed from those of its parents, extended accordin
gnatures of its paragraphs;

n

and the type environment in which a paragraph is typechecked is forined from that of the parent
extended with the signatures of the preceding paragraphs of this section.

NOTE 1 Ancestors need not be immediate parents, and a section-Cannot be amongst its own ancestors (1f
L the parent relation).

-

NOTE 2 The name of a section can be the same as the namé<«ofa variable introduced in a declaration—thd
njot confused.

.3 Semantics

frelude section, as defined in clause 11, is treated specially, as it is the only one that does not have

as an|implicit parent.

The

[ ZED sectiofi)prelude parents END D, ... D, ]°

A T : SectionModels o {prelude n:>([[ D, 1%s..s[Dn]”) ({2} )}

theaning of the prelude section is given by that constant function which, whatever function from s

name$ and their sets of models it.is given, returns the singleton set mapping the name prelude to its set of

The

spt of models is that to.which the set containing an empty model is related by the composition of the r

betwden models that denete’the meanings of each of the prelude’s paragraphs—see clause 11 for details
paragraphs.

(I Dy 1788 Dn 17) ( {My : T prelude; M, : T i,; ...

114

NOTE Onegddel of the prelude section can be written as follows.

{A =24y
N =N,
number_literal_0 — 0,

n their

hcestral
hnother

b to the

bections

o cycles

two are

prelude

ections’
models.
plations
bf those

1

L. Lot 11
THnTocTr—rtrerat—r" T

-+ -—{((0,0),0), ((0,1),1),((1,0), 1), ((1,1),2), ... }}

The behaviour of (- 4 _) on non-natural numbers, e.g. reals, has not been defined at this point, so the set of models

for the prelude section includes alternatives for every possible extended behaviour of addition.

[ ZED section i parents i,,...,i,, END D, ... D, ]°

A T : SectionModels T U {i —

©ISO/IEC 2002—All rights
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The meaning of a section other than the prelude is the extension of a function from sections’ names to their sets
of models with a maplet from the given section’s name to its set of models. The given section’s set of models
is that to which the union of the models of the section’s parents is related by the composition of the relations
between models that denote the meanings of each of the section’s paragraphs.

C.3.3—Basecsection
C.3.3.1 Syntax

Section = ..
| ZED , section , NAME , END , { Paragraph }

C.3.3.2 Transformation

The hase section ZED section ¢ END D, ... D, is semantically equivalent to the inlieriting section that [inherits
from ho parents (bar prelude).

ZED section ¢ END D, ... D, = ZED section ¢ parénts END D, ... D,

C.4| Paragraph
C.4.1 Introduction

A Pafagraph can introduce new names into the models; and can constrain the values associated with ngmes. A
Paragraph can be any of given types, axiomatic description, schema definition, generic axiomatic desdription,
gener]c schema definition, horizontal definitiom,\generic horizontal definition, generic operator definitipn, free
types| conjecture, generic conjecture, or operator template.

C.4.2 Given types
C.4.2.1 Syntax
Paragraph =(ZED , [-tok , NAME , { ,-tok , NAME } , ]-tok , END

C.4.2.2 Type
#{iy, i, in}=n
Y43 7ED [iy,....,in] END § o0 \ O = i, : P(GIVEN 4,); ...; iy : P(GIVEN i,,)

In a given types paragraph, there shall be no duplication of names. The annotation of the paragraph is a signature
associating the given type names with powerset types.

C.4.2.3 Semantics

The given types paragraph ZED [i,, ..., 4,] END introduces unconstrained global names.
[ ZED [iy,...,in) END |° = {M: Model; wi, ..., w, : W
o M MU {i, — wy, ..., ip — Wy}

U {4, decor Q — wy, ..., ip, decor O — wy,}}
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It relates a model M to that model extended with associations between the names of the given types and semantic
values chosen to represent their carrier sets. Associations for names decorated with the reserved stroke © are also
introduced, so that references to them from given types (see 15.2.6.1) can avoid being captured.

C.4.3 Axiomatic description

C4.

Parag

C.4.

8.1 Syntax
raph
8.2 Type

’

YFesrT

AX , SchemaText , END

In an|
parag

C.4.
The 4

It rel

C.4.4
C.4.

Parag

C.4.4

The s
is the

1.1 Syntax

raph

valud of*t.

[ -~ AXe 3 TEND ¢ o

| SCH(,)NAME , SchemaText , END
|

)

(1= P[o])

B.3 Semantics

xiomatic description paragraph AX e END introduces globalbnames and constraints on their values.

[AX e END |7 = {M: Model; t>xW|tc[e]"MeM— MUt}

i Schema definition

1.2 Transformation

SCH ¢ ¢ END

AX [i == ] END

axiomatic description paragraph AX e END, the expression e shall(be a schema. The annotation of the
raph is the signature of that schema.

tes a model M to that model extended with abinding ¢ of the schema that is the value of e in mofdel M.

chema definition paragraph SCH ¢ ¢ END introduces the global name i, associating it with the schea that

The paragraph is semantically equivalent to the axiomatic description paragraph whose sole declaration associates
the schema’s name with the expression resulting from syntactic transformation of the schema text.

116
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C.4.5 Generic axiomatic description

C.4.5.1 Syntax

Paragraph

| GENAX , [-tok , Formals , |-tok , SchemaText , END
|

’

C.4.5.2 Type

X @ {i, ~ P(GENTYPE 4, ), ..., i ~ P(GENTYPE i)} 5 e g 7 [ # Ui - in} =7

T =P[3]

Inag
the gd
and s
same

C.4.

The g
their

[G

Given
overri
argun
parag]
e (na
instai
detery
captyl

C.4.

D . .
¥ b GENAX [iy,...,in] € 8 TEND 8 o oc=\j:dom Beli,.cin) (B 7)

eneric axiomatic description paragraph GENAX [iy, ..., i,] e END, there shall be no duplication of name

hall be a schema. The annotation of the paragraph is formed from the signatufe of that schema, hay
mames but associated with types that are generic.

.3 Semantics

eneric axiomatic description paragraph GENAX [iy,...,4,] e END introduces global names and constr
values, with generic parameters that have to be instantiated (bysets) whenever those names are refq

ENAX [iy,...,3n] (€ 8 P[j, : T2 -} Jm : Twm]) END |7 =
{M: Model; v:W1Tn—>W
|V wiy ooy wy, :WeT w:We
u (W, o, wy) €W
AN(M&{iy — wi, ...y ip —0n} U{i, decor & — wy, ..., i, decor & — w,}) — w € ||
e M— MUXY:{j1, o, imp@8AT:WTneuszy}
a model M and generic argument sets wi, ..., w,, the semantic value of the schema e in tha
dden by the association of thetgeneric parameter names with those sets is w. All combinations of
hent sets are considered. The-function v maps the generic argument sets to a binding in the schema

raph relates the model Mo, that model extended with the binding that associates the names of the
nely j,, ..., jm) with the.corresponding value in the binding resulting from application of u to a

red.

b ~ Gieneric schema definition

C.4.6.1 Syntax

Paragraph

| GENSCH , NAME , [-tok , Formals , |-tok , SchemaText , END
|

)
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within

neric parameters. The expression e is typechecked, in an environment overridden/by the generic pargmeters,
Fing the

ints on
renced.

e]?

model
generic
w. The
schema,
bitrary

tiating sets x. Asséeiations for names decorated with the reserved stroke # are also introduced whilst
nining the semantieyvalue of e, so that references to them from generic types (see 15.2.6.2) can avoid being
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C.4.6.2 Transformation

The generic schema definition paragraph GENSCH 4 [i,,...,i,] ¢ END can be instantiated to produce a schema
definition paragraph.

GENSCH i [iy,...,i,] t END == GENAX [i,,...,4,] [i == t] END

It is semantically equivalent to the generic axiomatic description paragraph with the same generic parameters and

WhOS soledeclaration assaciates the schoma’

; ith th = lting £ syntactic £ £ i
S ale izl ray nvpv‘ﬂgcn'\ﬂ rosll 1Y\g Aavaal &"‘]71’1 QCL10 LrallsSlio matlon

of thd schema text.

C.4.Y Horizontal definition
C.4.Y.1 Syntax
Paragraph = ..
| ZED , DeclName , == , Expression , END
|

’

C.4.Y.2 Transformation

The Horizontal definition paragraph ZED ¢ == e END introduces-the global name i, associating with it tlhe value
of e.

ZED i == ¢ END —="" AX [i == ¢] END

It is semantically equivalent to the axiomatic description paragraph that introduces the same single declhration.

C.4.83 Generic horizontal definition
C.4.8.1 Syntax
Paragraph = ..

| ZEDN NAME , [-tok , Formals , ]-tok , == , Expression , END
|

2

C.4.8.2 Transformation

The generic hotizontal definition paragraph ZED ¢ [i,, ..., i,] == e END can be instantiated to produce a hofizontal
definifion{pdragraph.

AL, LTI A 1 AR

T i -] z [ - . I 1
LLU T [[’17 EE) [”I’LJ —— € LINDU GLINAA \_[’17 ceey an |_L —_— GJ LIND

It is semantically equivalent to the generic axiomatic description paragraph with the same generic parameters
and that introduces the same single declaration.
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C.4.9 Generic operator definition

C.4.9.1 Syntax

ISO/IEC 13568:2002(E)

Paragraph = ...
| ZED , GenName , == , Expression , END
|
GenNgme = PrefixGenName
| PostfixGenName
| InfixGenName
| NofixGenName
PrefixGenName = PRE , NAME

PostfixGenName

InfijGenName

NofigGenName

L, {NAME , (ES| SS) } , NAME , ( ERE | SRE ) , \NAME

NAME , POST

NAME , EL , { NAME ,

NAME , I , NAME
NAME , EL , { NAME ,

(ES| SS) } , NAME & (CER | SR )

(ES| SS ) X\, NAME , ( ERE | SRE ) , NAME

L, {NAME , (ES| 8S ) } ,0NAME , ( ER| SR ) ;

C.4.9.2 Transformation

All gdneric names are transformed to juxtapositions of NAMEs and generic parameter lists. This causes the]

generic

operafor definition paragraphs in which they appear to become generic horizontal definition paragraphs, and thus

be anjenable to further syntactic transformation.

Each [resulting NAME shall be one for whiek’ there is an operator template paragraph in scope (see 12.2.8)

C.4.9.3 PrefixGenName

pre i = preX [i]
In i, €8S, ANt—n €8Sp—n in—y €re i, — InXess,..Xess,_XereX [i,, ..., in—n,in_y,in]
In i, es8¢{ =" in_s €SSp_s in_, Sre i, — InNXess,..Xess,_XsreX [i,,...,0n—0,ln_1,in]
C.4.9.4\ PostfixGenName
i post = WNpost [i]
1€l Gy €8Sy v Iy €SSp_y in er —> WNelXess,..Xessy_Xer [iy,ia, . ..yin_1,in)
iyel iy €88y .. ip_y €8Sp_y in ST = WelXess,..Xess,— XST [iy, 90, oy in_1,in]

©ISO/IEC 2002—All rights reserved
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C.4.9.5 InfixGenName

ivin i = MinX [i,, 4]
1,6l iy €8Sy o ip_o €8Sp_o In_y €T€ &, = NXelXess,..Xess,_XereMX [y, 0o, s in_o,in_1,1n]

iyl Gy €8Sy o lp_o €SSp_o in_y STE &y —> NXelXess,..Mess,_XsreMX [iy,0s, oy in_o,ln_1,1n]

C.4.9.6 NofixGenName

C.4.10 Free types
C.4.10.1 Syntax

Parag

Freet
Brand
C.4.

The {]
eleme

Exha

The s
(see 1

semantic trafisformation rule (see 14.2.3.1).

In i, €88y ... in—, €8Sp_y in er = InXess,..Xess,_,Xer [iy, ..., ijc1)in]

In i, essy ... in—y €88p—y in ST = InNess,..Mess,_,Xsr [iy,..(lp—1,in]

raph = ...

| ZED , Freetype , { & , Freetype } , END

|
ype = NAME , ::= , Branch »{ |-tok , Branch } ; (* free
h = DeclName , [ {3 Expression , ) ] ; (* element or injec
0.2 Transformation

ransformation of free types\paragraphs is done in two stages. First, the branches are permuted f
nts to the front and injections to the rear.

gley | h]... = | hlgle)]..

istive application/of this syntactic transformation rule effects a sort.

3.2.3.3%Hence that second stage is delayed until after typechecking, where it appears in the fo
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ype *)

ion *)

o bring

becond stage fequires implicit generic instantiations to have been filled in, which is done during typedhecking

m of a
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C.4.10.3 Type
#{flv hivy ooy Bimyy 911y s Gamss
fr7 hrla sy hr’mw Gras -y grnr}
=r+m+...+mp+n+...+n,
=YX ®{f, — P(GIVEN f,), ..., f — P(GIVEN f,)}
. =Pao,. T =P .
ﬂ I_g €11 8 T11 ﬂ |_£ €in, 8 Tin,
. Trr=Pary, . Trp, =Papn,
- . o = f, :P(GIVEN f,);
B eisma .. BF e 8Tn, By i GIVEN £ ..i by, 2 GIVEN f,;
fio=hoy || ham, 911 : P(7,, X GIVEN f,)
g1 1<<611 8 Ty 1>> | i,
3 Gin, 1 P(Tyn, x GREN f,);
Gin,(€1n, 8 Tin,) & .
¥ P . o 2
Y ZED g END § o £ P(CIVEN £
fro=hes || iy, | Byy : GIVEN fr; ... By, : GIVEN f,;
graflers 8 1)) | 9r < P(7,, x GIVEN f,);
Grn,{€rn,. 8 Trn,) Jrn, : P(Tyn, X GIVEN f£,)

ISO/IEC 13568:2002(E)

In a fijee types paragraph, the names of the free types, elementis’and injections shall all be different. The expfessions
repregenting the domains of the injections are typechecked\in an environment overridden by the names of [the free
types| and shall all be sets. The annotation of the paragraph is the signature whose names are those of all the
free types, the elements, and the injections, each associated with the corresponding type.
C.4.10.4 Semantics
A freqd types paragraph is semantically equivalent to the sequence of given type paragraph and axiomatic d¢finition
paragiraph defined here.

NOTE 1 This exploits notationsthat is not present in the annotated syntax for the purpose of abbreviation.

ZED

Jo=hao | ham, foad€es i) | [ gun, (€1n,)

& ... &

No=hes || e | graer i) |- | Grn, ((€rn, )

END

—

ZED

{52, 1]

END
©ISO/IEC 2002—All rights reserved 121


https://standardsiso.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

ISO/IEC 13568:2002(E) C Organisation by concrete syntax production

AX
h117 sy hlm1 5f1

h’r‘17 () hrmT. : fr
911 :]P)(€11 X fl); <5 Gin, :P(61n1 X f1)

- Ple fodi vy Qo < Pleg, £.)

Fue,o3, 2:g.,0. 1=u)AN . ANVu:e,, 03, 2:9,,, 02.1=u)

A
Fuier,03 z:grroz. l=u)A . ANVNuie, 3, 2:gp, 02.1=u)

WV uvie,|griu=g,veu=0v)A.. AN uv:e ,,

glnlu:g1nlv.u:1})
A
V u,v:iers | griu=grveu=0)A.. AN U,V:€n, |Grnt=grnvels )

M b,,0,:Ne
(Vw: f |
b,=1ANw=h,, V. Vbh=mAw="hym, V
by=m+1lAwe{r:g,,0x.2} V..Vb
ANba=1ANw=hy,V..Vby=m Aw="hym,
bo=mi+1Awe{zr:g,,0x.2}V..Vb,
by = by) A

mi+nmANwe{r:g,, ox.2})

<

mi+mAweE{r:gin, 0x.2})0

CA
¥ w:f |
b,=1ANw=h., V..Vb =mfw=hppm, V
by=mr+1Awe{r:g 1 02.2} V..V =m.+n ANw€E{x:gr, ox.2})
ANba=1ANw=hp, V..VIIZ=mp Aw=hpp, V
bo=my+1Awe{zlgr,0x.2} V.. Vho=m+n AweE{z:grn 0z.2})e
b, = b,)

Mw, :Pfi; s we P S|

hiy €Wy Ao AN, € Wy A

DA

hy1 € WNVeo A By, € Wy A

(Vil/(ﬂ fl == Wy ey fr ::wr.ell).gllyewl)/\

N Y (1 fy==wy e fr==w,0€,,)®gin, Y EW,) A

A

(v y(ﬂ fl == Wyy vy fr == Wp .e’l"l) .grlyewr) N

VA (V y(M fl == Wy, -y fr == Wr .ern,-).grn7-y€wr> o
w, = f1 A . ANwyp = fr

END

The type names are introduced by the given types paragraph. The elements are declared as members of their cor-
responding free types. The injections are declared as functions from values in their domains to their corresponding
free type.

The first of the four blank-line separated predicates is the total functionality property. It ensures that for every
injection, the injection is functional at every value in its domain.
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The second of the four blank-line separated predicates is the injectivity property. It ensures that for every
injection, any pair of values in its domain for which the injection returns the same value shall be a pair of equal

values (hence the name injection).

The third of the four blank-line separated predicates is the disjointness property. It ensures that for every free
type, every pair of values of the free type are equal only if they are the same element or are returned by application

of the same injection to equal values.

The fourth of the four blank-line separated predicates is the induction property. It ensures that for every free

type, [its members are its elements, the values returned by its injections, and nothing else.

The generated p expressions in the induction property are intended to effect substitutions of all reference
free type names, including any such references within generic instantiation lists in the e expressions.

ave been made explicit before it is applied.

ZED

[f17 “'7f7”}
END

AX
hl 1y =eey h1m1 :f1

h?"17 ey h'l“mr : fr‘

NOTE 2 That is why this is a semantic transformation not a syntactic one: all implicit genéri¢-instantiati

h
NOTE 3 The right-hand side of this transformation could have been expressed using notafion from the math
tpolkit, as follows, but for the desire to define the Z core language separately from thé.mathematical toolkit,

Gi1i€i:— fu

g7‘1 CEpy f"“’

vy Ging P €1n, — f1

w3 Grng t Crng o= fr

disjoint({hi1}, ooy {Raim, }s TaN gLisSS TGN Grn, )
disjoint{({hr1}, ..., {Prm, }, €AV Gr 1, ..., TAN Grn,.)
Vw, :Pfi; o we:Pf
{ha1, oo, By P U g fr == W oo fr==wr ®e11
VoUgin, (pfi==ws; .. fr==wreein, ) Cw: A
A
g ooy B, YU Gra( 0 fa == wa; oo fr==wr ®er, |
U Ugrn, (pfo ==wi; ooy fr==wreern,. ) Cwre
Wy Efr N ANwr = fr
END

5 to the

ns shall

bmatical

C.4.11 Conjecture

C.4.11.1 Syntax

Paragraph =
|
|

ZED , F? , Predicate , END

©ISO/IEC 2002—All rights reserved
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C.4.11.2 Type

> H p

Y ZEDH?p END ¢ o

(7= 0

C Organisation by concrete syntax production

In a conjecture paragraph ZED 7 p END, the predicate p shall be well-typed. The annotation of the paragraph is
the empty signature.

C.4.11.3 Semantics

The d
may |

It rel

C.4.
C.4.

Parag

C.4.

onjecture paragraph ZED 7 p END expresses a property that may logically follow from the speeifi¢d
e a starting point for a proof.

[ ZEDF? p END |* = id Model

tes a model to itself: the truth of p in a model does not affect the meaning of the lspecification.

|2 Generic conjecture
2.1 Syntax

raph = ..
| ZED , [-tok , Formals , |-tok , F? ;~\Predicate , END
|

’

2.2 Type

In a
gener
The 4

C.4.

The ¢
from

It rel

Y @ {i, — P(GENTYPE 4,), ..., i,, — P(GENTYPEY,)} F p ( #{iy, . int=n )

¥ F ZED [iy,...,in] F? p END, & o= ¢

beneric conjecture paragraph ZED [ijz+) 4] F? p END, there shall be no duplication of names wif
¢ parameters. The predicate p shall. be well-typed in an environment overridden by the generic parg
nnotation of the paragraph is the empty signature.

2.3 Semantics

eneric conjecture paragraph ZED [i,, ..., i,] 7 p END expresses a generic property that may logicall
Lhe specification. It\may be a starting point for a proof.

[ ZED [iy,...,in] F? p END |” = id Model

tes a modeélto itself: the truth of p in a model does not affect the meaning of the specification.

tion. It

hin the
meters.

y follow

C.4.13 Operator template

An operator template has only syntactic significance: it notifies the reader to treat all occurrences in this section
of the words in the template, with whatever strokes they are decorated, as particular prefix, infix, postfix or
nofix names. The category of the operator—relation, function, or generic—determines how applications of the
operator are interpreted— as relational predicates, application expressions, or generic instantiation expressions
respectively.

124
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C.4.13.1 Syntax

ISO/IEC 13568:2002(E)

Paragraph = ..
| ZED , OperatorTemplate , END
OperatorTemplate = relation , Template
| function , CategoryTemplate
| gmma'r‘ih (‘9+ngnry"l"nmp'l ate
CategoryTemplate = PrefixTemplate
| PostfixTemplate
| Prec , Assoc , InfixTemplate
| NofixTemplate
Prec = NUMERAL ;
Assod = leftassoc
| rightassoc
Template = PrefixTemplate
| PostfixTemplate
| InfixTemplate
| NofixTemplate
PrefixTemplate = (-tok , PrefixName , )-tok
| (-tok , P, _ , )-tok
PostflixTemplate = (-tok , PostfixName , )-tok ;
InfijTemplate = (-tok , InfixName , )-tok ;
NofigTemplate = (-tok , NofixName , )-tok ;
C.5| Predicate
C.5.1 Intreduction
A Prgdicate-expresses constraints between the values associated with names. A Predicate can be any| of uni-
versal] guantification, existential quantification, unique existential quantification, newline conjunction, senicolon
conjuhction equivalence jmplication Hian'nr’ﬁn'n conjunction negation relation operator application ember-

ship, schema predicate, truth, falsity, or parenthesized predicate.

©ISO/IEC 2002—All rights reserved
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C.5.2 Universal quantification

C.5.2.1 Syntax

Predicate

VY , SchemaText , e , Predicate

C.5.2.2 Type

N
4

DK e T E@ﬂkppT

Inay
in thd

C.5.

The 1
scheny

In ter
bindiy

C.5.
C.5
Predi

C.5.
The ¢

It is S

SHE V(s ep = PI8D

niversal quantification predicate V e e p, expression e shall be a schema, and predicate p.shall be we
environment overridden by the signature of schema e.

.3 Semantics

niversal quantification predicate V e e p is true if and only if predicate p_iS/true for all binding
ae.

[Veep]” = {M:Model |Vt:[e]"MeMdtep] o M}

ms of the semantic universe, it is true in those models for which¢p is” true in that model overridde
hgs in the semantic value of e, and is false otherwise.

8 Existential quantification

.3.1 Syntax

cate
3 , SchemaText , e, Predicate

B.2 Transformation
xistential quantification predicate 3 ¢ e p is true if and only if p is true for at least one value of t.
Jtep =— - Vte-p

emantically equivalént to p being false for not all values of ¢.

I-typed

b of the

h by all

C.5.4 AUhnique existential quantification

Cc50101 S‘ylltal\

Predicate = ...
| 3, , SchemaText , e , Predicate
|

C.5.4.2 Type
YHEesT Xop0 H P

126

PO Jy(esT)ep (r=FA)
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In a unique existential quantification predicate 3, e e p, expression e shall be a schema, and predicate p shall be

well-typed in the environment overridden by the signature of schema e.

C.5.4.3 Semantics

The unique existential quantification predicate 3, e o p is true if and only if there is exactly one value for e for

which p is true.

Jyeep = -~ (Vee-(pA(Vie|p]|~ebe=0¢c"™)))

J,eep = JeepA(Ve|p]~ele=0e"™)

It is demantically equivalent to there existing at least one value for e for which p is tyue and all those v4

whicH it is true being the same.

C.5.5 Newline conjunction
C.5.5.1 Syntax

Predicate
Predicate , NL , Predicate

C.5.5.2 Transformation
The 1lewline conjunction predicate p, NL p, i true if and only if both its predicates are true.
P NLp, = pi Ap,

It is gemantically equivalent to the conjunction predicate p, A p..

C.5.6 Semicolon conjunction
C.5.6.1 Syntax

Predicate
Predicate , ;-tok , Predicate

’

NOTE Exploiting notation that is not present in the annotated syntax, this abbreviates to the following.

lues for

C.5.6.2 Transformation

The semicolon conjunction predicate p,; p. is true if and only if both its predicates are true.

D1; P2 == P1 ADa

It is semantically equivalent to the conjunction predicate p, A p..

©ISO/IEC 2002—All rights reserved
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C.5.7 Equivalence
C.5.7.1 Syntax

Predicate = ...
| Predicate , < , Predicate
|

’

C.5.7.2 Transformation
The dquivalence predicate p, < p, is true if and only if both p, and p, are true or neither is true.
P =P — (pl :pz) A (pz :>p1)

It is gemantically equivalent to each of p, and p, being true if the other is true.

C.5.8 Implication
C.5.8.1 Syntax

Predicate = ..
| Predicate , = , Predicate
|

C.5.8.2 Transformation
The inplication predicate p, = p, is true if and only~if p, is true if p, is true.
Pa= D2 = TP VDPs

It is Semantically equivalent to p, being(fafse disjoined with p, being true.

C.5.9 Disjunction
C.5.9.1 Syntax
Predijcate

| Predicate , V , Predicate
|

’

C.5.92) Transformation

The disjunction predicate p, V p, is true if and only if at least one of p, and p, is true.

D1 VP, — _‘(_‘pl/\_‘pz)

It is semantically equivalent to not both of p, and p, being false.
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C.5.10 Conjunction
C.5.10.1 Syntax

Predicate

| Predicate , A , Predicate
|

’

C.5.

02— Type

]Fppl EFpp2

A con

C.5.
The d

In tei
other

C.5.
C.5.
Predi

C.5.

A neg
C.5.
The 1

In ter

Y F p. Aps
junction predicate p; A p, is well-typed if and only if predicates p, and p, are well-typed.
0.3 Semantics
onjunction predicate p, A p, is true if and only if p, and p, are true.
[paAp]" = [P I7 0[P 1"

ms of the semantic universe, it is true in those models in which beth p, and p, are true, and
vise.

|1 Negation
1.1 Syntax

cate =
| = , Predicate
|
1.2 Type
= p
L —p
ation predicate — p is.well-typed if and only if predicate p is well-typed.

1.3 Semantics
egation predieate — p is true if and only if p is false.
[-p]" = Model\[p]”

ms/6f the semantic universe, it is true in all models except those in which p is true.

C.5.12 Relation operator application
C.5.12.1 Syntax

Predicate

| Relation
|

’

©ISO/IEC 2002—All rights reserved
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Relation = PrefixRel

| PostfixRel

| InfixRel

| NofixRel
PrefixRel = PREP , Expression

| LP , ExpSep , ( Expression , EREP | ExpressionList , SREP ) , Expression
PostflixRel = Expression , POSTP

| Expression , ELP , ExpSep , ( Expression , ERP | ExpressionList , SRP )
InfifRel = Expression , ( € | =-tok | IP ) , Expression ,

{ (€| =tok | IP ) , Expression }
| Expression , ELP , ExpSep ,
( Expression , EREP | ExpressionList , SREP )-,\'Expression

NofijRel = LP , ExpSep , ( Expression , ERP | ExpressionList , SRP ) ;
C.5.12.2 Transformation
All rdlation operator applications are transformed to annotated mmembership predicates.
Each [relation NAME shall be one for which there is an operator template paragraph in scope (see 12.2.8).
The lpft-hand sides of many of these transformation rulésrinvolve ExpSep phrases: they use es metavdriables.
None|of them use ss metavariables: in other words, «only the Expression ES case of ExpSep is specifled, not
the EkpressionList SS case. Where the latter case’ occurs in a specification, the ExpressionList ghall be
transformed by the rule in 12.2.12 to an expression, and thence a transformation analogous to that specjfied for
the fdrmer case can be performed, differing only‘in that a ss appears in the relation name in place of an|es.

C.5.

C.5.

2.2.1 PrefixRel

prep e e € prepX

=
Ip e, es, ... en_u @Spnn €y €rep €, =—> (€1, ..,€n_n,€n_1,6n) € IpXes, .. Mes,,_,XerepX
—

Ip e, es; ... e, % €8y 5 Qp_, STEP €

12.2.2 PostfixRel

e postp e € Xpostp

(€1y-eey o, Gn_1,ey) € IpXes, .. Xes,, _XsrepX

130

e, elp e, es, ... ey €Sy €, erp

I

e, elp e, e, ... ey €Sy Ay ST

(€1,€q, .y €n_1,€n) € XelpXes,..Xes,_,Xerp
(1,€2y ey non,an) € WelpXes,...Mes,_,Xsrp
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C.5.12.2.3 InfixRel

€, P, €5 0P, €5 ... = €, ip, (€2 8 1) A(es 8 ;) ip, (€5 8 ) ...

The chained relation e, ip, e, ip, e ... is semantically equivalent to a conjunction of relational predicates, with
the corstraint—that-duplcated—expressionsbe-of-the-sametype
A A T ™ T

e, =e, = e, €{e,}
e, ipes = (e,,e,) € MipX

ip in phe above transformation is excluded from being € or =, whereas ip,,ip,, ... in thelehained relation] can be
€ or +.
d, elp e, €S, ... €0 €Sp_o €y, €TEDP €, —> (el,ez,...,en_z,en_l,en) e\XelpXes., ... Xes,, _.XerdpX

L elp €5 €Sy oo €pp €Sp_s Qp_y STED € = (€1,€0, ..., €n_so, Un_, €xDE NelpXes,.. Xes, _,Xsr¢pX

o)

C.5.12.2.4 NofixRel

Ipe,es, ...ep_y €Sp_y enerp = (ené,en_q,en) € IpXes, .. Nes,,_,Xerp

Ip e, esy ... en_y €Sp_y ap STPp == N€1,...,en_1,an) € IpXes,..Xes, _,Xsrp

C.5.12.3 Type
YFeson TF esn
PO (e, 8 7)€ (€5 8 Ta)

In a fembership predicate e, € €,)expression e, shall be a set, and expression e, shall be of the same |type as
the mjembers of set e,.

C.5.12.4 Semantics

(TzzPTl)

The rhembership predicate e, € e, is true if and only if the value of e, is in the set that is the value of €.
[e.€er]” = {M: Model |[e, [ M€ [e, ]"Me M}

In terms of the*semantic universe, it is true in those models in which the semantic value of e, is in the spmantic
valuefof ¢5,'and is false otherwise.

C.5.13 Schema
C.5.13.1 Syntax

Predicate = ...
| Expression
[

’
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C.5.13.2 Transformation

The schema predicate e is true if and only if the binding of the names in the signature of schema e satisfies the
constraints of that schema.

e — fece

It is semantically equivalent to the binding constructed by 6 e being a member of the set denoted by schema e.

C.5.14 Truth
C.5.14.1 Syntax

Predicate
true

C.5.14.2 Type

S] F true
A truph predicate is always well-typed.
C.5.14.3 Semantics

A truph predicate is always true.
[ trued]” = Model

In terms of the semantic universe, it is true in-all models.

C.5.15 Falsity
C.5.15.1 Syntax
Predicate =Cn
| ) false
[

C.5.15.2 UTransformation

The fhlsity predicate false is never true.

false =— - true

It is semantically equivalent to the negation of true.
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C.5.16 Parenthesized predicate
C.5.16.1 Syntax

Predicate = ..
| (-tok , Predicate , )-tok

C.5.16.2 Transformation

The parenthesized predicate (p) is true if and only if p is true.

(r) = »p

It is emantically equivalent to p.

C.6 | Expression
C.6.1 Introduction

An Egkpression denotes a value in terms of the names with which values are associated by a model. An
Exprgssion can be any of schema universal quantification, schema existential quantification, schema unjque ex-
istentfal quantification, function construction, definite descriptiongsubstitution expression, schema equipalence,
schenja implication, schema disjunction, schema conjunction, schema negation, conditional, schema composition,
schenja piping, schema hiding, schema projection, schema precondition, Cartesian product, powerset, flunction
and generic operator application, application, schema decoration, schema renaming, binding selection, tuple se-
lectioh, binding construction, reference, generic instantiation, number literal, set extension, set comprehension,
charafteristic set comprehension, schema construction;binding extension, tuple extension, characteristic |definite
description, or parenthesized expression.

C.6.2 Schema universal quantification
C.6.2.1 Syntax

Exprgssion = V , SchémaText , e , Expression

C.6.2.2 Type
. . T, = ]P)[ﬁl]
Y F e Y08 F esn| r,=Pg)

Zl—g‘v’(elng)o(ezgfz)gq-3 b1 = [,
T3 = Pldom B3, < 3,]

In a schema universal quantification expression V e, e e,, expression e, shall be a schema, and expression e,, in
an environment overridden by the signature of schema e,, shall also be a schema, and the signatures of these two
schemas shall be compatible. The type of the whole expression is that of a schema whose signature is computed
by subtracting from the signature of e, those pairs whose names are in the signature of e,.

C.6.2.3 Semantics

The value of the schema universal quantification expression V e, ® e, is the set of bindings of schema e, restricted
to exclude names that are in the signature of e,, for all bindings of the schema e,.

[Ve oes sPT]° = XN M:Model @ {t,: [7]" M|Vt :[e,|["Mot,Ut,€[e.]° (MDt) et}
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In terms of the semantic universe, its semantic value, given a model M, is the set of the bindings (sets of pairs)
in the semantic values of the carrier set of the type of the entire schema universal quantification expression in
M, for which the union of the bindings (sets of pairs) in e, and in the whole expression is in the set that is the
semantic value of e, in the model M overridden with the binding in e, .

C.6.3

C.6.
Exprg

C.6.
The

to ex

It is S

C.6.
C.6.
Exprd

C.6.1

Schema existemtialquantification
B.1 Syntax

ssion
3 , SchemaText , e , Expression

8.2 Transformation

alue of the schema existential quantification expression 3 ¢ e e is the set-of bindings of schema e re
lude names that are in the signature of ¢, for at least one binding of the-schema t.

dtee =— - Vte-e

emantically equivalent to the result of applying de Morgan’s daw-

i  Schema unique existential quantification

1.1 Syntax

ssion = ...
| Ell , SchemaText. ;@ , Expression
|

1.2 Type

L e, s e, g = Il
} €, 8Ty PINGEIN € 8 To | 7, =P[F,]

S F 3, (e, 8 T)yeE 8 1) 8y | O R De
! 3 73 = Pldom (3, < (3]

hema unique-existential quantification expression 3, e, ® e,, expression e, shall be a schema, and ex]
an envirenment overridden by the signature of schema e,, shall also be a schema, and the signa|
two schiemas shall be compatible. The type of the whole expression is that of a schema whose sign
ited\by subtracting from the signature of e, those pairs whose names are in the signature of e,.

C.6.

Stricted

ression
fures of
bture is

H_> o 4+3
XeJ DCILIIAIIVIUO

The value of the schema unique existential quantification expression 3, e, ® e, is the set of bindings of schema
e, restricted to exclude names that are in the signature of e,, for at least one binding of the schema e,.

Jye,0e, = (Ve ea(exA(Ve, |e]  @be, =0e, ™))

NOTE Exploiting notation that is not present in the annotated syntax, this abbreviates to the following.

134

J, e 0, = HeloezA(V[el|62]N0061:061N)
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002(E)

It is semantically equivalent to a schema existential quantification expression, analogous to the unique existential

quant

ification predicate transformation.

C.6.5 Function construction

C.6.5.1 Syntax

Exprd

C.6.

The
tuple

It is {

ssion
A, SchemaText , e , Expression

b
.2 Transformation

alue of the function construction expression A\ ¢ e e is the function associating, values of the chara
of t with corresponding values of e.

Atee = {t e (chartuple t,e)}

emantically equivalent to the set of pairs representation of that function.

C.6.6 Definite description
C.6.6.1 Syntax
Exprgssion = ...
| p , SchemaText , e ,(Expression
[
C.6.6.2 Type
YFesn ZafF e\ 72<71:p[5] )
El—gﬂ(elng)o(engz)ng T3 = T2

In a
is the|

C.6.

The
chose

efinite description expression p e, e e, expression e, shall be a schema. The type of the whole ex]
type of expressiofi-€s, as determined in an environment overridden by the signature of schema e, .

5.3 Semantics

alue of tledefinite description expression u e, ® e, is the sole value of e, that arises whichever bi
h from the set that is the value of schema e;.

{M: Model; t, : W

teristic

ression

hding is

[ il TEAL

AV ti[e Melen] (Mot =[es] (M t))
e M—[e, |f (Mat)} C [peee ]

In terms of the semantic universe, its semantic value, given a model M in which the value of e, in that model
overridden by a binding of the schema e, is the same regardless of which binding is chosen, is that value of e,.
In other models, it has a semantic value, but this loose definition of the semantics does not say what it is.

©ISO/IEC 2002—All rights reserved
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C.6.7 Substitution expression
C.6.7.1 Syntax

Expression = ..
| let , DeclName , == , Expression ,

{ ;-tok , DeclName , == , Expression } ,
e , Expression

C.6.7Y.2 Transformation

The yalue of the substitution expression leti, == e,; ...; i,, == e,, ® e is the value of e whengallof its references
to th¢ names have been substituted by the values of the corresponding expressions.

leti, ==¢e,; .5 ip===e€, 0 = (1, ==¢€,; ...; bp == 1,0€

It is gemantically equivalent to the similar definite description expression.

C.6.8 Schema equivalence
C.6.8.1 Syntax
Exprgssion

| Expression , < , Expression
I

’

C.6.8.2 Transformation

The value of the schema equivalence expressidu e, < e, is that schema whose signature is the union of those of
schenjas e, and e,, and whose bindings are‘those whose relevant restrictions are either both or neither inl e, and
€s.

ey =e, = (e, =>e)A(es =€)

It is semantically equivalent t§_ the schema conjunction of the schema implication e, = e, with the [schema
impli¢ation e, = e,.

C.6.9 Schema implication
C.6.9.1 Syntax

Exprgssion = ...
[ EXpression , — , LEXpression
5

C.6.9.2 Transformation

The value of the schema implication expression e, = e, is that schema whose signature is the union of those of
schemas e, and e,, and whose bindings are those whose restriction to the signature of e, is in the value of e, if
its restriction to the signature of e, is in the value of e, .

e, =€, — —e; Ve,
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It is semantically equivalent to the schema disjunction of the schema negation — e, with e,.

C.6.10 Schema disjunction
C.6.10.1 Syntax

Exprdssion = ..
| Expression , V , Expression
|

C.6.10.2 Transformation

The value of the schema disjunction expression e, V e, is that schema whose signature is the union of those of
schenjas e, and e,, and whose bindings are those whose restriction to the signature’ef-¢, is in the value jof e, or
its regtriction to the signature of e, is in the value of e,.

e, Ve, = - (ne A-e,)

It is spmantically equivalent to the schema negation of the schema conjunction of the schema negations of e, and
€s.

C.6.11 Schema conjunction
C.6.11.1 Syntax

Exprgssion = ...
| Expression , A , Expression
[

C.6.11.2 Type

c ‘ Ty :P[/Bl]
b e, 3Ty YE(eys | 1, =P[3)]
Y (ex 8 T1) A (e33/72) 8 73 o %Igfﬂ U 6]

Ty = 1 2

In a qchema conjuhc¢tion expression e, A e,, expressions e, and e, shall be schemas, and their signatuies shall
be copatible./THe type of the whole expression is that of the schema whose signature is the union of those of
exprepsions eg—and e,.

C.6.11.3. ' Semantics

The valte of Tie Schema COTJUNCtioN 6XPression €, /N ¢, 1S The SCema TeSuiting (Tom Merging the signatures of
schemas e, and e, and conjoining their constraints.

[esNes s PT]° = XNM: Model @ {t:[ 7] " M;t,:[e, |°M; t,:[es]"M|t,Ut,=rtet}

In terms of the semantic universe, its semantic value, given a model M, is the set of the unions of the bindings
(sets of pairs) in the semantic values of e, and e, in M.
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C.6.12 Schema negation
C.6.12.1 Syntax

Expression

| — , Expression
|

’

C Organisation by concrete syntax production

C.6.

2.2 Type

N
4

In a {
same

C.6.

The A
schen]

In ten
that
meml

C.6.
C.6.

Exprg

C.6.

The
pis f

It is
such 1

SFesn (n-Mﬂ])

I —
L —(esm)sm\T2=T

chema negation expression — e, expression e shall be a schema. The type of the whele’expressio
as the type of expression e.

2.3 Semantics

alue of the schema negation expression — e is that set of bindings that are\of the same type as {
a e but that are not in schema e.

[-esPr]® = X\M: Modelo {t:[7]"M|-t&[e] " Met}

ms of the semantic universe, its semantic value, given a model™\VJ, is the set of the bindings (sets d
re members of the semantic value of the carrier set of scheina e in M such that those bindings
ers of the semantic value of schema e in M.

|3 Conditional

3.1 Syntax

ssion = ...
| if , Predicate ™y then , Expression , else , Expression
|

3.2 Transformatien

alue of the conditional expression if pthene, elsee, is the value of e, if p is true, and is the value
lse.

if pthene,elsee, = pi:{e,e.}|pAhi=e, VapAi=e,eoi

emantically equivalent to the definite description expression whose value is either that of e, or th
ha<if\pis true then it is e, or if p is false then it is e,.

h is the

hose in

f pairs)
are not

of e, if

ht of e,

C.6.14 Schema composition

C.6.14.1 Syntax

Expression

138

| Expression , § , Expression
|

’
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C.6.14.2 Type

ZI—Selng ZI—Se2

7, = P[B,]

7, = P[S,]

match = {i : dom B3, | i decor ' € dom 3, @i}
7> | B3 = {i : match e i decor '} <3,

oo

S (e 8 71)8 (a8 Ta) 8 7y | Pa=match<f,

In a {
name
from
comp
types
of as

C.6.

The v
opera

It is {

and unprimed components of e,, with those matched pairs being equated.

C.6.

B3 = By
i matehr e 1 pr{t decor )y = i T matc e 1 7 U5 1}
3 = P[B; U B,]

chema composition expression e, § e,, expressions e, and e, shall be schemas. Let match be th
b in schema e, for which there are matching primed names in schema e,. Let 8; be thesignature
bhe components of e, excluding the matched primed components. Let 3, be the signattire formed f
bnents of e, excluding the matched unprimed components. Signatures 35 and 3, shall be compatil
of the excluded matched pairs of components shall be the same. The type of theywhole expression
thema whose signature is the union of 3, and §,.

4.3 Semantics

alue of the schema composition expression e, § e, is that schema representing the operation of d
Lions represented by schemas e, and e, in sequence.

(e: 8 Plo,]) § (e2 8 Plos]) QPo]

—
S (Veea(n(Ve,o—e; e |be;=0e"
A (7 ey e fear | B = 03))

where e, == carrier [{i : NAME; 7: Typeli decor '+ 7 € o, e i decor '+ 7}]
and e, == carrier [{i : NAME; 7:Type | i +— 7€ 0, i+ T}
and e == (e, )™

OTE Exploiting notation that is not presentuin the annotated syntax, this abbreviates to the following.

(e7 3 Plo.]) § (ex s Plos]) 8 Plo]

Je e (Tesoa; e | 0e;=0¢e")
A (3 ey oles; e 0e, =0e™])

where e, ==carrier [{i : NAME; T : Type | i decor '+ 7 € o, i decor '+ T}]
and g4 == carrier [{i : NAME; 7: Type | i — 7 € 0, & i + T}]
and € == (e, )™

emantically equivalent to the existential quantification of the matched pairs of primed componen|

| 5= ‘Schema piping

e set of
formed
om the
le. The
is that

ing the

ts of e,

C.6.15.1 Syntax

Expression

| Expression , >> , Expression

)

©ISO/IEC 2002—All rights reserved
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C.6.15.2 Type

Ty = I[D[/Bl]
Ta = P[ﬂz]

I\
T
(@]
B
)
\]
"
™
T,
]
N
o]}
o

By = {i : match & i decor '} < f3,

S F (er 8 m)> (ea 8 7m) 87y | Ba={i:matcheidecor?} <p,

Inas

whiclj there are matching shrieked names in schema e, and queried names in schema e,. Let g5(be the si
formed from the components of e, excluding the matched shrieked components. Let 3, be ¥he signature

from

The tlypes of the excluded matched pairs of components shall be the same. The typeof the whole exprd

that
C.6.

The yalue of the schema piping expression e, >> e, is that schema representing the operation formed f

two o

It is s
and ¢

C.6.

match = {i : NAME | i decor | € dom (3, A i decor ? € dom (3, e i}

C Organisation by concrete syntax production

B3 = By
i matchr o1 pr (1 decor =T T mateir e 1 Do (1 decor
T3 = PlBs U B,

thema piping expression e, >>e,, expressions e, and e, shall be schemas. Let match be the $6t70f n4

he components of e, excluding the matched queried components. Signatures 35 and\3, shall be com

f a schema whose signature is the union of 3, and g,.

5.3 Semantics

perations represented by schemas e, and e, with the outputs of e1,identified with the inputs of e..
(e1 8 Ploy]) >> (ex s Ploa])3 Plo]

S
S (Veea(n(Ve,o—e; e |be; =0e)
A (¥ ey e eai | By =0 ei3))

where e, == carrier [{i : NAME; 7: Typed{<"decor | — 7 € o, @i decor | — 7}]
and e, == carrier [{i : NAME; 7 : Type | i decor 7 — 7 € 0, ® i decor 7 — T}]
and e == (e, )™

OTE Exploiting notation that is not present.in the annotated syntax, this abbreviates to the following.

(ex’ Plo,]) >> (e 8 Ploa]) 8 Plo]

Je™ e (Te;ofe; e |be;=0¢€")
A (3 ey oess | 0e, =0e™])

where e, ===_chrrier [{i : NAME; 7 : Type | i decor | — 7 € o, i decor | — T}]
and e, == carrier [{i : NAME; 7 : Type | i decor 7+ T € g5 @i decor 7 +— T}]
and ‘€™ == (e, )™

emantically equivalent to the existential quantification of the matched pairs of shrieked componen
ueried componénts of e,, with those matched pairs being equated.

| 6-_“Schema hiding

imes for
pnature
formed
patible.
ssion is

om the

ts of e,

C.6.16.1 Syntax

Expression

140

Expression , \ , (-tok , DeclName , { ,-tok , DeclName } , )-tok
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C.6.16.2 Type

S e o= P[]
= - . {i1, «vey in} C dom 3
B (e 8 m)\ (fnin) 87\ 7, = P[{i, oy in} < ]

In a schema hiding expression e \ (i1,...,1,), expression e shall be a schema, and the names to be hidden shall
all be in the signature of that schema. The type of the whole expression is that of a schema whose signature is

comp ited by subtracting from the signature of expression e thaose pairs whose names are hidden
(=] (=) T I

C.6.16.3 Semantics

The Yalue of the schema hiding expression e \ (41,...,1,) is that schema whose signature is thal’ of sdhema e
minug the hidden names, and whose bindings have the same values as those in schema e.

(e 8 Po]) \ (iny-onyin) == = (Y i, : carrier (o i,); ...; i : carrier (o iy)® - e)

NOTE Exploiting notation that is not present in the annotated syntax, this abbreviates to the following.

(e 3 Plo]) \ (t1yeein) == T iy : carrier (0 4.); ...; ¥ "carrier (o in) ® €

It is spmantically equivalent to the schema existential quantification/of*the hidden names i,, ..., 4,, from the|schema
e.

C.6.17 Schema projection
C.6.17.1 Syntax
Exprgssion =
| Expression , | ; Expression
|

C.6.17.2 Transformation

The vjalue of the schema ptejection expression e, [ e, is the schema that is like the conjunction e, A e, bult whose
signafure is restricted to-just that of schema e,.

e, [ea = {ei;e.00e,}

It is §emantically equivalent to that set of bindings of names in the signature of e, to values that satisfy the
constraints\of-both e, and e..

C.6.18 Schema precondition
C.6.18.1 Syntax

Expression = ..
| pre , Expression
|

)
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C.6.18.2 Type

YFesgmn , = P[3]
S F opre(e sm) s T 7, =P[{i, j : NAME | j € dom B A (j =i decor 'V j =1 decor !) e j} <[]

In a schema precondition expression pree, expression e shall be a schema. The type of the whole expression is
that of a schema whose signature is computed by subtracting from the signature of e those pairs whose names
have primed or shrieked decorations.

C.6.18.3 Semantics

The yalue of the schema precondition expression pree is that schema which is like schema e but)without its
primgd and shrieked components.

pre(e g Plo,]) 8 Plon] = - (Y carrier [0, \ 05] ® —€)

NOTE Exploiting notation that is not present in the annotated syntax, this abbrevidtes to the following.

pre(e 8 Plo.]) 8 Plo.] = 3 carrier [0, \\oz)e e

It is §emantically equivalent to the existential quantification of the primed and shrieked components ffom the
schenja e.

C.6.19 Cartesian product
C.6.19.1 Syntax
Exprgssion

| Expression , X.,(Expression , { X , Expression }

’

C.6.19.2 Transformation

The value of the Cartesian prfoduct expression e, X ... X e, is the set of all tuples whose components are njembers
of thd corresponding sets _that are the values of its expressions.

e X o Xe, = {iy:er; in e, ®(iy,..iy)}

It is spmanticallyzéquivalent to the set comprehension expression that declares members of the sets and asgembles
those|membezssinito tuples.

C.6.20 Powerset
C.6.20.1 Syntax

Expression
P , Expression
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C.6.20.2 Type

YFesm (Tlpa)
SEPesr)sm\T=2=Pn

In a powerset expression Pe, expression e shall be a set. The type of the whole expression is then a powerset of
the type of expression e.

C.6.20.3 Semantics

The +alue of the powerset expression Pe is the set of all subsets of the set that is the value of e.
[Pe]® = X M: Model o P ([ e |* M)

In terms of the semantic universe, its semantic value, given a model M, is the powerset of-yéalues of e in |M.
C.6.21 Function and generic operator application
C.6.21.1 Syntax
Exprgssion = ..

| Application

|
Application = PrefixApp

| PostfixApp

| InfixApp

| NofixApp
PrefixApp = PRE , Expressijon

| L , ExpSep ,.(“Expression , ERE | ExpressionlList , SRE ) , Expressi¢n
PostdixApp = Expression , POST

Expression , EL , ExpSep , ( Expression , ER | ExpressionList , SR

InfijApp =YExpression , I , Expression

" Expression , EL , ExpSep ,

( Expression , ERE | ExpressionList , SRE ) , Expression

NofifApp = L , ExpSep , ( Expression , ER | ExpressionList , SR ) ;

C.6.2T.2- Transformation
All function operator applications are transformed to annotated application expressions.
All generic operator applications are transformed to annotated generic instantiation expressions.

For any particular function or generic operator application, two potential transformations are specified below,
both of which result in the same NAME. That NAME shall be one for which there is an operator template paragraph
in scope (see 12.2.8). Which of the two transformations is appropriate is determined by that operator template’s
category: function or generic respectively.
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The left-hand sides of many of these transformation rules involve ExpSep phrases: they use es metavariables.
None of them use ss metavariables: in other words, only the Expression ES case of ExpSep is specified, not
Where the latter case occurs in a specification, the ExpressionList shall be
transformed by the rule in 12.2.12 to an expression, and thence a transformation analogous to that specified for
the former case can be performed, differing only in that a ss appears in the function or generic name in place of

the ExpressionList SS case.

an es.

C.6.21.2.1 PrefixApp

Functfion cases

Genellic cases

C.6.21.2.2 PostfixApp

Functfion cases

Generic cases

C.6.21.2.3 InfixApp

Functfion cases

e, el e, es, ...

e, el e, es, ...

e, el e, es, ...

e, el e, es, (...

pre e

In e, es, ... ep—s €Sp—s €p_q ETE €y

In e, es, ... p_o €Sy_o Ap_1 STE €y,

pre e

In e, €8, ... ep_o €Sy_o €y, €T€E €y

In e, es, ... €p—s €Sp_s Gp_, STE €y,

e post
€n—y €Sn_q €y €T

€n_1 €Sp_q Qp ST

e post
€nsy €Sn—q €n €T

€n—1 €Sp—1 QAn ST

141 Ll Ll

Ll

preX e

InMes, .. Xes,_.XereX (e, ..., en_o, €0 €r)
InXes, .. Xes,_XsreX (e, ..., en_ofn2 1, en)
preX [e]

InXes, .. Xes,_.XereX [e,, ..., en o, €n_1,€n]
InXes, .. Xes, 2XsreM [ey ;... en o, Gn_1, €n]
Xpost e

NelXes,.. Xes,—,Xer (e,,es,...,en_1,€p)
XelXes, ... Xes,_,Xsr (e,, €, ..., €n_q,ap)

Mpost [e]
XelXes,..Xes,_,Xer [e,,€,, ..., en_1,€n)

XelXes, .. Xes, — XSt [e1,€a, .oy €y, Qn]

Generic cases

e, in e, = MXinX (e, e,)
€y €l €y €85 ... s €Sp_s €,y eTC €, =—> NXelXes,..Xes,_.XereX (e,, €5, ...y €n_o,€n_1,€p)
e, el €5 €55 ... €n_p €Sp_n Gp_y STE €, —> NelMXes,..Xes,_,XsreX (e,, €z, ..., €n—n,n_1,€n)
e, in e, = MinM e, e,]
€, €l €y €8, .. €n_o €Sy_p €n_,y €TE €, —> WNelXes,..Xes, XereX [e,,€s,...,en_o,€n_1,€n]
e, el e, e85 ... €0 €Sp_ys G, STE €, = WNelXes,...Xes, _,XsrekX [el,ez,...,en,z,an,hen]

144
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C.6.21.2.4 NofixApp

Function cases

Ine, es, ...ep_y €Sp_y €y er = InMes,..Mes,_,Xer (e, ...,en_1,€y,)

In e, es, ... ep_y €Sp_y ap ST = InXes,...Xes,_Xsr (e, ...,en_1,an)
Genetic cases

Ine, es, ... en_y €Sp_y ey er = InMes,..Xes,_,Xer [e,,....,en_,, €]

Ine, €s, ... en_y €Sp_y ap ST = InXes,..Xes,_,Xsr [e,,...,en_1,an]

C.6.21.3 Type

S HF ez (Tl_pa>
L EPesr)smn\=2=Pn
In a jowerset expression P e, expression e shall be a set. The type of the whole expression is then a powerset of

the type of expression e.

C.6.21.4 Semantics

The value of the powerset expression Pe is the set of all subsets of the set that is the value of e.
[Pe]® = X\ M: Model e P ([ e |* M)

In tenms of the semantic universe, its semantic value, given a model M, is the powerset of values of e in [M.

C.6.22 Application
C.6.22.1 Syntax
Exprgssion

| Expression , Expression
I

C.6.22.2 Type

£ E
X F e oo YF e, 81,

7, =P(1, X 7.
El—g(elng)(engz)ng( (T 3))

In an|application expression e, e,, the expression e, shall be a set of pairs, and expression e, shall b¢ of the
same |typé as the first components of those pairs. The type of the whole expression is the type of the second
components of those pairs.

C.6.22.3 Semantics

The value of the application expression e, e, is the sole value associated with e, in the relation e,.
e, e, 87 = (pi:carrier 7| (es,i) Ee, 1)

It is semantically equivalent to that sole range value ¢ such that the pair (e,,4) is in the set of pairs that is the
value of e,. If there is no value or more than one value associated with e,, then the application expression has a
value but what it is is not specified.
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C.6.23 Schema decoration
C.6.23.1 Syntax

Expression

C.6.

In a

of a sfhema whose signature is like that of e but with the stroke appended to each of its\names.

C.6.

The

excep} that their names have the addition stroke *.

It is

C.6.24 Schema renaming
C.6.

Exprgssion =

C.6.

In a

Tyyenn
is likdthat—ef-escpresst

| Expression , STROKE
|

’

2327 Type
SFesn (ﬂ:pm >

TF (esm)tsm 7, =P{i : dom B ei decor T — (3 i}]

schema decoration expression e T, expression e shall be a schema. The type of the whole expression

3.3 Semantics

value of the schema decoration expression e * is that schema whose bindirigs)are like those of the s

(e 8 Pliy: Ty s in )t = e [iy decor ¥ 4,2 i decor /iy

semantically equivalent to the schema renaming where decorated"names rename the original names.

4.1 Syntax

| Expression , [-toKU, DeclName , / , DeclName ,
{ ,tok , DeclName , / , DeclName } , |-tok

4.2 Type

#{iy, yint=n
Y EEX T n=PA] S ‘ :
[ € ) . . . Bz ={j1 i1y s G = i} § B U{in, ooy in} <5
[ (6 8 7'1){,]1/217-~-a]n/2n] 8 T2 To :]P)[,Bz]

526(—"_)—)

chemigrrenaming expression € [j, / iy,...,Jn / in], there shall be no duplicates amongst the ol
1,7~ Bxpression e shall be a schema. The type of the whole expression is that of a schema whose si

]

)

C Organisation by concrete syntax production

is that

hema e

names
bnature

bt ot tha nour norooac 10 1o £ rracnaondina old noonnc Nocloration
B+ W HeetaE

hat are

n
C—otrore—0OT PTrostToTT 1= o TPy T T oS P oOTTaT S OraTo o TrUTOTHY

merged by the renaming shall have the same type.

146

NOTE Old names need not be in the signature of the schema. This is so as to permit renaming to distribute over

other notations such as disjunction.
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C.6.24.3 Semantics

ISO/IEC 13568:2002(E)

The value of the schema renaming expression e [j, / 4, ..., Jn / in] is that schema whose bindings are like those
of schema e except that some of its names have been replaced by new names, possibly merging components.

[eljs/iv,min/in) I = X M: Model
{t,:[e]"M; t,: W |
t2 — {jl — il? 7]71 — Z’I’L} 8 tl U {Z-la 7Z’I’L} 6 tl

In ter
in thd
mergg

C.6.
C.6.

Exprd

C.6.

ANty € ()
ot2}

s of the semantic universe, its semantic value, given a model M, is the set of the bingdirigs (sets d
semantic value of e in M with the new names replacing corresponding old names. Where compon
d by the renaming, those components shall have the same value.

5  Binding selection
5.1 Syntax

ssion = ...
| Expression , . , RefName
|

5.2 Type

In a
comp

C.6.

The v
of e.

LHE esT <7—1:[5] >

L E (esT).is (i, ) €5

binding selection expression e . i, ‘€xpression e shall be a binding, and name i shall select onf
bnents. The type of the whole expression is the type of the selected component.

5.3 Semantics

alue of the binding selection expression e . i is that value associated with 7 in the binding that is t]

te*s [0]) .i = {carrier [o] ® (chartuple (carrier [0]),i)} e

OTE Exploiting notation that is not present in the annotated syntax, this abbreviates to the following.

(e gfo]).i = (X carrier[o]ei)e

f pairs)
bnts are

e of its

e value

It is semantically equivalent to the function construction expression, from bindings of the schema type of e, to
the value of the selected name ¢, applied to the particular binding e.
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C.6.26 Tuple selection
C.6.26.1 Syntax

Expression = ..
| Expression , . , NUMERAL
I

)

C.6.26.2 Type

& =
YFesmn 2161%1: X
— .
YF (esm).bsm T, =

In a tuple selection expression e . b, the type of expression e shall be a Cartesian product,‘and the numeific value
of NUMERAL b shall select one of its components. The type of the whole expression is the type of the pelected
comppnent.

C.6.26.3 Semantics

The vjalue of the tuple selection expression e . b is the b’th component of the $uple that is the value of e.

(e 87y X .. XTy).b = {i:carrier (1, X ... xX7T,) ®

(4, iy @ carrier Ty ...y 4 Mearrier Ty, | @ = (iy,...,0,) ® 1)} €

NOTE Exploiting notation that is not present in the anumotated syntax, this abbreviates to the following.

(e 8 T X .. XTn). b = (Ai:carrieifr, X ... X T,) e

W G\NCATTIEr T1; ooty p i CATTIET T | © = (G1,y.oyin) @ 1p) €

It is spmantically equivalent to the function.construction, from tuples of the Cartesian product type to the pelected
comppnent of the tuple b, applied to the particular tuple e.

C.6.27 Binding construction
C.6.27.1 Syntax

Exprgssion V...
| 6 , Expression , { STROKE }
I

’

C.6.272 Type

S HFesn 7 = P[]
= YV i:dom B e (i decor *,8 i) € X A - generic_type (0 i)
YFE bO(esm) e, . = [A]

In a binding construction expression 6 e *, the expression e shall be a schema. Every name and type pair in its
signature, with the optional decoration added, shall be present in the environment with a non-generic type. The
type of the whole expression is that of a binding whose signature is that of the schema.

NOTE If the type in the environment were generic, the semantic transformation in 14.2.5.2 would produce a reference
expression whose implicit instantiation is not determined by this International Standard.
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C.6.27.3 Semantics

The value of the binding construction expression 6 e * is the binding whose names are those in the signature of

schema e and whose values are those of the same names with the optional decoration appended.
Oe™ 8 iy Ty oy in:Tn] = (i, ==1, decor ™, ..., i, == iy, decor ™ )

It is semantically equivalent to the binding extension expression whose value is that binding.

C.6.28 Reference
C.6.28.1 Syntax

Exprgssion = ..
| RefName
[

)

C.6.28.2 Type

In a feference expression, if the name is of the form Ai and no déclaration of this name yet appearg in the
envirgnment, then the following syntactic transformation is applieds

. Aiddom
Aj §Z=>

i)
This pyntactic transformation makes the otherwise undefined name be equivalent to the corresponding|schema
constfuction expression, which is then typechecked.

Similgrly, if the name is of the form =i and no deelaration of this name yet appears in the environment, fhen the
followfing syntactic transformation is applied.

£ i 0i=0i ]

OTE 1 The = notation is.déliberately not defined in terms of the A notation.

h

NOTE 2 Type inference-could be done without these syntactic transformations, but they are necessary [steps in
defining the formal semantics.
h

t

OTE 3 Onlyseccarrences of A and = that are in such reference expressions are so transformed, not otherg such as
hose in the nanies of declarations.

i 1 € dom X
L iverr \ T = if generic_type (X i) then ¥ 4, (X 0) [0y, ..., ap] else X 4

In any ©ther reference expression i, the name ¢ shall be associated with a type in the environment. If tHat type
is geneTic, the annotation ol the wlole expression 1S a pail of botll the uninstantiated type (1or the Instantiation
clause to determine that this is a reference to a generic definition) and the type instantiated with new distinct
type variables (which the context shall constrain to non-generic types). Otherwise (if the type in the environment
is non-generic), that is the type of the whole expression.

NOTE 4 If the type is generic, the reference expression will be transformed to a generic instantiation expression by
the rule in 13.2.3.3. That shall be done only when the implicit instantiations have been determined via constraints
on the new type variables a,, ..., ap.
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C.6.28.3 Semantics

The value of a reference expression that refers to a generic definition is an inferred instantiation of that generic
definition.

/ T/:([i1;~~~;in]7—) [a17~'705n] 12

18 [ty coey @n)T, T i [carrier a,, ..., carrier ay] 8 T
It is semantically equivalent to the generic instantiation expression whose generic actuals are the carrier sets of
the t PTS Trferred—for—the g,cucLiL parancters: Fhre type —Ts—am mstartiatiorof-—the g,cumiu type T Fhe types
inferrpd for the generic parameters are o, ..., a,,. They shall all be determinable by comparison of #with 7 as
suggepted by the condition on the transformation. Cases where these types cannot be so determined,\because the
gener]c type is independent of some of the generic parameters, are not well-typed.

HXAMPLE 1 The paragraph
alX]==1
defines a with type [X]GIVEN A. The paragraph

b==a

(=a

bpechecks, giving the annotated expression a g [X]GIVEN A,GIVEN A. Co¢mparison of the generic type with the
istantiated type does not determine a type for the generic parameter X4 and so this specification is not well-typed.

—-

Caseq where these types are not unique (contain unconstrained vafidbles) are not well-typed.
HXAMPLE 2 The paragraph
empty == <

will contain the annotated expression @ 3 [X]P X, Payin which the type determined for the generic paramdter X is
unconstrained, and so this specification is not well-typed.

The value of the reference expression that refers-to a non-generic definition ¢ is the value of the declarjtion to
whicl it refers.

Fi]® = X\ M: Model @ Mi

In terms of the semantic universe;its semantic value, given a model M, is that associated with the name|i in M.

C.6.29 Genericdnstantiation
C.6.29.1 Syntax

Exprgssion = ...
| RefName , [-tok , Expression , { ,-tok , Expression } , ]-tok
|

)

C.6.29.2 Type

1 € dom X
generic_type (3 i)
SFesn .. SFe sm| n=Pau
S (e 8 )y (en 8 )] 8 T
™ =Pay,

T=(2 1) [ag, .., ]
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