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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards
bodies (ISO member bodies). The work of preparing International Standards is normally carried out
through ISO technical committees. Each member body interested in a subject for which a technical
committee has been established has the right to be represented on that committee. International
organizations, governmental and non-governmental, in liaison with ISO, also take part in the work.
ISO collaborates closely with the International Electrotechnical Commission (IEC) on all matters of
electrotechnical standardization.

The proceglures used to develop this document and those intended for its further maintenanee
described In the ISO/IEC Directives, Part 1. In particular, the different approval criteria needed*for
different types of ISO documents should be noted. This document was drafted in accordance 'with
editorial ryles of the ISO/IEC Directives, Part 2 (see www.iso.org/directives).
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Introduction

Arrangement of the tables

Each table of symbols and expressions (except Table 13) gives hints (in the third column) about the
meaning or how the expression may be read for each item (numbered in the first column) of the
symbol under consideration, usually in the context of a typical expression (second column). If more
than one symbol or expression is given for the same item, they are on an equal footing. In some cases,
e.g. for exponentiation, there is only a typical expression and no symbol. The purpose of the entries is
identification of each concept and is not intended to be a complete mathematical definition. The fourth
colymn “Remarks and examples” gives further information and is not normative.

Tabje 13 has a different format. It gives the symbols of coordinates, as well as the position yectors and
thelr differentials, for coordinate systems in three-dimensional spaces.

© IS0 2019 - All rights reserved v
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INTERNATIONAL STANDARD ISO 80000-2:2019(E)

Quantities and units —

Part 2:
Mathematics

1 [Scope

Thif document specifies mathematical symbols, explains their meanings, and gives verbal gquivalents
and applications.

Thif document is intended mainly for use in the natural sciences and technelogy, but alsq applies to
other areas where mathematics is used.

2 |Normative references

The following documents are referred to in the text in such a’way that some or all of thpir content
conptitutes requirements of this document. For dated referénces, only the edition cited dpplies. For
undated references, the latest edition of the referenced document (including any amendments) applies.

ISO[80000-1, Quantities and units — Part 1: General

3 |Terms and definitions
Tabjes 1 to 16 give the symbols and expressions used in the different fields of mathematics.
[SOland IEC maintain terminological databases for use in standardization at the following addresses:

— |ISO Online browsing platform: available at https://www.iso.org/obp

— |IEC Electropedia: availahlejat http://www.electropedia.org/

4 |Variables, functions and operators

It if customary to.use different sorts of letters for different sorts of entities, e.g. x, y, ... fqr numbers
or dglements of.some given set, f, g for functions, etc. This makes formulas more readable apd helps in
setfling up an appropriate context.

Varjables'such as x, y, etc., and running numbers, such asiin Z x; are printed initalic type. Parameters,
1

suclias a, b, etc., which may be considered as constant in a particular context, are printed in italic type.
The same applies to functions in general, e.g. f, g.

An explicitly defined function not depending on the context is, however, printed in upright type, e.g.
sin, exp, In, I. Mathematical constants, the values of which never change, are printed in upright type,
e.g. e = 2,718 281 828 ..; mw = 3,141 592 ..;; i2 = -1. Well-defined operators are also printed in upright
type, e.g. div, 8 in 6x and each d in df/dx. Some transforms use special capital letters (see Clause 19,
Transforms).

Numbers expressed in the form of digits are always printed in upright type, e.g. 351 204; 1,32; 7/8.

Binary operators, for example +, —, /, shall be preceded and followed by thin spaces. This rule does not
apply in case of unary operators, as in -17,3.

© IS0 2019 - All rights reserved 1
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The argument of a function is written in parentheses after the symbol for the function, without a space
between the symbol for the function and the first parenthesis, e.g. f(x), cos(w t + ¢). If the symbol for the
function consists of two or more letters and the argument contains no operation symbol, such as +, -, x,
or /, the parentheses around the argument may be omitted. In these cases, there shall be a thin space
between the symbol for the function and the argument, e.g. int 2,4; sin n; arcosh 24; Ei x.

If there is any risk of confusion, parentheses should always be inserted. For example, write cos(x) + y;
do not write cos x + y, which could be mistaken for cos(x + ).

A comma, semicolon or other appropriate symbol can be used as a separator between numbers or
expressions. The comma is generally preferred, except when numbers with a decimal comma are used.

If an exprepsion or equation must be split into two or more lines, the following method shall be USE(Il:
— Place the line breaks immediately before one of the symbols =, +, -, %, or F, or, if necesspry,
immediately before one of the symbols x, -, or /.
The symbdl shall not be given twice around the line break; two minus signs could forexample give fise
to sign errgrs. If possible, the line break should not be inside of an expression in parentheses.
5 Mathpmatical logic
Table 1 — Symbols and expressions in mathematical logic
Item No. e:;})’:'zls):il(')n Meaning, verbal equivalent Remarks and examples
2-5.1 PAQ conjunction of p and g,
pandq
2-5.2 pVq disjunction of p and q, This “or” is inclusive, i.e. p V q is true, if
ey either p or g, or both are true.
2-5.3 ap negation of p,
notp
2-5.4 pP=q p implies-g; q < p has the same meaning as p = g.
if p, thenq = is the implication symbol.
— is also used as implication symbol.
2-5.5 peq p'is equivalent to q (p = q) A (@ = p) has the same meaning af
pP<q.
& is the equivalence symbol.
< is also used as equivalence symbol.
2-5.6 VX EA p(x) for every x belonging to 4, the If it is clear from the context which set 4 {s
proposition p(x) is true considered, the notation Vx p(x) can be uged.
Y is the universal quantifier.
For x € 4, see 2-6.1.
2-5.7 Ixe A p(x) there exists an x belonging to A for |If it is clear from the context which set 4 is
which p(x) is true considered, the notation 3x p(x) can be used.
3 is the existential quantifier.
For x € 4, see 2-6.1.
J1x p(x) is used to indicate that there is ex-
actly one element for which p(x) is true.
J!is also used for 31,

2 © IS0 2019 - All rights reserved
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6 Sets
Table 2 — Symbols and expressions for sets
Item No. Symbql, Meaning, verbal equivalent Remarks and examples
expression
2-6.1 X€EA x belongsto 4, A 3 x has the same meaning as x € A.
x is an element of the set A
2-6.2 y¢A y does not belong to 4, A ?y has the same meaning as y & A.
y1snot an element of the set4 The negating stroke may also be Vertical.
2-613 {x1, X9, oy X} set with elements x, x,, ..., X,, Also {x; | i € I}, where I denotes.a pet of sub-
scripts.
2-6l4 {xeA|px)} set of those elements of A for EXAMPLE
which the proposition p(x) is true
{xeR |x=5}
If it is clear frém the context whidh set 4 is
considered{ the notation {x | p(x)}{can be
used (forlegample {x | x = 5}, if it ip clear that
real nimbers are considered).
Instead of the vertical line often g colon is
used as separator:
{x€eA:pXx)}
2-615 card 4 number of elements in 4, The cardinality can be a transfinite number.
4| cardinality of A The symbol || is also used for abs¢lute value
of areal number (see 2-10.16), mqdulus of a
complex number (see 2-15.4) and|magnitude
of avector (see 2-18.4).
2-616 o the empty set
{
2-617 BCA Bisincluded in 4, Every element of B belongs to A.
Bis\a subset of A cis also used, but see remark to p-6.8.
A 2 B has the same meaning as Blc A.
2-6|8 BcA Bis properly included in 4, Every element of B belongs to 4, Hut at least
. one element of A does not belong to B.
Bis a proper subset of A
If c is used for 2-6.7, then € shall|be used
for 2-6.8.
A D Bhas the same meaning as B|c A.
2-6{9 AUB union of A and B The set of elements which belong|to at least
one of the sets 4 and B.
AUB={x|x€EAVXEB}
2-6.10 ANB intersection of A and B The set of elements which belong to both
sets A and B.
ANB={x|x€AAXx€EB}
2-6.11 . union of the sets 4;, 4,, ..., 4, The set of elements belonging to at least one
of the sets 44, 4,, .., 4,
U4 n
i=1 UAI. =A U..UA, n
part Ui=1’ U and Uiel are also used,
iel
where [ denotes a set of subscripts.

© IS0 2019 - All rights reserved
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Table 2 (continued)

Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-6.12 N intersection of the sets The set of elements belonging to all sets 4;,
ﬂAi Ay, Ay, A, Az v Ay
=1 n
n ﬂ , m and ﬂ are also used,
i=1 ic]
(4 =40 ..n4, = e
=1 where I denotes a set of subscripts.
2-6.13 ANDB difference of A and B, The set of elements which belong to A buf
. not to B.
A minus B
A\B={x|x€ANx¢&B}
The notation A - B should not beuised.
C4B isalsoused. C,B istainly used when
Bis a subset of 4, and the symbol A may be
omitted if it is cleaf fiom the context whifh
set A is considered.
2-6.14 (a, b) ordered pair a, b, (a,b) = (c,d) ifand onlyifa=cand b =d.
couple g, b If the comina can be mistaken as the deci
mal sigh,'then the semicolon (;) or a stroke
(]) may be used as separator.
2-6.15 (ay, ay, .., a,) ordered n-tuple SeeTemark to 2-6.14.
2-6.16 AxB Cartesian product of the sets A The set of ordered pairs (a, b) such that ale A
and B and b € B.
AxB={(x,y) | x€AANy€EB}
2-6.17 N Cartesian product of thé Sets The set of ordered n-tuples (x4, x, ..., X,))
h th €A €A, ..x, EA,.
HAI Al;AZ; ---;An suc t atxl 1,X2 2 ,Xn n
i=1 ) AxAx..xA is denoted by A", where n is the
HAz =4 xAXA, number of factors in the product.
i=1
2-6.18 idy identity relation on set 4, id 4 is the set of all pairs (x, x) wherex € A
digmohal of A x 4 If the set A is clear from the context, the
& subscript A can be omitted.
7 Standard number sets and intervals

Table,3.— Symbols and expressions for standard number sets and intervals

Item No.

Symbol,

expression

Meaning verbal eguivalent
o7 et §

Remarks and examnles
r

2-71

N

the set of natural numbers,

the set of positive integers and zero

N ={0,1,23, ..}
N*={1,2,3, .}

Other restrictions can be indicated in an
obvious way, as shown below.

N.;={neN|n>5}

The symbols IN and N are also used.

© ISO 2019 - All rights reserved
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ward from a included

[a,+0)={x€ R |as<x}

Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-7.2 7 the set of integers Z ={.,-2,-1,0,1,2 .}
Z"=neZ|n%0}
Other restrictions can be indicated in an
obvious way, as shown below.
Z =IncZ ln > N
=51 T T T
The symbol Z is also used.
2-713 the set of rational numbers
Q Q* ={re Q |rz0}
Other restrictions can'be indicat¢d in an
obvious way, as,shown below.
Q_,={reQ }r<0}
The symbols Q and Q are also used.
2-714 the set of real numbers
R R¥z{Xx€ R | x#0}
Other restrictions can be indicatgd in an
obvious way, as shown below.
R.,={xeR |x>0}
The symbols IR and R are also used.
2-715 the set of complex numbers
c C'={ze C |z+0}
The symbol C is also used.
2-716 P the set of pfime numbers P ={23,5711,13,17 .}
The symbol P is also used.
2-717 a,b closéd interval from a included
2] tob included [a.b]={x€ R |a<x=<b}
2-718 (a, b] left half-open interval from a _
excluded to b included (@ b]={x€R Ja<x=b}
The notation ]a, b] is also used.
2-7P [a, B) right half-open interval from a _
included to b excluded [a.b)={x€R |a<x<b}
The notation [a, b|[ is also used.
2-7110 a, b open interval from a excluded to b
(a.b) o ddod (@b)={x€R |a<x<b}
Thenotationla hlicalcaucod
i el L
2-7.11 -0, b closed unbounded interval up to b
e included PP e, b= xe R |xst
The notation ]-oo, b] is also used.
2-7.12 -00, b open unbounded interval up to b
e excluded PO e b= xe R fx<t
The notation ]-oo, b[ is also used.
2-7.13 [a, +0) closed unbounded interval on-

The notations [a, o), [a, +oo[ and [a, oo are

also used.

© IS0 2019 - All rights reserved
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Table 3 (continued)

from a excluded

Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-7.14 (a, +) open unbounded interval onward

(a,+0)={x€ R |a<x}

The notations (a, =), ]a, +oo[ and ]Ja, o[ are
also used.

8 Miscellaneous symbols

Table 4 — Miscellaneous symbols and expressions

Item No. Symbo}, Meaning, verbal equivalent Remarks and examplés
expression
2-8.1 a=b aisequaltob The symbol = may be uséd\to emphasize
that a particular equality’is an identity, i.¢.
a equals b .
holds universally.
But see 2-8.18 for-ahother meaning.
2-8.2 a+b aisnotequal to b The negating@Stroke may also be vertical,
2-8.3 a=>n a is by definition equal to b EXAMPLE
p =mv, where p is momentum, m is mafss
ahdov is velocity.
The symbols =4.rand & are also used.
2-8.4 azb a corresponds to b EXAMPLES
When E = kT, then 1 eV 2 11 604,5 K.
When 1 cm on a map corresponds
to alength of 10 km, one may write
1cm £ 10 km.
The correspondence is not symmetric.
2-8.5 axb a is approximately equal to b It depends on the user whether an approy-
imation is sufficiently good. Equality is nt
excluded.
2-8.6 a=b ads,asymptotically equal to b EXAMPLE
1
=~ asx—a
sin(x—a)  x-a
(For x — a, see 2-8.16.)
2-8.7 a~>%b a is proportional to b The symbol ~ is also used for equivalenc¢
relations.
FheTotatiomo < bisatsoused:
2-8.8 M=N M is congruent to N, M and N are point sets (geometrical figures).
M is isomorphicto N This symbol is also used for isomorphisms
of mathematical structures.
2-8.9 a<b aislessthan b
2-8.10 b>a b is greater than a
2-8.11 as<b a is less than or equal to b
2-8.12 bza b is greater than or equal to a
2-8.13 a<kb a is much less than b It depends on the situation whether a is
sufficiently small as compared to b.
6 © IS0 2019 - All rights reserved
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Table 4 (continued)
Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression

2-8.14 b>a b is much greater than a It depends on the situation whether b is
sufficiently great as compared to a.

2-8.15 o infinity This symbol does not denote a number but
is often part of various expressions dealing
with limits.

The notations +o0, —oo are also used.

2-8|16 xX—a xtendstoa This symbol occurs as part of varfious ex-
pressions dealing with limitst
a may be also oo, +o0, or —60,

2-8117 m|n m divides n For integers m and n;
ke Z mk=n

2-8]18 n = kmod m n is congruent to k modulo m For integers ni-fand m:
m| -k
This concept of number theory mpst not be
confused with identity of an equdtion, men-
tioned in 2-8.1, column 4.

2-8119 (a+b) parentheses Itis recommended to use only pafentheses

[a+b] square brackets for grouping, smc.e.bracket_s apd brages

often have a specific meaning in garticular
{a + b} braces fields. Parentheses can be nested|without
{a +b) angle brackets ambiguity.

9 |Elementary geometry

Table 5 — Symhols and expressions in elementary geometry

Item No. Symbo_l, Meaning, verbal equivalent Remarks and examplgs
expression
2-9|1 ABIICD the straightline AB is parallel to |Itis written g || hif gand h are th¢ straight
the straight line CD lines determined by the points A aind B, and
the points C and D, respectively.
2-9|2 ABLCD the straight line AB is perpendicu- |Itis written g L h if g and h are thie straight
lar to the straight line CD lines determined by the points A ind B, and
the points C and D, respectively. In a plane,
the straight lines intersect.
2-9|3 <ABC angle at vertex B in the triangle The angle is not oriented, it holds|that
ABC <ABC = <«CBA and
0 <<xABC<mrad.
For a more general definition including rota-
tion angles see ISO 80000-3.
2-9.4 — line segment from A to B The line segment is the set of points
AB between A and B on the straight line AB
including the end points A and B.
2-9.5 - vector from Ato B - -
AB If AB=CD then B, seen from A, is in the

same direction and distance as D is, seen
from C. It does not follow that A= Cand B =D.
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Table 5 (continued)

Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-9.6 d(A, B) distance between points Aand B | The distance is the length of the line

segment AB and also the magnitude of the

—
vector AB .

10 Operations

Table 6 — Symbols and expressions for mathematical operations

Item No. Symbo_l, Meaning, verbal equivalent Remarks and examplés
expression
2-10.1 a+b aplus b This operation is named.addition. The symn-
bol + is the addition symibol.
2-10.2 a-b a minus b This operation is named subtraction. The
symbol - is the subtraction symbol.
2-10.3 atbh a plus or minus b This is a combipnation of two values into dne
expressiofi
2-10.4 a+bh a minus or plus b -(atbhp=4a+b
2-10.5 a-b a multiplied by b, Thisoperation is named multiplication. The
a times b syibol for multiplication is a half-high d¢t
axb () oracross (x).
ab Either symbol may be omitted if no misup-
ab derstanding is possible.
See also 2-6.16, 2-6.17, 2-18.11, 2-18.12,
2-18.23 and 2-18.24 for the use of the dot
and cross in various products.
2-10.6 a divided by b
a a_ .4
_ —=a-b
b b
a/b The symbol : is often used for ratios of qujan-
a:b tity values of the same dimension.
The symbol + should not be used.
2-10.7 N a+a, + .+ ap, "
zai sum of ay, ay, . a, The notations Zi:1ai , Zal. , Ziai and
i=1 '
Zai are also used.
2-10.8 i - Ay - .- ay, n
T The notations T~ a.. T a.. I T . and
1= productofay, a,, -, a, IS TSSO S A
i=1 '
Hai are also used.
2-109 ap a to the power p The verbal equivalent of a2 is a squared; the
verbal equivalent of a3 is a cubed.
2-10.10 al/? a to the power 1/2,
P / IfaZO,then\/EZO.
Ja square root of a

The symbol Va should be avoided.
See remark to 2-10.11.
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[a]

the least integer greater than or
equal to the real number a

Table 6 (continued)
Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-10.11 al/n a to the power 1/n,
Ifa >0, then Ya >o0.
g nthroot of a
a The symbol without the upper line "Va
should be avoided.
If however the symbol ™V or V is used acting
on a composite expression, parentheses
D}ld}} lUC l,lbl:d tU dVUid aluluisuit_y.
2-1p.12 5 mean value of x, Mean values obtained by othér mpthods are
. . the
) arithmetic mean of x
— harmonic mean denoted by subscript h,
X, — geometric mean(dénoted by subscript g,
— quadratic meahn, often called “foot mean
square”, denoted by subscript q of rms.
The subseript may only be omittegd for the
arithmetic mean.
In‘mhathematics, x is also used for the
cemplex conjugate of x; see 2-15.4.
2-1p.13 sgna signum a For real a:
1if a>0
sgna=4 0 if a=0
-1if a<0
See also item 2-15.7. Sometimes sgn 0 is left
undefined.
2-1p.14 inf M infimum-of\M Greatest lower bound of a non-enjpty set of
numbers bounded from below.
2-1p.15 sup M supremum of M Smallest upper bound of a non-empty set of
numbers bounded from above.
2-1p.16 |a| absolute value of a, The notation abs a is also used.
modulus of a, The symbol || is also used for cardinality
maenitude of @ of a set (see 2-6.5), modulus of a Jomplex
& number (2-15.4) and magnitude df a vector
(see 2-18.4).
2-1p.17 M| floor a, The notation ent a is also used.
the greatest integer less thanor  |EXAMPLES
equal to the real number a
|2,4|=2
|-2,4|=-3
2-10.18 ceil a, “ceil” is an abbreviation of the English word

“ceiling”.
EXAMPLES
[2,4]=3
[-2,4]=-2
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Table 6 (continued)
Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression

2-10.19 inta integer part of the real numbera |,
inta=sgna-||a| |
EXAMPLES
int(2,4) =2
int(-2,4) = -2

2-10.20 fraca fractional part of the real number g lfraca =g -inta
EXAMPLES
frac(2,4) = 0,4
frac(-2,4) =-0,4

2-10.21 min(a, b) minimum of @ and b The operation generalizes.toymore than tvo
numbers and to sets of numbers. Howevey,
an infinite set of numbers need not have 3
smallest element, ifi this case use inf (see
2-10.14).

2-10.22 max(a, b) maximum of a and b The operatiomrgeneralizes to more than tvo
numbers dand to sets of numbers. Howevey,
an infinite)set of numbers need not have 4
greatest element, in this case use sup (se{
2:10.15).

11 Combhinatorics

In this clau

se, n and k are natural numbers, with k < n)

Table 7 — Symbols andexpressions in combinatorics

Item No.

Symbol,
expression

Meaning, verbal equivalent

Remarks and examples

2-11.1

n!

factorial

n
n!=Hk:1k=1-2-3-...-n (for n > 0)
0=1

2-11.2

=~

falling factorial

ak =a-(a-1)...(a-k+1) (fork>0)

a =1
a may be a complex number.

For a natural number n:

In combinatorics and statistics, the symbol
(a) is often used for the falling factorial.

In the theory of special functions, however,
the same symbol is often used for the rising
factorial and called Pochhammer symbol.

10
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Table 7 (continued)
Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-11.3 _ rising factorial _
ak ak =a-(a+1)-...(a+k-1) (for k> 0)
a® =1
a may be a complex number.
For a natural number n:
k_ (l’l+k—1)!
~ (n-1)!
In the theory of specialfunctiong, the
symbol (a), is oftenused for therising
factorial and called Pochhammer| symbol. In
combinatorics@nd statistics, however, the
same symhol)is often used for th¢ falling
factorial:
2-11.4 binomial coefficient
n n n!
=————— (for0<k<n)
k k) kY(n—k)!
2-1[L.5 B, Bernoulli numbers
n-1
1 n+1
o3[
n+1 pard k
(forn>0)
By=1
By =-1/2, By,;3=0
2-11.6 " number of.cembinations without
Ca repetition ck = nm__ n
"1k kl(n—k)
2-111.7 Rk number of combinations with k1
G repetition R ck :['H' B ]
n
k
2-1..8 i number of variations without |
Va repetition vk =pk =
" (n—k)!
The term “permutation” is used when n = k.
2-11L.9 number of variations with repeti-
RVrIf tion RVr]f =n*

12 Functions

Items 2-12.1 up to 2-12.13 concern functions in general, items 2-12.14 to 2-12.27 concern functions with
numbers as values as used in calculus.

© IS0 2019 - All rights reserved

11


https://standardsiso.com/api/?name=27e0122c2dc79b1e98193bea736af96d

ISO 80000-2:2019(E)

Table 8 — Symbols and expressions for functions

Item No.

Symbol,
expression

Meaning, verbal equivalent

Remarks and examples

2-12.1

£g h, ..

functions

A function assigns to any argument in its
domain a unique value in its range.

The arguments are said to be mapped by the
function onto the values, which are called
images of the arguments under the function.

2-12.2

f¥)

value of function ffor argument

A function having a set of n-tuples as its

flxq o

,X,)

£ 0 10T aIrguInent (x4, ..., X,J, I'e-
spectively

GOl {5 am 7I-prace function.

2-12.3

dom f

domain of f

Set of objects to which fassigns arvalue.
D(f) is also used.

2-12.4

ran f

range of f

Set of values of the function’f*
R(f) is also used.

2-12.5

fiA—>B

f maps A into B

domf =AandranfE B

It is not necessary-that all elements of B gre
values of the function f.

2-12.6

fA—>B

f maps A surjectively onto B

dom f =.Adnd ran f=B

2-12.7

fA>B

f maps A injectively into B

f:A—~Banhdforallx, yeA

if x'#y then f(x) # f(»).

The function fis then said to be injective|or
one-one.

2-12.8

fiA=>»B

f maps A bijectively onto B

f:A->» B andf:A~ B

2-12.9

x-T(x),x€EA

function that maps any x €4 onto
T

T(x) is a defining term denoting the value
of some function for the arguments x € A

%2}

If this function is called £, then it holds
f(x) = T(x) for any x € A. Therefore the de
fining term T(x) is often used to denote the
function f.

EXAMPLE
x—3x2y, x € [0, 2]

This is the quadratic function (of x depend-
ing on the parameter y) defined on the
stated interval by the term 3x2y.

If no function symbol is introduced, the
term 3x2y is used to denote this function

2-12.10

A

inverse function of f

The inverse function f1 of a function fis
only defined if fis injective.

If fis injective then
dom(f1) =ran(f), ran(f1) = dom(f), and
f1(f(x)) = x for x € dom f.

The inverse function f1 should not be
confused with the pointwise reciprocal
function x — f(x)L.

2-12.11

gef

composite function of fand g,

g circle f

(g°f)(x)=g(f(x))
In the composite gof, the function g is

applied after function fhas been applied.

12
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If the independent variable is time ¢, f is

also used for f”.

Table 8 (continued)
Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-12.12 I f(x) =y, EXAMPLE
X Y fmaps x onto y cos
fixmy n——-1
2-12.13 This notation is used mainly when evaluat-
f|g f(b)-f(a) ing definite integrals.
., b f(b,.)-f(a,..)
T Tl
b T
2-1p.14 lim f(x) limit of f(x) as x tends to a f(x) > basx—a
x=a may be written for limg," “f(x)3b.
lim,_q £ () Limits “from the right{ (x > a) anfl “from the
left” (x < a) are dénoted by
lim, . f(x) and
lim, . «f(x),respectively.
2-1p.15 f(x) =0(g(x) f(x) is upper case O of g(x), The symbol “=" here is used for hfstorical
. réasons and does not have the m¢aning
!f(x)/g(_x)l_ls_ bou_nded from above ef’equality, because transitivity does not
in the limit implied by the context apply.
f().() is of the Qrder comparable EXAMPLE
with or inferior to g(x)
sinx=0(x) ,whenx — 0
2-1p.16 f(x) =0(g(x)) f(x) is lower case o of g{x), The symbol “=" here is used for hfstorical
. N . reasons and does not have the mg¢aning
/(/9(x) = 0 in thelimit implied of equality, because transitivity does not
by the context;
_ o apply.
f(x) is of theorder inferior to g(x) EXAMPLE
cosx=1+0(x),whenx— 0
2-1p.17 Af delta f, Difference of two function valueq implied by
T the context.
finite increment of f
EXAMPLES
Ax=x,-X;
A (x)=f(x,)-f (%)
2-1p.18 af derivative of fwith respect to x Only to be used for functions of ohe varia-
=2 ble.
dx The independent variable may alfo be indi-
df /dx cated, for example
f df (x ,
Y af(xy/ax, f1(x) and DF(x).
Df X

© IS0 2019 - All rights reserved
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Table 8 (continued)
Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-12.19 df value of the derivative of ffor x = a |See also 2-12.18
(oL
(df /dx),,
f'(a)
Df (a)
2-12.20 anf nth derivative of fwith respect to x |Only to be used for functions of one-variaple.
n
dx ( ) ,d™f(x)/dx", (M) (x) and D"fafe
dn f /dxn dx”
also used.
Jal
f” and f” are alsorused for f(2) and f (3
D" f respectively.
If the indepertdent variable is time ¢, f i
also usedfor f”.
2-12.21 partial derivative of fwith re- Only to be used for functions of several
a_f specttox Variables.
ox
3f/dx af(’; Vo) oe(x,y, 0/0% 0, f (X, ) and
0
of
D, f(x,y,...) arealso used.
The other independent variables may be
shown as subscripts, e.g. (a—f) .
ox )y
This partial derivative notation is extended
to derivatives of higher order, e.g.
Pf _o(f
0 x? Bx ox
92f_9(F
oxdy ox\| dy
_ a(w)
Other notations, e.g. =—/| — |, are
& Ly "o oy
also used.
2-12.22 df total differential of f 3
df (x,y,...)= o —dx+=— f dy+...
ox ady
2-12.23 of (infinitesimal) variation of f This symbol is used in variational calculus.
2-12.24 indefinite integral of f
If(x)dx
14 © IS0 2019 - All rights reserved
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Table 8 (continued)
Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-12.25 b definite integral of f from a to b This is the simple case of a function defined
on an interval. Integration of functions
jf(x)dx defined on more general domains may also
e be defined. Special notations, e.g. J, I, J-,(ﬁ,
cSV
are used for integration over a curve C, a
Surface 5, a three-dimensional dgmain 'V,
and a closed curve or surface, regpectively.
Multiple integrals are also'denoted H ,C_ﬁ),
etc.
2-1p.26 b Cauchy principal value of the 5 ;
integral of fwith singularity at c “
d "ol dx d
](f(x) X where a<c<b 528 Jf(x) * Jf(x) X
a c+6
2-1p.27 - Cauchy principal value of the inte- ¢
ral of
:'tf(x) dx & f tim + f(x)dx
Q500
—oo —a
See 2-12.26.
13|Exponential and logarithmic functions

Complex arguments can be used, in particularfor the base e.

Table 9 — Symbols and expressions for exponential and logarithmic functions

Item No. Symbql, Meaning, verbal equivalent Remarks and examplgs
expression
2-1B.1 e base of natural logarithm N
e = lim (1+1) =2,7188128...
Nn—oco n
This number is called Euler numHer.
2-1B.2 aX a to the power of x, See also 2-10.9.
exponential function to the base a
of argument x
2-1B.3 ex e to the power of x, See 2-15.5.
exp x exponential function to the base e
Of argument x
2-13.4 log, x logarithm to the base a of argu- log x is used when the base does not need to
ment x be specified.
2-13.5 In x natural logarithm of x In x =log, x
log x shall not be used in place of In x, Ig x,
Ib x, or log, x, log; x, log, x.
2-13.6 lg x decimal logarithm of x, lgx=log;yx
common logarithm of x See remark to 2-13.5.
2-13.7 1b x binary logarithm of x b x =log, x

See remark to 2-13.5.
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14 Circular and hyperbolic functions

Table 10 — Symbols and expressions for circular and hyperbolic functions

Item No.

Symbol,
expression

Meaning, verbal equivalent

Remarks and examples

2-14.1

L

ratio of the circumference of a
circle to its diameter

m=3,1415926...

2-14.2

sin x

sine of x

eix _e—ix
sinx=

21
sinx=x-x3/3!+x5/5! - ...

(sin x)", (cos x)", etc. (for n = 2), are often
written sin” x, cos" x, etc.

2-14.3

COS X

cosine of x

cos x = sin(x + /2)

2-14.4

tanx

tangent of x

tan x = sin x/cos x

tg x should not be uysed.

2-14.5

cotx

cotangent of x

cotx=1/tanx

ctg x should not'be used.

2-14.6

secx

secant of x

secx = lfcos x

2-14.7

CSCX

cosecant of x

cscx=41/sinx

cosec x is also used.

2-14.8

arcsin x

arcus sine of x

9= arcsinx & x=siny
(for-m/2 <y <m/2)

The function arcsin is the inverse of the
function sin with the restriction men-
tioned above.

2-14.9

arccos x

arcus cosine of x

y=arccosxe x=cosy (forOsysm)

The function arccos is the inverse of the
function cos with the restriction men-
tioned above.

2-14.10

arctan x

arcus tangent of x

y=arctanx © x=tany
(for-m/2 <y <m/2)

The function arctan is the inverse of the
function tan with the restriction men-
tioned above.

arctg x should not be used.

2-14.11

arccotx

arcus cotangent of x

y =arccotx © x =coty (forO<y<m)

The function arccot is the inverse of the

function cot with the restriction men-
tioned above.

arcctg x should not be used.

2-14.12

arcsec x

arcus secant of x

y=arcsecx © x=secy
(forO<sy<my#m/2)

The function arcsec is the inverse of the
function sec with the restriction men-

tioned above.

16
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area hyperbolic cosecant of x

Table 10 (continued)
Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-14.13 arccscx arcus cosecant of x Yy =arccscx & x=cscy
(for-m/2<y<m/2,y#0)
The function arccsc is the inverse of the
function csc with the restriction men-
tioned above.
arccosec x should be avoided
2-14.14 sinh x hyperbolic sine of x
eX _o—X
sinhx=
2
sinhx=x+x3/3! + ...
sh x should be avaided.
2-14.15 cosh x hyperbolic cosine of x cosh? x = sinh&x¥ 1
ch x should'\be avoided.
2-1#.16 tanh x hyperbolic tangent of x tanh x¢= sinh x/cosh x
th& should be avoided.
2-14.17 coth x hyperbolic cotangent of x coth x=1/tanh x
2-14.18 sech x hyperbolic secant of x sech x=1/cosh x
2-14.19 csch x hyperbolic cosecant of x csch x=1/sinh x
cosech x should be avoided.
2-14#.20 arsinh x inverse hyperbolic sine'of x, y=arsinhx & x=sinhy
area hyperbolic sine of x The function arsinh is the inversq of the
function sinh.
arsh x should be avoided.
2-14.21 arcosh x inverse‘hyperbolic cosine of x, y=arcoshx & x=coshy (fory =2 0)
areahyperbolic cosine of x The function arcosh is the inversg of the
function cosh with the restriction men-
tioned above.
arch x should be avoided.
2-14.22 artanh x inverse hyperbolic tangent of x, y=artanhx & x=tanhy
area hyperbolic tangent of x The function artanh is the invers¢ of the
function tanh.
arth x should be avoided.
2-14.23 arcoth x inverse hyperbolic cotangent of X, |y =arcothx & x=cothy (fqry # 0)
area hyperbolic cotangent of x The function arcoth is the inversg of the
function coth with the restriction men-
tioned above.
2-14.24 arsech x inverse hyperbolic secant of x, y=arsechx & x=sechy (fory = 0)
area hyperbolic secant of x The function arsech is the inverse of the
function sech with the restriction men-
tioned above.
2-14.25 arcsch x inverse hyperbolic cosecant of x, |y=arcschx & x=cschy (fory=0)

The function arcsch is the inverse of the
function csch with the restriction men-
tioned above.

arcosech x should be avoided.
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15 Complex numbers

Table 11 — Symbols and expressions for complex numbers

Item No.

Symbol,
expression

Meaning, verbal equivalent

Remarks and examples

2-15.1

i imaginary unit

i2= j2 =-1
iis used in mathematics and in physics,

jis used in electrotechnology.

2-15.2

Rez real partotfz

Itz=Xx+1)y, where xand y are real num-
bers, then

x=Rezandy=Imz.

2-15.3

Imz imaginary part of z

See 2-15.2.

2-15.4

modulus of z

|zl=vx?+y?
where x = Re zand y~= Im z.

The symbol || is\alSo used for cardinality
of a set (see 2-6,5), absolute value of a red
number (see 2<10.16), and magnitude of g
vector (see2-18.4).

—

2-15.5

arg z argument of z

If z=x €i%, where r= |z| and -1 < ¢ < T, then
@ =argz.
It holds Re z=rcos ¢ and Im z = r sin ¢.

2-15.6

complex conjugate of z

N|

=Rez-ilmz

N|

N|

is mainly used in mathematics,

z*is mainly used in physics and engineer|ng.

2-15.7

sgnz signum z

sgnz=2z/|z| =exp (iargz) (z#0)
sgnz=0forz=0

See also item 2-10.13. Sometimes sgn 0 is
left undefined.

16 Matri

ces

Matrices are usually-wiritten with boldface italic capital letters and their elements with thin italic lower

case letter

5, but other typefaces may also be used.

Table 12 — Symbols and expressions for matrices

Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-16.1 A matrix 4 of type m by n A is the matrix with the elements a;; = (4);;,
m is the number of rows and n is the number
a11 AYn of columns.
: A = (ay) is also used.
a1 a Square brackets are also used instead of
m mn parentheses.
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Table 12 (continued)

Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-16.2 A+B sum of matrices A and B A+ B)l-j = (A)I-j + (B)l-j
The matrices A and B must have the same
number of columns and the same number
of rows.
2-16.3 xA product of scalar x and matrix 4 |(xA4); =x (4);;
2-16.4 AB product of matrices A and B ~—
(AB); =) (A); (B
J
The number of columns of A'mhusq be equal
to the number of rows 6f B.
2-1p.5 I identity matrix A square matrix forwhich (I);;, = p;,
E For the definitiohjof §;, see 2-18.9
2-1p.6 Al inverse of a square matrix 4 AA1=A1A<1T
when detA)# 0, for the definition pf det 4 see
2-16.10.
2-1p. AT transpose matrix of A (A5 = (A
2-16. - complex conjugate matrix of 4 \/ _
4 (A)ik =(A),'k
A* -
A is used in mathematics,
A* in physics and electrotechnology.
2-1p.9 AH Hermitian conjugate-matrix of A _
P jug AM=(A)T
The term “adjoint matrix” is also lised.
A* and A* are also used for AH.
2-1p6.10 detA detertminant of a square matrix 4 . .
Sometimes |4| is used.
a;; - 4y,
A ... Q.
2-1p.11 rank 4 rank of matrix 4 The rank of matrix 4 is the number of the
linearly independent rows of A. It]is also
equal to the number of linearly independent
columns.
2-1p.12 thA trace of a square matrix A
trd=Y (A);
i
2_1 .’l 13 ”A” ITUT 111 Uf lllatl ;AA Th\, ITUT 111 Uf lllatl ;AA ;O [2} llulllb\,l Character_
izing this matrix and satisfying the triangle
inequality:
if A + B = C, then ||A]|+||B||=]|C]|-
Different matrix norms are used.

17 Coordinate systems

In this section, some coordinate systems in three-dimensional space of classical physics are considered.
A point O has to be fixed as origin of the coordinate system. Any point P is determined by the position
vector from the origin O to the point P.
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Table 13 — Coordinate systems in three-dimensional space

Item No. Coordi- Position vector and its differential Nam_e of Remarks
nates coordinates
2-17.1 X,z r=xe,+ye,+ze, Cartesian coor- |The base vectors e,, e,e, form
dr=dxe +dve +dze dinates an orthonormal system (i.e. the
- x Ty z vectors are unit vectors and or-
tho-gonal) which is right-hand-
ed, see Figures 1 and 4.
e, e, e;orij karealso used
for the hase vectors and X4 Xo,
x3 or I, j, k for the coordinatgs.
2-17.2 0,0z r=pe,+ze, cylindrical coor- |e, (¢), e,(¢), e, form an ortho-
dr=doe +pdoe. +dze dinates normal right-handed|systein.
—apeprrape, z See Figure 2.
If z= 0, thenp.and ¢ are polar
coordinates'in the plane.
2-17.3 rY, e r=re, spherical coordi- |e,.(9,¢).e3(J @), esa(go) form
. nates an orthonormal right-handgd
dr=dre.+rddey+rsinddge,
system.
See Figure 3.
NOTE If, ¢xceptionally, instead of a right-handed system (see Figure 4), a left:zhanded system (see Figure 5) is used for
certain purpgoses, this shall be clearly stated to avoid the risk of sign errors.

20

Figure 2 — Right-handed cylindrical coordinate system
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Figure 3 — Right-handed spherical coordinate system

Z )\

<

Figure 4 — Right-handed coordinate system

Z-)

)

Figure 5 — Left-handed coordinate system

18|Scalars, vectors and tensors

In this‘section, e, e;, e; are used for base vectors. This notation easily generalizes to n-dimensional
space (n a natural number, not necessarily 3), which is indispensable in mathematics and also important
in physics. Many concepts in this section apply to this more general case. The mathematical concept of
dimensionality of a space is a more general concept than the concept of quantity dimension, which is
explained in ISO 80000-1.

Scalars, vectors and tensors are mathematical objects that can be used to denote certain physical
quantities and their values. They are as such independent of the particular choice of a coordinate system,
whereas each scalar component of a vector or a tensor and each component vector and component
tensor depend on that choice. A vector is a tensor of the first order and a scalar is a tensor of order zero.

With respect to some base vectors ey, e,, e; each vector a has a representation a = a,e; + a,e, + ases
where a4, a, and a; are uniquely determined scalar quantity values called “coordinates” of the vector
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with respect to the base vectors, the vectors a;e;, a,e, and aze; are called “component vectors” of the
vector with respect to the base vectors.

The word “component” shall not be used alone, since it might be confused with “component vector”.

Instead of treating each coordinate of a vector as a physical quantity value (i.e. a number multiplied by
a unit), the vector could be written as a numerical vector multiplied by a unit. All units are scalars.

EXAMPLE

Force acting on a given particle, e.g. in Cartesian components (F,; Fy; F)=(-31,5;43,2; 17,0) N.

The same considerations apply to tensors of second and higher orders.

In this section, only Cartesian (orthonormal) coordinates in ordinary space are considered. Thenjore
general cades requiring covariant and contravariant representations are not treated here. The Eartegian

coordinat

are denoted by x, y, z; by a,, a,, as; or by x4, X,, x5.

If subscripts i, j, k, I, each ranging from 1 to 3, are used, then the following summation‘\convention is

sometimes| used: If a subscript appears twice in a term, summation over the range of\this subscri
, and the sign X may be omitted.

understoo

Vectors an

Table 14 — Symbols and expressions for scalars, vectors and tensors

tis

l tensors are often represented by general symbols for their scalar.cemponents, e.g. g; fpr a
vector, Tl-j fpor a tensor of the second order, and aibj for a dyadic product.

Item No. Symbql, Meaning, verbal equivalent Remarks and examples
expression
2-18.1 a vector a An arrow above the letter symbol can He
= used instead of bold face type to indicate
a a vector.
2-18.2 a+b sum of vectors a and b (a+b);=a;+b;
2-18.3 xa product of a number, scalaf, or com- | (xa); = xq;
ponent x and vector a
2-18.4 |a| magnitude of the vector a, —
a| =./a;+as +a
norm of the vector a a x Yoz
|al| isalso used.
The symbol || is also used for cardinalify
of a set (see 2-6.5), absolute value of a rgal
number (see 2-10.16), modulus of a conl-
plex number (2-15.4).
2-18.5 0 zero vector The zero vector has magnitude 0.
0
2-18.6 e, unit vector in the direction of a e,=d=a/la|, (for a# 0)
la
2-18.7 e.e,e, unit vectors in the directions of the i, j, k are also used.
Cartesian coordinate axes
el, ez, e3
2-18.8 a,a,a, Cartesian coordinates of vector a, a=a,e +a,e,+a,e,
a; Cartesian components of vector a a, e,, a, e,, a; e; are the component vectors.
If it is clear from the context which are the
base vectors, the vector can be written
a=(a, a,, a,).
a,=ae,a,=ae,a,=ae,
r=xe,+ye,+ze,is the position vector (radius
vector) of)‘éhe point with coordinates x, y, z.
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Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-18.9 Sk Kronecker delta symbol 1 for i=k
S =
0 for i#k
2-18.10 | Levi-Civita symbol €193 = €x31 = &35 =1
€132 = €321 = €213 = ~1
All other £ pare equalto 0
2-18.11 |a-b scalar product of a and b a-b=ayb,+ab,+a,b,
a-b=Yab
i
a-a=a?=|a|?=\a?
In special fields,(a, b) or < a, b > s also used.
2-18.12 b vector product of a and b The coordinates, in a right-handgd Cartesian
ax coordinate system, are
(axb), =a,b,—a,b,
(axb)y =a,b,—a,b,
(axb), =ab,—a,b,
(axb); =) Y eab,
j ok
See 2-18.10.
2-18.13 bl t
\V/ nabla operator 5 3 5 5
V=e, —+e —+e, —=Zei —t
= ox Yoy %oz “~'ox
\% i i
The operator is also called “del joperator”.
2-1B.14 radient of
grad ¢ ; " ox;
The operator grad should be|written in
bold face.
2-18.15 V.a divergence of a 3a.
/ V.azz_l
diva . x;
The operator div should be writter} in bold face.
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Table 14 (continued)
Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-18.16 rotation of a The coordinates are
Vxa
t da, 9da
rota (Vxa), =—2-——2L
Y dy odz
da, da
Vxa) =—*-—%
( )y 0z ox
oa
(Vxa), =Y _“x
ox dy
The operator curl should be avojded and|the
operator rot should be written in bold fhce.
Ja;,
(VXG)I- :Zzsijk aT
ik j
See 2-18.10.
2-18.17 V2 Laplacian 2037 3
VieZp — 4
A ox% 9y% 0z2
2-18.18 - d’Alembertian _i i i_ii
ox2 9y? 0z% % ot?
where the independent variable t is
time (ISO 80000-3) and cis the speed
(ISO 80000-3) of light
2-18.19 T ¢ T ofth dord Two arrows above the letter symbol can be
ensor I ol the secopporder used instead of bold face sans serif typg to
— indicate a tensor of the second order.
T
2-18.20 Ty, Ty oo Ty Cartesian@odrdinates of tensor T, The sia?rs Ty Tyys - T, In the rep-
Typ Tip oo Tz resentation
Cartesian components of tensor T T =Tee,+ Tyee,+ .+ Tee,
of the tensor T by the base tensors
ee,ee,..ee,.
T.e.ey. Ty ee,, ..., T,e.e,, are the compo-
nent tensors.
Ifitis clear from the context which are fhe
base vectors, the tensor can be written
Txx Txy sz
T= Tyx Tyy TyZ
sz sz TZZ
2-18.21 ab dyadic product, tensor of the second order with coordinates
a®b tensor product of two vectors a and b | (ab);; = a;b;
2-18.22 T®S tensor product of two tensors T and tensor of the fourth order with coordinates
S of the second order (T®S )ijkl =TSk
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Table 14 (continued)

Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-18.23 7.8 inner product of two tensors T and ;Zrézcs)r of the second order with coordi-
S ofthe second order
(T8 )i =275
j
2'1 D.LT T .a 1nner product Ofa tensor T Of the vCLLUI WILIT COUTI'UIIIALTS
second order and a vector a .d). =
(T-a=X1y0,
j
2-18.25 T:S scalar product of two tensors T and scalar quantity

S of the second order

rs-S i,
A

19| Transforms

Table 15 — Symbols and expressions for transforms

Item No. Symbo_l, Meaning, verbal equivalent Remarks and examplgs
expression
2-1p.1 7F Fourier transform-of f “
(FF) (@)= [ei f(t)de
(where w € R)
This is often denoted by F(w).
(B @)= ot p(eyae
Vor 4
is also used.
-19.
2-1p.2 of Laplace transform of f -

(£f)(s)=[et £ (£)dt

0

(wherese C)

This is often denoted by L(s).

The two-sided Laplace transform is also used,
defined by the same formula, but with minus
infinity instead of zero.

© IS0 2019 - All rights reserved
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Table 15 (continued)

Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-19.3
3(a,) Z transform of (a,,) >
3(a,) = Y a2
n=0

(whereze C)
3 isanoperator operating on a sequence (a,,)
and not a function of a,,.
The two-sided Z transform is also used; defi}red
by the same formula, but with minus infipity
instead of zero.

2-19.4 H(x) Heaviside function, 1 for x>0

unit step function H(x)=
B(x) 0 for x<0

H(0) € [0,1], dependingon the field of applicatfion.
U(x) is also uséd.
V(t) isused for the unit step function of time.
EXAMPLE
(EH) (s)=1/s (forRes>0)

2-19.5 6(x) Dirac delta distribution, Phe Dirac delta distribution is defined by

Dirac delta function oo

[o(6)8(t-x)dt=g(x)
The Dirac delta distribution can be interprgted
as derivative of the Heaviside function.
The name “unit pulse” is also used.
EXAMPLE
£3=1
See also item 2-19.6 and IEC 60027-6:2(06,
item 2.01.

2-19.6 Frg convolution of fand g -
f29(x)= [ f(y)g(x-y)dy

20 Specialfunctions

In this Clause, a, b, ¢, z, w, v are complex numbers, x is a real number, and k, [, m, n, are natural numbers.

Table 16 — Symbols and expressions for special functions

Symbol,

. Meaning, verbal equivalent Remarks and examples
expression

Item No.

2-20.1 Y Euler-Mascheroni constant N
1
C =lim —-Inn = 0,577 2156 ...

n—o0 k=1
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Table 16 (continued)
Item No. Symbo_l, Meaning, verbal equivalent Remarks and examples
expression
2-202 T'(z) gamma function I'(z) is a meromorphic function with poles at
0,-1,-2,-3, ..
I'(z)= |tz e tdt (forRez>0)
0
I'(n+1)=n! (for n@©&\N)
2-2p.3 ¢(2) Riemann zeta function ¢(2) is a meromorphic funcfipn
with one pole at z=1.
C(Z):ii (forRez>1)
n=1 n’
2-2p.4 B(z,w) beta function 1
B(z,w):_[tz—1 (1-t)" 1 de
0
(fer Rez> 0, Re w > 0)
B(z,w)=T'(z)T'(w)/T(z+w)
1 n
= (forlk < n)
(n+1)B(k+1,n—k+1) | k
2-2p.5 Eix exponential integral R
et
Eix=+4 — dt
b
For {, see 2-12.26.
2-2p.6 lix logarithmic integral .
1
lix=]—dt forO<x<1
J.lnt ( )
0
T1
lix=4 —dt forx>1
:': Int ( )
For {, see 2-12.26.
2-2D%7 Siz sine integral .
. sint
Si Z—-(').Tdt
si z:—E+ Siz
2
is called the complementary sine integral.
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Table 16 (continued)

Item No.

Symbol,
expression

Meaning, verbal equivalent

Remarks and examples

2-20.8

S(z)
C(2)

Fresnel integrals

2-20.9

erfx

error function

X
2 2
erf x=—= e t"dt
x/E-([

erfcx=1—erfx is called the complementary
error function.

In statistics, the distribution function

X
(D(x)=ﬁ e 24t

is used.

2-20.10

F(o,k)

incomplete elliptic integral of
the first kind

%4
do
E(@k)= | —=
‘(’).\ll—k2 sinZo

keR,0<k<1

K(k):F(g,k] is the complete elliptic integyal

of the first kind.

2-20.11

E(¢,k)

incomplete elliptic integral of
the secondykind

9
E((p,k)zJ‘\ll—k2 sinodo

0
keER,0<k<1

E(k):E(g,kj is the complete elliptic integial

of the second kind.

2-20.12

F(n,p,k)

incomplete elliptic integral of
the third kind

¢
I(n Q k\:l. do

'6 (1—nsin2 19)\/1—1\'2 sin2 ¢
nkeR,0<k<1.
H(n,k):l'l(n,g,kj is the complete elliptic
integral of the third kind. (Sometimes the

elliptic integral of the third kind is defined
with an inverse sign for the characteristic n.)

28

© ISO 2019 - All rights reserved


https://standardsiso.com/api/?name=27e0122c2dc79b1e98193bea736af96d

ISO 80000-2:2019(E)

Table 16 (continued)

Item No.

Symbol,
expression

Meaning, verbal equivalent

Remarks and examples

2-20.13

F(a,b,c;z)

hypergeometric function

e (@), (b), 2"
F(a,b,C,Z)—%Tnn!
(for-c& N)

For (a),, (b),, and (c),, see 2-11.3.

Solution of

z(1-z)y"+[c—(a+b+1)z] y'—aby=0

D.14

F(a;c;z)

confluent hypergeometric
function

F(a;c;z):iﬂz"

~(c),n!
(for-c¢ N)
For (a),, and(@),, see 2-11.3.

Solution‘of zy”+(c—z) y’—ay=0

2-2

D.15

Legendre polynomial

1 dn
b (Z)=2" n! dz"

(forne N)

Solution of

(#2-1)"

(1—22 )y”—22y’+n(n+1)y=0

D.16

associated Legendre function

m
m/2 d p (Z)

dzm "

P (z)=(-1)" (1-22)

(form,ne N, m < n)

Solution of

m2
(1-22) y"—2zy"+| n(n+1)- y=0
1-72

The factor (-1)™ follows from the g¢neral

theory of spherical functions.

2-2

D.17

Y (3,0)

spherical harmonic

oo (@) (A T i
K (ﬁ'(p)_{ an (I+|m|)!} B (fos)e™

(for Ijm/ € N; |m| <1)

Solution of

2
_1 9 sinz}a—y ;a—y+l(l+1)y=0
sin®} 09 99 ) sin%®) 9¢?

2-20.18

H,(2)

Hermite polynomial

2 dt 2

e—Z
dz"

H,(z)=(-1)"e

(forne N)
Solution of y”—2zy’+2ny=0
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