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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards bodies
(ISO member bodies). The work of preparing International Standards is normally carried out through ISO
technical committees. Each member body interested in a subject for which a technical committee has been
established has the right to be represented on that committee. International organizations, governmental and
non-governmentab—h—Haisor—with—SO—also—take—part—in—the—work—SO—collaborates—slosely—with the

T O—toico— SO oOTTtoy

Internationall Electrotechnical Commission (IEC) on all matters of electrotechnical standardization.

International Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Part 2.
The main tgdsk of technical committees is to prepare International Standards. Draft International Standards
adopted by [the technical committees are circulated to the member bodies for voting.| Publication as an
Internationall Standard requires approval by at least 75 % of the member bodies casting a-vote.

Attention is grawn to the possibility that some of the elements of this document¢may be the subject of patent
rights. 1ISO shall not be held responsible for identifying any or all such patent rights.

ISO 9276-5 |was prepared by Technical Committee ISO/TC 24, Sieves;) sieving and other sizing methods,
Subcommittge SC 4, Sizing by methods other than sieving.

ISO 9276 consists of the following parts, under the general title>Representation of results of particle| size
analysis:

— Part 1: Graphical representation
— Part 2: Calculation of average patrticle sizes/diameters and moments from particle size distributions
— Part 4: Characterization of a classification (process

— Part 5: Methods of calculation relating to particle size analyses using logarithmic normal probability
distribution

Further partg are under preparation:
— Part 3: Fitting of an expetimental cumulative curve to a reference model

— Part 6: Descriptive~and quantitative representation of particle shape and morphology

iv © I1SO 2005 — All rights reserved
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Introduction

Many cumulative particle size distributions, Q,(x), may be plotted on special graph paper which allow the
cumulative size distribution to be represented as a straight line. Scales on the ordinate and the abscissa are
generated from various mathematical formulae. In this part of ISO 9276, it is assumed that the cumulative
particle size distribution follows a logarithmic normal probability distribution.

In tji‘s part of ISO 9276, the size, x, of a particle represents the diameter of a sphere. Depending on the
situation, the particle size, x, may also represent the equivalent diameter of a particle of some\oth¢r shape.

© 1SO 2005 - All rights reserved \
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Re

presentation of results of particle size analysis —

Part 5:
Methods of calculation relating to particle size analyses using

loo

arithmic normal probability distribution

1

The

parti
calcy
loga
diam

Scope

Main objective of this part of ISO 9276 is to provide the background for the representation of
Cle size distribution which follows a logarithmic normal probability distribution, as a mea
lations performed using particle size distribution functions may be unequivocally checked. T
ithmic normal probability graph paper is explained, as well as the\calculation of momg
eters, average diameters and volume-specific surface area. Logafrithmic normal probability

are ¢ften suitable for the representation of cumulative particle sizedistributions of any dimensig

parti
mas
know

2
The
refer]
docu

ISO

ISO
Sizes

3

cular advantage lies in the fact that cumulative distributions,sueh as number-, length-, area-
5-distributions, are represented by parallel lines, all of . whose locations may be determ
ledge of the location of any one.

Normative references

ences, only the edition cited applies.. For undated references, the latest edition of the
ment (including any amendments) applies.

D276-1, Representation of results of particle size analysis — Part 1: Graphical representation

D276-2:2001, Representation’ of results of particle size analysis — Part 2: Calculation of ave
/diameters and moments ffom particle size distributions

Symbols

For the purpgses'of this part of ISO 9276, the following symbols apply.

c

cumulative percentage

following referenced documents are indispensable for the application of this document.

8 cumulative
Ns by which
he design of
nts, median
distributions
nality. Their
, volume- or
ned from a

For dated
referenced

yage particle

e=2,718 28... base of natural logarithms
k power of x in a moment
My, complete kth moment of a density distribution of dimensionality »
p dimensionality (type of quantity) of a distribution,

p =0: number, p = 1: length, p = 2: area, p = 3: volume or mass
q,(x) density distribution of dimensionality »
0.(x) cumulative distribution of dimensionality »
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dimensionality (type of quantity) of a distribution,
r=0: number, r = 1: length, » = 2: area, r = 3: volume or mass

standard deviation of the density distribution
geometric standard deviation, exponential function of the standard deviation
volume-specific surface area

particle size, diameter of a sphere

*min
*max

X84,

X50,r

X16,r

¢

Subscripts 0

4 Logar

Normal prob

q*r(z) :

particle size below which there are no particles in a given size distribution
particle size above which there are no particles in a given size distribution
particle size at which 0, = 0,84

median particle size of a cumulative distribution of dimensionality)r

particle size at which 0, =0,16

average particle size based on the kth moment of addistribution of dimensionality
dimensionless variable proportional to the logarithm of x (see Equation 3)
integration variable based on x (see Equation 11)

integration variable based on z (see Equation 2)

f different sense are separated by a comma.in'this and all other parts of ISO 9276.

thmic normal probability fanction

ability density distributions areidescribed in terms of a dimensionless variable z:

1 N 2
e 0,5z

NP

The cumulatjive normal probability distribution is represented by:

0"(2) 7

; jq*raf)d;:ﬁ Jeosas

A sample table of values for O*.(z) as a function of z is given in Table A.1.

~N

(1)

The logarithmic normal probability distribution is a formulation in which z is defined as a logarithm of x scaled
by two parameters, the mean size x5, . and either the dimensionless standard deviation, s, or the geometric
standard deviation, Sg» that characterize the distribution:

1 x 1 X 1 x
z=—In = In = log
s | x50, | Insg | x50, | l0gsg | x50,

®)
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which is equivalent to

X =X50, e’

According to Equation 3, the standard deviation, s, is linked with the geometric standard deviation, Sgo by:

_ _ N
S—Insg orsg=e

(®)

Although Equation 1 has no explicit dependences on r, the dimensionality of the density distribution is
involved through the relationship of z to xzy, in Equation 3. The value of xz, , for a specific size distribution

may
norn
char

eithg

or at|

Thro)
84 a

be determined from experimental data according to ISO 9276-1. The standard deviation of
al probability distribution may be calculated from the values of the cumulative distributig
bcteristic values of z:

X50,r

X16,r

r at z = 1, for which

X84, r
X50,r

0*. (z=1)=0,84and s = In{
z =-1, for which
O*. (z=-1)=016and s :In{

|

ughout this part of 1SO 9276, the values 0,84\ and 0,16 (and their representation as
nd 16) are used in place of the more precise values 0,841 34 and 0,158 65.

Log

distribution may be obtained by plotting the- cumulative distribution on special graph paper, g
absdissa (representing particle size) issmarked with an exponential scale and the ordinate (|
cumulative distribution) is marked with‘a’scale of 0*(z) values (see Annex A). Preprinted paper
thesg scales is available. Graphicalhrepresentation is now more often displayed as a specific grag

crea
num
the {
prob

To fylfil the condition of normalization, the cumulative fraction smaller than or equal to the particl

largs

NOT

rithmic probability graph presentation: Useful information about the nature of a

ed by software in a computer.” Experimental values of each cumulative fraction (expresseq
ber, length, area or volume) of undersize particles, O (x), (that is, of particles smaller than x) 4
ize corresponding to the upper size limit of the particles in that cumulative fraction. A logarit
hbility distribution gives-a straight line in Figure 1.

st size in the sample must be unity, that is, Q,(x,,,) Must be equal to 1. If this is so, then

q*r(z) dz = qr(x) dx

The superscript® is used to distinguish the distributions defined in terms of the dimensionle

h logarithmic
n at certain

(6)

(7)

percentages

barticle size
n which the
representing
marked with
hical screen

in terms of
re plotted at
hmic normal

e having the

(8)

Ss integration

varia

le z, sucn as qﬁr(Z\), mom those defined In terms of the SiZe X, Such as qr\X\). NS 1S because Zz,

variable, is related to the particle size x, as shown in Equation 3.

. dz
q"(2) ™

. . d
q"(z) o

q,(x)

i

or, using Equation 1,

1
U
q,(x) T

2
e—0,5 z
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and, parallel to Equation 2,

0,(x)= [ q,(£)d¢

Xmin

(11)

EXAMPLE A logarithmic normal probability distribution of volume (r = 3), with a median size of x5p3=5um and a
standard deviation of s =0,5, has x453=3,0 ym and xg4 3 = 8,2 um (see I1SO 9276-2:2001, Annex A). Figure 1 shows a

plot of the cumulative volume distribution, Q3(x), on logarithmic probability graph paper.
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X particle size, x, ym

Y cumulative distribution, O

Figure 1 — Plot of a logarithmic normal probability distribution on logarithmic probability graph paper
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5 Special values of a logarithmic normal probability distribution

5.1

Complete ith moments

The complete kth moment of a logarithmic normal probability distribution, ¢,(x), is

k eO,5k2s2 _ eklnx5oyr+0,5k2s2

M k= %50,

with k=2 and = 3:

(12)

5.2

A se
from

For
aver.
diffe

or

EXAN
norm

using:

252 02 nv503 +2s°

2
Mp3 - x503" €

Average particle sizes

ries of average particle sizes, x, of a logarithmic normal probability distribution; ¢,.(x), can b
the kth root of the kth moment (or from the x5 . and s) of that distribution usingEquation 14:

2
— k _ 05ks
Xfer = \)Mk,r = X50,r €

h logarithmic normal probability distribution, the median is the 'same as the geometric m

ent dimensionality, p, using:

2
— 05k+r—p)s
Xk,r = X50,p e( p)

In X, =Inxgo, +0,5k 52 =Inxgg, +(0,9k +r —p)s2

IPLE The first several moments. (k= 1, 2 or 3) of the arithmetic average particle size (r = 0) for
al probability distribution may betcomputed from the parameters for any of the dimensionalities (p 1
— 0552 0552 -1552 2552

Y10 = X50,0 © = X504 € =X¥502 € =%¥503 €

— s20 B 2 042

X20 = X500 € ~'SX501=%502€ ° = X503€

— 1552 0552 -05 52 1552

X3,0 = %5007 =X50,1 € =X502 € =X503 €

(13)

e calculated

(14)

pan and the

hge size in one dimension, », may be calculated from the parameters describing the distribution in a

(15)

(16)

a logarithmic
-0, 1, 2 or 3)

(17)

(18)

(19)

=0,1,2,0r3)

PLE

The first moment (k = 1) weighted average particle size for the different dimensionalities (»

1, 2 or 3) using:

- 0,552 -05s2 -15s2 2552
X10 = X500 € = X501€ =X502 € = X503 €
- 1552 0,552 -0,5s2 1552
X11 = X500 € = X501 € =X502 € =X503 €

2 2 2 2
- 255° _ 155° _ 05s5° _ -0,5s
X12 = X500 € = X501 € =X502 € =Xx503 €

0,552

- 3552 2552 152 )
X413 = X500 € =X501€ =X502 € =X503 €
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5.3 Maedian particle sizes

A unique feature of the logarithmic normal probability distribution is that lines representing the cumulative
distributions of number, length, area and volume (or mass) for a given size distribution on logarithmic
probability graph paper have the same slope and are shifted horizontally from one another, so that there is a
simple relationship between the median size for the number distribution, x5, ,, the median size for the
diameter distribution, x5 4, the median size for the area distribution, x5 », and the median size for the volume
(or mass) distribution, x5 3. The general form of the relationship is

N2

x50, = x50, "7 (23)
or its equivalent

In x50,.|=Inxs0,, + (r — p)s? (24)
EXAMPLE The xgg point for a cumulative distribution of dimensionality » = 3 is related to the x4 points for cumulative
distributions df other dimensionalities by:

— 2 _ 2 _ 2
In X50,3|= Inx50,0 +3s5° = Inx50’1 +2s°=In X50,2 + 5 (25)

The same re¢lationship, expressed by Equation 25, holds for the comparable points (x,g, xg4, €tc.) at all pther
cumulative distribution values, so that a general formula can be given as

Inx., §inx,, +(r—p)s2 (26)

where ¢ is apy value from 0 to 100. The consequence of this.relationship means that the lines representing all
the different|cumulative distributions are parallel to one another. See Figure 2.

5.4 Horizontal shifts between plotted distribution values

5.4.1 Linear abscissa

If the particl¢ cumulative data is plotted on* probability graph paper when the abscissa is marked with a $cale
linear in z (ot shown in Figure 2), the )cumulative distributions of different dimensionalities for a logarifhmic
normal probability distribution are related by:

0" (2) 0% [z - (r = p)] (27)

so that the|cumulative\Udistribution of dimensionality, », will coincide with the cumulative distribution for
dimensionality, p, whéen/shifted by a distance (r — p) s.

EXAMPLE if= 3 and p = 2, the volume distribution curve, 0*;(z), is obtained from the area distribution curve, §*(z),
by shifting thq latter towards coarser sizes (right) by one standard deviation.

0%(2) = 0% (2 - ) (28)

EXAMPLE The number distribution curve Q*y(z), p = 0, is obtained from the volume distribution curve Q0*3(z), r = 3, by
shifting the latter toward finer sizes (left) by three standard deviations:

0%(z) = 0*3(z + 3 5) (29)

6 © I1SO 2005 — All rights reserved
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Y A
0.999 /777
" / /4/
Q4(x) \%7/ /
02 =
M /777
///]/
N //]]
' ////
. /777
' /[ /] /
N /77
0.16 0:2 ////////
A /]]]
Qy(x) Q,(x)
0,01
0'00101 1 10 100 ]

X Harticle size, x, ym
Y qumulative distributions of number,'length, area and volume (or mass), Q

Figure 2 — Cumulative distributions of number, length, area and volume (or mass) for a lgogarithmic
normal probability distribution, plotted on logarithmic probability graph paper

5.4.4 Logarithmic abscissa
If the particle cumulative data is plotted on logarithmic normal probability graph paper, when the abscissa is

marKed with a logarithmic scale for x, the cumulative distributions of different dimensionalities for @ logarithmic
normal-probability distribution are related by

0, {In| ——|t = 0,{In| ——| (-~ p)s* (30)
X50,r X50,p

With this abscissa scale, the shift from the cumulative distribution or one dimensionality to another becomes
(r —p) s2. This corresponds to the shift of the median sizes as given in Equations 25 and 26.

Figure 2 shows the cumulative distributions of number, length, area and volume (or mass) for a logarithmic
normal probability distribution on logarithmic probability graph paper. These lines represent the same
distribution as that shown in Figure 1, so the shift from Q3(x) to Oy(x) in Figure 2 may be computed from
Equation 30 as —(3 — 2) 0,52 = —0,25 units on the (natural) logarithmic scale. Since X50,3 = 5 pm, the median
value for O,(x) occurs at xsq 5 = x50 3 €2% = 3,9 um.

© 1SO 2005 - All rights reserved 7
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5.5 Volume-specific surface area (Sauter diameter)

The volume-specific surface area of spheres can be calculated from the weighted average size of an area
distribution, the so-called Sauter diameter, as:

Sy = —

X

12

Introducing Equation 21 in the denominator yields:

SV = —

Xk

Thus, the S
dimensional

SV =
X

C 2
NVEAK

0.p

auter diameter may be obtained from the median and standard deviation of ahy-of the
ties of size distribution (p =0, 1, 2 or 3) using:

6 2552 _ 6 1552 _ 6 _-05s2_ 6 4052

50,0 X501 X50,2 X50,3

(31)

(32)

four

(33)
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Annex A
(informative)

Cumulative distribution values of a normal probability distribution

Numerical values of the normal cumulative distribution, O*(z), as a function of z, may be obtained by

whetle ¢4 = 0,196 854, ¢, = 0,115 194, c5 = 0,000 344, ¢, = 0,019 527

Tabl
use

statis
Tabl

Valu
com
the g
to pr|
03

Tabl
use

ient for constructing the ordinates of logarithmic normal graph coordinates on computer scfe

0,5

(T+cqz+co 22+C3 Z3+C4 24)4

0"(2)=1-

e A1 gives a list of 0*(z) values as a function of z, rounded to a number’of significant figure
with most particle size distributions. Tables with less rounding are-available in many bog
tical procedures. For example, O*(z) is given to fifteen significant figures in the secon
b 26.1 (pages 966-972) in Reference [4].

bs of z corresponding to a given value of 0*(z) may.bge determined from tables of z a
puted from Equation A.1 by successive approximationFor a given value of Q, start with a trig
orresponding value of 0*(z), compare that with the{given value of 0*(z), and recalculate ug

) is within the required tolerance).

e A.2 gives a list of z values as a function«of 0*(z), rounded to a number of significant figure
vith most particle size distributions.

n 26.2.18 on

to 0,000 25,

5 suitable for
Dks covering
d column in

nd O*(z), or
| z, calculate
ing a z likely

pduce a Q*(z) that is closer to the given value of Q" (z) (repeat until the difference between {he values of

5 suitable for
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Table A.1 — 0" (z) as a function of z

z 0%(2) z 0%(2)
3,00 1,00 0,00 0,50
2,90 1,00 0,10 0,46
2,80 1,00 -0,20 0,42
2,70 1,00 -0,30 0,38
2,60 1,00 0,40 0,34
250 .99 050 B34
2,40 0,99 -0,60 0,27
2,30 0,99 -0,70 0,24
2,20 0,99 -0,80 0,21
2,10 0,98 -0,90 0,18
2,00 0,98 -1,00 0.18
1,90 0,97 -1,10 0,14
1,80 0,96 -1,20 0,12
1,70 0,96 -1,30 0,10
1,60 0,95 -1,40 0,08
1,50 0,93 1,50 0,07
1,40 0,92 1,60 0,05
1,30 0,90 -1,70 0,04
1,20 0,88 -1,80 0,04
1,10 0,86 -1,90 0,03
1,00 0,84 -2,00 0,02
0,90 0,82 -2,10 0,02
0,80 0,79 -2,20 0,01
0,70 0,76 2,30 0,01
0,60 0,73 2,40 0,01
0,50 0,69 2,50 0,01
0,40 0,66 -2,60 0,00
0,30 0,62 —2,70 0,00
0,20 0,58 -2,80 0,00
0,10 0,54 -2,90 0,00
0,00 0,50 -3,00 0,00

10
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