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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards
bodies (ISO member bodies). The work of preparing International Standards is normally carried out
through ISO technical committees. Each member body interested in a subject for which a technical
committee has been established has the right to be represented on that committee. International
organizations, governmental and non-governmental, in liaison with ISO, also take part in the work.
ISO collaborates closely with the International Electrotechnical Commission (IEC) on all matters of
electrotechnical standardization.

The proce
described il
different ty
editorial ru

Attention is
patent right
patent right
the ISO list

Any trade 1
constitute g

For an exp
assessment|
to Trade (T

The commi
Subcommit

This second
revised.

ISO 9276 cdnsists of the following parts, under the general title Representation of results of particlé

analysis:
— Part1:
Part 2:
Part 3: |
Part 4:

Part 5:
distriby

1 the ISO/IEC Directives, Part 1. In particular the different approval criteria needed fo6

les of the ISO/IEC Directives, Part 2 (see www.iso.org/directives).

drawn to the possibility that some of the elements of this document may'be the subije
s.1SO shall not be held responsible for identifying any or all such patentmights. Details o
s identified during the development of the document will be in the fntroduction and/q
bf patent declarations received (see www.iso.org/patents).

n endorsement.

lanation on the meaning of ISO specific terms and:expressions related to confor
aswell asinformation about ISO’s adherence to the W-TO principles in the Technical Bar
BT) see the following URL: Foreword - Supplementary information.

[tee responsible for this document is [SO/TC. 24, Particle characterization including sie
Lee SC 4, Particle characterization.

edition cancels and replaces the first édition (ISO 9276-2:2001), which has been techni

Fraphical representation

Calculation of average-particle sizes/diameters and moments from particle size distributio
Adjustment of amexperimental curve to a reference model

Characterization of a classification process

Methods of calculation relating to particle size analyses using logarithmic normal probal
tion

ame used in this document is information given for the convehience of users and doe§

are
- the

pes of ISO documents should be noted. This document was drafted in accordanee with the

ct of
Fany
r on

not

mity
riers

ving,

cally

size

ility

Part 6: Descriptive and quantitative representation of particle shape and morphology

© ISO 2014 - All rights reserved


http://www.iso.org/directives
http://www.iso.org/patents
http://www.iso.org/iso/home/standards_development/resources-for-technical-work/foreword.htm
https://standardsiso.com/api/?name=f46e9cdc5fc87ee17059b13749aa4739

Int

IS0 9276-2:2014(E)

roduction

Particle size analysis is often used for characterization of particulate matter. The relationship between
the physical properties of particulate matter, such as powder strength, flowability, dissolution rate,
emulsion/suspension stability and particle size forms always the reason for such characterization. For
materials having a particle size distribution, it is important to use the relevant parameter, a certain
mean particle size, weighted for example by number, area or volume, in the relationship with physical
properties.

This part of ISO 9276 describes two procedures for the use of moments for the calculation of mean sizes,
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firstmethod is named moment-notation. The specific utility of the moment-notationds,to d
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physics, especially mechanical engineering, and includes arithmetic means, ffom nu
ibutions only as one part[1l[2].

second method is named moment-ratio-notation. The moment-ratio-notation is based d
stics and frequencies approach, but includes also conversion to othertypes of quantitie
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Representation of results of particle size analysis —

Part 2:
Calculation of average particle sizes/diameters and
moments from particle size distributions

1

cope

This| part of ISO 9276 provides relevant equations and coherent nomenclatures for‘the ca
monpents, mean particle sizes and standard deviations from a given particle\Size distril

not
desa
anal

The

ion systems in common use are described. One is the method of mioments while
ribes the moment-ratio method. The size distribution may be availablé as a histogr4
ytical function.

equivalent diameter of a particle of any shape is taken as thecsize of that particle. Pa

factgrs are not taken into account. It is essential that the measurement technique is stated i

invi

ew of the dependency of sizing results of measurement principle. Samples of particles m

intended to be representative of the population of particles:

For |
devi

The

htion from histogram data are presented in an annex.

ccuracy of the mean particle size may be reduced if an incomplete distribution is evd

accuracy may also be reduced when very limited numbers of size classes are employed.

2
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If ne

Normative references

following documents, in whele-or in part, are normatively referenced in this docum
pensable for its applicatien. For dated references, only the edition cited applies. H
ences, the latest editior of the referenced document (including any amendments) appli

D276-1:1998, Representation of results of particle size analysis — Part 1: Graphical represé

D276-5:2005, Representation of results of particle size analysis — Part 5: Methods of calcula
rticle size analyses using logarithmic normal probability distribution

Definitions, symbols and abbreviated terms

céssary, different symbols are given to the moment-notation (M) and the moment-ra

Iculation of
bution. Two
the second
m or as an

rticle shape
h the report
pasured are

poth notation systems, numerical examples of thegalculation of mean particle sizes and standard

luated. The

ent and are
or undated
bS.

entation

tion relating

[io-notation

(M-R). This serves the purpose of a clear differentiation between the two systems. For both notation
systems, a terminology of specific mean particle sizes is inserted in the corresponding clauses: Clause 4
and Clause 5, respectively.

M-

notation M-R-notation Description

i i number of the size class with upper particle size: x;(M)
or midpoint particle size D;(M-R)

k power of x

m m number of size classes
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M-notation M-R-notation Description
r r type of quantity of a distribution (general description)
r=0, type of quantity: number
r=1, type of quantity: length
r=2, type of quantity: surface or projected area

r=3, type of quantity: volume or mass

My r complete k-th moment of a g,(x) - sample distribution

M r complete k-th central moment of a q-(x) - sample distribution
M, p-th moment of a number distribution density
mp p-th central moment of a number distribution density
N total number of particles in a sample

order of a mean particle size (0 =p + q)

D q powers of D in moments or subscripts indicating the same
qr(x) qr(D) distribution density of type of particle quantity r
C_Ir . mean height of a distribution‘density in the i-th particle size intervpl,
’ Ax;
Qr(x) Qr(D) cumulative distribution of type of quantity r
AQyi difference of two'values of the cumulative distribution, i.e. relative

amount in theji-th particle size interval, Ax;

Sr Sy standard deviation of a q-(x) and q-(D) distribution
Sg Sg geombketric standard deviation of a distribution
s s standard deviation of lognormal distribution (s = In sg)
S S surface area
Sy Sy volume specific surface area
vV %4 particle volume
v HIcqail par LiLiU vuiume
X D particle size, diameter of an equivalent sphere
X; upper particle size of the i-th particle size interval
Xj-1 lower particle size of the i-th particle size interval
D; midpoint size of the i-th size class
Xmin particle size below which there are no particles in a given size distri-
bution

2 © ISO 2014 - All rights reserved
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M-notation M-R-notation Description

Ax

4

Xmax particle size above which there are no particles in a given size distri-
bution
Xkr l_)p,q mean particle sizes (general description)
Bp’p geometric mean particle sizes
;k,o arithmetic mean particle size
)_(k,r weighted mean particle size

geometric mean particle size

X geo,r

X har,r harmonic mean particle size

X50,3 median particle size of a cumulative‘volume distribution
=Xj— Xj1 width of the i-th particle size interval

The moment-notation

Monpents are the basis for defining mean sizes and<standard deviations of particle size di

Ara
used
with
size
Ther

4.1

The
Forn
the s

If r
disti

hdom sample, containing a limited number ofiparticles from a large population of part|
for estimation of the moments of the size distribution of that population. Estimation i
inference about the numerical values ofthe unknown population from those of the sam
measurements are always done on discrete samples and involve a number of discrete

efore, only moments related to samples are dealt with in this part of ISO 9276.

Definition of moments according to the moment-notation

complete k-th moment” of a distribution densitylll is represented by integrals as
hula (1). M stands foymement. The first subscript, k, of M indicates the power of the pa
econd subscript, r,(effM describes the type of quantity of the distribution density.

Xmax
M- = j xqu(x)dx
Xthih
= 0,,Jo(x) represents a number distribution density, if r = 3, g3(x) represents a volu
ibution density.

stributions.
icle sizes, is
5 concerned
ple. Particle
bize classes.

defined in
rticle size x,

)

ne or mass

Formula (1) describes a complete moment if the integral boundaries are represented by the minimum

part

icle size (xmin) and the maximum particle size (Xmax)-
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A special complete moment is represented by M ;-

Xmax 0 Xmax
Mo, = | x%q,(0dx=" [ q,()dx =0 (Xmax)=Qr (¥min) =1 (2)
Xmin Xmin
with
X
Q,(x)= | a.(x)dx 3)
Xmin
A moment ils incomplete, if the integration is performed between two arbitrary particle diameterf x;.1
and x; within the given size range of a distribution:
Xmin < Xj-1 <[X <Xj < Xmax
X
k
My (eifrox)= | xFq.(0dx @
Xj-1
Apart from the moments related to the origin of the particle size axis and shewn in Formulae (1) and (4),
the so-calldd k-th central moment of a qr(x) - distribution density, mg,, ¢an be derived from a given
distribution} density. It is related to the weighted mean particle size x4 see Formula (11)].
The complete k-th central moment is defined as:
X ax _ v
my, = J (x—x1,r)"q,.(x)dx (5)
Xin
4.2 Definition of mean particle sizes according to the moment-notation
All mean payticle sizes are defined by Formula {(6):

;k,r :lf/Mk,l" [6)
Depending ¢n the numbers chosen forthe subscripts, kand r, different mean particle sizes may be defined.
Since the mgan particle sizes calculated from Formula (6) may differ considerably, the subscripts i and
r should alwyays be quoted.

There are two groups efiimean particle sizes, which should preferably be used, viz. arithmetic mean

particle siz¢

s and weighted mean particle sizes.

minology for mean particle sizes in the moment-notation xk -

4.2.1 Ter
Table 1 pres
4

TICoCCTTITIIToOTO T pPIC S OT TIIcott STZ TS
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Table 1 — Terminology for mean particle sizes X kr

Systematic code Terminology
)_(1,0 arithmetic mean size
)_(2,0 arithmetic mean area size
)_(3,0 arithmetic mean volume size
)_(1,1 Size-welighted meamn size
;1,2 area-weighted mean size, Sauter mean diameter
)_(1,3 volume-weighted mean size

4.2.2 Arithmetic mean particle sizes

Arithmetic mean size is a number-weighted mean size, calculated from a number distribufj

qo(x):

¥ko=kM,

Counting single particles in a microscope image is a typi€al example to obtain number (r=0) j

as bjsis of averaging.

In adcordance with Reference [2], the recommehded mean particle sizes are:

arithmetic mean size (corresponds to arithmetic mean length size):

X1,0= Ml,O

arithmetic mean area size (HeywoodI[2]: mean surface diameter):

172,0 =2 MZ,O

arithmetic mean voluye size (Heywood[2]: mean-weight diameter):

¥30=3Mgy

4.2.3 c-Weighted mean particle sizes

ion density,

(7)

bercentages

(8)

9

(10)

Weighted mean particle sizes are defined by:

)_(k,r = \k[ Mk,r

(11)

Weighing sieves before and after sieving is a typical example to obtain mass (r = 3) percentages as basis
of averaging. Weighted mean particle sizes represent the abscissa of the centre of gravity of a g,(x) -
distribution. The recommended weighted mean particle sizes are represented by Formulae (12) to (15).

The weighted mean particle size of a number distribution density, qo(x), is equivalent to the arithmetic
mean length size [see Formula (8)]. It is represented by:

© IS0 2014 - All rights reserved
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arithmetic mean size (Heywoodlél: numerical mean diameter):

X1,0 =M1,0

The weighted mean particle size of a length distribution density, q1(x), is given by:

size-weighted mean size (Heywoodlél: linear mean diameter):

X1,1 =M1,1

(12)

(13)

The weight

area-weight

x12=M

The weight

volume-welig

X13=M

4.2.4 Geo

If a particle
the geomet
lognormal ¢

Instead of {
geometric 1
geometric 1

bd mean particle size of a surface distribution density, q2(x), 1s represented by:

ed mean size (Heywoodl6l: surface mean diameter):
1,2

bd mean particle size of a volume distribution density, q3(x), is given by

hted mean size (Heywoodl6l: weight mean diameter):

1,3

metric mean particle sizes

size distribution conforms satisfactorily to a loghormal size distribution (see ISO 927
Fic mean particle size characterizes the mean‘value of the logarithm of x. The median|
listribution has the same value as the geométric mean size.

he arithmetic mean, calculated from the sum of n values, divided by their number n
hean is the n-th root of the product ofn values. In terms of logarithms the logarithm o
hean is calculated from the sum-ofithe logarithms of n values, divided by their numb

(14)

(15)

H-5),
of a

the
f the

er n.

The arithmetic mean is greater than the geometric, the inequality increasing the greater the dispeysion
among the yalues.
Mathematidal limit analysis of Forimiila (6) with k approaching zero (see also derivation for p =[q in
moment-rafio-notationl3]) leadso,the geometric mean size:
max
| Inxq.(x)dx
X0, =e|min =Xgeo,r (16)
or in terms pof logatithms:
_ Xmax
Inxo,r =Inxgeo,r = J Inxq,(x)dx 17)
Xmin
Based on data from a histogram one obtains the r-weighted geometric mean size:
X0,r =€xp Zlnxi qr'iAx,- =exp Zlnxi AQN- =Xgeo,r (18)

© ISO 2014 - All rights reserved
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4.2.5 Harmonic mean particle sizes

The harmonic mean of a series of values is the reciprocal of the arithmetic mean of their reciprocals[Zl.
The harmonic mean is smaller than the geometric, the inequality increasing the greater the dispersion
among the values. Therefore the r-weighted harmonic mean size can be calculated from:

Xhar,r = . = (19)

hictograna.

X har,r = = (20)

i=1 X1
4.3 | Calculation of moments and mean particle sizes from a givensize distribution

4.3.1 The calculation of My, and mean particle sizes from a number or a volume based size
distribution

In mpny cases of practical application, the measured data are ejtherrepresented by anumber ¢listribution
dendity, go(x), or a volume distribution density, g3(x). The calculation of the mean particle sizgs described
aboye can then be performed according to Formula (21)[4I;

1 M Mo
Xkr :'I\(/Mik,rzli/ Mk‘"r,O :Ii/ k+r-3,3 -
r,0

M, 33

This|leads to:

M_q3

_;2,0= M, . = 22
& M_33 (22)

+  — [
173‘0 =3 M3‘0 =3 M (23)
-3,3

N

1 M M

X1.1 =M1'1 =—2'0 —_——_1'3 (24)
Mg M_3

Ti,=M M3y 1 (25)

¥12=Mip~=—"-—=
Mo M_y3

1 M

X1,5 —llV1’1’3 — M4I0 (26)

3,0

One realizes from Formulae (21) to (26), that the following moments are needed if the mean particle
sizes defined above are to be calculated:

from a given number distribution density, qo(x): M1,0; M2,0; M3,0; Mao
from a given volume distribution density, q3(x): M1,3 M-13; M-23 M-33

Formula (21) shows, that each mean particle size or moment of a given type of quantity can be expressed
as a ratio of two number based moments, which is used as the main approach of the moment-ratio-
notation.

© ISO 2014 - All rights reserved 7
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4.3.2 Calculation of M, from a particle size distribution, given as a histogram

If a distribution density is given as a histogram, q-(x;.1, X;) is constant in the particle size interval
Axi=xi - Xj1.

Formula (1)

X

may therefore be rewritten as follows:

max

m
k =k~
Mk,r_ J X qr(X)dX=zxi qr,iAXi (27)
Xmin i=1
One obtainsg with
- A\Q, ;
Qi =—t (28)
X1—Xi1
Xmax " m .
My .= j X 4y (X)dx: 2 Xj AQy (29)
Amin i=1
The approx|mate mean )?I-k within a size class can be calculated as arithmetictiiean in each size clgss
k
_ N +Xx;
ik — | A i-1 (30)
2
Alternative|approximate means like geometric mean or an intgegral mean have not specific advantage.
Several investigations have shown (see e.g. Reference [8]),that there is no general preference fqr all
types of distributions possible.
The discret¢ nature of histogram data causes uncertainties up to a few percentin the calculated moments
and mean gizes, which relate to the width of the size classes and the corresponding uncertainty in
the amount of particles derived from the estimated mean size in each class. Methods to improve the
size resolutfion of the representation of measurement by observation of more size classes are givén in
IS0 9276-3.
The moments M1,0, M2,0, M3,0, Maof M1,3, M_1,3, M_2,3 and M_33 can therefore be calculated from
Formulae (31) to (38):
1 Q 1
Mig= ) Xi 4o, Ax; =Z Xi AQ, (31)
i¥l i=1
2 Q 2
Myo=Y X7 Gapdx; =Y X7 AQy; (32)
i¥l i=1
3 =
M3 =} Xi qo; BX; = ) X; AU, (33)
i=1 i=1
m m 4
Myg= X Go; A = ) X AQy, (34)
4 1 L 1
Myz= D X; q3; Ax; =Z X; AQ3,; (35)
i=1 i=1
< 1 < 1
M_y3 :2__1 3 A% = — AQ3; (36)
i=1 Xi i=1 Xi

© ISO 2014 - All rights reserved
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< 1 _ - 1

M_p3=3 = 3, A%, =), — AQy; (37)
i=1 Xi i=1 Xi
< 1 o 1

M_33=) — @3, Ax; = ) — AQs; (38)
i=1 Xi i=1 Xi

4.4 Variance and standard deviation of a particle size distribution

The spread of a size distribution may be represented by its variance, which represents the square of the
stangarddeviation, s The vartarnce, 52, of agr(x)=distributionr s defimed =s:

$2= njax(x—;1,r)2qr(x)dx (39)

Xmin

Intrgducing complete moments, the variance can be calculated (Reference [3]) from:
2 2
r =Mz :MZ,r_(Ml,r) (40)

or based on data from a histogram:

< 1 o 2 < -1 i
- z Xj qr; Ax; =Z X; AQ 4= z X; AQ,; (41)
i-1 i1 i1

A numerical example of the calculation of 5,2 is given in Annex A.

S
Il
N
ol
N
=

i=1

For g lognormal g,(x) - distribution, the standard deviation s can be calculated from:

§=In(xgy, / x50,)=In(x50 / X16 ) (42)

The geometrical standard deviation g is obtained from:

4o = exp(s)
(43)

Henge,

g =Xgar /X507 =Xs50,- / X161 (44)
4.5 | Caleulation of moments and mean particle sizes from a lognormal distribytion
The korpletet-th-mement-of-alognermal-prebability-distributiongrbg,catenlateste

_ k 05k®s?_ klnxgy,+05k%s?
My . =Xs50, € =e ’ (45)

A series of mean particle sizes can be calculated from the k-th root of the k-th moment in Formula (45)
or from the median (and geometric mean) x5 and the standard deviation of that distribution using
Formula (46):

2 2
— _ 05k s _ In x 50, +0,5 ks
Xk,r =X50,r € =e ' (46)

The median x50, of a lognormal distribution has the same value as the geometric mean size X ..

© ISO 2014 - All rights reserved 9
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4.6 Calculation of volume specific surface area and the Sauter mean diameter

From distributions of any type of quantity moments can be used in the calculation of the volume specific
surface area, Sy, since Sy is inversely proportional to the weighted mean surface size, the Sauter mean

1,2 (Formula 14). It is given by:

2

account Formula (25), one arrives from surface, number or volume distributions at:

(47)

M
—:6ﬂ:6-M_1'3

diameter, x
6
SV ==
X1,
Taking into
6
Sy =—
%4 Mj

For particlg

5 Them

Moments al
A random s
used for esf]

with inferefce about the numerical values of the unknown populationfrom those of the sample. Par

size measul

2 3,0

s other than spheres a shape factor shall be introduced.

oment-ratio-notation
e the basis for defining mean sizes and standard deviations of patticle size distribut

imple, containing a limited number of particles from a large pppulation of particle siz{
imation of the moments of the size distribution of that population. Estimation is conce

ements are always done on discrete samples and involve.a number of discrete size cla

Therefore,

NOTE
in literature

5.1 Definition of moments according to the mioment-ratio-notation

Two differe

]

nly moments related to samples are dealt with in this'part of ISO 9276.

stribution density and cumulative distribution are represented by g and Q in the ISO 9276 serie
(References [3],[4],[Z]-[9]) the symbols fand F arealso used.

ht types of moments may be used,.viz.; moments and central moments. Moments are cen
origin of the particle size axis and*central moments around the arithmetic mean par

ment of a sample, denoted as Mp, is defined as:

1 p
2 mi D]
i

the totalnumber of particles involved in the measurement;

thieumidpoint of the i-th size class [see also comments to Formula (30)];

(48)

ons.
S, 1S
rned
ticle
5ses.

5, but

tred
ticle

(49)

around the
size.
The p-th md
M p= N
where
N:Z n; 1
D; i
nj

b

ution density).

is the number of particles in the i-th size class (i.e. the class frequency of the number distri-

The first moment, the (arithmetic) sample mean M, of the particle sizes D, is mostly represented by D.

The second and third moments are proportional to the mean surface area and the mean volume
respectively, of the particles in a sample.

10
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The p-th central moment around the mean D, denoted as m,, is defined by:

-1 ey
m, =N~y n;(D; -D)"
i

IS0 9276-2:2014(E)

(50)

Central moments of particle sizes D, are related to differences from the mean value. The best-known

example is the sample variance ms.

5.2 Definition of mean particle sizes according to the moment-ratio-notation

The prean particie size L_Jp,q of asampie of particte Sizes s the 1/{p — g)-th power of the rat
and the g-th moment of the number distribution density of the sample of particle sizes (seé\Ref

r 1/(p—q)

1 Mp _

Ppg=|— ,ifp#q
Mq

Usinjg Formula (49), Formula (51) can be rewritten as:

r 1/(p—q)
Z”i Df

i

JSp,q = ———————
Zni qu

L i

For ¢qual values of p and g, Formula (53) holds (see Reference [5]):

Zni DP InD;

i

an- D?
i

,ifp#q

Dp.p=exp

The powers p and g may have any numerical value. The type of mean size to be preferred sh
causal relationship with the relevantyphysical product or process property[4],[10],

5.2.1 Terminology for mean’particle sizes in the moment-ratio-notation D p.q

Tablp 2 presents the M{B-terminology of mean sizes[9].

Table 2 — Terminology for mean particle sizes D p.q

Systematic code Terminology
5_3’0 arithmetic harmonic mean volume size
]-_)—2,1 size-weighted harmonic mean volume size
[_)_1'2 area-weighted harmonic mean volume size
D_y 0 arithmetic harmonic mean area size
5_1 1 size-weighted harmonic mean area size
5_1,0 arithmetic harmonic mean size

© IS0 2014 - All rights reserved
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erence [5]):

(51)

(52)

(53)

ould have a
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Table 2 (continued)

Systematic code Terminology

50’0 arithmetic geometric mean size

51,1 size-weighted geometric mean size

52_2 area-weighted geometric mean size

53,3 volume-weighted geometric mean size

51'0 arithmetic mean size

52,1 size-weighted mean size

53‘2 area-weighted mean size, Sauter mean diameter

54'3 volume-weighted mean size

]__)2'0 arithmetic mean area size

53,1 size-weighted mean ared size

54‘2 area-weighted mé€an area size

55‘3 volume-weighted mean area size

53‘0 arithmetic mean volume size

54'1 size-weighted mean volume size

55,2 area-weighted mean volume size

56,3 volume-weighted mean volume size
5.2.2 Geometricmeanparticlesizes

Table 2 shows that the set of mean sizes Bp,p are geometric mean particle sizes[2]. An example is the

geometric mean surface diameter,Bz,z, for visual ranking of photographs of air bubble size
distributionsl[4l.

5.2.3 Harmonic mean particle sizes

Table 2 shows that the set of mean sizes Bp,q having negative p values are harmonic mean particle
sizes[9l. A theoretical example, viz. heat transfer to or from particles, is given in Reference [4].

12 © ISO 2014 - All rights reserved
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5.3 Calculation of mean particle sizes from a given size distribution

Mean sizes Bp,q of a sample can be estimated from any size distribution g, (D) according to equations
similar to Formulae (52) and (53):

b
mn _|pq
> a,(0;) Df"
Dpg =| ifp#q (54)
N q.(D) DI
H' Ly | LS
1
and
m
>.a,(D;) DF " InD;
Pp,p =exp| - - ,ifp=q (55)
> a,(0;) Df
i
where

7-(D;) is the particle quantity in the i-th class;
D; is the midpoint of the i-th class interval;

" isequal to 0, 1, 2 or 3 and represents thetype of quantity, viz. number, diametef, surface,
volume (or mass) respectively;

m is the number of classes.

It is|not necessary that the particle-quantity q,(D;) be a normalized quantity. The quantity can be
norrhalized, however, through: > g,(D;) = 1. Formulae (54) and (55) reduce to the familiar form of
Forrhulae (52) and (53) when r = 0vand n; = go(D), i.e. for a number distribution density.

The fliscrete nature of histogram data causes uncertainties up to a few percentin the calculatgd moments
and mean diameters, which relate to the width of the size classes and the corresponding ungertainty in
the gmount of particlesderived from the estimated mean size in each class. More informatjion is given
in Clause 7.

© ISO 2014 - All rights reserved 13
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5.4 Variance and standard deviation of a particle size distribution

The central moment my, called variance of a number distribution density (r = 0), is defined by:
my=N"" n;(D; ~D10)° (56)
i

Since my always underestimates the variance o2 (squared standard deviation) of the particle sizes in the
population, my is multiplied by N/(N-1) to obtain an unbiased estimator, s2, for the population variance.
Thus, the variance so2 of the particle sizes in the sample has to be calculated from Formula (57):

> ;D =D1o)°
i

2
Sn = m- = 57
0=y N1 (57)

and the stapdard deviation sg from Formula (58):

a 2 —2
Z n; D} -ND7

so=\—x1 (58)

Formula (58) may be rewritten as:

—2 —2
so=e [P Dl (59)
with
c=JNJ(N-1) (60)

In practice, if N >> 100, then ¢ 1 and hence

—12 —2
SO z\/; 2,0 -D 1,0 (61)

Formula (61) holds for number distribution density (r = 0). Generally, for any distribution density ¢,(D)
the standard deviation, s;, canbe-ealculated from Formula (62), although s, is not unbiasedI[3l:

—2 =2
Sr z\/E 2+4r,r -D 1+r5p (62)

A numerica] example of the calculation of s? is given in Annex B.

The populatlien-standard deviation o of alognormal distribution of particle sizes can be estimated by the
sample standarddeviatioms:

Zn,.{ln(z),./ﬁo,o)}2

s=4[-L 63
N1 (63)

Note that in this case o and s are standard deviations of log-transformed particle sizes D.
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Analogous to Formula (62), for any lognormal distribution density q,(D) the standard deviation, s, can
be calculated from Formula (64), although s is not unbiased:

Y n; D,T{ln(D,./Br,r)}2
s= |4 (64)

ZHI-D,-r
i

In particle size analysis, the quantity sg,

sq=exp[s] (65)

is referred to as the geometric standard deviation[3] although it is not a standard de¥iatioh in its true
sense.

5.5 | Relationships between mean particle sizes

It cah be shown (see Reference [5]) that
Dpo< Dmo ,ifpsm (66)
and
Pp-14-1< Dpg (67)

Diffgrences between mean sizes decrease as thedmiformity of the particle sizes D increases. The equal
sign|is applicable when all particles are of the same size.

An allternative relationship for relating seyveral mean particle sizes has the form
— b—q —p —q
[Dp,q} =D,0/ Dy (68)
- =3 =2
For ¢xample when p =3 and'¢’=2: D32=D3,0/D20.
Forrhula (69) represents-a simple symmetry relationship:
Dpqg=Dgp (69)

The sum @’of the subscripts p and q is called the order of the mean size Bp,q :

) —

==

¢ (70)

B
For lognormal particle-size distributions, the following relationship between mean sizes is applicable:
Dpq=Dogexpl(p+q)s’ /2] (71)

The accuracy of Formula (71) is about 2 % if, e.g. the standard deviation s = 0,7, the order O (= p + q) of

Bp,q is 6 and the sample size N = 180 particles; or if s = 1,0, 0 = 10 and N = 1 450 particles. A smaller
standard deviation s, lower order O or larger sample size N results in a better accuracy of the calculated

Dp,q value.
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Formula (71) shows that for lognormal size distributions, the values of mean sizes of the same order O

are equal. F

rom Formula (71), follows that:

Dp,q=D33exp[(p+q-6)s* /2]

5.6 Calculation of volume specific surface area and the Sauter mean diameter

(72)

The volume specific surface area, Sy, is inversely proportional to the surface-weighted mean diameter,
D32, (also called Sauter mean diameter). It is given by:

_9
D3

Sy

For particle

6 Relati

In some apf
notation. B

calculation
relationship

Bp'q =Z

The conditi
way as for j

An exampld

Sauter mea

D32 =

2

s, other than spheres, a shape factor has to be introduced.

jonship between moment-notation and moment-ratio-notation

lication areas the M-notation is preferred, while in other areas thépreference is for the
th methods differ in symbols and terminology, as shown in Clauses 3, 4, 5, but use si]

methods. Between the mean particle sizes X, and l_)p,q of both notations exists
given by Formula (74):

k+r,r:)_(k,r ifq:randp:k+r

bn k = 0 describes the geometric mean partigle sizes X0 which can be derived in the {
5q,q in Reference [5].

of Formula (74) is the mean particle size related to the volume specific surface area

W diameter: D32 = X; 5

an-D
i
an- Dl-2
i

5 71/3-2)
1 M3 1

Mo M_q3

=X10FMq,=

The notation for a number'distribution density shows the best coincidence between the two notat

withg=r=

Dpg=

and

)?k,r =k\le,r =k

D1

D2

16

0 and p =k#0:

1/(p-q)
Z”iDp p—q

(73)

M-R-
hilar

the

(74)

ame

the

(75)

ions

(49)

i
i
Zni D?J
i

Mk+r,0
Mr,O
X10=Mq
Xy0=%¢YMy,

(61)

(8)

(9)
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D3o0 = X30=3M3py

— _ Myo M_y3

D21 = Xxq1=Myy=——=——"=
Mg M_3
My

D43 = Xi3=Mi3=—=—

M3

IS0 9276-2:2014(E)

(10)

(24)

(26)

Table 3 presents the systematic codes from the moment-ratio-notation[2] from 5.2.1 in comparison to

the jmoment-notation from 4.2.1.
Table 3 — Terminology for mean particle sizes and corresponding codes of the notation
systems
Sydtematic (_:ode M-R- Terminology Systematic code
notation M-notation
5_3’0 arithmetic harmonic mean volume size ;_3'0
5_2'1 size-weighted harmonic mean volume sjze ;_3’1
1_)_1'2 area-weighted harmonic mean volume size )_(_3’2
1_)_2_0 arithmetic harmonic mean area size )_(_2'0
5_1’1 size-weighted harmoenit mean area size ;_2'1
5_1’0 arithmetic harmonic mean size )_(har,o ;_1,0)
50,0 arithretic geometric mean size }geo,o [;0’0)
51,1 size-weighted geometric mean size )_(0 1
52'2 area-weighted geometric mean size xXob
[_)3‘3 volume-weighted geometric mean size ;0 b
PTO arithmreticmeanrsize X1
52’1 size-weighted mean size )_(1’1
53’2 area-weighted mean size, Sauter mean diameter ;_(1’2
54’3 volume-weighted mean size ;1'3
52'0 arithmetic mean area size )_(2’0

© IS0 2014 - All rights reserved
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Table 3 (continued)

Systematic code M-R- . Systematic code
. Terminology .
notation M-notation
D31 size-weighted mean area size X21
D42 area-weighted mean area size X22
?\5 3 volume-weighted mean area size ;2 3
53 0 arithmetic mean volume size )_(3 0
54 1 size-weighted mean volume size ;3 1
55 2 area-weighted mean volume size )_(3 2
56 3 volume-weighted mean volume size ;3 3

7

Any of the pelow points can cause particle size distributions and their characteristic values to d
significantly if they come from different techniques.

For instande when comparing results from different\techniques, it is necessary to convert par
size distrib

Accurfcy of calculated particle size distribution parameters

if the sjze distribution is truncated by small cut-offs at either end of the distribution (e.g. 0,
0,3 % r{r), often applied in view of limited measurement precision or deconvolution problems)

if the measured size distribution contains only few particles at the upper size end, which quant
therefofe have a great ungertainty;

iffer

ticle

ption parameters, such as mean sizes<pr distribution percentile values, from one type of
measured gize distribution into another type, ‘€;g. from a volume-based distribution into a num
based distr|bution. Mathematically, these conversions typically can be done with an accuracy of w
1 %. However, the errors in the parameters are strongly increased by the following:

ber-
thin

05 -

ities

the

wide

if the type.of size distribution (dimensionality r) is changed considerably in the conversion of

if the size distribution contains only few, wide size classes;

if significant measurement errors are present.

Further explanations and examples are given in Annex C.

18
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Numerical example for calculation of mean particle sizes and

standard deviation from a histogram of a volume based
distribution

size

rumulative volume distribution in the following numerical example follows a lognormal
[SO 9276-5):

_ 2
In(x/x03)
s

13 (x)= exp| —0,5

1
XS\2T

Fe ;0,3 is the geometric mean diameter of the volume distribution and s is its standard d

e logarithmic transformed particle sizes). In this case, the value’of )_(0,3 is equal to the
an xs0,3. The geometric standard deviation sg is:

§g= exp(s)

e A.1 has been calculated under the assumption’that the volume distribution has a geon

dianpeter ;0,3 = 5,0 um and a standard deviation s = 0,50, corresponding to a geometr

devi

ption sg = 1,648 7. For reasons of convenience the successive particle size class boun

assulmed to follow the R5 series and the R10\series (in practice the number of classes is mog

distribution

(A1)

bviation (i.e.
value of the

(A.2)

hetric mean
ic standard

Haries were
tly larger):

RS series: —1—=5%/10 = 1,585 and R10 series: —i— =910 =1,259
Xj1 Xj1
(A.3)
The ppper boundary of the'distribution is assumed to be 25,0 pm. The truncated volume frdction above

this

boundary is 0,000.6%. The distribution is also truncated at the lower boundary of the s¢

of thle R5 series, being,995 27 um. The truncated volume fraction below this boundary is 0,

tota

The

calc
due

was

truncated velume fraction is thus 0,001 26.

numbers.in'Table A.1 for x;; Q3 ; Ax;; Az i, AQ3,; (normalized) and c_13‘,- (R5 series) have b

late the moments represented by Formulae (35) to (38). Note that the Q3 data are not
o-the truncation of the distribution. The ExcelV) function LOGNORMDIST (x,mean,st3

bventh class
000 62. The

een used to

hormalized,
ndard_dev)

[tlcnﬂ tocalculate the O- ;- values:
< O,1

Q3,;= LOGNORMDIST(x;, In(x03),s) = LOGNORMDIST(x;; 1,609 44;0,5)

(A4)

The analytical values of the moments have been calculated by introducing the lognormal distribution
into Formula (1) and integrating between xpyin = 0 and xpax = 0, i.e. without truncation. The values
obtained are given in Table A.2. Column 2 represents the values of the four moments as calculated from
the analytical function. Columns 3 and 5 represent the figures obtained in the numerical calculation

1) Excel is the trade name of a product supplied by Microsoft. This information is given for the convenience of
users of this document and does not constitute an endorsement by ISO of the product named. Equivalent products
may be used if they can be shown to lead to the same results.
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using the R5 and the R10 series, respectively. The normalized AQ3 ; -values from Table A.1 have to be
used for calculation of the columns 3 and 5 values. The calculated data differ slightly from the ones
given in column 1, but the agreement remains within a few percent, as shown by the deviations given in

columns 4 and 6.

Table A.3 shows the mean particle sizes as calculated from the moments of Table A.2, taking into account
Formulae (22) to (26).

The variance s32 of the volume distribution can be calculated according to Formula (43) by using the
data in columns 1 and 5 of Table A.1. The values of the midpoints of the size classes are the arithmetic
means of two successive class boundary values in column 1 of Table A.1. The value of s32 is 10,081 and

the value offthe standard deviation 3315 3,175.

Table A.1 — Basic data of the lognormal distribution for the calculation of the moments (R5

series)

Xi (pm) Q3,i Ax; (um) AQ3,i (norﬁg?i'iized) q3; (nm)
25,000 0,999 4 9,226 0,010 14 0,010-15 0,001 10
15,774 0,989 2 5,821 0,073 50 0,073 59 0,012 64
9,953 09157 3,673 0,240 00 0,240 29 0,065 42
6,280 0,6757 2,317 0,354 85 0,355 30 0,153 31
3,962 0,3209 1,462 0,238 04 0,238 35 0,163 00
2,500 0,082 8 0,923 0,072 31 0,072 40 0,078 48
1,577 0,010 5 0,582 0,00990 0,009 91 0,017 02
0,995 0,000 6

Table A.2 — Comparison of the analyticaliand the numerical calculation of the moments

anfég/liili:al R5-series deviation R5 (%) R10-series devia&cg/g; R10
M1,3 (L) 5,666 5,854 3,3 5,703 0,7
M_13 (upl) 0,226 6 0,222 2 -2,0 0,225 -0,6
M 3 (uh-2) 0,065 9 0,063 9 -3,1 0,064 9 -1,7
M.3 3 (uh-3) 0,024-6 0,023 4 -5,1 0,023 6 -4,3

20
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Table A.3 — Comparison of the analytical and the numerical calculation of the mean particle

size
anfelzgiial R5-series deviation R5 (%) R10-series deviation R10 (%)
X1,0 (um) 2,676 2,731 2,1 2,751 2,8
x2,0 (um) 3,033 3,082 1,6 3,090 1,9
x3,0 (um) 3,436 3,496 1,7 3,487 1,5
11 (um) 3,436 3,477 1,2 3,472 1,0
k12 (1tm) 4,412 4,501 2,0 4,441 0,7
x13 (um) 5,666 5,854 3,3 5,703 0,7

The (differences in Table A.3 between the analytical results and the results obtained using the R5 and
the R10 series are small. In principle the R10-series is to be preferréd-over the R5-series dug to smaller

deviptions, see especially x12 and x13. They indicate that narrower size classes (as in the|R10 series)

are fo be preferred over wider size classes (as in the R5 serigs), although differences are fairly small.
Mor¢ information on accuracy is given in Clause 7.
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