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Foreword

ISO (the International Organization for Standardization) and I}
ternational Electrotechnical Commission) form the specialized
worldwide standardization. National bodies that are members of

LC (the In-
system for
[SO or IEC

participate in the development of International Standards through technical

committees established by the respective organization to deal witl
fields of technical activity. ISO and IEC technical committees
in fields of mutual interest. Qther international organizations, go
and non-governmental, in diaison with ISO and IEC, also take
work.

In the field of information technology, ISO and IEC have es
joint technical committee, ISO/IEC JTC 1. Draft Internationa
adopted by thée-joint technical committee are circulated to nati
for voting. Publication as an International Standard requires app
least 75,%)of the national bodies casting a vote.

International Standard ISO/IEC 11430 was prepared by Joinf
Committee ISO/IEC JTC 1, Information technology, Subcommit

| particular
collaborate
vernmental
part in the

tablished a
Standards
bnal bodies
roval by at

Technical
ee 22, Pro-

gramming languages, their environments and system software inflerfaces.

Annexes A and B form an integral part of this International Sta
nexes C and D are for information only.

ndard. An-
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Introd

The gener}
ematical r

uction

c package described here is intended to provide the basic math-
butines from which portable, reusable applications can be built.

This Intergational Standard serves a broad class of applications with reason-

able ease 9
capable of

f use, while demanding implementations that are of high quality,
validation and also practical given the state of the art.

The two S;It:eciﬁcations included in this International Standard are presented

as compil
in number
normative,

— in ¢
(under t

— notg

The word
“is allowed
as in the cq
(such as “
capacity of

le Ada specifications in annexes A and B with explanatory/text
ed clauses in the main body of text. The explanatory «text is
with the exception of the following items:

Jause 15, examples of common usage of the elementary functions
he heading Usage associated with each function);tand

PS.

“may” as used in this International.Sfarnidard consistently means
to” (or “are allowed to”). It is used only to express permission,
bmmonly occurring phrase “an implementation may”; other words
fan,” “could” or “might”) aretused to express ability, possibility,
consequentiality.
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Information technology —
Programming languages —
Generic package of elementary functions for Ada

1

S

“ope
X

This International Standard defines the specification of a generic package of elementary functions called G

EMENT

Lo 1104w 4 1

TIONS.

e anacification of 5 nackace of related avecentiang oo TIPMDMTANDY DINIAM
RY_FUNCTIONS and the specification of a package of related exceptions called’ELEMENTARY_FUNCT

It does not define the body of the former. No body is required for the latter:

This Igternational Standard specifies certain elementary mathematical functions which are needed to sup

floatin
were C

This Ij

2 N

The fo
tional

parties
the md

posen because of their widespread utility in various application aréas.

iternational Standard is applicable to programming environithents conforming to ISO 8652:1987.

ormative reference

btandard. At the time of publication, th¢ edition indicated was valid. All standards are subject to r
to agreements based on this Interfiational Standard are encouraged to investigate the possibility
st recent edition of the standard indicated below. Members of IEC and ISO maintain registers

valid Ipternational Standards.

ISO §

3

The fo

$52:1987, Programming-languages — Ada (Endorsement of ANSI Standard 1815A-1983)

inctions ‘provided

lowing’twenty mathematical functions are provided:

ENERI

Mo T

UNO_L

EL-

Pl ats)
LVLr-

C
X

bort general

r-point usage and to support generic packages for complex arithmétic and complex functions. The functions

lowing standard contains provisions whicliythrough reference in this text, constitute provisions of this Interna-

evision, and

of applying
bf currently

SQRT LOG EXP Mkt
SIN cos TAN coT
ARCSIN  ARCCOS  ARCTAN  ARCCOT
SINH COSH TANH COTH

ARCSINH ARCCOSH ARCTANH ARCCOTH

These are the square root (SQRT), logarithm (LOG) and exponential (EXP) functions and the exponentiation operator
(**); the trigonometric functions for sine (SIN), cosine (C0S), tangent (TAN) and cotangent (COT) and their inverses
(ARCSIN, ARCCOS, ARCTAN and ARCCOT); and the hyperbolic functions for sine (SINH), cosine (COSH), tangent (TANH)
and cotangent (COTH) together with their inverses (ARCSINH, ARCCOSH, ARCTANH and ARCCOTH).
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4 Instantiations

This International Standard describes a generic package, GENERIC_ELEMENTARY_FUNCTIONS, which the user must in-
stantiate to obtain a package. It has one generic formal parameter, which is a generic formal type named FLOAT_TYPE.
At instantiation, the user must specify a floating-point subtype as the generic actual parameter to be associated with
FLOAT_TYPE; it is referred to below as the “generic actual type.” This type is used as the parameter and result type
of the functions contained in the generic package.

Depending p speeify-agenerie-netiral-typehaving
constraint usual effect of causing CONSTRAINT
to be raisedl when an argument outside the user’s range is passed in a call to one of the functions, or(when|one of
the functiops attempts to return a value outside the user’s range. Allowing the generic actual type.to have a range
constraint glso has some implications for implementors.

In addition|to the body of the generic package itself, implementors may provide (non-generic) library packages that can
be used just like instantiations of the generic package for the predefined floating-point typés.) The name of a package
serving as al replacement for an instantiation of GENERIC_ELEMENTARY_FUNCTIONS for the'ptedefined type FLOAT|should
be ELEMENTARY_FUNCTIONS; for LONG_FLOAT and SHORT_FLOAT, the names should ble LONG_ELEMENTARY_FUNCTIONS
and SHORT JELEMENTARY_FUNCTIONS, respectively; etc. When such a package is uséd in an application in liep of an
instantiation of GENERIC_ELEMENTARY_FUNCTIONS, it shall have the semantics implied by this International Standard
for an inst3ntiation of the generic package.

5 Implementations

Portable injplementations of the body of GENERIC_ELEMENTARY<FUNCTIONS are strongly encouraged. However| imple-
mentationsfare not required to be portable. In particular, an ifnplementation of this International Standard in Ada may
use pragmd INTERFACE or other pragmas, unchecked conversion, machine-code insertions or other machine-dependent
techniques ps desired.

An implementation may limit the precision it supports (by stating an assumed maximum value for SYSTEM.MAX_DIG-
ITS), since|portable implementations would not;in general, be possible otherwise. An implementation is also allowed
to make other reasonable assumptions about.the environment in which it is to be used, but only when necegsary in
order to match algorithms to hardwarelcharacteristics in an economical manner. All such limits and assumptions
shall be cldarly documented. By convention, an implementation of GENERIC_ELEMENTARY_FUNCTIONS is said| not to
conform to|this International Standard in any environment in which its limits or assumptions are not satisfied, and
the standard does not define its behavior in that environment. In effect, this convention delimits the portability of
implementgtions.

An implemg¢ntation may idipose a restriction that the generic actual type shall not have a range constraint that feduces
the range ¢f allowable\values. If it does impose this restriction, then the restriction shall be documented, gnd the

effects of violatingsthe restriction shall be one of the following:

— Conjpilation of a unit containing an instantiation of GENERIC_ELEMENTARY_FUNCTIONS is rejected.

— CONSTRAINT_ERROR or PROGRAM_ERROR is raised during the elaboration of an instantiation of GENERIC_ELEMEN-
TARY_FUNCTIONS.

Conversely, if an implementation does not impose the restriction, then such a range constraint shall not be allowed,
when included with the user’s actual type, to interfere with the internal computations of the functions; that is, if the
argument and result are within the range of the type, then the implementation shall return the result and shall not
raise an exception (such as CONSTRAINT_ERROR).

An implementation shall function properly in a tasking environment. Apart from the obvious restriction that an
implementation of GENERIC_ELEMENTARY_FUNCTIONS shall avoid declaring variables that are global to the functions,
no special constraints are imposed on implementations. Nothing in this International Standard requires the use of
such global variables.
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Some hardware and their accompanying Ada implementations have the capability of representing and discriminating
between positively and negatively signed zeros as a means (for example) of preserving the sign of an infinitesimal
quantity that has underflowed to zero. Implementations of GENERIC_ELEMENTARY_FUNCTIONS may exploit that capa-
bility, when available, so as to exhibit continuity in the results of ARCTAN and ARCCOT as certain limits are approached.
At the same time, implementations in which that capability is unavailable are also allowed. Because a definition of
what comprises the capability of representing and distinguishing signed zeros is beyond the scope of this International
Standard, implementations are allowed the freedom not to exploit the capability, even when it is available. This
Internatlonal Standard does not specxfy the s1gn that an 1mp]ementat10n explontmg 51gned zeros shall give to a zero
result; : ; : gne ARCTAN and
ARCCOT that depend on the s1gn of a zero argument An 1mplementatlon shall exercise its choxce consistently, either
exploiting signed-zero behavior everywhere or nowhere in this package. In addition, an implementation’shall document
its behavior with respect to signed zeros.

6 Hxceptions

One ekception, ARGUMENT_ERROR, is declared in GENERIC_ELEMENTARY_FUNCTIONS.“This exception is |raised by a
functign in the generic package only when the argument(s) of the function violate 6ne or more of the conditions given
in the[function’s domain definition (see clause 9).

NOTE[— These conditions are related only to the mathematical definition of the function and are therefore implementation
independent.

The ARGUMENT_ERROR exception is declared as a renaming of the‘exception of the same name declared in the EL-
EMENTARY_FUNCTIONS_EXCEPTIONS package. Thus, this exception distinguishes neither between differ¢nt kinds of
argumlent errors, nor between different functions, nor between’different instantiations of GENERIC_ELEMENTARY_FUNC-
TIONS| Besides ARGUMENT_ERROR, the only exceptions_allowed during a call to a function in GENERIG_ELEMENTA-
RY_FUNCTIONS are predefined exceptions, as follows.

— |Virtually any predefined exception is possiblé during the evaluation of an argument of a function in GENERIC_EL-
EMENTARY_FUNCTIONS. For example, NUMERIC_ERROR, CONSTRAINT_ERROR or even PROGRAM_ERROR could be raised
if an argument has an undefined value;-and, as stated in clause 4, if the implementation allows range constraints
in the generic actual type, then CONSTRAINT_ERROR will be raised when the value of an argument lies| outside the
range of the user’s generic actual_type. Additionally, STORAGE_ERROR could be raised, e.g. if insufficient storage is
available to perform the call. All'these exceptions are raised before the body of the function is entered apd therefore
have no bearing on implementations of GENERIC_ELEMENTARY_FUNCTIONS.

— |Also as stated in_clause 4, if the implementation allows range constraints in the generic actual] type, then
CON$TRAINT_ERROR wilDbe raised when a function in GENERIC_ELEMENTARY_FUNCTIONS attempts to refurn a value
outside the range of the user’s generic actual type. The exception raised for this reason shall be propagated to the
callgr of the function.

— [Whenever the arguments of a function are such that a result permitted by the accuracy requirethents would
exceed FLOAT_TYPE'SAFE_LARGE in absolute value, as formalized below in clause 12, an implementatidn may raise
(and_shall then propagate to the caller) the exception specified by Ada for signaling overflow.

— Whenever the arguments of a function are such that the corresponding mathematical function is infinite (see
clause 13), an implementation shall raise and propagate to the caller the exception specified by Ada for signaling
division by zero.

— Once execution of the body of a function has begun, an implementation may propagate STORAGE_ERROR to
the caller of the function, but only to signal the exhaustion of storage. Similarly, once execution of the body of a
function has begun, an implementation may propagate PROGRAM_ERROR to the caller of the function, but only to
signal errors made by the user of GENERIC_ELEMENTARY_FUNCTIONS.

No exception is allowed during a call to a function in GENERIC_ELEMENTARY_FUNCTIONS except those permitted by
the foregoing rules. In particular, for arguments for which all results satisfying the accuracy requirements remain

3
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less than or equal to FLOAT_TYPE'SAFE_LARGE in absolute value, a function shall handle locally an overflow occurring
during the computation of an intermediate result, if such an overflow is possible, and shall not propagate an exception
signaling that overflow to the caller of the function.

The only exceptions allowed during an instantiation of GENERIC_ELEMENTARY_FUNCTIONS, including the execution
of the optional sequence of statements in the body of the instance, are CONSTRAINT_ERROR, PROGRAM_ERROR and
STORAGE_ERROR, and then only for the reasons given below. The raising of CONSTRAINT_ERROR during instantiation
is only allowed when the implementation imposes the restriction that the generic actual type shall not have a range

constraint,
raising of PR
example, vi
during insta

NOTE — Inj
but AI-00381

7 Argu

ISO 8652:19
the absolut
define a res
imposing re
likewise dog
FLOAT_TYPH
to be implig
in absolute

8 Meth

Some of the

- tirewserviotates tiat Testriction (ii, cam;, i fact; beamrmescapableconseqirenrce-of-the-violation
OGRAM_ERROR during instantiation is only allowed for the purpose of signaling errors made by the us
lation of this same restriction or of other limitations of the implementation. The raising of STORAGE _
ntiation is only allowed for the purpose of signaling the exhaustion of storage.

the Ada Reference Manual, the exception specified for signaling overflow or division by zero:is NUMERIC]
replaces that by CONSTRAINT_ERROR.

ments outside the range of safe numbers

87 fails to define the result safe interval of any basic or predefined\operation of a real subtypg
b value of one of its operands exceeds the largest safe number of tlie operand subtype. (The fai
hlt in this case occurs because no safe interval is defined for the)operand in question.) In order tq
uirements that would, consequently, be more stringent than those of Ada itself, this International St
s not define the result of a contained function when the absolute value of one of its arguments e
'SAFE_LARGE. All of the accuracy requirements and other provisions of the following clauses are undg
itly qualified by the assumption that function arguments are less than or equal to FLOAT_TYPE' SAFE|
value.

od of specification of functions

functions have two overloaded forms." For each form of a function covered by this International St

the functio
accuracy r}%

accuracy s

9 Domain definitions

The specifi
characteriza
or other con
definition ix
the conditig

is specified by its parameter.and result type profile, the domain of its argument(s), its range
uired of its implementationThe meaning of, and conventions applicable to, the domain, ran
cifications are described below.

). The
er—for
ERROR

ERROR,

when
ure to

avoid
andard
xceeds
rstood
LARGE

ndard,
d the
e and

ation of eachfunction covered by this International Standard includes, under the heading Do

ain, a

ition of tlie argument values for which the function is mathematically defined. It is expressed by inequalities
ditions which the arguments must satisfy to be valid. The phrase “mathematically unbounded” in a domain
dicates that all representable values of the argument are valid. Whenever the arguments fail to satfisfy all
ns, the implementation shall raise ARGUMENT_ERROR. It shall not raise that exception if all the conditions

are satisfied.

Inability to deliver a result for valid arguments (because the result overflows, for example) shall not raise
ARGUMENT_ERROR, but shall be treated in the same way that Ada defines for its predefined floating-point operations
(see clause 12).

NOTE — Unbounded portions of the domains of the functions EXP, "**" SINH and COSH, which are “expansion” functions with
unbounded or semi-unbounded mathematical domains, are unexploitable because the corresponding function values (satisfying
the accuracy requirements) cannot be represented. Their “usable domains,” i.e. the portions of the mathematical domains given
in their domain definitions that are exploitable in the sense that they produce representable results, are given by the notes
accompanying their specifications. Because of permitted variations in implementations, these usable domains can only be stated
approximately. In a similar manner, functions such as TAN and COT with periodic “poles” in their domains can (depending on
the implementation) have small unusable portions of their domains in the vicinities of the poles. Also, range constraints in the
user’s generic actual type can, by narrowing a function’s range, make further portions of the function’s domain unusable.

4
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(=]

The usual mathematical meaning of the “range” of a function is the set of values into which the function maps
the values in its domain. Some of the functions covered by this International Standard (for example, ARCSIN) are

mathematically multivalued, in the sense that a given argument value can be mapped by the function into many
different result values. By means of range restrictions, this International Standard imposes a uniqueness requirement

—— Ta___1

on the results of multivalued IuIlCElOIlS, Lnereoy re(]ucmg them to Smgle valued functions.

Some of the functions covered by this International Standard (for example, EXP) have asymptotic behavior for extremely
positive or negative arguments. Altheugh there 1s no finite argument for which such a function can mathematically
yield ifs asymptotic limit, that limit is always included in its range here, and it is an allowed result of the implemented
functign, in recognition of the fact that the limit value itself could be closer to the mathematical result thdn any other
repres¢ntable value

The range of each function is shown under the heading Range in the specifications. Range definitions take the form of

ities limiting the function value. An implementation shall not exceed a limit of the'range when thfat limit is a
safe nudmber of FL nAT_TVDF‘ (like O n 1.0 or CYCI F‘/A 0 for certain values of CYCI F\ On the othor hand w

AADCT 0L TLUVAL 2175 iRV <oV OO VIVLL) VAL LOIVALIL Vaauls Vi vivah . AslnlC Uulll aalllG, v

hon a ranca
ulii @ 1angl

limit i§ not a safe number of FLOAT_TYPE (like  or CYCLE/4.0 for certain other values of CYCLE), an implementation
may ekceed the range limit, but may not exceed the safe number of FLOAT.TYPE next beyond the rapge limit in
the digection away from the interior of the range; this is in general the best\that can be expected fron} a portable
implementation. Effectively, therefore, range definitions have the added effect of imposing accuracy requiirements on
implenpentations above and beyond those presented under the heading Accuracy in the specifications (seq clause 11).

The plirase “mathematically unbounded” in a range definition indicdtes that the range of values of the function is not
boundgd by its mathematical definition. It also implies that the fiiiction is not mathematically multivalyed.

NOTE
with uj
represe
reachal
variatid
generic

— Unbounded portions of the ranges of the functions SQRT;\EOG, ARCSINH and ARCCOSH, which are “contracti
ibounded or semi-unbounded mathematlcal ranges, are“unreachable because the correspondmg argumen
hted. Their “reachable ranges,” i.e. the portions of;the mathematical ranges given in their range definit
le through appropriate arguments, are given by, 'thé notes accompanying their specifications. Because
ns in implementations, these reachable ranges can only be stated approximately. Also, range constraints
actual type can, by narrowing a function’s demain, make further portions of the function’s range unreach{

bn” functions
ks cannot be
ons that are
bf permitted
in the user’s

\ble.

11 Accuracy requirements

4

Becaus
packag

e they are implemented on(digital computers with only finite precision, the functions provided in
e can, at best, only approximate the corresponding mathematically defined functions.

this generic

The agcuracy requirements-contained in this International Standard define the latitude that implementations are
allowed in approximatidgthe intended precise mathematical result with floating-point computations. Accuracy re-
quiremjents of two kinds/are stated under the heading Accuracy in the specifications. Additionally, rangé¢ definitions

stated [under the heading Range impose requirements that constrain the values implementations may yfield, so the

range dlefinitions are another source of accuracy requirements (in that context. the precise meaning of a
that is|not a.safe number of FLOAT_TYPE is discussed in clause 10). Every result yielded by a function i

range limit
5 subject to

all of thefunction’s applicable accuracy requirements, except in the one case described in clause 14. If!l that case,
the reqult_will satisfy a small absolute error requirement in lieu of the other accuracy requirements defined for the
function.

The first kind of accuracy requirement used under the heading Accuracy in the specifications is a bound on the relative
error in the computed value of the function, which shall hold (except as provided by the rules in clauses 12 and 14) for
all arguments satisfying the conditions in the domain definition, providing the mathematical result is nonzero. For a
given function f, the relative error re(X) in a computed result F(X) at the argument X is defined in the usual way,

F(X) - f(X)
F(X)
providing the mathematical result f(X) is finite and nonzero. (The relative error is not defined when the mathematical

result is infinite or zero.) For each function, the bound on the relative error is identified under the heading Accuracy
as its maximum relative error.

re(X) =
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The second kind of accuracy requirement used under the heading Accuracy in the specifications is a stipulation, in
the form of an equality, that the implementation shall deliver “prescribed results” for certain special arguments. It is

used for two

purposes:

is zero; and

to strengthen the accuracy requirements at special argument values.

to define the computed result to be zero when the relative error is undefined, i.e., when the mathematical result

When such |a prescribed result is a safe number of FLOAT_TYPE (like 0.0, 1.0 or CYCLE/4.0 for certain. ya

tles of

CYCLE), an implementation shall deliver that result. On the other hand, when a prescribed result is not a&afe number

of FLOAT_TYPPE (like 7 or CYCLE/4.0 for certain other values of CYCLE), an implementation may deliver any v

the surroun
contravene {

Range defin
as stated in
the effect of|
the range.

12 Ovel

Floating-po
tation-defin
functions dd
whose absol

yield

raise

NOTES

1 The rule

mathematicall result is close to but does not exceed FLOAT_TYPE'SAFE_LARGE in absolute value. Such arguments must necs

be very close
general, this

2 The rule

the set of pogsible results\of a predefined operation includes a number whose absolute value exceeds the implementation-

maximum, tj

3 In the A

ing safe interval. Prescribed results take precedence over maximum relative error requirements but
hem.

tions, under the heading Range in the specifications, are an additional source of accuracy require
clause 10. As an accuracy requirement, a range definition (other than “mathematically unbounded
eliminating some of the values permitted by the maximum relative error fequirements, e.g. those g

rflow

nt hardware is typically incapable of representing numbérs'whose absolute value exceeds some imp
bd maximum. For the type FLOAT_TYPE, that maximunywill be at least FLOAT_TYPE'SAFE_LARGE. }

ite value is greater than FLOAT_TYPE'SAFE_LARGE; the implementation may
any result permitted by the maximum relative error requirements, or

the exception specified by Ada for sighaling overflow.

permits an implementation-to raise an exception, instead of delivering a result, for arguments for whi

to an argument for\Which the mathematical result does exceed FLOAT_TYPE'SAFE_LARGE in absolute va
s the best that can-be expected from a portable implementation with a reasonable amount of effort.

s motivated by‘the behavior prescribed by the Ada Reference Manual for the predefined operations. That i

be implementation is allowed to raise the exception specified for signaling overflow instead of delivering a rq

Ja-Reference Manual, the exception specified for signaling overflow is NUMERIC_ERROR, but AI-00387 replag

\lue in
never

ments,
kil ) has
utside

emen-
lor the

fined by this International Standard, whenever the*maximum relative error requirements permit aj result

ch the
bssarily
ue. In

, when
defined
bsult.

es that

by CONSTRAI}

NT -ERROR.

13 Infinities

An implementation shall raise the exception specified by Ada for signaling division by zero in the following specific

cases where
a)
b)

) LEFT

the corresponding mathematical functions are infinite:

LOG(X) when X = 0.0;

LOG(X, BASE) when X =0.0;

** RIGHT when LEFT = 0.0 and RIGHT < 0.0;
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d)
e)
f)
8)
h)

i)

NOTE

replacg
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TAN(X, CYCLE) when X = (2k + 1) - CYCLE/4.0, for integer k;
COT(X) when X =0.0;

COT(X, CYCLE) when X = k- CYCLE/2.0, for integer k;
COTH(X) when X =0.0;

ARCTANH(X) when X = +1.0; and

ISO/IEC 11430:1994(E)

LRCCOTH(X) when X = +1.0.

— In the Ada Reference Manual, the exception specified for signaling division by zero is NUMERIC_ERROR,
s that by CONSTRAINT_ERROR.

[Underflow

hg-point hardware is typically incapable of representing nonzero numbers-whose absolute value is les
entation-defined minimum. For the type FLOAT_TYPE, that minimum will’be at most FLOAT_TYPE'

but AI-00387

s than some
BAFE_SMALL.

For tHe functions defined by this International Standard, whenever the maximum relative error requirements permit

a resylt whose absolute value is less than FLOAT_TYPE'SAFE_SMALL aid a prescribed result is not sti
implementation may

a)

b)
FLO

<)

NOTH

1 W]
unachi
terms,
mre),

2 T

for wh
necessj
value.

yield any result permitted by the maximum relative error._requirements;

yield any nonzero result having the correctxsign and an absolute value less than (
AT_TYPE'SAFE_SMALL; or

yield zero.

S

evable and are waived. In such¢ases, the computed result will exhibit an error which, while not necessarily sn
is small in absolute terms. The-absolute error will, in these cases, be less than or equal to FLOAT_TYPE' SAFE_
where mre is the maximum relative error specified for the function under the heading Accuracy.

rule permits an implementation to deliver a result violating the maximum relative error requirements f
ch the mathematicalresult equals or slightly exceeds FLOAT_TYPE'SAFE_SMALL in absolute value. Such arg
hrily be very close/to an argument for which the mathematical result is less than FLOAT_TYPE'SAFE_SMAL

15

rule issmotivated by the behavior prescribed by the Ada Reference Manual for predefined operations. Tha

pulated, the

r equal to

henever the behavior on underflow s as described in 14 b) or 14 ¢), the maximum relative error requirements afe, in general,

hall in relative
ISMALL / (1.0—

or arguments
fuments must
L. in absolute

In general, this\is the best that can be expected from a portable implementation with a reasonable amounit of effort.

t is, when the
blementation-
 an absolute

Specifications of the functions

Under the heading Definition in each of the following specifications, the semantics of an Ada call to the function being
defined is provided by a mathematical definition in the form of an approximation. The left-hand side (the function
call) is set in the fixed-width font used throughout this International Standard for program fragments. The right-hand
side is to be interpreted as an exact mathematical formula; as such, it and similar mathematical formulas throughout
this International Standard employ standard mathematical symbols, notation and fonts (except for variable names
and some real literals, which are set in the fixed-width “program-fragment” font). The degree to which the function
call on the left-hand side is allowed to approximate the value of the formula on the right-hand side is, of course, spelled
out under the heading Accuracy, as discussed in clause 11.
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5 Rang
Mathematically unbounded

NOTE — The reachable range of L0G is approximately given by
log, FLOAT_TYPE'SAFE_SMALL < L0OG(X) < log, FLOAT_TYPE' SAFE_LARGE

15.2.6___Accuracy

y

a) [Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON
b) [LOG(1.0) =0.0
15.3 | LOG — Logarithm to an arbitrary base

15.3.1 Declaration

functjon LOG (X, BASE : FLOAT_TYPE) return FLOAT_TYPE;

15.3.2 Definition

LOG(X| BASE) = logg,ss X

15.3.3 Usage

Z := 10G(X, 10.0); -- base 10 logarithm
Z := 10G(X, 2.0); -- base 2 logarithm
Z := LOG(X, BASE); -- base BASE logarithm

15.3.4 Domain
a) K>0.0
b) [BASE > 0.0

c) BASE#1.0

NOTE|— When& 5 0.0, see clause 13.

15.3.5 ~Range

Mathematically unbounded

NOTES

1 When BASE > 1.0, the reachable range of L0G is approximately given by

logg,sg FLOAT_TYPE' SAFE_SMALL < LOG(X, BASE) < logg,sp FLOAT_TYPE'SAFE_LARGE

2 When 0.0 < BASE < 1.0, the reachable range of LOG is approximately given by

loggssg FLOAT_TYPE' SAFE_LARGE < LOG (X, BASE) < logg,sp FLOAT_TYPE'SAFE_SMALL
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15.3.6 Accuracy
a) Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

b) LOG(1.0, BASE) =0.0

15.4 EXP — Exponential function

15.4.1 Declaration

function EXP (X : FLOAT_TYPE) return FLOAT_TYPE;

15.4.2 Ddfinition

EXP(X) = e*

15.4.3 Uspage

Z := EXP(X); -- e raised to the power X

15.4.4 Dgmain

Mathematicplly unbounded

NOTE — Thie usable domain of EXP is approximately given by,

X < log, FLOAT_TYPE' SAFE_LARGE

15.4.5 Rgnge

EXP(X) > 0]0

15.4.6 Adcuracy
a) Maximum relative error='4.0 - FLOAT_TYPE'BASE'EPSILON

b) EXP(4.0) =1.0

15.5 "*x|' —< Exponentiation operator

15.5.1 Declaration

function "*x" (LEFT, RIGHT : FLOAT_TYPE) return FLOAT_TYPE;

15.5.2 Definition

LEFT ** RIGHT ~ LEFTRIGHT

15.5.3 Usage

Z := LEFT ** RIGHT; -- LEFT raised to the power RIGHT

10
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15.5.4 Domain

a)

b)

LEFT > 0.0

RIGHT # 0.0 when LEFT = 0.0

NOTES

ISO/IEC 11430:1994(E)

1 T!\k neahle daornain of "**"’ vrhen LEFT > 0.0

usaLi€ Qomaln ¢l v

RIGHT - log, LEFT < log, FLOAT_TYPE'SAFE_LARGE

This ilposes a positive upper bound on RIGHT (as a function of LEFT) when LEFT > 1.0 and a negative\lower bo

(oo o 1]
(as a 1

2 Wi

15.5.3

LEFT

T Do - T oo

PR N L A A - 4 9~
pIiciion OI LEF1) W€l V.U { LErl < 1.V.

pen LEFT = 0.0 and RIGHT < 0.0 (together), see clause 13.

b Range

*x RIGHT > 0.0

15.5.6 Accuracy

a)

15.6
15.6.

funct

Maximum relative error (when LEFT > 0.0) =

RIGHT - log, LEFT
(4.0 + | 8. |

- FLOAT_TYPE'BASE'EPSILON
32.0

LEFT ** 0.0 = 1.0 when LEFT > 0.0
0.0 ** RIGHT = 0.0 when RIGHT>0~.0
LEFT ** 1.0 = LEFT

1.0 **x RIGHT =1.0

SIN — Trigonometric sine function, natural cycle (angle in radians)
| Declaration

ion SIN. (X : FLOAT_TYPE) return FLOAT_TYPE;

hnd on RIGHT

15.6.2 Definition

SIN(X

) & sinX

15.6.3 Usage

Z :=

SIN(X); -- X in radians

15.6.4 Domain

Mathematically unbounded

11
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15.6.5 Range

[SIN(X)| < 1.0

15.6.6 Accuracy

a)

implementation-dependent threshold, which shall not be less than

For larger
b)
15.7 SIN

15.7.1 Dd

function S

15.7.2 Dd

SIN(X, CYC

15.7.3 Usdage

Z :
Z :

SIN(X
SIN(X

15.7.4 D¢main

SIN(0.0) =0.0

FLOAT _TYPE'MACHINE RADIX |FLOAT_TYPE'MACHINE_MANTISSA /2|

values of |X|, degraded accuracy is allowed. An implementation shall document its behaviot\for laj

claration

IN (X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;

finition

LE) = sin(27 - X/CYCLE)

, 360.0);
, CYCLE);

-- X in degrees
-- X in units such that'one complete cycle of rotation corresponds to
-- X = CYCLE

a) X mathematically unbounded
b) CYCLE > 0.0
15.7.5 R4nge
[SIN(X, CYQLE)| < 1,0
15.7.6 Adcuracy
a) Maximum relative error = 2.0 - FLOAT_TYPE'BASE'EPSILON
0.0, X=k-CYCLE/2.0
b) For integer k, SIN(X, CYCLE) = { 1.0, X = (4k+1)-CYCLE/4.0
-1.0, X=(4k +3) - CYCLE/4.0
15.8 €08 — Trigonometric cosine function, natural cycle (angle in radians)

15.8.1 Declaration

function COS (X :

12

FLOAT_TYPE) return FLOAT_TYPE;

/IEC

Maximum relative error = 2.0 - FLOAT_TYPE'BASE'EPSILON when [X| is less than or equal to some documented

ge [X].
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15.8.2 Definition

COS(X) = cosX

15.8.3 Usage

Z = COS(X); -- X in radians

ISO/IEC 11430:1994(E)

15.8. Domain

Math¢matically unbounded

15.8.5 Range

jcos(X)j< 1.0

15.8.6 Accuracy

a) [Maximum relative error = 2.0 - FLOAT_TYPE'BASE'EPSILON when’|X| is less than or equal to some|ldocumented

implementation-dependent threshold, which shall not be less than

FLOAT TYPE'MACHINE RADIX | FLOAT>TYPE ' MACHINE_MANTISSA /2]

For|larger values of |X|, degraded accuracy is allowed. Amjmplementation shall document its behavior|for large |X]|.

b) |€0S(0.0) =1.0

15.9( Cc0S — Trigonometric cosine function, arbitrary cycle (angle in arbitrary units)

15.9.1 Declaration

functjion COS (X, CYCLE : FLOATLTYPE) return FLOAT_TYPE;

15.9.2 Definition

COS(X|, CYCLE) = cos(2#+ X/CYCLE)

15.9.3 Usage

Z := [C0S{X{ 360.0); -- X in degrees
Z := [COS(X, CYCLE); -- X in units such that one complete cycle of rotation correspondg to
-- X = CYCLE

15.9.4 Domain
a) X mathematically unbounded

b) CYCLE > 0.0

15.9.5 Range

|cOS(X, CYCLE)| < 1.0

13
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15.9.6 Accuracy
a) Maximum relative error = 2.0 - FLOAT_TYPE'BASE'EPSILON
1.0, = k - CYCLE

b) For integer k, COS(X, CYCLE) = I 0.0, X=(2k+1)-CYCLE/4.0
[ -1.0, X=(2k+1)-CYCLE/2.0

15.10 TAN — Trigonometric tangent function, natural cycle (angle in radians)
15.10.1 IDeclaration

function TAN (X : FLOAT_TYPE) return FLOAT_TYPE;

15.10.2 IDhefinition

TAN(X) = tgnX

15.10.3 Usage

Z := TAN(XD; -- X in radians

15.10.4 Domain

Mathematidally unbounded

15.10.5 Range

Mathematidally unbounded

15.10.6 Accuracy

a) Maxium relative error-=4.0 - FLOAT_TYPE'BASE'EPSILON when |X| is less than or equal to some docurhented
implemengation-dependertthreshold, which shall not be less than

FLOAT_TYPE'MACHINE RADIX |FLOAT_TYPE'MACHINE_MANTISSA /2]

For larger] values.of |X|, degraded accuracy is allowed. An implementation shall document its behavior for lafge |X|.

b) TAN( QY =010

15.11 TAN — Trigonometric tangent function, arbitrary cycle (angle in arbitrary units)
15.11.1 Declaration

function TAN (X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;

15.11.2 Definition

TAN(X, CYCLE) = tan(2r - X/CYCLE)

14
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15.11.3 Usage

N
n

TAN(X, 360.0); =-- X in degrees

N
.'.

-- X = CYCLE

15.11.4 Domain

= TAN(X, CYCLE); -- X in units such that one complete cycle of rotation corresponds to

a) |X mathematically unbounded

b) [CYCLE > 0.0

NOTH — When X = (2k + 1) - CYCLE/4.0, for integer k, see clause 13.

15.11.5 Range

Mathe¢matically unbounded

15.114.6 Accuracy
a) [Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

b) | TAN(X, CYCLE) = 0.0 when X = k- CYCLE/2.0, forinteger k

15.12 COT — Trigonometric cotangent function, natural cycle (angle in radians)

15.12.1 Declaration

functiion COT (X : FLOAT_TYPE) _return FLOAT_TYPE;

15.12.2 Definition

COT(XP = cotX

15.12.3 Usage

Z := [COT(X); -- X in radians

15.12.4 Domain

Mathematically unbounded

NOTE — When X = 0.0, see clause 13.

15.12.5 Range

Mathematically unbounded

ISO/IEC 11430:1994(E)

15
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Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON when |X| is less than or equal to some documented
implementation-dependent threshold, which shall not be less than

FLOAT TYPE'MACHINE RADIX |FLOAT_TYPE 'MACHINE_NANTISSA /2]

For larger values of |X|, degraded accuracy is allowed. An implementation shall document its behavior for large |X|.

15.13 CO01
15.13.1 D

function CQ

15.13.2 D

COT(X, CYCL

15.13.3 U

]

Z :
Z :

COT(X,
COT(X,

15.13.4 D
a) X mat

b) CYCLE

NOTE — Wh

bclaration

bfinition

E) = cot(2x -

bage

360.0);
CYCLE) ;

bmain

>0.0

15.13.5 Range

Mathematica

15.13.6 A

a)

ccuracy

Maximumyrelative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

T (X, CYCLE :

hematically unbounded

en X = k - CYCLE/2.0, for integer k) see clause 13.

lly unbounded

— Trigonometric cotangent function, arbitrary cycle (angle in arbitrary unitJ;)

FLOAT_TYPE) return FLOAT_TYPE;

X/CYCLE)

-- X in degrees
-- X in units such that one completeé cycle of rotation corresponds to
-- X = CYCLE

b) COT(X

3 P RN / . . 1
, GICLE) = O, U WIlelr A = (éh+ 1) UIVLE/G .U, 10T INLEGET K~

15.14 ARCSIN — Inverse trigonometric sine function, natural cycle (angle in radians)

15.14.1 Declaration

function ARCSIN (X :

15.14.2 Definition

ARCSIN(X) = arcsin X

16

FLOAT_TYPE) return FLOAT_TYPE;
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15.14.3 Usage

Z := ARCSIN(X); -- Z in radians

15.14.4 Domain

x| <1.0

15.14.5 Range

|ARCSIN(X) | < 7/2

NOTE — /2 and —n/2 are not safe numbers of FLOAT_TYPE. Accordingly, an implementation may exceed th¢ range limits,
but only slightly; see clause 10 for a precise statement of the requirements.

15.14.6 Accuracy
a) | Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON
b) | ARCSIN(0.0) = 0.0
c) | ARCSIN(1.0) = 7/2

d) | ARCSIN(-1.0) = —m/2

NOTE — 7 /2 and —7/2 are not safe numbers of FLOAT2TYPE. Accordingly, when accuracy requirement 15.14.6 ¢)) or 15.14.6 d)
appli¢s, an implementation may approximate the prescribed result, but only within narrow limits; see clause 1]l for a precise
staternent of the requirements.

15.15 ARCSIN — Inverse trigonometric sine function, arbitrary cycle (angle in arbitrary units)
15.15.1 Declaration

function ARCSIN (X, €YCLE : FLOAT_TYPE) return FLOAT_TYPE;

15.15.2 Definition

ARCS]IN(X,CYCLE) = (arcsinX) - CYCLE/27

15.15.3 Usage

Z := ARCSIN(X, 360.0); ~-- Z in degrees
Z := ARCSIN(X, CYCLE); -- Z in units such that one complete cycle of rotation corresponds to
-- Z = CYCLE

15.15.4 Domain
a) [X|]<1.0

b) CYCLE > 0.0

17
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|ARCSIN(X, CYCLE)| < CYCLE/4.0
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NOTE — CYCLE/4.0 and —CYCLE/4.0 might not be safe numbers of FLOAT_TYPE. Accordingly, an implementation may exceed
the range limits, but only slightly; see clause 10 for a precise statement of the requirements.

15.15.6 Accuracy

Maxin]

a)

um relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

b)

c)
d)

ARCSI

NOTE — CYGLE/4.0 and —CYCLE/4.0 might not be safe numbers of FLOAT_TYPE. Accordingly,/when accuracy require

15.15.6 c) or
clause 11 for

15.16 ARC
15.16.1 Dg

function AR

15.16.2 De

ARCCOS(X) =

15.16.3 Us

Z := ARCCOS

15.16.4 Dg¢gmain

x| <1.0

15.16.5 Rdqnge

0.0 < ARCCOS

NOTE — = is
slightly; see cl{

ARCSIN(1.0, CYCLE) = CYCLE/4.0

ARCSIN(-1.0, CYCLE) = —CYCLE/4.0

(0.0, CYCLE) =0.0

.15.6 d) applies, an implementation may approximate the prescribed result, but ‘only within narrow limit
precise statement of the requirements.

COS — Inverse trigonometric cosine function, natural €ycle (angle in radians)
claration

CCOS (X : FLOAT_TYPE) return FLOAT_TYPE;

finition

arccos X

age

-- Z in radians

(X);

X)<m

not a‘safe number of FLOAT_TYPE. Accordingly, an implementation may exceed the upper range limit, but
pusé 10'for a precise statement of the requirements.

15.16.6 Accuracy

a)
b)
c)
d)

ARCCOS

Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

ARCC0S(1.0) =0.0

(0.0) = 7/2

ARCCOS(-1.0) =7

ment
s; see

only

NOTE — 7/2 and 7 are not safe numbers of FLOAT_TYPE. Accordingly, when accuracy requirement 15.16.6 c) or 15.16.6 d)

applies, an implementation may approximate the prescribed result, but only within narrow limits; see clause 11 for a precise
statement of the requirements.

18
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15.17 ARCCOS — Inverse trigonometric cosine function, arbitrary cycle (angle in arbitrary
units)

15.17.1 Declaration

function ARCCOS (X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;

15.17.2 Definition

ARCCOS (X, CYCLE) = (arccosX)- CYCLE/27

15.17.3 Usage

Z := |[ARCCOS(X, 360.0); -- Z in degrees
Z := |[ARCCOS(X, CYCLE); -- Z in units such that one complete cycle~of rotation corresppnds to
-- Z = CYCLE

15.171.4 Domain
a) ||X] <1.0

b) | CYCLE > 0.0

15.17.5 Range

0.0 <] ARCCOS(X, CYCLE) < CYCLE/2.0

NOTH — CYCLE/2.0 might not be a safe number of FLOAT_TYPE. Accordingly, an implementation may exceed the upper range
limit, put only slightly; see clause 10 for\a precise statement of the requirements.

15.17.6 Accuracy
a) | Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON
b) | ARCCOS(1)0, CYCLE) =0.0

c) |ARCCOS(0.0, CYCLE) = CYCLE/4.0

d) ARCCOS(-1.0, CYCLE) = CYCLE/2.0

NOTE — CYCLE/4.0 and CYCLE/2.0 might not be safe numbers of FLOAT_TYPE. Accordingly, when accuracy requirement
15.17.6 c) or 15.17.6 d) applies, an implementation may approximate the prescribed result, but only within narrow limits; see
clause 11 for a precise statement of the requirements.

15.18 ARCTAN — Inverse trigonometric tangent function, natural cycle (angle in radians)
15.18.1 Declaration

function ARCTAN (Y : FLOAT_TYPE; X : FLOAT_TYPE := 1.0) return FLOAT_TYPE;

19
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15.18.2 Definition
a) ARCTAN(Y) =~ arctanY

b) In an implementation exploiting signed zeros (see clause 5),

arctan(Y/X), X>0.0
J (arctan(Y/X))+ 7, X<0.0andY > 0.0
ARCTANCY, X) =< m, X < 0.0 and Y a positively signed zero
-7 X < 0.0 and Y a negatively signed zero

(arctan(Y/X)) — 7, X<0.0and Y<0.0
In an implpmentation not exploiting signed zeros,

arctan(Y/X), X>0.0

(arctan(Y/X))+ 7, X<0.0andY > 0.0
T, X<0.0and Y=0.0
(arctan(Y/X)) —m, X< 0.0and Y < 0.0

ARCTAN(Y, X) =

15.18.3 Ugsage

Z := ARCTAN(Y); -- Z, in radians, is the angle (in the quadrant containing the point
-- (1.0,Y)) whose tangent is Y
Z := ARCTAN(Y, X); -- Z, in radians, is the angle (in the ‘quadrant containing the point

-- (X,Y)) whose tangent is Y/X

15.18.4 Démain

X #0.0 when Y=0.0

15.18.5 R4nge
a) |ARCTAN(Y)| < /2
b) In an implementation exploiting signed zeros (see clause 5),
1) 0.0 K ARCTAN(Y, X)>~<r when Y > 0.0 or when Y is a positively signed zero
2) —m £ ARCTAN(Y,’X) < 0.0 when Y < 0.0 or when Y is a negatively signed zero

In an impl¢ment@tion not exploiting signed zeros,

1. LT3 oO0—0O
- " Wi 1 ~ v.v

1) 0.0

;

/A'4 A'AY
\i7y N7

2) —m < ARCTAN(Y, X) < 0.0 whenY< 0.0

NOTE — = and — are not safe numbers of FLOAT_TYPE. Accordingly, an implementation may exceed the range limits that
involve these numbers, but only slightly; see clause 10 for a precise statement of the requirements.

15.18.6 Accuracy

a) Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

b) ARCTAN(0.0) = 0.0

20


https://standardsiso.com/api/?name=f18ed8e6f5737435ed5ffbae05c4b665

© ISO/IEC

c)

When Y is zero,
0.0, X>0.0

ARCTAN(Y, X) = {7r, X < 0.0 and Y a positively signed zero
—m, X <0.0and Y a negatively signed zero

ISO/IEC 11430:1994(E)

in an implementation exploiting signed zeros (see clause 5). In an implementation not exploiting signed zeros,

0.0, X>0.0
ARCTAN(0.0, X)—{ﬂ_, X<0.0
_f=n/2, Y>0.0
d)| ARCTAN(Y, 0.0) = {_W/z’ Y <0.0
NOTE — #, —7, m/2 and —7/2 are not safe numbers of FLOAT_TYPE. Accordingly, when accuracy requirenjent 15.18.6 c)
or 15018.6 d) applies, an implementation may approximate a prescribed result that involves jone of these numbers, but only
withip narrow limits; see clause 11 for a precise statement of the requirements.
15.19 ARCTAN — Inverse trigonometric tangent function, arbitrary cycle (angle in arbitrary
units)
15.19.1 Declaration
funcition ARCTAN (Y : FLOAT_TYPE; X : FLOAT_TYPE := 1.0; CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
15.19.2 Definition
a)| ARCTAN(Y, CYCLE => CYCLE) = (arctanY)-CYCLE/2w
b)| In an implementation exploiting signed.-zeros (see clause 5),
(arctan(Y/X)) - CYCLE/2m, X>0.0
((arctan(Y/X)) + ) - CYCLE/2w, X< 0.0and Y > 0.0
ARCTAN(Y, X, CYCLE) ~X'CYCLE/2.0, X < 0.0 and Y a positively signed zero
—CYCLE/2.0, X < 0.0 and Y a negatively sign¢d zero
((arctan(Y/X)) — 7) - CYCLE/27, X< 0.0and Y< 0.0
In|an implementation not exploiting signed zeros,
(arctan(Y/X)) - CYCLE/2m, X>0.0
) ((arctan(Y/X)) + 7) - CYCLE/2w, X < 0.0andY > 0.0
ARCTANCY, X, CYCLE) ~ CYCLE/2.0, X<0.0and Y=0.0
((arctan(Y/X)) — 7) - CYCLE/27w, X< 0.0and Y < 0.0
15.19.3 Usage
Z := ARCTAN(Y, CYCLE => 360.0); -- Z, in degrees, is the angle (in the quadrant containing
-- the point (1.0,Y)) whose tangent is Y
Z := ARCTAN(Y, CYCLE => CYCLE); -- Z, in units such that one complete cycle of rotation
-- corresponds to Z = CYCLE, is the angle (in the quadrant
-- containing the point (1.0,Y)) whose tangent is Y
Z := ARCTAN(Y, X, 360.0); -- Z, in degrees, is the angle (in the quadrant containing
-- the point (X,Y)) whose tangent is Y/X
Z := ARCTAN(Y, X, CYCLE); -- Z, in units such that one complete cycle of rotation

-- corresponds to Z = CYCLE, is the angle (in the quadrant

-- containing the point (X,Y)) whose tangent is Y/X
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15.19.4 Domain
a) X#0.0whenY=0.0

b) CYCLE > 0.0

15.19.5 Range

a) |ARCTAN(Y, CYCLE => CYCLE)| < CYCLE/4.0
b) In an jmplementation exploiting signed zeros (see clause 5),
1) 0.0[< ARCTAN(Y, X, CYCLE) < CYCLE/2.0 when Y > 0.0 or when Y is a positively signed\Zero
2) —CYLLE/2.0 < ARCTAN(Y, X, CYCLE) < 0.0 when Y < 0.0 or when Y is a negatiyely signed zero
In an impl¢mentation not exploiting signed zeros,
1) 0.0 K ARCTAN(Y, X, CYCLE) < CYCLE/2.0 when Y > 0.0

2) —CYFLE/2.0 < ARCTAN(Y, X, CYCLE) < 0.0 when Y < 0.0

NOTE — CYCLE/2.0 and —CYCLE/2.0 might not be safe numbers of FLOAT_TYPE. Accordingly, an implementation may exceed
the range limifs that involve these numbers, but only slightly; see clause 10 for a precise statement of the requirements.

15.19.6 Ag¢curacy
a) Maxinjum relative error = 4.0 - FLOAT_TYPE'BASEYEPSILON
b) ARCTAN(0.0, CYCLE => CYCLE) = 0.0

c) When is zero,

0.0, X>0.0
ARCTAN(Y, X, CYCLE) = { CYCLE/2.0, X < 0.0 and Y a positively signed zero
—CYCLE/2.0, X < 0.0 and Y a negatively signed zero

in an implgmentation exploiting signed zeros (see clause 5). In an implementation not exploiting signed zeros|

0.0, X>0.0

ARCTAN(0.0, X, CYCLE) ={CYCLE/2.0, X<0.0

L /L
UIVLE/%®.VU, I ~>VU.VU

d) ARCTAN(Y, 0.0, CYCLE) =
) ¢ 0 ) —CYCLE/4.0, Y<O0.0

NOTE — CYCLE/2.0, —CYCLE/2.0, CYCLE/4.0 and —CYCLE/4.0 might not be safe numbers of FLOAT_TYPE. Accordingly, when
accuracy requirement 15.19.6 ¢) or 15.19.6 d) applies, an implementation may approximate a prescribed result that involves one
of these numbers, but only within narrow limits; see clause 11 for a precise statement of the requirements.

15.20 ARCCOT — Inverse trigonometric cotangent function, natural cycle (angle in radians)
15.20.1 Declaration

function ARCCOT (X : FLOAT_TYPE; Y : FLOAT_TYPE := 1.0) return FLOAT_TYPE;
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15.20.2 Definition
a) ARCCOT(X) = arccotX

b) In an implementation exploiting signed zeros (see clause 5),

arccot(X/Y), Y>0.0
J0.0, Y azeroand X > 0.0
ARCCOT(X, Y) =< m, Y a positively signed zero and X < 0.0
l -, Y a negatively signed zero and X < 0.0
(arccot(X/Y)) — 7w, Y<0.0

In pn implementation not exploiting signed zeros,

arccot(X/Y), Y> 0.0

. ) 0.0, Y=0.0and X > 0.0

ARCCOT(X, V) =\ o Y=0.0and ¥ 0.0
(arccot(X/Y)) —m, Y<0.0

15.20.3 Usage

Z :=| ARCCOT(X); -- Z, in radians, is the angle (in the 'quadrant containing the point
-- (X,1.0)) whose cotangent is X
Z :=|ARCCOT(X, Y); -- Z, in radians, is the angle, (dm the quadrant containing the point

-- (X,Y)) whose cotangent is X/Y

15.20.4 Domain

Y# Q.0 when X=0.0

15.20.5 Range

a)| 0.0 < ARCCOT(X) < =

b) | In an implementatiof eéxploiting signed zeros (see clause 5),
1) 0.0 < ARCCOT(¥, Y) < m when Y > 0.0 or when Y is a positively signed zero
2) —m < ARCCOT(X, Y) < 0.0 when Y < 0.0 or when Y is a negatively signed zero

In pn implementation not exploiting signed zeros,

> 00 ARCONTCY VY
7 U 17

O0—0
IO oUT UTU

L hid
T—wireh—T

2) —m < ARCCOT(X, Y) < 0.0 whenY< 0.0

NOTE — 7 and —n are not safe numbers of FLOAT_TYPE. Accordingly, an implementation may exceed the range limits that
involve these numbers, but only slightly; see clause 10 for a precise statement of the requirements.

15.20.6 Accuracy

a) Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

b) ARCCOT(0.0) = 7/2
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/2, Y>0.0
c) ARCCOT(0.0, Y)—{_ﬁ/z, Y<0.0

d) When Y is zero,
0.0, X>0.0

ARCCOT(X, Y) = { m, X < 0.0 and Y a positively signed zero
—m, X< 0.0andY a negatively signed zero

in an implementation exploiting signed zeros (see clause 5). In an implementation not exploiting signed zeros,

0.0, X>0.0

ARCCOT(X, 0.0) = {ﬂ_’ X<0.0

NOTE — =, |-x, n/2 and —x /2 are not safe numbers of FLOAT_TYPE. Accordingly, when accuracy requizement 15.2(1.6 b),
15.20.6 c) or 15.20.6 d) applies, an implementation may approximate a prescribed result that involves one of these numbers,
but only within narrow limits; see clause 11 for a precise statement of the requirements.

15.21 ARQCOT — Inverse trigonometric cotangent function, arbitrary cycle (angle in arbitrary
unijts)

15.21.1 Declaration

function ARCCOT (X : FLOAT_TYPE; Y : FLOAT_TYPE := 1.0; CYCLE : FLOAT_TYPE) return FLOAT_TYPE}

15.21.2 Definition
a) ARCCOT(X, CYCLE => CYCLE) ~ (arccotX) - CYCLE/2#

b) In an Jmplementation exploiting signed zeros.(se¢ clause 5),

(arccot(X/Y))- CYCLE/2m, Y>0.0
0.0, Yazeroand X > 0.0

ARCLOT(X, Y, CYCLE) = { CYCLE/2.0, Y a positively signed zero and X < 0.0
—CYCLE/2.0, Y a negatively signed zero and X < 0.0

((arccot(X/Y)) — w) - CYCLE/2m, Y < 0.0

In an imple¢mentation not exploiting signed zeros,

(arccot(X/Y)) - CYCLE/ 2, Y>0.0
. ) 0.0, Y=0.0and X > 0.0
ARCCOT(X, Y, CYCLE) =~ CYCLE/2.0, Y=0.0and X< 0.0
((arccot(X/Y)) — m) - CYCLE/2w, Y < 0.0
15.21.3 Usage
Z := ARCCOT(X, CYCLE => 360.0); -- Z, in degrees, is the angle (in the quadrant containing
-- the point (X,1.0)) whose cotangent is X
Z := ARCCOT(X, CYCLE => CYCLE); -- Z, in units such that one complete cycle of rotation
-- corresponds to Z = CYCLE, is the angle (in the quadrant
-- containing the point (X,1.0)) whose cotangent is X
Z := ARCCOT(X, Y, 360.0); -- Z, in degrees, is the angle (in the quadrant containing
-- the point (X,Y)) whose cotangent is X/Y
Z := ARCCOT(X, Y, CYCLE); -- Z, in units such that one complete cycle of rotation

-- corresponds to Z = CYCLE, is the angle (in the quadrant
-- containing the point (X,Y)) whose cotangent is X/Y
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15.21.4 Domain
a) Y#0.0whenX=0.0

b) CYCLE > 0.0

15.21.5 Range

Y| 0o n
a} V.V

IA

ARCCOT(X

b

~

In an implementation exploiting signed zeros (see clause 5),

1) 0.0 < ARCCOT(X, Y, CYCLE) < CYCLE/2.0 when Y > 0.0 or when Y is a positively,signed zero
3) —CYCLE/2.0 < ARCCOT(X, Y, CYCLE) < 0.0 when Y < 0.0 or when Y is a négatively signed zqro
In pn implementation not exploiting signed zeros,

1) 0.0 < ARCCOT(X, Y, CYCLE) < CYCLE/2.0 when Y > 0.0
2) —CYCLE/2.0 < ARCCOT(X, Y, CYCLE) < 0.0 when Y < 0.0Q

NOTE — CYCLE/2.0 and —CYCLE/2.0 might not be safe numbers of FLOAT_TYPE. Accordingly, an implementatipn may exceed
the rgnge limits that involve these numbers, but only slightly; see ¢latise 10 for a precise statement of the requirpments.

15.21.6 Accuracy
a) | Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON
b) | ARCCOT(0.0, CYCLE => CYCLE) =CYCLE/4.0

CYCLE/4.0, Y >0.0

c) | ARCCOT(0.0, Y, CYCLE) ={—CYCLE/4.0, Y<0.0

d) | When Y is zero,

0.0, X>0.0
ARCCOT(X, Y, CYCLE) = {CYCLE/2.0, X < 0.0 and Y a positively signed zero
~CYCLE/2.0, X < 0.0 and Y a negatively signed zero

in 4n implententation exploiting signed zeros (see clause 5). In an implementation not exploiting signed zeros,

0.0, X>0.0
CYCLE/2.0, X < 0.0

ARCCOT(X, 0.0, CYCLE) = {

\

NOTE — CYCLE/2.0, —CYCLE/2.0, CYCLE/4.0 and —CYCLE/4.0 might not be safe numbers of FLOAT_TYPE. Accordingly, when
accuracy requirement 15.21.6 b), 15.21.6 c) or 15.21.6 d) applies, an implementation may approximate a prescribed result that
involves one of these numbers, but only within narrow limits; see clause 11 for a precise statement of the requirements.

15.22 SINH — Hyperbolic sine function
15.22.1 Declaration

function SINH (X : FLOAT_TYPE) return FLOAT_TYPE;
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15.22.2 Definition

SINH(X) =~ sinh X

15.22.3 TUsage

Z := SINH(X);

15.22.4 Dqgmain

Mathematically unbounded

NOTE — The|usable domain of SINH is approximately given by
IX] < log, FLOAT_TYPE' SAFE_LARGE + log, 2.0
15.22.5 Rdgnge

Mathematically unbounded

15.22.6 Adgcuracy
a) Maximum relative error = 8.0 - FLOAT_TYPE'BASE'EPSILON

b) SINH(¢.0) = 0.0

15.23 COSH — Hyperbolic cosine function
15.23.1 De¢claration

function COBH (X : FLOAT_TYPE) return“FLOAT_TYPE;

15.23.2 Deéfinition

COSH(X) = cqshX

15.23.3 TUgage

Z := COSH(XDg

15.23.4 Domain

Mathematically unbounded

NOTE — The usable domain of COSH is approximately given by

|X] < log, FLOAT_TYPE'SAFE_LARGE + log, 2.0

15.23.5 Range

COSH(X) > 1.0
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15.23.6 Accuracy

a)

b)

Maximum relative error = 8.0 - FLOAT_TYPE'BASE'EPSILON

COSH(0.0) =1.0

15.24 TANH — Hyperbolic tangent function

ISO/IEC 11430:1994(E)

15.24

funct

15.24

TANH

15.24

15.24

.1 Declaration

ion TANH (X : FLOAT_TYPE) return FLOAT_TYPE;

}.2 Definition

X) = tanhX

.3 Usage

TANH(X) ;

.4 Domain

Mathematically unbounded

15.24

|TANH

15.24

a)

b)

.5 Range

(X)|<1.0

.6 Accuracy
Maximum relative error = 8.0 - FLOAT_TYPE'BASE'EPSILON

TANH(0.0) =0Q.0

15.2% COTH-— Hyperbolic cotangent function

15.25

.1~ Declaration

function COTH (X : FLOAT_TYPE) return FLOAT_TYPE;

15.25.2 Definition

COTH(X) = cothX

15.25.3 Usage

Z :=

COTH(X) ;
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15.25.4 Domain

Mathematically unbounded

NOTE — When X = 0.0, see clause 13.

15.25.5 Range

|COTH(X)| > 1.0

15.25.6 Agcuracy

Maximum relative error = 8.0 - FLOAT_TYPE'BASE'EPSILON

15.26 ARQSINH — Inverse hyperbolic sine function
15.26.1 Declaration

function ARCSINH (X : FLOAT_TYPE) return FLOAT_TYPE;

15.26.2 Definition

ARCSINH(X) f= arcsinh X

15.26.3 Usgage

Z := ARCSINH(X);

15.26.4 Dpmain

Mathematicglly unbounded

15.26.5 Rpnge

Mathematically unbounded

NOTE — Th¢ reachabléwrange of ARCSINH is approximately given by

|ARCSINH(X)| < log, FLOAT_TYPE'SAFE_LARGE + log, 2.0

15.26.6 Accuracy
a) Maximum relative error = 8.0 - FLOAT_TYPE'BASE'EPSILON

b) ARCSINH(0.0) =0.0

15.27 ARCCOSH — Inverse hyperbolic cosine function
15.27.1 Declaration

function ARCCOSH (X : FLOAT_TYPE) return FLOAT_TYPE;
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15.27.2 Definition

ARCCOSH(X) = arccoshX

15.27.3 Usage

Z :=

ARCCOSH(X) ;

ISO/IEC 11430:1994(E)

15.271.4 Domain

X>1

15.27.5 Range

ARCCQSH(X) > 0.0

NOTH — The upper bound of the reachable range of ARCCOSH is approximately given by

ARCCOSH(X) < log, FLOAT_TYPE'SAFE_LARGE + log, 2.0

15.27.6 Accuracy

a)

b)

15.2

Maximum relative error = 8.0 - FLOAT_TYPE'BASE*EPSILON

ARCCOSH(1.0) = 0.0

B ARCTANH — Inverse hyperbolic tangent function

15.28.1 Declaration

funct

ion ARCTANH (X : FLOAT.TYPE) return FLOAT_TYPE;

15.28.2 Definition

ARCT]

A\NH (X) =~ arectanhX

15.28.3 < Usage

Z :=

ARCTANH(X) ;

15.28.4 Domain

IX| <

1.0

NOTE — When X = £1.0, see clause 13.

15.28.5 Range

Math

ematically unbounded
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15.28.6 Accuracy
a) Maximum relative error = 8.0 - FLOAT_TYPE'BASE'EPSILON

b) ARCTANH(0.0) =0.0

15.29 ARCCOTH — Inverse hyperbolic cotangent function

© ISO/IEC

15.29.1 D4dclaration

function ARCCOTH (X : FLOAT_TYPE) return FLOAT_TYPE;

15.29.2 Definition

ARCCOTH(X) & arccothX

15.29.3 Usdage

Z := ARCCOTH(X);

15.29.4 Dé¢main
|X| > 1.0

NOTE — Whgn X = £1.0, see clause 13.

15.29.5 Range

Mathematically unbounded

15.29.6 Ag¢curacy

Maximum relative error = 8.0 - FEOAT_TYPE'BASE'EPSILON
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Annex A
(normative)

ISO/IEC 11430:1994(E)

Ada specification for GENERIC_ELEMENTARY_FUNCTIONS

with ELEMENTARY_FUNCTIONS_EXCEPTIONS;

generte

type FLOAT_TYPE is digits <>;
packgge GENERIC_ELEMENTARY_FUNCTIONS is

fynction SQRT
fynction LOG
fynction LOG
fynction EXP
fynction "*x*"

fynction SIN
fynction SIN
fynction COS
fynction COS
fynction TAN
fynction TAN
fynction COT
fynction COT

fynction ARCSIN
function ARCSIN
fynction ARCCOS
fynction ARCCOS
fynction ARCTAN

fynction ARCTAN
fynction ARCCOT

fynction ARCCOT

fynction-SINH
fynction COSH

functiomrTANH
function COTH

function ARCSINH
function ARCCOSH
function ARCTANH
function ARCCOTH

ARGUMENT _ERROR :

end GENERIC_ELEMENTARY_FUNCTIONS;

X : FLOAT_TYPE) return FLOAT_TYPE;
x : FLOAT_TYPE) return FLOAT_TYPE;
(X, BASE : FLOAT_TYPE) return FLOAT_TYPE;
X : FLOAT_TYPE) return FLOAT_TYPE;
(LEFT, RIGHT : FLOAT_TYPE) return FLOAT_TYPE;
X : FLOAT_TYPE) return FLOAT.TYPE;
(X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
X : FLOAT_TYPE) retury FLOAT_TYPE;
(X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
(X : FLOAT_TYPE) return FLOAT_TYPE;
(X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
X : FLOAT_TYPE) return FLOAT_TYPE;
(X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
X : FLOAT_TYPE) return FLOAT_TYPE;
(X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
X : FLOAT_.TYPE) return FLOAT_TYPE;
(X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
Y ¢ FLOAT_TYPE;

X : FLOAT_TYPE := 1.0) return FLOAT_TYPE;
Y : FLOAT_TYPE;

X : FLOAT_TYPE := 1.0;

CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
X : FLOAT_TYPE;

Y. : FLOAT_TYPE := 1.0) return FLOAT_TYPE;
X : FLOAT_TYPE;

Y : FLOAT_TYPE := 1.0;

CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
X : FLOAT_TYPE) return FLOAT_TYPE;
X : FLOAT_TYPE) return FLOAT_TYPE;
V.Y —FECAT-TYPE) returm FEOAT-TYPE;
(04 : FLOAT_TYPE) return FLOAT_TYPE;
X : FLOAT_TYPE) return FLOAT_TYPE;
(0. : FLOAT_TYPE) return FLOAT_TYPE;
(64 : FLOAT_TYPE) return FLOAT_TYPE;
X : FLOAT_TYPE) return FLOAT_TYPE;

exception renames ELEMENTARY_FUNCTIONS_EXCEPTIONS.ARGUMENT_ERROR;
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Annex B
(normative)
Ada specification for ELEMENTARY_FUNCTIONS_EXCEPTIONS

package ELEMENTARY_FUNCTIONS_EXCEPTIONS is
ARGUMENT_ERROR : exception;
end ELEMENTARY_FUNCTIONS_EXCEPTIONS;
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Annex C
(informative)
Rationale

ISO/IEC 11430:1994(E)

This annex, a revision of [8], outlines the history of ISO/IEC 11430 and provides a rationale for its features. While the
annex primarily discusses the reasons why decisions were made during the development of this International Standard

to include certain features, it also discusses the sometimes subtle reasons for not adopting obvious al
those features. Additionally, it covers some of the less readily apparent implications of the decisions mad
develdpment of this International Standard, which will be of particular interest to implementors.

History

bsence of predefined elementary functions from Ada has been one of the deterrents to the portabilit;
gineering applications software written in that language. The need for such functions has been widel,
iflenced by the support given to them by compiler vendors in the form of-proprietary packages, 4
purveyors of libraries of mathematical software. While this has served the immediate needs of

featurps for defining and collecting subprograms together.into libraries (e.g., packages, generics and

ernatives to
e during the

r of scientific
 recognized,
s well as by
ogrammers

r
their own environments, it has done little to solve the broader problem of portability of applicains software

kages: they
exceptional

of including predefined elementary functions in Adajits authors gave the language the necessary general

subprogram

overlopding), and for creating portable and efficient numerical software in particular (e.g., a model of

oating-point

arithmetic, and environmental enquiries in the form of attributes), and then left it to experienced numerical analysts
to do what they are uniquely qualified to do: apply those features to the task of specifying and implenenting high-
quality libraries of mathematical software. Numerical analysts were already engaged in this work before Alda itself was
standgrdized. The need for standards was recoghized early, with several preliminary proposals [9, 21, 22] published
between 1982 and 1987. Other seminal papers on the content, philosophy and implementation of scientific libraries in

Ada Were collected together in [10] in 1986!
Peopl¢ and papers came together-beginning in about that same year to form committees with working documents.
The standardization effort was(assigned to JTC 1 as Project JTC1.22.10.02. The technical work was performed by

the ACM SIGAda Numerics“Working Group (referred to in this annex as “the committee”) and the
Numefics Working Groupy-it was supported and encouraged in the United States by the Ada Joint Pr¢
and the Strategic Defefise Initiative Office of the U.S. Department of Defense, and in Europe by the
of the|European Communities. Interim reports on the work of the former committee were presented in
International Confefence on the Ada Programming Language [23], in 1988 at the Sandia Workshop on |

Ada-Europe
pgram Office
Commission
1987 at the
Ada in Real-
drafts of the

Timel:Fnd Scientific Environments (7, 25], and more recently in several tutorials and colloquia. Various
working papers‘that eventually resulted in this International Standard were circulated, and the response
enthugiastic.

to them was

This work was adopted by the WG 9 Numerics Rapporteur Group (NRG) in March of 1989 and presented to WG 9
as working draft 1.0 of a proposed standard [18]. WG 9 approved the proposal in June, 1989, subject to minor
revisions. The revised proposal, working draft 1.1, was initially processed by SC 22 as a Technical Report in early
1990, leading to a few editorial changes, and subsequently registered as CD (Committee Draft) 11430 [14]. The
committee took advantage of that opportunity for change to incorporate a minor technical improvement, which permits
implementations having the capability of exploiting signed zeros (a feature of the IEEE standards for floating-point
arithmetic [13, 3]) to do so in appropriate ways. At the same time, the Ada-Europe Numerics Working Group
advocated a change stemming from the difficulty that some implementors encountered while trying to produce efficient
implementations that are also portable. The second revision of the proposal, CD 11430.2 (also circulated as working
draft 1.2), was endorsed by the NRG in December 1990, approved as Draft International Standard (DIS) 11430 by
SC 22 [16], and then approved by JTC 1 in May of 1992. The final International Standard, to which this rationale
applies, differs (other than in editorial ways) from the DIS approved by JTC 1 only in the substitution of the names
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LEFT and RIGHT for X and Y as the parameters of the exponentiation operator and in the inclusion of “floor” brackets
(]...]) around the exponent in the formula giving the threshold beyond which the trigonometric functions are allowed
to yield degraded accuracy.?

C.2 Relationship to Ada 9X

This International Standard is specifically intended to be used with Ada 83, as defined by [26] and endorsed by

ISO 8652:1987. A sli

into Ada 9X]
between this
clauses C.4,
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htly revised version of GENERIC_ELEMENTARY_ FUNCTIONS is proposed to be incorporated d
(see [2, 15]). There, GENERIC_ELEMENTARY_FUNCTIONS is a child of ADA.NUMERICS. Other diffe
International Standard and GENERIC_ELEMENTARY_FUNCTIONS as proposed for Ada 9X are discus
C.6, C.9, C.15 and C.16.

of generics
construct is the obvious mechanism for encapsulating a functionally cohesive Set of subprogram

ng a generic package instead of an ordinary package is appropriate, furthiermore, when the facilities
need to be parameterized by some property of the application in which they are to be used. In view
hmeter associations, the inability to anticipate which floating-point type (or types) the programme
application dictates that the package containing the elementary functions be made generic on thq

ric formal parameter, a generic formal type named FLOATSTYPE (see clause 4). An instantiation
ge with a floating-point subtype for the generic actual type produces a package containing eleme
t can be invoked with an argument or arguments of that subtype.

have a range constraint). CD 11430;2-%as changed at that time, however, to allow implementati
riction that the generic actual type must not contain a range constraint that reduces the range of allo

on strategies somewhat. (S¢ that users will know what to expect from any particular implement
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ps debated at thé-time that the earliest draft was being formulated. The potential difficulty (fo
bf allowing a ramge constraint in the generic actual type was recognized immediately. Since the r
brmal type is.essentially to parameterize the “working precision” in the generic package, it is tem)
ptors to use the generic formal type, FLOAT_TYPE, as the type mark in the declarations of temp)
perhaps even of constants in the body of GENERIC_ELEMENTARY_FUNCTIONS. The obvious problem)
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tialization of constants in the body—even when both the argument in a particular function invocation and the final
result (if it could only be computed) satisfy the range constraint. The user must accept the responsibility of being
able to pass values into and out of an elementary function whose argument and result type are constrained, of course,
since constraint checks are required by Ada in those contexts and nothing the implementor does in the body can avoid
them. So, for example, if the user instantiates GENERIC_ELEMENTARY_FUNCTIONS with a type declared as “digits 6
range 3.0 .. 20.0,” then there is no hope of asking for the square root of 25.0 (because the argument will be
outside the range of SQRT’s parameter type) or of 4.0 (because the result will be outside the range of SQRT’s result
type), and any attempt to do so must necessarily raise CONSTRAINT_ERROR. On the other hand, it was universally

The first of these differences is discussed later in clause C.6. The second, which involves a slight change in a more-or-less arbitrarily
chosen threshold, was motivated by the complaints of some implementors that the original threshold was difficult to implement and by the

realization that other implementors had read the proposed standard as if the floor brackets had been present all along. Both were approved
by the NRG.
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judged to be unacceptable for an implementation to raise CONSTRAINT_ERROR when the square root of, say, 16.0 is
requested (with the same constrained generic actual type), since both the argument and the result are within the
range of the parameter and result types. And yet, there is a good chance that a straightforward implementation—one
that uses variables or constants of type FLOAT_TYPE—will raise CONSTRAINT_ERROR in this case and in other seemingly
innocuous cases.?) Thus, in agreeing to allow range constraints in the generic actual type, the committee made it
clear in the earliest drafts that such “gratuitous” exceptions must be avoided by implementations. It did so only
after concluding that suitable implementation techniques (ones that avoid the use of FLOAT_TYPE as a type mark in
declarations) are available.

The ¢ommittee strongly favored allowing range constraints, at first. It felt that users would not acceplt restrictions
in their freedom to instantiate GENERIC_ELEMENTARY_FUNCTIONS with an arbitrary floating-point subtype. Indeed,
earlief versions of this rationale declaimed that the interests of users outweighed those of implementors ip settling the
rangg constraints issue. The problems facing implementors who wish to allow range constraints-would vanish if there
were @ way, in a generic body, of declaring a variable with the precision of a floating-point\generic formal parameter
but without its range constraints, if any. Declaring a variable to be of type “digits FLOAT_TYPE'BASE{DIGITS” will
not shffice, because the expression in a floating accuracy definition is required to be static, and attributes of a generic
formal parameter are not static. Declaring a variable to be of type FLOAT_TYPE'BASE comes to mind alqo, but this is
invalid because the BASE attribute can be used (in Ada 83) only in a prefix for(other attributes.

What implementation strategies are available to implementors who wish to.allow range constraints?

One method is to represent each elementary function, at the highestlevel, by a “shell” that merely “dispatches” to
a lower-level function supporting the required precision. The properlower-level function is determined by querying
FLOAT_TYPE'BASE'DIGITS in a case-statement whose choices test'symbolically for membership in the range of preci-
sions [mapping into each of the available predefined floating-point types. Lower-level versions of each of the elementary
functjons can be provided for each predefined floating-poiut‘type by one instantiation of an inner generic package for
each such type. Because the generic actual type used to instantiate this inner generic package is never constrained, the
inner|generic package of lower-level functions can use(ts generic formal parameter for the type of its working variables
withdut the risk of violating range constraints.

A strpightforward and often-used strategy, this method has two drawbacks:

— | If the method is to be portable, the-inner generic package must be designed to accommodate, in eagh elementary
function, the entire range of precisions to be supported. The multiple instantiations of this inner package will then
leal, with some Ada compilers] to' multiple copies of the code applicable to a given precision, even thdugh only one
copy is logically required. Thus, for example, code to perform double-precision computations will be present in the
instantiation for a doublé-precision predefined type as well as in the instantiation for a single-precision predefined
tyfe, even though the latter will never be called upon to perform those computations. Currently [implemented
optimizations do net;Jn general, attack this version of the dead-code removal problem.

— | The method- suffers from a lack of portability related to variations, from one implementation of Ada to the
next, in the'number and names of the available predefined floating-point types. As a supplement to this strategy,
a tpchnique due to Chebat can be used to extend portability to a fixed set of potentially predefined type names
chgsen by the implementor, even if some names in the set do not actually exist as predefined types of the Ada
im] ’ i i i itipated set.?)

lementation; however a e e names outside t

A second method, which completely avoids reliance on predefined type names, has a similar case-statement in the body
of each elementary function, with the choices represented by constants and with each case containing a block-statement
that declares working variables of the appropriate precision, given as a constant. In practice, the number of cases can
be sharply reduced, as shown by Tang [24], by grouping a range of consecutive precisions together into each choice,
with the breakpoints chosen with representative hardware in mind. (The precision used in the declaration of working

2)One standard argument reduction strategy is to transform the argument to a value in the range 0.25 .. 1.0. Clearly, an attempt to
store the transformed argument in a variable of type FLOAT_TYPE will violate the inherited range constraint.

3)The essence of the “Chebat trick” is to declare a set of potentially predefined type names (excluding FLOAT, which of course is
predefined)—Ilike SHORT_SHORT_FLOAT, SHORT_FLOAT, LONG_FLOAT and LONG_LONG_FLOAT—in a dummy library package; it is suitable to
declare them all as derived types with FLOAT as their parent. Then, by RM 8.4(5), in a program unit that “withs” and “uses” the dummy
library package, a name from the set denotes the type declared in package STANDARD, if one exists there; otherwise, it denotes the type
declared in the dummy package. In the latter case, the properties of the type are presumably irrelevant by design.
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variables in each case then becomes the constant representing the upper bound of the range of precisions of the case’s
choice. Attention to several details not discussed here is required.)

This method, too, has two drawbacks:

— Excess precision may sometimes be used when not required—i.e., precision may be wasted—in order to keep
the cases to a manageable number.

— Expepsive compromises are required to fit some of the steps of the typical realization of an elementary fuhction
into the chse structure. The approximation step—which is sandwiched between the argument reductiofstdp and
the result construction step—fits into the case structure well; each case not only provides the precision/to-be used in
the declarptions of its local working variables, but it also serves as the locus within which the chosefi approximation
scheme cah be tailored to that precision (for example, by using the appropriate number of terms, with apprdpriate
coefficients, in a polynomial approximation). On the other hand, the dependence of the argument reductidn and
result conptruction steps on the precision required is confined to the declarations of the working variables rjeeded
in those sfeps; the same argument reduction algorithm or result construction algorithm ean be used in each |of the
cases. To|avoid the needless duplication of code (differing only in the precision of variables), one is motivated to
take the grgument reduction and result construction steps out of all the cases and to place a common argfiment
reduction step before the case-statement and a common result construction step, aftér the case-statement. The only
precision fhat suffices for the variables used in these steps is the maximum available precision. When that prdcision
is more thpn is required (e.g., because a case corresponding to a low precisioiiis selected), this tactic can prodfice an
unfortunate performance degradation, especially in Ada implementatiorni$ in which the highest precision availjble is
simulated [in software.

The magnithide of the performance penalty induced by the second’method, which nevertheless is favored by|some
implementogs because it is inherently more portable than the first, became apparent only late in the developmlent of
this Internatiional Standard, as implementation experience began to build. Aided by a growing suspicion that the|desire
to instantiate GENERIC_ELEMENTARY_FUNCTIONS with a constrained generic actual type may not be as realistic as once
thought,®) the realization led to a reevaluation of the original decision on range constraints, and to a recommenglation
from the Adp-Europe Numerics Working Group that/the decision be partially reversed by allowing an implemenkation
to impose a frestriction against range constraints'if.it so wishes. By imposing this restriction, an implementatiqn can
use FLOAT_T|YPE directly as the type mark for‘all of its working variables; the only need for a case-statement is to
select an approximation method tailored to'the precision required, and the cases will furthermore not need to céntain
block-statenjents (because they will not(fieed to declare case-dependent local variables).

A programmnjer who requires portability to all implementations must avoid instantiating GENERIC_ELEMENTARY _[FUNC-
TIONS with 3 constrained genericactual type. That is an inconvenience, but it is hardly more than that. A program
designed ar;)tnd a constrained-application type or subtype named APPLICATION_TYPE, used both to declare vaiiables
and to instaptiate a generic'math package, can be systematically modified as follows to avoid instantiating GENER-
IC_ELEMENTARY_FUNCTIONS with a constrained generic actual type:

— Find fhe déclaration of the type or subtype APPLICATION_TYPE.

— Change-the—declarationrsothat—thetypeor subtype tras—a Trew Tiamme, say ORIGINAL_TYPE In the modified

program, ORIGINAL_TYPE will be used only as the source of properties for a new type, BASE_TYPE, and a subtype
thereof called APPLICATION_TYPE.

— Declare the type BASE_TYPE as “digits ORIGINAL_TYPE'BASE'DIGITS.” Instantiate GENERIC_ELEMENTA-
RY_FUNCTIONS with BASE_TYPE instead of APPLICATION_TYPE.

— Introduce a new declaration for APPLICATION_TYPE as that of a subtype declared as “BASE_TYPE range
BASE_TYPE(ORIGINAL_TYPE'FIRST) .. BASE_TYPE(ORIGINAL_TYPE'LAST).” Use APPLICATION_TYPE in the same
ways as in the original program, except for the instantiation of GENERIC_ELEMENTARY_FUNCTIONS.

91t is hard to imagine how a single application-determined range constraint can be suitably applied to the inputs and outputs of all the
elementary functions without causing a constraint violation somewhere on a call or a return.
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The foregoing idiom caters to the worst case, in which the base type of APPLICATION_TYPE in the original program is
anonymous; obviously, if its name is known, that name can simply be used to instantiate GENERIC_ELEMENTARY_FUNC-
TIONS. Also, the foregoing idiom assumes that APPLICATION_TYPE in the original program is not a generic formal
type; if it is, the same technique can be applied one level out.

Clause 5 implies that implementations imposing the restriction must behave predictably when the restriction is vi-
olated; it says that instantiation of GENERIC_ELEMENTARY_FUNCTIONS with a generic actual type containing a range
constraint that reduces the allowable range of values, in violation of the restriction, must result either in the rejec-
tion q lati i ini i iati R R in—the raising of
CONST _FUNCTIONS.
The f to influence;
if neif e following in
the st

D O OR-O A 0 O

RAINT_ERROR or PROGRAM_ERROR during the elaboration of an instantiation of GENERIC_ELEMENTARY,
rst two actions are consequences of the semantics of Ada and are beyond the implementor’s ability]
her of these occurs first, the implementor can ensure that the last action takes place by coding thq
atement-sequence of the body of GENERIC_ELEMENTARY_FUNCTIONS:

if FLOAT_TYPE'FIRST > FLOAT_TYPE'BASE'FIRST or

FLOAT_TYPE'LAST < FLOAT_TYPE'BASE'LAST then
r3ise PROGRAM_ERROR;
end 1f;
Finally, in Ada 9X it is proposed that one can use, for example, FLOAT.TYPE'BASE as a typemark [in an object

decla
for A
in Ad

not a

Fation, and therefore there is no reason to retain, in the version<¢of GENERIC_ELEMENTARY_FUNCTI(
a 9X (see clause C.2), the provision allowing implementations.to restrict the generic actual type.
a 9X [15], the generic actual type of GENERIC_ELEMENTARY .FUNCTIONS can have a range constraint
ffect the internal computations of the implementation.

NS proposed
As proposed
, which must

C.5 | Functions included

Ninet
funct
(SIN,
com

een functions and one operator are defined™in the elementary functions package. These are S
ons (EXP and LOG) and one operator ("**")-0f the exponential family; the four commonly encounte
CO0S, TAN and COT) of the trigonometric-family; their inverses (ARCSIN, ARCCOS, ARCTAN and ARCC
only encountered functions (SINH,COSH, TANH and COTH) of the hyperbolic family; and their invers

DRT; the two
red functions
0T); the four
es (ARCSINH,

ARCC
appli
funct
total

SH, ARCTANH and ARCCOTH). They Were chosen because of their widespread utility in scientific angl engineering
fations. Actually, the trigonemetric functions and their inverses are each represented by a pair ¢f overloaded
ons, with different numbers$ of parameters; the same is true of the LOG function. With overloadings included, a
of twenty-eight functions‘and one operator are defined in the elementary functions package.

Parameter names of the "*x*" operator

tandards for
tions and the

ing to commen practice, as well as to the precedent set by other standards (such as the IEEE f{

to do so was
el expressed in

This decision held through CD 11430.2. Subsequent to that, however, WG 9 recommended that all overloadings of
predefined operators in Ada 9X use the parameter names LEFT and RIGHT, following the convention that had been
established in Ada 83. This affected the "#*" operator in the version of GENERIC_ELEMENTARY_FUNCTIONS proposed for
Ada 9X. To avoid a gratuitous difference between the "**" operator in GENERIC_ELEMENTARY_FUNCTIONS as defined
by this International Standard and that in the version of GENERIC_ELEMENTARY_FUNCTIONS proposed for inclusion
in Ada 9X, the NRG decided late in the development of this International Standard to use LEFT and RIGHT for the
parameters of the "**" operator.

The overloading of "**" contained in GENERIC_ELEMENTARY_FUNCTIONS does differ from the obvious extension of the
predefined "**" operator of package STANDARD, but not with respect to the names of its parameters (see clause C.13).
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C.7 Units of angular measure

Users have a choice of units in which angles are measured, and the overloadings in the trigonometric family and their
inverses play a role in the exercise of that choice. Most often, the desired angular measure is radians; consequently,
it is the easiest to specify. Thus, SIN(X), for example, yields the sine of the angle X, where X is understood to be
measured in radians, and similarly ARCSIN(X) yields the angle (in radians) whose sine is X. To specify some other
angular measure, one would supply a value for CYCLE (which is the second parameter, except in the case of ARCTAN or
ARCCOT, where it is the third). For example, when the angle X is understood to be measured in degrees, the sine of X
would be wrrmmﬁmmwmk_m_(‘_d_, )3 Same tokem, the angle (in degrees) whose sine is X is ARCSIN(X,
360.0). Other angular measures can be accommodated by using the appropriate value for CYCLE—e.g., 6400} 0 for
mils, 400.0 for grads. From these examples it should be clear that the numerical value of CYCLE has thé following
interpretation: an angle numerically equal to the value of CYCLE represents one complete cycle of revohition (i.q., one
period of the function).s) It should also be clear that when the CYCLE parameter is omitted, as in,SIN(X), the|effect
is as if a CYQLE of 27 had been specified.

A similar chgice exists with respect to the base of the LOG function. LOG(X) means the natiralor Napierian logarithm

(i.e., base e)
2.0), LOG(X
of e had beg
functionality]
be computeqd

C.8 Opti

The precedi

for other bases, such as 2.0 or 10.0, which are perhaps the most commaon“after e, one writes L
n specified. There is no BASE parameter for the EXP function, which\s the inverse of LOG, sinc

can be obtained with the exponentiation operator: the number whose logarithm to the base B is
as B*x*X.

onality of the CYCLE and BASE parameters

g discussion suggests that the optionality of the.€YCLE and BASE parameters could have been h

DG (X,
, 10.0), etc. The optional parameter is called BASE, and when it is omitted the effect is as if al| BASE

that

X can

ndled

very simply by defining appropriate default values for these parameters, and yet subprogram overloading was used in-
stead, which funfortunately adds nine subprogram declarations to the specification of GENERIC_ELEMENTARY _FUNCT|IONS.
What is so disadvantageous about the default-value méthod to warrant this increase in the size of the specificatfion of
GENERIC_ELEMENTARY_FUNCTIONS? The answer is. rather subtle, and it required much debate during the development
of this Interrjational Standard. The problem is essentially that 27 and e, being irrational, are not representable exactly
in any implementation, so the best that could-possibly be done would be to use a default value that is a close aglprox-
imation to 2jr or e (implicit conversion of 27 or e, expressed as a numeric literal with an arbitrarily large numper of

trailing digit
use of such 3
would produ
a cumulative]
large X, ther

Better resulfs can be-obtained, and this problem ameliorated somewhat, if the implementation uses an in

, to the type FLOAT_TYPE. is only required to yield a value in the same safe interval as the literal)
n approximation to 27 _in-the computation of the trigonometric functions, as if it were the true p
Ce results with unacceptable accuracy. The error is not like a simple roundoff error but has the nat
phase shift that increases as the number of periods, or cycles, represented by X increases. For suffic
e will be no correct-digits whatsoever in the result.

representatiq
obtained fro

n of 27that has more precision than FLOAT_TYPE provides. The necessary additional precision m
hardware, if it is available; if not, there are techniques for “simulating” extra precision (see, e.g.,

The
priod,
ire of
jently

But using extra-precision only pushes the “phase shift problem,” wherein all accuracy is lost, farther away—i
larger values 1 Trmd i irely: €, the amount of extra precision require
range of values of X for which some stated accuracy is to be achieved. Since the required accuracy and the minimum
domain over which it must be achieved are both spelled out in this International Standard, implementors have the
information they need to satisfy the standard’s requirements. (Outside the range of X for which the trigonometric
functions with natural cycle must meet the accuracy requirements, degraded accuracy—but not other behavior, such
as the raising of an exception—is allowed. An implementation must document the accuracy it achieves for extreme
values of X, along with the threshold where degradation below the required accuracy commences.)

5) Early drafts of the proposals leading to this International Standard contained examplesinvolvinga CYCLE of 1.0, allegedly corresponding
to angular measure in bams (“binary angular measure”). It was tardily discovered [11] that this obscure invention is primarily useful in
fized-point implementations, where the primary range of the angle is taken to be [—1,1) bams, corresponding to [—, 7) radians, and scaled
to make use of all the bits in an integer word—for example, scaled to [~32768,32767]. Thus, a full cycle in bams is 2.0, not 1.0. Since a
CYCLE of 2.0 does not begin to suggest the real utility of bams, the examples involving bams were omitted after that discovery, instead of
being corrected.
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It turns out, in fact, that if the default-value method had been employed for CYCLE in this International Standard,
and an implementation used that value as if it were the true period, then the range of values of X for which the stated
accuracy could be achieved would not even extend as far as one complete period away from the origin. This also means
that an implementation that calculates SIN(X) by calling SIN(X, P) for some value of P meant to approximate 27,
including a literal with an arbitrarily large number of digits, will fail to meet the specifications.

All of the other standard periods are given by CYCLE values that are representable on all machines. With the aid
of an appropriate “exact-remainder” algorithm, implementations of the explicit-cycle forms of the functions will
have po di i itrari i i igin wi t error. (In
fact, tions called
GENER t is why the
explig ch the stated
accur

he exact-remainder function is included in a generic package of floating-point manipulation_fu
IC_PRIMITIVE_FUNCTIONS which is also progressing as an International Standard; see [17].),Tha
it-cycle forms of the trigonometric functions have no restrictions on the range of values of X for whi
hcy requirements must hold.

It might have been reasonable to employ the default-value method for CYCLE and expect implementation$ to meet the
accuracy requirements over the given range of values for X by recognizing when CYCLE has the default value but not
using it (in that case) as if it were the true period—i.e., by using the default value mer€ly as an indicator thiat a different
argunent-reduction technique should be used. This was actually considered but ultimately abandoned bgcause of the

possil
that

ility of non-monotonic behavior as CYCLE sweeps through the default value, and because of poten|
ould occur should users supply an explicit CYCLE that they believe to be a close approximatio

that is not identical to the default value. Making CYCLE an enumeration type was also considered, b

was aj
nume
soluti
inversg

bandoned, largely because it would have limited the available(periods to a fixed set; furthermore
rical value of the period denoted by the enumeration value represents an unnecessary overhead. \

es in an inner generic package having CYCLE as a generic formal parameter (e.g., a generic formal oh

tial surprises
n to 2w but
1t that, too,

obtaining a
‘arious other

bns of “the CYCLE problem” were also investigated, suchwas packaging the trigonometric functions and their

ject of mode

“in”)| While these offered some elegant advantages, they also' had unacceptable disadvantages.

The i rrors in their
scale that by
no problems,
5 to BASE, in

hverses of the trigonometric functions do not exhibit the phase shift phenomenon with respect to e
periodls. For them, it is sufficient to compute the result as (for example) a fraction of a period and then
multiplying by CYCLE. The default-value method for handling the optionality of CYCLE would have posed
but sybprogram overloading was preferred sitmply for reasons of uniformity. The same reasoning applie
the cdse of LOG.

C.9 | Purposes and determination of the accuracy requirements

One of the significant advances represented by this International Standard is its inclusion of accuracy reqiirements for
implementations of the elemeéntary functions. Not usually considered in formal specifications of mathematjcal software,
accuracy requirements-are made possible largely by the model (adapted from Brown [4]) of real arithmetic incorporated
into Ada, and thedorm they take is influenced by the availability of attributes that characterize properties of Ada
implementations relative to that model. Because the accuracy requirements will have an effect on what implementors
can do, they willtranslate into some assurance of quality for the user; in addition, they will permit userd to carry out
error pnalyses of programs containing references to the elementary functions.

Two ki included. All
of the functions have maximum-relative-error bounds that limit the relative error in the computed result, over the
whole range of valid arguments (or, in some cases, over a stated portion of the range). In addition, the results at
certain key argument values are prescribed more precisely for some of the functions. The maximum-relative-error
bounds were determined by numerical analysts having broad knowledge of algorithms and implementation techniques
for the elementary functions. They are, of course, tailored to the specific properties of each function ([1, 5, 12]
were of general help in this regard). They are considered to be realistic and to give implementors some leeway for
creativity and individualism in regard to the trade-off between accuracy and efficiency. While they do rule out naive
implementations, they have proven to be conservative in the sense that it is not especially difficult for a knowledgeable
implementor to produce implementations exceeding the accuracy requirements.

The maximum-relative-error bounds are based on the implemented precision of the generic actual parameter associated
with FLOAT_TYPE rather than on its declared precision. This is reflected in the use of FLOAT_TYPE'BASE'EPSILON,
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rather than FLOAT_TYPE'EPSILON, in the formulas for maximum relative error. Effectively, those formulas constrain
the computed result to lie within an appropriate number of safe intervals of the mathematical result, just as Ada
does for the predefined arithmetic operators, which is what motivated the use of the BASE attribute in these formulas.
In practice, it means that the approximation technique employed by the implementation must be appropriate for
the precision of the base type of FLOAT_TYPE rather than just that of FLOAT_TYPE itself—i.e., it must be capable of
exploiting all the precision inherent in the underlying base type.®)

Error analyses of programs containing the elementary functions, using the maximum-relative-error bounds as given in
the specificati itati i i es not
change from| one Ada implementation to another. They are not quantitatively portable, however, since the numerical

size of the
floating-poir]
can also be ¢
in the analy
at the level

gives analysts that choice when they can “see” all the way down to the level of the basic gperations and pred

operators in
inside imple
numbers (fr

A considera
Some of the

aximume-relative-error bounds depends on the Ada implementation’s mapping between user-de
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arried out merely by substituting FLOAT_TYPE'EPSILON for FLOAT_TYPE'BASE'EPSILON wherever it
sis. The choice is equivalent to carrying out the error analysis either at the level of safe numh
of model numbers; both are qualitatively portable, but only the latter is quantitatively portable

their Ada programs; this International Standard preserves that choice—without requiring one t
mentations of the elementary functions—by constraining and describing their\behavior at the level
bm which their behavior at the level of model numbers can be trivially.inferred).

le amount of debate was necessary to reach consensus on this form of-the maximum-relative-error b
contributors to this International Standard felt that an implementation should be permitted to use g
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and coarser |approximation methods as the precision of FLOAT_TYPE decreasés (e.g., in different instantiations), even
when the precision of its base type remains the same. For example, agraphics application might well not need 6-
digit accuracy in the elementary functions when the user’s generic actual subtype is declared as “digits 2{’ and
the user m%ht not be willing to pay for the unneeded accuracy-in' the form of additional iterations through some
loop, or additional terms in an approximating polynomial, inside’the body of an elementary function. A majority of
the contribytors felt that it was better to require softwarecto’ get the most out of the hardware it is given tq work
with, at leagt for conforming implementations, reasoning-that special requirements can always be met by addjtional
implementations not conforming to the standard. Theré.was also a question as to whether the use of the BASE at{ribute
in the accutacy requirements adequately reflects thé-implemented precision of the user’s generic actual subtype (for
example, in [the case of a reduced-accuracy subtype, perhaps combined with the influence of representation clauses).
Ada Commgntary AI-00407 [19] implies that the-implemented precision of a reduced-accuracy subtype, as it affe¢ts the
storage of variables of the subtype as well as parameter associations and function returns involving the subtyp¢, may
be less than|the precision of the subtyp€’s base type. Because that decision has profoundly undesirable conseqpences
(including the obfuscation of the concept of “representation of a type”; the loss of the ability to specify and analyze the
behavior of fomposite operations, represented by functions, using the same abstractions—including safe intervdls—as
are applicable to the basic and prédefined operations; and the rendering of certain classes of attributes nearly udeless),
and because]it appears to conflict with other requirements or implications of the language [26], some observers fefl that
it is ill adviged. Accordingly;Ada Commentary AI-00571, which calls for the reevaluation of AI-00407, was submitted
in July of 1988. WG 9 feturned AI-00407 to the Ada Rapporteur Group for reconsideration in June of 1989, apd the
ARG complpted its reconsideration four months later by approving AI-00571 (thereby rescinding AI-00407). Thus, it
is now known that the accuracy laboriously achieved in the body of an elementary function will not be throwi away
at the returp, even when the generic actual subtype is a reduced-accuracy subtype.

Prescribed results are used in some cases to constrain the computed result even more than the maximum-relative-error
bounds constrain it. For example, EXP(0.0) is prescribed to yield exactly 1.0. The prescribed results reflect behavior
that is both highly desirable from a numerical point of view and easy to achieve. In most cases, sensible algorithms
will achieve the required behavior without extra effort; when necessary, it can always be achieved with a test for the
special argument values.”

Some of the prescribed results appear to require the function to deliver a value that cannot be computed exactly; for

$)In the version of GENERIC_ELEMENTARY_FUNCTIONS proposed for Ada 9X, the maximum relative error is specified in terms of
FLOAT_TYPE 'MODEL_EPSILON. The MODEL_EPSILON attribute replaces EPSILON, but it yields a property of the base type of its prefix.

7) Another minor difference between this International Standard and the version of GENERIC_ELEMENTARY_FUNCTIONS proposed for Ada 9X
is the inclusion of a prescribed result for SQRT(1.0) in the latter. The guarantee of exactness for SQRT(1.0) makes it realistic to prescribe
exact results for some of the complex elementary functions (for which an International Standard is also under development) when their
arguments lie on the real axis or the imaginary axis.
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example, one of the prescribed results reads “ ARCSIN(1.0) = n/2.” What does this mean? Clause 11 says that a
prescribed result that is a safe number must be delivered exactly; in the case of one that is not, such as this one,
the implementation may deliver any value in the surrounding safe interval. The required behavior can be achieved
without difficulty, even in portable implementations.

Consideration was given to allowing the trigonometric functions with natural cycle to raise ARGUMENT_ERROR for suf-
ficiently large X, where it is impractical to avoid accuracy degradation. However, this would have weakened the
s1gn1ﬁcance of ARGUME‘.NT ERROR as an 1mplementat10n independent 1ndlcator of mathematical domain violation. Rais-

ation w1th a result that falls short of the accuracy requirements by a known amount to no result:ja

C.10| Role of the range definitions

Rangd definitions (or restrictions) are included with some of the functions for several reasons. In the case|of functions
that are mathematically multivalued, they serve to define the principal range for theimplementation, enabling it to be
single{valued without ambiguity. In other cases, they impose highly desirable and easily achieved numericall constraints
on thq results—constraints that do not automatically follow from the maximume-relative-error requirements. In this
latter [context, they behave like additional prescribed results (in the form of‘an’inequality, rather than an equality).
And, like prescribed results, range limits are sometimes given by values that'cannot be computed exactlyl In analogy
to thel meaning of prescribed results, clause 10 defines the meaning of\range limits like this: When a range limit is
a safe[number, the implementation must not exceed the range limit;'when it is not, the implementation| may exceed
it, buf the implementation may not exceed the next safe number.beyond the range limit in the directiop away from
the inferior of the range. The required behavior can be achieved without difficulty, even in portable impl¢mentations.
(For npore on range definitions, see clause C.12.)

C.11| Treatment of exceptional conditions

Two types of exceptional condition are explicitly recognized by this International Standard; in each case| the defined
actionfis to raise an exception. Equally important, an implementation is prohibited from raising spurious exceptions
if it is|to conform (see clause 6).

The first type of exceptional condition under which an implementation is allowed to raise an exception instead of
deliveting a result occurs when the arguments of one of the elementary functions are such that its mjathematical
result fis not defined—in othér'words, when its arguments are invalid. A familiar example, given that arguments and
resulty in GENERIC_ELEMENTARY_FUNCTIONS are restricted to the real domain (as opposed to the complex domain), is
an attempt to compute-the square root of a negative number. The validity or invalidity of arguments i$ completely
definedl by the “domain/definitions” included with the description of each function.

When|faced with invalid arguments, an implementation is not merely allowed to raise an exception; it is required to do
so. THis International Standard prescribes the raising of the ARGUMENT_ERROR exception, which it defines pnd reserves
for this situation. The vahdrty of glven arguments 1s never mﬂuenced by hardware propertles if ARGUMENT_ERROR
is raispd-by a function fo e ] ments in any
implementation. Argument vahdlty can be reliably established by inspection of the arguments that i 1s, by subjecting
them to appropriate tests. While it will usually be most convenient for an implementation to check for argument
validity before attempting to compute a result, other strategies may be possible and appropriate in some cases.

The second type of exceptional condition under which an implementation is allowed to raise an exception instead of
delivering a result occurs when the mathematical result is well defined for the given arguments but some exigency
(from among a limited list) unavoidably stands in the way of actually delivering that result. There are in fact three
misfortunes that can befall an implementation, interfering with its ability to deliver a numerical result that is close
enough to the mathematical result to satisfy the accuracy requirements:

— It may happen that the given arguments fail to satisfy range constraints inherent in the user’s generic actual
subtype, or that the function’s computed result fails to satisfy those constraints.
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— It may happen that the function that is invoked is unable to obtain the storage it needs to perform the requested
computation.

— It may happen that the computed result is so large, in magnitude, that it exceeds the hardware’s representational
capabilities—i.e., it overflows.

The first of these misfortunes can occur during any parameter association or on any function return; it is not peculiar
to the functions in this package. It is a fact of life of Ada, calling for the raising of the CONSTRAINT_ERROR exception
at the place[of the call when it occurs ; - when
it occurs dyring a function return. In the former case the function is never entered, so clearly a numerical|result
cannot be de¢livered. In the latter case the function has computed an appropriate numerical result and has’attempted
to deliver it|but has failed, because of the range constraints that the user has imposed on the arguments and fesults
of all the elpmentary functions. In marginal cases, other (slightly different) results might have héen-produced that
do satisfy tHe range constraints while still satisfying the accuracy requirements, but it is not highly likely. So, [for all
practical pufposes, it may be assumed that it is just not possible to deliver a satisfactory numerical result. By allowing
CONSTRAINT[ ERROR to be raised naturally when the first kind of misfortune occurs, this International Standard fvoids
imposing urjusual design requirements on implementations. Indeed, in the case of paraméter associations, there is
nothing else| that it could do.

The second|of the three misfortunes can occur during any subprogram invocation, or during the elaboration of a
subprogram(s declarative part just after its invocation; it, too, is not peculiat/to the functions in this package] Thus
it, too, is a fact of life of Ada, calling for the raising of the STORAGE_ERRBR\exception at the place of the call (for all
practical purposes) when it occurs for either of these reasons. Clearly;. it is just not possible to deliver a nurperical
result, since(the function either has never been entered or has not finished elaborating its declarative part. Since storage
requirementp for elementary function implementations (of scalar arguments) are modest, it is highly likely that the
application was running near the limit of available storage at thepoint where the elementary function was invoked, and
that it is mdrely an accident that the raising of STORAGE_ERROR\occurred there instead of somewhere else. By allowing
STORAGE_ERROR to be raised naturally when the second kind“of misfortune occurs, this International Standard [avoids
imposing unusual design requirements on implementations. Indeed, since a handler for STORAGE_ERROR established by
the function) will not be entered in the cases described above, there is nothing else that it could do. (STORAGE_|ERROR
can also be raised by evaluation of an allocator in the sequence of statements of the function’s body. Although in that
case the propagation of the exception to the caller is not inevitable, it seemed hardly practical or appropriate fpr this
Internationgl Standard to distinguish that case from the earlier ones.)

The last of the three misfortunes, a eomputed result whose magnitude is so large that it cannot be represented in
the hardwarge, is commonly called overflow. Since the overflow threshold is a hardware property, exactly which fesults
are “too big” cannot be predicted-with certainty without reference to the hardware. The model of real arithmetic
in Ada alloys one to say with certainty, however, that a computed result whose absolute value is less than ox equal
to FLOAT_TYPE'SAFE_LARGE is always capable of being represented. Thus it is reasonable to insist that, whienever

1

e, and

instead of delivering a result That does not mean that it must, of course; the actual result that it computes could
be some other permitted result that does not exceed FLOAT_TYPE'SAFE_LARGE in absolute value—and therefore does
not exceed the hardware’s overflow threshold—or it could be one that does exceed FLOAT_TYPE' SAFE_LARGE but still
does not exceed the hardware’s overflow threshold. By the same token, the fact that some of the permitted results do
not exceed FLOAT_TYPE'SAFE_LARGE in absolute value does not oblige the implementation to deliver a result in the
case that others do exceed it. This is the rationale for the variety of behaviors that an implementation is allowed to
exhibit in the vicinity of the overflow threshold.

If overflow needs to be signaled, clause 12 calls for that to be done in the way that Ada mandates for its predefined
operators—i.e., by raising NUMERIC_ERROR (which is changed to CONSTRAINT_ERROR by AI-00387). Implementors have
a choice of ways to deal with possible overflows in the final result. On the one hand, implementors can use a predictive
technique—that is, examine the arguments before using them to compute the result and raise the appropriate exception
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