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Foreword

ISO (the International Organization for Standardization) and IEC (the International Electrotechnical

Commission) form the specialized system for worldwide standardization. National bodies that are me

mbers of

ISO or IEC participate in the development of International Standards through technical committees

tablished by the respective organization to deal with particular fields of technical activity. SO
téchnical committees collaborate in fields of mutual interest. Other international organizations, gove

nd non-governmental, in liaison with ISO and IEC, also take part in the work. In the field\of inf
téchnology, ISO and IEC have established a joint technical committee, ISO/IEC JTC 1.

mternational Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Part

Tlhe main task of the joint technical committee is to prepare International Standards. Draft Intg
Standards adopted by the joint technical committee are circulated to national badies for voting. Publi
an International Standard requires approval by at least 75 % of the national bedies casting a vote.

>

ttention is drawn to the possibility that some of the elements of this document may be the subject
ghts. ISO shall not be held responsible for identifying any or all such patent rights.

-

SO/IEC 10967-3 was prepared by Joint Technical Committee ISO/IEC JTC 1, Information teg
ubcommittee SC 22, Programming languages, their environments and system software interfaces.

o =

BO/IEC 10967 consists of the following parts, under the general title Information technology — L|
imdependent arithmetic:

— Part 1: Integer and floating point arithmetic

— Part 2: Elementary numerical functions

— Part 3: Complex integer and floating point arithmetic and complex elementary numerical function$

and IEC
rnmental
ormation

D .

rnational
Cation as
of patent

hnology,

anguage

p
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Introduction

The aims

Portability is a key issue for scientific and numerical software in today’s heterogeneous com-
puting environment. Such software may be required to run on systems ranging from personal
computers to high performance pipelined vector processors and massively parallel systems, and
the source code may be ported between several programming languages.

ParTTof ISO/TEC T0Y67 Specilies the basic properties of mteger and 1oating point types that
can be [relied upon in writing portable software.

Partl 2 of ISO/IEC 10967 specifies a number of additional operations for integer and floating
point types, in particular specifications for numerical approximations to elementary functions on
reals.

The content

The|content of this document is based on part 1 and part 2, and extends part 1’s and part 2’s
specifications to also cover operations approximating imaginary-integer and'‘complex-integer arith-
metic, fimaginary-real and complex-real arithmetic, as well as imaginary-real and complex-real
elementary functions.

The[numerical functions covered by this document are computer approximations to mathe-
matical functions of one or more imaginary or complex arguments. Accuracy versus performance
requirements often vary with the application at hand. This\is recognised by recommending that
implemlentors support more than one library of these nuerical functions. Various documenta-
tion and (program available) parameters requirements are specified to assist programmers in the
selectign of the library best suited to the applicatigirtat hand.

The benefits

Adoption and proper use of this docuinent can lead to the following benefits.

For [programming language standards it will be possible to define their arithmetic semantics
more pyecisely without preventingithie efficient implementation of the language on a wide range
of machine architectures.

Programmers of numerié_software will be able to assess the portability of their programs in
advancg. Programmers-will be able to trade off program design requirements for portability in
the resplting prograni:y-Programs will be able to determine (at run time) the crucial numeric
propertlies of the implementation. They will be able to reject unsuitable implementations, and
(possibly) to coftgctly characterize the accuracy of their own results. Programs will be able to
detect [and p®ssibly correct for) exceptions in arithmetic processing.

Progurers of numerical programs will find it easier to determine whether a (properly docu-

t N s liaodion o cnon s 13l ale 4 o antiafaataril ol 1oL raad Thic n
men e } (litJLl\/(,bUlull PJ_U&L(}JlLL pie] 1.1.1\\/1.‘}’ VU TATTUTOUT O(,b\}lOL(,IA\/UULlLJ’ Ul UIIC l}L(kU,LULlLL s Te W iy L1155 ULl

be done by comparing the documented requirements of the program against the documented
properties of the platform.

Finally, end users of numeric application packages will be able to rely on the correct execution
of those packages. That is, for correctly programmed algorithms, the results are reliable if and
only if there is no notification.

viii © ISO/IEC 2006 — All rights reserved
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Information technology —
Language independent arithmetic —

Part 3: Complex integer and floating point arithmetic and complex

]amaﬂ‘i’orxr Y\1‘IW\DY“I(‘Q] ‘F11Y\ﬂ+1f\ﬂ0
TOTITTTIUON Yy IO IT O ToOOIT T Oiir o o ro T

1 Scope

-

'his part of ISO/IEC 10967 specifies the properties of numerical approximations for comp
arithmetic operations and many of the complex elementary numerical funetiens available ii
ariety of programming languages in common use for mathematical and numerical application]

<

An implementor may choose any combination of hardware and software support to meet
pecifications of this document. It is the computing environment, asséen by the programmer /uf
hat does or does not conform to the specifications.

— U

The term implementation (of this part) denotes the totdl computing environment pertin
b this part, including hardware, language processors, subroutine libraries, exception handl
facilities, other software, and documentation.

-

1.1 Inclusions

.|

'he specifications of part 1 and part 2 are i¥eluded by reference in this part.

This document provides specificationsfor properties of complex and imaginary integer datatyj
and floating point datatypes, basic operations on values of these datatypes as well as for some
herical functions for which operandior result values are of imaginary or complex integer dataty

o =

atatypes satisfying the requirements of part 1 (ISO/IEC 10967-1). Boundaries for the ocq
bnce of exceptions and tlhie/maximum error allowed are prescribed for each specified operati
L1so the result produced-by giving a special value operand, such as an infinity, or a NaN (nof
umber), is prescribed for each specified floating point operation.

N P

=

This document-provides specifications for:

a) Basic tmlaginary integer and complex integer operations.

b) Nemn-transcendental imaginary floating point and Cartesian complex floating point opd
tions.
& Fononan locarithaon o d3io 0 4010 1o o d b el ] naoratl £ oaa oo

r imaginary or complex floating point datatypes constructed from integer and floating pdi

lex
b a

12

the

et
Ing

fio43 0 naona 1 lona r 3
TP oOR et ro T o Sat ro T ot oo S OO O e G oG y pCTro Ot O ptrat O s—TOT oS It

floating point and Cartesian complex floating point.

This document also provides specifications for:

ry

d) The results produced by an included floating point operation when one or more operand

values include IEC 60559 special values.

1. Scope
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e) Program-visible parameters that characterise certain aspects of the operations.

1.2 Exclusions

This document provides no specifications for:

a) Datatypes and operations for polar complex floating point. This part neither requires nor

b)

excludes the presence of such polar complex datatypes and operations.

Numerical functions whose operands are of more than one datatype, except certain imag-

Furthermore,.$his part does not provide specifications for how the operations should be implé
nted or which algorithms are to be used for the various operations.

inary /complex combinations. This part neither requires nor excludes the presence of suc
“mixed operand” operations.

A complex interval datatype, or the operations on such datatypes. This part neither réquire
nor excludes such datatypes or operations.

[@2)

A complex fixed point datatype, or the operations on such datatypes. This part neithe
requires nor excludes such datatypes or operations.

—

A complex rational datatype, or the operations on such datatypes. Tlhis part neither require
nor excludes such datatypes or operations.

[@2)

Matrix, statistical, or symbolic operations (on suitable datatypes). This part neither requird
nor excludes such operations or datatypes.

»n

The properties of complex arithmetic datatypes that até ot related to the numerical process,
such as the representation of values on physical media.

The properties of integer and floating point dat@types that properly belong in programminlg
language standards or other specifications. Examples include:

1) the syntax of numerals and expressions in the programming language,

2) the syntax used for parsed (imput) or generated (output) character string forms fq
numerals by any specific pregramming language or library,

=

the precedence of operators in the programming language,

the presence orgabsence of automatic datatype coercions,

)

4) the rules for assignment, parameter passing, and returning value,
)
)

the consequéndges of applying an operation to values of improper datatype, or to unin}
tialised datas

Scope
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2 Conformity

It is expected that the provisions of this document will be incorporated by reference and further
defined in other International Standards; specifically in programming language standards and in
binding standards.

A binding standard specifies the correspondence between one or more of the arithmetic datatypes,
parameters, and operations specified in this document and the concrete language syntax of some
programming language. More generally, a binding standard specifies the correspondence between
certain datatvpes. parameters, and operations and the elements of some arbitrarv computing en-
tity. A language standard that explicitly provides such binding information can serve as a bhifidjng
standard.

When a binding standard for a language exists, an implementation shall be said té)cenform to
his document if and only if it conforms to the binding standard. In case of conflict betweeh a
inding standard and this document, the specifications of the binding standard(take precedenfe.

~

When a binding standard requires only a subset of the imaginary or complex integer or impg-
hary or complex floating point datatypes specified in this document, an/implementation remajins
ee to conform to this document with respect to other datatypes independently of that bindjng
standard.

e

=

When a binding standard requires only a subset of the operations specified in this documdnt,
an implementation remains free to conform to this document with respect to other operatigns,
ihdependently of that binding standard.

When no binding standard between a language and.seme datatypes or operations specified in
his document exists, an implementation conforms to ‘this document if and only if it provides ¢ne
r more datatypes and one or more operations thét together satisfy all the requirements of clauses

through [8| that are relevant to those datatypes and operations. The implementation shall tlhen
ocument the binding.

—+

[C1 ©

Conformity to this document is always with respect to a specified set of datatypes and sef of
perations. Conformity to this document implies conformity to part 1 and part 2 of ISO /TEC 10967
r the integer and floating point” datatypes and operations used. Under certain circumstandges,
pnformity to IEC 60559 is implied by conformity to part 1 of ISO/IEC 10967.

An implementation is frée‘to provide arithmetic datatypes and arithmetic operations that|do
ot conform to this documént, or that are beyond the scope of this document. The implementatjon
shall not claim or imply conformity to this document for such datatypes or operations.

o _=b O

=

An implementation is permitted to have modes of operation that do not conform to this dpc-
ment. A conferming implementation shall specify how to select the modes of operation that

o

ensure conf@riity.
NQTES

1Y Language bindings are essential. Clause [8|requires an implementation to document a bind-
ing if no binding standard exists. See Annex 7?7 for an example of a conformity statement,
and Annex [C] for suggested language bindings.

2 A complete binding for this document will include (explicitly or by reference) a binding for
part 2 and part 1 as well, which in turn may include (explicitly or by reference) a binding
for IEC 60559 as well.

2. Conformity 3
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3

3 This document does not require a particular set of operations to be provided. It is not
possible to conform to this document without specifying to which datatypes and set of
operations (and modes of operation) conformity is claimed.

Normative references

© 2006 ISO/IEC — All rights reserved

The following referenced documents are indispensable for the application of this document. For
dated references, only the edition cited applies. For undated references, the latest edition of the

refj

4.1
In

int|
oV{

4.]

.1 Symbols

J 4+ (3 1o cls | o) 1:
PTeTICCO OO CUTITICTIC (T CTO AT S~ Iy A TCTICITCIIS — A P PIICS:

IEC 60559:1989, Binary floating-point arithmetic for microprocessor systems.

ISO/IEC 10967-1, Information technology — Language independent arithmetic 4
Part 1: Integer and floating point arithmetic.

ISO/IEC 10967-2, Information technology — Language independent arithmetic —
Part 2: Elementary numerical functions.

Symbols and definitions

.1 Sets and intervals

this document, Z denotes the set of mathemétical integers, G denotes the set of comple
bgers. R denotes the set of classical real numbers, and C denotes the set of complex numbe
r R. Note that Z C’ R CC, and Z C G C€-

The conventional notation for set definition and manipulation is used.
The following notation for interval§is used:

[x, z] designates the interval {5 € R | z <y < z},
|z, 2] designates the interval {y € R | z <y < z},
[z, 2| designates the interval {y € R | z <y < z}, and
|z, 2] designates the interval {y e R | z <y < z}.

NOTE - Thé-diotation using a round bracket for an open end of an interval is not used, for
the risk of.gonfusion with the notation for pairs.

.2 Operators and relations

All

[ IS

prefix and infix operators have their conventional (exact) mathematical meaning. The cor

ventional notation for set definition and manipulation is also used. In particular:

= and < for logical implication and equivalence

+, —, /, |x|, conj, |z], [z], and round(x) on complex values
- for multiplication on complex values

<, <, 2, and > between real values

= and # between real, complex, as well as special values

Symbols and definitions
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uU,n, € ¢, C, C, €, #, and = with sets

x for the Cartesian product of sets

— for a mapping between sets

| for the divides relation between complex integer values (in G)
i as the imaginary unit (> = —1)

Re to extract the real part of a complex value (in C)

Jm to extract the imaginary part of a complex value (in C)

NOTE 1 — = is used informally, in notes and the rationale.

E)

For » € C_the notation !_’T‘Jl dpqigna‘rpq the component-wise lﬂrgpq‘r anp]py integer where each

part is not greater than the corresponding part of x:
|z] € G and Re(x) — 1 < Re(|z]|) < Re(z) and Im(z) — 1 < Im(|z]) < Im(x)

he notation [z] designates the component-wise smallest complex integer where eachpart is
bss than the corresponding part of x:

[z] € G and Re(z) < Re([z]) < Re(z) + 1 and Im(z) < Im([z]) < Tm(x)F+ 1

and the notation round(x) designates the complex integer closest to x:

—

round(z) € G and
Re(x) — 0.5 < Re(round(x)) < Re(z) + 0.5 and Tm(x) — 0.5<Tm(round(z)) < Im(z)

rhere in case PRe(z) or Jm(x) is exactly half-way between two-integers, the even integer is
bsult component.

=<

The divides relation (|) on complex integers tests whether'a complex integer ¢ divides a comp|

e

hteger j exactly:
ilj & (i#0andi-n=jfor somen € G)
NOTE 2 — i|j is true exactly when j/i is defined and j/i € G).

N

.1.3 Mathematical functions

'his document specifies propertieg-for a number of operations numerically approximating so|
f the elementary functions. Theféllowing ideal mathematical functions are defined in chaptd
f the Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables |
e is the Napierian base):

e®, z¥, \/x, x|, Ja, log,,

sin, cos, tan, €ot, sec, csc, arcsin, arccos, arctan, arccot, arcsec, arccsc,

sinh, cosh, tanh, coth, sech, csch, arcsinh, arccosh, arctanh, arccoth, arcsech, arccsch.

0 O o

Many of theinverses above are multi-valued. The selection of which value to return,
Hrincipal yalfie, so as to make the inverses into functions, is done in the conventional way. E
/x € [0560] when x € [0, 0of.

Part 2 defines the mathematical arc function, which is used in this part to define the mat

hot

t+ 0.5
the

lex

me
r 4
11]

the
g

he-

atical complex signum function
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4.1.4 Exceptional values

ISO/IEC 10967 uses the following five exceptional values:

underflow: the result has an absolute value that is smaller than the smallest positive normalised
value, and the result may be inexact. This notification need not be given if the result is
exact. In particular, if the result is zero, or exact and IEC 60559 is conformed to and
trapping is not enabled.

overflow: the result, after rounding, has a magnitude larger than the maximum value repre-
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arguments (their real and imaginary parts) are finite. This is to say that the corresponding
mathematical function has a pole at the finite argument point.

inyalid: the operation is undefined, while not infinitary, for the given arguments.

abgolute_precision_underflow: indicate that the argument is such that the“density of reprg-
sentable argument values is too small in the neighbourhood of the givén argument value for ja
numeric result to be considered appropriate to return. Used for operations that approximatje
trigonometric functions (part 2 and part 3), and hyperbolic and exponentiation functions
(part 3).

The exceptional value inexact is not specified in ISO/IE& 10967, but IEC 60559 conforn]
ing implementations will provide it. It should then be usedvalso for operations approximatin|
transcendental functions, when the returned result may:be approximate. This part of ISO/IE
10967 does not specify when it is appropriate to return-this exceptional value, but does specif
an|appropriate continuation value (see Definition 424). Thus, v is specified by ISO/IEC 1096
when v or inexact(v) should be returned by implementations that are based on IEC 60559, an
ISQ/IEC 10967 specifies underflow(v) when‘ainderflow(v) or inexact(underflow(v)) shoul
be|returned by implementations that are based on IEC 60559. Ideally, underflow should impl
in¢xact.

< A < U209

=

For the exceptional values, a continuation value may be given in this part in parenthesis afte
thg exceptional value.

4.1.5 Datatypes and special values

Thie datatype Boolean’ consists of the two values true and false.

NOTE 1 — Mathematical relations are true or false (or undefined, if an operand is undefined),
which areot values. In contrast, true and false are values in Boolean.

Square Brackets are used to write finite sequences of values. [] is the sequence containing nl
values. {s]; is the sequence of one value, s. [s1, s2], is the sequence of two values, s; and then sg,
etd. /The colon operator is used to prepend a value to a sequence: x : [x1,...,2,] = [T, 21, ..., Ty

Slsidhere—S isa sot—denotesthe set of Ainite sequences—where each value in o seaueneceisinS
|s—rere—o—is—a-5ets Hobes—the—set—oHtbe-seqiences—wvhRere—each—vardeH—a—seqHenece3sH—-

[

NOTE 2 — It is always clear from context, in the text of this part, if [X] is a sequence of one
element, or the set of sequences with values from X. It is also clear from context if [z1, x2] is
a sequence of two values or an interval.

6 Symbols and definitions
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Integer datatypes and floating point datatypes are defined in part 1. Let I be the non-special
value set for an integer datatype conforming to part 1. Let F' be the non-special value set for a
floating point datatype conforming to part 1 and part 2. The following symbols used in this part
are defined in part 1 or part 2:

Exceptional values:

underflow, overflow, infinitary, invalid, and absolute_precision_underflow.
Integer helper function:

resulty.
Integer operations:

eqr, neqr, lssy, leqr, gtrr, geqr, negr, addy, suby, mulyr, absy, maxy, ming,
max_seqr, min_seqy, dividesy, quoty, mody, ratioy, residuey, groupy, and padg:
Integer conversion operation:
converty_p.
Floating point parameters:
rF, PR, eming, emarp, denormp, and iec_559p.
Derived floating point constants:
fmax g, fming, fminNp, fminDp, and epsilon p.
Floating point value sets related to F":
F*, Fp, Fx, Gp, F?™ and F" (for a given u).
Floating point helper functions:
upr, downp, nearestp, resultp, resulty, no_resulty, and no_resultZp.
Floating point operations from part 1:
eqr, neqr, lssg, leqr, gtrr, geqr, negr, addp, subp, mulp, divgy, absp,
maxp, mmazrg, Ming, MMINE, MAT_Seqrymmar_seqr, min_seqr, Mmmin_seqg,
floor g, ceilingr, and roundingr.
Floating point operations from part 2:
sqrtg, hypotp, powerg, expr, powerr, Ing, logbaser,
radp, sing, cosg, tang, cotp, SeCr, cScp,
arcsing, arccosg, arctanpg, arccoty, arcsecy, arccsCy, arcr, arcur,
sinug, cosurp, sinhg, coshy, tanhp, cothp, sechg, cschp,
arcsinhg, arccoshp, arctanhp, arccothp, arcsechr, and arccschp.
Angular parameters andumaximum error parameters from part 2:
big_angle_rg, big_angle_up, max_error_tang, and max_error_tanug.
Floating point conversion operations:
convertppd convertr_,p, and convertp ..
Approximation~helper functions from part 2:
eTpFy powery, Iny, logbasey,,
8, COST, tany,, coty, secp, cSCr,
arcsiny, arccosy, arctany., arccoty, arcsecy, arccscy,
sinh}., coshy, tanh¥,, cothy, sechy, cschi,
arcsinhy., arccoshy., arctanhy,, arccothy., arcsechy,, and arccschi..

Floating point datatypes that conform to part I shail, for use withl this part, like for part 2,
have a value for the parameter pr such that pr > 2 - max{1,log, (2 -7)}, and have a value for
the parameter eminp such that eming < —pp — 1.

NOTES
3 This implies that fminNgp < 0.5 - epsilonp/rp in this part, rather than just fminNp <
epstlonp.

4.1.5 Datatypes and special values 7
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va:l:ie. If an implementation is not capable of representing a presgribed result or continuatio

4 These extra requirements, which do not limit the use of any existing floating point datatype,
are made so that angles in radians are not too degenerate within the first two cycles, plus
and minus, when represented in F'.

5 F should also be such that pr > 2 + log,, (1000), to allow for a not too coarse angle
resolution anywhere in the interval [—big_angle_r g, big_angle_rp] with the default value for
big-angle_rp. See Clause 5.3.9 of part 2.

The following symbols represent special values defined in IEC 60559 and are used in this part:

es are included in the floating point datatype corresponding to F'.

NOTE 6 — This part uses the above five special values for compatibility with TEC 60559. (In
particular, the symbol —0 (in bold) is not the application of (mathematical) unary — to-the
value 0, and is a value logically distinct from O.

The specifications cover the results to be returned by an operation if given oné/or more of the
[ 60559 special values —0, 400, —oo, or NaNs as input values. These specifications apply only
bystems which provide and support these special values. If an implementation is not capable gf
resenting a —0 result or continuation value, 0 shall be used as the actial*result or continuatiop
n
e

e of the IEC 60559 special values +00, —00, or gNalN, the actuabTesult or continuation valu
inding or implementation defined.

If and only if an implementation is not capable of represénting —O0:

h) a 0 as the imaginary part of a complex argument (in ¢(F’), see Clause [4.1.6)) shall be intey-
preted as if it was —O0 if and only if the real part*of that complex argument is greater thal

=)

or equal to zero, and

[om

) a 0 as the real part of a complex argument (in c(F'), see Clause [4.1.6)) shall be interprete
as if it was —O0 if and only if the imaginary part of the complex argument is less than zerq.

NOTES

7 Reinterpreting 0 as —0 as required above is needed to follow the sign rules for inverse
trigonometric and inverse hyperbolic operations, as well as the exact relations between
trigonometric and hyperholic operations also for argument parts (real and imaginary) that
have a zero as value.

8 The rule above is(sometimes referred to as continuous when approaching an azxis in a
counterclockwis€ path. This fits both with Common Lisp and C requirements when ze-
roes don’t haye”a distinguishable sign.

9 For consistency, this rule also has implications for the operations that implicitly or explicitly
extract{an"implicit real or implicit imaginary part (see for example the specifications for
thexef(7y and imp operations in Clause [5.2.5)).

.6\ Complex value constructors and complex datatype constructors

Let X be a set containing values in R, and possibly also containing special values (such as
IEC 60559 special values).

i(X) is a subset of values in an imaginary datatype, constructed from the datatype correspond-

ing to X. 1. is a prefix constructor that takes one parameter.

i(X)={ty | ye X}

Symbols and definitions
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c(X) is a subset of values in a complex datatype, constructed from the datatype corresponding
to X. +1i. is an infix constructor that takes two parameters.
oX)={z+iy | z,ye X}
NOTES
1 While i- and +i- (note that they are written in bold) have an appearance of being the
imaginary unit together with the plus and times operators, that is not the case. For
instance, 1- 2 is an element of i(X) (if 2 € X), but not of G or C. 1-2, on the other hand, is

an expression that denotes an element of G (and C), but neither of i(X) nor ¢(X). Further,
eg.,441-0=4, but 441-0 # 4.

2 A constructor that takes one argument is a one-tuple tag. A constructor that takes two
arguments is a two-tuple (pair) tag. The arguments are part of the resulting value.

3 The tuple tags need not be explicitly represented in implementations. But if represented,
there should be different tags for different argument types (which is not needed in this-text).

Some of the helper function signatures use Cg, where
Cr={z+1y | z,yeF}
where F' C R.

4.2 Definitions of terms

Hor the purposes of this document, the following terms and @éfinitions apply.

4.2.1
dccuracy
The closeness between the true mathematical result and a computed result.

4.2.2
rithmetic datatype
| datatype whose non-special values are members of Z, i(2), ¢(Z), R, i(R), or ¢(R).

Q

N

NOTE 1 - i(Z) corresponds.té imaginary integer values in G. ¢(Z) corresponds to complex
integer values in G. i(R) eorresponds to imaginary values in C. ¢(R) corresponds to complex
values in C.

2.3

inding
ocumentationthat specifies which syntax (most often, operations or functions) of a programmjng
hnguage, orprogramming library, that is used for an operation specified in this part.

il il e o

4.2.4
dontinuation value

Acomputational vahue used as the Tesutt of o arttimetic operation Well all €XCEPLION OCCUrs.
Continuation values are intended to be used in subsequent arithmetic processing. A continuation
value can be a (in the datatype representable) value in Z, i(2), ¢(2), R, i(R), ¢(R), or a value
where one or both parts of the value is an IEC 60559 special value (e.g. —0, i- (—00)), or
+o00 +i- gNaN). (Contrast with ezceptional value. See Clause 6.1.2 of part 1.)

4.2 Definitions of terms 9
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4.2.5

denormalisation loss

A larger than normal rounding error caused by the fact that subnormal values have less than full
precision. (See Clause 5.2.5 of part 1 for a full definition.)

4.2.6

error

<irducomputed value) The difference between a computed value and the mathematically corted
e. Used in phrases like “rounding error” or “error bound”.

—+

va.

4.2.7
error
(cqmputation gone awry) A synonym for exception in phrases like “error message” or “errqr
oufput”. Error and exception are not synonyms in any other contexts.

4.2.8

exfeption
Thie inability of an operation to return a suitable finite numerie’ result from finite arguments.
Thiis might arise because no such finite result exists mathematically, or because the mathematics
reqult cannot be represented with sufficient accuracy.

—_—

4.2.9

exfeptional value
A phon-numeric value produced by an arithmetic operation to indicate the occurrence of an ex-
ception. Exceptional values are not used jn“subsequent arithmetic processing. (See Clause 5 ¢f
paft 1.)

NOTES

2 Exceptional values are used. as-part of the defining formalism only. With respect to this part,
they do not represent values of any of the datatypes described. There is no requirement
that they be represented or stored in the computing system.

3 Exceptional values aré not to be confused with the NaNs and infinities defined in IEC 60559.
Contrast this defidition with that of continuation value above.

4.2.10

helper function
A function\nsed solely to aid in the expression of a requirement. Helper functions are not visible
to fthe programmer, and are not required to be part of an implementation.

4.2.11

implementation (of this part)

The total arithmetic environment presented to a programmer, including hardware, language pro-
cessors, exception handling facilities, subroutine libraries, other software, and all pertinent docu-
mentation.

10 Symbols and definitions
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4.2.12

literal

A syntactic entity denoting a constant value without having proper sub-entities that are expres-
sions.

4.2.13

monotonic approximation
An approximation helper function h : ... X § X ... — R, where the other arguments are kept
cpnstant, and where S C R, is a monotonic approximation of a predetermined mathematical
fiinction f: R — R if, for every a € S and b € S, where a < b,

a) f is monotonic non-decreasing on [a, b] implies A(...,a,...) < h(...,b,...),
b) f is monotonic non-increasing on [a, b] implies A(...,a,...) = h(...,b, ...).
.2.14

honotonic non-decreasing

L function f : R — R is monotonic non-decreasing on a real interval)|a, b] if for every = angl y
uch that a < oz <y < b, f(x) and f(y) are well-defined and f(x)<f (v).

0N, =L

4.2.15

monotonic non-increasing

A function f : R — R is monotonic non-increasing, on~a real interval [a,d] if for every = angl y
siich that a < z <y < b, f(x) and f(y) are well-defined and f(x) > f(y).

4.2.16

rnormalised

The non-zero values of a floating point type F' that provide the full precision allowed by that type.
(Bee Fy in Clause 5.2 of part 1 for. afull definition.)

4.2.17

notification

The process by which_awprogram (or that program’s end user) is informed that an arithmgtic
eikception has occurred/ For example, dividing 2 by 0 results in a notification. (See Clause { of
fart 1

4.2.18

numeral

A numeric literal. It may denote a value in Z, i(Z), ¢(Z), R, i(R), or ¢(R), a value which is 10,
n infinity, or a NaN.

4.2.19

numerical function

A computer routine or other mechanism for the approximate evaluation of a mathematical func-
tion.

4.2 Definitions of terms 11
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4.2.20

operation

A function directly available to the programmer, as opposed to helper functions or theoretical
mathematical functions.

4.2.21

pole

A mathematical function f has a pole at xg if xg is finite, f is defined, finite, monotone, and

coTtinuous in at least part of the neighbourhood of z(, and the imaginary or real part of xlinl fta])
— X0

is Infinite via at least one path to xg.

.2.22

precision

Thie number of digits in the fraction of a floating point number. (See Clause 5.2 of part 1.)

4.2.23

rolinding

Thie act of computing a representable final result for an operation‘that is close to the exact (by
unfepresentable in the result datatype) result for that operation{,Note that a suitable representabl
reqult may not exist (see Clause 5.2.6 of part 1). (See also,Annex A.5.2.6 of part 1 for som
exgmples.)

® O

4.2.24

rolinding function

Any function rnd : R — X (where X is a givéh discrete and unlimited subset of R) that map
eath element of X to itself, and is monotonic non-decreasing. Formally, if  and y are in R,

wn

reX =rndlz)==z
r <y=rnd(zr) < rnd(y)

—+

Note that if u € R is between,two adjacent values in X, rnd(u) selects one of those adjacer]
values.

4.2.25

rolind to nearest
Thie property of.a_rounding function rnd that when u € R is between two adjacent values in X,
rnfl(u) selectssthe one nearest w. If the adjacent values are equidistant from w, either may b
chgsen detérministically.

@

4.2.26

round toward minus infinity
The property of a rounding function rnd that when u € R is between two adjacent values in X,
rnd(u) selects the one less than wu.

12 Symbols and definitions
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4.2.27

r

ound toward plus infinity

ISO/IEC 10967-3:2006(E)

The property of a rounding function rnd that when u € R is between two adjacent values in X,

r

nd(u) selects the one greater than wu.

4.2.28

S

hall

A verbal form used to indicate requirements strictly to be followed in order to conform to the

standard and from which no deviation is permitted. (Quoted from the directives [I].)

—

4

A

g
g
1

w0 wn

B = =

d
1
t

4.
subnormal

.2.29
ould
L verbal form used to indicate that among several possibilities one is recommeénded as parti

irly suitable, without mentioning or excluding others; or that (in the negative form) a cert
ossibility is deprecated but not prohibited. (Quoted from the directives [1]})
.2.30

signature (of a function or operation)

L summary of information about an operation or function. A signature includes the function|
peration name; a subset of allowed argument values to the€ filnction or operation; and a supeq

f results from the function or operation (including exceptional values if any), if the argumeny
ih the subset of argument values given in the signature;

The signature
addy : I x I — I U {overflow}

bates that the operation named add; shall\accept any pair of I values as input, and (when giy
ich input) shall return either a single J(value as its output or the exceptional value overflow

A signature for an operation or fdnction does not forbid the operation from accepting a wi
hnge of arguments, nor does it (guarantee that every value in the result range will actually
bturned for some input. An operation given an argument outside the stipulated argument dom
hay produce a result outsidesthe stipulated result range.

enormal (obsdlete)
'he values ofia floating point datatype F', as well as —0, whose absolute values are strictly |
han the.smallest positive normal value in F.

NOTE 4 — Compare the definition of Fp in Clause 5.2 of part 1. In the first edition (1994) of

Cu-
nin

or
set
is

yen

<

Her
be

CSS

part 1 and in TEC 60559:1989 this concept, then excepting the zero values, was called denormal.

4.2.32

ulp

The value of one “unit in the last place” of a floating point number. This value depends
the exponent, the radix, and the precision used in representing the number. Thus, the ulp of a

4.2 Definitions of terms
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normalised value x (in F), with exponent ¢, precision p, and radix r, is 7P, and the ulp of a
subnormal value is fminDp. (See Clause 5.2 of part 1.)

5 Specifications for imaginary and complex datatypes and oper-
ations

This clause specifies imaginary and complex integer datatypes, imaginary and complex floating
point datatypes and a number of helper functions and operations for imaginary and complex
intpger as well as imaginary and complex floating point datatypes.

Fach operation is given a signature and is further specified by a number of cases. These ¢asds
mgy refer to other operations (specified in this document, in part 1, or in part 2), to mathematicgl
furjctions (textbook elementary functions, or functions defined in ISO/IEC 10967), dad to helpdr
furjctions (specified in this document, in part 1, or in part 2). They also use gpecial abstradt
values (—oo, +00, —0, gNaN, sNalN). For each datatype, two of these abstract values, gNaIN
andl sNalN, may represent several actual values each. Finally, the specifications may refer tp
ex¢eptional values.

The signatures in the specifications in this clause specify only all-nen-special values as inpyt
values, and indicate as output values a superset of all non-special,pecial, and exceptional valugs
thqt may result from these (non-special) input values. Exceptional and special values that cap
neyer result from non-special input values are not included in the'signatures given. Also, signaturegs
that, for example, include TEC 60559 special values as arguméents are not given in the specifications
below. This does not exclude such signatures from beingyvalid for these operations.

NOTE - For instance, the realpart operation on/complex floating point is given with the
following signature:

reqr) : ¢(F) — F

But the following signature is also valid{‘and takes some special values into account
rec(r) : ¢(FU{—00,-0,+00})] > F'U{—00,—0,+00}

The following signature is alsg valid

rec(r) ¢ ¢(F U {—00,0,+00,qNaN,sNaN}) — F U {—o0,—0,+00,gNaN, invalid }

5.1 Imaginary and complex integer datatypes and operations

[@2)

Clause 5.1 of part 1-and clause 5.1 of part 2 specify integer datatypes and a number of operation
on|values of andinteger datatype. In this clause imaginary and complex integer datatypes an
op¢rations 6N values of an imaginary or complex integer datatype are specified.

on

-+

A complex integer datatype is constructed from an integer datatype. There should be at leas
on¢ imaginary integer datatype and at least one complex integer datatype for each provided integd

—

da at.y Pes

I is the set of non-special values, I C Z, for an integer datatype conforming to part 1. Integer
datatypes conforming to part 1 often do not contain any NaN or infinity values, even though they
may do so. Therefore this clause has no specifications for such values as arguments or results.

i(I) (see Clause |4.1.6)) is the set of non-special values in an imaginary integer datatype, con-
structed from the integer datatype corresponding to non-special value set I.
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c(I) (see Clause4.1.6) is the set of non-special values in a complex integer datatype, constructed

from the integer datatype corresponding to the non-special value set I.

NOTE - The operations that return zero for certain cases, according to the specifications
below, may in a subset of those cases return negative zero instead, if negative zero can be
represented. Compare the specifications for corresponding complex floating point operations

in Clause (.2

5.1.1 The complex integer result helper function

he result. r) helper function:
resultey : G — c(I) U {overflow}
resultq(ry(2) = result;(Re(z)) +1- result;(Im(z))

NOTE - If one or both of the result; (defined in part 2) function applications on, the right
side returns overflow, then the result.;) application returns overflow. Thelcontinuation
values used when overflow occurs are to be specified by the binding or implementation. The
same holds also for other exceptional values and also for the specifications below that do not
use result. ) but specify the result parts directly.

5.1.2 Imaginary and complex integer operations
§.1.2.1 Complex integer comparisons

eqy(r)  i(1) x i(I) — Boolean
eqiry(1- y,1-w) = eqi(y,w)

eqricry : I x i(I) — Boolean

€qri(1) (2,1 w) = eqe(1) (x 4+1- 0,0 A1- w)

eqir),r : i(I) x I — Boolean

eqin, (1 y,2) = eqe 041y, z+1-0)

eqre(n) : I x ¢(I) —~Boolean

€41 ,c(I) ($, z i ’U.))
= eqe(r)(z +1- 0, 2 +1- w)

eqeyy': ¢(I) x I — Boolean

eqger),r(x +iy, 2)
= eqe(n) (T +1-y, 2 +1- 0)

edqi(n),e(r) : i(I) x ¢(I) — Boolean
eqi(r)e(r) (1 y, 2 +i- w)

= eqe(r) (0 +i- y, 2 +1- w)
eqe(1),i(r) : ¢(I) X i(I) — Boolean

5.1.1 The complex integer result helper function

15
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eqe(r),i(r) (T +1 y,1- w)

= eqe(p) (7 +i-y, 0 +i- w)

eqe(r) : () x ¢(I) — Boolean
eqe(r) (v +i-y, 2 +1- w)

© 2006 ISO/IEC — All rights reserved

= true if eqr(x, z) = true and eq;(y,w) = true
= false if eqr(z, z) = false and eq;(y, w) = true
= false if eqr(x, z) = true and eq;(y,w) = false
= falca 1{-‘ e <x7 ) = falca a1 d falca

T

negyr : i(I) x i(I) — Boolean
neqi(r) (i' y, 1 w) = nGQI(y7 w)

neqr iy - I x i(I) — Boolean

negip,r + i(I) x I — Boolean

negir),1(1+y,z) = neqer)(0+i-

neqrqr : I x c(I) — Boolean

neqr o (v, z +i- w)
= neqe(r)(x +i-

neqe(r),r : ¢(I) x I — Boolean
neqe(r),1( +i-y, 2)

= neqq(r)(z +i-
neqi(ry,e(r) - iI) x ¢(I) —Boolean

negiry.o(r) (- y, z +i- wj

neqe(ry,i(ry ) x i(I) — Boolean
neqe(r), i )T+ y, i w)

neder) : ¢(I) x ¢(I) — Boolean

neqp ir)(z,1-w) = neqep(z +1- 0,0 +i-

Y, z +1-

0, z +i-

Yyz +1-

=1€q(1)(0 +1- y, 2 +1-

= neqqr)(z +i- y,0 +i-

Ty e

elar o
uuuuuuuuu G Y T

neqe (T F1-y, 2 F1- W)
= true
= true
= true
= false

16

if neqr(x, z) = true and neq;(y,w) = true
if neqr(z, z) = false and neq;(y, w) = true
if neq(z, z) = true and neq;(y, w) = false
if neqr(z, z) = false and neq;(y, w) = false
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Issypy :i(I) x i(I) — Boolean

Issypy (i y,1-w) = lssi(y,w)

legy(ry () x i(/) — Boolean

legir) (i y,1- w) = leqs(y, w)

gtryp ¢ i(I) x i(I) — Boolean

ISO/IEC 10967-3:2006(E)

gtrip(i-y,1-w) = gtri(y, w)

geqy(r) : i(I) x i(/) — Boolean
gegir) (i y,1- w) = geqr(y, w)

§.1.2.2 Multiplication by the imaginary unit

(I)

X

I—

itimesy_j)(z) =

itimesy iy

i(I) — I U{overflow}

itimes;ry—r(1- y)
= negr(y)

itimes;(y g

itimesy(ry : ¢(I) — c(I) U {overflow}

itimesqpy (v +i- y)
= negr(y) +i-

§.1.2.3 The real and_imaginary parts of a complex value

rej: I — 1T

rer(x) =z ifeel
7"61(1) M — {O}

réir) (1 y) =0 ifyel
ey o)1

reqn(r+i-y) == ifexel
imr: I — {0}

imp(x) =0 ifeel

5.1.2 Imaginary and complex integer operations

17
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imy() i(I)—1
imi(r) (1 y) =y ifyel

ime(ry s c(l) — 1
imery(z+i-y) =y ifyel

5.1.2.4 Formation of a complex integer from two real valued integers

plusitimesy : I x I — ¢(I)

plusitimesy(x, z)
=x+i-z

5.1.2.5 Basic complex integer arithmetic
negiry : i(I) — i(I) U {overflow}

negir) (i y) = i negr(y)

nege(ry : ¢(I) — c(I) U {overflow}
nege(n) (v +i-y) = negr(x) +i- negr(y)

conjr: I — 1

conjr(z)

I
8

congypy : i(I) —i(I) U {overflow}
i

conjyn(y) =1 negi(y)

conje(ry : ¢(I) — c(I)\U {overflow}
conjory(z +1- y)

=z +i- neg (y)
add; p~Y(1) x i(I) — i(I) U {overflow}
addiry (1 y,1- w) = i+ add; (y, w)

~
q

1~
NN

~

1. L LT
UA’LU’I,I(I) B 1

addy (7,1~ w) =z +i-w

addi([)J : 1([) x I — C(I)
addypy, (- y,2) =z+i-y

18 Specifications for imaginary and compler datatypes and operations
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addy ory : I x ¢(I) — c(I) U {overflow}

addy o(1y(z, 2 +1- w)
= add(z,z) +i-w

addepy,r = ¢(I) x I — c(I) U {overflow}

addepy,r(z +1-y, 2)
= addr(z,z) +i-y

addy(py o(ry + (1) x ¢(I) — ¢(I) U {overflow}

add;(g) o(1)(i+ y, 2 +i- w)
=z 41 add;(y, w)

add(p) (1) : ¢(I) x i(I) — ¢(I) U {overflow}

addc(])J(I) ($ +i. Y, i w)
=z +i- add;(y, w)

add gy : ¢(I) x c(I) — c(I) U {overflow}

addyry(z +i- y, 2 +1- w)
= addi(x, z) +1- add;(y, w)

suby(ry - 1(I) x i(I) — i(1) U {overflow}

suby(ry(1- y,1- w) = 1- sub;(y, w)

subpiry : I xi(I) — c(I) U {overflow}

subpiry(z,1-w) =z +1- neg(w)

subyry 1 i(l) x I — c(I)U{overflow}
subypy (1 y,2) =megr(z) +i-y

subr o(py : I }5&d) — c(I) U {overflow}
suby o (&, 2 +1- w)

= suby(z, z) +1- negr(w)

8ube(py,r i c(I) x I — ¢(I) U {overflow}

Sch(D [(.%' +i-y, Z)
= subr(z,z) +i-y

suby(p) o(ry - i(I) x ¢(I) — c(I) U {overflow}

suby(py o(r) (i+ ¥, 2 +1- w)
= negr(z) +1- subr(y, w)
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sube(ryir) = ¢(I) x i(I) — ¢(I) U {overflow}

S’ubc([),i(l) (.Cl? +i. Y, i w)
=z +1- subs(y, w)

sube(py : ¢(I) x ¢(I) — c(I) U {overflow}

sube(p) (@ +i- y, 2 +1- w)
= suby(x, z) +1- subr(y, w)

muli(py : i() x i(I) — I U {overflow}

mUli(I) (1 y,1-w)
= result;(—(y - w)) ify,wel

muly sy : I x i(I) —i(I) U {overflow}

muly ) (@, 1 w) = 1 mul(z, w)

mulypyr :i(I) x I —i(I) U{overflow}

X
muliry (i y, 2) =1 mul(y, 2)

mulyopy : I X c(I) — c(I) U {overflow}

muly o(py (7, 2 +i- w)
= mul(z, z) +1- mulr(z, w)

mulepy 1 : c(I) x I — c(I) U {overflow}

mule(p) 1 (x +i- y, 2)
= muly(z, z) ¥+ mul;(y, 2)

muliry o(ry : (1) X c(I) =\e(I) U {overflow}

muli([)’c([) (i- Y,z +1- w)
=xesult;(—(y - w)) +i- mul;(y, 2)
ify,z,wel

male() iy =€(I) x i(I) — ¢(I) U {overflow}
mUlc(I),i(I)(:U +i- y,1- w)
= result;(—(y - w)) +1- mul(x, w)
ifz,y,wel

mulery 2 ¢(I) x ¢(I) — c¢(I) U {overflow}

mulery(z +1- y, 2 +1- w)

=resultyn((x+ (1 y)) - (z+ (- w)))
ifx,y,z,w el
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5.1.2.6 Absolute value and signum of integers and imaginary integers
NOTE - absy is specified in part 1.
absiry : i(I) — I U {overflow}
absi(r)(i- y) = absr(y)

signumy : I — {—1,1}

signumy(x) =1 if (xe€landz>0)
=1 Tz c T and 7 < 0)

signumypy : (1) — {i- (=1),1- 1}

signumy(r)(i-y) = i signum;(y)

§.1.2.7 Divisibility interrogation

2i(T)

divides;( X i(
(1 y, 1 w)
=d

) I) — Boolean
divides;p)
ividesy(y, w)

dividesypy : I x i(I) — Boolean

dividesy i )(v, 1 w)
= divides(x,w)

divides;r),r : i(I) x I — Boolean

divides; ) 1(i- y, )
= divides(y;2)

dividesy o(py : I x ¢(I) s+ Boolean

dividesy o(r) (T, z +i- W)
5 dividesery(z +1- 0, 2 +1- w)

dividesyfy p c(I) x I — Boolean

divideggr) 1 (r +1- y, 2)
= divides(p)(r +1-y, 2 +1- 0)

divides; .oy : () x c¢(I) — Boolean

divides;(r) o(r) (1 y, 2 +1- w)
= divides.(r)(0 +1- y, z +i- w)

dividesr) (1) : ¢(I) X i(I) — Boolean

)
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dividesy(p) iy (v +i- y, 1 w)
= divides(p)(r +1-y,0 +1- w)

)

dividesry : ¢(I) x ¢(I) — Boolean

divides(py (v +i- y, z +1-
= true
= false

w)

if x,y,z,w € I and not (x + (1-y))

5.1.2.8 Integer division and remainder extended to imaginary and complex intéger

For these operations, I shall be signed.

quot(p)(i- y, 1 w)

quotriry(x, 1 w)

quoty ¢y (z, 2z +1- w)

quote(p) ({@-¥1- y, 2)

NOTE - Even though the integer division operations in principle could be inclGded also
for unsigned integer datatypes, that would result in operations that would overflow (mathe-
matically have negative subresults) for so many argument values, that the inclusion of those
operations would be pointless. The same goes for the remainder operations.
quoty(yy : i(I) x i(I) — I U {overflow, infinitary, invalid }

= quot[(y,w)
quotrsry : I x i(I) —i(I) U {overflow, infinitary, invalid }

= 1. mininty if x & minint; and w = —1
= 1- negr(groupr(z,w)) otherwise

quoty(py 1 : i(f) x I — i(I) U {overflow, infinitary, invalid }
quotyry 1(1-y, z) = i- quot(y, 2)

quotr oy : I x ¢(I) — c(I) U{overflow, infinitary, invalid }
= quoty(ry(z +1- 0, 2 +1- w)

quotypy 1 : ¢(Dhx I — c(I) U {overflow, infinitary, invalid }
= quoty(x, z) +1- quot(y, z)

quoti(r) o1y : i(I) x c(I) — ¢(I) U {overflow, infinitary, invalid }

n

(> L2 AY
oty o v 2w

= quote()(0 +i- y, z +i- w)

quote(pyiry : ¢(I) x i(I) — c(I) U {overflow, infinitary, invalid }

22
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quoty(py i) (T +i- y, 1+ w)

= negr(y) +1- minint;  if = minint; and w = —1
= quot;(y, w) +i- negr(groups(z, w))
otherwise

quote(py : ¢(I) x c(I) — c(I) U {overflow, infinitary, invalid }

quotypy(z +i- y, 2 +i- w)
= resulten([(z+ (1-y))/(z + ([T w))])

if e o g I
R ) y -+
= quoti(x,0) +i- quot(y, 0
otherwise

e e WA A
Her 0

mod;py : i(I) x i(I) — i(I) U {invalid}

mod;( ) (1- y, 1+ w)
=1 mod;(y, w)

mody sy - I x i(I) — I U {invalid}
mody i1y (w, 1 w)
= negr(padr(z, w))

mod;ry 1 : (1) x I — i(I) U {invalid}
mody(r) 1(1+y, 2) =i mod;(y, 2)

mody oy : I x ¢(I) — c(I) U {invalid}

mody o) (T, z +1- w)
= mod.p) (7 +1- 052 +i- w)

modepy.1 : ¢(I) x I — c(I) b4invalid}

modep),r(z +1-y, 2)
=miod;(z, z) +1- mod;(y, z)

mod;(ry,e(r) ; () x ¢(I) — c(I) U {invalid}

mod;(1) «h(i+ y, 2 +i- w)
= mod(r)(0 +i- y, 2 +1- w)

mOdc(I),i(]) :c(I) xi(I) — c(I) U {invalid }

mode i (z +i- v, 1 w)
= neg(pad;(z, w)) +1- mod; (y, w)

modery : ¢(I) X ¢(I) — ¢(I) U {invalid}
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mode(ry(z +i- y, 2 +1- w)

= resulte)((z + (1-y)) = ([(z + T 9))/(z+ [T-w))] - (2 + (- w))))
ifr,y,z,2weland z+ (1-w) #0

= invalid(gNaN +i- gNaN)
otherwise

ratioy ) : (1) x i(I) — I U {overflow, infinitary, invalid}
ratioy ) (i y, i w)

RO P YR YTA
FEHHOT Y

ratior sy : I X i(I) — i(I) U {overflow, infinitary, invalid }

ratior i (v, i w)
= 1. mininty if x = minint; and w = —1
= 1- neg(ratior(x,w))  otherwise

ratioy ) 1 : i(I) x I — i(I) U {overflow, infinitary, invalid }

ratioy ) (i y, ) = 1- ratios (y, 2)

ratior oy : I x ¢(I) — c(I) U {overflow, infinitary, invalid}

ratior o(r)(z, z +1- w)
= ratiog(p)(x +1- 0, z +i- w)

ratiogry,r : ¢(I) x I — c(I) U {overflow, infinitary, invalid }

ratiog(ry,r(r +1- y, 2)
= ratior(x, z) +i- ratioy(y, z)

ratioy ) o1y * i(I) x ¢(I) — c([JW{overflow, infinitary, invalid }

ratioy ) o)1+ y, 2z +1- w)
= ratidgy (0 +1- y, 2z +1- w)

ratiog(ryi(ry : ¢(L)XI(I) — c(I) U {overflow, infinitary, invalid }

ratiogr)i(r) (AT y, 1+ w)

= negr(y) +1- mininty if £ = mininty and w = —1
= ratior(y, w) +i- negr(ratior(z, w))
otherwise

natiogry : ¢(I) x ¢(I) — c(I) U {overflow, infinitary, invalid }

ratiogry (v +i- y, 2 +1- w)
= resulty(y (round((z + 1-y))/(z+ (1-w))))

ifx,y,z,2weland z+ (1-w) #0

= ratior(x,0) +i- ratior(y, 0)
otherwise
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residue;(py : i(I) x i(I) — i(I) U {invalid}

i1
residue;r) (” ,1-w)
=1 residue;(y, w)

residuerry : I x i(I) — I U {invalid}

residuer jry(z,1- w)
= residuey(z,w)

residueypyr : (1) x I —i(I) U {invalid}

residueipy, (1 y, 2)
= 1. residue(y, z)

residuer qry - I x ¢(I) — c(I) U {invalid}

residuer o(ry(z, z +i- w)
= residuecry(z +i- 0, z +1- w)

residuec(r),r - ¢(I) x I — ¢(I) U {invalid}

residuecpy r(x +i-y, 2)
= residuer(x, z) +i- residuer(y, z)

residuei(py o(r) : 1(I) X ¢(I) — ¢(I) U {invalid}

residue;(ry o(r)(i+ v, 2 +i- w)
= residue(ry(0 +i- yo 24 w)

residuecp) ir) : ¢(I) X i(I) — ¢(E) U {invalid}

residuec(r) (1) (41 y,1- w)
= residues(x, w) +1- residuer(y, w)

residueqry : c(I) X e(I) — c(I) U {invalid}
residueq ) (T4 Y, z +i- w)
ifz,y,z,weland z4+ (1-w)#0

= invalid(gNaN +i- gNaN)
otherwise

groupyn : i(I) xi(I) — I U {overflow, infinitary, invalid}

= resultery((z + (- y)) — (round((z + (1-y))/(z + (T-w))) - (z + ([~ w

group;r)(i-y,1- w)
= groupr(y, w)

groupyry - I xi(I) — i(I) U {overflow, infinitary, invalid }

5.1.2 Imaginary and complex integer operations

25


https://standardsiso.com/api/?name=642fc7cc256dbc98dcbffc222987a875

ISO/IEC 10967-3:2006(E) © 2006 ISO/IEC — All rights reserved

groupr i) (z,1w
= 1. mininty if x = minint; and w = —1
= 1- negr(quot(z,w)) otherwise

groupyp),r - i(I) x I —i(I) U {overflow, infinitary, invalid }

grouPi(I),I(i' Y, 2)
= 1. group;(y, z)

Jroupr 1) - I X c(I) — c(I) U {overtlow, infinitary, invalid |

groupy o1y (z, 2 +1- w)
= groupe(p)(x +1- 0, z +i- w)

groupery,r : ¢(I) x I — ¢(I) U {overflow, infinitary, invalid}
group(ry (v +i- y, )

= groupr(x, z) +i- groupr(y, 2)
groupy(p) c(r) : i) x ¢(I) — c(I) U {overflow, infinitary, invalid}
groupyp,c(r) (1 y, z +1- w)

= groupe(p) (0 +i- y, 2 +1- w)
groupe(ry ) : ¢(I) x i(I) — ¢(I) U {overflow, infinitary, invalid }
groupe(ryi(r)(z +1-y,1- w)

= negs(y) +1- minint;  if ' = minint; and w = —1
= groupy(y, w) +i- negr(guot(x, w))
otherwise

groupgr : c(I) x ¢(I) — c(I) Ufeverflow, infinitary, invalid }

groupe()(z +1- y, z +1- w)
= resultgh ([(z + (1-y))/(z + (1 w))])
ifr,y,z,weland z4+ (1 -w)#0

=groupr(z,0) +i- group;(y,0)
otherwise

pad;py i) x i(I) — i(I) U {invalid }
padiy(3- y, i+ w) = 1- pad; (y, w)

pady iy : I x i(I) — I'U {invalid}

pady (v, i-w) = negr(mod;(z,w))

I) U {invalid}

padpyr :i(I) x T —i(
padyp),1(i+y,2) =1 pad;(y, 2)
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pady oy : I x c(I) — c(I) U {invalid }

pady o1y (T, z +i- w)
= padyry(z +1- 0, 2 +1- w)

padepyr: c(l) x I — c(I) U {invalid}

padp),1(z 41y, 2)
= padj(z, z) +i- pad;(y, z)

ISO/IEC 10967-3:2006(E)

padi() (1) : i(I) x ¢(I) — ¢(I) U {invalid}
pad;py c(r) (i y, z +i- w)

= pade(y (0 +i- y, 2 +i- w)
pady(p)ir) : () x i(I) — c(I) U {invalid}
pade(r) (1) (x 41 y,1- w)

padepy : c(I) x ¢(I) — c(I) U {invalid}
padepy(z +i-y, 2 +1- w)

§5.1.2.9 Maximum and minimum

mazipy 2 i(I) x i(I) —i(I)
maz;r) (i y, 1+ w)
= 1lmaxr(y,w)

min;( ) (1@gy ¥ w)
=1 min;(y, w)

max_seqr) : [i(I)] — i(I) U {infinitary}

maz_seq;ry([i* y1, .., 1+ Yn))

= negr(mod(z,w)) +i- pad;(y, w)

= resulten(([(z + 1 y))/(z + ()] - (2 4+ (- w))) — (z + (1-y)))

if vy weland 2+ (1-w) #0

= invalid(gNaN +i- gNal\)

otherwise

=1 maz-seqr([yt, - Yn])
min_seqyp) : [i(I)] — i(I) U {infinitary}

min,seqi(f)([i' Y1y ey i- yn])
=1 min_seqr([y1, .-, Yn))

5.1.2 Imaginary and complex integer operations
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5.2 Imaginary and complex floating point datatypes and operations

Clause 5.2 of part 1 and Clause 5.2 of part 2 of ISO/IEC 10967 specify floating point datatypes
and a number of operations on values of a floating point datatype. In this clause imaginary and
complex floating point datatypes and operations on values of an imaginary or complex floating
point datatype are specified.

NOTE - Further operations on values of an imaginary or complex floating point datatype,
for elementary complex floating point numerical functions, are specified in Clause [5.3

An imaginary or complex floating point datatype is constructed from a floating point datatype.
There should be at least one imaginary floating point datatype and at least one complex floating
polnt datatype for each provided floating point datatype.

o
=

I is the non-special value set, F' C R, for a floating point datatype conforming to,part 1 ¢
ISQ/TEC 10967. Floating point datatypes conforming to part 1 often do contain —0¢%infinity, an
NalN values. Therefore, in this clause there are specifications for such values as argtuments.

[@n

i(F) (see Clause |4.1.6)) is the set of non-special values in an imaginary floating point datatyp¢,
comstructed from the floating point datatype corresponding to the non-special value set F'.

c(F) (see Clause [4.1.6) is the set of non-special values in a complex, floating point datatypg,
comstructed from the floating point datatype corresponding to the nonsSpecial value set F'.

5.2.1 Maximum error requirements

Some of the operations are exact, such as taking the imaginary part of a complex value. Somfe
op¢rations are approximate, with maximum error requirements implied by their exact relationships
with operations defined in part 1, part 2, or this~part of this International Standard. Somle
otller approximate operations have new error parameters associated with them as detailed in thle
spé¢cifications.

The approximation helper functions for the individual operations in these subclauses have
maximum error parameters that describe the maximum relative error, in ulps, of the helper fung-
tiop composed with nearestp, for mmen-subnormal results. The maximum error parameters alsp
degcribe the maximum absolute error, in ulps, for —fminNg, fminNg, subnormal results and unl-
deflow continuation values if denormp = true. All maximum error parameters shall have a value
thgt is > 0.5. For the maxdimum value of the maximum error parameters, see the specification g¢f
ea¢h of the maximum error” parameters. See also Annex [A] on partial conformity. The relevart
maximum error paraifeters shall be made available to programs.

93]

When the maximum error for an approximation helper function hr), approximating f,
mdz_error_op(gys then for all arguments z,... € Cp X ... the following equations shall hold:

Relf (2, ...) — nearestp(Re(hegr (2, )] pgr (Relf (e D) =pr

< Max_error_opq(r)
W (f (2, ..)) — nearest p(Im(hery (2, ...)| < maz_error_opyy - rer O™ ) =rr

Some operations have a Boolean parameter box_error_mode_op.r). If such a parameter is
present for an operation and that parameter has the value true, then the sign requirements need
not be fulfilled (see below) and the maximum error requirements are modified to the following:
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(If(z-))—pr

|Re(f(z,...) — nearestp(Re(he(py (2, ---)))| < maz_error_opep - "
< (£ (2D —pF

|Im(f(2,...)) — nearestp(Im(he(r)(z, -..)))| < maz_error_ope(r) gt
The default value for a box_error_mode_op.(ry parameter should be false.
NOTES

1 Partially conforming implementations may have greater values for maximum error param-
eters than stipulated below. See Annex [A]

2 Multiplication and division of complex values have the box error mode parameter. See

0.2.0l

3 The relative error requirement results in a ‘rectangular’ error bound, which can only span
over a zero (in either dimension) when the returned result is very close to 0 (but sée¥Sign
requirements’ below).

4 The box error requirement results in a ‘square-formed’ error bound, which for-Cancellation
cases can span over zero in either or both dimensions. Relative error requirements in each
axis can be fulfilled also for multiplication and division, but that is efteh considered too
inefficient, and an implementation that may suffer from cancellationNs.6ften used instead.

§.2.2 Sign requirements

The following sign requirements shall hold:

a) The real or imaginary part of the result of an approximation helper function shall be z
exactly at the points where the real or imagirfaxy part (respectively) of the approxima
mathematical function is exactly zero.

b) At a point where an approximation helper function result part is not zero, the result p
shall have the same sign as the correspending result part of the approximated mathemati
function at that point.

However, the following exceptions are ihade:

a) For the trigonometric helper/functions, these zero and sign requirements are imposed o
for arguments, = + (1. %), 'such that |z| < big_angle_rp (see Clause big_angle_rpg
specified in part 2).

b) If there is a boxgerror mode_opr) parameter for an operation and that parameter has
value true, tlen the sign requirements are not imposed for that operation.

NOTES

1 For_tlie-operations, the continuation value after an underflow may be zero (including
negdtive zero) as given by result} (see part 2), even though the approximation helper
furiction is not zero at that point. Such zero results are required to be accompanied by
an underflow notification. When appropriate, zero may also be returned for ITEC 60559
infinities arguments. See the individual specifications.

ero

bed

art
cal

1S

the

2 Multiplication and division of complex values have modified sign requirements. See above

and [£.2.6

5.2.2 Sign requirements
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5.2.3 Monotonicity requirements

For this document, each approximation helper function shall be a monotonic approximation, for
each real and imaginary argument part individually, and the real and imaginary result parts
individually, to the mathematical function it is approximating.

For the trigonometric approximation helper functions, the monotonic approximation require-

ment is imposed only for arguments, x + (1-y), such that |z| < big_angle_rr (see Clause [5.3.2)).
Similarly, for the exponentiation approximation helper functions, the monotonic approximation
requirement is imposed only for arguments, x + (1-y), such that |y| < big_angle_rp (see Clause

3

fui

.2.4 The complex floating point result helper functions

).

NOTES

1 Asin part 2, the monotonicity requirement applies to each real dimension individually- For
the complex operations, it thus applies to each real and imaginary part of the argument(s)
individually, and individually to the real and imaginary parts of the result.

2 As in part 2, the monotonicity requirement applies individually to each mongteonic interval
of the approximated mathematical function.

3 There is an exact relationship between the trigonometric and hyperbolig eperations specified
in this document, and thus there are no complex hyperbolic approximation helper functions
used in this document.

result py : C x (R — F*) — ¢(F) U {underflow, overflow }

resulty p (z,rnd)
= result},(Re(z), rnd) +1- résult}(Im(z), rnd)
NOTES

1 overflow and underflow can both occur for a single application of a complex operation.
Likewise, e.g., one part may overflow, while the other produced a value in F. This is
not exposed accurately by the.mathematical framework used in this document. However,
handling that accurately, wotlldradd complexity to the framework with little gain.

2 resulty is defined in part, 2.

The no_resultyry, no-resull(r), no-resultp_.(ry, no-resultp_or), and no_resultZ.r) helpq
ctions are defined as_follews:

—

no_resulty gy : ¢(F)) — {invalid}
no_resulty pyte-+i- y)
= invalid(gNaN +i- gNaN)
if z,y € FU{—00,—0,4+00}
= gNaN +1i. qNalN if at least one of z and y is a quiet NaN and
neither is a signalling NaN

= invalid(gNaN +i- gNalN)

30

if z is a signalling NaN or y is a signalling NaN

no_resultypy : i(F') — {invalid}
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no_resulty gy (i y)
= invalid(i- gNaN) if ye FU{—00,—0,+00}
=1.-gNalN if y is a quiet NaN
= invalid(i- gNaN) if y is a signalling NaN

no_resultp () : F' — {invalid}

no_resultp_q(r)(z)
= no_resultypy(z +i- imp(x))

no_resultpy_c(ry : 1(F) — {invalid}

no_resulty py_o(ry(1- y)
= no_resulty p (reipy(y) +i- y)

no_resultZ,ry : ¢(F) x ¢(F) — {invalid}
no_resultZypy(z +i- y, z +i- w)
= invalid(gNaN +i- gNaN)
if x,y,z,w € FU {=00,—0,4+00}
= gNaNN +i- gNaN if at least one of 2} vy, z, and w is a quiet Nal
and neither is’a signalling NaN
= invalid(gNaN +i- gNalN)
if at leastione of x, ¥y, z, and w is a signalling]
These helper functions are used to specify both NaN%argument handling and to handle non-N3
argument cases where invalid(qNaN +i- qNalN.-6¥ invalid(i- gNaNN) is the appropriate resy
NOTES

3 The handling of other special values, ifiavailable, is left unspecified by this document. Other
special values may be exact representations for 7 or e. At a lower level, such special values
may be represented by IEC 60559 signalling NaNs, but which aren’t regarded as NaNs at
the LIA level.

4 reyp) and imp are definedibelow.
§.2.5 Basic arithmetic-for complex floating point
§.2.5.1 ComplexAloating point comparisons

eqi(ry : ) x i(F) — Boolean
eqip Ty, 1-w) = eqr(y, w)

NaN

N-
hlt.

L 24

241
=)

g

eqriry : F' x i(F) — Boolean
\
J

(o
%

[}
s
=D
£
(%

yo¥al
9FIF)

eqipy,F * i(F) X F' — Boolean

e‘Ji(F),F(i' Y, Z) = eqC(F)(O +1- y, z +1- 0)
eqre(r) : F X ¢(F) — Boolean

5.2.5 Basic arithmetic for complex floating point
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eqpe(r) (T, 2 +i- w)
= eqe(F) (x 4+1- 0, z +1- w)

€qc(F),F * C(F) x F' — Boolean
eqe(ry,r (T +1-y, 2)
= eqo(r)(z +1- y, 2 +i- 0)

eqi(py,o(rF) * 1(F) x ¢(F) — Boolean

eqi(r),o(F) (1 y, 2 +i- w)
= €q4¢(F) (041 y, z +1- w)

eqe(r)i(r) : ¢(F) x i(F') — Boolean

eqe(r),i(F) (@ +1- y,1- w)
= eqo(r)(z +1- 9,0 +1- w)

eqe(ry : ¢(F') x c(F) — Boolean
eqe(r) (T +i- y, 2 +i- w)

= true if eqp(z, 2z) = true*and eqp(y, w) = true
= false if eqp(x, z) =false and eqr(y, w) = true
= false if eqp(z, 2J)="true and eqr(y,w) = false
= false if eqp(2y2) = false and eqr(y, w) = false
= invalid(false) otherwise

negi(py : i(F) x i(F) — Boolean

negi(p (1 y, i+ w) = neqr(y, w)

neqrir) : I < i(F) — Boolean

NEqFi(F) (7,1 w) = neqe(F) (x #1- 0,0 4+1- w)

negi(r),r : i(F) x F' &)Boolean

ne%(F),F(i' Y, 2) = neqc(p)(o +i-y,24+1-0)

neqr,c(r)<x ¢(F) — Boolean

neqr i@, z +i- w)
= neqe(py (v +i- 0, z +i- w)

Heg YA nh L Beolean
A ¢ Vil L T Hooteahn

neqe(r) r(z +1-y, z)
= neqq(r)(z +i- y, 2 +1- 0)

negi(py,e(r)  I(F) x ¢(F) — Boolean
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negir),c(r) (1 y, 2 +1- w)
= neqery(0+1 y, 2 +1- w)

neqe(r),i(r) : ¢(F) x i(F') — Boolean
neqe(r),i(r)(x +1- y, i w)

= neqe(r) (@ +i- .0+ w)

neqe(r) : ¢(F) x c(F) — Boolean

neqe(r) (T +1- y, 2 +1- w)

= true if neqr(z, z) = true and neqr(y,w) = true
= true if neqr(z, z) = false and neqr(y, w) = true
= true if neqr(z, z) = true and neqr(y, w)~ false
= false if neqr(x, z) = false and neqp(yiw) = false
= invalid(true) otherwise

Issi(py : i(F) x i(F') — Boolean

ZSSi(F) (i' y, 1 w) = lSSF(y7 w)

legypy : 1I(F) x i(F) — Boolean
legi( (1 y,1- w) = leqr(y, w)

gtrip) i(F) x i(F') — Boolean
gtriry(i- y,1- w) = gtre(y, w)

geqiry : i(F) x i(F') — Boolean
geqiry (1 y,1- w) = geqr(y, w)

§.2.5.2 Multiplication'by the imaginary unit

itimesp_i(p) L K 53+ 1(F)

itimesp_jg%) =1z

itipes; py— p (1+ y)
= negr(y)

itimese(py : ¢(F) — c(F U {-0})
itimes(py (v +i- y)
= negr(y) +i-x
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5.2.5.3 The real and imaginary parts of a complex value

rep: F — F

rep(x) =z
= no_resultp(x)

rei(F) : I(F) — {—0,0}

if v € FU{—00,—0,+00}
otherwise

ey (it ) =0 if (y e Fandy>0) or y =400
= no_resultp(y) otherwise

Te(F) c(F)— F

reqpy(r+iy) ==
= no_resultp(x)

imp: F — {—0,0}

imp(x) =-0
=0
= no_resultp(x)

imyp) L i(F) — F
imipy (1 y) =y

= no_resultp(y)
imC(F) : C(F) — F

imepy(x+iy) =y
= no_resultp(y)

if x € FU{—00,—0,+00}
otherwise

if (x € F and = > 0 or’x = 400
if (x € F and x <0)or z € {—00,—0}
otherwise

ifye FU{-00,—0,+00}
otlerwise

ifye FU{—00,—0,+00}
otherwise

5.2.5.4 Formation of a-ecomplex floating point from two floating point values

plusitimesp : FrxF' — ¢(F)

plusitimes p(a5)z)
=x+i-z

5.2.5/5.' Fundamental complex floating point arithmetic

NOTE 1 - The addition and subtraction operations never underflow for an IEC 60559

implementation.
negip) : 1(F) — i(FU{-0})
negiry(i-y)  =1inegr(y)
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nege(r) : ¢(F) — c(FU{-0})
nege(ry (v +i- y) = negr(x) +i- negr(y)

conjp: F— F

conj g () ==z

conypy ¢ i(F) = i(F U {=0)}

ISO/IEC 10967-3:2006(E)

confyp)(iy) = 1-negr(y)

conjopy : c(F) — c(F U {-0})

conjopy( +i- y)
=z 41 negr(y)

addy ) : i(F) x i(F) — i(F) U {underflow, overflow }

addl(F) (i' Y, i w)
=1 addp(y,w)

addF’i(F) B ox I(F) — C(F)

~

addpyi(p) (I’, 1. w)
=z41-w

addy gy p : i(F) X F — c(F)
addy gy p(1-y,2) = 2 +i-y

addpopy o F' % ¢(F) — c(F) U funderflow, overflow }

addpo(py(z, 2 +1- w)
= addy{r, z) +i-w

addepy r @ ¢(F)X)F — c(F) U {underflow, overflow}

adde gy, r(2E&1Y, 2)
= addp(z,z) +i-y

addypy c(ry 2 1(F) x ¢(F) — c¢(F) U {underflow, overflow }

add; ) o(r) (- y, 2 +1- w)
=z +1- addp(y,w)

adde(pyi(ry : ¢(F) X i(F) — ¢(F) U {underflow, overflow }

addc(p)7i(p) (l‘ +i- Y, i w)
=z +i- addp(y, w)

5.2.5 Basic arithmetic for complex floating point
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adde(py : ¢(F) x ¢(F) — ¢(F) U {underflow, overflow}

adde gy (v +i- y, 2 +1- w)
= addp(z,z) +1- addp(y, w)

subypy : 1(F) x i(F) — i(F) U {underflow, overflow }
subypy(1- y, 1 w) = 1+ subp(y, w)

subpipy : F' x i(F) — c(F U {-0})

subpipy (7,1 w) = z +i- negr(w)

subipy p : 1(F) x F — c¢(F U{-0})
subypy p(i+y, 2) = negr(z) +1-y

subpo(py : F' X ¢(F) — ¢(F U{-0}) U {underflow, overflow}

subp o) (T, 2 +1- w)
= subp(z, z) +1- negr(w)

sube(py,p : ¢(F) x F' — ¢(F) U {underflow, overflow}

sube(py,p(z +1y, 2)
= subp(z,z) +i-y

subi(py o(ry * 1(F) X ¢(F) — c(F U {-0}) USunderflow, overflow }

subi(F) c(F )( y,z+1 )
= negp(z) +1- subply, w)

sube(py iy : ¢(F) X i(F) — c(#) U {underflow, overflow }
subC(F),i(F) (ZL' +1- Y, i w)

= xAivsubp(y, w)
sube(py 1 ¢(F) X F) — c(F) U {underflow, overflow}

sube(py (7 A2, 2 +1- w)
= subp(x, z) +1- subp(y, w)

Wit py 2 1(F) x i(F) — F U {-0,underflow, overflow }

muli g (- y,1- w)

= negr(mulp(y, w))

mulpy gy : F < i(F) — i(FU{=0}) U {underflow, overflow }

~

i-w)
=1 mulp(x,w)

mUlF,i(F) (z,
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mulypy p 2 i(F) x F'— i(F U {-0}) U {underflow, overflow }

mulip), p(i+y, 2) = 1 mulr(y, 2)

mulpepy : F' X ¢(F) — ¢(F'U{=0}) U {underflow, overflow}

mul ey (7, 2 +i- w)
= mulp(x, z) +1- mulp(z, w)

mulep) p 2 ¢(F) x F'— ¢(F U{-0}) U {underflow, overflow }

mulyp) p(z 41y, 2)
= mulp(z, z) +1- mulp(y, 2)

mulipy o(ry : 1(F) X ¢(F) — ¢(F'U{-0}) U {underflow, overflow }

muly ) o(r) 1+ Y 2 +1- W)
= negr(mulp(y, w)) +i- mulp(y, 2)

mulepyiry : ¢(F) X i(F) — ¢(F'U{-0}) U {underflow, oyerflow }

mulc(p)yi(p) (l’ +1. Yy, i 'lU)
= negr(mulp(y,w)) +1- mulp(z, w)
NOTE 2 — mulypy is specified in clause

divypy 1 1(F) x i(F) — F'U{—0, underflow;overflow, infinitary, invalid }
divy(py (1 y, 1 w) = dive(y, w)

divpipy : F < i(F) — i(F U {-0})J {underflow, overflow, infinitary, invalid }

divpyr (.1 w) = 1 negp(divglr, w)

divypy,p + i(F) X F —d( U {-0}) U {underflow, overflow, infinitary, invalid }
divi(F),F(i' Y, Z) =1 dZUF(yv Z)

divpory @ F-%e(F) — c(F U {-0}) U {underflow, overflow, infinitary, invalid }
divp o pylEsz +1- w)

= dive(p) (T +1-imp(z), 2 +1- w)

diVe(py,F : ¢(F) x F— c¢(F'U{—0}) U {underflow, overflow, infinitary, invalid }

div (B plx 41y, 2)
= divp(x, z) +i- divp(y, 2)

divi(py,c(ry * 1(F) X ¢(F) — ¢(F'U{—0}) U {underflow, overflow, infinitary, invalid }

divi(py,c(r) (i ¥, 2 +1- w)
= dive(r)(reir) (1 y) +iv y, 2 +1- w)
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dive(py i(ry : ¢(F) X i(F) — ¢(F U {-0}) U {underflow, overflow, infinitary, invalid }

dive(r) i(ry (T +i+ y, 1 w)
= divp(y, w) +1- negp (divy(z, w))
NOTE 3 - div.(p) is specified in clause

5.2.5.6 Absolute value, phase and signum of complex floating point values

NOTES
oY

1 This clause also includes signump.

2 absp is specified in part 1.
absipy 11(F) — F
absi(ry(1-y) = absr(y)

abse(py : ¢(F) — F U {underflow, overflow }

abse(ry(x +i+y) = hypotp(z,y)

phasep : FF — F

phaser(x) = arcp(x,imp(x))

NOTE 3 - The arcp (and similarly arcur) operationras specified in clause 5.3.8.15 of the
first edition (issued in 2001) of part 2 has a minor flaw; it is not properly limited. See annex

for a corrected version. Implementations are‘tecommended to follow this improvement, if
possible, for arcg, arcur, and all operations that reference those specifications.

phaseypy 1 i(F) — F
phasei(F) -y = C”"CF(Tei(F) (1Y), y)

phasery : ¢(F) — F'U {underflow }

phasepy(z +1-y)
< grer(r,y)

phaseup : Fx’F — F U {invalid}

phaseugfw, x) = arcup(u,x,imp(zx))

phaseu;py : F' x i(F) — F'U {invalid}

phaseu; g (u. - y)
= CL’I"CUF(’LL, Tei(F) (i' y)7 y)

phaseuqpy : F x ¢(F) — F U {underflow, invalid }

phaseupy(u, v +i- y)
= arcup(u,z,y)
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signump : F — {-1,1}

signump(x) =1 if (x € F and x > 0) or x = 400
=-1 if (x € F and x < 0) or x € {—00,—0}
= no_resultp(z) otherwise

signumyp : i(F) — {1- (=1),1- 1}

signump)(i- y) = 1 signump(y)
NOTE 4 - signumc(r) is specified in clause 5.2.6}

j.2.5.7 Floor, round, and ceiling

floorypy i(F) —i(F)
floory gy (1-y) =1 floorp(y)

floorepy : ¢(F) — c(F)
floore(py(z +1- y)

= floorg(x) +1- floorr(y)
rounding;py : i(F) — i(F)

rounding;py(1- y)
= 1- roundingr(y)

roundinge(py : ¢(F) — c(F)

roundinge( g (v +i- y)
= roundingp (x) +1- roundingr(y)

ceiling;py : i(F) — i(F)
ceilingypy(1-y) = i-@ceilingr(y)
ceilingq(ry : c(@E)— c(F)
ceilingq py(aAi- y)

= ceilingp(x) +i- ceilingr (y)

§.2.5.8 . Maximum and minimum

maxym :1(F) X i(F) — i(F)

maz;(r) (i y,1- w)
=1 mazp(y,w)

mmaz;py : i(F) x i(F) — i(F)

mmarir) (1-y,i-w)
=1 mmaxp(y,w)
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min;(p) (1 y, 1 w)
=1 ming(y, w)

mming gy : i(F) X i(F) — i(F)
mming g (i- y,1- w)
=1 mming(y,w)

maz_seqiry : [i(F)] — i(F) U {infinitary}

maa:,seqi(p)([i' YLy oeey 10 yn])
=1 max,seqF([yl, ey yn])

mmaz_segry : [i(F)] — i(F) U {infinitary}

mma:zj,seqi(p)([i' Y1, - 1 Yn))
= 1- mmax_seqr([y1, ..., Yn))

min_seqpy : [I(F)] — i(F) U {infinitary}

min,seqi(p)([i- Y1, s 10 Yn))
=1 min_seqr([y1, ---s Yn))

~

mmin_seqpy : [i(F)] — i(F) U {infinitary }

mmin_segi(r) (i Y1, -3+ ya))
= 3 mmin_seqr ([y1, )

5.2.6 Complex sign, multiplication, and division

Thiis clause gives specifications for Some operations that have been deferred above, due to the
possibility of lesser accuracy.

There shall be a box erfor mode parameter each for the multiplication and division operation
ona complex datatype:

w0

box_error_medesmul,r) € Boolean
box_error.mode_div, ) € Boolean

There shall’bbe a maximum error parameter each for multiplication and division on a complex
datatype:

mdaz_error-mulypy € F'
max_error_div, gy € F

The max_error_mul.ry parameter shall have a value that is < 5. The max_error_dive g
parameter shall have a value that is < 13.

For use in the specification below, define the mathematical complex sign function
signum : C — C

The signum function is defined by
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signum(z) = cos(arc(Re(z),Im(z))) + (1 - sin(arc(Re(z),Im(z))))
NOTES
1 The arc function is defined in part 2, Clause 5.3.7.

2 Note that z = |z| - signum(z) if z € C, and signum(z + (i-y)) = e @) if z 4y € R.

5.2.6.1 Complex signum

The signumz( F) approximation helper function:

signum’c‘(F) :Crp—C

srignum:( P) (z) returns a close approximation to signum(z) in C, with maximum error mazéyro
(jnterpreted as an error parameter for a complex floating point operation).

Further requirements on the Signum:( F) approximation helper function are:

SIGNUMY ) (conj(z)) = conj(signum:(F)(z))

if z € Cp
signum:(F)(—z) = —sz’gnumz(F)(z) if zeCp
i)‘{e(signumi(F) (x+(0-y)) = jm(signum:(F) (y+ (1 -x)))

ifx,ye F
SIGNUMY ) (r) =1 if v € Fanda>0

signump (z + (- 2)) = (1/v2) + (- (1/v2))
ifrekfandz >0
The signume(g) operation:
signume(py : ¢(F) — c¢(F) U {underflow}
signume(py(z +1- y)
= resulti(F)(signumz(F) (x4 (1-y)),nearestr)
ifr,ye Fandx+(1-y) #0
= conjo(p) (signume g (conjo(py (T +1- y)))
if y € {—00,—0}
= NeYGclk) (Signumc(F) (negc(F) (‘T +i- y)))
if x € {—00,—0} and y & {—00,—0}
=(sinp(arcr(y, z)) +1- sinp(arcp(x,y))
otherwise

NOTE - sggnumep(x +1-y) = cosp(arcp(x,y)) +i- sinp(arcy(x,y)). The specification is
more compligated, in order to allow higher accuracy, including the sign of zero result parts.

§.2.6.2_\Complex multiplication

The mulz( ) approximation helper function:

mul:(F) : CF X CF —C

_tang

mul;’:‘( P) (x, z) returns a close approximation to z - z in C with maximum error maz_error-mule(ry,

interpreted according to the value of box_error_mode mul. ry.

Further requirements on the mul:( F) approximation helper function are:

5.2.6 Complex sign, multiplication, and division
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maulg e (conj(z),conj(z")) = conj (mul:(F) (2,2"))

if 2,2/ € Cp
muly gy (=2, 2) = —mulf ) (2, 2') if 2,2 € C
mul g (2, 2") = muly g (7, 2) if 2,2/ € Cp

The mul. ) operation:
mule gy @ ¢(F) X ¢(F) — ¢(F U{-0}) U {underflow, overflow }

mule gy (z +1- y, 2 +1- w)
= result’ - (mul’ - (x + (1-y), 2+ (I-w)), nearestr)

5.2

Th

di

int

if 41y, 2z +1-w € ¢(F) and
r#0and y#0and z 40 and w # 0
= subp(mulp(z, z), mulp(y, w)) +1- addp (mulp(y, z), mul p(z, w))
otherwise

NOTE - NaN (and invalid) is not avoided for the result in the “otherwise” case-here. Note
in particular cases like mul.(p)(2 +i- (=0),3 +1- (+00)) which is invalid with a continuation
value of qNaN +i- (+00). However, mulp ¢(r)(2,3 +i- (+00)) returns 6 +i(+00), due to the
strong implicit zero (see [B.5.2.4).

.6.3 Complex division

o dz’v:( F) approximation helper function:
div:(F) :CpxCp—C

:( P (7, 2) returns a close approximation to z/z.y¢C with maximum error maz_error_dive(gy,

erpreted according to the value of box_error_mode_div(r.

Further requirements on the div:( P) approxirhation helper function are:

divy g (conj(z),conj(z")) = conj(dz'v:(F) (2,2")
if 2,2/ € Cp and 2/ #0
divy gy (=2, Z') = —divy ) (z, 2’ if 2,2/ €Cpand 2/ #0
divy (2, -2y = —divy gi(z, ') if 2,2/ €Cpand 2/ #0
The div,py operation:
div(py : ¢(F') x c¢(@)— c(F U{—0}) U {underflow, overflow, infinitary, invalid }

dive(py (T +i- yyz4i- w)
= result? p (divé‘(F) (x+(1-y),z+ (1-w)),nearesty)
if 41y, 2z +1-w € ¢(F) and
r#0and y#0and z#0 and w # 0
= divy(py paddp(mulp(z, 2), mulp(y, w)) +i- subr(mulp(y, 2), mulp(z,4)),
addp(mulp(z, 2), mulp(w, w)))

othervwise
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5.2.7 Operations for conversion from polar to Cartesian

The polar’g( P) approximation helper function:
polar’c‘(F) Fx F?>™ ¢
polar:( F) (z, z) returns a close approximation to x - €"* in C with maximum error maz_error_ta
(interpreted as an error parameter for a complex floating point operation).
Further requirements on the polar®, .., approximation helper function are:
c(F)

ng

ST T
polar* ( —z) = conJ(polar*( )( z)) ifr,ze F

polaﬁ;(p(x,nﬂ-ﬂ):x ifx € Fandn € Z and |n-2- 7| < big-angle
Jm(polaC(F (x,n-2-m+7/6)) =x/2 ifre Fandn € Z and |n-2- nf;Lbig_angle
i)%e(polar:(F (x,n-2-w+7/3)) =1x/2 if x € Fand n € Z and |n - 204 < big_angle
polary - (az,n 2-m4+w/2)=1-x ifx € Fand n € Z and |r- 2" 7| < big_angle
E)%e(polar*( (x,n-2-w+2-7/3)) =—x/2ifx € Fand n € Z andyn- 2 - | < big-angle
Jm(polarc(F)(x n-2-1+5-7/6))=x/2 ifxeFandnec Zaud |n-2- 7| <big.angle
polarz(F)(x,n 2-m4m) = —=x if x € F and n €' Z-and |n-2- 7| < big-angle

The polar, )y operation:
polarypy : F' X F' — ¢(F') U {underflow, absolute_precision underflow}
polarypy(z,2) = result:(F)(polarZ‘(F)(x, z), nearesty)
if z, 2 € F and |z| < big_angle_rp
and x £ 0 and z # 0
= mulp(z, cosp(2)) +i-mulp(z, sinp(z))
otherwise

The polaru:( F) approximation helper‘function:
polarug p : (u: F) X Fx Ft&(C

127mz/u in C with maximum error

=

olaru:(F) (u,x, z) returns a close approximation to x - e
az_error_tanup(u) (interpreted as an error parameter for a complex floating point operatio

Further requirements‘on the polaru:’;( F) approximation helper function are:
polaru:(F) (u&m,z) = —polaru:(F) (u,x, z) ifu,z € F and z € F* and u # 0 and 1
polaru:(F)(u,m, —z) = conj(polaru:(F) (u,z,z)) fu,ze€ Fandze€ F*and u#0
polaru:(F)(—u,:n, z) = polaru:(F)(u,:v, —z) ifu,z € Fand z € F* and u # 0

polaruz(F)(u, xz,(n-u)+2z)= polaruz(F) (u,z,z) ifu,x € Fand z,(n-u)+ 2z € F* and
u#0andn € Z

Ny
rp
Ny
Yo
Ny
Yo
Ny

WV

polaru:(p) (u,2,0) =2z ifu,z € Fand u#0
3m(polaruz(F) (u,z,u/12)) = x/2 if u,z € Fand u# 0
i)%e(polaruz(F)(u, z,u/6)) = x/2 ifu,z € Fand u #0
polaru:(F)(u,:n,u/él) =1z if u,z € Fand u# 0
i)%e(polaruz(F)(u,x,u/B)) =—x/2 ifu,z € Fand u # 0

5.2.7 Operations for conversion from polar to Cartesian
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Jm(polaru:(F)(u,x, 5-u/12)) =x/2 ifu,x € Fand u#0
polaru:(F)(u,x,n-u/Q) =—z ifu,z € Fand u #0

The polarury operation:

polarugpy : F' X F' x F' — ¢(F) U {underflow, absolute_precision underflow, invalid }

polarue ) (u, T, 2)
= result? p (polaru:(F) (u,x, z),nearest )
ifue Gp and x,z € F and |z/u| < big_-angle_up
and z # 0 and z # 0

5.3 Elementary transcendental imaginary and complex floating. point opera

Cl

a1
in
ho

(w
if 4

Th

Th
pa

Th

.3.1 Operations for exponentiations and\logarithms

.3.1.1 Exponentijation of imaginary base to integer power

= mulp(z, cosup(u, z)) +i- mulp(z, sinup(u, z))
otherwise

NOTE - Gy is defined in part 2.

tions

@

use 5.3 of part 2 specifies a number of transcendental floating point opérations. In this claug
umber of transcendental imaginary and complex floating point operations are specified.

Several of the specifications below include relationships to specifications for operations specified
art 2. The requirements implied by these relationships and/the‘requirements from part 2 shaj
d even if none or only some of the mentioned operations@re included in an associated librar
hich may be the same library as for the complex operations) for real-valued operations or eve
here is no associated library for real-valued operations:.

—_

= <

ere shall be two maximum error parametérs for complex exponentiations and logarithms.

maz_error_expyry € F
mazx-error_powery gy € F

e max_error_erp.ry parameter shall have a value that is < 7. The max_error_power.g
ameter shall have a value-that is < 15.

—

e power;(py ; operation:
power gy 1I(F) x I — ¢(F) U {underflow, overflow, infinitary}
powerify, (1 ,y)

= rey(p) (1 ) +i- powerg (2, y)
if y € I and 4|(y + 3)

44

= negr(powerg (absp(x),y)) +1- 0

if y € I and 4|(y + 2)
= neger)(reir) (1 ) +1- powerg 1 (z,y))

ifyeland4|(y+1)
= powerg,(absp(x), y) +1- (—=0)

if y € I and 4]y
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5.3.1.2 Natural exponentiation

The exp;(r)_.(r) operation:
EXPi(F)—c(F) : i(F) — ¢(F) U {underflow, absolute_precision_underflow }
exPi(F)—c(F) (1Y)
= cosp(y) +i- sinp(y)

NOTE 1 — Some programming languages have the operation cis. cis(x) is efL’pi(F)*)C(F)(i‘x).

The e:cp:( ) approximation helper function:

exp:(F) :Cp—C

o)

N . . 5 . .
Po(F) (z) returns a close approximation to e® in C with maximum error Max-error_expyr) -

A further requirement on the e:cp:( ) approximation helper function is:

exp:(F)(conj(z)) = conj(exp:(F)(z)) if z€Cp
The relationships to the cos, siny, and exp}. approximation helper furletions for the copr,
sinr, and expr operations in an associated library for real-valued operations shall be:

expy g (1 y) = cosp(y) + (- sink(y)) ifyeF
e$p§(F) () = expp(x) freF

The exp.(r) operation:

erpe(ry : ¢(F) — c¢(F) U {underflow, overflow, abselyte _precision underflow}

expe(r) (@ +1-y) = result? p (expy p)(z + (1-y)), nearestr)
if z,9€ F and |y| < big_angle_rp
= expe(r) (0 +1- y) if-F= -0
- Conjc(F) (expc(F) (.Z' +i: 0))
if y=—0and x # -0
= mulp(0, cosp(y)).F1- mulp(0, sinp(y))
if 1 = —o0 and y € F and |y| < big_angle rp
= mulp(+oaskcosr(y)) +1- mulp(+o0, sinp(y))
if z =400 and y € F and |y| < big_angle_rp [and

y#0
= (400) +i- 0 ifr=4occandy € Fand y=0
=wadhqpy(r +1-y) otherwise

NOTES
2 radhe(gyS8specified in Clause [5.3.3.1

3 invalidi§ avoided here for the cases exp.(p)((4+00) +i- 0) and exp.(p)((+00) +i- (=0)).

§.3.1.3 . Complex exponentiation of argument base

=

'hepower®, ., helper function:
+ N

* .
POWET o (py FxF—-C
POWET Loy (7, z) returns a close approximation to x* in C with maximum error maz_error_powerp).

NOTE - 2z =(—-1-(—z))*=(-1)*-(—z)  =€e"™% - (—x)*if 2 <0

Further requirements on the power}HC( F) are:
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%e(power}‘,_}c(F) (x,2)) = jm(power}‘,_)c(F) (x,2))
ifr,ze Fandx <0and z—025€ Z
%e(power}‘,_}c(F) (x,2)) = —Jm(power;_)C(F) (x,2))
ifr,ze Fandx <0and z—0.75€ Z
The relationships to the powery., sinuj., and cosuy helper functions for the powerr, sinup,
and cosup operations in an associated library for real-valued operations shall be:

power*F_)C(F) (x, 2) = powery(z, z) ifex,ze Fandz > 0

power}_}C(F) (@, 2) = powerp(—x, 2) x,zetrandr <Uand z/2¢€ 2

power}‘,HC(F)( ) =1 powery,(—z, z) ifr,z€ Fand x <0and (z—0.5)/2¢€ Z

powery,_ . (x, 2) = —powery(—, 2) ifr,ze Fandz <0Oand (z—1)/2€ Z
)( ) = —1-powery,(—x,z) ifz,z€ Fandx <0and (2—1.5)/2€&Z

T,z
power}HC(F T,z
power}_}C(F)(—l, z) = cosu(2,z) + (1- sinuj (2, 2))

The powerp_,.(r) operation:

powerp_opy : F X F — c(F)U
{underflow, overflow, absolute_precision.underflow, infinitary, invalid }

bowerp .c(r) ((E, Z)
= result? p (power}_}C(F) (x,z), neat@str)
if x,z,eF and (z > 0 or
(<0 and |z/2| < big-angle_up))
0 ifp€e F and x > 0 and z € {—00,—0,4+00}
0 if t =400 and z € F U {—00,—0,+00}
T, Z)5C0surp (2, z)) +1- sinup(2, 2)
ifx € Fand x <0 and z € {—00,—0,4+00}
= mulp(powerp(hegr(x), z), cosup(2, z)) +1- sinup(2, z)
if z € {—00,—0} and z € {—00,—0,+00}
= mul po(p) (Powerr (negr (), 2), cosur (2, z) +i- sinup(2, 2))
if x € {—00,—0} and z € F and |z/2| < big_anjle_up
= absolute_precision_underflow(qNaN +i- gNalN)
ifx € Fand x <0 and z € F and |z/2| > big_qngle_up
= absolute_precision_underflow(qNaN +i- gNalN)
if x € {—00,—0} and z € F and |z/2| > big_anyle_up
= no_result2. ) (7, 2) otherwise

= powerp(x, z)
= powerp(x, z)
= mulp(powery(—

i
i

5.3.1.4_SComplex square root

Thie“sqrtp_..ry operation:

sqrtp_ep) + F — c(F)

sqrtp_ory(z) =041 sqrtp(negr(r)) if (x € F and z <0) or x € {—00,—0}
= sqrtp(z) +1- (—0) if (x € Fand x > 0) or x = 400
= no_resultypy(z +1- imp(x))
otherwise
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The sqrtjp)—(r) operation:
8qrti(py—c(r) : 1(F) — c(F)

5qrtip)—c(r) (1+ Y)
= sqricr(reyr (1 y) +1-y)
The sq'rtz( P) approximation helper function:

sqrtz(F) :Cp—C

sqrt:( F)(z) returns a close approximation to y/z in C with maximum error MAT_error_eTpe(r)-

Further requirements on the sqrt:( F) approximation helper function are:

Sqriy g )(COHJ( z)) = conj(sqrt:(F)(z)) if z€Cp

sqrt()() \/E ifre Fandx >0
sqrts py(x) = 1-v/—x ifre Fand x <0
Re(sqrig g (1 y)) = Jm(sqrtg(i-y)) ifyeFandy>0

The sqrit.r) operation:
sqrtgry s c(F) — c(F)
sqrte ) (v +i-y)
= resulti(F)(sqrtz(F) (x+ (1-y)),nearest )
ifx,ye F
sqrtry(0+i-y) if x =-0

conjo(py(8qrte(my(z +1-0))
if x @ F U{—00,400} and y = -0

= (400) +1i- (400) if @€ FU{—o00,+00} and y = +00
= (400) +1- 0 iz =+00andy € Fandy >0
= (400) +i- (—=0) ifr=4occandy e Fandy<0
= (400) +i: (—00) if v € FU{—00,400} and y = —o0
= 0+41i- (400) ifr=—ocoandy€ Fandy>0
=041 (—o0) ifx=—-oc0andye Fandy<0

= no_resultyyy(z +i-y) otherwise

NOTE - The inverse of complex square is multi-valued. The principal result is given by vb =
051 The \/~ fun¢tipn branch cuts at {z | € R and 2 < 0}. Thus sqrt.r)(z +i- 0) #
sqrtepy (@ +1- (=0)) when = < 0.

q.3.1.5 Naturallogarithm

=

he Inp_¢(p)-operation:
Ingf(py : F' — c(F) U {infinitary}

IRp_c(r) () = Inp(absp(x)) +1- arcp(z,imp(z))
NOTE 1 — The arcp (and similarly areng) operation as specified in Clanse 5.3 8 15 of the

first edition (issued in 2001) of part 2 has a minor flaw as noted in Annex [F| of this document.
The In;py_r) operation:

Ini(py—e(r) * 1(F) — c(F) U {infinitary }

Iny(py—e(r) (I y) = Inp(absp(y)) +i- arce(rey ) (i y), y)

The ln:( P approximation helper function:

5.3.1 Operations for exponentiations and logarithms
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lnz( F) - Cr—2C
lnz( F)(z) returns a close approximation to In(z) in C with maximum error max_error_exp.r) in
the real part.

NOTE 2 — Since the imaginary part of the result of in. ) (z+1-y) is arcr(z, y), the maximum
error in the imaginary part is max_error_tang. Thus max_error_exp. r) reflects the maximum
error in the real part of the result.

A further requirement on the lnz( F) approximation helper function is:

Ing ) (conj(2)) = conj(Ing ) (2)) if z€Cp

The relationships to the arcy and Iny, approximation helper functions for the arcr and (np
op¢rations in an associated library for real-valued operations shall be:

Jm(ln:(F)(x + ([ y))) = arcq(z,y) ifr,yec Fandax+ (1-y) #0
%e(ln:(F)(a:)) = In}(|z|) ifxe Fandx #0
Re(Inf (1)) = Inj(ly]) if ye Fandy#0

The lnfz ) Tange limitation helper function (for z € Cr):

lnf(F)(z) = i)‘ie(ln:(F)(z)) + (1- max{upp(—7), min{ﬁm(ln:(F)(z)), downp(—7m/2)}}
if Re(z) < 0 and Jnifz) < 0
= ‘ﬁe(ln:(F)(z)) + (1- max{upr(—7/2), min{ﬁm(ln:(F)(z)), downp(m/2)}}
if Re(2) >0
= %e(ln:(F)(z)) + (1 max{upr(7/2); min{jm(ln:(F)(z)), downp(m)}})
if Re(2):x 0 and Im(z) >0

The In.p) operation:
Ingry : c(F) — c(F) U {infinitary}

Ing(p)(x+1-y) = result] (lnﬁF)(x +@- y)), nearestr)
ifz,y€ Fand (z #0ory#0)
= infinitary((—=cc) +i- arcp(x,y))
ifx €{-0,0} and y =0
= conje(p) (INe(r) (z +1-0))
if y=-0
= Inp(y) +i- upp(r/2) ifx=—-0and ((y € F and y > 0) or y = +00)
=Ing(negr(y)) +i- downp(—m/2)
ifzr=—0and ((y € F and y < 0) or y = —00)
= (400) +i- arcp(z,y) if v € {—00,+00} and y € F' U {—00,+00}
= (400) +i- arcp(z,y) ifz € F andy € {—oo0,+00}
= no_result,py(z +i-y) otherwise
NOEES

34_The inverse of natural exponentiation is multi-valued: the imaginary part may have any
integer multiple of 2-7 added to it, and the result is also in the solution set. The In function
(returning the principal value for the inverse) branch cuts at {z | * € R and z < 0}, is
continuous on the rest of C, and In(z) € R if z € R and x > 0. Thus Inyp(z +i-0) #
Ing(py(x +1- (=0)) when x < 0.

4 reqry(Inepy(z +1- y)) = Inp(hypotp(x,y)) and ime gy (Ingry(r +1-y)) = arcp(x,y) when
there is no notification (if the specification of arcp is corrected as noted in Clause |5.2.5)).
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5.3.2 Operations for radian trigonometric elementary functions

There shall be two maximum error parameters for complex trigonometric operations.

max_error_sing gy € F
maz_error_tanq gy € F

The max_error_sin. ) parameter shall have a value that is < 11. The maz_error_tan,

parameter shall have a value that is < 14.

(F)

§-372- T Radianm angte mormatisation

rady gy 1 i(F) — i(F)
rady ) (i+ y) =iy

radepy : ¢(F) — ¢(F) U {underflow, absolute precision underflow }

radypy(r +i-y) = radp(x) +i-y

§.3.2.2 Radian sine

=

'he sin;py operation:
sinypy 1 i(F) — i(F) U {overflow }
singpy(iry) =1 sinhp(y)
The sin:( F) approximation helper function:

SinZ(F) :Cp—C

Further requirements on the sz’n:( F) approximation helper function are:
SINg (conj(z)) = conj(sin:(F) £)) if z€Cp
sinz(F)(—z) = —sin:(F)(z) if zeCp

The relationships to the s}, and sinh}, approximation helper functions for sing and sinj

dperations in an associated-library for real-valued operations shall be:
sinz(F)(x) = sinp (1) ifreF
sing p (1 y)=7- sinhjp(y) ifyeF

The sin pyoperation:
singwy: c¢(F) — c¢(F') U {underflow, overflow, absolute precision underflow}

sy (v +1-y) = result:(F)(sinz(F)(x + (1-y)),nearestr)
if z,y € F and |z| < big-angle_rp

e F)(z) returns a close approximation tosin(z) in € with maximum error max_error_sineg)-.

~

hr

— cong e (sin (241 0))
JT(T) T < 7
if y=-0
= nege(r) (8ine(r) (0 +1- negr(y)))
ifx=—0and y # -0
= mulp(sinpg(z),400) +1- mulp(cosp(x),y)
if x ¢ {—0,0} and y € {—00,400}
=041y if x=0and y € {—o0,+00}
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= radypy (v +i- y) otherwise

5.3.2.3 Radian cosine

The cos;(r) operation:
cosy(p) : i(F) — F U {overflow}
cosypy(i-y) = coshp(y)

The cos? ., approximation helper function:

cos:(F) :Cp—C
code( F)(z) returns a close approximation to cos(z) in C with maximum error max_error i)
Further requirements on the cos:( F) approximation helper function are:
€Oy (conj(z)) = conj(cosy p (2)) if zeCp
cos:(F)(fz) = cos:(F)(z) it zeCp
The relationships to the cos}. and cosh}, approximation helper functignsfor cosp and coshp
op¢rations in an associated library for real-valued operations shall be:
oSy (x) = cosp(x) iteeF
€Oy (i-y) = coshi.(y) ityeF
The cos.(r) operation:
cosq(r) : ¢(F) — ¢(F) U {underflow, overflow, absolute precision underflow}
cosq(py(z +1-y) = resulty p (cosz(F) (x4 (-y)),nearestr)
ifs,y € F and |x| < big_angle_rp
= conj(py(cose(r) (z +i- Q)
if y=-0
= cos¢(py (0 +i- neggly)) if v =—0and y # -0
= mulp(cosp(x)y400) +1- mulp(sing(z), negr(y))
if v ¢ {—0,0} and y € {—o00,+00}
= (400) +i- divp(—1,y) if x =0 and y € {—o00,+00}
= radgy@gy(w +i- y) otherwise

5.3.2.4 Radian tangent

Thie tan;r) operation:
tan; gy +i{F) — i(F)
tan;wyd- y) = 1- tanhp(y)

The tcm:( F) approximation helper function:

tan®* Crn L
c(£) B

tcm:( F)(z) returns a close approximation to tan(z) in C with maximum error max_error_tang(g).

Further requirements on the tan:( ) approximation helper function are:

tan:(F) (Conj(z)) = conj (tan:(F) (Z)> if z€eCp
tang ) (=z) = —tang ) (2) if > € Cp
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The relationships to the tan}. and tanh? approximation helper functions for tang and tanhp
operations in an associated library for real-valued operations shall be:

tang p (x) = tany(x) ifeeF
tang (i-y) =1-tanh}(y) ifyeF
The tan. r) operation:

tangry : ¢(F) — c¢(F) U {underflow, overflow, absolute precision underflow}

tanc(p)(z +i-y) = resulty p (tany g (z + (1-y)), nearestr)

ifrye F and !"/‘! big angle rp
= conj (g (tane(p)(z +i- 0))
ify=-0

= negr(tane ) (0 +i- negr(y)))

if x=—0and y # —0
= mulp(tanp(x),0) +i- signump(y)

if x # —0 and y € {—o00,+00}
= rady ) (7 +1-y) otherwise

§.3.2.5 Radian cotangent

-

'he cot; ) operation:
cotypy : i(F) — i(F) U {overflow, infinitary }
coty(r)(1- y) =1 negr(cothr(y))
The cot:( F) approximation helper function:

cotZ(F) :Cp—C

Q

OLe( F)(z) returns a close approximation to€6t(z) in C with maximum error max_error_tang.
Further requirements on the cot:( F) dpproximation helper function are:
cotZ(F)(conj(z)) = conj(coti(F)(z)) if z € Cp
cot:(F)(—z) = —cotz(F)(z) if zeCp

The relationships to the<at}. and coth}, approximation helper functions for cotr and cotlhp

dperations in an associatedJibrary for real-valued operations shall be:
coty ) () = cotlp () ifreF
Cotl oy (T+ y) =21 cothia(y) ifyeF

The cot. gy operation:
cotgm)¢(F) — c(F) U {underflow, overflow, infinitary, absolute_precision underflow}

cotgrr)(z +i-y) = result:(F)(cot:(F) (x+ (1-y)),nearestr)
if z,y € F and |z| < big_angle_rp and
(x£0o0ry#0)

= infinitary((4+00) +i- (—00))
ifr=0andy=0

= conjo(py(cote(r)(z +1-0))
ify=-0

= negr (cote(p) (0 +1 negr(y)))
ifx=—0and y # -0
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= mulp(tanrp(x),0) +i- negr (signump(y))
if x #—0 and y € {—00,400}
= radepy (v +i- y) otherwise

NOTE - The reference to tanp (instead of cotg) for the case when x is different from —0
and y is an infinity, is in order to avoid invalid for cot.(r).

5.3.2.6 Radian secant

The sec; y operation:

seci(py : i(F) — F U {underflow}

seci(py (1 y) = sechp(y)
The secz( P approximation helper function:
sec:(F) :Cp—C
se(j( F)(z) returns a close approximation to sec(z) in C with maximum errormaz_error_tang F)
Further requirements on the secz( P) approximation helper function are:
SECq oy (conj(z)) = conj(secz(F)(z)) it zeCp
sec:(F)(—z) = sec:(F)(z) if zeCp
The relationships to the secy and sech? approximation helper functions for secr and sechf
op¢rations in an associated library for real-valued operationgishall be:
SECq oy (x) = secy(x) itex e F
SECq(ry (1-y) = sech}(y) ify e F
The sec.r) operation:
sece(r) 1 ¢(F) — ¢(F) U {underflow, overflow, absolute precision underflow}
sece(p) (v +iy) = result? p (secy m(w + (1-y)), nearestp)
if z,y € F and |z| < big_angle_rp
= conj gy (secorry (z +i- 0))
ify=-0
= secoiyl0 +i- negr(y)) if v =—0and y # -0
= muly(cosp(z),0) +i- divp(sinp(z),y)
if x #—0 and y € {—00,400}
= radepy (v +i- y) otherwise

5.3.2.7 Radian cosecant

The cscgpoperation:

csci(py »1(F) — i(F) U {underflow, overflow, infinitary}

CSCi(F) (1Y) =1-negr(cschrly))

The csc:( F) approximation helper function:
cscz(F) :Crp—C
cscz( F)(z) returns a close approximation to csc(z) in C with maximum error max_error_tane p.

Further requirements on the cscz( ) approximation helper function are:
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CSCZ(F) (conj(z)) = conj (CSCZ(F)(Z)) if zeCp
CSC:(F)(_Z) = _Cscz(p)(z) if zeCp

The relationships to the cscy and csch approximation helper functions for cscr and cschp

operations in an associated library for real-valued operations shall be:
csc:(F)(a:) = cscp () ifeeF
cscz(F)(i ~y) = —1-cschi(y) ifyeF

The cscq(py operation:

cscopy (T +Hiry) = result:(F)(csc:(F) (x+ (1-y)),nearestr)
if z,y € F and |z| < big_angle_rp and
(2 # 0 or y #0)
= infinitary((4+00) +i- (—00))
ifr=0andy=0
= conjo(py(cscery(z +i-0))
if y=-0
= negp(csce(r) (0 +i- negr(y)))
if xt =—0 and y A2#=0
= mulp(sinp(x),0) +1- divp(cosp(z), negr(y))
if x # —0 and y'e {—o00,+00}
= rady ) (r +1-y) otherwise

§5.3.2.8 Radian arc sine

-

'he arcsing () operation:
arcsing_o(r) : F' — c(F U {-0})
arcsing_q(r)(r) = upp(—m/2) +ixarccoshp(negr(x))
if (x€ Fand x < —1) or x = —00
= arcsinp(r)+i- mulp(—0,x)
if (x € Fand x| <1) orz=-0
= doamyy (7/2) +1- negr(arccoshp(x))
if (x € Fand x > 1) or x = 400
= noresultp_qr)(z) otherwise

The arcsin;p)-Operation:
aresingNA(E) — i(F)
arcsivy i) (i-y) =1 aresinhp(y)

The arcsin’c‘( F) approximation helper function:

arcsinZ(F) :Cp—C

CSCopmy c(F) — c(F) U {underflow, overflow, infinitary absolute precision underflow}

arcsin:( P () returns a close approximation to arcsin(z) in C with maximum error maz_error_singp).

Further requirements on the arcsin:( P) approximation helper function are:

arcsing p, (conj(z)) = conj(arcsinz(F)(z)) if z € Cp and (|Re(z)| <1 or IJm(z) #0)
arcsinz(F)(—z) = —arcsinz(p)(z) if z € Cr and (|Re(z)| < 1 or IJm(z) #0)
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The relationships to the arcsiny, arcsinh¥,, and arccosh}. approximation helper functions for
arcsing, arcsinhp, and arccoshp operations in an associated library for real-valued operations
shall be:

arcsing g (x) = (—7/2) 4+ (- arccosh},(—x))
ifre Fand z < —1

arcsing p) (x) = arcsinj(x) ifze Fand |z| <1
arcsing p, () = (n/2) + (- arccosh}y(z)) if x € Fand x > 1
arcsing g (i-y) =1-arcsinh}(y) ifye F

The arcsinc( ) range limitation helper function:

c(F)
The arcsingr) operation:
arcsing gy : ¢(F) — ¢(F) U {underflow}
arcsing gy(z +i- y)
= result? p (arcsinﬁF)(x + (1-y)),nearestr)
ifex,ye F
= nege(r)(arcsing ) (0 +1- negr(y))
ifx=-0
= conjo(py(arcsing gy (z +1-0))
if y=—0 and)x # -0
= arcp(absp(y), z) +1- mul p(signunie (y), +00)
if (z &{>00,4+00} and y € F'U {—00,+00}) or
(y& {—00,4+00} and = € F)
= no_resultypy(z +1-y) otherwise

NOTE - The inverse of sin is multi-valuéd, the real part may have any integer multiple
of 2 - 7w added to it, and the result is_also in the solution set. The arcsin function (re-
turning the principal value for the inverse) branch cuts at {z | z € R and |z| > 1}. Thus
arcsing py(x +i- 0) # arcsingpy(xz +1(—0)) when |z| > 1.

5.3.2.9 Radian arc cosine

The arccosp_.o(r) operatiom
arccosp_o(r) : Fs~ ¢(F U {-0})
arccos p_o(py{@) = downp(m) +i- negr (arccoshp(negr(x)))
if (x€ Fand x < —1) or x = —00
= arccosp(x) +i- (—0)
if (x € Fand x| <1)orz=-0
= 0+i: arccoshp(x) if (x € Fand x > 1) or x = 400
= no_result p_c(p) () otherwise

The arccosip)_(r) operation:
arccosi(py—e(r) : 1(F) — c(F)

arccosi(py—q(r) (1 y)
= upp(m/2) +i- negr(arcsinhr(y))
if (ye Fandy <0)orye {—o0,—0}
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= downp(m/2) +i- negr(arcsinhp(y))
if (ye Fandy >0) or y =+00
= no_resulty ) _o(py (1 y) otherwise

The arccos*( P) approximation helper function:

arccos® o(F) ° :Cp—C

arccosy F)( z) returns a close approximation to arccos(z) in C with maximum error maz_error_sing(r).

Further requirements on the arccos:( F) approximation helper function are:

arccosg(F)\conj\ = conj\arccos;(F)\ itz ety amd (R < Tor Jmiz) = 0)
3m(arccos$(F)(—z)) = —jm(arccos:(F)(z)) if z € Cp and (|Re(z)| <1 or IJm(z) #0)
The relationships to the arccosy, arccoshy,, and arcsinh}, approximation helper functions

arecosyg, arccoshp, and arcsinhp operations in an associated library for real-valued-operati
shall be:

arccos’ )(x) — (i-arccosh(—z)) ifrx e Fandaz < -1
arccosy g (x) = chosF(x) ifx € Fand|z|] <1
arccosy p (x) = —(- arccosh}.(x)) ifre Fanda >1
arccos’ )( y) = (1/2) — (1-arcsinhj(y))if y € F

The arccosfi ) range limitation helper function:

if Re(£).< 0
= min{iﬁe(arccos:(m(z)), downp(m/2)} + (1- Jm(arccos:(F)(z)))
ifRe(z) >0
The arccos.(r) operation:
arccosq(py : ¢(F) — c(F'U{-0})

arccosq(py(r +1- y)
= result:(F)(arccosffF) (x4 (-y)),nearestr)
if x,y € Fand (y # 0 or |z| > 1)
= arceosp(zr) +i- (—0) ifze Fandy=0and |z|<1
= upp(7/2) +1- negr(arcsinhp(y))
ifx=-0
= conjo(py(arccosq gy (z +1-0))
ify=—0and z # —0
= arcp(z,y) +1- (—o0)  if x € {—00,400} and
((y € Fand y > 0) or y = +00)
= arcp(z,negr(y)) +1- (+00)
if z € {—o00,4+00} and
((ye Fand y <0) or y =—00)

arccosﬁF)(z) = max{upp(7/2), min{iﬁe(arccosz(m (2)),downp(m)}} + (1- Im(arccos;

=TOTesUt;()(T +1° JJ OUIerwise

NOTE - The inverse of cos is multi-valued, the real part may have any integer multiple
of 2 -7 added to it, and the result is also in the solution set. The arccos function (re-
turning the principal value for the inverse) branch cuts at {z | x € R and || > 1}. Thus
arccosq(py(z +i- 0) # arccos.py(x +1- (—0)) when |z| > 1.

5.3.2 Operations for radian trigonometric elementary functions

for
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5.3.2.10 Radian arc tangent

The arctan;py operation:
arctany gy : i(F) — i(F') U {infinitary, invalid }
arctan;py(i-y) =1-arctanhp(y)
The arctan;(py—c(r) operation:
arctan;(py_c(r) : i(F) — c(F U {-0}) U {infinitary}
arctany gy ey (i- y)
= upp(—7/2) +i- arccothp(y)
if(ye Fandy < —1) or y =—00
= mulp(0,y) +i- arctanhr(y)
if (ye Fand |y]<1)ory=-0
= downp(mw/2) +i- arccothp(y)
if(ye Fandy>1) or y =4pe
= no_resulty py_o(ry(1+ y) otherwise

The arctanz( F) approximation helper function:
arctan:’;(F) :Cp—C

argtang p (2) returns a close approximation to arctan(z) in C with maximum error maz_error_tan, ).
Further requirements on the a'rctan:( P) approximation helper function are:

arctang g, (conj(z)) = conj (arctanz(p)(z)) it z € Cg

arctan:(F)(—z) = —arctang p (2) if z € €r and (Re(z) < 1 or Im(z) # 0)

The relationships to the arctan},, arctanh},, and\arccothy, approximation helper functions fq

arftanp, arctanhp, and arccothp operations intan associated library for real-valued operatior
shall be:

n =

arctang g () = arctany:(x) iteeF
arctany p (1-y) =1-arctanhi(y) ifye Fand |yl <1
arctang g (1-y)) = (7/2) + (-arccoth}.(y))

ifye Fand |yl >1

The arctanﬁ F) range limitation helper function:

arctanjEF)(z) =amax{upp(—7/2), min{Re(arctany ) (2)), downp(w/2)}} + (1~ Im(arctanyp (2)))
The arctan, gy opération:
arctangfy+=¢(F) — c¢(F) U {underflow, infinitary}
arctafig ) (r +1- y)
= result] (arctanjtp)(a: + (1-y)),nearestr)
ifx,y € Fand (x #0or |y| #1)
—infinitary (0= (g, o))
ifr=0andye {-1,1}
= nege(r)(arctane p) (0 +1- negr(y)))
ife=-0
= conjC(F)(arctanC(F) (x+1-0))
if y=—0 and x # —0
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= mulp(signump(x), downp(r/2)) +1- mulp(signump(y),0)

if (z € {—o00,+00} and y € F'U {—00,+00}) or

(x € Fand y € {—00,400})
= no_resultypy(z +i-y)  otherwise

NOTE - The inverse of tan is multi-valued, the real part may have any integer multiple of 2-7
(even any integer multiple of ) added to it, and the result is also in the solution set. The arctan
function (returning the principal value for the inverse) branch cuts at {i-y | y € F and |y| > 1}.
Thus arctancpy (0 +1- y) # arctane ) ((—=0) +i- y) when [y| > 1.

§.3.2.11 Radian arc cotangent

The arccotypy operation:
arccoty gy : i(F) — i(F) U {underflow, infinitary, invalid }
arccoty gy (i-y) = i arccothp(negr(y))
The arccotypy_o(r) operation:
arccoty py—o(r) : i(F) — ¢(F) U {underflow, infinitary }
arccotpye(r) (i y)
= mulr(signump(y),0) +1- arccothr(nege (y))
if ye Fand,|y{ > 1 or y € {—00,400}
= upp(—m/2) +i- arctanhr(y)
if (y € Fanld —1 <yandy <0)ory=-0
= downp(n/2) +i- arctanhp(y)
ifyeFand 0<yandy<1
= no_resultpy_o(r)y(1- y) ‘Otherwise

The arccot:( F) approximation helper function:
arccot:(F) :Crp—C
rccot:( P (z) returns a close approximation to arccot(z) in C with maximum error max_error_ta
Further requirements on the arccotz( P approximation helper function are:
arccoty (conj(z)) = conj(arccot:(F)(z)) if z € Cp and (MRe(z) # 0 or |Jm(2)| > 1)
arccot:(F)(—z) = —arccoty (2) if z € Cp and (Re(z) # 0 or |Jm(z)| > 1)
%e(arccot:(F)(T-y)) =m/2 ifye Fand |y <1

The relationships-to the arccot},, arccoth},, and arctanh}, approximation helper functions
rccotp, arccothyy and arctanhp operations in an associated library for real-valued operati
shall be:

=)

arcEQly gy (x) = arccot}.(x) ifeeF
arecoty (i-y) =1-arccoth},(—y) ifye F and |y| > 1
arccoty (i-y)=(—7m/2)+ (1 arctanhi.(y))

Ly et and Jy| <1

The arccotz%( ) range limitation helper function:

o(F)-

for
ns

arccotﬁp)(z) = max{upp(—7/2), min{Re(arccoty ) (2)), downp(m/2)}} + (I- Im(arccoty 1 (2)))

The arccot(r) operation:

5.3.2 Operations for radian trigonometric elementary functions
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arccote gy : ¢(F) — ¢(F U {=0}) U {underflow, infinitary }
arccote gy (z +1- y)
= result’, . (arccot® . (z + (1-v)), nearestr)
(F) c(F) Y))s F
ifr,y€ Fand (J[yl#1lorx#0)and y#0
= arccotp(z) +i- (—0) if x € FU{—00,—0,400} and y =0
= nege(r)(arccote(py (0 +1- negr(y)))

ifx=-0
= conjo(py(arccoty py(z +i-0))
H4—=—0-snd-x~<=—0

= mulp(signump(z),0) +i- mulp(signump(y),0)
if (x € {—o00,+00} and y € F U {—00,+00}) or
(x € F and y € {—00,+00})
= infinitary (0 +i- mulp(y, —00))
ifr=0and ye {-1,1}
= no_result,py(z +i-y) otherwise
NOTE — The inverse of cot is multi-valued, the real part may have any integer inultiple of 2-7
(even any integer multiple of 7) added to it, and the result is also in the soluitieh set. The arccot
function (returning the principal value for the inverse) branch cuts at {14y )y € R and |y| < 1}.
Thus arccotpy (0 +1- y) # arccote ) ((—0) +i- y) when |y| < 1 or y'=+0.

5.3.2.12 Radian arc secant

The arcsecp_o(r) operation:
arcsecp_q(py : ' — ¢(F'U{—0}) U {underflow;,infinitary }
arcsecp_(py(v) = arcsecp(z) +1- mulp (signump(x),—0)
if (x € Fand x| > 1) or z € {—00,+400}
= 0 +1- negr(arcsechp(x))
if(re Fand -1<z<0)orz=-0

= downp(m) ¥ikarcsechp(negr(x))
freFand0<z<1
= no_resbltp_c(r) () otherwise
The arcsecpy_.o(r) opgration:
arcseci(py—c(r) - (B) — ¢(F) U {underflow, infinitary }
arCSeci(Fy—c(F) (1*y)
= downp(m/2) +i- arccschp(y)
if (ye Fandy <0)orye {—o0,—0}
= upp(m/2) +1- arceschp(y)
if (y e Fand y>0) or y =400
= no_resulty py_c(r) (i y) otherwise

The arcsecz( ) APPrOXIIAtION TeIper TUnCtion:
* .
arcsecy py : Cr—2C
arcsecy p (z) returns a close approximation to arcsec(z) in C with maximum error max_error_tang ).

Further requirements on the arcsec;‘( F) approximation helper function are:

arcsecz(F)(conj(z)) = conj(arcsecz(F)(z)) if z € Cr and (Jm(z) # 0 or |Re(z)| > 1
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The relationships to the arcsecy, arcsech},, and arccsch}. approximation helper functions for
arcsecg, arcsechp, and arccschp operations in an associated library for real-valued operations
shall be:

arcsecy p (x) = arcsecy(x) ifz € Fand |z| >1
arcsecy (x) = —1- arcsech}(x) ifreF)and |z <1land z#0
arcsecy (i-y) = (n/2)+ (1-arceschi(y))if y € F
The arcsecz%( ) range limitation helper function:
# Lo £ » V4 * TN L= JONY 1 (3 o * JARN
S o) T e @R ESEe {2 oW R (77 =)+ (T I esee mmteh)

if Re(2) = 0
= max{upp(7/2), min{%e(arcsecz(},)(z)), downp(m)}} + (- Im(aresec: F)(z)))
if Re(z) <0
The arcsec () operation:
arcsecypy : ¢(F) — c¢(F) U {underflow, infinitary}

arcsecypy (v +i-y)
= result:(F)(arcsecﬁF) (x4 (-y)),nearestr)
if z,y € F and (2G50 or y # 0)
= infinitary (down(mr/2) +i- (+00))
if y=0andx =0
= arcsece(py (0 +i- negr(y))
it r =50
= conjo(py(arcsecepy(z +i- 0))
itf=—0and =z # -0
= mulp(signump(x), downp(r/2)) +1- mulp(signump(y), 0)
if (z € {—o00,4+00} and y € F'U {—00,+00}) pr
(y € {—00,400} and = € F)
= no_result.p)(2F1-y) otherwise
NOTE - The inverse of sec isimulti-valued, the real part may have any integer multiple
of 2 -7 added to it, and the_tresult is also in the solution set. The arcsec function (re-

turning the principal value for the inverse) branch cuts at {z | + € R and || < 1}. Thus
arcsecq(py(x +i- 0) # aresécepy(z +i- (=0)) when [z| < 1 or = —0.

§.3.2.13 Radiansare cosecant

=

'he arcescp_p) operation:
arccsép=q(ry - F' — ¢(F U {=0}) U {underflow, infinitary}
areestr_q(r)(z) = arccscp(x) +1- mulp(signump (), 0)
if (zx € Fand |z| > 1) or z € {—00,+00}
= upp(—m/2) +1- negr(arcsechp(negr(x)))
if (e Fand -1 <2 <0)orz=-0
= downp(mw/2) +i- arcsechp(z)
fzeFand0<z<1
= no_resultp_q(p)(z) otherwise

The arccseyyy operation:
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arcescipy + i(F) — i(F) U {underflow, infinitary }
arcescipy(1-y) = 1-arceschp(negr(y))
The arccscl‘( F) approximation helper function:
arccsc:(F) :Cp—C
arcescy () returns a close approximation to arccsc(z) in C with maximum error max_error tangp.
Further requirements on the a'rccscz( F) approximation helper function are:
arcesct - (conj(z)) = conj(arcesct ;. (2)) if z € Cr and (Jm(z) # 0 or [Re(z)| > 0)
arccsc:(F)(—z) = —arccsc:(F)(z) if z € Cp and (Om(z) # 0 or |Re(z)| = 0)

The relationships to the arccscy, arccschy,, and arcsecy approximation helper functiens fg

ar¢cscp, arccschp, and arcsecp operations in an associated library for real-valued operatior
shall be:

n =

arccsc:(F)(a:) = arccscy(z) ifre Fand|z|>1
arccsc:(F)(:U) = (7/2) + (1-arcsecy(x)) ifx € F and |z| <1
arcescy p (i-y) =1-arceschi(—y) ityeF

The arccscﬁ F) Tange limitation helper function:

arccscfEF)(z) = max{upp(—m/2), min{ﬁ‘ie(arccscz(F)(z)), downp(m/2)}} + (- jm(arccsci(r)(z)))
The arccscyry operation:
arcesce(py 2 ¢(F) — ¢(F U {-0}) U {underflow, infinitary }
arcesce(py (o +i- y)
= result? p (arccscfEF) (x +41<9)), nearestr)
ifr,ye Fand (y#0or0<|z|<1)
= arccscp(z) +1- (—0) \Dif v € Fand y =0 and |z| > 1
= infinitary (0 +1i: (<00))
ifr=0and y=0
= nege(r)(arcesel(ry (0 +i- negr(y)))
ifx=-0
= conjgpylarcescepy(z +1-0))
if y=—0 and x # —0
=mulp(signump(x),0) +1- mulp(signump(y), —0)
if (x € {—00,+00} and y € F U {—00,+00}) or
y € {—o00,+00} and z € F
= no_result. g (v +1- y) otherwise
NOTE- %~ The inverse of csc is multi-valued, the real part may have any integer multiple
of 2 x\w/added to it, and the result is also in the solution set. The arccsc function (re-

tutning the principal value for the inverse) branch cuts at {x | + € R and |z| < 1}. Thus
arcescopy(x 41 0) # arcesce(py(z +i- (—0)) when |z| < 1 or 2 = —0.

5.3.3 Operations for hyperbolic elementary functions

NOTE - The correspondences specified below to other ISO/IEC 10967 operations are exact,
not approximate.
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5.3.3.1 Hyperbolic normalisation
radhp : FF — F

radhp(x) ==z

radh; gy : i(F) — i(F') U {underflow, absolute precision_underflow }

radhipy(i-y)  =1-radp(y)

radhe(py = ¢(£’) — c(£) U{underflow, absolute_precision_undertiow ;

radhC(F) (1’ +1- y)
=z 41 radr(y)

§.3.3.2 Hyperbolic sine

The sinh;py operation:
sinhipy 1 i(F) — i(F") U {underflow, absolute_precision underflow }
sinhypy(i-y) =1 sinp(y)

The sinhgr) operation:
sinhe(py : ¢(F) — ¢(F) U {underflow, overflow, absolute_precision underflow }

sinhepy(z +1- y)
= itimesq(p)(sine m)(y +i- negr(r)))

§.3.3.3 Hyperbolic cosine

The cosh;ry operation:
coshipy : i(F) — F'U {underflow, absolute_precision underflow}
coshypy(iry) = cosp(y)
The coshpy operation:
coshe(py 1 ¢(F) — ¢fF)U {underflow, overflow, absolute _precision underflow}

coshe(p (41 y)
= cosq(p)(y +1- negr(x))

§.3.3.4 Hyperbolic tangent

=]

'he taquh;r) operation:

tanhipy : i(F) — i(F') U {underflow, overflow, absolute precision underflow}
tanhyp)(-y)  =1-tanp(y)

The tanh.py operation:
tanhepy : ¢(F) — ¢(F) U {underflow, overflow, absolute_precision underflow }

tanhep) (x 41 y)
= itimesc(F) (tanc(F) (y +1- negp (ZE)))

5.3.8 Operations for hyperbolic elementary functions
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5.3.3.5 Hyperbolic cotangent

The coth; )y operation:

cothipy : i(F) — i(F') U {underflow, overflow, infinitary, absolute_precision underflow }

cothi gy (1- y) =1 cotp(negr(y))

The cothpy operation:

cothe(py : ¢(F) — ¢(F) U {underflow, overflow, infinitary, absolute_precision_underflow}

coth. gy (x +1- y)

Th

Th

Th

.3.3.6 Hyperbolic secant

e sechip) operation:

The sechr) operation:

.3.3.7 Hyperbolic cosecant

e cschip) operation:

The csche(r) operation:

.3.3.8 Inverse hyperbolic sine

e arcsinh;gfoperation:

= itimes.(p)(cotepy(negr(y) +1- x))

sechyy : i(F) — F' U {overflow, absolute precision_underflow }

sechipy(1-y) = secp(negr(y))

sechy(py 1 ¢(F) — ¢(F) U {underflow, overflow, absolute precision underflow }

sechq(py(z +1-y)
= sece(ry(negr(y) +1- x)

cschypy : 1(F) — i(F) U {overflow, infinitary, absolute_precision_underflow }

cschypy(i-y) =1 cscr(negr(y))

cschepy @ ¢(F) — ¢(F) U {underflow, overflow, infinitary, absolute precision underflow}

csche(py(z +i-y)
= itimiese(p)(csce ) (negr(y) +i- x))

arcsiobipy : 1(F) — i(F) U {invalid}

aresinh; gy (1-y) = 1- arcsing(y)
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The arcsinhiypy oqey operation:

arcsinhipye(p)  1(F) — c(F)

arcesinhipy_q(r) (1 y)
= itimes;(r) (arcsinp_w(F) (y)

The arcsinhe gy operation:
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arcsinhgpy : ¢(F) — c¢(F) U {underflow}

arcsinhgpy(z +i-y)

= itimes(p)(arcsingpy(y +1- negr(z)))
NOTE - The inverse of sinh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7w added to it, and the result is also in the solution set. The arcsinh function
(returning the principal value for the inverse) branch cuts at {i-y | y € R and |y| > 1}. Thus
arcsinhepy (0 +1- y) # arcsinhepy (=0 +1-y) when |y > 1.

339 Inverse hvpoerbolic cosine
D i

The arccoshp_.(r) operation:
arccoshp_o(py : F'— c(F'U{—0})
arccoshp_q(p) ()
= itimes(p)(arccosp_q(r)(T))
if (x € F and x < 0) or x,€ {*~00,—0}
= nege(r) (itimescpy(arccosp () ()))
otherwise
The arccoshi(py_.c(r) operation:
arccoshi py—c(ry * 1I(F) — c(F)
arccoshy()—(r) i+ )
= itimes(p)(arccosi(py—qr) (I Y
if (y&>F and y > 0) or y = 400
= nege(r) (itimescp) (arccosiip) —cr) (i y)))
otherwise
The arccosh,(ry operation:
arccoshqpy : ¢(F) — c(F)
arccoshqpy(z +i- y)
= itimes.(g)farccos.py(x +i- y))
if (y € Fand y > 0) or y = 400
= negecr) (itimesepy(arccos. ) (T +1-y)))
otherwise

NOTE - The inverse of cosh is multi-valued, the imaginary part may have any integer
multiple of 2.:\q-added to it, and the result is also in the solution set. The arccosh function
(returning the/principal value for the inverse) branch cuts at {z | € R and < 1}. Thus
arccoshgpy(r +i- 0) # arccoshe(py (v +i- (=0)) when z < 1 or x = —0.

§.3.3.10." Inverse hyperbolic tangent

Thearctanhp_,..y operation:

arctanhp_o(py : F' — c¢(F U {=0}) U {underflow, infinitary}
arctanhp_.(p) ()
= i arctanypy—q(r) (- negr(r))
The arctanh; ) operation:

arctanhypy - i(F) — i(F)

5.3.83 Operations for hyperbolic elementary functions
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arctanh; gy (i- y) = 1- arctanp(y)
The arctanh ) operation:
arctanhepy : ¢(F) — ¢(F) U {underflow, infinitary }
arctanhepy(z +1- y)
= itimes.(p)(arctane gy (y +1- negr(r)))

NOTE - The inverse of tanh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 (even any integer multiple of ) added to it, and the result is also in the
solution set. The arctanh function (returning the principal value for the inverse) branch cuts

. | am 1l L 4. ja nhl n L P aY n 1 b Pay 1 L L 4
ab L LT/ Al Tl Ly LHUS 7 LLMILILC(F) \LTIU) 7= dr LL(LILILC(F) LTI (7U) ) WIHCIT L] L.

5.3.3.11 Inverse hyperbolic cotangent

The arccothp_,ry operation:
arccothp_qp) : F' — ¢(F U{—=0}) U {underflow, infinitary}
arccothp_q(r) ()
= 1~ arccotypy—(r) (1 7)
The arccoth;p) operation:
arccothy gy : i(F) — i(F) U {underflow}
arccoth; gy (i- y) = 1- arccotp(negr(y))
The arccoth )y operation:
arccothepy : ¢(F) — ¢(F) U {underflow, infinitary }
arccothepy(z +1- y)
= itimese(p)(arccotypy(negr (y) +i- r))
NOTE - The inverse of coth is multi-valied, the imaginary part may have any integer
multiple of 2 - 7 (even any integer multiple of ) added to it, and the result is also in the
solution set. The arccoth function (returning the principal value for the inverse) branch cuts

at {z | € R and |z| < 1}. Thusiarécothe py(x +i-0) # arccothe py(z +i- (—0)) when |z < 1
or z = —0.

5.3.3.12 Inverse hyperbolic secant

The arcsechp_,(r) operation:
arcsechp_ o5t F' — c(F U {—0}) U {underflow, infinitary}
arcsechg ) ()
= itimes(p(arcsecp_.q(py(T))
if (x € Fand x < 0) or x € {—o00,—0}

= nege(r)(itimesqpy(arcsecp o) ()))
otherwise

The arcsechip)_(r) operation:

arcsechi(p)_q(r) : 1(F) — ¢(F) U {underflow, infinitary }
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arcsechy(py—eo(r) (i y)
= itimes.p)(arcsecipye(r) (1 y))
if (y € Fand y > 0) or y =400
= nege(r) (itimescpy(arcsecipyo(r)(1+ y)))
otherwise

>

The arcsech(r) operation:
arcsechepy : ¢(F) — ¢(F) U {underflow, infinitary }

arcseche ) (r +1- y)
= Imesq gy (arcsecyp) (T +1°Y))
if (y € Fand y > 0) or y = 400
= nege(r) (itimesq gy (arcsece gy (v +i- y)))
otherwise

NOTE - The inverse of sech is multi-valued, the imaginary part may have any integex multiple
of 2- 7 added to it, and the result is also in the solution set. The arcsech functie®’ (returning
the principal value for the inverse) branch cuts at {x | # € R and < 0. or'x > 1}. Thus
arcsechepy(z +i- 0) # arcsechqpy(z +i- (=0)) when < 0 or z = —0 oy 1.

H.3.3.13 Inverse hyperbolic cosecant

The arccsch;py operation:
arceschipy : i(F) — i(F) U {underflow, invalid }
arceschipy(1-y) = i- arcescr(negr(y))
The arceschipy_(r) operation:
arceschipy_e(r)  1(F) — ¢(F) U {underflow, infinitary}
arceschipy_e(r) (i y)
= itimes(p)(arcc§op_qo(r)(y))
The arccsche(r) operation:
arceschepy : ¢(F) — ¢(F) U {underflow, infinitary }
arceschepy (@ +1- y)
= itimes(py(arcesce py(negr(y) +i- x))

NOTE - The inyerse of csch is multi-valued, the imaginary part may have any integer
multiple of 2 - ©-added to it, and the result is also in the solution set. The arccsch function
(returning te~principal value for the inverse) branch cuts at {i-y | y € R and |y| < 1}. Thus
arceschyey (0 +i-y) # arceschepy(—0+i- y) when [y| <1 or y = —0.

8.4 Q@perations for conversion between imaginary and complex numeric datatypes

H.441" Integer to complex integer conversions

Let I and I’ be the non-special value sets for two integer datatypes, at least one of which of those
occurring in each operation’s signature expression conforms to part 1 of ISO/IEC 10967.

convert_qqy : I — c(I)
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convertr ()

=x+i-0
converty ey : (1) — c(I)
converty () (i y)

=041y

convert;p_iy + (1) — i(I") U {overflow}

converty i) (1- y)
= 1- convert;_(y)

convertopyo(rry - ¢(I) — c(I') U {overflow}
convert oy ey (T +i-y)

= convert;_p(x) +i- convert;_p(y)

5.4.2 Floating point to complex floating point conversions

=

Lef F and F’ be the non-special value sets for two floating point datatypes, at least one of whic
of those occurring in each operation’s signature expression conforms to part 1. Let D be th
nop-special value set for a fixed point datatype (see Clause-5.4.5 in part 2).

@

The convertp_.(r) operation:
convertp_py : ' — ¢(F U{-0})

convertp_o(py ()
=z +i-imp(z) it v € FU{—00,—0,+00}
= no_result p_o(r)(z) otherwise

The convert;py_(r) operation:
convertypy_e(r) : 1(F) — c(F"U {—0})

converty gy _e(r)(i+ )
= &) (1 y) +i- y ifye FU{—00,—0,400}
= no_result; py_(r)(1- y) otherwise

The convertym).;r) operation:
convertypy—icrr : i(F) — i(F') U {underflow, overflow }

conuerty my i (i y)
= 1- convertp_ g/ (y)

The convertpy_..(r/) operation:
convertypy—e(pry : ¢(F) — c(F') U {underflow, overflow}

converty p)—e(rry (T +i- y)
= convertp_ g (x) +1- convertp_, g (y)
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The convert; py_;p) operation:
convertypy_i(p)y : i(F') — i(D) U {overflow}

convert;(py_ip) (- y)
= 1. convertp_,p(y)

The convert.p)_(p) operation:

convertypy—q(p) : ¢(F) — ¢(D) U {overflow}

convert (= ool T a)
o= 77

= convertp_,p(x) +1- convertp_,p(y)

The convert; p)_;r) operation:
converty p)_ir) : i(D) — i(F) U {underflow, overflow }

converty py—ir)(1- y)
= 1. convertp_p(y)

The convert,py_.r) operation:
converty py—e(r) : (D) — ¢(F) U {underflow, overflow}

converty py—e(r) (T +i- y)
= convertp_,p(z) +1- convert p_. p(ly)

N

.5 Support for imaginary and complex mumerals

ather than specifying special numerals for istaginary and complex values, imaginary and cq
lex units are specified in this document. These imaginary and complex units can be used 4
asis for expressions that transform ordiary numerals to imaginary or complex numerals. M3
rogramming languages also specify dpecial numeral forms for imaginary or complex numer
ither for the programming language syntax or for input/output formats. These can be expres
sing the units specified here,

o O = o =

The imaginary and complex unit operations are as follows:

imaginary-unit
=11

imaginary unite
=0+4+i-1

iraginary -unit; g
=11

m-
S a
ny
hls,
sed

imaginary - unit. g
=0+4+i-1

5.5 Support for imaginary and complex numerals
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6

No

Notification

tification is the process by which a user or program is informed that an arithmetic operation

cannot return a suitable numeric result. Specifically, a notification shall occur when any arith-
metic operation returns an exceptional value. Notification shall be performed according to the
requirements of Clause 6 of part 1 of ISO/IEC 10967.

An implementation shall not give notifications for operations conforming to this document,

unless the specification requires that an exceptional value results for the given arguments.
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hotifications are handled by a recording of indicators, in the event of notificatipn the implq
ntation shall provide a continuation value to be used in subsequent arithmetic operationg.
ntinuation values may be in I, i(1), c¢(I), F, i(F) or ¢(F') (as appropriate), orbe special valug
here the real or imaginary component is —0, —oo, 400, or a qNalN).

w0

Floating point datatypes that satisfy the requirements of IEC 60559 have special values in
lition to the values in F. These are: —0, +00, —00, signaling”NaNs (sNaN), and qui¢t
1Ns (qINalN). Such values may be components of complex floating point datatypes, and majy
included in values passed as arguments to operations, and used in results or continuation values.
ating point types that do not fully conform to IEC 60559¢an also have values correspondinig
—0, 400, —00, or NaN.

Relationship with language standards

fomputing system often provides some of the operations specified in this document within th

[©e)

se imposed by the relevant prograrmuming language standards.

This document does not define ‘the syntax of arithmetic expressions. However, programmer
d to know how to reliably aceess the operations specified in this document.

w0

NOTE 1 - Providing-the information required in this clause is properly the responsibility
of programming lapguage standards (or a binding standard between this document and a
programming language). An individual implementation would only need to provide details if
it could not cite-an appropriate clause of the language or binding standard.

—

An implementation shall document the notation that should be used to invoke an operation d
hccess a parameter specified in this document and made available. An implementation shoul
tument ‘the notation that should be used to invoke an operation or to access a parametd
cified’in this document and that could be made available.

[@n

(=]

NOTES

68

2 For example, the complex radian arc sine operation for an argument x (arcsin.g(x))
might be invoked as

arcsin(x) in Ada [2]

casin(z) in C [4]

asin(x) in Fortran [6] and C++ [5]
(asin z) in Common Lisp [I0]

Relationship with language standards
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with a suitable expression of the argument ().

3 The requirement that the notation that should be used for accessing operations or parame-
ters that are not made available should also be documented is a recommendation to reserve
that notation for future use (or present use by some implementations). Thus, doing so
would be a way of saying that that notation should not be used for something else, nor,
e.g., for a less accurate but otherwise similar operation.

E)

An implementation shall document the semantics of arithmetic expressions in terms of com-
positions of the operations specified in Clause [5] of this document and in Clause 5 of part 1 and

Clause 5 of part 2 of ISO/IEC 10967.

Compilers often “optimize” code as part of compilation. Thus, an arithmetic expression mi
ot be executed as written. An implementation shall document the possible transformations
arithmetic expressions (or groups of expressions) that it permits. Typical transformationsinclyl

a) Insertion of operations, such as datatype conversions or changes in precision’

c¢) Evaluating constant subexpressions.

d) Eliminating unneeded subexpressions.

(Dnly transformations which alter the semantics of an expressipn: (the values produced, and

rotifications generated) need be documented. Only the kindg of permitted transformations n
He documented. It is not necessary to describe the specific ‘¢hoice of transformations that will
applied to a particular expression.

The textual scope of such transformations shall be documented, and any mechanisms t
grovide programmer control over this process should be documented as well.

NOTE 4 - 1t is highly desirable that programming languages intended for numerical use
provide means for limiting the transformations applied to particular arithmetic expressions.
Control over changes of precision is particularly useful.

8 Documentation reguirements

—

h order to conform to thispart, an implementation shall include documentation providing
llowing information 4o programmers.

=

NOTE 1 — Mueh of the documentation required in this clause is properly the responsibility of
programmingtanguage or binding standards. An individual implementation would only need
to provide details if it could not cite an appropriate clause of the language or binding standard.

a) A list.of the provided operations that conform to this document.

b) Eor each box error mode parameter, the value of that parameter. Only box error m
parameters that are relevant to the provided operations need be given.

b) Replacing operations (or entire subexpressions) with others, such as “cos(s%)” — “cos(x
(exactly the same result) or “pi - arccos(x)” — “arccos(-x)” (more accurate result).
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¢) For each maximum error parameter, the value of that parameter or definition of that param-
eter function. Only maximum error parameters that are relevant to the provided operations
need be given.

d) The value of the parameters big_angle_rp and big_angle_up. Only big angle parameters that
are relevant to the provided operations need be given.

. Documentation requirements 69
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For the nearestp function, the rule used for rounding halfway cases, unless iec_559F is fixed
to true.

For each conforming operation, the continuation value provided for each notification con-
dition. Specific continuation values that are required by this document need not be docu-
mented. If the notification mechanism does not make use of continuation values (see Clause
@, continuation values need not be documented.

NOTE 2 — Implementations that do not provide infinities or NaNs will have to document
any continuation values used in place of such values.

)

5

)

1)

)

Since the integer and floating point datatypes @§ed in conforming operations shall satisfy th
reduirements of part 1 of ISO/IEC 10967, the following information shall also be provided by an|
conforming implementation.

For each conforming operation, how the results depend on the rounding mode, if roundinlg
modes are provided. Operations may be insensitive to the rounding mode, or sensitive$o if,
but even then need not heed the rounding mode.

For each conforming operation, the notation to be used for invoking that operation.
For each box error mode parameter, the notation to be used to access that parameter.
For each maximum error parameter, the notation to be used to access.that parameter.

The notation to be used to access the parameters big_angle_rp and\big_angle up.

—

For each of the provided operations where this document gpecifies a relation to anothe
operation specified in this International Standard, the binding for that other operation.

For numerals conforming to this International Standard, which available string conversio
operations, including reading from input, give exactly the same conversion results, even
the string syntaxes for ‘internal’ and ‘external’ nterals are different.

=

lanrY

< @

The means for selecting the modessdfoperation that ensure conformity.

The translation of arithmetic éxpressions into combinations of the operations provided by
any part of ISO/TEC 10967, \including any use made of higher precision. (See Clause 7 d
part 1.)

—

The methods used fornotification, and the information made available about the notificatiox.
(See Clause 6 of past 1.)

[om

The means for-sélecting among the notification methods, and the notification method use
in the absehce of a user selection. (See Clause 6.3 of part 1.)

When~<récording of indicators” is the method of notification, the datatype used to represerft
Ind{sée Clause 6.1.2 of part 1), the method for denoting the values of Ind, and the notatiop
for(invoking each of the “indicator” operations. F is the set of notification indicators. The
association of values in Ind with subsets of F must be clear. In interpreting Clause 6.1.2 ¢f

70

part 1, the set of indicators E shall be interpreted as including all exceptional values listed
in the signatures of conforming operations. In particular, £ may need to contain infinitary
and absolute_precision_underflow.

Documentation requirements
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Annex A
(normative)

Partial conformity

E)

If an implementation of an operation fulfills all relevant requirements according to the main
normative text in this part, except the ones relaxed in this annex, the implementation of that

TTation 1S Said to partiaiiy CoTfoTTIT tO tIS Part.
Conformity to this part shall not be claimed for operations that only fulfill partial conferm

Partial conformity shall not be claimed for operations that relax other requirements than th
relaxed in this annex.

A.1 Maximum error relaxation

This part has the following maximum error requirements for conformity.

maz_error muly gy € [0.5,5]
maz_error_divy gy € [0.5,13]

maz_error_expery € [0.5,7]
maz_error_powery gy € [0.5,15]

maz_error_sing gy € 0.5, 11]
maz_error tanyy € [0.5,14]

In a partially conforming implementation the miaximum error parameters may be greater ti
Fhat is specified by this part. The maximumserror parameter values given by an implementat
hall still adequately reflect the accuracy of-tlie relevant operations, if a claim of partial conformny

»n_<

i$ made.

A partially conforming implemenfation shall document which maximum error parameters h
greater values than specified by this part, and their values.

A.2 Extra accuracy requirements relaxation

=

'his part has a number of extra accuracy requirements. These are detailed in the paragraj
eginning “Further requirements on the op}. approximation helper function are:”.

—~

In a partiallyconforming implementation these further requirements need not be fulfilled. ']
alues returiied must still be within the maximum error bounds that are given by the maxim
rror pazameters, if a claim of partial conformity is made.

Q<

A partially conforming implementation shall document which extra accuracy requirements

&
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of-fulfilled by the implementation

A. Partial conformity
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A.3 Relationships to other operations relaxation

This part has a number of requirements giving relations to other operations. These are detailed
in the paragraphs beginning with wordings like “Relationship to the op}. approximation helper
function for operations in an associated library shall be:”.

In a partially conforming implementation these relationships need not be fulfilled. The values
returned must still be within the maximum error bounds that are given by the values provided
for the maximum error parameters, if a claim of partial conformity is made.

partiallv conforming implementation shall document which operation relationships are not
fulfilled by the implementation.

A} Part 1 and part 2 requirements relaxation

[on

Paft 3 depends on the datatypes and operations specified in part 1, as well as the Operations (an
approximation helper functions) specified in part 2. Part 1 and part 2 allow for partial conformit;
Part 3 operations may thus be only partially conforming if a relevant datatype or operation

[

only partially conforming to part 1 or part 2.

72 Partial conformity
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Annex B
(informative)

Rationale

In the informative annexes of this document, LIA-1 refers to part 1 of ISO/IEC 10967, LIA-2
refers to part 2, and LIA-3 refers to this document.

This annex explains and clarifies some of the ideas behind Information technology — Langupge
hdependent arithmetic — Part 8: Complex floating point arithmetic and complex elementary fiu-
nerical functions. The clause numbering matches that of the standard.

.

B.1 Scope

B.1.1 Inclusions

—

hteger complex datatypes are included in Common Lisp [10]. Integer complex numbers hre
spmetimes referred to as Gaussian numbers.

Imaginary datatypes are included informatively in the currenf® version of the C programmjng
inguage standard (annex G of [4]) and normatively in the-current version of the Ada langujge
bandard (annex G of [2]).

w0 =

B.1.2 Exclusions

—

IA-3 only covers Cartesian complex datatypes® Polar complex datatypes are not included sipce
o widely known programming language provides them. However, operations for conversion frpm
Holar representation to Cartesian represefibation are included both in some programming languages
and in LIA-3.

Neither rational nor fixed point® complex datatypes are covered by LIA-3 since (as yet)[no
fart of LIA covers rational or fixed point datatypes. (Note that Common Lisp includes compllex
atatypes that have rational datatype values in the parts.)

=

[

8.2 Conformity

fonformity to.this standard is dependent on the existence of language binding standards. Each
rogramming Janguage committee (or other organization responsible for a programming langugge
r other.Specification to which LIA-1, LIA-2, and LIA-3 may apply) is encouraged to prodfice
binding covering at least those operations already required by the programming language [(or
milar) and also specified in LIA-3.

L O T M

T'he Term “programming language” 1s here used 1 a generalised sense to mclude other comput-
ing entities such as calculators, spread sheets, page description languages, web-script languages,
and database query languages to the extent that they provide the operations covered by LIA-3.

Suggestions for bindings are provided in Annex [C] Annex [C] has partial binding examples for
a number of existing programming languages and LIA-3. In addition to the bindings for the
operations in LIA-3, it is also necessary to provide bindings for the maximum error parameters

B. Rationale 73
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specified by LTA-3. Annex [C| contains suggestions for these bindings. To conform to this standard,
in the absence of a binding standard, an implementation should create a binding, following the
suggestions in annex [C|

B.3 Normative references

The referenced IEC 60559 standard is identical to the IEEE 754 standard and the former IEC 559
standard.

The r\T"‘lgiT\ of IEC 605501 OQQ’ TIEEE 754-1084 wzag 11Y1{']D1‘ghi'ng rovision {‘]111"ng the dex D]r\pmﬂrt

of phis part.

See Annex E of ISO/IEC 10967-2:2001 regarding the first edition (published in 1994) ¢f
ISQ/IEC 10967-1.

See Annex [F| of this part regarding the first edition (published in 2001) of ISO/IEC 10967-2)

B4 Symbols and definitions
B.4.1 Symbols
B.1.1.1 Sets and intervals

Thie interval notation is in common use. It has been chosen ever the other commonly used interval
notation because the chosen notation has no risk of confusion with the pair notation.

B.4.1.2 Operators and relations

Note that all operators, relations, and other.@iathematical notation used in LIA-3 are used ip
the¢ir conventional exact mathematical sense. " They are not used to stand for operations specifiefd
by |IEC 60559, LIA-1, LIA-2, LIA-3, or, with the exception of program excerpts which are clearly
mgrked, any programming language:‘E.g. x/u stands for the mathematically exact result gf
diviiding x by u, whether that value’is representable in any floating point datatype or not, anfd
x/f # divp(x,u) is often the cade, Likewise, = is the mathematical equality, not the eqp operation:
0 # —O0, while eqr(0,—0) =@&nue.

For mathematical compléx values, conventional notation with + and - is used. For the imag]-
nafy unit, the symboliyis used.

(@

[t is important-te-distinguish this mathematical notation for values in C and the notation use
to pxpress values-in ¢(X) or i(X). For ¢(X) the binary operator +1i- is used. Its only function

to freate a pair of values corresponding to a value in C. Similarly, for i(X), the unary operator i
is ©ised. It-ereates a 1-tuple corresponding to a value in C where the real part is 0.

wn

B 1 NMath 3 £ +3
B vt ot Car R eEtions

The elementary functions named sin, cos, etc., used in LIA-3 are the exact mathematical functions,
not any approximation. The approximations to these mathematical functions are introduced
in clauses [5.3| and and are written in a way clearly distinct from the exact mathematical
functions. E.g., sinz( F) cos:( F) etc., which are unspecified mathematical functions approximating
the targeted exact mathematical functions to a specified degree; sing ), cose(r), etc., which are

74 Rationale
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the operations specified by LIA-3 based on the respective approximating function; sin, cos, etc.,
which are programming language names bound to LIA-3 operations. sin is thus very different
from sin.

B.4.1.4 Exceptional values

LIA-3 uses the same set of exceptional values as LIA-2.

4
e e

=

TA allows for three methods for handing notifications: recording of indicators, change of ‘¢ontrol
ow (returnable or not), and termination of program. The preferred method is recotding| of
ndicators. This allows the computation to continue using the continuation values. For underflpw
and infinitary notifications this course of action is strongly preferred, provided\that a suitapble
continuation value can be represented in the result datatype.

)

e

Not all occurrences of the same exceptional value need be handled the $ame. There may|be
xplicit mode changes in how notifications are handled, and there may\be implicit changes. Elg.,
hvalid without a specified (by LIA-3 or binding) continuation value-to cause change of confrol
ow (like an Ada [2] exception), while invalid with a specified contiituation value to use recordjng
f indicators. This should be specified by bindings or by implefeéntations.

O i ke D

The operations may return any of the exceptional yalues overflow, underflow, invallid,
hfinitary, or absolute_precision_underflow. This.does not imply that the implemented pp-
rations are to actually return any of these values. When these values are returned according to
he LIA specification, that means that the implendentation is to perform a notification handling
r that exceptional value. If the notification handling is by recording of indicators, then what is
ctually returned by the implemented operation is the continuation value.

QD =h o+ D e

B.4.1.6 Complex value constructors and complex datatype constructors

or integer and floating point datatypes, the set of non-special values are subsets of Z andl R
pspectively (LIA-1). Howeyér, if we do the parallel here, defining the set of non-special valfies
s subsets of G and C, the(handling of special values becomes awkward. The latter would neefl a
air representation for the/full complex case. Instead, we use a pair representation for all compllex
hlues. In additiongswe then also get an easy notational difference between imaginary and full
pmplex datatypes.~\Unfortunately, we also get a distinction between this pair formation, and the
arithmetic expfession resulting in a complex value in G or C. This distinction has to be carefylly
raintained in‘the specifications in the rest of the document.

Q < M & =

B.4.2\""Definitions of terms

Note the CIAdiStinction between exceptional values, exceptions, and exception nandting (hand-
ling of notification by non-returnable change of control flow; as in e.g. Ada). LIA exceptional
values are not the same as Ada exceptions, nor are they the same as IEC 60559 special values.

B.4.2 Definitions of terms 75
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B.

5 Specifications for the imaginary and complex datatypes and operations

B.5.1 Imaginary and complex integer datatypes and operations

Of

the programming languages covered in annex [C] only Common Lisp has support for complex

integers, but not imaginary integers as separate from complex integers.

Since LIA-3 distinguishes between complex and imaginary floating point, that same distinction

is also made for the integer case.

“Real” integers and imaginary integers can be compared for order, while complex integers onl

call be compared for equality or inequality.
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B.

The re;y operation is specified for completeness. It is the identity function on integers; €xcept
isibly for NaN values (which are rare in integer datatypes) Likewise is the im; operation spe
d for completeness. It always returns zero. Note, however, that the imaginary part of a “reall
ting point value is not the same for all arguments, even though it is always a(zéro. Similarly,
; could return signed zero as imp does, if the integer datatype supports signied zero. This ig,
vever, rare, so is not specified explicitly by LIA-3. Also the conj; and conyir) operations ai
cified for completeness.

[©)

The binary operations, except comparisons for order, allow for combining “real” integer, imag
ry integer and complex integer of the same base integer datatype. Bindings may generalig
5 to also allow different base integer datatypes, converting thesmaller ones to the largest on
urring as arguments to the operation.

@ O

signumy is specified in this part of LIA, since the signy operation specified in the first editiop
[.IA-1 is not consistent with the signump operationiyalso specified in this part. The sign; anfd
np of the first edition of LIA-1 return zero for, a‘Zero argument. This is not consistent with

branch cuts specified for elementary operations'in this part. For signum; and signump the
nch cut view is used, and they only return @1 or 1, never zero (of any sign).

There is no signumcr) operation. Theymathematical function would normalise the value
unit circle. But since only four valués in c¢(I) is on, or even close, to the unit circle, th

broximation for returning a c(I) value is too great. If one wants to compute an approximatio

the signum of a c(I) value, first-convert the value to c(F'), and then compute signum.p

t value.

= = O O

divides.(r) is the operafion’version of the divides relation specified in clause

Max and min operations are defined only for imaginary integer values, since complex integei
not ordered in ntathematics. A lexicographic order is easy to define, but that is another kinfd
brdering that is~out of scope for LIA.

[@2)

5.2 Imaginary and complex floating point datatypes and operations

-

5,2.1' Maximum error requirements

B.5.2.2 Sign requirements

B.5.2.3 Maximum error requirements

The values for the error parameters given later in the normative part of this document are largely
taken from the Ada standard [2].

76
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B.5.2.4 Basic arithmetic for complex floating point

F must be a subset of R. Floating point datatypes can have infinity values as well as NaN values,
and also may have a —0. These values are not in F'. The special values are, however, commonly
available in floating point datatypes today, thanks to the wide adoption of IEC 60599.

Note that for some operations the exceptional value invalid is produced only for argument
values involving —0, 400, —oo, or sNalN. For these operations the signature given in LIA-3 does
not contain invalid.

dossible ways of explmtmg the IEC 60559 special values The report identifies some of it§ sg-
destions as controversial and cites Branch Cuts for Complex Elementary Functions, or-Mych
Ado about Nothing’s Sign Bit [14] as justification. The report Complex Floating-Point € Exten-

jons [17], also issued by the ANSI X3J11 committee, extends these recommendation$ t6'imagingry
and complex datatypes. These reports have strongly influenced the C99 [4] programiming language.

The implicit zero imaginary part of a value in F' and the implicit zero fr¢al part of a vallue
ip i(F) is a very strong zero, here written 00. Note that 00 is not represented in the datatype
corresponding to F, nor in i(F') or ¢(F'), not even as a component. 00\is'strong in the sense that
00 overtrumps NaN and infinity values, which neither 0 nor —0 does:\Ie. the implicit zeroes ({0)
work as if the rules of the following table applies (plus commutativity):

mulr(0,4+00) = invalid(qNaNN) mulp(—0,+400) = invalid(gNaN) mulr(00,4+00) + 00
mulp(0,—o00) = invalid(qINalN) mulp(—0,—o00) = imvalid(gNaN) mulr(00, —oo) + 00
(

mulp(0,sNaN) = invalid(gNaN) | mulr(—0,sNalN) = invalid(qNaN) | mulr(00,sNaN) = 00

mulr(0,gNalN) = gNaN mulp(—0,qNalN = qNaN mulr (00, gNalY) = 00

and further as if addr (00, z) = x, even for signalling NaNs. The basic idea here is that 00 is pot
only mostly treated as exact even though it may be the result of an approximation (as other valfies
are handled), but that 00 really is exact, neveii'the result of an approximation. Instead of repre-
enting 00 in any floating point datatype, which would necessitate new floating point datatypes,
spveral programming languages have chosén to use triplets of datatypes (corresponding to F, i(F')
and c(F'), but adding special values)~EIA-3 adheres to this convention.

n

When the implicit 00 is madé explicit, one has to choose between 0 and —0 (if the lattef is
ppresentable). In doing so, sign symmetry is observed by the specifications in LIA-3. This is d¢ne
h such a way that it is coherent with the sign symmetry of some trigonometric (and hyperbolic)
perations that accept values in F' (or i(F')) but return a value in c¢(F). This is in order| to
haintain also the sigh $ymmetry, even when —O0 is not representable. This also adheres to the
gn symmetry comventions of Common Lisp and C99. Further, when negative zero (—0) is hot
epresentable, a0 -as the real part or as the imaginary part of the argument is to be considered to
e —0 consistently with the above.

ol Ml e B o Ml el

Another)approach would be not to regard implicit zeroes as 00, but as ordinary zero. This
enders, the i(F') datatypes superfluous, and they are usually omitted in this approach. This
approach is both less efficient and looses information needlessly. In this approach one also uses

—

Agaln this looses 1nformat10n needlessly, in particular if the 1nﬁn1t1es or zeroes are the result of
approximations. Again that speaks against this approach. In this approach one sometimes also
do not distinguish the signs of zero, forcing programmers to write expressions like max (posvalue,
FMIN) and min(negvalue, -FMIN), to avoid zero but (with error prone programming) nearly
mimic the signed zeroes. In this approach one does also not always follow conjugate symmetry

B.5.2 Imaginary and complex floating point datatypes and operations 7
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and sign symmetry rules when part of the argument is zero, which for this approach leads to
surprising changes of results when doing algebraic manipulations based on those rules. For the
reasons given here, this approach is not taken for LIA-3.

B.5.3 Elementary transcendental imaginary and complex floating point operations
B.5.3.1 Operations for exponentiations and logarithms

The LIA-3 exponentiation and inverse exponentiation operations that take imaginary or complex
arguments interpret the imaginary part (of the argument or result respectively) as in radians.
Operations that take an extra floating point argument, giving the non-radian cyclic unit, can'b
mgde, paralleling such operations (for trigonometric operations) in LIA-2. Such operafions ai
not included in LIA-3, because no programming language requires them for complex, arguments|

o O

However, the complex result power operation uses |z/2| < big_angle_up, as the~“angle” cutoff,
since that is more logical in connection with the power operation, as well as)being easier t
implement (no multiplication by ).

[

B.p.3.2 Operations for radian trigonometric elementary funetions

5]

Thie LIA-3 trigonometric and inverse trigonometric operations that take imaginary or comple
arguments interpret the real part (of the argument or result respectively) as in radians. Operation
that take an extra floating point argument, giving the fidr‘radian cyclic unit, can be madg,
patalleling such operations in LIA-2. Such operations<are not included in LIA-3, because np
prggramming language require them (with the exception of phaseu and polaru which are requiref
by[Ada).

2]

The notation here is taken from Handbook-of mathematical functions with graphs, formula$,
anfl mathematical tables. The equalities that*involve an uppercased elementary function namfe
refpr the multi-valued inverses. The equalifies then say the values on the left side (seen as a set) {s
equial to the values on the right side (seen as a set). This could be expressed more conventionally,
us;Lg set notation, but this notation,is borrowed since it is convenient. The lowercase names fdr
invlerses are the corresponding furictions, denoting the principal value for the multi-valued inversg.

B.p.3.2.1 Radian angle/normalisation

Thie radian angle normalisation operations normalise the angle part (the real part) of the argumert
to pe within [dow@ (=), upp ()] (or, if the correction given in annex|[F|is used: [upp(—m), downg(m)]).
While useful fox¥ programs where one wishes to keep angle information at a high accuracy, it is
not, and canngt be, sufficiently accurate for implementing the trigonometric operations specified ip
LIA-3. ATnormalisation function that is almost sufficient for that is specified in LIA-2: azis_radyg.
Some‘extra accuracy bits for the normalisation are still needed for implementing the trigonometri
operations with respect to sign and accuracy requirements. axis radg is not generalised to thle

)

complex case, since there is little or no convenience to be gained compared to using axis_radp
directly on the relevant part of a complex value.
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B.5.3.2.2 Radian sine

The following equalities have been used to derive the LIA-3 requirements:
sin(—z) = —sin(z)
sin(conj(z)) = conj(sin(z))
sin(z+k-2-m)=sin(z) if k € Z
(

sin(z) = cos(mw/2 — z)
sin(z) = —1-sinh(i-z) =1-sinh(-1- z)
sin( = —1-sinh(—y) =1- sinh(y)

i—‘l

1y
sin(r +1-y) = —1-sinh(—y+1-z) =1-sinh(y —1- )

sin(x +1-y) = sin(z) - cosh(y) +1- cos(x) - sinh(y)

B.5.3.2.3 Radian cosine

The following equalities have been used to derive the LIA-3 requirements;

cos(—z) = cos(z)

cos(conj(z)) = conj(cos(z))

cos(z +k‘27r)—cos()ifk62
cos(z) = sin(m/2 — 2)

cos(z) = cosh(1- x) = cosh(—1- x)

cos(z +1-y) = cos(x) - cosh(y) — 1 siifx) - sinh(y)

B.5.3.2.4 Radian tangent

The following equalities have béen used to derive the LIA-3 requirements:

tan(—z) = — tan(z)

tan(conj(z)) = conj(fan(z))

tan(z + k-2 -m)2 tan(z) if k € Z
tan(z) = cot(w/2 — z)

tan(z)=<=1-tanh(i- z) =1- tanh(-1-z)
tani)y) = —1-tanh(—y) =1- tanh(y)
tan(z +1-y) = —1-tanh(—y +1-2) =1-tanh(y —1- )

Note that every non-zero integer multiple of 7 is a cycle for tangent. Since 2 - 7 is the smallest

PUSTtive TyTle that TS COMImoT toat ot tie tTIgonometTic Turctions,; that 1S tie tycte concemtrated
on for all of them, even though some have 7 as cycle too.
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B.5.3.2.5 Radian cotangent

The following equalities have been used to derive the LIA-3 requirements:

cot(—z) = — cot(2)

cot(conj(z)) = conj(cot(z))
cot(z+k-2-m)=cot(z)if ke Z
COtEZ) tan(m/2 — 2)

cot(z) = 1/ tan(z)

© 2006 ISO/IEC — All rights reserved

cot(z) =1-coth(i-z) = —1- coth(—1- x)

cot(i-y) =1-coth(—y) = —1- coth(y)

cot(x +1-y) =1-coth(—y+1-2) = —1-coth(y —1-x)
B.p.3.2.6 Radian secant
Thie following equalities have been used to derive the LIA-3 requirements:

sec(—z) = sec(z)

sec(conj(z)) = conj(sec(z))

sec(z+k-2-m) =sec(z)if ke Z

sec(z) = cse(m/2 — 2)

sec(z) =1/ cos(z)

sec(z) = sech(i- ) = sech(—1- z)

sec(1-y) = sech(—y) = sech(y)

sec(z +1-y) =sech(—y +1-z) =sech(y —1 &)
B.p.3.2.7 Radian cosecant
Thie following equalities have been used-to derive the LIA-3 requirements:

csc(—z) = —csc(z)

csc(conj(z)) = conj(csc(z))

csc(z+ k-2 -m) =csc@)if ke Z

csc(z) = sec(m/2 — 2

csc(z) = 1/sin(z)

csc(x) =1-¢sch(i-x) = —1-csch(—1-x)

csc(i- y)=£T- csch(—y) = —1- csch(y)

csc(zéhn-y) =1-csch(—y+1-2) = —1-csch(y —1- z)
B.p@3.2.8 Radian arc sine

The following equalities have been used to derive the LIA-3 requirements:

80

arcsin(—z) = — arcsin(z)

arcsin(z) = m/2 — arccos(z)

arcsin(conj(z)) = conj(arcsin(z)) if IJm(z) # 0 or |Re(z)| < 1
Arcsin(x +1-y) = —1- Arcsinh(—y +1-x) =1- Arcsinh(y —

1-7)

Rationale
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B.5.3.2.9 Radian arc cosine

The following equalities have been used to derive the LIA-3 requirements:
arccos(—z) =1- 7 — arccos(z)
arccos(conj(z)) = conj(arccos(z)) if IJm(z) # 0 or |Re(z)| < 1
arccos(z) = m/2 — arcsin(z)
Arccos(x +1-y) = +1- Arccosh(x +1-y)

53210  Radian arc fnngnnf

The following equalities have been used to derive the LIA-3 requirements:

arctan(—z) = — arctan(z)

arctan(conj(z)) = conj(arctan(z)) if Re(z) # 0 or |Im(z)| < 1
arctan(z) = +m/2 — arccot(z)

Arctan(x +1-y) = —1- Arctanh(—y +1-x) =1- Arctanh(y —1- )

B.5.3.2.11 Radian arc cotangent

The following equalities have been used to derive the LIA-3 requirements:

arccot(—z) = —arccot(z)

arccot(conj(z)) = conj(arccot(z)) if Re(z) # 0 or |Im(2)| > 1
arccot(z) = +m/2 — arctan(z)

Arccot(x +1-y) =1- Arccoth(—y +1- x)

arccot(z) = arctan(1/z)

B.5.3.2.12 Radian arc secant

The following equalities have been used to derive the LIA-3 requirements:
arcsec(—z) = 7 — arcsec(z)

arcsec(conj(z)) = conj(aresec(z)) if IJm(z) # 0 or |Re(z)| > 1
arcsec(z) = m/2 — arccse(z)

Arcsec(x +1-y) =+ Arcsech(z +1-y)

arcsec(z) = arcqos(1/z)

B.5.3.2.13 Radian arc cosecant

The following equalities have been used to derive the LTA-3 requirements:

arecsc(—z) = —arcesc(z)

arccsc(conj(z)) = conj(arcesc(z)) if IJm(z) # 0 or [Re(z)| > 1
bl AN e R \~7

Arcese(x +1-y) =1+ Arcesch(—y +1- )

arcesc(z) = arcsin(1/z)
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B.5.3.3 Operations for hyperbolic elementary functions

The operations for hyperbolic elementary functions are all defined directly in terms of “turned”
imaginary and complex trigonometric operations of a “turned” argument. Their specifications are
therefore rather short. It’s done this way for several reasons:

a) The hyperbolic operations are less commonly used than the trigonometric ones.

b) The connections with the corresponding trigonometric operations are exact rather than
approximate.

) The hyperbolic functions have some ‘irregularities’ (expressed as conditionals in the speeif]
cations for the inverse hyperbolic operations for arccosh and arcsech) that the trigonometri
operations don’t have. It is therefore slightly easier to specify the hyperbolic operations i
terms of the trigonometric ones rather than the other way around.

- 0

1) C also specifies exact correspondences between the complex hyperbolic opéerations and thie
complex trigonometric operations (though the other way around, and skipping the “irregy
lar” operations, compared to the specification in LIA-3).

The LIA-3 hyperbolic and inverse hyperbolic operations that take imaginary or complex ai
guments interpret the imaginary part (of the argument or result respectively) as in radians. Of
ergtions that take an extra floating point argument, giving the faon-radian cyclic unit, can b
mgde, paralleling such operations (for trigonometric operations)sin LIA-2. Such operations a1
not included in LIA-3, because no programming language require them.

o O

B.5.3.3.1 Hyperbolic normalisation
B.p.3.3.2 Hyperbolic sine

Only the relationship to the corresponding trigonometric function is used in deriving the LIA-B
spé¢cification.

sinh(z) = —1-sin(i-z) =1-sin(&3- x)

sinh(i-y) = —1-sin(—y) =1 “sih(y)

sinh(z +1-y) = —1-sin(y+1-z) =1-sin(y —1- )

B.p.3.3.3 Hyperbolic, cosine

Only the relationship*to the corresponding trigonometric function is used in deriving the LIA-B
spécification.

cosh(z) = cos(1- ) = cos(—1- x)

cosh{i+y) = cos(y) = cos(—y)
eosh(z +1-y) =cos(—y+1-z) =cos(y —1-z)

B.5.3.3.4 Hyperbolic tangent

Only the relationship to the corresponding trigonometric function is used in deriving the LIA-3
specification.
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tanh(z) = —1-tan(i-z) =1- tan(—1- )
1-y)=—1-tan(—y) =1- tan(y)
tanh(z +1-y) = —1-tan(—y+1-2) =1-tan(y —1- z)

B.5.3.3.5 Hyperbolic cotangent

Only the relationship to the corresponding trigonometric function is used in deriving the LIA-3
specification.

coth(2) — tanh(i. 'rr//‘) — )

coth(z) =1-cot(i-z) = —1- cot(—1- )
coth(i-y) =1-cot(—y) = —1- cot(y)
coth(z +1-y) =1-cot(—y+1-2z)=—1-cot(y —1-x)

B.5.3.3.6 Hyperbolic secant

Jan)

nly the relationship to the corresponding trigonometric function is used.in deriving the LIA-3
pecification.

02

sech(z) = sec(i- x) = sec(—1- x)
sech(i - y) = sec(—y) = sec(y)
sech(z +1-y) =sec(—y+1-x) =sec(y —1-x)

B.5.3.3.7 Hyperbolic cosecant

nly the relationship to the corresponding trigomemetric function is used in deriving the LIA-3
specification.

csch(z) = sech(i-7/2 — 2)

csch(z) =1-csc(i-z) = —1- cse(—icw)
csch(i-y) =1-cse(—y) = —1- csd(y)
esch(z +1-y) =1-csc(—y +1u) = —1-csc(y —1- x)

B.5.3.3.8 Inverse hyperbolic sine

nly the relationship(te-the corresponding trigonometric function is used in deriving the LIA-3
specification.

Arcsinh(€¥1-y) = —1- Arcsin(—y +1-x) =1- Arcsin(y —1- x)

B.5.3.3.9" Inverse hyperbolic cosine

Jan)

nly ‘the relationship to the corresponding trigonometric function is used in deriving the LIA-3

o .
Specincation:

Arccosh(x +1-y) = £1- Arccos(x +1-y)
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B.5.3.3.10 Inverse hyperbolic tangent

Only the relationship to the corresponding trigonometric function is used in deriving the LIA-3
specification.

Arctanh(z +1-y) = =1+ Arctan(—y +1-x) =1+ Arctan(y —1- )

B.5.3.3.11 Inverse hyperbolic cotangent

On

ly_the relationship to the corresponding trigonometric function is used in deriving the LIA-3

Sp4

Sp4

Sp4

.p.3.3.12 Inverse hyperbolic secant

.p.3.3.13 Inverse hyperbolic cosecant

.p.4 Operations for conversion between imaginary and complex numeric datatype
.p.5 Support for imaginary and complex numerals
6 Notification

.p.1 Continuation values

cification.

Arccoth(z +1-y) =1- Arccot(—y +1- z)
arccoth(z) = arctanh(1/z)

ly the relationship to the corresponding trigonometric function is used in/deriving the LIA-3
cification.
arcsech(z) =1-7/2 — arccsch(z) if Re(z) > 0
Arcsech(z +1-y) = +1- Arcsec(x +1-y)
arcsech(z) = arccosh(1/z2)

ly the relationship to the corresponding trigonpinetric function is used in deriving the LIA-3
cification.
arccsch(z) =1-m/2 — arcsech(z) if Re(2)> 0
Arcesch(x +1-y) =1+ Arcese(—y 0 x)
arccsch(z) = arcsinh(1/2)

0

e operations are specified applications of one or more other operations. In these cases th
ifications of the “suboperations” are recorded, if recording of indicators are used, and a resu
ntintiation value) is to be computed from the continuation values of the “suboperations”.

< D

B.

B.
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Annex C
(informative)

Example bindings for specific languages

E)

This annex describes how a computing system can simultaneously conform to a language stan-
dard (or publicly available specification) and to LIA-3. It contains suggestions for binding the

ADStTact —Operations speciiied T LIA=3 T CONCTEte [anguage SyItax. 1 e foTTat USed for tiT
xample bindings in this annex is a short form version, suitable for the purposes of this annex:
ctual binding is under no obligation to follow this format. An actual binding shouldsyhewey
s in the bindings examples, give the LIA-3 operation name, or parameter name, bound to
lentifier (or expression) by the binding.

= o & D

rogramming language agree in the manner with which they adhere to~LIA-3. For instan
IA-3 requires that the parameter big_angle rr be provided (if any cordforming complex rad
Figonometric operations are provided), but if one system provides it~by means of the identi
igAngle and another by the identifier MaxAngle for the same progtamming language, portabi
impaired. Clearly, it would be best if such names were defined itithe relevant language standa

pnsistency cannot, however, be fully maintained between;different programming languages,
b already existing differences in naming conventions, and "LIA does not require wholesale nam

Q o o O = o =

hanges, nor expression syntax changes.

The following clauses are suggestions rather tiian requirements because the areas covered
he responsibility of the various programming language standards committees. Until binding st
ards are in place, implementors can promoteZ*de facto” portability by following these suggesti

o,

dn their own.
The languages covered in this annex are:
Ada

C

C++
Fortran
Common Lisp

alculators, ‘web script’ languages, and database ‘query languages’) may be suitable for conforny
b LIA-3.

In thistannex, the parameters, operations, and exception behaviour of each language are
amined to see how closely they fit the requirements of LIA-3.

o O

se
An
er,
an

Portability of programs can be improved if two conforming LIA-3 systemis-using the sajme

ce,
jan
Her
ity
rds

r binding standards, but in the meantime, suggestions are<given here to aid portability. Najme

lue
ing

nre

ns

This list is net-exhaustive. Other languages and other computing devices (like ‘scientific’

ity

£eX-

a) For parameters and operations provided (semanticswise, or with a very close semanti

cs)

via the specification of a programming language, their syntax is marked with a x below,

occasionally noting minor deviations (which bindings are allowed to have).

b) Where parameters or operations are not provided by the language, suggested names and

syntax for them are given but marked with a f.

C. Example bindings for specific languages
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¢) Some provided operations are closely related to LIA-3 operations, but not specified by this
version of LIA-3; the syntax for such operations are in addition to the { noted as “Not
LIA-3”.
This annex describes only the language-level support for LIA-3. An implementation that wishes
to conform must ensure that the underlying hardware and software is also configured to conform
to LIA-3 requirements.

A complete binding for LIA-3 will include, or refer to, a binding for LIA-2 and LIA-1. In turn,
a complete binding for LIA-2/LIA-1 may include, or refer to, a binding for IEC 60559. Such a
joipt LLA A \ T . .
To
ard exemplified in this annex.

[@2)

Most language standards permit an implementation to provide, by some means, the parameter
angl operations required by LIA-3 that are not already part of the language. The method for ag¢-
cegsing these additional parameters and operations depends on the implementatien’and languagg¢,
angl is not specified in LIA-3 nor exemplified in this annex. It could include external subroutine
libtaries; new intrinsic functions supported by the compiler; constants and functions provided gs
glgbal “macros”; and so on. The actual method of access through libraries, macros, etc. should
of pourse be given in a real binding.

Most language standards do not constrain the accuracy of elententary numerical functions, d
spécify the subsequent behaviour after an arithmetic notification occurs.

—

In the event that there is a conflict between the requiremeénts of the language standard anfd
thg¢ requirements of LIA-3, the language binding standardishould clearly identify the conflict anfd
state its resolution of the conflict.

Cll Ada

Thie programming language Ada is defined by ISO/IEC 8652:1995, Information Technology |-
Prpgramming Languages — Ada [2].
An implementation should follawyall the requirements of LIA-3 unless otherwise specified bly
thik language binding.
The operations or paramétérs marked “i” are not part of the language and should be provided

by|an implementation that-wishes to conform to LIA-3 for that operation or parameter. For eac]
of fhe marked items a~suggested identifier is provided.

=

The Ada datatype Boolean corresponds to the LIA datatype Boolean.

—+

Every implemtentation of Ada has at least one integer datatype, and at least one floating poin
datatype. Phe notations INT and FLT are used to stand for the names of one of these datatypd
(reppectively) in what follows.

[@2)

Adashas imaginary and complex floating point datatypes. Standard Ada does not have anfy

im )(‘rinnry Qﬂf] anp]ﬂv infpgar AQfo}YpDQ’ ]’\11f QTIPh Ccan ]’\D QAADA as. ]i]’\TQY’iQQ (iﬂ{‘]Tlf]'iY‘\(T in'ﬂy:
(=) S

syntax for certain operators). The notations IINT and IFLT are used to stand for the names of
one of the imaginary datatypes (for integers and floating point respectively), and the notations
CINT and CFLT are used to stand for the names of one of the complex datatypes (for integers
and floating point respectively).
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Ada has an overloading system, so that the same name can be used for different types of
arguments to the operations. However, the constants i and j are defined in a generic package,
but do not have any arguments whose types can determine which package instance is used (unless
there is only one instance). The constants i and j may therefore need to be qualified with which
package instance in used, even if that package is ‘open’.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

6611(1)(9079) r =y T
6111,1(1)(9579) T =Yy T
ST (x,y) =Y +
CQI,C(I)(xvy) T =Yy T
6q«:([),[(x?y) r =Y T
eqi(r),e(n) (T, y) T =y T
eqe(n),i(n) (T, y) T =y ;
eqe(n) (T, Y) T =y i
negi(r)(x,y) T /=y T
neqr i) (z,y) T /=y T
negir),r(x,y) T /=y T
neqy (1) (LU,y) T /=y T
ne(ﬂ:([),[(xvy) T /=y T
negir),o(n) (T, y) x /=y T
neqe(r),i(n) (T, y) /=y T
neqer) (T, y T /=y T
Issiry(z,y) r <y T
legi(ry(z,y) r <=y T
gtrin (z,y) T >y f
geqin(z,y) z >=Yy f
itimes_i(r)(z) i1 * T
itimes;( () ii * o T
itimes.(r) () ii * o T
res(z) Re () T
reir () Re(z) T
req(n) () Re(z) T
imy(x) Im(z) T
imir () Im(x) T
imen) () Im(x) T
plusitimesy(z,y) Compose_From_Cartesian(z,y) or T

T+ ii * gy T
negi(r) () -~z T
nege(r) () -z T
conjr(x) Conjugate (x) T
congy(py(z) Conjugate () T
conjery(x) Conjugate () T
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add;( ) (z,y Tty T
addy 51)(z,y) Tty T
addypy,1(z,y) Tty T
addy oy (z,y) Tty T
addepy,1(z,y) Tty T
addi(py,c(r) (7, y) T +y ]
addcryi(r)(2,y) T +y T
add(p)(z,y T+ oy 1
suby(r)(z,y) T -y T
suby i(1)(z,y) z -y T
suby(py,1(z,y) T -y T
suby o(1)(z,Y) T -y T
sube(r),1(2,y) T -y 1
subi(1) (1) (2, y) T -y T
sube(ry,i(r) (T, y T -y T
sube(r)(,y) T -y t
mulry(z,y) T oxy T
muly ) (7, y) T *y T
mulyry (7, y) T *y T
muly oy (z,y) Tk y T
mule(r),1 (2, y) T *y T
muzi(1)7c(1)($7y) T *y T
mule(ry i(r) (T, y) T ok y T
mulepy(z,y) T * oy i
absi() () abs T
signumy(x) Signum(x) T
signum(ry(z) Signum(z) T
divides;ry(z,y) Divides(z, y) T
dividesy i) (7,y) Divides(x, y) T
divides; () (7, y) Divides(x, y) T
dividesr (r)(z, ) Divides(x, ¥) T
divides(p), (23 Divides(x, y) T
divides; )& (T, y Divides(x, ¥) T
dividesgayi(n) (T, y) Divides(xz, y) T
dividesd(r)(x, y) Divides(xz, ¥) T
quotsry(z,y) Quotient(x, ¥) T
q"W'utj,lu)(w #) Quetientta— T
quoty(ry (7, y) Quotient(x, ¥) T
quotr oy (,y) Quotient (x, ) T
quote(p),1(z,y) Quotient (z, ¥) T
quoti(ry e(n) (T, y) Quotient (z, ¥) T
quote(r) i(n) (T, y) Quotient (z, ¥) T
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quotyry(z,y) Quotient(z, y) T
mod;py(,y) x mod y T
mOdI,i([)(ﬂfay) z mod y t
mod;(p) 1(,y) x mod y ]
mOdl,c(I)(xvy) r mod y T
mOdc(I),I(l’ay) x mod vy +
mod;(r) o(1)(%, y) z mod y t
mod.r) (1) (%, y) z mod y f
modep)(z,y) x mod Yy T
ratioy (v, y) Ratio(x, y) T
ratior ;(ry(z,y) Ratio(x, y) T
ratioy ) 1(z,y) Ratio(z, y) f
ratior () (2,y) Ratio(z, y) il
ratiog(ry,1(z,y) Ratio(z, y) T
ratioyry o) (7, y) Ratio(z, y) T
ratiog(r) i) (T, y) Ratio(x, ¥) T
ratiog (e, y Ratio(z, ¥) T
residue;( ) (, y) Residue(x, y) T
residuer iy (z,y) Residue(x, y) T
residue;(r) 1(z,y) Residue(z, y) T
residuer o1y (,y) Residue(z, y) T
reszduec([),l(:c,y) Residue(x, 4 T
residue;(ry o) (T, y) Residue (z,\ ¥) T
residuecry i) (T, y) Residue(@, ¥) T
residueq (v, y) Residue(x, ¥) T
groupyp)(z,y) Group(z, y) t
groupr i (z,y) Group(z, y) T
group;ry 1(,y) Group(z, y) T
groupr oy (,y) Group(x, y) T
groupe(r),1(z,y) Group(x, y) T
group;(py.o(n) (¥ Group(x, y) T
groupey 52:1) Group(z, 1) i
groupepfaly) Group(z, ) +
padiy)(z,y) Pad(z, y) T
padyir)(z,y) Pad(z, y) T
pad() (z,y) Pad(z, y) T
Pwufl c(l)\‘”v.y) Pad(‘”’ L T
pad (I,1 ( ) Pad(z, y) "'
pad( )c(])( ) Pad(z, y) T
pade(r) i) (T, y Pad(z, y) f
pad, (I)( Y) Pad(z, vy) t
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maxi(r)(z,y) IINT Max(z, y) T
minl(]( Y) IINT’Min(z, y) T
mazx_seqi(ry(zs) Max (zs) T
min_seqyr )(IL‘S) Min(xs) T

where x and y are expressions of type INT, IINT, or CINT as appropriate, and xs is an expression
of type array (Integer range <>) of IINT.

The parameters for LIA-3 operations approximating real complex valued functions can be
accessed by the following syntax:

boT_erTor_Tmode Ml ) Box _Err Mul(z) T
mazx_err-mulep Err Mul (z) 1
box_error_mode_divy() Box_Err Div(x) T
max_err -dive( g Err Div(z) 1)
Max -err_erpy(r) Err Exp(z) T
MAT_err_power (g Err Power (x) T
Mazx_err_singr) Err Sin(z) or Err_Sinh(x) 1
mazx_err tang p) Err Tan(z) or Err_Tanh(x) 1
whiere = is an expression of type CFLT. The parameter furetions are constant for each typle
(ajd library); the argument is used only to differentiate ameng the floating point types for the

ovgrloading resolution.

The LIA-3 basic complex floating point operations-are listed below, along with the syntax used
to finvoke them:

eqi(r)(,Y) T =y *
eq}71 (%,y) r =y T
egi(r),r(,y) T =y f
6QFC (.CU,y) T =Y 1
eqe(r),F (T, Y) =y f
€4i(F),o(F)(2: Y) T =y i
€qc(F 1(F)( 'Y) r =Yy T
eqc(F>( Y) T =y *
nelJi(F)(x Y) T /=Y *
neqrir)(Ty) /=y T
negi(ry, g (€Y) /=y t
neqr (T, y) T /=y 1
negsr), (T, y) /=y t
Nedi( ) c(F )(x Y) x /=y 1
neqe iy (2. y) z /=y 1
neqe(r)(,y) T /=y *
Issiry(z,y) <y *
legipy(z,y) T <=y *
gtriey (T, y) T >y *
geqiry(z,y) T >=y *
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itimes p_;(r)(7) i*xax or jx*xux *
itimes;(py—p () i*xx or jx*xux *
itimese(p) () i*xz or j*xux *
rep(z) Re (x) T
reiry () Re(z) T
reo(ry () Re(z) *
imp () Im(z) T
im;(py () Im(x) *
ime(p)(T) Im(x) *
plusitimesp(z,y) Compose_From_Cartesian(x,y) or *

r+1*xy or x+ j*xy *
negi(r) () -z %
nege(r)(T) -z *
conjp(x) Conjugate (x) T
conji(ry(z) Conjugate (x) *
conje(py () Conjugate (x) *
add; gy (z,y) T+ y *
add gy (z,Yy) T+ y *
add( ) p(2,y) T+ y *
addF,c(F)(x7y) Tty *
addc(F),F(x7y) Tty *
add;(py o(r) (T, Y) Tty *
addc(F),l(F)(xay) Tty *
addypy(z,y) T+ oy *
subypy (T, y) T Ny *
subg i (T, Y) Eo~ Yy *
suby(r) r(z,Yy) r -y *
SubF,c(F)(wvy) T -y *
Sch(F),F(xvy) r -y *
subi(py () (T, ) T -y *
Sch(F),l(F)(xay) r -y *
sube(ry(, Yy T -y *
muli py(&,y) T ok y *
mulgiry(z,y) T *y *
el gy p(2,y) T *y *
muzF,c(F)(x7y) T *xy *
mulc(t‘),t‘ fe54t) F—¥—y *
mulipy o(r)(,y) T * oy *
mulepyiry(,y) T *y *
mulepy(z,y) T *y *
divy(py (T, y) x/y *
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divpir) (T, y) z/y *
divi(py p(,y) z/y *
divp,o(r) (@, y) x/y *
di”c(F),F(iL"a Y) z /vy *
divy(py () (T, Y) r/y *
divc(F),i(F)(xa Y) z/y *
dive ) (7, y) x/y *
absi(p () abs x *
absq(py () abs z or Modulus(x) *
phaser(x) Argument () T
phase;py(v) Argument () T
phaseq(p) () Argument () *
phaseup(u, x) Argument (z, u) ¥
phaseui(p)(u,x) Argument (z, u) T
phaseupy(u, ) Argument (z, wu) *
signump(x) Signum(z) T
signumipy(x) Signum(z) T
signume(py(x) Signum(z) T
floor; py(z) IFLT’Floor(x) T
floore(py(z) CFLT’Floor(x) T
rounding;) () IFLT’Unbiased®Rounding (x) T
rounding g () CFLT’Unbiaséd Rounding(x) T
ceiling; gy () IFLT’Cei%ing(x) T
ceilingq(py(z) CFLT/ Ceiling(z) T
maxi g (T, y) FRLT Max(x, 1) T
mmaz; g (T, y) Mmax (x, y) T
ming g (T, y) IFLT Min(z, v) T
mming g (T, y) Mmin(z, 1) T
maz_seq;ry(zs) Max (zs) T
mmaz_seq;ry(2s) Mmax (xs) T
min_seqi(r) (13 Min(xs) T
mmin_segy gy (s) Mmin (zs) T
polarp(i, y) Compose_From Polar(z, ¥) *
potarup(u, z,y) Compose_From Polar(z, y, u) *
whiete)r and y are expressions of type FLT, IFLT, or CFLT as appropriate, and u is an expressioh
of type FLT.

to invoke them:
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poweri(F),I(m'a Y)
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T Rk Yy
T Rk gy
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eTPi(F)—c(F) (T) Exp(2) *
erpe(ry(T) Exp(x) *
powerp_o(py (T, Y) Compose_From Cartesian(xz) ** y *
powerepy (T, Y) T *k g * Not LIA-3
8qrtp_o(r) () Sqrtc(x) T
8qrti(p)—c(r) () Sqrt (z) T
sqritc(py(z) Sqrt (z) *
Inp_e(r)(z) Logc(x), or T
Log(abs z) + ixArctan(Im(z), x) *
Ini(F)—c(r) () Log(z) (i
iy —e(r) () Log(abs x) + ixArctan(Im(x), Re(x))(\*
Ingry(z) Log(z) *
rad ) () Rad (z) T
radey(ry(x) Rad (z) T
siny(py () Sin(xz) or T
i * Sinh(Im(z)) *
sine(ry(z) Sin(x) *
cosi(r)(T) Cos(z) or T
Cosh(Im(x)) *
cose(py () Cos(x) *
tan(g) () Tan(z) - Cor T
i * Tanh(Im(x)) *
tanypy () Tan (@) *
coty(ry(T) Cot(z) or T
-i * Coth(Im(x)) *
cote(ry () Cot (z) *
seci(py(z) Sec(x) T
sece(py(x) Sec(x) T
cscip) () Csc(z) T
csco(ry(2) Csc(z) T
arcsingS,q(r) () Arcsinc(x) T
are$inir)(r) Arcsin(x) T
aresing py(z) Arcsin(x) *
arccos p_q(p) () Arccosc(x) T
arﬂcnolk”_)qr)(x) Arccos(x) +
arccosq() () Arccos(x) *
arctan;py(z) Arctan(x) T
arctan;py—q(r) () Arctanc(x) T
arctan g () Arctan(z) *
arccoty(p)(x Arccot (x) T
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arccoti(py—o(r)(T) Arccotc(x) T
arccot o) () Arccot (x) *
arcsecFﬁC(F)(x) Arcsecc(x) T
arcseci(py—e(r) () Arcsecc(x) T
arcsec () () Arcsec(x) T
arcescp_q(r)(T) Arccscc(x) T
arcescip) () Arccsc(x) T
arcesce(ry(x) Arccsc(x) T
radhp(x) Radh(x) T
radh; gy () Radh () T
radhe g () Radh () T
sinhi ) () Sinh(x) 1
sinhe(p) () Sinh(x) *
coshi gy () Cosh(x) T
coshe(py(z) Cosh(x) *
tanh; ) () Tanh (x) T
tanhe(py(z) Tanh (x) *
cothi(py(z) Coth(x) T
cothe(py(z) Coth(x) *
sechi(ry(z) Sech(x) T
sechepy () Sech(x) T
eschipy () Csch(z) T
csche(py () Csch(z) T
arcsinh; g () Arcsinh (2 T
arcsmh i(F )_w(F)( ) Arcsinhc(x) T
arcsinhe gy () ArcSinh(z) *
arccoshp_o(r) (x) Axccoshc(x) 1
arccoshi(py—o(r)(x) Arccoshc(z) T
arccoshe(ry(z) Arccosh(x) *
arctanhFHC(F) (x) Arctanhc(x) T
arctanh;py(z) Arctanh(x) T
arctanhqgy(z) Arctanh(x) *
arccothp_.q(ryE) Arccothc(x) T
arccoth; pyfx) Arccoth(x) T
arccothgey () Arccoth(x) *
arcs€elp_o(r) () Arcsechc(x) T
aresechy(py—q(r)(T) Arcsechc(x) T
arcseche(py(z) Arcsech(x) T
areesehrTiE) Areeschtrd F
arceschi(p)—c(r) () Arccsche(x) T
arceschy(py () Arccsch(x) T

where x and y are expressions of type FLT, IFLT, or CFLT as appropriate.
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converty_p () Compose _From Cartesian(z) T
convertyry_.c(r)(z) Compose_From_Cartesian(z) T
converty i) (z) ii * INT2(Im(z)) T
convert oy _e(ry () Compose _From Cartesian(INT2(Re(z)), INT2(Im(x)))
convertp_(py() Compose _From Cartesian(z) *
COnU@TtFA,C(F) (x) x + i *x Im(x) or x + j * Im(x) T
converty py_c(r) () Compose_From_Cartesian(x) *
convertyp —>c(F) (x) Re(x) + x T
convert; gy _ipr)(T) i x FLT2(Im(x)) *
convertyp )_>C(F/)( x) Compose _From Cartesian(FLT2(Re(z)), FLT2(Im{&)))
convert oy _c(r)(T) FLT2(Re(x)) + i * FLT2(Im(z))) *

where x is of type IFLT or CFLT as appropriate.
Ada has standard support for input of complex numerals and output of complexvalues, though
rjot for imaginary values, both to/from strings as well as to/from files, both in*narrow” charactlers
(Latin-1) and “wide” characters (UCS-2/UTF-16):
convertepmy_q(F) (s) Get(s, g, w?); *
converte ’)—>c( (f) Get(f?, g, w?); *
converty py—c(rr)(Y) Put(s, y, Aft=>a?, Exp=>e?); *
converty p)—c(rr)(Y) Put(h?, y, Fore=>i?, Aft=>a?, Exp=>e?); *
convertypry—e(r)(S) Get(s, g, w?); *
convertypry—e(r)(f) Get(f?, g, w?)g *
converte m)—c(p(Y) Put(s, y, Aft=>a?, Exp=>0); *
converte m)—c(p)(Y) Put (h?, @, Fore=>i7, Aft=>a?, Exp=>0) ;%
where y is an expression of type CFLT; base, w, i, a, and e are expressions for non-negatjive
integers. e is greater than 0. base ig greater than 1. ¢ is a variable of type CFLT. A 7 abgpve
ihdicates that the parameter is optional. f is an opened input file (default is the default input file).
R is an opened output file (default-is the default output file). s is of type String or Wide Stripg.
Hor Get of a floating point orifixed point numeral, the base is indicated in the numeral (defgult
10). For Put of a floating point or fixed point numeral, only base 10 is required to be supportfed.
Hor details on Get and ‘Put, see clause G.1.3 Complex Input-Output, and G.1.4, of ISO/IEC
§652:1995. The Ada standard is not explicit about the use of UCS-2/UTF-16 for input/output
df “wide” characters. However, there is an implicit assumption of no data loss for data output
and later inpufiagain. Though there are several standard external encodings that satisfy that
(p-g. UTF-8),7one may also assume that there is no encoding change during I0. Hence, big-endjan
JCS-2/UTF-16 is the only reasonable option (otherwise explicit mention in the Ada standfrd
wouldshave been necessary).
Ada does not have any special programming language syntax (as opposed to I/O syntax)
for complex, or imagimary, numerals i general. Instead imaginary and complex numerals are
expressed as (compile-time evaluatable) expressions involving a notation for the imaginary unit.
imaginary -unit; ii ]
imaginary -unite(r 0+ii T
imaginary-unit; g i or j *
imaginary-unit. g 0+i or O+j *
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C2 C

The programming language C is defined by ISO/IEC 9899:1999, Information technology — Pro-
gramming languages — C [4].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

by

m

The operations or parameters marked “{” are not part of the language and should be provided
an implementation that wishes to conform to the LIA-3 for that operation. For each of the
rked items a suggested identifier is provided

or the new Bool datatype (usually referred to via the macro bool).

tatfion defined way. The description here is not complete. See the C standard.G-Some of the
intpger datatypes have a predetermined bit width, and the signed ones use 2’s~complement fdr
s

reyl

impim width, and special purpose integer datatypes (like size_t). Also ‘provided are the more

we

ungigned short int, unsigned int, unsigned long int, and @nsigned long long int. F

na

int|
an

bix]

to

doq
dot

ter
thd

fix

flo

bix]

?
d
angl unsigned integer datatypes. intmax_t and uintmax_t mdy gven be unbounded with a negativie
X

The LIA datatype Boolean is implemented by the C datatype int (1 = true and 0 = false),

C defines numerous integer datatypes. They may be aliases of each other in an implemer}-

resentation of negative values: intn_t and uintn_t, where n is the bit. width expressed a
ecimal numeral. Some bit widths are required. There are also minimim-width, fastest minl-

l-known integer datatypes char, short int, int, long int, longClong int, unsigned chay
ly there are the integer datatypes intmax_t and uintmax_t thatare the largest provided signe

bger infinity for the signed variety as INTMAX_MIN and.a positive integer infinity as INTMAX_MA
] UINTMAX MAX. INT is used below to designate one¢of)the integer datatypes.

C has no standard imaginary integer or complexcinteger datatypes. However, in the suggestefd
ding below, IINT and CINT are used to designate such potential datatypes.

C names three floating point datatypes: f1dat, double, and long double. FLT is used beloyw
designate one of the floating point datatypes.

C has three complex floating point-datatypes: float _Complex, double _Complex, and long
ible _Complex, and may have three imaginary floating point datatypes: float _Imaginary,
ible _Imaginary, and long.double _Imaginary. _Complex and _Imaginary are usually wrif
complex and imaginary-respectively. CFLT and IFLT are used below to designate one d
complex or imaginary ((respectively) floating point datatypes.

—

For some of the opérations below, the C standard defines ‘type generic macros’. These aie
bd by the C standard, and new ones cannot be defined in program libraries.

The operations.marked “(x)” are available only when the implementation provides imaginarjy
hting pointidatatypes.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them (the
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ding for II is given towards the end of this binding example):
eqyn(a, y) r ==y i
eQIl ( ) r =1y T
eqi(n), [(.%',y) r ==Y T
QQI c( (.Z', y) r ==Yy T
€qc(I), [(fl?,y) r ==Y T
€qi(1),e(1) (T, Y) T ==y t
€qc(1),i( (x7 r =1y T
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QQC(I)(xay) r ==Y T
negir)(,y) r =y T
neqy i) (,y) r =y T
negy(r),r(,y) r =y ]
n€QI,C(I)(ny) r =y T
neQC(I),I(ny) r =y T
neqi(r),c(n) (T, y) T =y t
neqe(r),i(n (T, y) T =y f
neqer) (T, y r =y T
Issi(r)(,y) r <y T
legi(r)(,y) r <=y T
gtri(z,y) T >y (I
geqir)(z,y) T >=y 1
itimes_i(r) () II * ¢ T
itimes;(r)—(x) II * ¢ T
itimes.(p) () II * x T
rer(x) crealit(x) T
reir () crealit(z) T
ree(r) () crealit(z) T
imy(x) cimagit(x) T
im;(ry () cimagit(x) T
ime(r) () cimagit(x) T
plusitimesy(x,y) x + II * y T
negi(r)(z) s t
nege(r)() xY t
conjr(x) donjit(x) T
conjiry () conjit(x) T
conji( )(1‘) conjit(x) T
add;1)(z,y) Tty T
addy 51)(z,y) Tty T
addypy,1(z, ) Tty f
addl,c([)(mhy) T +y T
addc([),](xvy) Tty T
addigp).e(r) (T, y) T+ oy ]
adde(r)i(n) (T, Y) T +y T
adde (7, y) T+ oy ]
suby(r)(z,y) T -y f
suby i(1)(z,Yy) T -y T
suby(py,1(z,y) T -y f
SUbI,c(])(xay) r -y T
sube(r),1(z,y) T -y f
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subi(r) (1) (2, y) T -y T
Sch(I),i(I)(xay> r -y T
sube(r) .y -y f
mulyry(z,y) T o*y T
muly i) (z,y) T *y T
muls ) 1(z,y) T kY T
mulm([)(ac,y) T *y T
muzc([),](‘r’y) T *y T
mulyr o) (T, Y) T *y T
mule(ry i(r) (T, y) T kY T
o) (2,9) r %y :
abs;(r) () iabst(x) 1
signumy(x) signumt (z) i
signumsp) () signumt (x) T
divides;py(x,y) dividest(x, ¥) T
dividesy s r)(,y) dividest(z, ) T
divides;ry 1(x,y) dividest(z, ) T
dividesr o(1)(z,y) dividest(z, ) T
divides (), 1(7,y) dividest(x, ¥) T
dividesi(ry o(1) (7, y) dividest(z, y) T
dividesy(r) i) (7, y) dividest(z, y) T
dividesqry(z,y) dividest(z, ) T
quoty(ry(z,y) quott(x, %) T
quotrsry(z,y) quott (xz, ™ y) T
quoti(py,1(z,y) quotta, y) T
qUOth(I)(l‘,y) quott(z, y) T
quote(p) 1(z,y) quott(z, y) f
quoty(p) () (2, Y) quott(z, y) f
quote(ryir) (2, y) quott(z, y) T
quot(py(z,y) quott(z, y) i
mOdi(I)(ﬂfay) modt(x, y) 1
mody ;1) (25) modt (x, y) T
mod;( 1y 1{5, y) modt (z, 1) +
mOdl,c(I)(l”yy) modt(x, y) 1
mode(r),1(7,Y) modt(z, y) T
mod;py.c(r) (7, y) modt (z, y) +
"”Udc(l)l(l)\"‘"7y> moe-Ces—4) ¥
mode(ry(z,y) modt(x, y) T
ratioyry(z,y) ratiot(x, y) T
Tatzoll n(z,y) ratiot(x, y) T
ratioy ,(x,y) ratiot(x, y) T
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ratioy o) (%, y) ratiot(z, y) T
ratiog(ry (7, y) ratiot(z, y) T
ratioyry o) (T, y) ratiot(z, y) T
ratiog(r) i) (T, y) ratiot(zx, y) T
ratioe ) (v, y) ratiot(z, y) T
residue; () (v, y) iremaindert(x, y) T
residuer ;ry(z,y) iremaindert(x, y) T
residue;(py 1(z,y) iremaindert(x, y) T
residuey o(r)(z,y) iremaindert(z, y) T
residueqry 1(z,y) iremaindert(x, ¥) T
residue;(ry o) (T, y) iremaindert(x, y) T
residuecr) i) (T, y) iremaindert(x, y) T
residuec(r) (v, y) iremaindert(x, ) f
groups(n(z,y) groupt (z, ) f
groupr i (z,y) groupt(z, y) t
group;r) 1(,y) groupt(z, y) f
groupr () (T, y) groupt (z, y) t
grouper),1(,y) groupt(z, y) ]
groupi(p),e(n (T, y) groupt (z, y) ]
groupe(r in) (2, y) groupt (z, y) i
groupe(r)(z, y) groupt (z, y) f
pad;r)(z,y) padt(z, y) t
padr i) (z,y) padt(z, y) t
padypy 1(x,y) padt (z ;. @) T
pady o(1)(2,y) padt (z," y) f
pade(py,1(z,y) padt€x, y) T
padi(py,e(n) (T, Y) padt(z, y) f
pader) i) (T, y) padt(z, y) T
pade(p)(,y) padi(z, y) ]
mazi(p) (T, y) imaxt(z, y) T
miniry(z,y) imint(x, y) T
maz_seqi(ry(rs) imax_arrt(zs, nr_of_items) T
min_seq(y (Ts) imax_arrt(zs, nr_of_items) T

here © and\y-are expressions of type INT, IINT, or CINT as appropriate, and xs is an express
f type artay of IINT, and t is a string (part of the operation name in C), that is the empty str
br int;is 1 for long int, is u for unsigned int, and is ul for unsigned long int.

The parameters for LIA-3 operations approximating complex real valued transcendental fu

jon
Ing

tions can be accessed by the following syntax:

box _error_mode-mule )
maz-err-muly g

box_error_mode_dive )
mazx-err -dive(py

c.2C

box_err_cmult
err_cmult

box_err_cdivt
err_cdivt
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MAT_err_erpe(r) err_cexpt T
MAL_erT_POWET () err_cpowert T
MAT_err_sil ) err_csint T
max_err_tan g err_ctant 1

where t is a string (part of the parameter name in C), that is the empty string for int, is 1 for
long int, is u for unsigned int, and is ul for unsigned long int.

thd
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o plesHorie pot—opertion lon
syntax used to invoke them (the binding for I is given towards the end of this binding example):
eqi(ry(z,y) T =y (*)
eqrir)(,Y) T ==y (%)
eqi(r),r(,Y) T =y (%)
€QF,C(F)(9CaZ~/) r ==Y X
eqe(r),F(T,Y) T ==y *
eqi(F)o(F) (T, Y) T ==y (%)
QQC(F),i(F)(x7y) T =y (%)
€qc(F) ‘Tay) r ==Y *
negry (,y) T =y (%)
neqrir)(z,y) T =y (%)
negiry,r (T, y) r =y (%)
n€QF,c(F)(x7y) z =y *
neqe(r),r (7, y) T =y *
negiry,e(r) (T, Y) z =y (%)
neqC(F),l(F)(x7y) z =y (*)
Neqe(F) .CL‘,y) x =y *
Issiry(z,y) .Sy T
legiry(z,y) <=y T
gtricry (2, y) T >y T
geqiry(z,y) T >=y T
itimesF_,i(F)(:v) I *xzx (%)
itz’mesi(p)_,p(:p) I *xzx (%)
itimes(p) (@) Iz *
rep(x) crealt(x) T
rei () crealt(x) T
Ty (T) crealt(z) or creal(z) *
tmr(x) cimagt (x) T
im;\F>(7‘\ cimagt () 1
ime(p) () cimagt(x) or cimag(x) *
plusitimesp(x,y) x+Ix*y *
negi(F)(ﬂﬁ) -z (*)
nege(ry() - *
conjp(x) conjt(z) or conj(x) T

Ezxample bindings for specific languages


https://standardsiso.com/api/?name=642fc7cc256dbc98dcbffc222987a875

© 2006 ISO/IEC — All rights reserved

ISO/IEC 10967-3:2006(E)

conji(ry(z) conjt(x) or conj(x) (%)
conje(py () conjt(x) or conj(x) *
add;ry(z,y) Tty (%)
add gy (z,Yy) Tty (%)
add; gy p(,y) Tty (%)
addF,c(F)(m7y) Tty *
addc(F),F(l‘)y) T +y *
add;(py o(r) (T, y) T+ y (%)
adde( gy i(ry (T, Y) T+ oy (%)
addypy(z,y) T+ oy *
sub(p (,9y) T -y (%)
subp iy (T, Y) T -y *
subipy,r(T,Y) T -y {*)
SUbF,c(F)(xvy) r -y *
Sch(F),F(xvy) r -y *
subi(r) o(F) (T, Y) T -y (%)
sube(ry i(F) (T, Y) T -y (%)
subg(ry(T,y) T -y *
muli(p)(z,y) T * Y (%)
mulp; F)(QT Y) T *y (%)
muli gy p(T,y) T * oy (%)
mulFC y(z,9) T * oy *
mulC(F r(z,y) T * oy *
muly(p) c (F)(CU Y) T ox oy (%)
mulg gy i) (T, Y) Tk y (%)
mule gy (z,y) T ¥y *
divi(ry(z,y) r/y (%)
divg,(r) (@, y) x/y (%)
dZvl(F ( y) z/y (*)
divp () (T, Y) x /vy *
dive(ry,p (7, Y) z /vy *
divi(r) c(F) (€-Y) x/y (%)
dZUC(F ), 1) (337 r/y (*)
divegyylt ) v /oy -
absi(F)(m) fabs(x) (%)
absc(r) () cabst(x) or fabs(x) *
phasep(x) cargt(x) or carg(x) T
phase; gy () carg(x) (%)
phasep () cargt(x) or carg(x) *
phaseur(u, ) cargut(x, u) T
phaseu;p)(u, ) cargut(z, u) T

c.2C
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phaseuqry(u, x) cargut(z, u) T
signump(x) signbit (x) *
signumi(py () I*signbit(cimag(z)) *
signume(p) () csignt(x) T
floor(p () floort(x) T
floor gy (z) floort(x) T
rounding; gy () nearbyintt(z) T
rounding . py() nearbyintt(z) T
ceiling; ) () ceilingt(x) T
ceilingq(py(z) ceilingt(x) T
maziry(z,y) nmaxt (z, ) T
mmaz;ry(z,y) fmaxt(z, y) T
min; gy (T, y) nmint (z, y) T
mmin gy (2, y) fmint(z, y) T
maz_seq;ry(zs) nmax_arrt(xs, nr_of_items) T
mmaz_seg; r)(zs) fmax_arrt(xzs, nr_of_items) T
min_seq;(py(vs) nmin_arrt(xs, nr_of_items) T
mmin_seq;(p)(vs) fmin arrt(xzs, nr_of_items) T
polarp(x,y) polart(x, y) T
polarup (u, z,y) polarut(z, y, ) T
projr(z) projt(z) or\, cproj(x) T Not LIA-3
projiry () cproj (x) T Not LIA-3
Proje(r)(z) cprojtkx) or cproj(x) * Not LIA-3

whiere  and y are expressions of type WLT, IFLT, or CFLT as appropriate, u is an expression ¢f
type FLT, and ¢ is a string (part of the operation name in C), that is the empty string for doublg,

is |17 for long double, and is “£” for float.

us¢d to invoke them:

The LIA-3 elementary complex floating point operations are listed below, along with the synta

5]

power;(y (b, 1) cpowit (b, 1) T

exp;(r) () exp(x) (*)

erpe(r) (&) cexpt(z) or exp(x) *

POWET () (T, Y) powc(x, y) T

power (b, y) cpowt(x, y) or pow(x, y) * Not LIA-3
sqrtp_e(p) () sqrtc(z) T
8qrti(py—e(r) (T) sqrt (x) (%)
sqrtcry(T) csqrtt(z) or sqrt(z) *

1o (%) Loget (x) t
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log(abs(x))+I*atan2(cimag(z),z)
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*

INi(F)—e(F) (2) log(x) (%)
Ini(p)—e(ry(T) log(abs(x))+I*atan2(cimag(z),creal(z)) (%)
Ine(py () clogt(x) or log(x) *
rad g () radiant (z) T
radepy () radiant (z) T
sini() () sin(x) (%)
siner)() csint(z) or sin(x) *
cosi(r) () cos(x) (%)
cosq(r) () ccost(z) or cos(x) *
tan(p) () tan(x) (%)
tang(ry(x) ctant(z) or tan(x) s
coti(py(x) cot(x) il
coto(py(x) ccott(x) or cot(x) T
seci(py () sec(z) T
secq(r)(T) csect(z) or sec(x) T
cscipy () csc(x) T
csce(ry(T) cesct(x) or csc(x) T
arcsinpgﬁdpg(x) casinct(x) T
arcsing g () asin(x) (%)
arcsing gy(z) casint(z) or ‘asin(z) *
arccosp_,o(r) () acosct(z) T
arccosi(py—e(r)(T) acos(x) (%)
arccosq(p) () cacost(ad) or acos(z) *
arctan;p(v) atan(x) (%)
arctan;(py_.q(r)(T) atanct (z) T
arctan g () datant(x) or atan(x) *
arccoty ) () acot (x) T
arccoty p)—c(r) () acot (x) T
arccoty() () cacott(z) or acot(zx) T
arcsecp_o(r) () asecct(x) T
arcseci(py—o( RILF) asecct(x) T
arcsecy () (T) casect(z) or asec(x) T
arccsCp o) (2) acscct(x) T
arcescyy () acsc(x) T
arepsée( () cacsct(z) or acsc(x) T
radhp(x) radianht (x) T
AL TR A3 il +
rerthrTe) radianht-r)
radhep () radianht (x) T
sinhipy(z) sinh(z) (%)
sinhepy () csinht(x) or sinh(z) *
coshi(p)(z) cosh(x) (%)
c2cC 103
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whi
thd

whi

coshe(p) () ccosht(z) or cosh(x) *
tanh; g () tanh(z) (%)
tanhC(F () ctanht(z) or tanh(z) *
cothi g () coth(x) T
cothe(py(z) ccotht(z) or coth(x) T
sech (F) (;1:) sech(x) T
sechq(p) () csecht(z) or sech(x) T
cschl(F (x) csch(x) T
csche(py () ccscht(z) or csch(x) T
arcsinhpy() asinh(x) (%)
arcsinhy py_e(r)(T) asinhc(x) T
aresinhe gy () casinht(x) or asinh(z) *
arccoshp_.q(r) () acoshct (x) 1
arccosh(pyc(r) () acosh(x) (%)
arccoshe(py(z) cacosht(x) or acosh(x) *
arctanhp_qp) () atanhct (z) T
arctanh;py(z) atanh(z) (%)
arctanhy gy(z) catanht(x) or atanh(z) *
arccothp_o(p) () acothct (x) T
arccoth;(py(z) acoth(x) ]
arccothe(py () cacotht(x) or acoth{w) T
arcsechp_q(p) () asechct(x) T
arcsechi py—q(r)(T) asech(x) T
arcsechq py(z) casecht(x) or~“asech(z) T
arceschi(py () acsch(x) T
arceschy(p)—e(r)(T) acschet (x) T
arcesche(py () cacscht(Z) or acsch(z) T

ere x and y are expressions of type \HLT, IFLT, or CFLT as appropriate. t is a string, part
operation name, and is “f” for £1pat, the empty string for double, and “1” for long doublg.

Arithmetic value conversiong in C can be explicit or implicit. The explicit arithmetic valu
cofversions are usually expresSed as ‘casts’, except when converting to/from strings. The rules fg
en implicit conversions @rg-applied is not repeated here, but work as if a cast had been applie

= D

convertr () (INT _Complex)x T
converti ) o)) (INT _Complex)x T
converty n<ii) () (INT2 _Imaginary)zx T
CO'I’L’UG’T‘tC([)_}C(I/) (x) (INT2 _Complex)z T
copvert p_q(ry(y) (FLT _Complex)x *
converty py_c(r)(y) (FLT _Complex)x (%)
r-nfnom"m‘i\F) e )fy) (ELT2 _Imagi nn-ry\ x (+)
converty(p)—c(rr)(Y) (FLT2 _Complex)z *

where x is an expression of type INT, y is an expression of type FLT. INTZ2 is the integer datatype
that corresponds to I’. FLTZ2 is the floating point datatype that corresponds to F’.

When converting to/from string formats, format strings are used. The format string is used

as a pattern for the string format generated or parsed. Please see the C standard for a full
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description. There are no special format indicators for imaginary or complex values. Instead, the
real part and the imaginary part are formatted separately, and any syntax before/between/after
those numerals must be specified in the format string.

C does not have any special syntax for complex, or imaginary, numerals in general. Instead
imaginary and complex numerals are expressed as (compile-time evaluable) expressions involving
a notation for the imaginary unit (of types const int _Imaginary and const float _Imaginary
or const int _Complex and const float _Complex).

imaginary -unit; IT or _Imaginary_II T
T T —o—Cemplex—1T 4

imaginary unit; g I or _Imaginary_I (%)

imaginary-unit. g I or _Complex I *
The I macro is defined as _Imaginary_I if imaginary floating point datatypes are ‘provided|by
the implementations, but defined as _Complex_I if imaginary floating point datatypes are hot

grovided. Similarly can be done for the II macro.

¢.3 C++
The programming language C++ is defined by ISO/IEC 14882:2003, Programming languagels —
) ++ [5].

An implementation should follow all the requirements of LIA-3 unless otherwise specified|by
his language binding.

-

The operations or parameters marked “i” are notqpart of the language and should be provided
y an implementation that wishes to conform to the LIA-3 for that operation. For each of the
narked items a suggested identifier is provided.

—~

=

This example binding recommends that. all;identifiers suggested here be defined in the name-
space std: :math.

The LIA datatype Boolean is implermented by the C++ datatype bool.

Every implementation of C++\has integral datatypes int, long int, unsigned int, gnd
unsigned long int. INT is used below to designate one of the integer datatypes.

C++ has no standard imaginary integer or complex integer datatypes. However, in the spg-
gested binding below, II{VT and CINT are used to designate such potential datatypes.

C++ names twoAleating point datatypes: float and double. FLT is used below to designpte
dne of the floating point datatypes.

C++ has ghree complex floating point datatypes: complex<float>, complex<double>, gnd
domplex<long double>. CFLT is used below to designate one of the complex floating pdint
atatypes.

44 does not have imaginary floating point, nor any imaginary or complex integer datatype.

“Phe TTA-3 integer operations are listed below ﬂ]n‘ng with the syntax 11sed to invoke them-

eqi(ry(z,y) T ==y f
eqrir)(z,y) T ==y T
eqi(n),1(z ,y) T ==y f
QQICI( vy) r =1y T
eqe(n),1(,y) T ==y ]
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6%(I),C(I)(ijy) r =1y T
eqe(n) i (T, y) T ==y T
€qc(1) l’,y) r =1y T
negi(r)(, y) x =y T
neqrir)(,y) x =y T
negir),r(x,y) T =y T
HGQLC(I)($7y) x =y T
nGQC(I),I(xvy) z =y T
negqi(ry,c(r) (% y) T =y T
nQQC(I),l(I)(may) z =y T
Neqe(1) 'Ivy) z =y T
Issiy(z,9) z <y 1
legi(r)(@,y) T <=y )
gtrin (@, y) T >y T
geqin(z,y) T >=y T
itimesr_i(r)(7) II * gz T
itimes;( () II * x T
itimese(r) () II * T
rer(x) x.real() or real(z) T
rei(r) () x.real() or realfz) T
reo(r) () x.real() or realdr) T
imy(x) x.imag() or . Amag(zr) T
imiry(z) x.imag() or “imag(z) T
ime(r) () x.imag(). Cor imag(x) T
plusitimesy(z,y) complex(zx, y) T
g (@) - }
nege(1) (:Z:) =T T
conjr(x) conj (x) T
conjip(v) conj (x) T
conjen) () conj (x) T
adds (2, ) vty :
addy () (T,4) Tty T
add;(ry /(25y) T +y T
addrég) (@, y) Tty T
adéerry,1(,y) Tty T
addy(ry c(r) (7, y) T +y T
wd%upu)( ) F—t—Y ¥
add.y )( ) Tty f
SUbl(]( ay) r -y f
SUbfll (l‘,y) r -y T
suby(py,1(z,y) T -y T
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SUbI,c(])(xay) r -y T
Sch(I),I(xay) r -y T
subi(py,e(r) (7, y) T -y ]
Sch(I),i(I (z,y) r -y T
sube(r) (2, y) T -y t
mulyry(z,y) T oxy f
muly 1) (7, y) T *y T
mulypy1(7,y) T * oy f
muz[,c([)(xvy) T *y T
mulc(])’f(:v,y) T *y T
mulipy ey (T, y) T o*y ]
mule(ry i (T, ) T *xy T
mulc([) T,y T *y {
absiry(z) abs (x) T
signumy(x) signum(x) T
signum;(ry(z) signum(x) T
divides;ry(z,y) divides(x, ¥) T
dividesy (7, y) divides(x, ¥) T
divides;( ) (7, y) divides(x, ¥) T
dividesy o) (7, Yy) divides(z, ¥) T
dzmdesc(f)l(x,y) divides(z, ¥) T
divides;(r).o(r) (T, y) divides(x, 4 T
divideser i) (T, y) divides(x,\ 1) T
dividesry(,y) divides(@, y) T
quoty(py(z,y) quotlz, y) t
quoty 1) (,y) quot (z, y) t
quoty(ry (7, y) quot (z, y) t
quotr o) (,y) quot(x, y) f
quotry,1(,y) quot(x, y) f
quotiry o(r)(, y) quot(z, y) f
quote(p) i) (T, ) quot(z, y) ]
QUOtC(])(xvy) quot(z, y) T
mod;(pl¥, y) mod(z, ¥) T
mOdI,i(I)(xay) mod(z, y) T
modi(r),1(T,y) mod(z, y) T
mody o) (T, Yy) mod(x, y) T
HROdTT T woeH#—i) T
mod;py,c(r) (T, y) mod (z, 1) T
modc( )7([)(3},3/) mod (x, ¥) ]
modery(z,y mod (z, %) T
ratioyp(,y) ratio(x, ¥) T

C.3 C++
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ratior iy (v, y) ratio(x, y) T
ratioy ) (v, y) ratio(z, y) T
ratioy o) (7, y) ratio(z, y) T
ratiog(ry,1(7,y) ratio(x, y) T
ratioy o) (T, y ratio(z, y) T
ratioe(ryir) (T, y) ratio(x, y) T
ratioe(r) (T, y) ratio(x, y) T
residue;py (v, y) iremainder(x, y) T
residuer i) (z,y) iremainder (z, y) T
residue;(r) (7, y) iremainder(x, ¥) T
residuer . [)(x Y) iremainder(x, ¥) T
residueqry 1(,y) iremainder (x, ¥) T
residue;( ) o(r) (T, y) iremainder (x, ¥) 1
residueqr i) (T, y) iremainder(x, y) i
residue(r) (T, y) iremainder (x, y) T
groupir)(z,y) group(z, y) T
groupy i (x,y) group(z, y) T
groupy(r) 1(z,y) group(z, ) T
groupy cu) (z,9) group(z, y) T
groupe(r),1(x,y) group(z, ) T
group; (1) o(n)(,y) group(z, y) i
groupe(ryi(r)(,y) group(z, y) T
groupepy(z,y) group(x, ¥y) T
padypy(,y) pad(z, y) T
pady i) (z,y) pad(z ) T
pady) (%, y) pad(zy y) T
pady o(ry(2,y) pad(z, y) T
pad(r),1(,y) pad(z, y) T
padi(r).o(1)(,y) pad(z, y) T
pade(p) i) (T, Y) pad(z, y) T
pade(r)(x,y) pad(xz, y) T
maxi(r)(z,y) max(x, ¥) T
mml(] (I ). min(z, ¥y) T
maz_segqypy(s) rs.max () T
minssedir)(ws) zs.min() T
whiere «r\and y are expressions of imaginary or complex integer type, or an integer datatype gs
appropriate. xs is an expression having the type of an array of an imaginary integer datatype.

The parameters for operations approximating complex valued transcendental functions can be
accessed by the following syntax:

numeric 1imits<CFLT>: :box_err_cmul() 7
numeric 1limits<CFLT>: :err_cmul ) T

box_error_mode_muly(p)
mazx_err-mulep

box_error_mode_dive(p) numeric_limits<CFLT>: :box_err_cdiv() f
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mazx_err_divep) numeric_limits<CFLT>::err_cdiv() T
Max-err_erpe(r) numeric limits<CFLT>: :err_exp() T
MaT-err_power (r) numeric 1limits<CFLT>: :err_power() T
Maz_err_singr) numeric limits<CFLT>::err_sin() T
mazx_err_tan g numeric limits<CFLT>::err_tan() T

The LIA-3 non-transcendental complex floating point operations are listed below, along with

the syntax used to invoke them:
eqi(r) (2, y) T ==y f
€qr; F)(JU Y) T ==Yy T
eqi(r),r (2, y) T ==y f
6ch ) (2, y) T ==y x
eqe(r),F (2, Y) T ==y i
eqi(F) e (F)(CU Y) T ==y t
eqe(F),i(F) (T, Y) T ==y f
QQC(F)($7y) r ==Yy *
negir) (,y) r 1=y T
neqr;r)(®,y) x 1=y t
negir,r (7, y) r 1=y T
neqF,c(F)<x7y) r 1=y *
ne(k(F),F(xvy) r =y *
negi(r)o(F)(,y) T 1=y f
neqe(r),i(F)(,y) T 1=y f
neqe(r) $,y) r =y *
Issiry(z,y) r &Yy T
legi(r) (7, y) r$=y T
gtricry(z,y) T >y T
geqiry(z,y) T >=y f
itimesp_;(r)(7) I*xux T
itimes;(py— () I*xux T
itimes.(py () Iz T
rep(x) x.real() or real(w) T
reir) (%) x.real() or real(z) T
req@ ) () r.real() or real(w) *
im(T) x.imag() or imag(z) T
iy () x.imag() or imag(z) T
imy(py () z.imag() or imag(z) *
plusitimesp(x,y) complex(zx, ¥) *
plusitimesp(z,y) z+ 1%y T
negie (@) e :
neger () - "
conjp(x) conj(x) T
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conjipy(z) conj(x) T
conje(py () conj (x) *
add;py(z,y) T +y T
add iy (,y) T +y T
addy gy, r(7,y) r +y T
addF,c(F)(xay) Tty *
addc(F),F(xvy) Tty *
addy( gy () (7, ) Tty T
addy(r)i(F)(T,Y) T +y T
addyry(z,y) T+ oy *
suby(r)(,y) T -y t
subpi(r) (@, y) T -y t
SU‘bl(F ( ) r -y T
subpo(r)(T,Y) r -y *
suby(r), (7, ) T -y *
subi(py c(r) (T, Y) T -y T
sube(py,i(r) (T, Y) T -y T
sube(ry(T,y) T -y *
mulypy(z,y) T kY T
muzFl(F (z,9) TRy f
muli gy, p(z,y) T *x Yy T
mulpc y(z,9) Tk y *
mule ), F(T,Y) Tk y *
maul; (F),C(F)(I Y) T oxy T
mul (F),I(F)(‘T7y) T *xy T
mule ) (7, ) T %y *
divi(py(z,y) 2/ y T
divp;ry(z,y) z /vy T
d'lvl(F),F(xay) z /vy T
divg 7y (T, Y) x /Yy *
divy(ry, (7, ) x/y *
divy( gy e(r) (T (9) T /y T
divc(F),l(F)(x7y) z/y T
divc(p) Byl z/y *
abssir) () abs (x) *
absc(p)(z) abs () *
e ,ulll/‘oc(b)\.b} rormis) *NotHA—3
phasep(x) arg(r) T
phase;py(z) arg(x) T
phasec ) () arg(zr) *
phaseuF(u, x) argu(z, u) T
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phaseu; g (u, ) argu(z, u) T
phaseuqpy(u, ) argu(z, u) T
signump(x) sign(x) T
signum; g () sign(x) T
signume g () sign(x) T
floory(py(x) floor(x) T
floor gy () floor(x) T
roundmgl(F) (x) nearbyint (z) T
rounding oy () nearbyint (x) T
ceiling; py(z) ceiling(x) T
cezlzngC(F (x) ceiling(x) T
mazipy(z,y) nmax (z, y) T
mmazipy(z,y) fmax(z, y) T
mini gy (z, y) nmin(x, ) T
mming gy (x, y) fmin(z, y) T
max_ seq1 (:v ) nmax (zs, nr_of_items) T
mmazx_seg )(zs) fmax(xs, nr_of _items) T
min_seq; g (s) nmin(zs, nr_of_items) T
mmin_seq g (rs) fmin(xs, nr_of items) T
polarp(x,y) polar(xz, ¥) *
polarup(u,x,y) polaru(z, gy ) T

here x and y are expressions of an imaginafy or complex floating point type, and u is of
prresponding real floating point type.

The LIA-3 elementary complex floating’point operations are listed below, along with the syn
sed to invoke them:

the

ax

pt LTA-3

power;py 1(z,1) pow(x, @) T

powerpy 1(z,1) pow(zx, i) x (for int) N|

exp;i(ry(z) exp () f

expe(r) () exp (2) *

power g5 (T, y) powc(z, y) t

powergeiy p(,y) pow(z, ) * Not LIA-3

powerp o(r)(2,y) pow(x, y) x Not LIA-3

powerr)(z,y) pow(x, y) x Not LIA-3
(o) carte () 1

L‘":l "1"—>C(f)\ ] A% Ca A = o f

5qrti(F)—o(F) (T) sqrt (x) i

sqrtery(T ) sqrt (z) *

Inp_c(r () logc(z) T

INi(F)—o(r) ()

C.3 C++

complex(log(abs(x)),

atan2(imag(z) ,real(x))) «*
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Ini(py—e(r)() log(x) T
Ingry(z) log(x) *
radry(z) radian(x) T
rade g (z) radian(x) T
sini(py () sin(z) T
sing(r) () sin(x) *
cosi(py() cos(z) T
cosq(r) () cos(x) *
tan;py(x) tan(x) T
tangry(z) tan(x) *
cotypy(x) cot (z) T
cote(py () cot () 1
seci(p) () sec(x) T
seco(ry(x) sec(z) T
csciry(x) csc(z) T
csco(py(x) csc(z) T
aresing_qr) () asinc(x) T
arcsinl(F (x) asin(x) T
aresing gy () asin(x) *
arccosp_q(p) () acosc(x) T
arccose(py—o(r) () acos (x) T
arccosq(p) () acos(x) *
arctan; py(z) atan(x) T
arctan;(py—q(r)(z) atanc(z) T
arctan g () atan(z) *
arccoti(py () acat () T
arccoti(py—o(r)(T) acotc(r) T
arccot e ) () acot () T
arcsecy_q(py () asecc(z) T
arcseci(py—c(r) () asec(z) T
arcsece(py(x) asec(x) T
arccscF_m(F)( x) acscc(x) T
arcescip) () acsc(z) T
arcesco(pyk) acsc(x) T
radhi(x) radianh(z) T
T adly ) () radianh (z) T
radhe g () radianh(x) T
sinhi ) () sinh(x) T
sinhe(py(z) sinh(x) *
coshi(r) () cosh(x) T
coshe(py(z) cosh(x) *
tanh;g) () tanh(z) T
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tanhe gy () tanh (x) *
cothi g () coth(x) T
cothe ) () coth(z) T
sech(py(z) sech(z) T
seche(p) () sech(z) T
cschipy () csch(x) T
cschepy () csch(x) T
arcsinhipy(z) asinh(z) T
arcsmh F)—c(F)(T) asinhc(x) T
arcsmh ) () asinh(x) *
arccoshF_w(F)( x) acoshc (z) T
arccoshypy(r)(T) acoshc (z) T
arccoshe(py(z) acosh(z) *
arctanhp_,c(p) () atanhc (z) i
arctanh; gy () atanh(z) T
arctanhe(py(z) atanh(z) *
arccothp_.q(r) () acothc (x) T
arccoth; gy (x) acoth(x) T
arccoth, F)( x) acoth(x) T
arcsechp_q(py () asechc (z) T
arcsechy(p)—o(r) () asech(x) T
arcsechq(py(x) asech(x) T
arcesch py() acsch(x) T
arceschipy_e(r)(T) acschc(x) T
arcesche(py () acsch(x) T

there x, and y are expressions of an imaginary, complex, or plain floating point type (as app
riate).

= <

When converting to/from string formats when using the C printf/scanf family of routiy
rmat strings are used. The formiat'string is used as a pattern for the string format generated
arsed. Please see the C99 standard for a full description. There are no special format indicat

pparately, and any syntax-before/between /after those numerals must be specified in the forr
bring. In addition, CA- has a predefined format for complex (but not imaginary) values for I

Jan N~ TR N N = x Ys @ B~ )

l+-+ standard fb]-
CONVErtE i) —c(F) (T) s >> y *
con@ert o (pry—e(r)(T) 0s << x *
Cs~does not have any special syntax for complex numerals in general. Instead the comp]
fhaction is used on floating point values (not necessarily syntactically numerals).

r imaginary or complex ~values. Instead, the real part and the imaginary part are formatg

hen using the streamn formatting operators “<<” and “>>”. For details, see clause 26.2.5 of {

ex

C.4 Fortran

The programming language Fortran is defined by ISO/TEC 1539-1:1997, Information technology

— Programming languages — Fortran — Part 1: Base language [6].
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An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The Fortran datatype LOGICAL corresponds to the LIA datatype Boolean.

Every implementation of Fortran has at least one integer datatype, denoted as INTEGER, and at
least two floating point datatypes denoted as REAL (single precision, also denoted REAL (KIND(0.0))

anl DOUBLE PRECISIUN (also denoted REALCKIND(OdO), and at least two complex foating poitjt
dafatypes denoted as COMPLEX (also denoted COMPLEX(KIND(0.0)), and COMPLEX (KIND(0d0)].
Standard Fortran does not have any imaginary datatypes, nor any complex integer datatypes.
An implementation is permitted to offer additional INTEGER types with a different range anfd
adglitional REAL and COMPLEX types with different precision or range, parameterised(with the KIND
parameter.
The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

6(]1(1)(33 Y) z ==y or z .EQ. y T

eqri(r ( Y) rz ==y or z .EQ. y T

€qi 1)1(9073/) rz ==y or z .EQ. y T

€qr,c(1 (x,y) x =1y or x .EQ. y T

€dc I)I(%y) x =1y or x .EQ. y T

eqi(n) (1) (T, y) z ==y or z .EQ..y +

€dc(1) (I (7,y) x =1y or x .EQNy T

GQC(I)(%?J) x =1y or x (EQ. vy T

neQi(I)(xay) x /=1y oS .NE. y T

neqrin) (v, y) z /=y -or x .NE. y +

ne%([),[(%y) x /=% or x .NE. y T

neqp o) (z,y) z. /=y or x .NE. y t

neqe(r),1(T,y) z/=vy or x .NE. y +

negir).o(1) (T, y) r /=y or z .NE. y t

neqe(1),i(r) (T, y) x /=y or x .NE. y t

neqe(r) (@, y) r /=y or x .NE. y +

1381(1)(907?;) r <y or x .LT. y T

legiy (@, y) x <=y or z .LE. y t

gtricry (2, 9) x>y or x .GT. y T

geqiy(xty) x>y or x .GE. y +

itimes_i) () IMUL () T

itimes;py_.r(x) IMUL (x) +

itimes.(r) () IMUL (z) T

rer(z) IREAL () t

rei(r) (z) TREAL () t

reo(r) () IREAL () t

imp(z) IMAG (z) t

imi(r) (z) IMAG (z) i
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ime(r)(T) IMAG(x) T
plusitimesy(z,y) CMPLX(x, %) T
negi(ry(x) - f
nege(r)(z) ~ f
conjr(x) CONJG(x) T
congi(py(z) CONJG () T
conje(ry(z) CONJG (x) T
addy (2, 7) Ty f
addy 5r)(z,y) T +y T
addypy,1(z,y) Tty t
addp . I)(any) T +y T
addc(l ( T,y ) Tty T
addl([), I )( 7y) Tty 1
addep) i(r) (7, y Tty T
addc([)(‘xay> Tty T
SUbi(I)(f’?ay) r -y T
SUbJ,i(I)(fL‘»y) r -y T
SUbi(I),I(x>y) r -y T
subr (1) (%, ) r -y T
sube(ry,r(7,y) T -y f
subi(r) o(1)(2, Y) r -y T
sube(ryi(r)(2,Y) T -y T
sube(r) (T, y x -y ]
muli( ) (7, y) x ok y T
mUZI 1(1)(5073/) T kY T
mulyry,1(%,y) T* Y f
mUlIcI)( ) Tk y f
mule(r),r(z,y) T *y t
muls(p ),0(1)( . Y) T kY f
mule(ry iy (T, ) T *y T
muzc([)(xvy) T *xy T
abs;(r) () ABS(z) T
signump(x) SIGN(1, =x) *
sigaum; ) () SIGN(1, =) T
mulj(absj(y) signumy(x)) SIGN(y, x) *

daaydeoc (o

(SIGN(y, z) is the copysign operation of IEC 60559)

T\TUTT\E‘Q fm 24)

GTTTEEoTT T

A\

g7
dividesy i1 (x, Y)

y)

divides;p), 1 (,
dzmdesl c(I y (2, 9)
divides(r),1(7,y)

divides;( (1)(

C.4 Fortran

—+-

ES (a4
DIVIDES(z, y)
DIVIDES(z, y)
DIVIDES(z, y)
DIVIDES(z, y)
DIVIDES(z, y)

— = = — —+
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dividesy(r) i) (7, y) DIVIDES(z, y) T
dividesq(ry(z,y) DIVIDES(z, y) T
quoti(ry(z,y) QUOTIENT (z, y) T
quotr iy (x,y) QUOTIENT (x, y) T
quotipy,1(z,y) QUOTIENT (z, y) T
quotr oy (,y) QUOTIENT (z, y) T
quote(r),1(z,y) QUOTIENT (z, y) T
quoti(ry c(r) (T, y) QUOTIENT (z, y) ]
quotp) i) (T, y) QUOTIENT (z, y) T
quotypy (T, y) QUOTIENT(x, v) T
mod;(ry(z,y) MODULO(x, ) T
modp i) (2, ) MODULO(x, ) 1
mod;(ry 1(2,y) MODULO(x, y) T
mody o(1)(z,Yy) MODULO(z, %) T
modery,1(z,Yy) MODULO(z, %) T
modi(l)’c(l)(x,y) MODULO(z, y) T
mode (1) i(n) (T, Y) MODULO(z, y) T
mode(ry(,y) MODULO(z, ) T
ratioyry(z,y) RATIO(z, ¥) T
ratior i(ry(z,y) RATIO(z, y) T
ratioyry,r(x,y) RATIO(x, y) T
ratior o(r)(z,y) RATIO(x, y) T
ratioe(ry,1(z,y) RATIO(z, y) T
ratioy ) (1) (T, y) RATIO(x, . @) T
ratiogr) (1) (T, y) RATIO(z, ) T
ratiogry(z,y) RATIOCZ, y) T
residue;( ) (, y) RESIDUE(z, y) T
residuer ir)(z,y) RESIDUE(z, y) T
residue;(ry1(z,y) RESIDUE(x, y) T
residuer o(1)(z,y) RESIDUE(x, y) T
residuecr),1(z, ) RESIDUE(x, y) T
residue;(y (il Y) RESIDUE(z, y) T
residuec pi) (T, Y) RESIDUE(z, y) T
residuege) (T, y) RESIDUE(x, y) T
groupi(r)(z, y) GROUP (2, ) t
groupy i(r) (x,y) GROUP(z, y) T
FrOHPITTIE Y GREYP-C5—) T
groupy oy (T, y) GROUP(z, y) ]
groupe(r),1(r,y) GROUP(z, y) ]
groupi(p, ()( ) GROUP(z, y) T
group(r).i(r) (T, y) GROUP(xz, ¥) i
groupep)(,y) GROUP (x, y) T
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padi ) (z,y) PAD(z, y) T
padfvl([)(x,y) PAD(z, y) T
padi(py,1(z,y) PAD(z, y) T
pady oy (2, y) PAD(z, y) T
pady(r),1(z,y) PAD(z, y) T
padi(]),c([)(xay) PAD(z, y) T
padc([),i(])(xay) PAD(z, y) T
padyry(z,y) PAD(x, y) T
mazi(py (T, y) MAX (xz, ¥y) T
miniry(z,y) MIN(z, ¥y) T
max_seq; 1)([9U1, ey Tp)) MAX(x1, ..., Tn) T
min_seqi(r)([T1, .-, Tn]) MIN(z1, ..., Ty) f
max_seqi(p)(rs) MAXVAL (xs) {
min_seqi(r)(xs) MINVAL(xs) T

maz-err-muler)

maz-err-divg(py

MAL_err_erpq(r)
MAL_erT_Power ()

MaT_err_sing r
max_err_tanc g

-

ysed to invoke thiemn:

box _error_mode-mul.

box _error_mode_-dive )

ERR_MUL (z)

BOX_ERR DIV (x)

ERR_DIV(z)

ERR_EXP\(z)

ERR*POWER ()

ERR_SIN(z)
ERR_TAN(z)

where = and y are expressions of complex integer, imaginary integer,.olplain integer type
appropriate) and where xs is an expression of type array of imaginafy)integer.

The LIA-3 parameters for operations approximating real valued franscendental functions
He accessed by the following syntax:

BOX_ERR MUL (x)

T
t

where z is an expression of type COMPLEX. Several of the parameter functions are constant for e
ype (and library), the argument is then used only to differentiate among the floating point types.

(as

an

hch

The LIA-3 non-ttanscendental floating point operations are listed below, along with the synfax

66]1(F)(%?J) z =19y or x .EQ. y T
eqrs(n)(,y) z ==y or z .EQ. y +
66]1(F),F($7y) rz =19y or x .EQ. y T
€QF,C(F)(957?J) r =19y or z .EQ. y *
eqe ) (. Y) x ==y or x .EQ. y *
GQi(F),c(F)(l'ay) r==19y or x .EQ. y T
eqC(F),i(F)(fU,y) rz ==y or x .EQ. y T
eqc(F)(ﬂC,y) rz ==y or x .EQ. y *
negir) (,y) x /=y or x .NE. y T
neqrir)(T,y) z /=y or z .NE. y +

C.4 Fortran
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neqiry,r(,y) x /=y or x .NE. y +
”€QF,C(F)($,Z/) r /=y or x .NE. y *
neqC(F),F(x7y) x /=y or x .NE. y *
neCJi(F),c(F)(fB,y) x /=y or x .NE. y T
neqC(F)J(F)(xay) z /=y or z .NE. y T
n€QC(F)(x7y) x /=y or x .NE. y *
Issiry(z,y) x <y or x .LT. y t
legiry(z,y) r <=y or z .LE. y t
gtricpy (2, y) z >y or x .GI. y T
geql(F)(x, Y) rz >y or x .GE. y T
itimes p_i(r) () IMUL (x) T
itimes;(p)—p(2) IMUL (z) 1
itimesq(p) () IMUL (z) T
rep(x) REAL (z) *
reyry () REAL (x) t
recr)(T) REAL () .
imp(z) ATMAG () t
Zml(F)(l‘) ATMAG(x) *
ZmC(F)(SU) ATIMAG (x) *
plusitimesp(x,y) CMPLX(z, ¥) *
plusitimesp(z,0) CMPLX () *
negi(r)(z) -z T
nege(r) () - *
conjp(x) CONJG (x) T
conjipy(z) CONJG () t
conjepy () CONJG¢z) *
add; gy (7, y) 2+ y +
add iy (,y) T +y T
addipy,r(7,y) T +y T
addF,c(F)(xay) Tty *
addc(F),F(xvy) Tty *
addy( gy () (T53)) Tty T
adde ({03 Y) Tty T
adde(r (@Y T+ y %
subi¢r) (2, y) T -y T
subpiry (,Y) T -y T
3351(1*),1* fa541) =1 4
SUbF,C(F)(x7y) r -y *
Sch(F),F(‘T?y) r -y *
subi(py c(r) (T, Y) T -y T
sube(py,i(r) (T, Y) T -y T
sube(py(T,y) T -y *
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