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Foreword

ISO (the International Organization for Standardization) and IEC (the International Electrotechnical
Commission) form the specialized system for worldwide standardization. National bodies that are
members of ISO or IEC participate in the development of International Standards through technical
committees established by the respective organization to deal with particular fields of technical activity.
ISO and IEC technical committees collaborate in fields of mutual interest. Other international
organizations, governmental and non-governmental, in liaison with ISO and IEC, also take part in the

work In the field of information fp(‘h‘nr\]ngv7 I1SO and IEC have established a jninf technical committee,

IBO/IEC JTC 1.

—

hternational Standards are drafted in accordance with the rules given in the ISO/IEC Directivess Part [2.

he main task of the joint technical committee is to prepare International Standards. Draft International
tandards adopted by the joint technical committee are circulated to nationalcbodies for voting.
ublication as an International Standard requires approval by at least 75 % of the national bodies casting
vote.

O M p

T

Lttention is drawn to the possibility that some of the elements of this document may be the subject of
atent rights. ISO and IEC shall not be held responsible for identifying any or all such patent rights.

=

—

BO/IEC 10967-1 was prepared by Joint Technical Committee ISO/IEC JTC 1, Information technoldgy,
ubcommittee SC 22, Programming languages, their environmeénts and system software interfaces.

wn

—

his second edition cancels and replaces the first edition (ISO/IEC 10967-1:1994), which has bgen
echnically revised.

—

—

BO/IEC 10967-1 consists of the following paitts, under the general title /nformation technology| —
anguage independent arithmetic:

I~

—  Part 1: Integer and floating point grithmetic

—+ Part 2: Elementary numerical finctions

— Part 3: Complex integer.and floating point arithmetic and complex elementary numerical functiops
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Introduction

The aims

Programmers writing programs that perform a significant amount of numeric processing have
often not been certain how a program will perform when run under a given language processor.
Programming language standards have traditionally been somewhat weak in the area of numeric
processing, seldom providing an adequate specification of the properties of arithmetic datatypes,
particularly floating point numbers. Often they do not even require much in the way of documen-

tatinn oftha acti1al aritlhanotio datatunae by o confornning lanaiagn nracacoan
FOH—o+—+He—actHar—a ey Sy ¥ o SEe-PF SHOF-

uuuuu TP S TOrTrSTer

[t is the intent of this part of ISO/TEC 10967 to help to redress these shortcomings, by settir
ouf precise definitions of integer and floating point datatypes, and requirements for documentation.

[t is not claimed that this part of ISO/IEC 10967 will ensure complete certainty of arithmetj
behaviour in all circumstances; the complexity of numeric software and the difficulties)of analysinlg
angl proving algorithms are too great for that to be attempted.

The first aim of this part of ISO/IEC 10967 is to enhance the predictability and reliability d
th¢ behaviour of programs performing numeric processing.

02

)

—

The second aim, which helps to support the first, is to help programming language standard
to pxpress the semantics of arithmetic datatypes.

»n

The third aim is to help enhance the portability of programs$ that perform numeric processinlg
aclfoss a range of different platforms. Improved predictability of behaviour will aid programmexys
degigning code intended to run on multiple platforms, andswill help in predicting what will happe
whien such a program is moved from one conforming language processor to another.

Note that this part of ISO/IEC 10967 does notxattempt to ensure bit-for-bit identical resulf
whien programs are transferred between languageprocessors, or translated from one language int|
anpther. However, experience shows that diverse numeric environments can yield comparabl
regults under most circumstances, and that, with careful program design significant portability
actlually achievable. In addition, the IE( 60559 (IEEE 754) standard goes a long way to ensure bif
fortbit identical results, and in this sécond edition of this part of ISO/IEC 10967 the requirement
ard tightened (compared to the first-edition) to approach those of IEEE 754.

n O O w =}

[@2)

The content

This part of ISO/IECY10967 defines the fundamental properties of integer and floating poirjt
datatypes. These properties are presented in terms of a parameterised model. The parameteis
allpw enough variation in the model so that several integer and floating point datatypes aie
coyered. In parfietlar, the IEC 60559 (IEEE 754) floating point datatypes, both those of radix P
angl those ofwradix 10, are covered, as well as integer datatypes, both unlimited and limited, fdr
thq lattersboth signed or unsigned, are covered. But when a particular set of parameter values 1s
selpcted,Yand all required documentation is supplied, the resulting information should be precide
enpugh to permit careful numerical analysis.

The requirements of this part of ISO/IEC 10967 cover four areas. First, the programmer must
be given runtime access to the specified operations on values of integer or floating point datatype.
Second, the programmer must be given runtime access to the parameters (and parameter func-
tions) that describe the arithmetic properties of an integer or floating point datatype. Third,
the executing program must be notified when proper results cannot be returned (e.g., when a

viii
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computed result may be out of range or undefined). Fourth, the numeric properties of conforming
platforms must be publicly documented.

This part of ISO/IEC 10967 focuses on the classical integer and floating point datatypes.
Subsequent parts considers common elementary numerical functions (Part 2), complex numerical
numbers and complex elementary numerical functions (Part 3).

The benefits
Adoption and proper use of this part of ISO/TEC 10967 can lead to the following benefits.

For programming language standards it will be possible to define their arithmetic semantics
hore precisely without preventing the efficient implementation of the language on a wide rdpge
df machine architectures.

=

Programmers of numeric software will be able to assess the portability of their programq in
dvance. Programmers will be able to trade off program design requirements £0D portability] in
he resulting program.

o o

In programs one will be able to determine (at run time) the cruciall mumeric propertieq of
he implementation. They will be able to reject unsuitable implementdtions, and (possibly)| to
prrectly characterize the accuracy of their own results. Programs\will be able to detect (gnd
fossibly correct for) exceptions in arithmetic processing.

o+

End users will find it easier to determine whether a (properly documented) application progrhm
likely to execute satisfactorily on their platform. This cantbe'done by comparing the documented
rpquirements of the program against the documented properties of the platform.

e

Finally, end users of numeric application packages<will be able to rely on the correct executjon
f those packages. That is, for correctly programméd algorithms, the results are reliable if gnd
nly if there is no notification.

(ol e)
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Information technology —
Language independent arithmetic —

Part 1: Integer and floating point arithmetic

Scope

his part of ISO/IEC 10967 specifies properties of many of the integer and floating pbifit datatypes
ailable in a variety of programming languages in common use for mathematical-and numerical
plications.

It is not the purpose of this part of ISO/IEC 10967 to ensure thap an' arbitrary numerical
inction can be so encoded as to produce acceptable results on all conforiing datatypes. Rather,
he goal is to ensure that the properties of the arithmetic on a conferming datatype are made
vailable to the programmer. Therefore, it is not reasonable to demand that a substantive piecg¢ of
ftware run on every implementation that can claim conformity to this part of ISO/IEC 109§7.

[ R < N s )

An implementor may choose any combination of hardsyare and software support to meet the
pecifications of this part of ISO/IEC 10967. It is the datatypes and operations on values of thpse
atatypes, of the computing environment as seen by ‘the programmer /user, that does or does pot
bnform to the specifications.

The term implementation (of this part of ISO/IEC 10967) denotes the total computing pn-
ironment pertinent to this part of ISO/IEC 10967, including hardware, language processqrs,
ubroutine libraries, exception handling facilities, other software, and documentation.

Q. Qo.wm

»n_ <

1.1 Inclusions

-

'his part of ISO/TEC 1096%provides specifications for properties of integer and floating pdint
atatypes as well as bagicteperations on values of these datatypes. Specifications are includled
br bounded and unbeunded integer datatypes, as well as floating point datatypes. Boundaties
r the occurrence gfexceptions and the maximum error allowed are prescribed for each specified
peration. Also-the result produced by giving a special value operand, such as an infinity of a
[aN (not-a-namber), is prescribed for each specified floating point operation.

This partof ISO/IEC 10967 provides specifications for:
a) The set of required values of the arithmetic datatype.

2 O =h =h

b) A number of arithmetic operations, including:

1) comparison operations on two operands of the same type,
2) primitive operations (addition, subtraction, etc.) with operands of the same type,

3) operations that access properties of individual values,

1. Scope 1
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4) conversion operations of a value from one arithmetic datatype to another arithmetic
datatype, where at least one of the datatypes is conforming to this part of ISO/IEC
10967, and

5) numerals for all values specified by this part of ISO/TEC 10967 for a conforming
datatype.
This part of ISO/IEC 10967 also provides specifications for:

¢) The results produced by an included floating point operation when one or more argument
values are IEC 60559 special values.

w0

1) Program-visible parameters that characterise the values and certain aspects of the operation
of an arithmetic datatype.

£) Methods for reporting arithmetic exceptions.

1.2 Exclusions

Thfis part of ISO/IEC 10967 provides no specifications for:

h) Arithmetic and comparison operations whose operands are of more’than one datatype. Th
part of ISO/IEC 10967 neither requires nor excludes the pregence of such “mixed operand
operations.

wn

b) An interval datatype, or the operations on such data?) Phis part of ISO/IEC 10967 neithd
requires nor excludes such data or operations.

=

) A fixed point datatype, or the operations on such data. This part of ISO/TEC 10967 neithd
requires nor excludes such data or operations.

—

1) A rational datatype, or the operations.gw such data. This part of ISO/IEC 10967 neithd
requires nor excludes such data or operations.

=]

) The properties of arithmetic datatypes that are not related to the numerical process, such
as the representation of values on physical media.

) The properties of integer and floating point datatypes that properly belong in programminig
language standards or(other specifications. Examples include:

1) the syntax of mumerals and expressions in the programming language, including th
precedenceof operators in the programming language,

@

—

2) the syhtax used for parsed (input) or generated (output) character string forms fq
numerals by any specific programming language or library,

3) thé presence or absence of automatic datatype coercions, and the consequences ¢f
applying an operation to values of improper type, or to uninitialised data,

4) the rules for assignment, parameter passing, and returning value.

NOTE - See Clause[7]and Annex [D]for a discussion of language standards and language
bindings.

The internal representation of values is beyond the scope of this standard. E.g., the value
of the exponent bias, if any, is not specified, nor available as a parameter specified by this part

2 Scope
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of ISO/IEC 10967. Internal representations need not be unique, nor is there a requirement for
identifiable fields (for sign, exponent, and so on).

Furthermore, this part of ISO/IEC 10967 does not provide specifications for how the operations
should be implemented or which algorithms are to be used for the various operations.

2 Conformity

It is expected that the provisions of this part of ISO/TEC 10967 will be incorporated by refer-
ce and further defined in other International Standards; specifically in programming language
sfandards and in binding standards.

A binding standard specifies the correspondence between one or more of the arithmetic dafta-
types, parameters, and operations specified in this part of ISO/IEC 10967 and thé concrete lan-
uage syntax of some programming language. More generally, a binding standard specifies the
rrespondence between certain datatypes, parameters, and operations and the’elements of some
bitrary computing entity. A language standard that explicitly provides such binding informatjon
can serve as a binding standard.

When a binding standard for a language exists, an implementation shall be said to confgrm

tp this part of ISO/IEC 10967 if and only if it conforms to the binding standard. In the chse
df conflict between a binding standard and this part of ISO/IEC 10967, the specifications of the
Hinding standard takes precedence.

When a binding standard requires only a subset of the integer or floating point datatypes
frovided, an implementation remains free to conforn¥té this part of ISO/IEC 10967 with resplct
b other datatypes independently of that binding standard.

-

When a binding standard requires only a subset of the operations specified in this part| of
SO /TEC 10967, an implementation remains4tee to conform to this part of ISO/IEC 10967 wjith
bspect to other datatypes and operations, independently of that binding standard.

=

When no binding standard exists,“&n implementation conforms to this part of ISO/IEC 10967
and only if it provides one or-more datatypes and operations that together satisfy all the
equirements of Clauses [5] through [§] that are relevant to those datatypes and operations. The
mplementation shall then dectiment the binding.

Conformity to this pary of ISO/IEC 10967 is always with respect to a specified set of data-
ypes and set of operations. Under certain circumstances, conformity to IEC 60559 is implied|by
onformity to this part of ISO/IEC 10967.

An implemeéntation is free to provide arithmetic datatypes and arithmetic operations that|do
ot conform-£6 this part of ISO/IEC 10967 or that are beyond the scope of this part of ISO/IEC
0967. The implementation shall not claim conformity to this part of ISO/IEC 10967 for syich
atatypes or operations.

—e e

o+

= =

An'implementation is permitted to have modes of operation that do not conform to this parf of
ISO/IECT0967. A conforming implementation shall specily how to select thie modes ol operation
that ensure conformity. However, a mode of operation that conforms to this part of ISO/IEC
10967 should be the default mode of operation.

2. Conformity 3
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NOTES

1 Language bindings are essential. Clause [8| requires an implementation to supply a binding
if no binding standard exists. See Annex [C.7] for recommendations on the proper content
of a binding standard, Annex [E] for an example of a conformity statement, and Annex
for suggested language bindings.

2 A complete binding for this part of ISO/IEC 10967 may include (explicitly or by reference)
a binding for IEC 60559 as well. See and Annex

3 It is not possible to conform to this part of ISO/IEC 10967 without specifying to which
datatypes and set of operations, and modes of operation, conformity is claimed.

© ISO/IEC 2012 — All rights reserved

4 This part of ISO/IEC 10967 requires that certain integer operations are made available for a
conforming integer datatype, and that certain floating point operations are made available
for a conforming floating point datatype.

5 All the operations specified in this part of ISO/TEC 10967 for a datatype must be provided
for a conforming datatype, in a conforming mode of operation for that datatype.

3 | Normative references

Thie following referenced documents are indispensable for the application’ of this part of ISO/IE
10967. For dated references, only the edition cited applies. Forcundated references, the lates

edition of the referenced document (including any amendments) applies.

IEC 60559, Standard for floating-point arithmetic.

4 | Symbols and definitions

4.1 Symbols

For the purposes of this document, the\fellowing symbols are used.

4.1.1 Operators and relations

All prefix and infix operators have their conventional exact mathematical meaning. In particula

this document uses:

= and < forlogical implication and equivalence

+, —, /, |#h)x], [x], and round(z) on real values

- for multiplication on real values

<, <52, and > between real values

=tand # between real as well as special values

max on non-empty upwardly closed sets of real values

YYYYYYYY 2> dlxz elocad cata of raal <olianc

[P

-+

Hin-on-neonempty-deownwardly—elosed-sets—ef realvaltes
U, N, e, ¢ C,C, ¢, =, and # with sets

x for the Cartesian product of sets

— for a mapping between sets

| for the divides relation between integer values

¥, \/x, log,(x) on real values

4 Symbols and definitions
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NOTE 1 - = is used informally, in notes and the rationale.
For x € R, the notation |x| designates the largest integer not greater than z:
lz] € Z and z-1<|z] <z
the notation [z] designates the smallest integer not less than z:
[z] € Z and z<[z]<z+1
and the notation round(x) designates the integer closest to x:

round(z) € Z and 2 — 0.5 <round(z) < z+ 0.5

where in case x is exactly half-way between two integers, the even integer is the result.

The divides relation (|) on integers tests whether an integer ¢ divides an integer j exactly:
ilj & (i#0andi-n=jfor somen € 2)
NOTE 2 — i|j is true exactly when j/i is defined and j/i € Z.

4.1.2 Sets and intervals

Ih this document, Z denotes the set of mathematical integers, R denetes the set of real numbgrs,
and C denotes the set of complex numbers over R. Note that Z CRC C.

The conventional notation for set definition and for set operations are used.
The following notation for intervals is used in this document:

[z, z] designates the interval {y € R | z <y < z},
|z, z] designates the interval {y € R | z <y < &},
[z, z] designates the interval {y € R | z < y L=}, and
|z, z[ designates the interval {y € R | v <y z}.

NOTE - The notation using a round. bracket for an open end of an interval is not used, for
the risk of confusion with the notation-for pairs.

4.1.3 Exceptional values

=]

'he parts of ISO/IEC 10967 use the following six exceptional values:
a) inexact: the result'is rounded and different from the exact result.
b) underflow;-'thé¢ absolute value of the unrounded result is less than the smallest noripal

value, and"the rounded result may have lost accuracy due to the denormalisation (mpre
than lost by ordinary rounding if the exponent range was unbounded).

c) overflow: the rounded result (when rounding as if the exponent range was unbounded) is
larger than what can be represented in the result datatype.

&Y infinitary: the corresponding mathematical function has a pole at the finite argument
point, or the result is otherwise infinite from finite arguments.

NOTE - infinitary is a generalisation of divide_by_zero.

e) invalid: the operation is undefined but not infinitary, or the result is in C but not in R, for
the given arguments.

4.1.2 Sets and intervals 5
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f) absolute_precision_underflow: indicates that at least one argument is such that the
density of representable values is too low in the neighbourhood of the given argument value
for a numeric result to be considered appropriate to return. This exceptional value is used for
operations that approximate trigonometric functions (Part 2 and Part 3) and for operations
that that approximate complex hyperbolic and exponentiation functions (Part 3).

For the exceptional values, a continuation value may be given in ISO/IEC 10967 in parenthesis

after the exceptional value.

4.

Th
10

Th

but

.(se

m

tryie, all these special values are included in the floating point datatype in the implementatio

th

if
Th

usq

a [
act]

4.]

Th

A4 Q g | 1
O 3 D pPellal valutco

|99}

e following symbols represent special values defined in IEC 60559 and are used in ISQYIE
67:

—0, 400, —00, qNalN, and sNalN.

ese values are not part of I or F' (see Clauses and for a definition of €hese datatypes
if

hasinf;

@

e Clause has the value true, the +00, —0o values are included) in the integer datatyp
the implementation that corresponds to I, and if iec_60559r (see €Clause [5.2.1)) has the valy

- O

t corresponds to F.

NOTE - This document uses the above five special values for compatibility with IEC 60559.
In particular, the symbol —0 (in bold) is not the application of (mathematical) unary — to
the value 0, and is a value logically distinct from 0.

The specifications for floating point operations ¢over the results to be returned by an operatiop
biven one or more of the IEC 60559 special;walues —0, 400, —oo, or NaNs as input values.
ese specifications apply only to systems which provide and support these special values.

If an implementation is not capable of representing a —0 result or continuation value, 0 shall b
d as the actual result or continuation value. If an implementation is not capable of representin
rescribed result or continuation yalue of the IEC 60559 special values +00, —oo, or qINalN, th
ual result or continuation value is binding or implementation defined.

)

[CBS]

.5 The Boolean datatype

e datatype Boolean consists of the two values true and false.

NOTE - Alathematical relations are true or false (or undefined, if an operand is undefined),
which argyabstract conditions, not values in a datatype. In contrast, true and false are values
in Beoelean.

4.]

.6 Operation specification framework

Each of the operations are specified using a mathematical notation with cases. Each case condition
is intended to be disjoint with the other cases, and encompass all non-special values as well as
some of the special values.

Mathematically, each argument to an operation is a pair of a value and a set of exceptional

values and likewise for the return value. However, in most cases only the first part of this pair is

Symbols and definitions
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written out in the specifications. The set of exceptional values returned from an operation is at
least the union of the set of exceptional values from the arguments. Any new exceptional value
that the operation itself gives rise to is given in the form exceptional_value(continuation_value)
indicating that the second (implicit) part of the mathematical return value not only is the union
of the second (implicit) parts of the arguments, but in addition is unioned with the singleton set
of the given exceptional value, or, in the case of underflow or overflow, the set of the given
exceptional value and inexact.

In an implementation, the exceptional values usually do not accompany each argument and
return value, but are instead handled as notifications. See Clause [6]

When not communicating values, notifications shall be internal to each computational threpd,
whether threads are explicit or implicit in the program as seen by the programmer.

When communicating values, if the value sending thread has notifications that may“be relevant
br a communicated values these notifications should be communicated to a receiving thread algng
rith values (of any datatype, not just numeric ones). In such instances, the~exeeptional valjies
are associated with the value, even though it may pick up notifications in_the thread that arpse
for a different computation in that thread and were not cleared.

NOTES

1 If notifications were arbitrarily seen in other threads, it would be veéry difficult to know which
computation (thread) it is that might have caused the notification, and thus may trigger
notification handling when not appropriate in an unrelated thread. Therefore it is essential
that notifications are internal to each computational ¢hréad, when not communicating a
value.

=

<

2 If notifications (normally recorded in indicators)care trimmed away when communicating a
value (of whatever type) to another thread, thatcan result in the failure to cause notification
handling when that would have been appropriate. Not communicating notifications between
communicating threads thus goes againstia goal set out in the introduction, namely “the
executing program must be notified wliéh proper results cannot be returned (e.g., when a
computed result may be out of range or undefined)”.

However, many existing methods for remote procedure calling, or thread communication,
do not communicate notifications (even when they are recorded in indicators).

4.2 Definitions of terms

|

or the purposes of this document, the following terms and definitions apply.

4.2.1
ccuracy
dloseness between the true mathematical result and a computed result

Q

4.2.2

rithmetic dnfnfypp

datatype whose non-special values are members of Z, R, or C

4.2.3
continuation value
computational value used as the result of an arithmetic operation when an exception occurs

4.2 Definitions of terms 7
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Continuation values are intended to be used in subsequent arithmetic processing. A continua-

tion value can be a (in the datatype representable) value in R or be an IEC 60559 special value.
(Contrast with exceptional value. See Clause [6.2.1})

4.2.4
denormalisation

inclusion of lead zero digits, with corresponding adjustment of the exponent

Denormalisation is logically done before rounding (otherwise there may be double rounding,

thf‘f 1s rounndine done turnco with G];{‘fl’]"].‘] difforant Y'nnnf‘“v\g functions and that wounld bho nonean
= £ W W £ H T - WoHC

for

4.2
de
lar

prd

er}
(in|

er}
(cd

in

rey
a

—_

v

ming). It may be done in order to get the exponent (just) within representable range.

.5

normalisation loss
ber than normal rounding error caused by the fact that denormalisation plus reuniding may log
cision more than only rounding would do if the target exponent range was unbounded

See Clause [5.2.4] for a full definition.

@

.6
or
computed value) difference between a computed value and the mathematically correct value

Used in phrases like “rounding error” or “error bound”:

7
or
mputation gone awry) exception
Used in phrases like “error message” or Serror output”’. Error and exception are not synonym
hny other contexts.

»n

.8
ception
bility of an operation te-return a suitable finite numeric result from finite arguments

[

This might arise beCause no such finite result exists mathematically (infinitary (e.g., at
e), invalid (e.g,,"when the true result is in C but not in R)), or because the mathematics
ult cannot, oramight not, be representable with sufficient accuracy (underflow, overflow) d
bility (absolute_precision_underflow).

NOTES

1 vabsolute_precision_underflow is not used in this document, but is used in Part 2 (and
thereby also in Part 3).

—_—

—

[\ ¥}

Tha 4o and + da ~f Lo

Fhetermexceptionisherenotused-to-desiennte-certainmethodsof- handhnenotiffeations
that fall under the category ‘change of control flow’. Such methods of notification han-
dling will be referred to as “[programming language name] exception”, when referred to,
particularly in Annex

Symbols and definitions
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4.2.9
exceptional value
non-numeric value produced (in the specification model) by an arithmetic operation to indicate
the occurrence of an exception (or the inexactness of the result)
Exceptional values are not used in subsequent arithmetic processing. (See Clause )
NOTES

3 Exceptional values are used as a defining formalism only. With respect to this document,

thev do not represent values of anvy of the datatvnes described  There is no reguirement
1 + +

that they be represented or stored in the computing system.

4  Exceptional values are not to be confused with the NaNs and infinities defined in TEC 60559.
Contrast this definition with that of continuation value above.

N

.2.10
helper function
flinction used solely to aid in the expression of a requirement

Helper functions are not accessible to the programmer, and are net\required to be part of|an
mplementation.

—e

.2.11

mplementation (of this document)
ptal arithmetic environment presented to a programmegyincluding hardware, language processqgrs,
xception handling facilities, subroutine libraries, othér-software, and all pertinent documentatjon

D ct e o

N

.2.12
ljiteral
ngle syntactic entity denoting a constant value

w0

N

.2.13
ormal value
on-special and non-subnormnal value of a floating point datatype F

See Fy in Clause [5.2)for a full definition.

= =

.2.14

otification
rocess by which a program (or that program’s user) is informed that an arithmetic exception has
ccurred

O 5 = Lo

Eor\éxample, dividing 2 by 0 results in a notification for infinitary. See Clause [0] for details.

4.2.15
numeral
numeric literal

It may denote a value in Z or R, —0, an infinity, or a NaN.

4.2 Definitions of terms 9
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4.2.16

op

eration

function that is intended to be made directly available to the programmer

As opposed to helper functions or theoretical mathematical functions.

4.2

pole

arg
in

ro
act
th

ro
fui
ele)

.2.21

a7

ument, xg, where a given mathematical function, f, is defined, finite, monotone, and continuoy
ht least one one path of approach towards xp, and where lim f(x) is infinite
T—T0

»n

.18
bcision
mber of digits in the fraction of a floating point number

(See Clause [5.2])

.19

1inding
of computing a result for an operation that is close to'the exact result for that operation, bit
t does not have digits beyond what the target datatype can represent

Note that a suitable representable result may not exist (see Clause [5.2.5)).

.20

inding function
ction, rnd : R — X, (where X isiargiven discrete and unlimited subset of R) that maps each
ment of X to itself, and is monotenic non-decreasing
Formally, if x and y are in‘R,

reX=rndlz) =42
x <y = rnd(zx) <md(y)

te that if u is betweéen two adjacent values in X, rnd(u) selects one of those adjacent values.

ind to‘nearest
indingrfunction, rnd, that when u € R is strictly between two adjacent values in X, rnd(
bets, the one nearest u, but if the adjacent values are equidistant from u, either value can b

~—

@

~—

Ssen deterministically but 1 such a way that sign symmetry 1s preserved (rna{—u) = —rnalu

4.2.22

round toward minus infinity

rounding function, rnd, that when u € R is strictly between two adjacent values in X, rnd(u)
selects the one less than u

10
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4.2.23

round toward plus infinity

rounding function, rnd, that when u € R is strictly between two adjacent values in X, rnd(u)
selects the one greater than u

4.2.24
signature (of a function or operation)
argument and result summary of information about an operation or function

A signature includes the function or operation name; a subset of allowed argument valtied to
he operation; and a superset of results from the function or operation (including exéeptiopal
alues if any), if the argument is in the subset of argument values given in the signature:

Pl =nx

The signature add; : I x I — I'U{overflow} states that the operation named addy shall accept
any pair of values in I as input, and when given such input shall return either-aZsingle value in I
as its output or the exceptional value overflow possibly accompanied by a continuation valuq.

A signature for an operation or function does not forbid the operatiofr from accepting a wifler
hnge of arguments, nor does it guarantee that every value in the result range will actually|be
pturned for some argument(s). An operation given an argument qfitside the stipulated argumgnt
domain may produce a result outside the stipulated result range;

N

NOTE 5 - In particular, IEC 60559 special values are ndt in F', but must be accepted as
arguments if iec_60559r has the value true.

4.2.25

subnormal
enormal (obsolete)
alue of a floating point datatype F', or —0 whose absolute value is strictly less than the smallest
Hositive normal value in F' (fminNp)

(See Fg in Clause [5.2| for a full definition.)

< 0

.2.26

Ip

nit(s) in the last place (for a given real value and given floating point datatype)
r a value z in R, that)has a nearest-closer-to-zero normalised value in F' extended to arbitrafily
wrge values, wheresthie normalised value’s exponent is t, precision is pg, and the radix is rg: the
nit is r%_p F. forya value x in R, with a nearest-closer-to-zero subnormal value in F', as well as
br —0: the it is fminDp

i~ B T

This value depends on the exponent, the radix, and the precision used in representing the
fumberstin F. (See Clause [5.2])

NOTE 6 — For a value that is exactly equal to an integer power of the radix, the ulp is the
Size of the gap betweeTr avaitable Valtes Ol the Side away (ToIT ZeTo.

4.2 Definitions of terms 11
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5 Specifications for integer and floating point datatypes and op-
erations

An arithmetic datatype consists of a set of values and is accompanied by operations that take
values from an arithmetic datatype and return a value in an arithmetic datatype or a boolean
value. For any particular arithmetic datatype, the set of non-special values is characterised by a
small number of parameters. An exact definition of the value set will be given in terms of these
parameters.

2]

i nl 1 i M M M 4 P L 41 Lo 1 1 L, L 1

1L JAUILL UlJULCl:lJlUll IS 51 vUIl A Dléll@bulc AT 15 TUIrviivTr DLJU\JLILUU IJL)/ A 1ITUIIroTl UL TASTS. L 1IITOUT TADS
mgy refer to mathematical functions, to other operations, and to helper functions (specified i
this document). They also use special values and exceptional values.

)

Given the datatype’s non-special value set, V', the accompanying arithmetic operations will be
spé¢cified as mathematical functions on V union certain special values that may be-in the corrg-
sponding implementation datatype. These functions typically return values in V' or @ special valug,
buf they may instead nominally return exceptional values (that have no arithmetic datatype, anfd
ard not to be confused with the special values) that are often specified alohg-with a continuatiop
valjue. Though nominally listed as a return value, an exceptional value.is> mathematically reallly
palt of a second component of the result, as explained in clause and is to be handled as jp
notification as described in clause [6l

The exceptional values used in this document are underflow, inexact, overflow, infinitary
(gqneralisation of division-by-zero), and invalid. Parts 2 amd 3 will also use the exceptional value
abgolute_precision_underflow for the operations that €errespond to cyclic functions. For manly
cades this document specifies which continuation value\to use with a specified exceptional valug.
Thie continuation value is then expressed in parentliesis after the expression of the exceptiongl
value. For example, infinitary(+o00) expresses that the exceptional value infinitary in that cade
is fo be accompanied by a continuation value“f +o0o (unless the binding states differently). Ip
cade the notification is by recording in indicators (see Clause , the continuation value is used
as [the actual return value. This part of ISO/IEC 10967 sometimes leaves the continuation value
ungpecified, in which case the continuation value is implementation defined.

Whenever an arithmetic operation (as defined in this clause) returns an exceptional valy
(mpthematically, that a non-empty exceptional value set is unioned with the union of exception
from the arguments, as the ‘exceptional values part of the result), notification of this shall occy
as [described in Clause [G:

= wn @

An implementatiorn_of a conforming integer or floating point datatype shall include all nor
spgcial values defined for that datatype by this document. However, the implementing datatyp
is permitted tolnclude additional values (for example, and in particular, IEC 60559 special va
ueg). This part of ISO/IEC 10967 specifies the behaviour of integer operations when applied t
inflnitarysvalues, but not for other such additional values. This part of ISO/IEC 10967 specifig
th¢ behaviour of floating point operations when applied to IEC 60559 special values, but not fd
otler’such additional values.

@

= »n O

An implementation of a conforming integer or floating point datatype shall be accompanied by
all the operations specified for that datatype by this part of ISO/IEC 10967. Additional operations
are explicitly permitted.

The datatype Boolean is used for parameters and the results of comparison operations. An
implementation is not required by this document to provide a Boolean datatype, nor is it re-

12 Specifications for integer and floating point datatypes and operations
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quired by this part of ISO/IEC 10967 to provide operations on Boolean values. However, an
implementation shall provide a method of distinguishing true from false as parameter values and
as results of operations.

NOTE - This document requires an implementation to provide methods to access values,
operations, and other facilities. Ideally, these methods are provided by a language or binding
standard, and the implementation merely cites this standard. Only if a binding standard
does not exist, must an individual implementation supply this information on its own. See
Annex [C.7]

[ |

.1 Integer datatypes and operations

The non-special value set, I, for an integer datatype shall be a subset of Z, characteriséd-by the
llowing parameters:
bounded ;< Boolean (whether the set I is finite)

minint; € I U{—oo} (the smallest integer in I if bounded; = true)
mazxint; € I U {400} (the largest integer in [ if bounded; = true)

=

—

h addition, the following parameter characterises one aspect of the spesiad’values in the datatype
prresponding to I in the implementation:

Q

hasinfr€ Boolean (whether the corresponding datatype has —oo and +00)

NOTE 1 — The first edition of this document also specifiedhthe parameter moduloy. A binding
may still have a parameter moduloy, and for conformity te this second edition, that parameter
is to have the value false. Part 2 includes specifications for operations add_wrapy, sub_wrapy,
and mul_wrapy. If the parameter modulo; has ghe value true (non-conforming case), that
indicates that the binding binds the basic integer arithmetic operations, for bounded integer
datatypes, to the corresponding wrapping eperations instead of the add;, suby, and mul;
operations of this document.

If bounded; is false, the set I shall satisfy
I1=Z

h this case, hasinf; shall be true,) the value of minint; shall be —oo, and the value of maxipts

shall be 4o00.

If bounded; is true, then/minint; € Z and mazint; € Z and the set I shall satisfy

—

I ={x € Z| mipint; <z < mazint}
and minint; and mrexint; shall satisfy
mazxint >0

and one of:

niininty = 0,
minint; = —mazxinty, or
minint; = —(mazint; + 1)

A bounded integer datatype with minint; < 0 is called signed. A bounded integer datatype
with minint; = 0 is called unsigned. An integer datatype in which bounded; is false is signed,
due to the requirement above.

5.1 Integer datatypes and operations 13
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An implementation may provide more than one integer datatype. A method shall be provided
for a program to obtain the values of the parameters boundedy, hasinf;, minint;, and mazinty,
for each conforming integer datatype provided.

NOTES
2 The value of hasinf; does not affect the values of minint; and mazint; for bounded integer
datatypes.

3 Most traditional programming languages call for bounded integer datatypes. Others allow
or require an integer datatype to have an unbounded range. A few languages permit the
implementation to decide whether an integer datatype will be bounded or unbounded. (See
C.5.1.0.1] for further discussion.)

4  Operations on unbounded integers will not overflow, but may fail due to exhaustion of
resources.

5 Unbounded natural numbers are not covered by this document.

5.1.1 Integer result function

If pounded; is true, the mathematical operations +, —, and - can producédesults that lie outside
thq set I even when given values in I. In such cases, the computational operations add;, subj
negr, absy, and mul; shall cause an overflow notification.

)

In the integer operation specifications below, the handling of pverflow is specified via the resuld;
helper function:

resulty : Z — I U {overflow}
whiich is defined by:

resultr(x) =z ifke I
= overflow(—o0) ifreZandoe gl and x <0
= overflow(+00) ifreZandz ¢ I and x>0
NOTES

1 For integer operations, this document does not specify continuation values for overflow
when hasinf; = false nor the¢ continuation values for invalid. The binding or implementa-
tion must document the continuation value(s) used for such cases (see Clause [g).

2 For the floating point.eperations in Clause [5.2] a resultp helper function is used to consis-
tently and succinctly express overflow and denormalisation loss cases.

5.1.2 Integer opeérations
5.1.2.1 Comparisons

Fot each provided conforming integer datatype, the following operations shall be provided.

éqr: I x I — Boolean

[ \ + 3£ 11 [ ! Al |
0111\“./7(1/} — I ucxT lL‘b7yCiu1 W7TWJ' alluw—y
= false if x,y € IU{—00,4+00} and = # y
neqr : I x I — Boolean
neqr(z,y) = true if x,y € IU{—00,4+00} and = # y
= false ifx,y € ITU{—00,400} and z =y

14 Specifications for integer and floating point datatypes and operations
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lssy: I x I — Boolean

Issp(z,y) = true ifx,yelandz <y
= false ifz,yeland x>y
= true if x € IU{—o00} and y = 400
= true ifr=—occandyel
= false if z € I U{—00,400} and y = —o0
= false if =400 and y € I U {400}

leqr : I x I — Boolean

legr(x,y) = true ifz,yeland x <y
= false ifr,yeland x>y
= true if x € IU{—00,+00} and y = +00
= true if x=—00 and y € I U{—o00}
= false if x € ITU{4+o00} and y = —0c0
= false ifr=4o00candyel

gtry : I x I — Boolean

gtri(z,y) =Issr(y, x)

geqr : I x I — Boolean

geqr(z,y) = leqr(y, x)

§5.1.2.2 Basic arithmetic

~

[oe]

or each provided conforming integer datatype, the following operations shall be provided. If [ is

nsigned, it is permissible to omit the operations negy, absy, and signumy.

o

negr : I — I U {overflow}

negr(z) = result;(—x) ifxel
=(+0 if £ = —o00
= —00 it z =400

addy : I x I—=>71 U {overflow}

add(x ) = result;(z +y) ifr,yel
= —00 if v € IU{—o00} and y = —o0
= —00 ifr=—occandyel
= 400 if x € TU {400} and y = 400
=400 ifr=4occandyel
=invatid fr="Fcocamdyg=—c0
= invalid if x = —00 and y = 400

subr: I x I — I U{overflow}

5.1.2 Integer operations 15
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suby(z,y) = result;(z —y) ite,yel
= —00 ifx € IU{—o0} and y = 400
= —00 fr=—-occandyel
= 400 ifx € IU{+o0} and y = —00
=400 ifr=4occand y el
= invalid if £ =400 and y = 400
= invalid if t = —00 and y = —00
muly - I x I — I U {overflow}
mulr(z,y) = result;(z - y) ite,yel
=400 if x =400 and (y = 400 or (y € I and y)0))
= —00 if x =400 and (y = —oo or (y € I and y'< 0))
= —00 ifreland x>0 and y =—o00
= +00 ifrel and z <0 and y = —00
= +00 if x = —00 and (y = —oo or (&1 and y < 0))
= —00 if x = —00 and (y = 400 of (y € I and y > 0))
= —00 ifx € I and x < 0 and y4-00
= 400 ifx el and x > 0 and y = 400
= invalid if v € {—o00,+00} and y =0
= invalid if x =0 and y € {300,400}

absy : I — I U {overflow}

absy(x) = result;(|z|)
_= +w

signumy : I — {—1,1}

signumy(x) =1
=1

if ¢ €
if 3 € {—00,+00}

if (xelandz>0)oraz=+4o00
if (x €l and z<0)orz=-—00

NOTE 1 — The first edition of this document specified a slightly different operation sign;.
signumy is consistent with signump, which in turn is consistent with the branch cuts for the
complex trigonometric opérations (Part 3).

Integer division with fl§or and its remainder:

quoty : I x I —A WA overflow, infinitary, invalid }

quot;(x,y) = resultr(|x/y]) ifz,yeland y+#0
= infinitary(+00) ifrelandz>0andy=0
= infinitary(—o0) ifrelandz <0andy=0
=0 ifx €l and y € {—o0,+00}
= muly(x,y) if z € {—00,4+00} and y € I and y # 0
= invalid otherwise

NOTE 2 - quot;(minint;,—1), for a bounded signed integer datatype where minint; =
—maxint; — 1, is the only case where this operation will overflow.
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modr : I x I — I'U {invalid}

modr(x,y) =z—(lz/y]-vy) ifx,yelandy#0
=z if x € I and y € {—o00,+00}
= invalid otherwise

NOTES

3 The first edition of this document specified the operations div{, divt, mod$, mod?, rem{,
and rem’. However, aliv}c = quotr, and mod§ = remf = mod;. Further, divt, mody, and

remt are not recommended to he provided as their nse may oive rise to late-discavered
1 kS (=)

bugs.

4 Part 2 specifies the related operations ratioy, residuey, groupy, and pady.

i

.2 Floating point datatypes and operations

N

L floating point datatype shall have a non-special value set F' that is a finite.subset of R, chiar-

acterized by the following parameters:
rF€Z (the radix of F)
pr € Z (the precision of F')
emaxp € Z (the largest exponent of F')
eming € 2 (the smallest exponent of F')

denormp € Boolean (whether F' contains non-zere'sibnormal values)

—

h addition, the following parameter characterises the special values in the datatype correspondjng
tp F in the implementation, and the operations in contmon for this document and IEC 60559

iec_60559r € Boolean (whether the datatype and operations conform to TEC 60559)
NOTES

1 This standard does not advocate aiys particular representation for floating point values.
However, concepts such as radizs precision, and exponent are derived from an abstract
model of such values as discussed-in Annex

2 The 2011 version of IEC 60559 also uses the parameters emax and emin (written as F,,q,
and Fy;, in the 1989 version). However, those values are respectively one less than the
emaxry and eming parameters of this document. The latter are, however, in line with the
maximum and mjatmum exponent access variables in several programming languages.

The parameters 7 pr, and denormp shall satisfy:

rE = 2

pr > 2 max{l, [log, (2 m)]}
denorme = true

NOTE 3 - The first edition of this document only required for pr that pr > 2. The
requirement in this edition allows for the use of any floating point type in widespread use and
is made so that angles in radians are not too degenerate within the first two cycles, plus and
minus, when represented in F'.

Furthermore, rx should be even, and pr should be such that pr > 2 + [log,,.(1000)].

NOTE 4 - The recommendation that pr > 2 + [log,, (1000)], which did not occur in the
first edition of this document, allows for the use of any floating point type in widespread use
and is made so as to allow for a not too coarse angle resolution, for operations in Part 2 and
Part 3, anywhere in the interval [—big_angle_rg, big_angle rr] (big_.anglerp is a parameter
introduced in Part 2).
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The parameters eming and emazp shall satisfy:

1 —rlle <eming < —1—pr
pr < emazp < rpf —1

and should satisfy:
0 < emarp +eming < 4

NOTE 5 — The first edition of this document had the wider range requirement 1 — TIQF <
emingp < 2 — pp. The shorter range requirement in this edition of this document allows for
the use of any floating point type in widespread use and is made so as to be able to avoid the
UlldUlﬂUW llUAl/iﬁL,aAl/iUll7 ‘l}}l(ﬁl“b lb, G,\/Uill dUllUlllla‘liDa‘biUll 1UDD, 111 Al/}lU DPULiﬁba‘biUllD Jr..UJ. ‘lJ}lU CJ/[III&.ZF
and Inlpp operations (Part 2) for subnormal arguments (though these operations are still
inexact for non-zero subnormal arguments).

Given specific values for rg, pp, eming, emazxp, and denormpg, the following sets ate defined:

Fs={s-m-15"" | se{-1,1}, mee Z, 0<m <r2F "' e=eminp}
Fy={s-m-rg " | se{-1,1}, m,e€ Z, rl{-’,F*l <m <rpf, eming <e < emaxp}
Fe={s-m-r5 P | se{-1,1}, meec Z, 2" " <m < 12", @qarp < e}
F,={s-m-rpz " | se{-1,1}, mec Z, T£F71<m<T£F,e<eminF}

Fi = FsUFNUFg

Ft=F,UFT

F =FsUFn if denormp = true
={0} U Fy if denormp = false (fion-conforming case, see Annex )
NOTES

6 F'is the outwards unbounded extension of F, including in addition all subnormal values
that would be in F if denormyy’ were true. FT will be used in defining rounding for
operations.

7 F1%is the unbounded exténsion of F.

The elements of Fy arefcalled normal floating point values. The elements of Fg, as well as the
sp¢cial value —0, are called subnormal floating point values.

NOTE 8 — Theéederms normal and subnormal refer to the mathematical values involved, not
to any methed of representation.

An implemenfation may provide more than one floating point datatype.

=

For eachhof the parameters rg, pp, eming, emaxp, denormp, and iec_60559r, and for eac
conforniing floating point datatype provided, a method shall be provided for a program to obtai
th¢ value of the parameter.

-

NOTE 9 — The conditions placed upon the parameters rr, pr, eming, and emaxp are suffi-
cient to guarantee that the abstract model of F' is well-defined and contains its own parameters,
as well as enabling the avoidance of denormalisation loss (in particular for expm1 p and Inlpp
of Part 2). More stringent conditions are needed to produce a computationally useful floating
point datatype. These are design decisions which are beyond the scope of this document. (See

Annex )
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5.2.1 Conformity to IEC 60559

The parameter tec_60559r shall be true only when the datatype corresponding to F' and the
relevant operations completely conform to the requirements of IEC 60559. F' may correspond to
any of the floating point datatypes defined in IEC 60559.

When iec_60559r has the value true, all the facilities required by IEC 60559 shall be provided.
Methods shall be provided for a program to access each such facility. In addition, documentation
shall be provided to describe these methods, and all implementation choices. When iec_60559F
has the value true, all operations and values common to this document and IEC 60559 shall
sptisfy the requirements of both standards.

NOTES
1 IEC 60559 is also known as IEEE 754 [34].

2 The IEC 60559 facilities include: values for infinities and NaNs, extended corfiparisons,
rounding towards positive or negative infinity, an exceptions (including inexact)’ recorded
in indicators. See annex [Bl for more information.

3 IEC 60559, third edition, specifies rp = 2 or rr = 10, as well as valueg for maximum and
minimum exponents and precision for the floating point datatypes it specifies.

4 If iec_60559r is true, then denormp must also be true. Note_that denormp = false is
non-conforming also to this document.

§.2.2 Range and granularity constants

The range and granularity of F' is characterized by thefollowing derived constants:

fmaryp = max F =(1- T;pp) ) ,r;ma:ltp
fminNg = min {z € Fx | z > 0} = remiar—1

fminDp = min {z € Fs | z > 0} s&eminr—pr

fminp =min {z € F | 260} = fminDp if denormp = true

= fminNp if denormp = false (non-conforming case)

PF

epsilonp = 7"11; (the relative spacing in F* between adjacent values)

For each of the-derived constants fmazr, fminNg, fming, and epsilony, and for each confoym-
heg floating poind datatype provided, a method shall be provided for a program to obtain the
vialue of therdérived constant.

e

§.2.3 VApproximate operations

“treoperations(specifiedbetow ) wdd 7 subr; matF, divr A, Tpor QeoT At Sat IO T0SS; STae f 1
are approximations of exact mathematical operations. They differ from their mathematical coun-
terparts, not only in that they may accept special values as arguments, but also in that

a) they may produce “rounded” results,

b) they may produce a special value (even without notification, or for values in F’ as arguments),
and

5.2.1 Conformity to IEC 60559 19
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¢) they may produce notifications (with values in F' or special values as continuation values).

The approximate floating point operations are specified as if they were computed in three

stages:

an

5.2.4 Rounding and rounding constants

Define the helper function er : R — Z such that

Define the helper function up : R — F' such that

pr

ol
twp helper functions: nearestp (stage 2) and resultp (stage 3). These helper functions are ndt
visjble to the programmer and are not required to be part of the implementation;/just like exaqt
mgthematical functions are not required to be part of an implementation. An‘actual implemer]
tatlfion need not perform the above stages at all, merely return a result (orpréduce a notificatio

1) compute the exact mathematical answer (if there is any), or determine if an infinitary or
invalid notification is required,

2) round the exact answer (if there is any) to pp digits of precision in the radix rp (the precision
will be less if the rounded answer is subnormal), maybe producing a —0 as the rounded result,
and

) determine if an underflow, overflow (using 400 or —oo as continuation value if available),
or inexact notification is required.

These stages will be modelled by basic and elementary mathematical functions (stage 1) an

)

1 a continuation value) as if it had.

erp(xz) = [logr,(|z])] +1 if |z| > finNp
= eming if |z| < fminNp

UF(JJ) _ T;F(x)*pF

NOTES

1 The value ep(z) is the exponent (for values in FT in the immediate neighbourhood of x
(which need not be in FT) Whetx is in |—rp - fminNp, g - fminNg[, then ep(z) is eming
regardless of x.

2 The value up(z) is the.absolute distance between adjacent values in FT in the immediate

neighbourhood of z (hich need not be in F'). When z is in |7 - fminNp, 75 - fminNg|,
then up(x) is fminDp regardless of x.

3 When z is on ahexponent boundary of Ff, the neighbourhood (mentioned in the previous
two notes) js'that which is away from zero.
For floating peint operations, rounding is the process of taking an exact result in R an{d
ducing a pp-digit approximation.
NOTEY — In Annex A of this document, and in Parts 2 and 3 of ISO/IEC 10967, the “exact
restlt” may be a prerounding approximation, through approximation helper functions.

The nearestr, downg, and upr helper functions are introduced to model the rounding process:

The floating point helper function

nearestp : R — Ff

is the rounding function that rounds to nearest, ties rounded to even last digit. The floating point

he

20

Iper function
downp : R — FT
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is the rounding function that rounds towards negative infinity. The floating point helper function
upp : R — Ft
is the rounding function that rounds towards positive infinity.

If, for some z € R and some i € Z, such that |z| < fminNg, |z - 7% > fminNp, and rounding
function rnd : R — F, the formula

rnd(z - T};) = rnd(x) - Tfp

does not hold, then rnd is said to have a denormalisation loss at x.

NOTE & 1L L J2 oL a s 4 L i 4 ot | L] (oo
INOT1IT I T CartsSty - v T IS~ oG tO ICarCSt TanCtIon—tO— 1 At e TSt (U

nearestp(x), then nearestr has a denormalisation loss at . Similarly for upr and downp.

§.2.5 Floating point result function

N

L floating point operation produces a rounded result or a notification. The deeision is based|on
he computed result (either before or after rounding).

—+
—_—

The resultr helper function is introduced to model this decision. résulty is partially imy
mentation defined. resultr has a signature:

e_

resultp : R x (R — F') — F U {inexact, underflow, overflow}

NOTE 1 — The first input to resultp is the computed result béfore rounding, and the second
input is the rounding function to be used.

(=]

or the overflow cases for the three roundings nearestpupr, and downg, and for x € R, the
llowing shall apply:

—h

resultp(x, nearesty) = overflow(4+00) itmearestp(x) > fmazp
resultp(z, nearestp) = overflow(fmaz ) or inexact(fmaz )
if nearestp(r) = fmaxp and x > fmazp

resultp(z, nearestp) = overflow(—00) if nearestp(z) < —fmazp
resultp(x, nearesty) = overflow(=fmaz ) or inexact(—fmaz )
if nearestp(z) = —fmazp and z < —fmaz 4
resultp(z, upr) = ovérflow(+00) if upp(z) > fmazp
resultp(x, upp) =wverflow(—fmaz ) if upp(x) < —fmazp
resultp(x, upp) =overflow(—fmaz ) or inexact(—fmax )
if upp(z) = —fmazp and © < —fmazp
resultp(z, dowrdy)” = overflow(—o0) if downp(z) < —fmazp
resultp(x, downp) = overflow(fmazy) if downp(z) > fmaxp
resultp(x;downp) = overflow(fmazy) or inexact(fmazp)

if downp(x) = fmazp and = > fmaxp

by

or othercases for either of the thee rounding functions as rnd, and for = € [—fmazp, fmady],
he following shall apply:

—

x ifeeF

= 1mexact(rnd(x)) 1 r # rnd(z) and fminiNp < || < fmarp

= underflow(—0) if denormp = false and —fminNr < x <0

= underflow(0) if denormp = false and 0 < x < fminNp

= underflow(—0) if denormp = true and = < 0 and rnd(x) =0

resultp(x, rnd)
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= inexact(rnd(x)) or underflow (rnd(z))
if denormp = true and x # rnd(x) and |z| < fminNp
and rnd has no denormalisation loss at x
= underflow(rnd(x))
otherwise

NOTES

2 Overflow may be detected before or after rounding. If overflow is detected before rounding,
the bounds for overflow are independent of rounding.

3 The notifications underflow and overflow implies inexact result. When inexact notifica-
tions are supported, and when recording notifications in indicators, recording an underflow
or an overflow notification implies also recording an inexact notification.

4 An implementation is allowed to choose between inexact(rnd(z)) and underflow(rnd(x))
for values of x in the interval |—fminNg, fminNg| where x is not in F' and there is*no
denormalisation loss at . However, a subnormal value without an underflow ngfification
can be chosen only if denormp is true and no denormalisation loss occurs at ;

5 In the non-conforming case denormp = false, neither rounding is heeded in case of
underflow.

Animplementation shall document how the choice between inexact(rnd(%)) and underflow (rnd|x))
is made. Different floating point types may have different versions efTesultr.

Define the no_resultp_, g and no_result2g_, g+ helper functionss
no_resultp_, g : F' — {invalid}

no_resultp_, pr(x)

= invalid(qNalN) if x €U {—00,—0, 400}
= qNaN if .39 a quiet NaN
= invalid(gNaN) if x'is a signalling NaN

no_result2p_,pr : F x F' — {invalid}

no_result2p_ g (z,y)

= invalid(gNaN) if x,y € FU{—00,—0,400}

= qNalN if at least one of x and y is a quiet NaN and
neither a signalling NalN

= invalid(gNaN) if x is a signalling NaN or y is a signalling NaN

Thiese helper functions-are used to specify both NaN argument handling and to handle non-NaN
argument cases where invalid(qNalN) is the appropriate result.

NOTE 6-< The handling of special values, if available, other than NaNs, infinities, and —0,
is left<inspecified by this document.

5.2.6., “‘Floating point operations

5.2.6.1 Comparisons

For each provided conforming floating point datatype, the following operations shall be provided.

eqr : F x F' — Boolean
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eqr(z,y) = true ifx,y € FU{—00,+00} and z =y
= false if x,y € FU{—00,+00} and = # y

=eqr(0,y) ifr=—-0and y € FU{—00,—0,+00}

= eqp(z,0) if x € FU{—o00,+00} and y = -0

= false if x is a quiet NaN and y is not a signalling NaN
= false if y is a quiet NaN and x is not a signalling NaN
= invalid(false) if x is a signalling NaN or y is a signalling NaN

neqr : F' x ' — Boolean

neqp(z,y) = true if x,y € FU{—00,400} and z # y
= false if z,y € FU{—00,400} and z =y

= neqr(0,y) if x =—0and y € FU{—00,—0,+00}

= neqp(z,0) if y=—0and z € F U {—00,+00}

= true if x is a quiet NaN and y is notha-signalling NaN
= true if y is a quiet NaN and z is mot a signalling NaN
= invalid(true) if x is a signalling NaN of y is a signalling NgN

lssp . F' x F — Boolean

leqr : ' x F' — Boolean

gtrg : F X F' — Boolean

Issp(z,y) = true ifx,y € F and,&<y
= false ifr,ye Fabdz > gy
=lssp(0,y) if v = —Pyaud y € F U {—00,—0,+00}
= lssp(x,0) if y=+0and z € FU {—00,+00}
= true if z %00 and y € F U {400}
= false if-¥’= 400 and y € FFU {—00,+00}
= false ifx € FU{—o0} and y = —00
= true ifx € F and y = 400
= invalid(false) if x is a NaN or y is a NaN

legr(x,y) = true ifx,ye Fand x <y
= falSe ifz,y€e Fand x>y
=degr(0,y) ifx=-0andye FU{—00,—0,+00}
= leqp(x,0) ify=-0and z € FU{—00,+00}
= true if #=—00 and y € FU{—00,+00}
= false if r =400 and y € FU{—o00}
= false ifx e Fand y=—00
= true if x € FU {400} and y = 400
= invalid(false) if x is a NaN or y is a NaN

gtre(x,y) = lssp(y, x)

geqr : F X F' — Boolean

geqr(z,y) = leqr(y, )

5.2.6 Floating point operations
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isnegzeror : F' — Boolean

isnegzerop(x) = true ifz =-0
= false if v € FU{—00,+00}
= invalid(false) if z is a NaN

istinyp : F — Boolean

istinyp(x) = true if (x € F and |z| < fminNp) or x = —0
=Tfalse itz € Fand {x = fminiNg) oT T € {—00, F00
= invalid(false) if z is a NaN

isnang : F' — Boolean

isnanp(x) = false if v € FU{—00,—0,+00}
= true if x is a quiet NaN
= invalid(true) if z is a signalling NaN

issignanp : F' — Boolean

issignanp(z) = false if z € FU{—00,=0,400}
= false if z is a quietdNaN
= true if x is a sigalling NaN

5.2.6.2 Basic arithmetic

»n

Fot each provided conforming floating point datatype, the following round to nearest operatior
shgll be provided, and the round towards négative and positive infinity operations should b
previded. For the non-conforming case that, denormp = false, the operations below using upg d
dofvnr as rounding shall not be provided.

= O

NOTE 1 - If denormp = falsejthen any result that is smaller than fminNg is replaced by
zero. This implies that neither reunding direction (nearest, up, down) is heeded, doing “flush
to zero” for would-be subnormial results. Thus if denormp = false, the directed rounding
operations would be unvéliable for interval arithmetic, as well as other uses. That is why the
directed rounding opetations are not to be provided when denormp = false.

The operations in~this clause are specified only for the case that rp = rp, denormpg 3
deformp:, iec_60569 = iec_60559p:. 1f iec_60559r = false then the operations are require
only if I = F’', The addp_,r and subp_,p operations can underflow only if denormp = fals
(ngn-conforming case) or eming — pp < eming — prr.

neggsF — F U {-0}

@ = T

negr(z) =—z ifreFandaz #0
=—-0 ifz=0
=0 ifz =-0
= —00 if £ =400
= +o00 if t = —00
= no_result p_,p(x) otherwise

addp_,pr : F x F — F'U {inexact, underflow, overflow }
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addp_pr(z,y) = resultp (x + y,nearestp:)
ifx,ye F

=-0 ifz=—0and y=-0

= addp_, g (0,9) ifx=—0and y € FU{—00,+00}
= addp_,p/(x,0) if z € FU{—00,+00} and y = —0
=400 if x =400 and y € F'U {400}
=400 if x € I and y = 400

= —00 if t = —o00 and y € FFU {—o0}

= —00 ifx e Fand y=—00

= no_resultdp_p/(T,y) otherwise

add} _p  F x F — F'U{inexact, underflow, overflow}
add}_)F, (x,y) =resultp(x+y,upp) ifz,y€eF
= addp_, g (x,y) otherwise
add%_m, : F x F — F'U{-0, inexact, underflow, overflow}
add%_)F,(w, y) =resultp(x +y,downp)if x,y € F and (x £y 0 or z = 0)
=-0 ifx,y€ Fand 2%y =0and x #0
=-0 if addp_pr(z,yp=0 and (r =—0or y =—0
= addp_,p(x,y) otherwise

subp_, g : F x F — F' U {inexact, underflow, overflow}

subp_p(x,y) = addp_p(x,negr(y))

sub} _ g F x F — F'U{inexact, underflow, overflow}

sub}_ﬂ,,(x,y) = add}_)F,(a:,negp(y))

subfﬂ_ﬂw : F x F — F'U{~0, inexact, underflow, overflow}

subj , p(2,y) = addi o (z, negr(y))

mulp_ g : F X E)> F'U{-0, inexact, underflow, overflow }

mulp_ g (2y) = resultp(x -y, nearestpr)
ifz,ye Fandz#0and y #0
=0 ifr=0andye Fandy >0
=-0 ifr=0and ((y € Fand y <0) or y=—0)
=-0 ifr=—0andy€Fandy >0
=0 ifx=-0and ((y€ Fand y <0)ory=-0
—0 Hp-cF-andr—=0-andy—=0
=-0 ifre Fand x <0 and y =0
=-0 ifre Fand x >0 and y =—0
=0 ifxe Fand x <0 and y =—0
= 400 if x =400 and ((y € F and y > 0) or y = +00)
= —00 if x =400 and ((y € F and y < 0) or y = —00)
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= —00 if vt = —o00 and ((y € F and y > 0) or y = +00)
=400 if t =—o00 and ((y € F and y < 0) or y = —00)
=400 ifx € Fand >0 and y = 400
= —00 ifx e Fand x <0 and y = 400

I
|
8

ifre Fand x>0 and y = —00
= 400 ifx e Fand x <0 and y = —00
= no_result?p_,p(z,y) otherwise

mul; i E X EF = F "J{—0.inexact. underflow. overflow}

mul;_)F,(fL‘,y) = resultp/(x - y,uppr) ifz,y€ Fand z#0and y #0
= mulp_p(x,y) otherwise

mulﬁﬂﬁF, : F x F — F'U{-0,inexact, underflow, overflow}
mul%_)F,(fL‘,y) = resultp/(x - y,downg:) if z,y € F and z # 0 and y #N)

= mulp_p(x,y) otherwise

divp_,pr : F x F — F'U{—0, inexact, underflow, overflow, infinitary, invalid }

divp_pr(x,y) = resultp (x/y,nearestpr)
ifx,ye€ Fandsx #0 and y # 0
=0 ifx=0andye Fandy>0
=-0 ifzr=0andy € Fandy<0
=-0 ifr=<0andye Fandy >0
=0 ifa®—0and y € F and y <0
= infinitary(+o00) if r€ Fand x>0 and y =0
= infinitary(—o0) ifre Fandz <0Oandy=0
= infinitary(—oo) ifre Fandx >0andy=-0
= infinitary(+00) ifre Fandx <0andy=-0
=0 ifx e Fand x >0 and y = 400
=-0 ifre Fand x >0 and y = —o0
=-0 if (x € Fand x <0) or x =—0) and y = 400
= if (x € Fandx <0)orx=-—0) and y = —00
= 400 ifr=4occandye€ Fandy >0
= >00 ifr=—occandye€ Fandy >0
= —00 if z =400 and ((y € F and y < 0) or y = —0)
= +00 if v =—o00 and ((y € F and y < 0) or y = —0)

= no_result2p_,pr(x,y) otherwise

div}_ﬂ;, : F x F — F'U{-0, inexact, underflow, overflow, infinitary, invalid }

divlﬂ S(xy)  =resultp (x/y, upp) ifz,ye Fandx #0and y #0

= divp_pr(z,y) otherwise
div%ﬁF, : F x F — F'U{-0, inexact, underflow, overflow, infinitary, invalid }

div%ﬁF,(a:,y) = resultp (x/y,downg:) if x,y € Fand x # 0 and y # 0
= divp_ g (z,y) otherwise
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absp : ' — F

absp(x) = |z ifeeF
= 400 if x € {—o00,+00}
= no_resultp_,p(x) otherwise

signump : F — F

Signume(T) =1 if{T € F and T = 0) of T = 00
=-1 if (x € Fand  <0) or € {—0,—00}
= no_resultp_,p(x) otherwise

residuep : ' x F — F U{—-0,invalid}

residuep(z,y) = resultp(x — (round(z/y) - y), nearestr)
if x,y € F and y # 0 and
(x = 0 or x — (round(€/y) - y) # 0)

=-0 if x,y € F and y #.0 and

x <0 and z — (teund(z/y) - y) =0
=-0 if = —0 and gy€ F'U {—o00,+00} and y # 0
=z if x € F andqy € {—o00,+00}

= no_result2p_,p(x,y) otherwisé

NOTE 2 — The residuer operation is informally knewn as “IEEE remainder”.

sqrtp_ g+ F — F' U {inexact, underflowyinvalid }

sqrtp_ypr () = resultp (\/z,nearesty)
ifzeFandxz >0
=z if z € {-0,400}
= no_resultp{pr(x) otherwise

sqrt} g F—=F " U {inexact, underflow, invalid}

sqrt}_m, (x,y) =lresultp (\/z,uppr) ifre Fanda >0
= sqrtp_ () otherwise

sqrt% s = F " U {inexact, underflow, invalid}

sqrtiﬁ_)F, (x,y) =resultp(\/x,downg) ifz e Fandz>0
= sqrtp_p () otherwise

2:6.3 "falua r‘];caantinn

For each provided floating point type, the following operations shall be provided. For the non-
conforming case of denormp = false, ulpr may underflow, and the operations succr and predg
shall not be provided.
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The exponentr_,; and scaler 1 operations are specified for an integer datatype I where minint; <
eming — prp and mazxint; > emaxp.

exponentp_,r : F' — I U {infinitary}

exponentp_j(x)= UOng(‘fUm +1

ifre Fand x #0

= infinitary(—oo) if x € {—0,0}

fractionp : FF — F

fraction p(z) =zx/rp ifre Fandaz #0
=z

scalepy : F' x I — F U {underflow, overflow }

scalep (x,n)

succp : F'— F U {overflow}

succp(x) = resultp(min fzc F! | 2 > x}, nearestr)
ifx e Fand ¢ # —fminp and x # 0
= —fmaxp if x = —00
=-0 if x = —fming
= sucer(0) ite=-0
= fming ifx=0
= 400 if v =400
= no_resultp_,p(x) otherwise

predg ' — F'U {overflow}
predr (x)

=400 if z € {—o00,4+00}
= qNaN if x is a quiet NaN
= invalid(gqNaN) if z is a signalling NaN
NOTES
1 Since most integer datatypes cannot represent infinitary or NaN values, documented out of

range finite integer values of the correct sign may be used instead of the infinities here.

The related IEC 60559 operation logb returns a floating point value, to guarantee“the
representability of the infinitary (and NaN) return values.

exponentp_, z(x)

= if x € {—00,—0,0,+00}

= no_result p_,p(x) otherwise

= resultp(x - ', nearesty)
ifre Fandnel

= mulp_p(z,0) if n =%=60

=z if = —0

= mulp_,p(x, convert;,gp(n))
otherwise

= negr(succp(negr(x)))

ulpp : ' — F U {undertlow }

ulpp(x)

28

= resultp(up(x), nearestr)
ifeeF

= ulpr(0) ite=-0

= no_result p_,p(x) otherwise
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5.2.6.4 Value splitting

For each provided floating point type, the following operations shall be provided. The truncp s
and roundp ; operations are specified for an integer type I where maxint; > pr.

intpartp : F — F U {-0}

intpartp(z) = |z| ifre Fandx >0
= negr(intpartp(—x)) ifz € Fand z <0
=z if x € {—00,—0,+00}
= no resultp p(x) otherwise

fractpartp : F — F U {-0}

fractpartp(x) =z — |z ifre Fandz >0
= negp(fractpart p(—x)) if x € Fand x <0
= no_resultp_,p(x) otherwise

truncpy : F x I — FU{-0}

truncp(z,n) = Lx/r;F(x)_nJ : T;F(x)_n ifre Fandzx 20andnel
= negr(truncp(—x,n)) ifx € F andz' 0 and n € I
=z if x € {—00})>~0,+00}
= no_result2p_,p(x,n)  otherwise

roundpy : F x I — F'U{-0,overflow}

roundp(z,n) = resultp(round(x/rgp(x)—n> _T%F(ﬂﬂ)_

" nearestr)

frxreFandx>0andnel
= negr(roundp (ex,n)) if x € Fand x <0andn e
=z if x € {—00,—0,+00}

= no_result?p=p(x,n)  otherwise

Cn

.3 Operations for cenversion between numeric datatypes

Numeric conversion hetween different representation forms for integer and floating point valjies
an take place undér’a number of different circumstances. E.g.:

Q

a) explicit or fiplicit conversion between different numeric datatypes conforming to this part
of ISQ/IEC 10967;

b) explieit or implicit conversion between different numeric datatypes only one of which cpn-
forms to this part of ISO/TEC 10967;

) explicit or implicit conversion between a character string and a numeric datatvpe

The last case includes outputting a numeric value as a character string, inputting a numeric value
from a character string source, and converting a numeral in the source program to a value in a
numeric datatype (see clause . This part of ISO/IEC 10967 covers only the cases where at
least one of the source and target of a conversion is a numeric datatype conforming to this part
of ISO/IEC 10967.
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When a character string is involved as either source or target of a conversion, this part of
ISO/IEC 10967 does not specify the lexical syntax for the numerals parsed or formed. A binding
standard should specify the lexical syntax or syntaxes for these numerals, and, when appropriate,
how the lexical syntax for the numerals can be altered. This could include which set of digits to
use in a numeral position system (Latin-Arabic digits, Arabic-Indic digits, traditional Thai digits,
Devanagari digits, etc.). With the exception of the radix used in numerals expressing non-integer
values, differences in lexical syntactic details that do not affect the value in R denoted by the
numerals will not affect the result of a conforming conversion.

Qutput of floating point values is quite often to a fixed point format. Therefore conversion
from a floating point datatype to a fixed point datatype is included in this clause.

Character string representations for integer values can include representations for —0, +oq,
—o, and quiet NaNs. Character string representations for floating point and fixed point“valuds
shguld have formats for —0, 4+00, —o0, and quiet NaNs. For both integer and flodting point
values, character strings that are not numerals nor special values according to thenlexical syntajx
usgd, shall be regarded as signalling NaNs when used as source of a numericalrconversion.

For the cases where one of the datatypes involved in the conversion dges-not conform to this
paft of ISO/IEC 10967, the values of some numeric datatype parameters\néed to be inferred. Fqr
intpgers, one need to infer the value for bounded, and if that is truesthen also values for maxirjt
anfl minint, and for string formats also the radiz. For floating point values, one need to infgr
th¢ values for r, p, and emax or emin. In case a precise defermination is not possible, valugs
that are ‘safe’ for that instance should be used. ‘Safe’ valuegfor otherwise undetermined inferref
patameters are such that

h) if the value resulting from the conversion is cofiverted back to the source datatype by g
conversion conforming to this part of ISO/TEC Q0967 the original value, or a close approxi]-
mation, should be regenerated if possible, and

b) overflow and underflow are avoided if possible.

If, and only if, a specified infinite speeial value result cannot be represented in the targdt
datatype, the infinity result shall be.interpreted as implying the infinitary notification. If, anfd
only if, a specified NaN special vdlue result cannot be represented in the target datatype, thie
NalN result shall be interpreted. as implying the invalid notification. If, and only if, a specifiel
—( special value result cannot®be represented in the target datatype, the —0 result shall be
intprpreted as 0.

5.3.1 Integer ta integer conversions

Lef I and I’ non-special value sets for integer datatypes. At least one of the datatypq
cofresponding'to I and I’ conforms to this part of ISO/IEC 10967.

[@2)

The €pnvert;_, ;i operation:

convert;_,p : I — I' U {overflow}

convertr_p(x) = resultp(x) iferel
=z if v € {—00,—0,+00}
= qNaN if x is a quiet NaN
= invalid(gNaN) if = is a signalling NaN
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5.3.2 Floating point to integer conversions

ISO/IEC 10967-1:2012(E)

Let F' be the non-special value set for a floating point datatype. Let I be the non-special value
set for an integer datatype. At least one of the datatypes corresponding to F' and I conforms to

this part of ISO/IEC 10967.

The floorp_,;, roundingr_,y, and ceilingp_,; operations:

floorp_,; : F — I U {overflow}

floor p_, () = result;(|x]) ifeeF
— L lf L { N, G’ +W}
= gNaN if x is a quiet NaN
= invalid(gNaNN) if = is a signalling NaN

roundingr_y : F' — I U {-0,overflow}

ceilingp—y : F — I U{—0, overflow}

H.3.3 Integer to floating point'conversions

o -

his part of ISO/TEC 1096/
The convertr_, pcoperation:

converty gzl — F U {inexact, overflow}

convertysr(xz) = resultp(x,nearestp) ifx el
=z if x € {—00,—0,+00}
= qNaN if x is a quiet NaN
= invalid(gNaN) if z is a signalling NaN

roundingr ()
= resultr(round(x)) if x € F and (z > 0 or round(z) # 0)
=-0 if x € F and x < 0 and%ound(z) =0
=z if x € {—00,—0,+00}
= qNaN if x is a quiet Nal¥
= invalid(gNaNN) if z is a signalling NaN

#0)
=0

ceilingp—(x) = result;([x]) if r€F and (x >0 or [z]
=-0 if € F and x < 0 and [x]
=z ittr € {—00,—0,+00}
= qNaN if x is a quiet NaN
= invalid(gNaN) if = is a signalling NaN

et I be the non-special value.set for an integer datatype. Let F' be the non-special value set [for
floating point datatype.(At least one of the datatypes corresponding to I and F' conformg to

= s . . :
L11€ COTIUET E]—)F aIlld CONUET E]—)F OpeE€ratlolls:
T . ;
convert; ,  : I — F U {inexact, overflow}

convert}HF(a:) = resultp(z,upr) ifexel
= convert;_,p(x) otherwise

5.3.2 Floating point to integer conversions
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com)erﬁ _p 1 — FU{inexact, overflow}

com}ert%_}F(a:) = resultp(z, downr) iteel
= convert;_p(x) otherwise

5.3.4 Floating point to floating point conversions

Let F' and I’ be non-special value sets for floating point datatypes. At least one of the datatypes
corresponding to F' and F” conforms to this part of ISO/IEC 10967.

5.4

Le
10

dp
thd

The convertp_ 7 Operation:
convertp_ g : F'— F' U {inexact, underflow, overflow}

convertp_, g (x) = resultp (x,nearestp:) if x € F

=z if x € {—00,—0,+00}
= qNaN if z is a quiet NaN
= invalid(gNalN) if z is a signalling NaN

NOTE — Modern techniques allow, on the average, efficient conversion with & rthaximum error
of 0.5 ulp even when the radices differ. C99 [15], for instance, requires that/ll floating point
value conversion is done with a maximum error of 0.5 ulp.

i) 1 SR
The converty_, ., and converty,_, ., operations:
com;ert} _  F'— F'U {inexact, underflow, overflow}

com}ert}%p (x) = resultp(x, uppr) iteeF
= convertp_, g otherwise

convertﬁ, _p  F— F'U {inexact, underflow, overflow}
com}ert%%p (x) = resultpr(x, downp) Oif x € F

= convertp_, g otherwise

.5 Floating point to fixed point conversions

F be the non-special valuesset for a floating point datatype conforming to this part of ISO/IE

67. Let D be the non-special value set for a fixed point datatype.

A fixed point datatype ‘D is a subset of R, characterised by a radix, rp € Z (> 2), a densit;
€ Z (> 0), and if iis bounded, a maximum positive value, dmaxp > 1. Given these value,

following sets-are defined:
D* = {nJ{r}y) | ne 2}

T2

o

D=D* if D is not bounded

D.= D* N [-dmazxp,dmazp] if D is bounded

NOTE 1 D | 4 lad L g\ IS AR 131404 T L Lo 4 IN 1
INO L1711 L7 CULTTO PULIUS - UU Dbalcu\l Do U/U’ puuy Luu/ T 11U lll/JUl miaviuTy br/l/lwhuvuyy

General-Purpose Datatypes (GPD) [10]. However, that standard does not specify a dmaxp
parameter.

The fixed point rounding helper functions:

nearestp : R — D*

is the rounding function that rounds to nearest, ties round to even last digit.

32
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upp : R — D*

is the rounding function that rounds towards positive infinity.
dounp : R — D*

is the rounding function that rounds towards negative infinity.

The fixed point result helper function, resultp, is like result g, but for a fixed point datatype.
It will return overflow if the rounded result is not representable:

resultp : R x (R — D*) — D U {inexact, overflow}

I(jg')l,bzl‘/D(uL7 T ILd} — UVeIﬂUW(’i‘W} lf L T R d:lld Ilbdkub) € D dlld L G
= overflow(—00) if x € R and rnd(z) ¢ D and z < 0
=z if rnd(z) € D and rnd(z) = x
= inexact(rnd(z)) if rnd(x) € D and rnd(x) # = and
(rnd(x) #0or 0 < x)
= inexact(—0) if rnd(z) =0 and z <0

The convertp_,p operation:
convertp_,p : F' — D U {inexact, overflow }

convertp_,p(x) = resultp(x,nearestp) if x € F

=z if x € {—00,—0+c0}
= gNaN if x is a quiet NaN
= invalid(gNaNN) if  is a signalling NaN

NOTES

2 The datatype D need not be visible in the programiming language. D may be a subtype of
strings, according to some format. Even so, ng’datatype for strings need be present in the
programming language.

3 This covers, among other things, “output™ of floating point datatype values, to fixed point
string formats. E.g. a binding may say‘that float_to_fixed_string(xz, m, n) is bound
to convertp_,g,, , (x) where Sy, . i8strings of length m, representing fixed point values in
radix 10 with n decimals. Thelbinding should also detail how NaNs, signed zeroes and
infinities are represented in.\Sy;7,, as well as the precise format of the strings representing
ordinary values. (Note that.if the length of the target string is limited, the conversion may
overflow.)

The com)ert; _,p and convert? _,p operations:
convert; _p : 7D U {inexact, overflow}

convert;_ﬂ)(x) = resultp(z,upp) ifeeF
= convertp_,p(x) otherwise

convert? _p: F — DU {inexact, overflow}

convert?_ﬂj(x) = resultp(x, downp) ifeeF
= convertp_.p(x) otherwise
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5.3.6 Fixed point to floating point conversions

Let D be the non-special value set for a fixed point datatype. Let F' be the non-special value set
for a floating point datatype conforming to this part of ISO/IEC 10967.

The convertp_,r operation:
convertp_,r : D — F U {inexact, underflow, overflow }

convertp_p(x) = resultp(x,nearesty) if x € D

=z if x € {—00,—0,+00}
DL NL +L M MR\ NN

— lil‘aL‘ 11U 15 \_ibllUlJ INAIN

= invalid(gNaN) if = is a signalling NaN

NOTE - This covers, among other things, “input” of floating point datatype values, frém
fixed point string formats. E.g. a binding may say that string to_float(s) is bound, to
converts,, . . r(s) where Sy, ,, is strings of length m, where m is the length of s, andn,is the
number of digits after the “decimal symbol” represented in S, ,, as well as the precise’format
of the strings representing ordinary values.

The com}ertg _p and com;ert% _,p operations:
convert% _p D — FU{inexact, underflow, overflow}

convertp_p(x) = resultp(z,upr) ifxeD
= convertp_,p(x) otherwise

convert% _p : D — F U {inexact, underflow, overflow}

convertp_p(x) = resultp(x,downrp) it x €D
= convertp_,r(x) otherwise

5.4 Numerals as operations in a programming language

NOTE - Numerals in strings, or inputyis covered by the conversion operations in clause[5.3

Each numeral is a parameterless.'operation. Thus, this clause introduces a very large numbe
of pperations, since the number of mimerals is in principle infinite.

—

5.4.1 Numerals for integer datatypes

Lef I’ be a non-specialvalue set for integer numerals for the datatype corresponding to I.

—

An integer numeral, denoting an abstract value n in I’ U {—0, 400, —00,qNaN, sNalN}, fq
an|integer datatype with non-special value set I, shall result in

convérty . 1(n)

Forceach integer datatype conforming to this document and made directly available, there shall
integer numerals with radix 10.

b

D

For each radix for numerals made available for a bounded integer datatype with non-special
value set I, there shall be integer numerals for all non-negative values of I. For each radix for
numerals made available for an unbounded integer datatype, there shall be integer numerals for
all non-negative integer values smaller than 1020,

For each integer datatype made directly available and that may have special values:
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a) There should be a numeral for positive infinity. There shall be a numeral for positive infinity
if there is a positive infinity in the integer datatype.

b) There should be numerals for quiet and signalling NaNs.

5.4.2 Numerals for floating point datatypes

Let D be a non-special value set for fixed point numerals for the datatype corresponding to F'.
Let F’ be a non-special value set for floating point numerals for the datatype corresponding to F'.

A fixed point numeral, denoting an abstract value x iIn DU{—0, 400, —00, gNaN, sNaN{, |for
gl floating point datatype with non-special value set F', shall result in

convertp_,p(z)

A floating point numeral, denoting an abstract value z in F' U {—0, 400, —00, gINaN, sNalN },
for a floating point datatype with non-special value set F', shall result in

convertp: _p(x)
For each floating point datatype conforming to this document and<made directly availalple,
there should be radix 10 floating point numerals, and there shall be radix 10 fixed point numerals.

For each radix for fixed point numerals made available for a floating point datatype, there shall
He numerals for all bounded precision and bounded range expressible non-negative values of |R.
[t least a precision (dp) of 20 should be available. At least.é range (dmaxp) of 10%° should|be
available.

N

For each radix for floating point numerals made cavailable for a floating point datatype wijith
on-special value set F', there shall be numerals for all bounded precision and bounded range
xpressible non-negative values of R. The precision and range bounds for the numerals shall|be
rge enough to allow all non-negative values-of 'F' to be reachable.

=

_

For each floating point datatype made directly available and that may have special values:

a) There should be a numeral for pgsitive infinity. There shall be a numeral for positive infinjity
if there is a positive infinity_inithe floating point datatype.

b) There should be numerals for quiet and signalling NaNs.

The conversion operations* used for numerals as operations should be the same as those uged
y default for converting.strings to values in conforming integer or floating point datatypes.

—~

6 Notification

G.1 Mgadel for handling of notifications

Notification (as that term is used in ISO/IEC 10967) is the process by which a user or progrhm
i$ iformed that an arithmetic operation, on given arguments, has some problem associated with
it. Specifically, a notification shall occur when any arithmetic operation returns an exceptional
value as defined in clause [Bl

Logically there is a set of exceptional values associated with each value (not just arithmetic
values). An operation returns a computed result together with the union of the arguments’s sets
of exceptional values and the set of exceptional values produced by the operation itself.

5.4.2 Numerals for floating point datatypes 35
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What in clause [5| is written as addy : I x I — I U {overflow}, should really be written as

addr : (I x P(E)) x (I x P(E)) — (I x P(E)), where E is the set of exception values, and P is
powerset, and for each case of add;((z, s1), (y, s2)), return s; Usy as the second component and the
first component is the computed value, except for the overflow case where the second component
is s1UsgU{overflow} and the first component is then the continuation value. Since being explicit
about this for every operation specification would clutter the specifications, the specifications in
ISO/IEC 10967 are implicit about this handling of exceptional values.

Reproducing this nominal behaviour (a special case of recording in indicators, clause [6.2.1))

may be prohibitively inefficient. Therefore the notification alternatives below relax this nominal

bel
thi
md

6.7

Thiree alternatives for notification are provided in ISO/IEC 10967 The requirements are:

th4
to

neq
ue
(lo
taf]

.2.1 Notification by recording in indicators

haviour. The maximum extension of the notification handling in these alternatives is a runtimle
ead (or similar construct), except when communicating values between threads, but may be
re limited as specified in a binding standard.

P Notification alternatives

@

h) Notification by recording in indicators (see clause [6.2.1)) shall be supplied, and should b
the default way of handling notifications.

)

b) Notification by alteration of control flow (see clause[6.2.2)) sheuld be supplied in conjunctio
with any language which provides support for exceptionrandling.

¢) Notification by termination with message (see clause [6.2.3) (a special case of the seconf
alternative) may be supplied.
NOTE - This is different from the first edition of this document, in which all implementations

were required to supply the last alternative, but were given a choice between the first and the
second based on whether the language supported exception handling or not.

implementation shall provide for* support of this alternative, and it should be the default
brnative for notification handling.

—+

Notification consists of two)eélements: a prompt recording in the relevant indicators of the fag
t an arithmetic operation returned an exceptional value, and means for the program or syster
interrogate or modify~the recording in those indicators at a subsequent time.

)

This notificatiofi-alternative has indicators, which represent sets of exceptional values (which
d not be just arithmetic ones). But the indicators need not be directly associated with va
, but instead with determinable sets of values. However, computations that occur in parall¢
bically orhactually) must not interfere with each others’s indicators. At the start of a compy-
ionthe-indicators for that computation are all clear (that is, the set of notifications recordefl

—_—

1S {

mpty).
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1 The “set of values” may thus be “all the values computed by a thread”. Not just “output
values”, but all values computed by the thread. The “sets of values” may be subsets of the
values computed by a thread, by the rules of the programming language or system.

Notification
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2 When values (of any type) are communicated between threads, notification recordings are
ideally communicated along with the values, and recorded in the receiving thread. This is
preferably done automatically, needing no extra code from the programmer.

3 Computations that are completely ignored, e.g. speculative threads that are not taken, or
timed out threads without output, will have their indicator recordings ignored too.
The set of indicators shall consist of at least six indicators, one for each of the exceptional values
that may be returned by an arithmetic operation as defined in clause inexact, underflow,
overflow, infinitary, invalid, and absolute_precision_underflow.

NOTE 4 — Part 1 does not use absolute_precision_underflow, but it is used in Part 2 and
Part 3.

Consider a set F including at least six elements corresponding to the six exceptiénal val-
yes used in this document: {absolute_precision_underflow, inexact, underflow;, ‘overflqw,
hfinitary, invalid} € E. An implementation is permitted to expand the set\E to inclyde
dditional notification indicators beyond the six listed in this document.

Q) t=e

Let Ind be a type whose values represent the subsets of . An implementation shall provide
an embedding of Ind into a programming language type. In addition, a method shall be providled
for denoting each of the values of Ind, either as constants or via computation. The individunal
rjotifications as well as the set of all notifications shall be available,asnamed constants.

Let Ctz (context) be a type whose values represent the subsets'of E and possibly other cpn-
pxtual values (unspecified by this part of ISO/IEC 10967). A value of type Ctz holds the currpnt
hdicators (and possibly other data) for the current thread.or part of a thread. Multiple threpds
hall not share a Ctr value, but a thread shall have at.east one and may have multiple Ctz val-
es. Note that this is the model used in ISO/IEC 10967 for recording of notifications, and a type
prresponding to Ctzr need not be available, nor nee@such a type be present in an implementatipn.

Q o =

The relevant indicators shall be set in the ¢urrent Ctr value when any arithmetic operatjon
rpturns exceptional values as defined in clauséfsl When either of the exceptional values underflpw
dgr overflow is returned, not only shall the corresponding indicator be set, but also the indicaltor
fpr inexact shall be set. Once set in_a €'tz, an indicator shall be cleared only by explicit actjon
(pee clear_indicators below) of theprogram.

NOTE 5 — The status flags.required by IEC 60559 are an example of this form of notification,

provided that the status flags for different computations (microthreads, threads, programs,
scripts, similar) are kept)separate, and joined only when results of computations are joined.

When an arithmetje.operation returns exceptional values as defined in clause |5, in addition to
bcording the event(an implementation shall provide a continuation value for the result of the
hiled arithmetic 6pération, and continue execution from that point. In many cases this documgnt
pecifies the gontinuation value. The continuation value shall be implementation specified if ghis
ocument_dges not specify one.

NOIE 6 — The infinities and NaNs produced by an IEC 60559 system are examples of values
not'in ' which can be used as continuation values.

Q. N = =

The following four operations shall be provided:

clear_indicators: Ctr x Ind — Ctz
set_indicators: Ctr x Ind — Ctz
current_indicators:  Cix — Ind
test _indicators: Ctx x Ind — Boolean

6.2.1 Notification by recording in indicators 37
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The Ctx value result for the set and clear operations are used as replacement for the input

Ctz value. That is, these two operations may change the state of the context. The Ctx value is
usually the one for “the current thread” or similar construct, and is then an implicit argument to

these operations.

For every value S in Ind, the above four operations shall behave as follows:

clear_indicators(C,S) in the context C clear each of the indicators referred in S

ind
to
no

is §
to
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.2.2 Notification by alteration of control flow

set_indicators(C, S) in the context C' set each of the indicators referred in S
current _indicators(C')  return the set of indicators that are set in the context C
tao+7«;ndénatnro(ﬂ’ Q) fv‘un if Qﬂ} oftho indicators Y‘Q‘FﬂY’Y‘Dd w9 ara set mthe contoxt ()

-+

If either of the indicators for underflow or overflow is set by set_indicators, not only shallth4
icator be set, but also the indicator for inexact shall be set. Indicators that are notmeferred
in S shall not be altered by clear_indicators nor set_indicators except as just mentioned, an
indicators are altered by current_indicators nor test_indicators.

[@n

NOTE 7 — No changes to the specifications of a language standard are required to\implement
this alternative for notification. The recordings can be implemented in system software. The
operations for interrogating and manipulating the recording can be conpaimed in a system
library, and invoked as library routine calls.

—+

The implementation shall not allow a program to complete successfilly with an indicator tha
et in the indicators of any context of the final thread. Howevery it is permissible for a bindin
pxcept underflow and inexact from hindering the successful, completion of a program. Unsug-
sful completion of a program shall be reported to the usef.of that program in an unambiguou

I “hard to ignore” manner (see [6.2.3)).

[\

w0

implementation should provide this alternative for any language that provides a mechanism fqr
hdling of exceptions. This alternative is allowed (with system support) even in the absence af
h a mechanism. This alternative can be-applied to some notifications, while other notificatiors
dealt with by recording in indicatérs. In particular, notification by alteration of control floyw
uld not be used for inexact nor_for underflow (unless underflow implies “flush to zero”).

Notification consists of prompt alteration of the control flow of the program to execute use
vided exception handling.code. The manner in which the exception handling code is specifie
1 the capabilities of such’exception handling code (including whether it is possible to resum

operation which c¢ansed the notification) is the province of the language standard, not th
thmetic standard-

n O = =

If no exceptionhandling code is provided for a particular occurrence of the return of an excep-
nal value-a§ defined in clause [5], that fact shall be reported to the user of that program in an
hmbigueus and “hard to ignore” manner (see [6.2.3)).

6.2

3~ Notification by termination with message

An implementation may provide this alternative, which also serves as a back-up if the programmer
has not provided the necessary code for handling of a notification by alteration of control flow.

Notification consists of prompt delivery of a “hard to ignore” message, followed by termination

of execution of the program. Any such message should identify the cause of the notification and
the operation responsible.

38
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NOTE - The phrase “hard to ignore” is intended to discourage writing messages to log
files (which are rarely read), or setting program variables (which disappear when the program
completes).

6.3 Delays in notification

Notification may be momentarily delayed for performance reasons, but should take place as close
as practical to the attempt to perform the responsible operation. When notification is delayed, it
is permitted to merge notifications of different occurrences of the return of the same exceptional
vialue 1nto a single notification. However, 1t 1s not permissible to generate duplicate or spuripus
fotifications.

In connection with notification, “prompt” means before the occurrence of a significantprogrhm
gvent. For the recording in indicators in [6.2.1], a significant program event is an attempt by the
frogram (or system) to access the indicators, or the termination of the program~Eor alteration of
cpntrol flow described in the definition of a significant event is language dépendent, is likely
tp depend upon the scope or extent of the exception handling mechanismssand must therefore|be
grovided by language standards or by language binding standards. For.fetmination with message
described in the definition of a significant event is again langtage dependent, but wopld
ifclude producing output visible to humans or other programs.

NOTE - Roughly speaking, “prompt” should at least imply “ifijtime to prevent an erroneous
response to the exception”.

4.4 User selection of alternative for notification

A conforming implementation shall provide a means for a user or program to select among the

lternate notification mechanisms provided. Ifi'should be possible to select different notificatjon
jlternatives for different exceptional values.\"The choice of an appropriate means, such as compiler
dptions, is left to the implementation.

The language or binding standard-shiould specify the notification alternatives to be used in the
absence of a user choice. The ndtification alternatives used in the absence of a user choice shall
He documented.

o 4

{ Relationship, with language standards

an

L computing system often provides arithmetic datatypes within the context of a standard pro-
gramming ladguage. The requirements of this document shall be in addition to those imposed|by
he relevant \programming language standards.

-

This document does not define the syntax of arithmetic expressions. However, programmlers
needto know how to reliably access the operations defined in this document.

NOTE 1 D] el 41 3aa-L, 43 M g i N il 3 1 41 alid L
INO TTIT T T TOVIONTES e U IITavTUIT T U CU OGS CIatUSC IS PTOPUCITY — CIIC T US PUTLSTOTITU Yy~ UT

programming language standards. An individual implementation would only need to provide
details if it could not cite an appropriate clause of the language or binding standard.

An implementation shall document the notation used to invoke each operation specified in

Clause Bl
NOTE 2 — For example, integer equality (eq(i,7)) might be invoked as

6.3 Delays in notification 39
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i=j in Pascal [25] and Ada [11]

i==j in C [15], C++ [17], Java [62], and Fortran [21]
i .EQ. j in Fortran [21]

(=1 j) in Common Lisp [37] and ISLisp [22]

An implementation shall document the semantics of arithmetic expressions in terms of compo-
sitions of the operations specified in clause

NOTE 3 — For example, if z, y, and z are declared to be single precision (SP) reals, and
calculation is done in single precision, then the expression

x +y < z

no
ari

cly
do
to

might translate to

Issgp(addsp—sp(z,y), 2)

If the language in question did all computations in double precision (D P), the above expréssion
might translate to

lsspp(addpp—pp(convertsp_,pp(z), convertsp_pp(y)), convertsp_,pp(>))

or

lsspp(addsp—pp(z,y), convertsp_,pp(z))

Alternatively, if x was declared to be an integer (J), and computatiens done in single precision,
the above expression might translate to

Issgp(addsp—_,sp(convert j_,sp(x),y), z)

be executed as written. An implementation shall document the possible transformations

h) Insertion of operations, such as datatype-gonversions (including changes in precision).

fications both for integer and floating point expressions).

1) Evaluating constant subexpressions at compile time.

¢) Eliminating-unneeded subexpressions.

T

Compilers often “optimize” code as part of compilation» Thus, an arithmetic expression migh

bhmetic expressions (or groups of expressions) that it permits. Typical transformations includg:

b) Reordering of operations, such as the application of associative or distributive rules (nof]
that these rules are not exact for, floating point operations and may result in different not

) Replacing operations (or entire subexpressions) with others, such as “2*x” — “x+x” or “x/c
— “x*(1/c)” (the lattefds not exactly valid for floating point). (The example expressiorn
here are expressed inrsome programming language, they are not mathematical expressions

Only transformations which alter the semantics of an expression (the values produced (i
ding special values), and the notifications generated (including continuation values)) need b
rumented. Only the kinds of permitted transformations need be documented. It is not necessar
describe the specific choice of transformations that will be applied to a particular expression

-+

h

[©)

w0

~—

@

provide programmer control over this process should be documented as well.

40

NOTE 4 - Tt is highly desirable that programming languages intended for numerical use
provide means for limiting the transformations applied to particular arithmetic expressions.

4 4 1 £ NS £ 43 Loll 1 | o] | 1. 3 41
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8 Documentation requirements

In order to conform to this part of ISO/TEC 10967, an implementation shall include documentation
providing the following information to programmers.

a) A list of the provided integer and floating point types that conform to this part of ISO/IEC
10967.

b) For each conforming integer type, the values of the parameters: boundedy, minint;, maxinty,
and hasinf;. (See[5.1})

c) For each conforming floating point type, the values of the parameters: rp, pr, emipr,
emaxp, denormp, and iec_60559p. (See )

d) For each conforming unsigned integer type I, which (if any) of the operations™negs, alsy,
and signum;y are omitted for that type. (Seel5.1.2.2])

e) For each pair of types, a list of conversion operations provided.

For each implementation defined continuation value, the value sed.

o

)

f) For each conforming floating point type F', the full definition of resulfr. (See m)
)
)

h) The notation for invoking each operation provided by this part of ISO/IEC 10967. (Pee

and 1)

i) The translation of arithmetic expressions into combjnations of operations provided by this
part of ISO/IEC 10967, including any use made of higher precision. (See clause[7])

j) For each conforming integer type, the methgd for a program to obtain the values of the
parameters: boundedy, minintr, maxinty,and hasinf;. (See )

k) For each conforming floating point type] the method for a program to obtain the valueq of
the parameters: rp, pr, eming, empazrp, denormp, and iec_60559r. (See )

1) For each conforming floating peint type, the method for a program to obtain the valueg of
the derived constants fmaxg Yming, fminNg, epsilong.

m) The methods used for notification, and the information made available about the notificatipn.
(See clause [6] )

n) The means for selecting among the notification methods, and the notification method uged
in the absencéof a user selection. (See[6.4])

0) When “réeording in indicators” is the method of notification, the type used to represent Ihd,
the method for denoting the values of Ind (the association of these values with the subgets
of £ nust be clear), and the notation for invoking each of the four “indicator” operatigns,
as-well as the names of the empty indicator set and the set of all indicators. (See[6.2.1] )

p) When “recording in indicators” is the method of notification, the mechanism for transfer-
ring indicators along with values transferred when communicating values between different
computations (such as threads).

q) For each conforming floating point type where iec_60559r is true, and for each of the
facilities required by IEC 60559, the method available to the programmer to exercise that

facility. (See and Annex [B])
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NOTE — Much of the documentation required in this clause is properly the responsibility of
programming language or binding standards. An individual implementation would only need
to provide details if it could not cite an appropriate clause of the language or binding standard.
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Annex A
(informative)

Partial conformity

The requirements of this part of ISO/IEC 10967 have been carefully chosen to be as beneficial
as possible, yet be efficiently implemented on most existing or anticipated hardware architectures.

The bulk of requirements of this part of ISO/TEC 10967 are for documentation, or for pa-
hmeters and functions that can be efficiently realized in software. However, the accuracy gnd
rfotification requirements on the four basic floating point operations (addp_, g, subp_ g ‘il p_{pr,
and divp_, ) do have implications for the underlying hardware architecture.

=

A small number of computer systems may have some difficulties with some of-thé requirements
f this part of ISO/IEC 10967 for floating point arithmetic:

a) The ability to represent subnormal values apart from zero.

(@)

) The ability to record all notifications, including underflow andinexact.
c¢) The ability to distinguish infinitary and invalid notifications.
)

Strict 0.5-ulp accuracy for addp_,pr, subp_pr, mulp_fr, and divp_, g (strictly interpreted
this applies also for continuation values upon underflow which in turn requires subnorinal
values).

e) Strict 0.5-ulp accuracy for convertp_,pr, convertr_,p, and convertp_,p.

f) addp_p and subp_p never give a notification of underflow, but instead may returp a
subnormal value.

g) Round ties to even last digit.

h) A common rounding rule for:dddp_, g/, subp_,pr, mulp_ g, and divp_, pr.
i) The ability to do exact comparisons without spurious notifications.

)

j) A sign symmetric valug'set (all values can be negated exactly).

Language standards.will want to adopt all the requirements of this part of ISO/IEC 10967 to
rovide programmersswith the maximum benefit. However, if it is perceived that requiring full
onformity to thispart of ISO/TEC 10967 will exclude a significant portion of that language’s user
pmmunity frem/any benefit, then specifying partial conformity to this part of ISO/IEC 10967,

s permitted>in clause [2] and further specified in this Annex, may be a reasonable alternative.

o O O

Suchepartial conformity would relax one or more of the requirements listed above, but wolild
ptait1 the benefits of all other requirements of this part of ISO/IEC 10967. All deviations frpm
phformity to this part of ISO/IEC 10967 shall be fully documented.

If a programming language (or binding) standard states that partial conformity is permitted,
programmers will need to detect what degree of conformity is available. It would be helpful for
the language standard to require parameters indicating whether or not conformity is complete,
and if not, which of the requirements above are violated.

—

Q
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A.1 Integer overflow notification relaxation

Some programming languages specify a “wrapping” interpretation of addition, subtraction, and
multiplication for bounded integer datatypes. These are in ISO/IEC 10967 modelled as different
operations from the addy, suby, and mul; operations, and are specified in Part 2.

If a binding allows an implementation to interpret the ordinary (for that language) program-
ming language syntax for integer addition, subtraction, and multiplication as wrapping operations,
there shall be a Boolean parameter, available to programs:

modulo; — if true this indicates that the implementation uses the operations add wrap;,
sub_wrapr, and mul_wrapy specified in Part 2 instead of add;, suby, and mul; specified in €h
part of ISO/TEC 10967 for the “ordinary” syntax for these operations.

NOTES

1 In the first edition of this document, this was modelled as a normative paramegér\and a
change of interpretation of the addy, suby, muly, dz’v{ , and divt operations. In this’edition
the parameter and the wrapping interpretation for the ordinary (in that pprégramming
language) addition, subtraction, and multiplication operations are acceptedas only partially
conforming.

[@2)

2 The interpretation of integer division has been made stricter in this édition than in the first
edition, and is no longer dependent on the the modulo; parameter_éven if integer overflow
notification is otherwise relaxed.

3 addwrapr, subwrapr, and mul_wrap; can (and should) béprovided as separate operations
also in fully conforming implementations.

4 addy, suby, and muly can (and should) be providedias separate operations (though per-
haps will less appealing syntax) also in partially conferming implementations where integer
overflow notification is relaxed for the ordinary-§ymtax operations.

A2 Infinitary notification relaxation

With an infinitary notification (as opposed to overflow) a continuation value that is an infinit
is piven as an exact value. It is theréfore reasonable to have implementations or modes thg
suppress infinitary notifications,

—+ <

If a binding allows infinitarg-notifications to go unrecorded, there shall be a Boolean parametef,
avgilable to programs:

silent_infinitary; —(true when infinitary notifications are suppressed, and not replaced bly
invalid notifications,{or the integer datatype corresponding to 1.

invalid _infinitary; — true when infinitary notifications are replaced by invalid notification
for| the integer.datatype corresponding to I.

w0

—+

silent_infinitary  — true when infinitary notifications are suppressed for the floating poin
datatypereorresponding to F'.

A.3 Inexact notification relaxation

Some architectures may not be able to efficiently detect inexact results.

If a binding allows inexact to go unrecorded, there shall be a Boolean parameter, available to
programs:

44 Partial conformity
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silent_inezract p — true when inexact notifications are suppressed for the datatype correspond-
ing to F.

A.4 Underflow notification relaxation

Some architectures may not be able to efficiently detect underflow, even if there are no non-zero
subnormal values.

If a binding allows underflow to go unrecorded, there shall be a Boolean parameter, available

tp—Pprograns.:
] i (=)

silent_underflow p — true when underflow notifications are suppressed for the datatypecoiire-
ponding to F'.

02}

A.5 Subnormal values relaxation

—

[ the parameter denormp has a value false, and thus there are no subnormal*values in F' excgpt
(and —O0, if available, in the corresponding datatype), then the corresponding datatype is ot
fhlly conforming to this part of ISO/TEC 10967. If a binding allows afloating point datatypq in
an implementation not to have subnormal values apart from 0 and-=0, the parameter denormpg
hall be made available to programs, and the parameter fminDg_ shall not be available if denoring
as the value false. Further, how rounding is done in the interval |—fminNpg, fminNg[ shall|be
ocumented for the case that denormp has the value false. (often “flush to zero” is used).

oL = wn

NOTE - If full conformity is required by the bindingjthe parameter denormpg is always true
and need not be made available to programs.

A.6 Accuracy relaxation for add, subtract, multiply, and divide

Heally, and conceptually, no information-should be lost before the rounding step in the computa-
onal model of this part of ISO/IEC10967. But some hardware implementations of arithmgtic
perations compute an approximation that loses information (conceptually) prior to rounding [(to
earest). In some cases, it may even be so that « +y = u + v may not imply addy_, p (2, y)] =
dd’_, g (u,v) (and similarly for subtract). (add’_, z is defined below.)

S =5 O 2ot =

A maximum error parameter max_error is an element in F' such that

|z — nearestp(d)) ‘< max_error - up(z)

=

br , 7' € R, where 'z is the mathematical result and 2’ is the result of a corresponding apprpx-
mation helperfunction given the same arguments; maz_error should be the minimal value |for
Fhich the relation holds.

< =

If thiswelaxation is allowed, there shall be a maximum error parameter, rnd_errorp paramdter

available to programs for the datatype corresponding to F. rnd_errorp shall be the maximpm
erroy, for the addition, multiplication, and division operations. It cannot have a value that is less
than 0.5 and shall have a value less than or equal to 1.

The add},, muly,, and divy helper functions are introduced to model this pre-rounding approx-
imation: addy, : Ftx Ft 5 R, muly, : Ftx Ft 5 R, divy, Ftx Ft 5 R.
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addy;(z,y) returns a close approximation to = + y, satisfying
T+ y) —nearestg(a z,Y))| < rnd_errorg - up(r +y
tr(addy < rnd
mul}.(z,y) returns a close approximation to z - y, satisfying
x - y) — nearestp(mulf(xz,y))| < rnd_errorp - up(x -y
t I < rnd
divy,(z,y) returns a close approximation to z/y, satisfying
[(z/y) — nearestp(divy(z,y))| < rnd_errorp - up(x/y)

Further requirements on the add}, approximation helper function are:

u+v€Ft & addp(u,v) =u+v if u,v € F*
add: { 2l m\ = add® Lag a1\ o o pi

ha AN RN T 7
add;; (u, ): d (v, u) if u,v € F*
add(u,z) < a dF(v x) if u,v,2 € F* and u < v
adds(u - rh,v - rh) = addi(u,v) - 7 if u,v € F*andi e Z
NOTES

1 The above requirements capture the following properties:
a) The result of add}, is exact iff the ‘true result’ is in F’ . and, by monotonicity, addy (u,v)
and u+v, when not equal, are in the same range of values strictly betweén two adjacent
values in F*.
b) add}, is sign symmetric when changing both signs.

)
c) add}, is commutative.
d) add}, is monotonic for the left operand and, by commtativity, for the right operand.
)

e) For add}. a common exponent of its arguments canshel factored out. But the approxi-
mation to +, and thus final rounding, may dependon the (absolute) difference of the
exponents of the arguments.

Further requirements on the mul}, approximatienelper function are:

u-veFt & mulh(u,v)=u-v if u,v € F*

muly,(— uv)——mul* (u,v) if u,v € F*

muly(u,v) = mulf(v,uw) if u,v € F*

mul*(u, z) < mulj(v, x) if u,v,2 € F* and u <vand 0 < z
muly(u, ) = m l*(v x) if u,v,2 € F* and u < v and z < 0
mulf(u - rh,v - 7") muly(u,v) - 7“;” ifu,ve Ftandi,je Z

NOTES

2 The above requirerients capture the following properties:

a) The result ‘of mul}. is exact iff the ‘true result’ is in F*: and, by monotonicity,
muly(uv)"and u - v, when not equal, are in the same range of values strictly be-
tweefitwo adjacent values in F'¥. Thus, if rnd_errorp is 1, the max error is strictly
less'than 1.

by mul}. is sign symmetric for the left operand and, by commutativity, for the right
operand.

c¢) mul} is commutative.

d) mul}, is monotonic for the left operand and, by commutativity, for the right operand.

e) For mul}, the exponents of its arguments can be factored out.

Further requirements on the div}. approximation helper function are:

u/v € Ft & divi(u,v) =u/v if u,v € F* and v # 0
divi(—u,v) = —divi(u,v) if u,v € F* and v # 0
divy(u, —v) = —divy(u,v) if u,v € F* and v # 0
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if u,v,x€ Ffandu<vand 0 < z

divi(u,z) < divy (v, x)

divi(u, x) > divy(v, z) if u,v,2 € Ff and v < v and z < 0
divi(z,u) > divy(z,v) if u,v,2€ Ftand (u<v<0or0<u<uv)a
divi(z,u) < divi(z,v) if u,v,2€ Ftand (u<v<0or0<u<uv)a
divi(u - rh,v- TIJ;) = divy.(u,v) -rg_j ifu,ve Ftandv#0andi,jeZ

NOTES

3 The above requirements capture the following properties:

a) The result of div} is exact iff the ‘true result’ is in F'*; and, by monotonicity, divi(u,v)

2012(E)

nd 0 <z
nd z <0

and-w/ve when not-eaual—areinthe samerance-of waluesstrictlr betweentwo-adiacent
7 1 7 o o J
values in F*.
b) div}. is sign symmetric for the left operand and for the right operand.
¢) div}. is monotonic for the left and right operands.
d) For div}, the exponents of its arguments can be factored out.

If this relaxation is permitted in a binding, addy_, p/, subyp_, g, mully_, pcand divl_, g,
Hlacing addp_,pr, subp_ypr, mulp_pr, and divp_, g in the binding) shall be defined as:

addy_, i (x,y) = resultp(addy, (z,y),nearestp)  if x,y € F
= addp_,pr(x,y) otherwise

sublp_ i (x,y) = addy_ i (z,negr(y))

mully_, @ (x,y) = resultp (muly, (x,y), nearestpr) Hifa,y € F
= mulp_, g (x,y) otherwise

divy_ i (x,y) = resultp(divy, (z,y), nearests) if v,y € Fand y # 0
= divp_ypr(z,y) otherwise
This allows addition, subtraction, multiplication, and division that do not round ties to ey
st digit (when rnd_errorps is 0.5), or rounds towards zero or away from zero (when rnd_erro
1).
If this relaxation is allowed, theré shall be a parameter rnd_styler, available to programs
he datatype corresponding to F., having one of four constant values, which is defined by

—

e

—

rnd_stylep = nearesttiestoeven  if this relaxation is not engaged
=\nearest if this relaxation is engaged and rnd_errorg 7
= truncate if nearesty(|ladd}(x,y)
nearestp(|muly,(z,y)|) = downp(|z - y|) an
nearestp(|divi.(x,y)|) = downp(|z/y|)
= other otherwise

If rndstyler # nearesttiestoeven, the operations using upr or downp as rounding shall
He prdvided.

) = downp(|x + y|) and

ye1n
joll

for

= 0.5

d

not

A.7 Accuracy relaxation for floating point conversion

First define the least radix function, [b, defined for arguments that are greater than 0:
b:Z2—- 2
Ib(r) = min{n € Z | n > 1 and there is an m € Z such that r = n"}

A.7T Accuracy relaxation for floating point conversion
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If this relaxation is allowed, there shall be a max_error_convertp_, o parameter that gives the
maximum error when converting from F to F’ and lb(rp) # Ib(rg/), a mazx_error_convertp_,p
parameter that gives the maximum error when converting from F' to D and lb(rr) # Ib(rp), and
a max_error_convertp_,p parameter that gives the maximum error when converting from D to
F and lb(rp) # Ib(rp). These parameters may be required to have the same value, and then only
one parameter need be made available to programs.

mazx_error_convertp_ g, max_error_convertp_,p, and max_error_convertp_. g should each
have a value less than 1. When (b(rp) = lb(rg), then maz_error_convertp_, g, max_error_convertp_,p,
and max_error_convertp_,r shall all be 0.5.

—

The converty,_, p,, converty_, p, and convert},_, helper functions are introduced to mode
this pre-rounding approximation: converty_, p, : F 5 R, convertp_,p : F PSR, converty_, p|:
D—R.

converty,_, () returns a close approximation to x, satisfying

|z — nearestp(converty,_, . (x))| < max_error_convertp_gpr up(x)
converty,_, p(x) returns a close approximation to x, satisfying

|z — nearestp(converty,_, ()| < max_error_converty_.p - up(x)
convert},_, p(x) returns a close approximation to x, satisfying

|z — nearestp(convert, , p(z))| < maz_erroracaonvertp_,p - up(x)

Further requirements on the converty,_, ., approximation helpef.functions are:

convert,_ g (x) = ifre ZNE
converts, , p(—x) = —convertt, . (zr)  ifx e F*
converty,_, g (x) < converty,_ i (y) if 2,y eFfand o < y

Relationship to other floating point to floating point, conversion approximation helper function
for| conversion operations in the same library shall<be:

»n

converty,_, g (x) = converty,_, g () if b(rpn) = 1b(rp) and z € F N F”
The convert,_, , operation:
converty_, .« F — F' U {inexac¢t;underflow, overflow }

converty_, . (x) = resultp (donverty,_, p/(x), nearestpr)
ifeeF
= conpertp_ () otherwise

Further requirements onthe converty._, ;, approximation helper functions are:

converty,_, p(z)=7 ifre ZNF
converty_, p(=x) = —converty_, ,(x) iteeF
convertpoplr) < converty,_ p(y) ifz,ye Fand z <y

[@2)

Relationship to other floating point to fixed point conversion approximation helper function
for| convergion operations in the same library shall be:

converty,_, p(x) = converty,_, p(x) if b(rpn) = Ib(rp) and z € F N F”

Tieconoer LIF_>D OpEeration:
/ . :
converty_, p : F'— D U {inexact, overflow}

converty_, (x) = resultp(convert},_, (x), nearestp)
ifeeF
= convertp_ () otherwise
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Further requirements on the converty,_, . approximation helper functions are:

convert}, . p(z) == ifreZND
convert},_, p(—x) = —convert},_, p(x) ifeeD
convert}, , p(x) < convert}, , p(y) ifz,ye Dandx <y

Relationship to other floating point and fixed point to floating point conversion approximation
helper functions for conversion operations in the same library shall be:
convert},_, p(x) = converty, , p(x) if Ib(rpr) = 1b(rp) and z € DN D’
convert},_, p(x) = converty, , p(z) if Ib(rg) =1b(rp) and z € DN F’

The convert’, ., . operation:
convert, . : D — F U {inexact, underflow, overflow}

convert,_, p(x) = resultp(convert}, , (), nearestr)
iteeD
= convertp_,p(x) otherwise
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Annex B
(informative)

IEC 60559 bindings

When the parameter iec_60559 is true for a floating point type F', all the facilities required
by IEC 60559 shall be provided for that datatype. Methods shall be provided for a program to
ACTTSS CaciT SUCIT faciiity i addition, documentation st be provided to describe tiese metnods.

This means that a complete programming language binding for LIA-1 should provide a-bindjng
br all TEC 60559 facilities as well. Such a programming language binding must defing synfax
r all required facilities, and should define syntax for all optional facilities as well> Definjng
yntax for optional facilities does not make those facilities required. All it does~is ensure that
hose implementations that choose to provide an optional facility will do so using a standardiged
yntax.
The normative listing of all IEC 60559 facilities (and their definitions) s given in IEC 605p9.
S5O /IEC 10967 does not alter or eliminate any of them. Howevér,))'to assist the reader, the
bllowing summary is offered.

[ R R S B e Wl )

=

B.1 Summary

A binding of IEC 60559 to a programming language must provide the names of the programmjng
fanguage datatypes that correspond to:

f—

a) binary32,
b) binary64,
) binary128,
d) decimal64,
) decimall28,

if any.

C

(6}

Note that the LIA-l parameter values for each of the IEC 60559 datatypes the parametfers
enormp and iec_60559r are true. The remaining LIA-1 basic parameters for ‘binary32’ are:

rEp =2
pr =24
emyrg{= —125

emadp = 128
HorTEC 60559 ‘binary64’ they are:

TF =2
Pr = 53
emingp = —1021

emarr = 1024
For TEC 60559 ‘binary128’ they are:
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rp =2

Pr = 113

emingp = —16381
emarp = 16384

For TEC 60559 ‘decimal64’ they are:

Fo

fiedl, terming them “storage formats”. These storage formats are not inclided when referring t

1IE
m4

IE

for

rp =10
Pr = 16
eming = —382
IEC 60559 ‘decimall28’ they are:
rp =10
Pr = 34
emingp = —6142

emarp = 6145

TEC 60559 also specifies ‘binaryl16’ and ‘decimal32’ with only conversion operations specl-

[©]

[ 60559 conforming datatype below. IEC 60559 also specifies extended formats, giving judt
ximum or minimum requirements on the parameters. These gre-included when referring to
[0 60559 conforming datatype below.

For each TEC 60559 conforming datatype, the binding must, provide:

h) a method for denoting positive infinity,
b) a method for denoting at least one quiet NaN (not-a-number),

) a method for denoting at least one signalling"NaN (not-a-number).

For each IEC 60559 conforming datatypesprovided, the binding should provide the notatiop
invoking each of the following operations.

h) Homogeneous general-computational operations.

sourceFormat roundTolntegralTiesToEven(source) roundingp
sourceFormat roundTolntegral TiesToAway (source)

sourceFormat roundTolntegral TowardZero(source)

sourceFormat reundTolntegral TowardPositive(source)  ceilingp
sourceFormat_roundTolntegral TowardNegative(source)  floorp
sourceFormat roundTolntegralExact(source)

52

sourceFormat nextUp(source) succg

sourceFormat nextDown(source) predp

sourceFormat remainder(source, source) residuer

sourceFormat minNum(source, source) mming

sourceFormat maxNum(source, source) mmaxp

sourceFormat minNumMag(source _source) mming(ahsp(r) ahsp(y))
sourceFormat maxNumMag(source, source) mmazp(absp(x), absp(y))

sourceFormat quantize(source, source)

sourceFormat scaleB(source, logBFormat) scalep,
logBFormat logB(source) exponentp_y(x) —1

IEC 60559 bindings
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b) formatOf general-computational operations. The basic arithmetic operations are also re-
quired by LIA-1, though not with built-in conversion of the arguments are of different type,
and in LIA-1 not permitted to be rounding mode dependent, changing the rounding mode
may change the implementation to be in a state not conforming to LIA-1.

formatOf-addition(sourcel, source2) addp_,pr, add; T addﬁﬂ N
formatOf-subtraction(sourcel, source2) subp_, pr, sub} N sub% N
formatOf-multiplication(sourcel, source2) mulp_, mulL s multﬂ N
formatOf-division(sourcel, source2) divp_ pr, div; NS divﬁ Ve
formatOf-squareRoot (source) sqrtp_y v, sqrtTF NS N

formatOf-fusedMultiply Add(sourcel, source2, source3) mul_addp_,pr, mul,add}_ [, s
mul,aald%7 AN

formatOf-convertFromInt(int) convert i\, convert; oF com)ert% oF
intFormatOf-convert ToInteger TiesToEven (source) roundingr_g
intFormatOf-convert ToInteger TowardZero(source)

intFormatOf-convert ToInteger TowardPositive(source) eetlingp_1

intFormatOf-convert ToIntegerTowardNegative(source) \“foorp_,
intFormatOf-convert ToIntegerTiesToAway (source)
intFormatOf-convert ToIntegerExact TiesToEven{sgurce)
intFormatOf-convert ToIntegerExact TowardZero(source)
intFormatOf-convert ToIntegerExact Toward Resitive(source)
intFormatOf-convert ToIntegerExact TowardNegative(source)
intFormatOf-convert ToIntegerExact TiesToAway (source)

1
formatOf-convertFormat(source) convertp_spr, convertp_ by,

convert‘}L, N
formatOf-convertFromDeeimal Character(decimalCharacterSequence)
res =<10vand rp = 10
convertp: _,r, convertp_f

1) i)
convert p convertp_, kb

—F>
converty, _, p, convert% _F

decimalChéaracterSequence convert ToDecimalCharacter(source, conversionSpecificafion)
rp =10 and rp = 10

convertp_ g, convertp_p

1) T
convert p_, g, convertp_, |

\J

1 1
converty,_, g, converty_, |

\J

formatOf-convertFromHexCharacter (hexCharacterSequence)

reoe — 16 o — 16 and re —9
vy T R A =

convertp:_yr, convertp_sr
i) T
convert p_, p, convertp  p

4 1
converty,_, p, convertp_ n
hexCharacterSequence convert ToHexCharacter(source, conversionSpecification)
rp =16, rp = 16, and rp = 2
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convertp_,pr, convertp_p
T i)

convertfﬁp , convertf_}D

converty,_, g, convertn_ p

NOTE - mul_addr (mul-addp_,F) is specified in LIA-2 (part 2 of ISO/IEC 10967).

¢) Quiet-computational operations.

sourceFormat copy (source) convertp_, g, but non-signalling
sourceFormat abs(source) similar to absp, but non‘signalling

decimalEncoding encodeDecimal(decimal)
decimal decodeDecimal(decimalEncoding)
binaryEncoding encodeBinary(decimal)
decimal decodeBinary(binaryEncoding)

1) Signaling-computational operations. The basic comparisons are-also required by LIA-1,
though not with built-in conversion if the arguments are of different type.

boolean compareQuietEqual(sourcel,source2) eqr

boolean compareQuietNotEqual(sourcel,source2) neqr
boolean compareSignallingGreater(sourcel,sourée?) gtrg
boolean compareSignallingGreaterEqual(soureel source2) geqp
boolean compareSignallingLess(sourcel,source2) lssp

boolean compareSignallingLessEqual(setireel,source2)  legp
boolean compareSignalingEqual(sourgel, source2)

boolean compareSignalingNotEqual(sourcel, source2)
boolean compareSignalingNotGreater(sourcel,source2)
boolean compareSignalingLegsUnordered(sourcel,source2)
boolean compareSignalingNotLess(sourcel,source2)

boolean compareSignalingGreater Unordered(sourcel,source2)
boolean compareQuietGreater(sourcel,source?2)

boolean compareQuietGreaterEqual(sourcel,source2)
boolean compareQuietLess(sourcel,source2)

boolean compareQuietLessEqual(sourcel,source2)

boolean (eompareQuiet Unordered(sourcel,source2)
boolean/compareQuietNot Greater(sourcel,source2)

bo6lean compareQuietLessUnordered(sourcel,source2)
boolean compareQuietNotLess(sourcel,source2)

boolean compareQuietGreaterUnordered(sourcel,source2)
boolean compareQuietOrdered(sourcel,source2)

e) Non-computational operations.

boolean is754version1985(void)

boolean is754version2008(void)

enum class(source)

boolean isSignMinus(source) similar to eqp(signump(x),—1)

54 IEC 60559 bindings


https://standardsiso.com/api/?name=9e6249eed3b9ccf83fe2f6f931865eaf

© ISO/IEC 2012 — Al rights reserved ISO/IEC 10967-1:2012(E)

boolean isNormal(source) similar to geqr(absp(x), fminNp)
boolean isFinite(source) similar to lssp(absp(z),+00)
boolean isZero(source) eqr(z,0)

boolean isSubnormal(source) similar to istinyp(z) && neqp(z,0)
boolean isInfinite(source) eqr(absp(z),+00)

boolean isNaN (source) isnanp ()

boolean isSignaling(source) issignang(x)

boolean isCanonical(source)

enum radix(source) g

boolean totalOrder(source, source)
boolean totalOrderMag(source, source)
boolean sameQuantum(source, source)

f) Handling of notification recordings.

void lowerFlags(exceptionGroup) clear_indicators
void raiseFlags(exceptionGroup) set dpdicators
boolean testFlags(exceptionGroup) testrindicators

boolean testSavedFlags(flags, exceptionGroup)
void restoreFlags(flags, exceptionGroup)
flags saveAllFlags(void) current_indicators

Note that several of the above facilities are already required by LIA-1 even for implementatipns
hat do not conform to IEC 60559.

—

IEC 60559 allows for dynamic change of rounding ‘'mode. Note though that LIA requires that
the rounding is static for an operation (which siay be simulated at lower level by setting gnd
rpsetting a dynamic rounding mode, providedsthat the rounding mode is local to each thredd).
Thus explicitly using rounding mode setting“at a “higher level” may change an LIA conformjng
implementation to (a mode in which it,is) a non-conforming implementation.

IEC 60559 recommend a number-0f other operations (some of which are covered by LIA{2),
Hut these are not listed here. Se¢ IEKC 60559 for details.

B.2 Notification

-

'he default notification/handling in IEC 60559 is by recording in indicators, called exception flags
h IEC 60559. Oneappropriate way to access the IEC 60559 exception flags is to use the functipns
defined in [6.2. 1

IEC 60559-also allows for alternate exception handling. In LIA this is modelled by notificatjon
v changewof control.

e

—~
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Annex C
(informative)

Rationale

This annex explains and clarifies some of the ideas behind Information technology — Language
independent arithmetic — Part 1: Integer and floating point arithmetic (LIA-1). This allows the
- - : . - A T S S— . ST aﬂ,

O .
including the merits of possible alternatives. The clause numbering matches that of the standérd,
although additional clauses have been added.

)

0.1 Scope

'he scope of LIA-1 includes the traditional primitive arithmetic operations usually provided in
ardware. The standard also includes several other useful primitive ogerations which could|be
rovided in hardware or software. An important aspect of all of these-primitive operations is that
hey are to be considered atomic (with respect to rounding and notifications, not necessarily wjith
bspect to thread parallelism, though they may not interfere with ‘the results of LIA operatipns
h other threads provided that arguments and results are thréad separate) rather than noticeaply
nplemented as a sequence of yet more primitive operations,)Hence, each primitive floating pdint
peration has a half ulp error bound when rounding te_nearest, and is never interrupted by|an
htermediate notification. The latter is true also for allinteger operations.

Lo s o N o S |

— e e

LIA-1 provides a parameterised model for arithmetic. Such a model is needed to make concepts
lich as “precision” or “exponent range” meaningful. However, there is no such thing as an “LIA-1
hachine”. It makes no sense to write code intended to run on all machines describable with LIA-1
hodel — the model covers too wide a range for that. It does make sense to write code that uses
TA-1 facilities to determine whether, the platform it is running on is suitable for its needs.

e B o N R 2]

¢.1.1 Inclusions

This standard is intended‘\te define the meaning of an “integer datatype” and a “floating pdint
atatype”, but not to preclude other arithmetic or related datatypes. The specifications for integer
and floating point datatypes are given in sufficient detail to

a) support detailed and accurate numerical analysis of arithmetic algorithms,
b) serve as-the first of a family of standards, as outlined in
)
)

c) emable a precise determination of conformity or non-conformity, and

d), ‘prevent exceptions (like overflow) from going undetected.

C.1.2 Exclusions

There are many arithmetic systems, such as fixed point arithmetic, significance arithmetic, interval
arithmetic, rational arithmetic, level-index arithmetic, slash arithmetic, and so on, which differ
considerably from traditional integer and floating point arithmetic, as well as among themselves.
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Some of these systems, like fixed point arithmetic, are in wide-spread use as datatypes in standard
languages; most are not. A form of floating point is defined by Kulisch and Miranker [53] 54] which
is compatible with the floating point model in LIA-1. For reasons of simplicity and clarity, these
alternate arithmetic systems are not treated in LIA-1. They should be the subject of other parts
of ISO/IEC 10967 if and when they become candidates for standardization.

The portability goal of LIA-1 is for programs, rather than data. LIA-1 does not specify the
internal representation of data. However, portability of data is a subject of IEC 60559, which
specifies internal representations that can also be used for data exchange.

Mixved-mode operatione in ceneral and othor locros of ovnrossion somantica aro naot addrocco
- cH Peta- o) T - Si=ac s P T

di

ja

rectly by LIA-1. However, suitable documentation is required (see clause [7)).

C.L.3 Companion parts to this part

Thie following topics are the subject of a family of standard parts, of which LIA-1 is the firdt
mdmber:

h) Specifications for the usual elementary functions (LIA-2).

b) Specifications for complex and imaginary datatypes and operatiéns (LIA-3).

Thiis list is incomplete, and further parts may be created.

~

Each of these new sets of specifications is necessary to provide a total numerical environme
for| the support of portable robust numerical software. The-preperties of the primitive operation
is fised in the specifications of elementary and complex flnctions which

2]

h) are realistic from an implementation point of view,
b) have acceptable performance, and

) have adequate accuracy to support numerical analysis.

C.2 Conformity

=

onforming system consists of an implementation (which obeys the requirements) together wit
dogumentation which shows how the implementation conforms to the standard. This document
tiop is vital since it gives ¢rueial characteristics of the system, such as the range for integers, th
raijge and precision forcfloating point, and the actions taken by the system on the occurrence
notifications.

— D@

—_—

The binding ¢f\EIA-1 facilities to a particular programming language should be as natur
as [possible. Existing language syntax and features should be used for operations, parameters,
notification and so on. For example, if a language expresses addition by “x+y,” then LIA-
addlition _operations add; and addp_, pr should be bound to the infix “+” operator.

=

»n

NMost current implementations of floating point can be expected to conform to the specification
; L 4 | P . 43 1 : 1 dod s LI cnEEQ (TR —7e g OO0 2 Jafos-1s
ln 1115 Sutalllalu. puny P@l hlbl,llal, llllylclllUllhablullc Ul 110U UUJJJ \lJ_JJ_JJ_J T JT LU“IJ} 11T UCTIaulv 111U

will conform, provided that the user is made aware of any status flags that remain set upon exit
from a program.

The documentation required by LIA-1 will highlight the differences between “almost IEEE”
systems and fully IEEE conforming ones.
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Note that a system can claim conformity for a single integer type, a single floating point type,
or a collection of arithmetic types.

An implementation is free to provide arithmetic datatypes (e.g. fixed point) or arithmetic op-
erations (e.g. exponentiation on integers) which may be required by a language standard but are
not specified by LIA-1. Similarly, an implementation may have modes of operation (e.g. notifica-
tions disabled) that do not conform to LIA-1. The implementation must not claim conformity to
LIA-1 for these arithmetic datatypes or modes of operation. Again, the documentation that dis-
tinguishes between conformity and non-conformity is critical. An example conformity statement
(for a Fortran implementation) is given in Annex [E]

¢.2.1 Validation

nt

—

This standard gives a very precise description of the properties of integer and/fléating pd

datatypes. This will expedite the construction of conformity tests. It is important’that objectlive
tpsts be available. Schryer [56] has shown that such testing is needed for floating point since two
thirds of units tested by him contained serious design flaws. Another te§tsuite is available [for
floating point [43], which includes enhancements based upon experience.with Schryer’s work [36].

LIA-1 does not define any process for validating conformity.

Independent assurance of conformity to LIA-1 could be by $pot checks on products with a
vllidation suite, as for language standards, or via vendors béing registered under ISO/TEC 9(01
Model for quality assurance in production and installation J31) enhanced with the requirement that
their products claiming conformity are tested with the walidation suite and checked to conform as
fdart of the release process.

Alternatively, checking could be regarded as thie Tesponsibility of the vendor, who would then
ocument the evidence supporting any claim t¢, conformity.

(.3 Normative references

'he referenced IEC 60559 standardis identical to IEEE 754. IEEE 754-2008 is a major r¢vi-
on of IEEE 754-1985, adding 124-bit floating point types, decimal radix floating point types
formerly in IEEE 854, nowswithdrawn), removing “trapping” exception handling, removing jm-
lementor options, adding ‘eperations, and more. IEC 60559 third edition (2011) will be identical
b [EEE 754-2008.

&+ =~ ]

Y

[.4 Symbaolsand definitions

\n arithmtefic standard must be understood by numerous people with different backgroun|ds:
umerical>analysts, compiler-writers, programmers, microcoders, and hardware designers. Tlis
hiseS_certain practical difficulties. If the standard were written entirely in a natural language,

might contain ambiguities. If it were written entirely in mathematical terms, it might|be
inaccessible to some readers. These problems were resolved by using mathematical notation for
LIA-1, and providing this rationale in English to explain the notation.

Lol B o LS
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C.4.1 Symbols

LIA-1 uses the conventional notation for sets and operations on sets. The set Z denotes the
set of mathematical integers. This set is infinite, unlike the finite subset which a machine can
conveniently handle. The set of real numbers is denoted by R, which is also infinite. Numbers
such as 7, 1/3 and v/2 are in R, but usually they cannot be represented exactly in a floating point
type. (Some systems make provisions to represent a select few such numbers specially, and handle
them ‘symbolically’ as much as possible.)

C.1.2 Definitions of terms

A yital definition is that of “notification”. A notification is the report (to the program ‘Gr-usey)
that results from an error or exception as defined in ISO/IEC TR 10176 [7].

The principle behind notification is that such events in the execution of a program should ndt
go [unnoticed.

The preferred action is to use ‘recording in indicators’. Another possibility is to invoke a chang
in fthe flow control of a program (for example, an Ada or Java “exceptidn”), to allow the usg
to [take corrective action. Changes of control flow are, however, harder to handle and recovd
frojm, especially if the notifications is not so serious and the computation may just continue. I
patticular, for inexact and underflow it is usually ill-advised, té_make a change in control flow
lik¢wise for infinitary (usually divide-by-zero) notifications/when infinity values are guarantee
to [pe available in the datatype. The practice in some oldef8yStems is that a notification consistls
of hborting execution with a suitable error message. Thisis hardly ever the proper action to take,
angdl can be highly dangerous.

[S T =R R )

The various forms of notification are given nanies, such as overflow, so that they can be dig-
tinguished. However, bindings are not require t¢-handle each named notification the same way ey-
eryiwhere. For example, overflow may be split'into integer-overflow and floating-overfloy,
infinitary for integer results may result in-a change of control flow, while infinitary on floating
polnt results are handled by recording-in indicators, only returning an infinitary continuation
value while setting the indicator for infinitary.

One challenge is when computations are done in separate threads, and values communicated
befween the treads (or, in gefieral, different programs maybe even running on different computers).
When the method of notification is by change of control flow, the notification basically needs t
be[handled within the-thread, otherwise the thread will terminate, and no further communicatio
with it will take place”” However, when the method of notification is by recording in indicator
th¢ handling mag be deferred. It may even be deferred to recipients of values in other threa
(mpybe even dnfother programs). For this to work, the indicators recording notifications nee
alsp be confmunicated along with the communicated value(s). Normally, this is not (yet) done b
default,or.automatically, so at present need to be done by explicit programming by applicatio
programmers.

= O

< B 0 S

ATOtTer Important definition 15 that of a Tounding function. A Tounding function 1S a mapping
from the real numbers onto a subset of the real numbers. Typically, the subset X is an “approxi-
mation” to R, having unbounded range but limited precision. X is a discrete subset of R, which
allows precise identification of the elements of X which are closest to a given real number in R.
A rounding function rnd maps each real number y to an approximation of y that lies in X. If
a real number y is in X, then clearly y is the best approximation for itself, so rnd(y) = y. If y
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is between two adjacent values x7 and xo in X, then one of these adjacent values must be the
approximation for y:

1 <y<zy = (rnd(ly) =x1 or rnd(y) = x2)

Finally, if rnd(y) is the approximation for y, and z is between y and rnd(y), then rnd(y) is the
approximation for z also.

y<z<rndly) = rnd(z) =rnd(y)
rnd(y) <z <y = rnd(z) = rnd(y)

The last three rules are special cases of the monotonicity requirement

x <y = rnd(z) <rnd(y)

Fhich appears in the definition of a rounding function.

<

Note that the value of rnd(y) depends only on y and not on the arithmetic, operation |(or
perands) that gave rise to y.

(@)

The graph of a rounding function looks like a series of steps. As y increases, the value of rnd|y)
constant for a while (equal to some value in X) and then jumps abruptly to the next higher
alue in X.

< =

Some examples may help clarify things. Consider a number of zounding functions from R} to
Z. One possibility is to map each real number to the next lower intéger:

rnd(u) = |u]
'his gives rnd(1) = 1, rnd(1.3) = 1, rnd(1.99---) = Ikyand rnd(2) = 2. Another possibility
ould be to map each real number to the next higheriinteger. A third example maps each real
rlumber to the closest integer (with half-way cases rounding toward plus infinity):
rnd(u) = [u+ 0.5]

'his gives rnd(1) = 1, rnd(1.49---) = 1, rnd(1.5) = 2, and rnd(2) = 2. Each of these examples
prresponds to rounding functions in actual use. For some floating point result examples, see

[@.5.2.4

Note, the value rnd(u) may not.be representable in the target datatype. The absolute value
f the rounded result may be tdoJlarge. The resultp function deals with this possibility. (Pee
.5.2.5| for further discussion )

There is a precise distinction between shall and should as used in this standard: shall implies
a requirement, while should implies a recommendation. One hopes that there is a good reason if
he recommendatioris-not followed.

=

<

Q

Aalo

-

Additional definitions specific to particular types appear in the relevant clauses.

(.5 Specifications for integer and floating point datatypes and operations

Hacharithmetic datatype conforming to LIA-1 consists of a subset of the real numbers charactler-
igedby a small number of parameters. Additional values may be included in an LIA-1 conforming
datatype, especially infinities, negative zeroes, and NaNs (“not a number”). Two basic classes of
types are specified: integer and floating point. A typical system could support several of each.

In general, the parameters of all arithmetic types must be accessible to an executing program.

The signature of each operation partially characterizes the possible input and output values.
All operations are defined for all possible combinations of input values. Exceptions (like dividing
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3 by 0) are modelled by the return of non-numeric exceptional values (like invalid, infinitary,
etc.). The absence of an exceptional value in the result set of a signature does not indicate that
that exception cannot occur, but that it cannot occur for values in the input set of the signature.
Other exceptions, as well as other values, can be returned for inputs outside of the stated input
values, e.g. infinities. The operation specifications state precisely when notifications

must occur.

The philosophy of LIA-1 is that all operations either produce correct results or give a no-
tification. For the operations specified in LIA, a notification must be based on the final result;
there can be no spurious intermediate notifications. Arithmetic on bounded, non-modulo, integers
must be correct if the mathematical result lies between minint; and maxint; and must produde
a 1jotification if the mathematically well-defined result lies outside this interval (overflow), or jf
thdre is no mathematically well-defined (and finite) result (infinitary or invalid). Arithmetic
on|floating point values must give a correctly rounded approximation if the approximation ligs

d
d

between —fmaz and fmazy and must produce a notification if the mathematically) well-define
approximation lies outside this interval (overflow) or if there is no mathematically well-define
(arjd finite) approximation (infinitary or invalid).

C.p.1 Integer datatypes and operations

@

Mgst traditional computer programming languages assume the egistence of bounds on the rang
of Integers which can be values in integer types. Some languages place no limit on the range
intpgers, or even allow the boundedness of an integer typeo be an implementation choice.

—

This standard uses the parameter bounded; to distinguish between implementations which
pldce no restriction on the range of integer data vatues (bounded; = false) and those that dp
(bqunded; = true). If the integer datatype (corresponding to) I is bounded, then two additiongl
patameters are required, minint; and maxintzSFor unbounded integers, minint; and maxindy
ard required to have infinitary values. Infinitary values are required for unbounded integer types,
angl are allowed for bounded integer typest
For bounded integers, there are twolapproaches to out-of-range values: notification and “wrap-
pig”. In the latter case, all comiputation except comparisons is done modulo the cardinalitly
of |I (typically 2" for some n),sand no notification is required. The “wrapping” is modeled by
op¢rations specified in part 2:

C.p.1.0.1 Unbounded integers

Unbounded integers were introduced because there are languages which provide integers with nl
fixgd upper limit. The value of the Boolean parameter bounded; must either be fixed in th
larfguage définition or must be available at run-time. Some languages permit the existence of ap
upper limit to be an implementation choice.

@®© O

In-an unbounded integer datatype implementation, every mathematical integer is potentially
data object in that dafafype. The actual values computable depend on resource limitations, not on
predefined bounds. Resource limitation problems are not modelled in LIA, but an implementation
will need to make use of some notification to report the error back to the program (or program
user). Note that also bounded integer datatypes may give rise to resource limitation errors, e.g.
if the (intermediary) computed result cannot be stored.

[
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LIA-1 does not specify how the unbounded integer datatype is implemented. Implementations
will use a variable amount of storage for an integer, as needed. Indeed, if an implementation
supplied a fixed amount of storage for each integer, this would establish a de facto maxint; and
mininty. It is important to note that this standard is not dependent upon hardware support for
unbounded integers (which rarely, if ever, exists). In essence, LIA-1 requires a certain abstract
functionality, and this can be implemented in hardware, software, or more typically, a combination
of the two.

Operations on unbounded integers will never overflow. However, the storage required for
unbounded integers can result in a program failing due to lack of memory. This is logically no
different from failure through other resource limits, such as time.

The implementation may be able to determine that it will not be able to continue processing in
he near future and may issue a warning. Some recovery may or may not be possible. It may|be
npossible for the system to identify the specific location of the fault. However, the implementatjon
hust not give false results without any indication of a problem. It may be impgssible to give a
efinite “practical” value below which integer computation is guaranteed to lhe’safe, because the
hrgest representable integer at time ¢ may depend on the machine state at that instant. Sustained
pmputations with very large integers may lead to resource exhaustion;

Q — Q.= = oo

Natural numbers (upwardly unbounded non-negative integers) are-not modelled by LIA-1.

The signatures of the integer operations include overflow a$.a possible result because they
bfer to bounded integer operations as well.

—

(€.5.1.0.2 Bounded non-modulo integers

Hor bounded non-modulo integers, it is necessaryto define the range of representable valyes,
and to ensure that notification occurs on any @peration which would give a mathematical reqult
dutside that range. Different ranges result in'different integer types. The values of the parameters
inint; and mazxint; must be accessible-to an executing program.

The allowed ranges for integers fall-into three classes:

a) minint; = 0, corresponding to unsigned integers. The operation negy would always prodfice
overflow (except on 0)s and may be omitted.

The operation absp-is the identity mapping and may also be omitted. The operation divy
never produces overflow.

b) minint; = =wi@xinty, corresponding to one’s complement or sign-magnitude integers. None
of the operations negy, absy or div; produces overflow.

c) miniritr-= —(maxint; + 1), corresponding to two’s complement integers. The operatipns
negpand absy produce overflow only when applied to minint;. The operation divy produces
overflow when minint; is divided by —1, since

manint;/(=1) = —minint; = mazint; + 1 > maxint;.

The Pascal, Modula-2, and Ada programming languages support subranges of integers. Such
subranges typically do not satisfy the rules for maxint; and minint;. However, that is not to say
that these languages have non-conforming integer datatypes. Each subrange type can be viewed
as a subset of an integer datatype that does conform to LIA-1. Integer operations are defined on
those integer datatypes, and the subrange constraints only affect the legality of assignment and
parameter passing.
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C.5.1.0.3 Modulo integers

Modulo arithmetic operations on integers were introduced because there are languages that man-
date wrapping operations for some integer types (e.g., C’s unsigned int type), and make it
optional for others (e.g., C’s signed int type).

Modulo arithmetic operations on integer datatypes behave as above, but wrap rather than
overflow when an operation would otherwise return a value outside of the range of the datatype.
However, in this edition, this is modelled as separate operations from the add; etc. operations.
A binding may however use the same syntax for add; and add_wrapy (etc. for other operations),
angl let the datatypes of the arguments, or a modulo; parameter, imply which LIA operation Is

invioked.

Bounded modulo integers (in the limited form defined here) are definitely useful ,in ertaip
applications. However, bounded integers are most commonly used as an efficient lardware af
prgximation to true mathematical integers. In these latter cases, a wrapped result would b
sevferely inaccurate, and should result in a notification. Unwary use of modulo jintegers can easily
lead to undetected programming errors.

)

The developers of a programming language standard (or binding standard) should carefully
copsider which (if any) of the integral programming language types are'bound to modulo integers.
Sirlce modulo integers are dangerous, programmers should always liave the option of using nor
mddulo (overflow checking) integers instead.

Some languages, like Ada, allow programmers to declare new modulo integer datatypes, usuallly
ungigned. Since the upper limit is then also programmersdéfined, the lower limit usually fixed 4
zeno, these datatypes are more flexible, and very useful:

—+

C.p.1.1 Integer result function

—

Thie integer result function, resulty, takes ag argument the exact mathematical result of an intege
op¢ration, and checks that it is in the bounds of the integer datatype. If so, the value is returned.
If fot, the exceptional value overflowtis returned.

[on

The result; helper function is.uséd in the specifications of the integer operations, and is use
to [consistently and succinctlysexpress the overflow notification cases. The continuation value op
ovérflow is binding or implemeéntation defined.

The helper function @rap; (LIA-2), used to specify modulo operations (or “modulo integers’|)
pr¢duces results in_th® range [minint;, maxints|, and never produces an overflow notificatioy.
Thiese results arepositive for unsigned integer types, but may be negative for signed types.

C.p.1.2 JInteger operations

C.p.r:2:1 Comparisons

The comparisons are always exact and never produce any notification.
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C.5.1.2.2 Basic arithmetic

The ratio of two integers is not necessarily an integer. Thus, the result of an integer division may
require rounding. Two rounding rules are in common use: round toward minus infinity (quoty),
and round toward zero. The latter is not specified by LIA-1, due to proneness for erroneous use,
when the arguments are of different signs. For example,

quoty(—3,2) = =2 round toward minus infinity, specified in LTA-1
divh(—3,2) = —1 round toward zero, no longer specified by any part of LTA

All satisfy a broadly useful translation invariant:

quotr(x +ixy,y) = quotr(z,y) +1 if y # 0, and no overflow occurs

(hnd similarly for the ratio; and groupr). quoty is the form of integer division preferred by many
hathematicians. div} (no longer specified by LIA) is the form of division introdiiced by Fortrin.

=

Integer division is frequently used for grouping. For example, if a series of indexed items arq to
e partitioned into groups of n items, it is natural to put item i into group,i/n. This works fine
quoty is used for integer division. However if divt (no longer specified by LIA) is used, angl i
hn be negative, group 0 will get 2-n — 1 items rather than the desiréd)n. This uneven behavipur
br negative i can cause subtle program errors, and is a strong reasor against the use of divt, gnd
r the use of the other integer division operations.

e Nl e o

mod; gives the remainder after quot; division. It is couplédito quot by the following identities:

x = quotr(x,y) * y + mody(z,y) if y # 0, and mo overflow occurs
y < modr(x,y) <0 if y <O
0 < mody(z,y) <y if y >.0

=

'hus, quot; and mod; form a logical pair. S do ratio; and residuey, as well as group; gnd
egated(!) pad; (specified in LIA-2). Note that computing mod;(x,y) only as

=

subr(x, muly(quot(z,y),y))

i$ not correct for asymmetric bounded fnteger types, because quots(x, y) can overflow but mod (¥, y)
cpnnot.

(€.5.2 Floating point_datatypes and operations

[oel

loating point values'‘are traditionally represented as
X = £gx 1% £0.fifo. . fop x7%

there 0.f1 follfy, is the pp-digit fraction g (represented in base, or radix, rr) and e is fhe

xponent,~This includes subnormal numbers, including zero and negative zero. (Usually, fi 0

permitted only for the minimal value for the exponent, in order to get unique representatior] of
alues. However, IEC 60559 does not make this restriction for base 10.)

< = D <

The exponent e is an integer in [eming, emaxp]|. The fraction digits are integers in {0, ... rF —
1}. If the floating point number is normalized, f; is not zero, and hence the minimum normalised
value of the fraction g is 1/rF and the maximum value is 1 — r;p F. Subnormal values, including
0, cannot be represented in normalised form, since that would call for an exponent smaller than
eming, indeed, for 0 the exponent would be negative infinity.
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This description gives rise to five parameters that characterize the set of non-special values of
a floating point datatype:

radix rg: the “base” of the number system.
precision pg: the number of radix rr digits provided by the type.
eming and emazp: the smallest and largest exponent values. They define the range of the type.

denormp (a Boolean): true if the datatype includes the subnormal values; false if the only
subnormal values included are zeroes (non-conforming case).

—+

For normalised values, the fraction g can also be represented as iz x 7", where 7 is a pp dig
intpger in the interval [r2F ™' +PF — 1]. Thus

X =dgsrs =x(ixr ") xrS = 2ixry PP

Thiis is the form of the floating point values used in defining the finite set Fy. The-exponent e

oftpn represented with a bias added to the true exponent, in order to avoid haying to deal wit
negative integer representations for the exponent.

-

denormp must be true for a fully conforming datatype. It is allowed to be false only fa
partially conforming datatypes.

The IEEE 754 [34] (same as IEC 60559) present a slightly differentanodel for the floating poiy
type. Normalized floating point numbers are represented as

ifO-fl---pr—l * 7"%

whiere fo.f1...fpp—1 is the pp-digit significand (represented in radix rp, where rp is 2 or 10), an|
e ip an integer exponent between eminy — 1 (now, cénfusingly, called emin in IEEE 754) an
emaxp — 1 (now, confusingly, called emaxz in IEEE.@54). For rp = 2 the minimum value of th

. . . ) . -1
sighificand for a normalised value is 1 and the maximum value is rp — 1 /T%F . Forrp =1

—

—+

th¢ minimum value of the significand is 0 auwd the maximum value is rp — 1/r5F _1, allowin
for| denormal values that need not be subnormal. LIA does not distinguish between normal an
dethormal representations of the same value. The IEEE significand is equivalent to g * rp.

e O 0 =&

The fraction model and the significad model are equivalent in that they can generate precisel
th¢ same sets of floating point values! Currently, all ISO/TEC JTC1/SC22 programming languag]
standards that present a model'of floating point to the programmer use the fraction model rathd
thgn the significand one. LIA2T has chosen to conform to this trend.

o <

—

[

Note though, that the-fractionr and exponentp_; operations return values for subnorm
(inkluding 0) number$;as if the exponent range was unlimited, and not tied to the integer reprg
serfting the exponenf part in the usual representations for floating point values. Thus the result

of pxponent p_yisnot limited to [eming, emazp).

C.p.2.0.1" Constraints on the floating point parameters

Thie Constraints placed on the floating point parameters are intended to be close to the minimuip
necessary to have the model provide meaningful information. We will explain why each of these
constraints is required, and then suggest some constraints which have proved to be characteristic
of useful floating point datatypes.

LIA-1 requires that 7 > 2 and pr > 2 - max{1,[log, (2 - 7)]} in order to ensure that a
meaningful set of values. At present, only 2, 8 10, and 16 appear to be in use as values for
rr (except for string representations, where sometimes, as for Ada, a wider range of radices are
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permitted: like for Ada, from 2 to 36). The first edition of LIA-1 only required that prp > 2, but
such a low bound gives trouble in the specifications of some of the elementary function operations
(LIA-2). Indeed, pr should be such that pr > 2 + [log,,(1000)], so that the trigonometric
operations can be meaningful for more than just one cycle, but at 100 or so cycles. If the radix
is 2, that means at least 12 binary digits in the fraction part. As a comparison, note that the
IEEE 754 storage format ‘binaryl6’ has pp = 11, and is thus not suitable for computations.

The requirement that eming < 2 — pp ensures that epsilong is representable in F'.

The requirement that emazp > pp ensures that 1/epsilonp is representable in F. It also

imnlice that oll intecors fram 1 to »PF 1 are ovactls renresentable
1 [S) J i
P = }

The parameters rr and pp logically must be less than rF, so they are automatically~in|F.
The additional requirement that emaxr and —eming are at most T%F — 1 guarantees that-emadzxp
and eming are in F' as well.

A consequence of the above restrictions is that a language binding can choose foyeport 7z, pp,
ing, and emaxp to the programmer either as integers or as floating point ¥alies without lpss
f accuracy.

o

Constraints designed to provide:

a) adequate precision for scientific applications,
b) “balance” between the overflow and underflow thresholdsand

c) “balance” between the range and precision parameters

are applied to safe model numbers in Ada [11]. No such ¢onstraints are included in LIA-1, sifice
IIA-1 emphasizes descriptive, rather than prescriptive, specifications for arithmetic datatypes.
However, the following restrictions have some usefi’properties:

a) rp should be even

An even value of rr makes certain rounding rules easier to implement. In particular, round-
ing to nearest would pose a problém because with rr odd and d = |rp/2| we would hhve
% = .ddd--- . Hence, for . zi"< x < z1 + ulpp(z1) a reliable test for x relative| to
1+ %ulpp(xl) could require retention of many guard digits.

b) rhrt > 106

This gives a maxirhum relative error (epsilong) of one in a million. This is easily accqm-
plished by 24 binary or 6 hexadecimal digits.

c) eming — 1 &>~k * (pp — 1) with k£ > 2 and k as large an integer as practical

This guarantees that epsilon’} is in F' which makes it easier to simulate higher levelq of
preeision than would be offered directly by the values in the datatype.

d), gmarr > k* (pp — 1)

This guarantees that epsilon;k is in F' and is useful for the same reasons as given abovg.

e) —2 < (eminpg — 1) + emazp < 2

This guarantees that the geometric mean \/ fminNp * fmazrp of fminNp and fmazp lies
between 1/rp and rp.
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All of these restrictions are satisfied by most (if not all) implementations. A few implemen-

tations present a floating point model with the radix point in the middle or at the low end of
the fraction. In this case, the exponent range given by the implementation must be adjusted to
yield the LIA-1 eming and emaxp. In particular, even if the minimum and maximum exponent
given in the implementation’s own model were negatives of one another, the adjusted eming and

em

axpr become asymmetric.

C.5.2.0.2 Radix complement floating point

LI
An
in

po

thd

complement floating point have been used, but a common feature is the présence of one “extral

—

ter

thd

\-1 presents an abstract model for a floating point datatype, defined in terms of parameters.
implementation is expected to be able to map its own floating point numbers to the element
this model, but LIA-1 places no restrictions on the actual internal representation of the floatin
nt values.

wn

The floating point model presented in LIA-1 is sign-magnitude. A few implementations keep
ir floating point fraction in a radix-complement format. Several different patterns for radis

rative floating point number, that has no positive counterpart: the most negative. Its value is
azp — ulpp(fmaz ). Some radix-complement implementations al§o)omit the negative coui

part of fminp.

[

In order to accommodate radix-complement floating point, LIA21 would have to make at leas
following changes:

h) define additional derived constants which correspond to the negative counterparts of fmin
(the “least negative” floating point number) and fmaz > (the “most negative” floating poin
number) and change the definitions of Fl, Fg,‘tc.;

T

—+

b) negation and absolute value will also be inexact for some values close to exponent bound
aries;

) add overflow to the signature of negy (because negp evaluated on the most negative numbdr
will now overflow);

1) add overflow to the signature of absr (because absp will now overflow when evaluated op
the most negative number);

b) add underflow to the signature of negp, if —fminy is omitted;

) expand the defihitions of subp and truncp, and redefine these operations and also roundy
operations totensure that these operations behave correctly.

—+

b) redefine_the predp and succp operations to treat the new most negative floating poir
numbeér)properly.

Because of this complexity, LIA-1 does not include radix-complement floating point.

Floating point implementations with sign-magnitude or (radix—1)-complement fractions cap

map the floating point numbers directly to LIA-1 model without these adjustments.

C.5.2.1 Conformity to IEC 60559

TEC 60559 is the international version of IEEE 754.
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Note that “methods shall be provided for a program to access each [IEC 60559] facility”. This
means that a complete LIA-1 binding will include a binding for IEC 60559 as well.

C.5.2.1.1 Subnormal numbers

IEEE 754 (IEC 60559) datatypes and some non-IEEE floating point datatypes include subnormal
numbers. 0 and —0 are two of the subnormal numbers. Floating point formats can in general
represent subnormal numbers, since the floating point representation must be able to represent
0, and that is usually done in a way that can readily be generalised to represent any subnormal
rfumber. LIA-1 models a subnormal floating point number as a real number of the form

4y EMINE—DR
X =dixrg

where 7 is an integer in the interval [0, ’I“%F - 1]. The corresponding fraction g lies in"the intenval
0,1/rp —rP"]; its most significant digit is zero. Subnormal numbers partially fill-the “underflow
gdap” in F: the interval |—fminNp, fminNp| (that is: |—r@""F =1 29"~ [y Taken togetHer,
apart from —O0, they comprise the set Fj.

The values in Fg are linearly distributed with the same spacing as the ¥alues in the neighbourjng

; et I o e )
rpnges |—ry " —r P ] and [rE T @™ [in Fy. Thus théy)have a maximum absofute
representation error of r;mmF ~PF However, since subnormal numbers have less than pr digitd of

Hrecision, the relative representation error varies widely. The relative error varies from epsilong =
};p 7 at the high ends of Fg to 1 at the low ends of Fg. Near-0; in [—fminDg, fminDg]|, the relatfive
error may be unboundedly large.

Whenever an addition or subtraction, resulting in.the same datatype as the arguments, pro-
uces a result in Fg, that result is exact — the relative error is zero. Even for an “effectjive
spibtraction” no accuracy is lost, because the dectease in the number of significant digits is exadtly
the same as the number of digits cancelled in the'subtraction. For multiplication, division, scalipg,
and some conversions, significant digits (and hence accuracy) may be lost if the result is in Fs.
This loss of significant digits is called denormalisation loss.

The entire set of floating point nuibers F is either FyUFg (if subnormal numbers are providdd),
r Fry U {0} (if all available non{spécial numbers, except 0, are normalized). For full confornfity
TA-1 requires the use of submormal numbers.

= O

€.5.2.1.2 Signed zero

The IEEE standatds define both 0 and —0. Very few non-IEEE floating point datatypes proviide
the user with-two “different” zeros. Even for an IEEE datatype, the two zeroes can only|be
istinguished-with a few operations, not including comparisons, but e.g. using dividing by zpro
tp obtain‘gigned infinity, by (correctly) converting to a character string numeral, or by usjng
gperations that have a branch cut along an axis, like arcyp (LIA-2) or some complex invdrse
tpigonometric operation (LIA-3). Programs that require that 0 and —0 are distinct might not|be
P

oo +0 credtaoc st b oot TERE o430 ot dototenng

OTTaroTCTO Sy O tCIILS v oo Tt T IO uIiIrs POTITT avarvy PosT

C.5.2.1.3 Infinities and NalNs

IEEE 754 [34] provides special values to represent infinities and Not-a-Numbers. Infinity represents
an exact quantity (for instance from dividing a finite number by zero). Infinities are also used as an
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inexact continuation value for overflow. A NaN represents an indeterminate or unrepresentable
quantity (e.g. from dividing zero by zero, or square root of —1 when that result cannot be
represented).

Most non-IEEE floating point datatypes do not provide infinities or (quiet) NaNs. Thus,
programs that make use of infinity or quiet NaNs will not be portable to systems that do not
provide them.

Note also that LIA-1 requires the presence of both negative and positive infinity in unbounded
integer datatypes. Also quiet NaNs should be provided. Such requirements are not made for

bo mded intecer datatunoes aineco cueh daotatunos aro maot ofton cunnaorted divoctls: by hardsuar
o) e Yo =aso erararbyPes—o SHPP a—cr Y -y S .

C.p.2.2 Range and granularity constants

Thie positive real numbers fmax p, fming, fminNp, and fminDr are interesting boundaries in the
set| F'. fmazp is the “overflow threshold” (though overflow may be tested before orlafter rounding).
It |s the largest value in F' (and thereby also Fl). fminp is the value of smallest magnitude i
F.| fminNg is the “subnormal threshold”. It is the smallest normalized valuie in F: the poin
whiere the number of significant digits begins to decrease. Finally, fminDpiS the smallest strictly
positive subnormal value, representable only if denormpg is true.

—+ =

This standard requires that the values of fmaxp, fming, and fininNg be accessible to an e
ecyting program. All non-zero floating point values fall in the ranges [—fmaxp, —fming| an
[fmbin g, fmaz ], and values in the ranges [—fmaz p, —fminNg} and [fminNg, fmaz ;| can be reprd
serfted with full precision.

[om

The derived constant fminDr need not be given as“a run-time parameter. For a datatype i
whiich subnormal numbers are provided (and enabled); the value of fminDp is fming. If subnormg
numbers are not present, the constant fminDp is\not representable, and fminp = fminNp.

— =

The derived constant epsilonr must also.be accessible to an executing program:

. 1—
epsilonp = rp ¥

It |s defined as ratio of the weight of-the least significant digit of the fraction g, r"", to th
mipimum value of a normalised g1 /rp. So epsilonp can be described as the largest relatiyj
refjresentation error for the set 'of normalised values in Fl.

o O

=

An alternate definition of-epsilonp currently in use is the smallest floating point number suc
thgt the expression 1 +~epsilong yields a value greater than 1. This definition is flawed becaud
it dlepends on the characteristics of the rounding function. For example, using round to nearest,
epsilony would be“half of what it is defined to be in LIA. In the extreme, on an IEEE floatin
polnt datatypecdising round-to-positive-infinity, epsilonyr would be fminDp.

[¢)

o
02

C.p.2.2.1" Relations among floating point datatypes

A imoplementation may provide more than one conforming floating point datatype, and mogt
systems do. It is usually possible to order those with a given radix as F, F5, F3,---  such that

pFl <pF2 <pF3
eming, = eNIng, = eming, - - -
emarp, < emarp, < emaxp, - .
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A number of systems do not increase the exponent range with precision. However, the following
constraints

2 : pFl < pFi+1

2 (eming, — 1) = (eming,, — 1)

2-emaxp, < emarg,,,
for each pair F; and F;;1 would provide advantages to programmers of numerical software (for
floating point datatypes not at the widest level of range-precision):

a) The constraint on the increase in precision expedites the accurate calculation of residuals
il an iterative procedure. It alSo Provides exact products for the calculation of an inher
product or a Euclidean norm.

b) The constraints on the increase in the exponent range makes it easy to avoid the oc¢éurrepce
of an overflow or underflow in the intermediate steps of a calculation, for which the fipal
result is in range.

(€.5.2.3 Approximate operations

oy

Ls an example, apply a three stage model to multiplication (mulgpp(x,y)) (for simplicity, fas-
uming the target type is the same as the argument type, F'):

w0

a) First, compute the perfect result, = * y, as an element of R.
b) Second, modify this to form a rounded result, nearésts(x % y), as an element of FT,

c) Finally, decide whether to accept the rounded tzesult or to cause a notification.

(o]

utting this all together, we get the defining casefor multiplication when both arguments gnd
he result are in F':

-

mulp_p(x,y) = resultp(x - y,nearesty) if v,y € F

=

'he resultp function is defined to compiute the rounded result internally, since the result depgnd
n the properties of the rounding fungtion itself, as well as the exact value, not just the rounded
rpsult.

(@)

Note that in reality, step @ only needs to compute enough of = -y to be able to complete steps
@ and , i.e., to produgea rounded result and to decide on overflow, inexact, and underfloyw.

The helper functions néaresty, resultp, are the same for all the operations of a given floating
oint type.

=

The helper functions are not visible to the programmer, but they are included in the required
ocumentatio.of the type. This is because these functions form the most concise description of
the semantics of the approximate operations.

(€.5:2.4 Rounding and rounding constants

Floating point operations are rarely exact. The true mathematical result seldom lies in F, so
the mathematical result must be rounded to a nearby value that does lie in F'. For convenience,
this process is described in three steps: first the exact value is computed, then a determination is
made about overflow, underflow, or inexact, finally the exact value is rounded to the appropriate
precision and a continuation value is determined.
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A rounding rule is specified by a rounding function which maps values in R onto values in F'.
FT is the set FgU Fy augmented with all values of the form =i * fr;_pF where T%F_l <1< T%F -1
(as in Fiy) but e > emazp. The extra values in F', i.e. F, are unbounded in range, but all have
exactly pr digits of precision. These are “helper values”, and are not representable in the type F.

The round to nearest rule is “sign symmetric”, nearestp(—z) = —nearestp(z). This assures
that the arithmetic operations addp_,pr, subp_ g, mulp_p/, and divp_, g have the expected
behaviour with respect to sign, as described in

In addition to being a rounding function (as defined in [4.2)), nearestp does not depend upon

143

th oxvponent-of ite input Lovecant for subnormal walias) Thic ie canturad by o “coaling rla?.
P P P =4 Vet S =t Pratrea—syY— £

nearestp(x - T%) = nearestp(x) - r%

whiich holds as long as x and =z - r{; have magnitude greater than or equal to fminNg.

@

Subnormal values have a wider relative spacing than ‘normal’ values. Thus, thé\scaling rul
abpve does not hold for all x in the subnormal range. When the scaling rule fails;’we say thdt
neqresty has a denormalization loss at x, and the relative error
x—nearestp(x) ’
x
is fypically larger than for ‘normal’ values.

A constant may be provided, and must be provided if the operationvariants specified in ax
allpwed, to give the programmer access to some information about the rounding function in usg.
rnfl_errorp describes the maximum rounding error (in ulps){ Floating point datatypes that full
comform to LIA-1 have rnd_errorp = 0.5. This is a value“of the rounding error that is actuall
allpwed, that is, the actual rounding error for any inexagct\LIA-1 operation is in the interval [0, 0.1
ulp. Partially conforming floating point datatypes camhave an rnd_errorry = 1. This is a value ¢
th¢ (partially conforming) rounding error that is not-actually allowed, that is, the actual roundin|
errpr for any inexact LIA-1 operation is in the interval [0, 1] ulp.

[EEE 754 [34] defines five rounding methods. IEEE 754 allows for dynamic setting of a roundinig
mdde to choose between them, but sometimes have different operations for different roundinlg
methods.

@

T = g 2

h) Round to nearest, ties to even-last digit. In the case of a value exactly half-way between twp
neighbouring values in Ef\sélect the “even” result. That is, for non-negative z in Ff

rnd(z + 3 - up(@))= z + up(z) if x/up(x) is odd
=z if x/up(x) is even

This is the default rounding mode in IEEE 754.

b) Round tomearest, ties away from zero. In the case of a half-way value, round away froy
zero. Fhiat is, for non-negative z in F'f

)

rnd(z + 3 - up(z)) =z + up(z)

This rounding mode is in IEEE 754 specified only for radix 10 datatypes, though it hd
traditionally been used also for other radices (2, 8, 16).

[2)

¢) Round toward zero.
d) Round toward minus infinity.

e) Round toward plus infinity.
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The first three of these rounding rules are sign symmetric, but the last two are not. However,
the last two are useful for getting tighter error bounds for interval arithmetic, provided that “flush
to zero” on underflow is mot used or is compensated for. The first two rounding methods give
a half ulp error bound, so rnd_errorg is 0.5. The last three rounding methods give a one ulp
error bound, so rnd_errorp is 1. Most non-IEEE implementations provide either the second or
the third rule.

C.5.2.5 Floating point result function

The rounding function, like nearestr, can return values that are not bounded by fmazp. A redult
inction is then used to check whether the result is within range, and to generate an exgeptiopal
alue if required. The result function resultp takes two arguments. The first one is a. real vallue

(typically the mathematically correct result) and the second one is a rounding funetion rnd to
He applied to zx.

—5

<

If F' does not include subnormal numbers, and rnd(zx) is representable, then resultp retufns
nd(x) (as a continuation value to inexact if © # rnd(z)). If rnd(x) is tdo,large or too small to
e represented as a normal value, then resultp returns overflow or underflow.

—~

The only difference when F' does contain subnormal values oceurs’ when rnd returns a sfib-
ormal value. If there was a denormalization loss in computing ¢he rounded value, then resuftp
hust return underflow with rnd(x) as continuation value. JOn’the other hand, if there was|no
enormalization loss, then the implementation is to return(7id(x) as a continuation value either
b inexact or underflow exceptional value return.

o o= =

resultp(x,rnd) takes rnd as its second argumenti(rather than taking rnd(x)) because ond of
he final parts of the definition of resultp refers te“denormalization loss. Denormalization loss is
property of the function rnd at x rather than of the individual value rnd(x). In addition, phe
cpntinuation value upon overflow, depends om,the rounding function.

o+

(€.5.2.6 Floating point operations

This clause describes the floating-point operations defined by the standard.

An implementation can_easily provide any of these operations in software. However, portajble
viersions of these operations-will not be as efficient as those which an implementation provides gnd
tunes” to the architecture.

(€.5.2.6.1 Ceomparisons

=

'he compazison operations are atomic operations which never produce a notification when the |ar-
uments-are in F', and then always return true or false in accordance with the exact mathematical
esuld.

= Q0o

C.5.2.6.2 Basic arithmetic

a) The operations addp_,pr, subp_ g, mulp_,pr, and divp_, g carry out the usual basic arith-
metic operations of addition, subtraction, multiplication, and division.
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b) The operations negp and absp produce the negative and absolute value, respectively, of the
input argument. They never overflow or underflow.

c¢) The operation signump returns a floating point 1 or —1, depending on whether its argument
is positive (including zero) or negative (including negative zero).

C.5.2.6.3 Value dissection

pe

ch

wefe unbounded. ForSibnormal numbers, ep(z) is equal to eming. In addition, ep is defined fqg
an

74

ndrmal’ numbers in F', but differ if the argument is subnormal (including zero). exponentp(x)

.p.2.6.4. Value splitting

a) The operation exponentrp gives the exponent of the floating point number in the model as

i 1 . 1A 1 1 i V| 1.1 L R ] 1 1 1 11 1
PLESCIILCU I LIA= L, DUl A5 LIIOUSIL VT T ALISC UL TAPDULITIIV VAIUTS Was UIIDUUIIUCU. L 11T Val
of exponentr can also be thought of as the “order of magnitude” of its argument, i.e.j if
is an integer such that %" < x < r%, then exponentp(z) = n. exponentr(0) is négatiy
infinity (with a infinitary notification).

D =

b) The operation fractionp scales its argument (by a power of rr) until it i$Cin the rang]
+[1/rp,1[. Thus, for x # 0,

x = fractionp(x) * r;xponentp(x)

@

) The operation scalef scales a floating point number by an integérpower of the radix.

1) The operation succp returns the closest element of F' greatet than the argument, the “su
cessor” of the argument.

b) The operation predp returns the closest element of Fxless than the argument, its “predece

sor”.

The succp and predp operations are useful for@enerating adjacent floating point number
e.g. in order to test an algorithm in the neighbourhood of a “sensitive” point.

=

) The operation ulpr gives the value of onéainit in the last place, i.e., its value is the weight

the least significant digit. It will underflow catastrophically if denormp = false in the rang

=@ tPF ra *PP[ but will pever return an exceptional value if denormp = true.

@

Standardizing functions such as-exponentr and ulpr helps shield programs from explicit d¢
ndence on the underlying format:

Note that the helper fungtion er is not the same as the exponentr operation. They agree on
s
sen to be the exponént ‘of x as though x were in normalized form and the range and precisiop
T

argument in Ry while exponent is defined for arguments in F' (plus special values).

h)-"The operation truncp(xz,n) zeros out the low (pp — n) digits of the first argument. Whep

o) QO then 0 is returned: and when n pp the argument is returned

b) The operation roundr(z,n) rounds the first argument to n significant digits. That is, the
nearest n-digit floating point value is returned. Values exactly half-way between two adjacent
n-digit floating point numbers round away from zero. roundp differs from truncg by at most
1 in the n-th digit.

Rationale
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The truncr and roundp operations can be used to split a floating point number into a
number of “shorter” parts in order to expedite the simulation of multiple precision operations
without use of operations at a higher level of precision.

c) The operation intpartp isolates the integer part of the argument and returns this result in
floating point form. Note that this is done by truncation, so it is sign symmetric bot not
translation regular.

d) The operation fractpartp returns the value of the argument minus its integer part obtained
by intpartp. So this is sign symmetric but not invariant (apart from rounding) by integer
translation (since the integer part 1s computed by truncation, and not by floor, ceiling, hor
nearest (ties to even)). However, this way an exact result is obtained with no loss of aceurjcy
due to rounding.

€.5.2.7 Levels of predictability

'his clause explains why the method used to specify floating point types was chosen. The mhin
uestion is, “How precise should the specifications be?” The possibilitiés range from completely
rescriptive (specifying every last detail) to loosely descriptive (giving a few axioms which esspn-
ally every floating point system already satisfies).

& 0 0 e

IEEE 754 [34] takes the highly prescriptive approach, allowing relatively little latitude [for
ariation. It even stipulates much of the representation. Flie Brown model [42] comes close| to
he other extreme, even permitting non-deterministic behaviour.

o <

There are (at least) five interesting points on the range from a strong specification to a vry
weak one. These are

a) Specify the set of representable values exactly; define the operations exactly; but leave the
representations unspecified.

b) Allow limited variation in the set,of)representable values, and limited variation in the oper-
ation semantics. The variation ih-the value set is provided by a small set of parameters.

c) Use parameters to define al “minimum” set of representable values, and an idealized sef of
operations. This is called a model. Implementations may provide more values (extra pré¢ci-
sion), and different gperation semantics, as long as the implemented values and operatipns
are sufficiently close to the model. The standard would have to define “sufficiently close| .

d) Allow any set(f values and operation semantics as long as the operations are determinigtic
and satisfy‘eertain accuracy constraints. Accuracy constraints would typically be phraged
as maximum relative errors.

e) Allew)hon-deterministic operations.

The>IEEE model is close to @ The Brown model is close to (@ LIA-1 selects the secqnd
ich

Note that the Brown model allows “parameter penalties” (reducing pg or eming or emaxp)
to compensate for inaccurate hardware. The LIA-1 model does not permit parameter penalties.

A major reason for rejecting a standard based upon the Brown model is that the relational
operations do not (necessarily) have the properties one expects. For instance, with the Brown
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model, x < y and y < z does not imply that x < z (assuming < here is in some programming
language).

C.5.2.8 Identities

By choosing a relatively strong specification of floating point, certain useful identities are guar-
anteed to hold. The following is a sample list of such identities. These identities can be derived
from the axioms defining the arithmetic operations.

The approximate operations (mMF Fsubp e omulp o divg o sqrip o ) comput
approximations to the ideal mathematical functions. Note that in this version of LIA-1‘thle
approximate operations all have a source and a target type. This way double rounding is dveided
whien the target type has less precision than the argument type. IEC 60559 (IEEE 754),'also ip
the¢ version from 1989, requires this avoidance of double rounding for these operatiéns. Some ¢f
th¢ double rounding avoiding operations were previously (only) in LIA-2, but aremow covered bly

LIA-1.

Since the approximate operations specified in LIA-1 are all so similar, it\is convenient to give
a series of rules that apply to all of them (with some qualifications). Lét\® be any of the LIA-l
approximate operations with arguments in F' and result in F’, and-let’ ¢ be the correspondinig
iddal mathematical function (in the case of conversions, ¢ is the identify function). If ¢ is a single
argument function, ignore the second argument.

When ¢(z,y) is defined for z,y € F, and no notification apart from inexact occurs (fdr
ingxact, consider the continuation value),

u< o(z,y) <v = u<(z,y) < @
whien u,v € F’.

When ¢(z,y) is defined for z,y € F,

¢z, y) € F' = P(z,y) = ¢(x,y) (II)
When ¢(u, z) and ¢(v,y) are definedHor z,y,u,v € F, and no notification apart from inexaqt
ocqurs (for inexact, consider the gentinuation value),

O(u, ) < (v, y) = P(ur).< 2(v,y) (I1I)
When ¢(x,y) is defined (for =,y € F, and no notification apart from inexact occurs (fd
ingxact, consider the contiduation value),

When ¢(z,y) A8defined for x,y € F, non-zero, is in the range [—fmazp, fmaz ], and np

notfification ap&rt-from inexact occurs (for inexact, consider the continuation value),

W’ L ulpp (1) = epsilong W)

—

When ¢(z,y) and ¢(z - 15,y - r}) are defined for z,y € F and j,k € Z, are in the rang
[_ ”LUszF/,J’}ILUaLFI], d/lld 110 llULiﬁdeiUll d:})d:l‘l/ Jr:J.UlJ.l 1116)&st occurs (fUJ. illt})&dbt, bUllbidﬁl ‘l/l €

continuation value), for some n € Z
oz -1,y - r%) =¢(z,y) - = Pz 1h,y- rf,) = ®O(x,y) -1} (VI)

)
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Rules (I) through (VI) apply to the approximate operations of LIA-1. This is true also with
the relaxations in Annex with one exception. Rule (III) may then fail for addp and subp
when the approximate addition function is not equal to the true sum (i.e., add}.(u, ) # u + z, or
addy.(v,y) # v+ y). However, the following weaker rules always hold:

u<v = addp_p(u,z) < addp_pr (v, )
u<v = addp_p(z,u) < addp_pr(x,v)
u<v = subpp(u,x) < subp_p (v, x)
u<v = subp_p(x,u) > subp_p(x,v)

Rulas (T thronaeh (VI alea annlu to tha ovact onerations but thaon thov do not cav ans f]n.ng
ot ‘S HE Ry PPy Peta- H- y—er Sy Y '}

b

df interest.

Here are some identities that apply to specific operations, when no notification apart frpm
inexact occurs:

addp_ (v, y) = addp_p (y, T)

mulp_p (7,y) = mulp (Y, )

subp_pr(x,y) = negp (subp— r (y, )

addp_pr(negr(x),negr(y)) = negp (addp_ g (z,y))
subp_pr(negr(x),negr(y)) = negp: (subp_ g (z,y))
mulp_pr(negrx),y) = mulp_,pr(x,negr(y)) =pégr (mulp_p(z,y))

divp_pr(negr(x),y) = divp_p (x, negr(y)) = negr (divp_p (z,y))
For = # 0,

x € Fy = exponentp(x) € [emidp, emazxp)
x € Fg = exponentp(x) ¢eming — pr + 1,eming — 1]
T;:cponentp(x)—l cF

exponentp(x)—1 exponentp(x
TFp F(2) < <TFp F(2)

|fractiong(x)] € [1/rF, 1]

scalep(fractionp(x), exponentp(x)) = x

scater(xz,n) is exact (= x - r}) if « - r} is in one of the ranges [—fmazp, —fminNp]|or
freunNy, fmazp) or is 0, or if n > 0 and |z - r}i| < fmazp.

For x # 0 and y # 0,

x = +i - ulpp(zx) for some integer i which satisfies

T%F71<i<rl}F ifx e Fy
1<i<rbr! if z € Fy
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exponentp(x) = exponentr(y) = ulpr(z) =ulpr(y) ifz,ye€ Fy

r€eFy = ulpp(x) = epsilonp * T;J?ponentF(m)_l

Note that if denormp = true, ulprp is defined on all floating point values. If denormp = false
(not conforming to LIA-1), ulpp underflows catastrophically (returning 0) on all values less than
fminNg/epsilong, i.e., on all values for which ep(z) < eming + pp — 1.

For |z| > 1,

intpartp(z) = truncp(z,ep(x)) = truncp(x, exponentp(x))

For any = € F', when no notification occurs,

succp(predp(x)) =z
predp(succp(x)) =z
succp(—x) = —predp(z)

predp(—z) = —succp(x)
For positive z € F, when no notification occurs,

succp(z) =z + ulpp(x)

predp(x) =z — ulpp(x) if z is not 7} for any integer n > eming
=2 —ulpp(x)/rp if z is r} for some integer n > eming
ulpp(z) - 87 = r?f(m)

For any = and any integer n > 0, when no netification occurs,

T;ﬂﬂponemF(I)_l < [trunce(z,n)| < |z

roundp(x,n) = truncg(z,n), . OF
= truncp(z,n)HSsignump(x) - ulpp(x) - "

C.p.2.9 Precision, accuracy, and error

LIA-1 uses the term precision to mean the number of radix rp digits in the fraction of a floating
polnt datatype. Allflodting point numbers of a given type are assumed to have the same precisioy.
(This does not hold for variable precision floating point datatypes. However, LIA-1 does not covd
vatiable precision floating point datatypes.) A subnormal number has the same number of radi
rr|digits, but 'the presence of leading zeros in its fraction means that fewer of these digits ai

[

sighificanty

In-general, numbers of a given datatype will not have the same accuracy. Most will contaip
combinations of errors which can arise irom marny sources.

a) The error introduced by a single atomic arithmetic operation.

b) The error introduced by approximations in mathematical constants, such as m, 1/3, or /2,
used as program constants.
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c¢) The errors incurred in converting data between external format (decimal text) and internal
format.

d) The error introduced by use of a numerical library routine.
e) The errors arising from limited resolution in measurements.
f) Two types of modelling errors:

1) Approximations made in the formulation of a mathematical model for the application
at hand.

2) Conversion of the mathematical model into a computational model, including apprpx-
imations imposed by the discrete nature of numerical calculations.

g) The maximum possible accumulation of such errors in a calculation.
h) The true accumulation of such errors in a calculation.

i) The final difference between the computed result and the mathematically accurate resul.

The last item is the goal of error analysis. To obtain this final différerice, it is necessary| to
ynderstand the other eight items, some of which are discussed belowy

¢.5.2.9.1 LIA-1 and error

p—

IA-1 interprets the error in a single atomic arithmetic Operation to mean the error introduged
hto the result by the operation, without regard to any~error which may have been present in the

e e

hput operands.

The rounding function introduced in produces the only source of error contributed|by
grithmetic operations. If the results of an arithmetic operation are exactly representable, they
mhust be returned without error. Otherwisé; LIA-1 requires that the error in the result of a
pnforming operation be bounded in magnitude by one half ulp, and bounded in magnitude|by
ne ulp for partial conformity.

ol e)

Rounding that results in a sgbnormal number may result in a loss of significant digits.| A
spibnormal result is always exact. for an addp_,p or subp_,p operation (same type for argumepts
and result), provided denormy = true. Such subnormal results will not give rise to underflow
rfotifications. However, @ gubnormal result for a mulp_,p or divp_,r operation (same type [for
arguments and result) ysually is not exact, which introduces an error of at most one half ulp [(or
ne ulp, if the relaxations of are allowed), provided denormp = true. When there is losq of
gnificant digits~in/producing a subnormal result, the relative error due to rounding exceeds that
r rounding @~<normal’ result. Hence accuracy of a subnormal result for a mulp_r or divpl, g
perations usually lower than that for a ‘normal’ result. Such loss of accuracy is required to|be
ccompanied with an underflow notification.

—

O O =h O

Note that the error in the result of an operation on exact input operands becomes an “inherit¢d”

cerotr if and when this result appears ag input to a subsequent operation The interaction hetween

the intrinsic error in an operation and the inherited errors present in the input operands is discussed

below in
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C.5.2.9.2 Empirical and modelling errors

Empirical errors arise from data taken from sensors of limited resolution, uncertainties in the
values of physical constants, and so on. Such errors can be incorporated as initial errors in the
relevant input parameters or constants.

Modelling errors arise from a sequence of approximations:

a) Formulation of the problem in terms of the laws and principles relevant to the application.

The underlying theory may be incompletely formulated or understood.

dig
of

ja—y

on

Le
an

consists of the “true” value plus the accumulated “error”. Note that the values taken on by x aj

Hm

na
an

op

da
fro

.p.2.9.3 Propagation of errors

] Formulation of a mathematical model for the underlying theory. At this stage approximg
tions may enter from neglect of effects expected to be small.

) Conversion of the mathematical model into a computer model by replacing infinite’ serig
by a finite number of terms, transforming continuous into discrete processes (e.”numerics
integration), and so on.

—_ N

Estimates of the modelling errors can be incorporated as additions to the computational erroys
cussed in the next section. The complete error model will determine whether the final accuracly
Lhe output of the program is adequate for the purposes at hand.

Finally, comparison of the output of the computer model with olsservations may shed insight
the validity of the various approximations made.

~—

each variable in a program be given by the sum of its true value (denoted with subscript 1
1 its error (denoted with subscript e). That is, th¢“program variable

T =Tt + ¢

@

achine numbers” in the set F', while x4‘and z. are mathematical quantities in K.

The following example illustrates fiow to estimate the total error contributed by the comb
ion of errors in the input opetands and the intrinsic error in addition. First, the result d
LIA-1 operation on approximate data can be described as the sum of the result of the tru
pration on that data and the “rounding error”, where

[CIIEN

rounding_error =-computed_value — true_value

@

kt, the true operation on approximate data is rewritten in terms of true operations on tru
a and errors in'tlie data. Finally, the magnitude of the error in the result can be estimatef
m the errors(invthe data and the rounding error.

Consider thie result, z, of LTA-1 addition operation on x and ¥:

z =saddr_r(z,y) = (z +y) + rounding_error

whi

efesthe true mathematical sum of x and y is

(x+y) =2+ Te + Ut + Ye = (¢ + Y1) + (e + Ye)

By definition, the “true” part of z is
2 =Ty + Yt
so that

80

2z = 2zt + (e + Ye) + rounding_error
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Hence
Ze = (Te + Ye) + rounding_error

The rounding error is bounded in magnitude by 0.5 - ulpr(2) (ulpr(z) if the relaxation in is
allowed) (this can be a slight overestimate at exponent boundaries). If bounds on z. and ¥, are
also known, then a bound on z. can be calculated for use in subsequent operations for which z is
an input operand.

Although it is a lengthy and tedious process, an analysis of an entire program can be carried out
from the first operation through the last. At each stage the worst case combination of signs and
IIagnitudes in the erTors Mmust De assumed. L Nus, it 1S [ikely that The estimates 1or the final ertors
will be unduly pessimistic because the signs of the various errors are usually unknown. NJnfler
spme circumstances it is possible to obtain a realistic estimate of the true accumulation ef error
ipstead of the maximum possible accumulation, e.g. in sums of terms with known characteristics.

(€.5.2.10 Extra precision

The use of a higher level of range and /or precision is a time-honoured way of eliminating overflow
and underflow problems and providing “guard digits” for the intermediate calculations of a prpb-
l¢m. In fact, one of the reasons that programming languages havé-more than one floating pdint
type is to permit programmers to control the precision of calculations.

Clearly, programmers should be able to control the précision of calculations whenever fhe
ccuracy of their algorithms require it. Conversely, programmers should not be bothered wjith
siich details in those parts of their programs that are net precision sensitive.

jov)

Some programming language implementations calculate intermediate values inside expressipns
b a higher precision than is called for by eithertlie input variables or the result variable. Tlhis
extended intermediate precision” strategy has‘the following advantages:

—

a) The result value may be closer to the mathematically correct result than if “normal” precisjon
had been used.

b) The programmer is not bothered with explicitly calling for higher precision calculations
However, there are also some disadvantages:

a) Since the use of extended precision varies with implementation, programs become less
portable.

b) It is difficult toypredict the results of calculations and comparisons, even when all floating
point pararheters and rounding functions are known.

c¢) It is impossible to rely on techniques that depend on the number of digits in working pr¢ci-
sion{

d), Programmers lose the advantage of extra precision if they cannot reliably store parts df a
long, complicated expression in a temporary variable at the higher precision.

e) Programmers cannot exercise precise control when needed.

f) Programmers cannot trade off accuracy against performance.

Assuming that a programming language designer or implementor wants to provide extended
intermediate precision in a way consistent with the LIA-1, how can it be done? Implementations
must follow the following rules detailed in clause
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a) Each floating point type, even those that are only used in extended intermediate precision
calculations, must be documented.

b) The translation of expressions into LIA-1 operations must be documented. This includes

any implicit conversions to or from extended precision types occurring inside expressions.

This documentation allows programmers to predict what each implementation will do. To the
extent that a programming language standard constrains what implementations can do in this
area, the programmer will be able to make predictions across all implementations. In addition,
the implementation should also provide the user some explicit controls (perhaps with compiler

dir

C.

LIA-1 covers conversions from an integer type to another integer type and to a(floating poir
type, as well as between floating point types. These conversions are often between-two datatypd
comforming to this document. But, unlike for other operations, the source or target datatype fd
a gonversion may be a datatype that does not conform to LIA. An examplée ‘of such a conversion
ard conversions to and from strings. Indeed it is common for stringformats to include fixed
po
spécifically due to the fixed-point string formats.

nu

an
us¢ different notation for the decimal separator character (like period, comma, Arabic comm

th

if fhe target is a character string of at most 3 digits, and the target radix is 10, then an integd
source value of 1000 will result in an overflow. As for other operations, if the notification handling
is by recording in-indicators, a suitable continuation value must be used.

strings, usually for a decimal representation.

is
co

82

—0.00 - 104" are among the possible representations. 4+00‘ean, for instance, be represented b
strings like “+00”, “oco

Thiai digits. String formats for numericél values, and if and how they may depend on preferend
setftings, is also an issue for bindings\or programming language specifications, not for this part
LIA.

e Vil | 1 1 e n " 1.1 Vil B L | FikL] - | - L . —
CUIVES O OuIICl deClal atlOILs ) 1O PIEVCIll O €llaDIC LIS SHCIIL - WIACHIIE O PIECLS1011.

5.3 Operations for conversion between numeric datatypes

»n = »n

nt formats. LIA-1 does not cover fixed-point datatypes otherwise(but does so for conversions,

String formats also need to cover special values. For —0, strifngs like “—0”, “—0.0”, “—0.00e—4],

=

b

, “+infinity”, or “positiva oandlighéten”. In ordinary string formats fq
merals, the string “Hello world!” is an example of a*signalling NaN.

—

LIA-1 does not specify any string formats, nef.'even for the special values —0, 400, —oq
1 quiet NaN. The strings used may dependten preference settings. For instance, one ma

< <

use superscript digits for exponents in scientific notation, or use Arabic digits or traditions

— D — -

If the value converted is greater than those representable in the target datatype, or less tha
se representable in the farget datatype, even after rounding, then an overflow will result. E.g},

=

—

Most language standards contain (partial) format specifications for conversion to and frop

LIA-Drequires, like C [15], that all floating point conversion operations be such that the errd
vtcmost 0.5 ulp. This is now also required by IEC 60559 (IEEE 754) for the round-to-neare

= =

VCISIONS:
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C.5.4 Numerals as operations in a programming language
C.5.4.1 Numerals for integer datatypes

Negative values (except minint; if minint; = —maxint; — 1) can be obtained by using the
negation operation (negy).

Integer numerals in radix 10 are normally available in programming languages. Other radices
may also be available for integer numerals, and the radix used may be part of determining the
target integer datatype. E.g., radix 10 may be for signed integer datatypes, and radix 8 or 16 may
He for unsigned mteger datatypes.

Syntaxes for numerals for different integer datatypes need not be different, nor needcthey|be
he same. This part does not further specify the format for integer numerals. That is_an|issue |for

T

indings.

Overflow for integer numerals can be detected at “compile time”, and warnedyabout. Likewise
hn notifications about invalid, e.g. for infinitary or NaN numerals that canuoet be converted| to
he target type, be detected at “compile time” and be warned about.

o O

(.5.4.2 Numerals for floating point datatypes

[ the numerals used as operations in a program, and numeralS-read from other sources use the
hime radix, then “internal” numerals and “external” numerals (strings) denoting the same value
h R and converted to the same target datatype should be converted to the same value. Indeed,
he requirement on such conversions to round to nearest implies this.

—+ =

Negative values (including negative 0, —0, if ayaliable) can be obtained by using the negatjon
peration (negr).

(@)

Radices other than 10 may also be available for floating point numerals.

Integer numerals may also be floating(point numerals, i.e. their syntaxes need not be differdnt.
[or need syntaxes for numerals for different floating point datatypes be different, nor need they
e the same. This part does not spegify the syntax for numerals. That is an issue for bindingq or
rogramming language specifications.

o =2

=

Overflow or underflow feox*floating point numerals can be detected at “compile time”, gnd
rarned about. Likewise(cail notifications about infinitary or invalid, e.g. for infinitary or NaN
umerals that cannot bhe converted to the target type, be detected at “compile time” and|be
rarned about.

< 28 <

(.6 Notification

The essential goal of the notification process is that it should be possible for a program (efficierftly
d’at reasonable convenience to the programmer) to find out about relevant problems that hfve

L CO WO ONVAIALINO A =0l O SRR ATAL a CasOHs ol clHclelc LA HOoL DO DOss1HI0 1O tle
the reported problems to individual values, just a set of values. However, it must be possible to
determine which set of values the reported problems are in relation to.

Given these notifications, a program can take action to recompute the result (using higher
precision, or some other way of trying to avoid the problem), or report the problem to the user of

the program in some suitable way.
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C.6.1 Model handling of notifications

In the mathematical framework of LIA, every value is accompanied by a set of exceptional values,

or

actually, set of indicators. And in a floating point processor pipeline, this is often the actual

case as well. At a higher level, it is usually not very efficient to let every value be individually
accompanied by a set of indicators.

C.6.2 Notification alternatives

LI
lan
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for]
red

pr
floy

res

del

Wr

thd
thd

C.

Thfis alternative gives a programmer:the primitives needed to obtain exception handling capabi

itig
im
mi
tes

SO

fla,

-1 provides a choice of notification mechanisms to fit the requirements of various programmin|
guages. The first alternative (recording in indicators) provides a standard notification handlinl
chanism for all programming languages. The second alternative (alteration of contfolflow
entially says “if a programming language already provides an exception handling mechanist
some kinds of notification, it may be used for some of the arithmetic notifications too”. Th
ording in indicators mechanism must be provided, and should be the defaultchandling.

D = ~—09 0%

The third alternative (termination of program with message) is provided for use when th
grammer has not (yet) programmed any exception handling code for fhe alteration of contr
v alternative. It should be noted that this may terminate just an(affected thread, while th
t of the program may continue.

D =~ @

[

Implementations are encouraged to provide additional mechanisms which would be useful fa
ugging. For example, pausing and dropping into a debugger, or continuing execution whil
ting to a log file.

@

In order to provide the full advantage of these notification capabilities, information describin
nature of the reason for the notification should Ii¢, complete and available as close in time tp
occurrence of the violation as possible.

']

p.2.1 Notification by recording in~indicators

-

s in cases where the programming language does not provide such a mechanism directly. A
blementation of this alternative for notification should not need extensions to most prograni
hg languages. The statug of the indicators is maintained by the system. The operations fg
ting and manipulating the indicators can be implemented as a library of callable routines.

—

=

This alternative can;-be implemented on any system with an “interrupt” capability, and o
he without suchGncapability.

This alternafive’ can be implemented on an IEEE system by making use of the required staty

wn

84

bs. The mapping between the IEEE status flags and the LIA-1 indicators is as follows:
IEEE flag LIA notification (can be recorded in indicator)

invalid invalid

overflow overflow

underflow underflow

division by zero | infinitary

inexact inexact

(no counterpart) | absolute_precision_underflow (LIA-2 and LIA-3)

Rationale
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Non-IEEE implementations are unlikely to detect inexactness of floating point results.

For a zero divisor, IEEE specifies an invalid exception if the dividend is zero, and a division
by zero (infinitary in LIA) otherwise. Note that the continuation value also varies. Other ar-
chitectures are not necessarily capable of making this distinction. In order to provide a reasonable
mapping for an exception associated with a zero divisor, LIA allows that a binding may map both
notification types to the same actual notification, like invalid.

Different notification types need not be handled the same. E.g. inexact and underflow should
be handled by recording in indicators, or even be ignored if a binding so specifies, regardless of

Faeid other notifications are ]nonr‘”od

A program should check the set of indicators and handle indicators that are set in an appropriate
ray. Most programs are likely to ignore if the indicator for inexact is set, but other dndicatprs
hould be dealt with by either recalculation in a different way, or by indicating the problem| to
he user in a suitable way, like an error message. For some computations it may.be appropripte
b ignore even notifications about invalid, for instance when using max/min opetations that skip
alNs.

The mechanism of recording in indicators is general enough to be apphed to a broad rangg of
ghenomena by simply extending the value set E to include indicators for\other types of conditigns.
However, in order to maintain portability across implementations, such extensions should be made
ih conformity with other standards, such as language standards.

=

Notification indicators may be a form of thread global 4ariable, but can be more local (but
ot more global). A single thread of computation must Qave at least one set of these indicatprs
cal to the thread, not interfering with other threads. However, care should be taken in designjng
ystems with multiple threads or “interrupts” so that

n_= =

a) logically asynchronous computations do notiinterfere with each other’s indicators, and

b) notifications do not get lost when thredds are rejoined (unless the whole computation of fhe
thread is ignored) or data exchanged between threads.

Similarly, any kind of evaluation “miodes”, like rounding mode, or notification handling “modps”
hay be thread global modes, but-€an be more local (e.g. static per operation), but never mpre
lobal. So the mode settings and-changes in different threads do not interfere. The modes njay
e inherited from the logicat.parent of a thread, or be default if there is no logical parent to the
hread. Note that LIA does not use a rounding mode model, different roundings have differpnt
perations. IEEE 754-has a partial rounding mode model, some operations are sensitive to the
bt rounding mode, Gliile for other operations the rounding is fixed for the operation (as in LIA).

n_O o 0o =

The details onshéw to do this is part of the design of the programming language, threads syst4m,
r hardware, @hd is not within the scope of LIA-1. Still, these details should be documented ih a
inding.

o O

(€.6.2.2 Notification by alteration of control flow

This alternative requires the programmer to provide application specific code which decides
whether the computation should proceed, and if so how it should proceed. This alternative places
the responsibility for the decision to proceed with the programmer who is presumed to have the
best understanding of the needs of the application.
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Ada and PL/I are examples of standard languages which include syntax that allows the pro-
grammer to describe this type of alteration of control flow.

Note, however, that a programmer may not have provided code for all trouble-spots in the
program. This implies that program termination (or thread termination) must be an available
alternative.

Designers of programming languages and binding standards should keep in mind the basic
principle that a program should not be allowed to take significant irreversible action (for example,
printing out apparently accurate results, or even terminating “normally”) based on erroneous

ithmeti tati
arl INolle nnmpu a 1(\Y\Q.

C.p.2.3 Notification by termination with message

Thfis alternative results in the termination of the program following a notification.It\is intended
mdinly for use when a programmer has failed to exploit one of the other alternatives provided.

C.p.3 Delays in notification

M4dny modern floating point implementations are pipelined, or otherwise execute instructions
in [parallel. This can lead to an apparent delay in reporting viglations, since an overflow in fa
mltiply operation might be detected after a subsequent, but,faster, add operation completes.
Thie provisions for delayed notification are designed to accothmodate these implementations.

[Parallel implementations may also not be able to distihguish a single overflow from two or morfe

“almost simultaneous” overflows. Hence, some merging\of notifications is permitted.

Imprecise interrupts (where the offending instriction cannot be identified) can be accommd-
dated as notification delays. Such interrupts may*also result in not being able to report the kin
of yiolation that occurred, or to report the order in which two or more violations occurred.

[om

In general the longer the notification isidelayed the greater the risk to the continued executiop
of the program.

C.p.4 User selection of alternative for notification

On some machine architectures, the notification alternative selected may influence code generation.
In particular, the optimal code that can be generated for change of control flow ((6.2.2) may diffq
subpstantially from the.optimal code for recording in indicators . Because of this, it is unwig
for|a language orsinding standard to require the ability to switch between notification alternativd
duting execution.” Compile time selection should be sufficient.

»n O =

An implementation can provide separate selection for each kind of notification (overflow,
underflow, etc).

[f-8 system had a mode of operation in which exceptions were totally ignored, then for this
mode, the system would not conform to ISO/IEC 10967. However, modes of operation that
ignore exceptions may have some uses, particularly if they are otherwise LIA-1 conforming. For
example, a user may find it desirable to verify and debug a program’s behaviour in a fully LIA-1
conforming mode (exception checking on), and then run the resulting “trusted” program with
exception checking off.
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In any case, it is essential for an implementation to provide documentation on how to select
among the various LIA-1 conforming notification alternatives provided.

C.7 Relationship with language standards

Language standards vary in the degree to which the underlying datatypes are specified. For
example, Pascal [25] merely gives the largest integer value (maxintr), while Ada [11] gives a
large number of attributes of the underlying integer and floating point types. LIA-1 provides a
language independent framework for giving the same level of detail that Ada requires, specific to
al particular implementation.

LIA-1 gives the meaning of individual operations on numeric values of particular type. It dpes
ot specify the semantics of expressions, since expressions are sequences of operations which copild
e mapped into individual operations in more than one way. LIA-1 does require doCumentatjon

=

—~

f the range of possible mappings.

(@)

The essential requirement is to document the semantics of expressions well enough so that a rea-
bnable error analysis can be done. There is no requirement to document/the’specific optimisatjon
bchnology in use.

— U

An implementation might conform to the letter of LIA-1, butCstill violate its “spirit” — the
frinciples behind LIA-1 — by providing, for example, a sin function that returned values greater
than 1 or that was highly inaccurate for input values greatex’than one cycle. LIA-2 takes carg of
this particular example. Beyond this, implementors are en¢ouraged to provide numerical facilifies
that

a) are highly accurate,

)
b) obey useful identities like those in [C.5.2.0. 1 or |[C.5.2.8]
c)

notify the user whenever the mathem@tically correct result would be out of range, not
accurately representable, or undefined,

d) are defined on as wide a rangecof input values as is consistent with the three items abovg.

LIA-1 does not cover programumiing language issues such as type errors or the effects of unjni-
alised variables. Implementérs ‘are encouraged to catch such errors — at compile time wheneyer
fossible, at run time if nécessary. Uncaught programming errors of this kind can produce the
ery unpredictable and false results that this standard was designed to avoid.

-

<

A list of the inforfgtion that every implementation of LIA-1 must document is given in claus¢[8]
ome of this infofmation, like the value of emaxp for a particular programming language floatjng
oint type, mayvary from implementation to implementation. However, due to the succesy of
FEE 754, this will be much less of an issue. Other information, like the syntax for accessjng
he valueof emaxp, should be the same for all implementations of a particular programmjng
inguage: See annex [D| for information on how this might be done.

ot == D

To maximize the portability of programs, most of the information listed in clause [8] should|be
standardized for a given language — either by inclusion in the language standard itself, or by a
language specific binding standard.

To further promote portability, the numeric datatype parameters should be standardised per
programming language and datatype.
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The allowed translations of expressions into combinations of LIA operations should allow rea-
sonable flexibility for compiler optimisation. The programming language standard must determine
what is reasonable. In particular, languages intended for the careful expression of numeric algo-
rithms are urged to provide ways for programmers to control order of evaluation and intermediate
precision within expressions. Note that programmers may wish to distinguish between such “con-
trolled” evaluation of some expressions and “don’t care” evaluation of others.

Developers of language standards or binding standards may find it convenient to reference LIA-
1. For example, the specification method and the helper functions may prove useful in defining
additional arithmetic operations.

C.8 Documentation requirements

To[make good use of an implementation of this standard, programmers need to krnow not onl
thgt the implementation conforms, but how the implementation conforms. Clause [§ requird
implementations to document the binding between LIA-1 types and operations and the tot4
arithmetic environment provided by the implementation.

»n <

—_—

An example conformity statement (for a Fortran implementation) ig givén in annex

[t is expected that an implementation will meet part of its docwmentation requirements bjy
indorporation of the relevant language standard. However, there will be aspects of the implemer]
tatfion that the language standard does not specify in the requited detail, and the implementatio
ne¢ds to document those details. For example, the language standard may specify a range
allpwed parameter values, but the implementation mustidocument the value actually used. Th
combination of the language standard and the implemlentation documentation together shoul
mdet all the requirements in clause

= D m P |

=)

Most of the documentation required can be ptovided easily. The only difficulties might be i
defining helper functions like add}, (for partially’ conforming implementations, see annex , ori
spécifying the translation of arithmetic expressions into combinations of LIA-1 operations.

-

Compilers often “optimise” code as\part of the compilation process. Popular optimisations
indlude moving code to less frequently executed spots, eliminating common subexpressions, anfd
reduction in strength (replacing expensive operations with cheaper ones).

Compilers are always freetoalter code in ways that preserve the semantics (the values computef
angl the notifications generfated). However, when a code transformation may change the semantids
of pn expression, this must be documented by listing the alternative combinations of operations
thqt might be generated. (There is no need to include semantically equivalent alternatives in this
lisl.) This includésyevaluations that are done at compile time instead of at runtime. For instande
evdluating quoby(minint;, —1) at compile time (as a constant expression) may yield an overfloy
whiich might ot be visible at runtime (having replaced the expression with the continuation value
algne, notitriggering the overflow notification at runtime), if this expression is allowed to compile
at pll:
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Annex D
(informative)

Example bindings for specific languages

This annex describes how a computing system can simultaneously conform to a language stan-
dard and to LIA-1. It contains suggestions for binding the “abstract” operations specified in
[[fA=Tto concrete Tanguage SyItax.

Portability of programs can be improved if two conforming LIA-1 systems using the\same
inguage agree in the manner with which they adhere to LIA-1. For instance, LIA-1 requailllzs
hat the derived constant epsilong be provided, but if one system provides it by, méans of the
lentifier EPS and another by the identifier EPSILON, portability is impaired. Clearly, it would|be
est if such names were defined in the relevant language standards or binding standards, but] in
he meantime, suggestions are given here to aid portability.

—+ ¥ =t =

The following clauses are suggestions rather than requirements becaue the areas covered pre
he responsibility of the various language standards committees. Uitil'binding standards arq in
lace, implementors can promote “de facto” portability by following these suggestions on their
qwn.

=

The languages covered in this annex are

Ada

C

C++

Fortran
Common Lisp

=

'his list is not exhaustive. Other languages and other computing devices (like ‘scientific’ ¢al-
ulators, ‘web script’ languages, and database ‘query languages’) are suitable for conformity| to
IA-1.

In this annex, the datatypes, parameters, constants, operations, and exception behaviour of
hch language are examined«t@'see how closely they fit the requirements of LIA-1. Where pargm-
ters, constants, or operatiens are not provided by the language, names and syntax are suggested.
Already provided symtaX is marked with a x.) Substantial additional suggestions to langujge
evelopers are presénted in but a few general suggestions are reiterated below.

@)

=

o~ O O

This annex deseribes only the language-level support for LIA-1. An implementation that wishes
b conform niust’ensure that the underlying hardware and software is also configured to confdrm
b LIA-1 requirements.

A cemplete binding for LIA-1 will include a binding for IEC 60559. Such a joint LIA-1/IEC 6(559
Hinding should be developed as a single binding standard. To avoid conflict with ongoing deyel-

pment onlvy TIA-1 Qppniﬁp pnannQ of such a binding are I\rﬂcpnﬂ:ﬂ in this annex
(=]

+

Most language standards permit an implementation to provide, by some means, the parameters,
constants and operations required by LIA-1 that are not already part of the language. The
method for accessing these additional constants and operations depends on the implementation
and language, and is not specified in LIA-1. It could include external subroutine libraries; new
intrinsic functions supported by the compiler; constants and functions provided as global “macros”;
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and so on. The actual method of access through libraries, macros, etc. should of course be given
in a real binding.

A few parameters are completely determined by the language definition, e.g. whether the integer
type is bounded. Such parameters have the same value in every implementation of the language,
and therefore need not be provided as a run-time parameter.

During the development of standard language bindings, each language community should take
care to minimise the impact of any newly introduced names on existing programs. Techniques such

as “modules” or name prefixing may be suitable depending on the conventions of that language
Cco mnn;f}

LIA-1 treats only single operations on operands of a single datatype (in some cases with/ja
different target type), but nearly all computational languages permit expressions thatcgontaip
multiple operations involving operands of mixed types. The rules of the language specify hoyw
thg operations and operands in an expression are mapped into the primitive operations describefd
by[LIA-1. In principle, the mapping could be completely specified in the language standard.
However, the translator often has the freedom to depart from this precise specifieation: to reorddr
computations, widen datatypes, short-circuit evaluations, and perform opher’ optimisations thdt
yidld “mathematically equivalent” results but remove the computation evernfurther from the imag
prgsented by the programmer.

@

'We suggest that each language standard committee require implémentations to provide a mearls
for[ the user to control, in a portable way, the order of evaluation of arithmetic expressions.

Some numerical analysts assert that user control of the greeision of intermediate computation
is ¢lesirable. We suggest that language standard committee consider requirements which woul
mgke such user control available in a portable way. (See(C.5.2.10})

Most language standards do not constrain the aceuracy of floating point operations, or specify
thq subsequent behaviour after a serious arithmetic violation occurs.

»n

[on

0

'We suggest that each language standard®committee require that the arithmetic operation
prévided in the language satisfy LIA-1 requirements for accuracy and notification.

We also suggest that each language’/standard committee define a way of handling exception
within the language, e.g. to allow the user to control the form of notification, and possibly to “fi
up| the error and continue execution. The binding of the exception handling within the languag]
symtax must also be specified.

D K »n

In the event that there.is a conflict between the requirements of the language standard an{d
th¢ requirements of LIA-1, the language binding standard should clearly identify the conflict anfd
stafte its resolution‘sf the conflict.

DJ1 Ada

The ptogramming language Ada is defined by ISO/IEC 8652:1995, Information Technology |-
Prpgramming Languages — Ada [11].

An implementation should follow all the requirements of LIA-1 unless otherwise specified by
this (example, and partial) language binding.

The operations or parameters marked “” are not part of the language standard and must
be provided by an implementation that wishes to conform to LIA-1. For each of the marked
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items a suggested identifier is provided. The additional facilities can be provided by means of an
additional package, denoted by LIA.

The Ada datatype Boolean corresponds to the LIA-1 datatype Boolean.

Ada has a predefined signed integer type named Integer. It is a bounded integer type. Ada also
has a predefined type Natural, which is an unsigned type with the same upper limit as Integer.
Natural is a non-modulo (see below) datatype. A programmer can declare other subtypes of
root_integer (an “anonymous” integer type). Those declared as “modulo” go from zero to a given
upper limit. They can conform to LIA—l integer datatypes in the value set. However, all arithmetic

bowrapy, and mul_wrap; of LIA-2). Non-modulo integer subtypes may be signed. But they
eed not fulfill the requirements of LIA-1 on the minimum and maximum value. NITlere may
e other predefined signed integer types: Short_Integer, Long Integer, Short_Short_Integpr,
ong Long Integer, etc. The notation INT is used to stand for the name ofCany one of these
atatypes in what follows.

o .= o =5 »w = O

Ada exceptions do not distinguish between infinitary, overflow, and invalid, and the excgp-
tlon Constraint Error is used by default for all three of these notifications. Integer operatipns
that, for a non-modulo integer target type, mathematically resultzin“a value outside the range
[fnin, maz], i.e. results in an overflow notification, are required. to raise the Constraint _Erfor
eixception.

The LIA-1 parameters for an integer datatype can be,accessed by the following syntax:
maxinty INT 'Last *
mininty INT 'First *

The parameter bounded; is always true, and the parameter hasinf; is always false, and they
rleed therefore not be provided to programs asihamed parameters. The parameter modulo; (see
annex is always false for non-modulo integer datatypes, and always true for modulo integer
atatypes (declared via the modulo keywiord), and need not be provided for programs as a nanhed
Harameter.

The LIA-1 integer operations (are listed below, along with the syntax used to invoke them:

eqr(z,9) z =y .
neqr(z,y) z /=y *
Issr(x,y) x <y *
legr(z,y) T <=y *
gtri(z,y) T >y *
geqr(, y) T >=y *
negp() -x * (if modulo|=
addy(z,y) x +y * (if modulo;|=
add_wrapy(x,y) T +y * (1f modulol =
sebr{z) Y {iEmodutor =
sub_wrapr(z,y) T -y * (if modulor =
mul(z,y) x kY * (if modulo; =
mul wrapr(z,y) x ok y * (if moduloy =
absy(z) abs = *
signumy(x) Signum(z) T
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quot(x,y) Quotient (z, ¥) T
modr(x,y) x mod y

where x and y are expressions of type INT.

An implementation that wishes to conform to LIA-1 must provide all the LIA-1 integer oper-
ations for all the integer datatypes for which LIA-1 conformity is claimed.

Ada has a predefined floating point datatype named Float. There may be other predefined
floating point types: Short_Float, Long Float, Short_Short_Float, Long Long Float, etc. The
nofation £ LT are used to stand for the name of aily one of these datatypes il whiat 1011ows.

Ada exceptions do not distinguish between infinitary, overflow, and invalid, and the exeep
tion Constraint _Error is used by default for infinitary and invalid. If F'LT’Machine Overfloys
is true, then floating point operations that mathematically result in a value outside,the rangle
[mfn, mazx] (where min is, if conforming to LIA-1, the negative of maz), i.e. resultsiran overfloy
notification, are required to raising the Constraint_Error exception. If F'LT’Maéhine Overflows
is false, no exception is raised for overflow (but the notification should be-recorded in an ind}-
caflor).

The LIA-1 parameters and derived constants for a floating point ddtatype can be accessed by
the following syntax:

TR FLT'Machine_Radix *

Pr FLT'Machine Mantissa *

emax g F LT 'Machine_Emax *

eming FLT'Machine_Emin *

denormp F LT 'Denorm *

tec_60559p FLT'IEC60559 T

hasnegzerop FLT'Signed Zeroes * (not LIA-1)
fmazp FLT'Safe Last *

—fmaz FLI*Safe First *

fminNp LT 'Model _Small *

fming FLT'Model Smallest T

epsilonp F LT 'Model Epsilon *

rnd_errorp FLT'Rnd Error T (partial conf.
rnd_styler FLT'Rnd_Style T (partial conf.

=

The value returned-by FLT'Rnd _Style are from the enumeration type Rnd_Styles. Eac
enquneration litexalycorresponds as follows to an LIA-1 rounding style value:

nearesttiestoeven NearestTiesToEven 1
nearest Nearest 1
truncate Truncate 1
other Other 1

As currently written, Ada formally only allows truncate and nearest-with-ties-away (which 1s
given by FLT'Rounds), not nearest-ties-to-even. This is not fully conforming to LIA-1, only
partially conforming. Note, however, that nearest-with-ties-away is not readily available for IEEE
754 (IEC 60559) binary floating point datatypes.
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There is no standard way of setting rounding mode (as per IEEE 754) in Ada. Note also that
LIA recommends using separate operations for separate roundings, rather than using dynamic
rounding modes. Separate operations are in this case more reliable and less error prone.

The LIA-1 floating point operations are listed below, along with the syntax used to invoke

them:
eqr(z,y) T =y *
neqr(z,y) x /=y *
Issp(z,y) x <y *
lon (e a1 o I A— Y] e
11 \W7<‘/ - o
gtre(z,y) T >y *
geqr(z,y) T >=y *
isnegzerop(x) isNegZero(x) T
istinyp(x) isTiny () i)
isnang(x) isNaN(x) T
isnanp(x) x /= x *
issignanp(z) isSigNaN(x) T
negr(x) -x *
addp_pr(x,y) r+y *
add%—)F’<m7y) T +> Yy T
addy,_, (2, y) T <+ y T
subp_p (2, y) -y *
sub%%F,(a:,y) T =>y f
subl,_ (2, y) T <=y ]
mulp—,p (2,y) T *y *
mul}%F/(x,y) T *> T
U p(,y) < i
muly g (2,y x Yy
divp_pr(2,y) €O/ y *
dzv;_)F,(w,y) x />y T
div%—)F’(‘Tvy) z </ Y T
absp(x) abs *
signump(z) Signum(x) T
residuer(x,y) FLT 'Remainder(z, y) *
sartyyp () Sqrt () x
sqrtF%F,(x) SqrtUp (x) T
sqrtF%F,(x) SqrtDwn (x) T
éxponentp_,1(x) F LT 'Exponent () * (dev.: 0 if 4¢p(z,0))
fraction p(x) FLT'Fraction(x) *
SCaler (T, 1) FLTScaling(z, 1) %
succp(x) FLT'Adjacent(z, FLT'Safe Last) * (dev. at fmazp)
predp(x) FLT'Adjacent(x, FLT'Safe First) * (dev. at —fmaz )
ulpp(x) FLT'Unit_Last_Place(x) T
intpartp(z) FLT'Truncation(x) *
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x - FLT'Truncation(x) *
FLT'Leading Part(z, n) * (invalid for n < 0)
FLT'Round Places(z, n) T

fractpart ()

truncgr(z,n)

roundp (z,n)
where = and y are expressions of type F'LT and n is an expression of type INT.

An implementation that wishes to conform to LIA-1 must provide the LIA-1 floating point
operations for all the floating point datatypes for which LIA-1 conformity is claimed.

Arithmetic value conversions in Ada are always explicit and usually use the destination datatype
name as the name of the conversion function, except when converting to/from string formats.

94

converty_,p(x) INT2(x) *
convertyn_y(s) Get(s, n, w); *
convertpr _r(f) Get(f?, n, w?); *
converty_(x) Put(s, z, base?); *
converty i (x) Put(h?, =, w?, base?); *
floorp_ 1 (y) INT(FLT'Floor(y)) *
roundingr—1(y) INT(FLT'Unbiased Rounding(y)) *
ceilingp—1(y) INT(FLT'Ceiling(y)) *
convertr_p(x) FLT(x) *
com}ert}_}F(a:) FLT'Up(x) T
convert%ﬁF(a:) FLT'Dun(z) T
convertp_, g (y) FLT2(y) *
convert}%p(z) FLT2'Up(x) T
convertﬁﬁp, (z) FLT2'Dun (2 T
convertpn_,p(s) Get (s, nyw?); *
convert},,_)F(s) GetUp(d, n, w?); 1
converty, _, p(s) GetDwn (s, n, w?); T
convertpr_p(f) Get(f?, n, w?); *
convert},,ﬁF(f) GetUp(f?, n, w?); T
converty,_, p(f) GetDwn(f?, n, w?); T
convertp_, i (y) Put (s, y,Aft=>a?,Exp=>e7?); *
convert}%F,,(y) PutUp(s, y,Aft=>a?,Exp=>e?); T
convertﬁﬁp,, () PutDwn(s, y,Aft=>a?,Exp=>e?); T
convertp_f/7) Put(h?, y,Fore=>i?,Aft=>a?,Exp=>e?); *
convert}_)F,,(y) PutUp(h?, y,Fore=>i?,Aft=>a?,Exp=>e?);{
convert%HF/,(y) PutDwn(h?, y,Fore=>i?,Aft=>a7,Exp=>¢e7) ;
convertp_,p(2) FLT(z) *
u}lwclég_ﬂy(ub) FEFHptT) i
convert%ﬁF(a:) FLT'Dun(z) T
convertpr_p(s) Get(s, n, w?); *
convertg,_m(s) GetUp(s, n, w?); T
converty, ., (s) GetDwn(s, n, w?); 1

( *

convertp g (f)

Get(f?, n, w?);
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convertD,HF(f) GetUp(f?, n, w?); T
convertD,HF(f) GetDwn(f?, n, w?); T
convertp_,p(y) FXD(y) *
convert;_m@) FXD'Up(z) T
convert?_ﬂj(:ﬂ) FXD'Dwn(x) T
COn'UeT'tF_)D/(y) Put(s, y,Aft=>a?,Exp=>0); *
com)ertF_)D,(y) PutUp(s, y,Aft=>a?,Exp=>0); ]
f’nrmmrfiﬁ (21) PntDun (s y Aft=>q7 F'YP=>O)' '!'
convertpﬁD/(y) Put(h?, y,Fore=>i?,Aft=>a?,Exp=>0); *
(y)

convertp_m, Y PutUp(h?, y,Fore=>i?,Aft=>a7,Exp=>0); |
convertfp_)D,(y) PutDwn(h?, y,Fore=>i?,Aft=>a7,Exp=>0);f

where x is an expression of type INT, y is an expression of type FLT, and z is an expression of type
XD, where FXD is a fixed point type. INT2is the integer datatype that corresponds to I'. FI\T2
i$ the floating point datatype that corresponds to F’. A 7 above indicates.that the parametef is
gptional. f is an opened input text file (default is the default input file), ‘& is an opened output
tpxt file (default is the default output file). s is of type String or Widé String. For Get df a
floating point or fixed point numeral, the base is indicated in the aumeral (default 10). For Rut
df a floating point or fixed point numeral, only base 10 is requited to be supported. For details
an Get and Put, see clause A.10.8 Input-Output for Integer Pypes, A.10.9 Input-Output for Rleal
Types, and A.11 Wide Text Input-Output, of ISO/IEC 8652:1995. base, n, w, i, a, and e phre
expressions for non-negative integers. e is greater than.0.%base is greater than 1.

Ada provides non-negative numerals for all its integer and floating point types. The defgult
Hase is 10, but any base from 2 to 16 can be used for a numeral. There is no differentiatjon
Hetween the numerals for different floating point types, nor between numerals for different integer
types, but integer numerals (without a poinf)s cannot be used for floating point types, and ‘r¢al’
rlumerals (with a point) cannot be used for integer types. Integer numerals can have an expongnt
gart though. Integer numerals are of the “anonymous” type universal_integer, and real numerals
are of the “anonymous” type universal_real. The details are not repeated in this example bindipg,
pe ISO/TEC 8652:1995, clause 2:4/Numeric Literals, clause 3.5.4 Integer Types, and clause 3.5.6
eal Types.

L EIRO2]

The Ada standard dogs\not specify any numerals for infinities and NaNs. The following syntax
suggested:

e

400 FLT'Infinity ]
qNaN FLT'NaN ]
sNalN FLT'NaNSignalling T

as well ag(string formats for reading and writing these values as character strings.

Ad@rhas a notion of ‘exception’ that implies a non-returnable, but catchable, change of contlrol
flow., “Ada uses its exception mechanism as its default means of notification for overflow, jn-

fimtary—amd-imvatid—Ada uses—theexceptiomr Constraimt—Errorforinfinitaryamdt-overflow
notifications, and the exceptions Numerics.Argument Error, I0_Exceptions.Data Error, and
I0_Exceptions.End Error for invalid notifications. inexact and underflow does not cause any
exception in Ada, and the continuation value is used directly, since an Ada exception is inap-
propriate for these notifications. However, for LIA conformity, numeric notifications that do not
cause Ada exceptions must be recorded in indicators per Ada task.
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An implementation that wishes to follow LIA must provide recording in indicators as an alter-
native means of handling numeric notifications also for the notifications where the Ada standard
requires alternation of control flow (Ada exceptions). (See[6.2.1]) Recording of indicators is the
LIA preferred means of handling numeric notifications. In this suggested binding non-negative
integer values in the datatype Natural, are used to represent values in Ind. The datatype Ind is
identified with the datatype Natural. The values representing individual indicators are distinct
non-negative powers of two. Indicators can be accessed by the following syntax:

inexact lia_inexact 1
underflow lia undeflow T
overflow lia overflow 1
infinitary lia infinitary T
invalid lia invalid 1
absolute_precision_underflow
lia_density_too_sparse ~(DIA-2, -3)

union of all indicators lia_all_indicators 0

—_—

Thie empty set can be denoted by 0. Other indicator subsets can be named by{combining individu4
indicators using bit-wise or, or just addition, or by subtracting from 1iaxal1_indicators.

The indicator interrogation and manipulation operations are listedelow, along with the synta
us¢d to invoke them:

5

clear_indicators(C, S) Clear Indicators(S) T
set_indicators(C, S) Set_Indicators(S) T
current_indicators(C') Current_Indicatorsy) T
test_indicators(C, S) Test_Indicators (I8 T

whiere S is an expression compatible with the datatype Natural. C is the Ada task the call tp
th¢ Ada function is made in.

It is vital that indicators are managed separately for separate Ada tasks (as required by LIA).
Likewise that dynamically set rounding modes (which LIA-1 does not recommend) are also marj
aged separately for separate tasks in such an environment.

—

In order not to lose notificatidn jindicators within an Ada program when the computatio
is {livided into several Ada tasks {(threads), any in-parameter for a rendezvous must set in th
ac¢epting task (when the cathis accepted) the indicators that are set in the caller, and any ouf
patameter will set in the daller (when the rendezvous finishes) the indicators that are then set ip
thq accepting task.

[CE=]

D2 C

The programming language C is defined by ISO/IEC 9899:1999, Information technology — Prq-
grgmming-languages — C [15]. Some additions relevant for LIA are made in the technical repont
ISOPAEC TR 24732:2009, Information technology — Programming languages, their environmengs

ot o oo gondtomto oo ot oo oo Fom +h o o0 saaaa o 1 P yARr) PRV
an SYSTET— 0 TR FETRTCTTGEES 7 CCS OOt

floating-point arithmetic [16].

aen e a0 o o set dongan l
CPpTrograntineeivty gyt — o 0 owp poTv aCCemvty

An implementation should follow all the requirements of LIA-1 unless otherwise specified by
this (example, and partial) language binding.

The operations or parameters marked “t” are not part of the language and must be provided
by an implementation that wishes to conform to LIA-1. For each of the marked items a suggested
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identifier is provided. An implementation that wishes to conform to LIA-1 must supply declara-
tions of these items in a header <1ial.h>. Integer valued parameters and derived constants can
be used in preprocessor expressions.

The LIA-1 datatype Boolean is implemented as the C datatype _bool or in the C datatype
int (false = 0 and any other value (usually 1) represents true).

C names several integer datatypes: (signed) int, (signed) long (int), (signed) long
long (int), unsigned (int), unsigned long (int), and unsigned long long (int). The
here parenthesised part(s) of a name may be omitted when using the name in programs. Signed

Tptecer - datatunes 1190 ¢ comnlomont for ronrocontation for neoaative valiioas Mho notation TN
1
S rer DS i ™ 3 g S v v S \{

i$ used to stand for the name of any one of these datatypes in what follows.

The conformity to LIA of short int and char (signed or unsigned), and similan *short”
iteger types are not relevant since values of these types are promoted to int (signed'or unsigmed
s appropriate) before arithmetic computations are done.

Q) e

However, the basic integer datatypes, listed above, have portability issues) “They may have
ifferent limits in different implementations. Therefore, the C standard-specifies a number] of
dditional integer datatypes, defined for programs in the headers <stddnt”h> and <stddef.h>.
imilar portable integer datatypes have been defined in portable libraries. They are aliased,|by
ypedefs, to the basic integer datatypes, but the aliases are madetn an implementation defimed
Fay. The description here is not complete, see the C standard orthe documentation for a portable
brary that implement these aliases. Some of the integer datatypes have a predetermined |bit
idth, and the intn_t and uintn_t, where n is the bit aidth expressed as a decimal numeral.
ome bit widths are required by the C standard. There.are also minimum width, fastest minimpim
ridth, and special purpose integer datatypes (like sizé-t). Finally there are the integer datatypes
ntmax_t and uintmax_t that are the largest proyidéd signed and unsigned integer datatypes

NOTES

1 The overflow behaviour for arithmeti¢\operations on signed integer datatypes is unspeci-
fied in the C standard. For the signed datatypes signed int, signed long int, signed
long long int, and similar types™(such as int64_t), for conformity with LIA the integer
operations must notify overflowyupon overflow, by default via recording in indicators.

WD < = < o p o QO

B <

2 The unsigned datatypes unsigned int, unsigned long int, unsigned long long int,
and similar types (such, as uint64_t), can partially conform if operations that properly
notify overflow are provided. The operations named +, (binary) -, and * are in the case of
the unsigned intdger types bound to add_wrapy, sub_wrapy, and mul_wrapy (specified in
LIA-2). For (ynmary) -, and integer / similar wrapping operations for negation and integer
division are ‘accessed. The latter operations are not specified by LIA.

3 For portability reasons, it is common to use the size specified integer datatypes (like
int32)tyetc. either the standard ones or such datatypes defined in portable libraries).

The LIA;1 parameters for an integer datatype can be accessed by the following syntax (thpse
1 the standard are in the header <limits.h>):

e

maxint T _MAX *
BT T MEN —for-stgred-ints)
moduloy T _MODULO T (for signed ints)

where T is INT for signed int, LONG for signed long int, LLONG for signed long long int,
UINT for unsigned int, ULONG for unsigned long int, and ULLONG for unsigned long long
int.
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For the bit size specified integer datatypes the limits are fixed and need not have explicit pa-
rameters accessible to programs. For other integer datatypes, such as size_t and int_least32_t,
a complete binding must list how to access their parameters in a portable manner.

The parameter hasinf ; is always false, and the parameter bounded; is always true for C integer
types, and need not be provided to programs as named parameters. The parameter mininty is
always 0 for the unsigned types, and need not provided for those types. The parameter moduloy
is always true for the unsigned types, and need not be provided for those types.

The LIA-1 integer operations are either operators, or macros declared in the header <stdlib.h>.

T mtecor operatione arae liatod bolauw alane with tho ountasvy nead o 1nvualke thom -
) P =aacac . W £V =Y g g

eqr(z,y) x ==y *

neqr(z,y) x =y *

Issp(z,y) T <y *

leq(x,y) T <=y *

gtri(z,y) x>y *

geqi(z,y) x >=y *

negr(x) -x * (if moduloy = false)
addr(x,y) T +y * (if modulor
add-wrapy(z,y) T +y * (if moduloy
suby(z,y) x -y * (if moduloy
subwrapr(z,y) T -y * (if modulor
mulr(x,y) T *y * (if modulor = false)
mul_wrapr(z,y) T *ky * (if modulor = true)
absy(zx) tabs () * (for signed infts)
signumy(x) tsgn(x) T (for signed ings)
quot;(z,y) tquot (z5\y) T

mody(x,y) tmod () y) 1

whiere x and y are expressions of typé_signed int, signed long int, signed long long int,
ungigned int, unsigned long int)or unsigned long long int, as appropriate, t is the emptly
strjng for int, 1 for long int, 11 for long long int, u for unsigned int, ul for unsigned long
int, and ull for unsigned (Tong long int. The size determined integer datatypes do not have
spécial prefixes, nor are thére type generic names for the operations that are not denoted by
op¢rators. This may beé.an issue for portability.

Note that C requires a “modulo” interpretation for the ordinary addition, subtraction, anfd
myltiplication eperations for unsigned integer datatypes in C (i.e. modulo; = true for ui
sighed integeridatatypes), and is thus only partially conforming to LIA-1 for the unsigned integg
datatypes.~oFor signed integer datatypes, the value of modulor is implementation defined. A
impleméntation that wishes to conform to LIA-1 must provide all the LIA-1 integer operation
for| atl.the integer datatypes for which LIA-1 conformity is claimed.

wn = =

C names three floating point datatypes: float, double, and long double. In implementations
supporting IEC 60559 (IEEE 754) these datatypes are in practice expected to be binary32,
binary64, and binary128, respectively.

ISO/TEC TR 24732:2009 [16] suggest adding the new floating point datatypes Decimal32,
Decimal64, and Decimall28. These are intended for the IEC 60559 (IEEE 754) datatypes
decimal32, decimal64, and decimall28, respectively. Note that decimal32 is specified as
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a storage format only in IEC 60559 (IEEE 754), while ISO/IEC TR 24732:2009 suggests doing
computation also directly with _Decimal32 values, not requiring (but allowing) conversion to a
wider decimal type.

The notation F'LT is used to stand for the name of any one of these datatypes in what follows.

The LIA-1 parameters and derived constants for a floating point datatype can be accessed by
the following syntax:

TR FLT_RADIX * (float, double)
D T _MANT_DIG *

eEmaxrxr T _MAX_EXP *

eming T _MIN_EXP *

denormp T _DENORM T

iec_60559p __STDC_IEC_559__ * (fleat, doyble)
fmax p T MAX *

fminNg T MIN *

fming T _DEN * (proposed)
epsilonp T _EPSILON *

rnd_errorp T _RND_ERR T (partial conf.)
rnd_stylep FLT_ROUNDS * (partial conf.)

<

here T is FLT for float, DBL for double, LDBL for long double,DEC32 for Decimal32, DEC64 [for
Decimal64, and DEC128 for Decimall28. The decimal type§are not yet part of the C standard,
1st proposed in a TR.

Note that FLT RADIX (header float.h) gives the radix for all of float, double, and l¢ng
ouble, not for the decimal datatypes. Also note that FLT_ROUNDS (header float.h) gives the
pbunding style for all of float, double, and long(double, not for the decimal datatypes.

e |

= Q)

The C standard specifies that the values of-the parameter FLT_ROUNDS are int values with the
fpllowing meaning in terms of the LIA-1 rounding styles.

truncate FLTXROUNDS =0 *
nearest FLT_ROUNDS =1 *
other FLT ROUNDS =2 *(towards positive infinity)
other FLT_ROUNDS =3 *(towards negative infinity)
nearesttiestoeven FLT_ROUNDS =14 T

The value returned from fegetround () (header fenv.h, and the names below are defined oply
if the rounding mode ean be dynamically controlled) is one of:

truncate FE_TOWARDZERO *
other FE_UPWARD *
other FE_DOWNWARD *
nearesttiestoeven FE_TONEAREST * (default)

nly‘the rounding mode FE_TONEAREST (with ties to even last digit) conforms to LIA. LIA recqm-
mends using separate operations for other roundings, rather than using dynamic rounding modes.
Separate operations are in this case more reliable and less error prone.

The LIA-1 floating point operations are bound either to operators, or to macros declared in the
header <math.h>. The operations are listed below, along with the syntax used to invoke them:

eqr(z,y) r ==y *
neqr(r,y) T =y *
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lssp(z,y) T <y *
legr(z,y) x <=y *
gtre(z,y) x>y *
geqr(x,y) T >=y *
isnegzerop(x) isNegZero (z) T
istinyp(x) isTiny (z) T
istinyp(x) -T MIN < z & x < T_MIN *
isnanp(x) isNaN(z) T
snanp(x) r = *
issignanp(x) isSigNaN(x) T
negr(x) - (%) no invalid rotification
addp_p (z,y) T +y *
add}HF,(x,y) T >y T}
add?HF,(x,y) T <+ y T
subp_pr(z,y) x -y *
sub}%F,(a:,y) x>y T
subp,_, (2, y) T <-y T
mulp_,pr (1, y) T oxy *
mully (1, ) T >y f
muly_ g (2,Y) T <*xy T
divp_pr(x,y) x /vy *
div}HF,(x,y) T />y T
divy_, p (2, y) r </ y T
absp(x) fabst(x) *
signump(x) fsgnt () T
residuer(z,y) remaindert(x, y) or remainder(x, y) *
SthF_>F/ () sqrtt(z) or sqrt(z) *
sqrtFHF,(x) sqrtUpt (x) T
sqrtFHF,(a:) sqrtDwnt () T
exponentp_,r(x) (int) (Logbt(z)) + 1 *, (or (long))
fractionp(x) fractt(z) T
scalep r(x,n) scalbnt(x, n) *
scalep (zam) scalblnt(z, m) *
succr(x) nexttowardt(x, INFINITY) *
pred () nexttowardt(x, -INFINITY) *
ulprl) ulpt (z) 1
intpartp(x) intpartt(z) T
Fractpart (x) frcpartt(x) 1
truncg (z,n) trunct(z, n) T

roundp (x,n)

roundt(x, n)

f

where x and y are expressions of type float, double, or long double, n is of type int, and m
is of type long int, t is £ for float, the empty string for double, 1 for long double, d64 for
_Decimal64, and d128 for Decimall28. The operations on values of decimal types are not yet
part of the C standard, just proposed in a TR.
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An implementation that wishes to conform to LIA-1 must provide the LIA-1 floating point
operations for all the floating point datatypes for which LIA-1 conformity is claimed.

Arithmetic value conversions in C can be explicit or implicit. The explicit arithmetic value
conversions are usually expressed as ‘casts’, except when converting to/from string formats. The
rules for when implicit conversions are applied is not repeated here, but work as if a cast had been
applied.

When converting to/from string formats, format strings are used. The format string is used as
a pattern for the string format generated or parsed. The description of format strings here is not

mp]nfﬂ Ploace See the C Sfonr:lovd for o Fu” Aaanv;pf;nn_

In the format strings % is used to indicate the start of a format pattern. After the %, optionglly
string field width (w below) may be given as a positive decimal integer numeral.

jov)

For the floating and fixed point format patterns, there may then optionally besa, > followed
y a positive integer numeral (d below) indicating the number of fractional digits in the stripg.
'he C operations below use HYPHEN-MINUS rather than MINUS (whichi ‘would have b¢en
ypographically better), and only digits that are in ASCII, independently of so-called locale. For
enerating or parsing other kinds of digits, say Arabic digits or Thai digits, another API mjst
e used, that is not standardised in C. For the floating and fixed peint formats, +0o0 may|be
ppresented as either inf or infinity, —oo may be represented as either —~inf or —~infinity, gnd
NalN may be represented as NaN; all independently of so-called\locale. For language dependgnt
bpresentations, or use of non-ASCII characters like oo, of these values another API must be used,
hat is not standardised in C.

R e S e ¢ M= W e

For the integer formats then follows an internal typeé-indicator. Not all C integer types have
hternal type indicators, in particular the portable size-fixed types do not have special type indica-
brs (which is an issue for portability). For ¢ below;hh indicates char, h indicates short int, fhe
mpty string indicates int, 1 (the letter 1) indicates long int, 11 (the letters ll) indicates 1gng
ong int, and j indicates intmax_t or uintmax_t. Two more of the ... _t integer datatypes have
rmatting letters: z indicates size_t and,t indicates ptrdiff _t in the format. Finally, there are
hdix and signedness format letters (r_bBelow): d for signed decimal string; o, u, x, X for ocfal,
ecimal, hexadecimal with small letters, and hexadecimal with capital letters, all unsigned. E}g.,
jd indicates decimal numeral string for intmax_t, %2hhx indicates hexadecimal numeral strjng
for unsigned char, with a ¢woe character field width, and %1u indicates decimal numeral string
r unsigned long int,

[T~ S e N i =

°

—h

For the floating point-formats instead follows another internal type indicator. Not all C fldat-
he point types haye standard internal type indicators for the format strings. For u below the
mpty string indicates double and L indicates long double; and there is a proposal to use H |for
Decimal32, Dfor Decimal64, and DD for Decimall28. Finally, there is a radix (for the strjng
de) formatletter: e or E for decimal, a or A for hexadecimal. E.g., %15.8LA indicates hexad¢ci-
hal floating point numeral string for long double, with capital letters for the letter components,
field\width of 15 characters, and 8 hexadecimal fractional digits.

Q =

© = wn |

For the fixed point formats also follows the internal type indicator as for the floating pdint
formats. But for the final part of the pattern, there is another radix (for the string side) format
letter (p below), only two are standardised, both for the decimal radix: f or F. E.g., %Lf indicates
decimal fixed point numeral string for long double, with a small letter for the letter component.
(There is also a combined floating/fixed point string format: g.)

converty_,p(x) (INTD =z *
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convertr_,(s) sscanf (s, "%wtr", &i) *
convertpr_r(f) fscanf (f, "%wtr", &i) *
converty_n(x) sprintf (s, "Jwtr", x) *
converty () fprintf (h, "%wtr", x) *
floorp_ 1 (y) (INT)floort(y) *
floorp_,;(y) (INT)nearbyintt(y) (when in round towards —oo mode)
roundingr_1(y) (INT)nearbyintt(y) (when in round to nearest mode) x
ceilingr—1(y) (INT)nearbyintt(y) (when in round towards +o00 mode)
cerlingr—1(y) (INT)ce1rlt(y) *
com)ertlﬁp(a:) (FLT)x *
convertIﬁF(x) (FLT>)x *
convertl_,F(x) KFLDzx *
convertp_, g (y) (FLT2)y *
convert}%F,(y) (FLT2>)y *
conveTtF_)F, (y) (KFLT?2)y *
CO'I’LU@?"TSF//A)F(S) sscanf (s, "%w.duv", &r) *
convertF,,%F(s) sscanf (s, "h>w.duv", &r) T
convertF,, (s) sscanf (s, "%h<w.duv", &r) T
convertpn_)p(f) fscanf (f, "%hw.duv", &) *
convertF,,HF(f) fscanf (f, "%>w.duv'y &r) T
converty, , p(f) fscanf (f, "%<w.duv", &r) T
convertp_mu (y) sprintf (s, "hweduv", y) *
com;ertF_m,, (y) sprintf (s, "k3w.duv", y) T
convertFﬁF,, (y) sprintf (sg Vi<w.duv", 1) T
convertF%Fu (y) fprintf¢h, "%w.duv", y) *
comjertFﬁF,,(y) fprintf (h, "%>w.duv", y) T
convertF%F,,(y) fprintf (h, "%<w.duv", y) T
convertpr_,p(s) sscanf (s, "Yw.dup", &g) *
convertg,_m(s) sscanf (s, "%>w.dup", &g) T
convert%,_m(s) sscanf (s, "%<w.dup", &g) T
convertp g (f) fscanf (f, "%w.dup", &g) *
convertg,_m(f) fscanf (f, "%>w.dup", &g) T
convert%,_}p(f) fscanf (f, "%<w.dup", &g) T
convertp=p (y) sprintf (s, "Yw.dup", y) *
com}ert}HD, (y) sprintf (s, "%>w.dup", y) T
convertﬁ,ﬁD, (y) sprintf (s, "%h<w.dup", ) T
gonvertp_,p(y) fprintf(h, "%w.dup", y) *
convert . 1 (y) fprintf(h, "%>w.dup", y) T
convertf,_m/ (y) fprintf(h, "%<w.dup", y) T

where s is an expression of type char*, f is an expression of type FILE*, 7 is an lvalue expression
of type int, ¢ is an lvalue expression of type double, x is an expression of type INT, y is an
expression of type FLT, INT2 is the integer datatype that corresponds to I’, and FLT2 is the
floating point datatype that corresponds to F”.
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C provides non-negative numerals for all its integer and floating point types. The default base
is 10, but base 8 (for integers) and 16 (both integer and floating point) can be used too. Numerals
for different integer types are distinguished by suffixes: no suffix for long int, and L for long
long int. Numerals for different floating point types are distinguished by suffix: £ for float, no
suffix for double, 1 for long double. There is a proposal to use the suffixes DF for Decimal32, DD
for Decimal64, and DL for _Decimal128. Numerals for floating point types must have a ‘.” or an
exponent in them. The details are not repeated in this example binding, see ISO/TEC 9899:1999,
clause 6.4.4.1 Integer constants, and clause 6.4.4.2 Floating constants.

C specifies numerals (as macros) for infinities and NaNs for float (header math.h):

+o00 INFINITY *
qNaN NAN *
sNalN NANSIGNALLING T

as well as string formats for reading and writing these values as character strings;

C has two ways of handling arithmetic errors. One, for backwards compatibility, is by assignjng
b errno. The other is by recording of indicators, the method preferred by LIA, which can|be
sed for floating point errors. For C, the absolute_precision_underflow totification is ignored.
'he behaviour when integer operations initiate a notification is, howewer, not defined by C.

= ot

An implementation that wishes to conform to LIA-1 must provide #écording in indicators (forfall
f the LIA notifications) as one method of notification. (See[6.24}) The datatype Ind is identiffed
Fith the datatype int. The values representing individualiindicators are distinct non-negatiive
fHowers of two. Indicators can be accessed (header fenv.q) By the following syntax:

< O

inexact FE_INEXACT *
underflow FE_UNDERFLOW *

overflow FE_OVERELOW * (integers T)
infinitary FE_DIVBYZERO * (integers t)
invalid FE.INVALID * (integers T)
absolute_precision_underflow «EE_ARGUMENT _TOO_IMPRECISE 1, LIA-2, -3
union of all indicators FE_ALL_EXCEPT *

—

'he empty set can be denoted by ©.)Other indicator subsets can be named by combining individual
hdicators using bit-wise or. Kor-example, the indicator subset

—e

{overflow, underflow, infinitary}
cdan be denoted by the-expression
FE_OVERFLOW | FE_UNDERFLOW | FE_DIVBYZERO

The indicatér)interrogation and manipulation operations (header fenv.h) are listed belpw,
dlong with thé syntax used to invoke them:

clearsndicators(C, S) feclearexcept (5) *
Set-indicators(C, S) feraiseexcept (S5) *
current_indicators(C') fegetexceptflag(returnvalue, FE_ALL EXCEPT) x
testanaicators(C,S) Tetestexcept () %

where S is an expression of type int representing an indicator subset.

It is vital that indicators are managed separately for separate threads (as required by LIA), in
an environment where it is possible to have several threads within a C program. Likewise that
dynamically set rounding modes (which LIA-1 does not recommend) are also managed separately
for separate threads in such an environment.
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In order not to lose notification indicators within a C program when the computation is divided

into several threads, any in-parameter for thread communication must set in the accepting thread
(when the call is accepted) the indicators that are set in the caller, and any out-parameter or
result will set in the caller (when the communication call finishes) the indicators that are then set
in the accepting thread.

D.

Th

3 C++

¢ programming language C+-+ is defined by ISO/IEC 14882:2011, Programming languages —

C+
thi
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iddg
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Th

int

is fised to stand for the name of any one of these datatypes in what follows.

int
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widlth, and the idtn_t and uintn_t, where n is the bit width expressed as a decimal numeral. Som)

bit]

widlth, andspecial purpose integer datatypes (like size_t). Finally there are the integer datatyp4

in

-+ [17].
An implementation should follow all the requirements of LIA-1 unless otherwise specified bly
5 language binding.

The operations or parameters marked “{” are not part of the language and must be providefd
an implementation that wishes to conform to LIA-1. For each of the marked iteins a suggeste
ntifier is provided. Integer valued parameters and derived constants can be used in preprocessd

[om

=

ressions.

This example binding recommends that all identifiers suggested here\be defined in the namse
ce std: :math.

The LIA-1 datatype Boolean is implemented in the C++ datatype bool.

C++ names several integer datatypes: (signed) int, (signed) long (int), (signed) lon|
1g (int), unsigned (int), and unsigned long (int), and unsigned long long (int
e here parenthesised part of a name may be omitted, when using the name in programs. Signe
cger datatypes use 2’s complement for representation for negative values. The notation I N

5 =~ . 08

The conformity to LIA of short int and>char (signed or unsigned), and similar “short]
bger types are not relevant since values of*these types are promoted to int (signed or unsigne
Appropriate) before arithmetic computations are done.

[om

However, the basic integer datatypes, listed above, have portability issues. They may hay
ferent limits in different implementations. Therefore, the C++ standard specifies a number
litional integer datatypes, défired for programs in the headers <stdint.h> and <stddef .h}.
hilar portable integer datatypes have been defined in portable libraries. They are aliased, bly
edefs, to the basic integer’datatypes, but the aliases are made in an implementation defined way
e description here isnet complete, see the C++ standard or the documentation for a portab]
ary that implement these aliases. Some of the integer datatypes have a predetermined b

= @

o

widths arestequired by the C+-+ standard. There are also minimum width, fastest minimuy

?n = @ ct+ O

tmax g-and uintmax_t that are the largest provided signed and unsigned integer datatypes.
NOTES

1 The overflow behaviour for arithmetic operations on signed integer datatypes is unspecified
in the C++ standard. For the signed datatypes signed int, signed long int, signed
long long int, and similar types (such as int64_t), for conformity with LIA the integer
operations must notify overflow upon overflow, by default via recording in indicators.

2 The unsigned datatypes unsigned int, unsigned long int, unsigned long long int,
and similar types (such as uint64_t), can partially conform if operations that properly
notify overflow are provided. The operations named +, (binary) -, and * are in the case of
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the unsigned integer types bound to add_wrapy, sub_wrapy, and mul_wrap; (specified in
LIA-2). For (unary) -, and integer / similar wrapping operations for negation and integer
division are accessed. The latter operations are not specified by LIA.

3 For portability reasons, it is common to use the size specified integer datatypes (like
int32_t, etc. either the standard ones or such datatypes defined in portable libraries).

The LIA-1 parameters for an integer datatype can be accessed by the following syntax:

maxint numeric_limits</NT>: :max() *

minint g numeric_limits<INT>::min() *

hasinf ; numeric 1imits</NT>::has infinity *

signed numeric limits</NT>::is_signed * (not LIASL
bounded numeric_limits<INT>::is_bounded *

moduloy numeric limits<I/NT>::is modulo * (partial conf.)

For the bit size specified integer datatypes the limits are fixed and need not have explicit pa-
hmeters accessible to programs. For other integer datatypes, such as size_t and\int_least3d._t,
complete binding must list how to access their parameters in a portable manner.

o =

The parameter hasinf; is always false, and the parameter bounded j/is-always true for C4+
hteger types, and need not be provided to programs as named parameters: The parameter minipt
always 0 for the unsigned types, and need not provided for those types. The parameter modiflo
always true for the unsigned types, and need not be provided«for those types.

e e e

The LIA-1 integer operations are either operators, or declared in the header <stdlib.h>. The
hteger operations are listed below, along with the syntaxjused to invoke them:

e

eqr(z,y) x ==y *

neqr(x,y) x 1=y *

Issr(x,y) T <y *

legr(x,y) x <=y *

gtri(z,y) x>y *

geqr(z,y) x >=y *

negr(z) N (%)

addr(x,y) T +y * (if modulo;| = false)
add_wrapy(z,y) T +y * (if moduloj| = true)
subr(z,y) x -y * (if moduloj| = false)
sub_wrapr(z,y) x -y * (if moduloj| = true)
mulr(z,y) x *ky * (if moduloj| = false)
mul wrapr(aeyy) T kY * (if moduloj| = true)
absy(x) abs (z) *

signufivy(x) sgn(x) T

guot (z, y) quot (z, ¥) t

mody(z,y) mod(x, y) T

where x and y are expressions of type signed int, signed long int, signed long long int,
unsigned int, or unsigned long int, or unsigned long long int, as appropriate.

Note that C++ requires a “modulo” interpretation for the ordinary addition, subtraction,
and multiplication operations for unsigned integer datatypes in C (i.e. modulo; = true for
unsigned integer datatypes), and is thus only partially conforming to LIA-1 for the unsigned
integer datatypes. For signed integer datatypes, the value of modulo; is implementation defined.
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