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INTERNATIONAL STANDARD

1ISO 7066-2 : 1988 (E)

Assessment of uncertainty in the calibration and use
of flow measurement devices —

Part 2:

Non-linear calibration relationships

0 Introduction

The method of fitting a straight line to flow measurement
calibratio data and of assessing the uncertainty in the calibra-
tion are d}alt with in ISO 7066-1. ISO 7066-2 deals with the case
where a straight line is inadequate for representing the calibra-
tion data.|

1 Scope and field of application

This part|of ISO 7066 describes the procedures for fitting a
quadratic| cubic or higher degree polynomial expression to-a
non-lineal' set of calibration data, using the least-squares
criterion, pnd of assessing the uncertainty associated-with the
resulting [calibration curve. It considers only thésuse of
polynomials with powers which are integers.

Because it is generally not practicable to carry-out this type of
curve fittjng and assessment of uncertainty without using a
computer} it is assumed in this part of ISO 7066 that the user
has accesp to one. In many cases it will'be possible to use stan-
dard routjnes available on most-computers; as an alternative
the FORTIRAN program listed.in ‘annex C may be used.

Examples|of the use of these methods are given in annex D.
Extrapolation beyend*the range of the data is not permitted.

Annexes A /B, €, D and E do not form integral parts of this part
of 1ISO 7066.

ISO 7066-1, Assessment.of\uncertainty in thq
use of flow measurement devices — Part 1: L
relationships.>

3 Definitions

For the\purposes of this part of ISO 7066, the
tions-apply.

31 method of least squares: Technique (
the coefficients of a particular form of an eq
chosen for fitting a curve to data. The principlg
is the minimization of the sum of squares of ¢
data from the curve.

3.2 polynomial (function): For a variabl
terms with increasing integer powers of x.

3.3 regression analysis: The process of
dependence of one variable on one or more o

calibration and
inear calibration

following defini-

sed to compute
uation which is
of least squares
eviations of the

b x, a series of

quantifying the
ther variables.

NOTE — Many of the available computer programs] suitable for curve

fitting have the word “‘regression’ in the title. For th
part of ISO 7066, the terms regression and leas
regarded as interchangeable.

e purposes of this
squares may be

3.4 standard deviation: The positive sqyare root of the

variance.

3.5 variance: A measure of dispersion basit on the mean of

the squares of deviations of values of a

riable from its

2 References

ISO 5168, Measurement of fluid flow — Estimation of uncer-
tainty of a flow-rate measurement.?

1) These procedures are also suitable for a linear set of calibration data.
2) At present at the stage of draft. (Revision of ISO 5168 : 1978.)

3) At present at the stage of draft.

expected value.

4 Symbols and abbreviations

b

i coefficient of X;

Cjp element of the inverse matrix
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e{) random uncertainty of variable contained in paren-
theses

es( ) systematic uncertainty of variable contained in paren-
theses"

ely,) total uncertainty of calibration coefficient!
& coefficient of jth orthogonal polynomial

m degree of polynomial

If it is not possible to establish a straight line, then the objective
is to find the degree and coefficients of the polynomial function
which best represents a set of n pairs of (x; y;,) data values
obtained from calibration. If, for example, a quadratic expres-
sion is chosen, the curve will be of the form

J =by+ bix + byx? e

The general polynomial expression is

n number of data values

pjlx) jth orthogonal polynomial

parentheses

J=by+ bx+ ..+ bx¥+ .. +b,x"
or
m
s( ) experimental standard deviation of variable contained in y= Z bjxf ... (2)
j=0

S, residual sfandard deviation of data values about the

curve
t Student’s|t
X the indepgndent variable

x* arbitrary specified value of x
x arithmetic|mean of the data values x;
X; value of x|at the ith data point

X; Jth independent variable (in multiple linear regression)

xj;  value of x| at the ith data point

y the depenfent variable

y arithmetic|mean of the data values Vi

y value of y|predicted by the equation.of-the fitted curve

Y value of y|at the ith data point
¥ value of ylat x = x;

v number of degrees af freedom

5 Curve fittling

By applying the least-squares criterion, the coefficients b; are
computed to minimize the sam of squares of deviatigns of the
data points from the curve:

n

Z v — 32

i=1
where j,lis' the value predicted by equation (2) at x =| x;.

In.some cases, the degree m of the polynomial will be predeter-
mined; for example, it may be known from experiencg that the
calibration data will be satisfactorily represented by a cubic
(m = 3) expression. Otherwise, the degree of fit is chosen by
increasing the degree until an optimum is achieved (gee 5.3).

If in increasing the degree of fit beyond a moderate degree
significant improvements in the fit, as described in 5.3, con-
tinue to occur, then it is likely that the functional depepdence is
not suitable for representation by a polynomial; furtHer, if the
equation fitted has too many terms, the curve mal display
spurious oscillations. A not uncommon example is ddta which
are virtually constant over most of the x range, but which vary
strongly close to one end of the range.

In such cases, it is appropriate to divide the range intd sections
(see ISO 7066-1) which either are linear or can be fifted by a
low-degree polynomial. Alternatively, transforming ong or both
variables may lead to a linear or low-degree polynonpial func-
tion; transforming the independent variable to its reciprocal 1/x

5.1 General

Before attempting polynomial curve fitting, consideration
should be given to whether a simple transformation of the x
variable or the y variable or both may effectively linearize the
data to enable the straight line methods described in ISO 7066-1
to be used. Some appropriate transformations are suggested in
ISO 7066-1.

The least-squares methods described in this part of ISO 7066
may not be appropriate if the effect of the random uncertainty
ex) of the data values x; is not negligible in comparison with
that of the random uncertainty e(y) of the y values. As in
ISO 7066-1, if the magnitude of the slope? of the calibration
curve is always less than one-fifth of e,(y) / e,(x), the methods
may be regarded as appropriate; where this does not apply the

1) In some International Standards, the symbols U and E have been used instead of e.

2) “‘Slope” here means the derivative dp/dx = by + 2byx + ...

2
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mathematical treatment is outside the scope of this part of
ISO 7066. If therefore the normal practice in calibrating any
particular meter is to plot the variables in such a way that the
above condition does not hold, then either the conventional
choice of abscissa and ordinate is to be reversed or this part of
ISO 7066 cannot be used.

If either variable is transformed before fitting, then the uncer-
tainties referred to above, and later (clause 6), relate to the new
transformed variables. If, as a result of transforming the depen-
dent variable, the random uncertainty e, (y) cannot be regarded

1ISO 7066-2 : 1988 (E)

If the data are well represented by a polynomial of degree m,
then s, will decrease significantly until the degree m is reached;
thereafter s, will remain approximately constant. In general,
however, the degree at which the decrease in s, ceases to be
significant is not obvious, and an objective test of significance
should be used as an aid to finding the optimum degree of fit.

Increasing the degree from m —1 to m is regarded as providing
a statistically significant improvement in the fit if the new coef-
ficient b, differs significantly from zero, i.e. if b, + tg55(b,,)
and b, — fg5 s(by,) (the 95 % confidence limits of b,,,) do not
include zero

as constf:lt over the range, then a weighted least-squares
method should be used. The weighted least-squares method is

not desclibed in this part of ISO 7066 but many computer
library rouytines allow the data to be weighted.

5.2 Computational methods

Standard| library routines for least-squares curve fitting are
available on most computers. The method for fitting a straight
line descfibed in ISO 7066-1 is commonly known as linear or
simple linear regression: the equivalent method for fitting a
polynomigl may be described as polynomial or curvilinear
regressiop, which is a special type of multiple linear regression.
Annex A|gives further information on regression methods and
e them.

nown beforehand. Annex C lists an appropriate
| polynomial computer program.

mputer is not available and the x values arewniformly
finite-difference method (see annex E) may be used

this will rjot be the least-squares polynomial. The calculation of
uncertairjty using this method is beyond the scope of this part
of 1ISO 7066.

5.3 Selecting the'\optimum degree of fit

The optimum fitis'determined by trying increasing values of the
degree n, either up to a specified maximum or until no further
significart “improvement occurs. The residual standard devi-

This condition may be expressed as

> lgg

—_m_
s(b,,)
where tg5 is the Student’s ¢ value for the 95 % confidence level

withv=n-m -

The value of fgz-as a function of the numbpr of degrees of
freedom v ean be computed from the following empirical
equation;

tos=1,96 + 2,36/v + 3,2/v? + 5,2/v38 ... (4)

For the orthogonal polynomial coefficient g,,, (§ee annex B), the
condition is

Em
s{gm

> oy

Expressions for the variances of the coefficlents s2(b,,) and
sz(gm) are given in annex A and annex B respectively.

It is important to test the effect of increasing the degree at least
one degree beyond that which first shows no significant im-
provement, since it is often the case that either only the odd
terms or only the even terms produce a significant improve-
ment.

From a statistical point of view, the highest degree which pro-
duces an improvement in the fit which is signifjcant at the 95 %
confidence level may be regarded as the gptimum degree.
However, before this degree is selected as prpviding the most
suitable expression to represent the data, other factors should
be considered. These factors include any khowledge of the

ation s, should be computed for each degree (s, is the square
root of the residual variance) using the equation

n
$2= 3 =32 n=m =) ... @)

i=1

where ¥; is the value predicted by the polynomial expression
[equation (2)] at x = x;.

NOTE — sr2 is equivalent to the term s2(y, x) used in 1SO 7066-1.

The degree m should always be much less than the number n of
data points.

expected-shape-of-the—curve—the-desirability-of having a func-
tional form which is not too complex, the range which it is
necessary to represent, and the accuracy which is sought.

In assessing these factors, it is always advisable to plot graphs
showing the data and the possible curves; these graphs will
also highlight other possible problems. For example, if the
degree is too low, then the curve will fail to represent a real
trend in the data, and the predicted value y may have a bias
over some of the range. If the degree is too high, the curve may
be fitting the scatter of the data rather than the underlying
trend.

The examples given in annex D illustrate the application of
some of these principles.
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6 Uncertainty

The random component of the uncertainty, at the 95 % con-
fidence level, of a predicted value j, is given by

er(f) = tg55(y)

where s(J) is the square root of the variance s2(j) of . Expres-
sions for s2() are given in annexes A and B; in general, s2(5)
may be expressed as a polynomial function of x of degree 2m. It
is important to ensure that enough significant figures are used

in the computation-efs2Hitto-aveidargereunding-errors-which

The 95 % random confidence limits for the true value of y are
ytely

As in ISO 7066-1, the uncertainty in the calibration coefficient is
given by

e(d,) = [e,Z(ﬁ) + esz(f)J”z

where e¢(j) is the systematic component of the uncertainty
in y.

result from subtraction.

It should be notedl that the estimate of uncertainty provided by
e.(7) will only be yalid to the extent that the polynomial expres-
sion chosen is a dood approximation to the true functional rela-
tionship between|y and x.

NOTE — In the revised version of ISO 5168, in preparation, guidelines
are provided for using either the linear addition or the rgot-sm-square
combination of random and systematic errors.

If the dependent variable has been transformed, then all the
above uncertainties refer to the transfermed variable.
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Annex A

Regression methods

(This annex does not form an integral part of the standard.)

A.1 Introduction

Regression methods for curve fitting are widely available under various names as standard routines in computer libraries. The

documen
annex is
tation of

The mos
carried o
routine i
“backwa

A.2 Muitiple linear regression

In the fo

A depenglent variable y is assumed to be related linearly to m indepéndent variables x4, x5, ..., X,, by

y=24
where

Bo to

U id a measure of the random effects which cause the dependence of y on the m independent variables to g

linear

From thq

(y,-, X

the estimates of the regression coefficents are

bo, b

so that the estimate y of the true value corresponding to the ith set of observations of the independent variables is

tation provided with these routines tends to assume a certain level of knowledge of regression analysis.-TH
o provide a general description of the methods and terminology of regression curve fitting as a background
the library routines.

widely available regression technique, apart from simple linear regression, is multiple linear regression; cy

not available, then a multiple linear regression method can be used, although it js\less convenient.
rds elimination” or “back solution” are special types of multiple linear regression methods which may beg

n
lowing, the summation sign Y is used to represent E unless otherwise noted.

i=1
0+ﬂ1x1+ﬂ2x2+ +/3mx,,,+ U

B, are the unknown regression coefficients;

ty.
n sets of observations

ir X2ir ...,Xm,'), i = 1,2, ., n

 eeer by

Yi=

o+ 01Xq; + ... + Dy Xini

e purpose of this
to the documen-

rve fitting can be

it using a special type of multiple linear regression known as polynomial or curvilinear regression. If a polymomial regression

"“Stepwise’’ and
used.

. (5)

epart from exact

. (6)

The application of the least-squares procedure to minimize pN| yi — )7[)2 leads to a set of m + 1 simultaneous equations, commonly
known as the ‘“normal equations’:

nbo + E(X1i)b1 + Z(XZi)bZ + ... + Z(Xm,)bm = Zy,'

E(X”)bo + Z(X],')zlh + ... + E(xﬁxmi)bm = E(x“yi)

E(xm,')bo + Z(Xm,'X")b] + ... + Z(Xm,')zbm = Z(xmiyi)

These ca

n then be solved for the m + 1 unknowns by, by, ..., b,

. (7
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A.3 Polynomial (curvilinear) regression

When a relationship between two variables is not linear, but may be fitted by a polynomial function

)7=b0+b1x

2
+ boxt + ... + b, x™

there is said to be a polynomial or curvilinear regression of y on x. This can be treated as a multiple linear regression with the indepen-

dent variables x4,

Xy, ..., X replaced by x, X2, ..., X

In clauses A.4 and A.5, any of the multiple linear regression expressions may be transformed to the equivalent polynomial regression

expressions by re

placing the jth independent variable x; by x/, and the corresponding data values x;j; by x/.

A4 Compu[ation of coefficients and variances

Consider the mu

)7=b0+b1x

which is equivalgnt to

}7=b0+b1x

in the polynomia

When the least-squares criterion is applied, the normal equations are

nby + 2()(1,')
Z(X],‘)bo + 3
Z(Xz;)bo + 2

The traditional m
and bs. If the ele

iple linear regression equation with m = 2

+ b2X2

+ b2X2

regression case.

1+ Z(le')bz = Z(y,-)
(X1,')2b1 + Z(X“Xz,-) by = E(X],'y,')
(x2ix1i)b1 + Z(XZi)zbZ = E(xz,y,»)

pthod for solving the normal equations involvesscomputing the inverse of the 3 x 3 matrix of coefficients
ments of this inverse matrix are

+ Co1 Zlryy) € Crp Zlxyy))
+ Cpp Dol + Crp Xixgy)

+ Cap2lxyy) + Co Llxgy))

. (8)

. (9)

L. . (10)

L. . (11)

L. . (12)

of by, b

L .. (13)

form,

Cipo Cyp

Cyp Cy

then
by = Coo Ly
by = CipLy;
by = Cx Ly
or, in generalized
m
k=0

where x;; = 1 fol

k E(Xk,'y,')]

rk =0.

Note that since the matrix from the normal equations is symmetric, the inverse matrix is also symmetric.
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The variances of the coefficients are
s2(bg) s,2C00
s2(by) = 52Cyy

Sz(bz) = S,.2C22

1l

where the residual variance, s,2, is given as in 5.3 by

_ Zy; — 5’\1)2

52
n—m-1

1ISO 7066-2 : 1988 (E)

Because the inverse matrix is symmetric,

Co1 5 Cro
Co2 o Coo
Ci2 5 Cx

... (14)

These noh-diagonal terms are used to calculate the covariances') between the coefficients & ;;)using COV to denote covariance,

coVv( Do, b1) = SrZCm
COV(bg, by) = 52Cq
Ccov( D1, bz) = Sr2C12

At speciffed values x; = x1* and x, = x,*, the value predicted by the régression equation is
7 =bp + byxy* + byxo*
The variahce of this value of J is given by
sAy) £ 5.2 [coo + Cpylx1%)2 + Coolxp*)? + 2Co1 X%+ 2C X" + 2C12x1*x2*]
The factgr of 2 arises because Cj, = Cy; for eaghy, k.
The gengral formula is
m m
SO 2 Y Y (Cxta)
j=0k=0
where x;1, x;* = 1forj, k= 0.
For polymomial regression, x;* = (x*V and x,* = (x*)¥, and so

m. m
2 ES2Y | Y Culxr)i

i =0 k=20

... (19)

... (16)

..o 7

... (18)

o = —

Adapting this expression to the form of a polynomial of degree 2m gives

m 2m

J m
sz(ﬁ):s,zz ch,j_k Y | + 5.2 2 E Crjok | ¥V
k=0

ji=0 j=m+1| \k=j-m

... (19

1) The covariance of two coefficients indicates the effect of a change in one on the magnitude of the other. The inverse matrix multiplied by the

scalar s.2 is known as the variance, covariance, or variance-covariance matrix.
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A.5 Centred formulation

The least-squares or regression analysis is sometimes expressed in “centred” form, in which each variable is replaced by its deviation
from its mean. In this form, equation (8) is replaced by

)7—)7:b1(x1—)71)+b2(x2—)?2) ... (20)

where the bar over a symbol is used to denote the mean value of the quantity represented by the symbol for the n measurements.

A.6 Numerical techniques used in computer libraries

For the Ieast—squzlres or regression computations discussed in this annex, a computer library routine may make use of one’of|a variety
of numerical techhiques. The main numerical techniques used by computers for regression and least-squares matrix manipuldtions are

a) Gauss or [Gauss-Jordan elimination,

b) Cholesky|decomposition, and

c) orthogonal decompositions (usually Householder or modified Gram-Schmidt).
The particular tedhnique used is in general not of importance to the user. However, it should be noted that elimination methods are

susceptible to the build-up of rounding error, so that the computed coefficients b; may be significantly in error for a high-degree
polynomial; for a moderate degree, up to m = 3 or 4, this should not be a problem.
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Annex B

Orthogonal polynomial curve fitting

(This annex does not form an integral part of the standard.)

This annex describes the main features of orthogonal polynomial curve fitting in relation to the regression methods discussed in
annex A. Orthogonal polynomial curve fitting is particularly efficient when the degree of fit is unknown, and it is not subject to the
rapid build-up of rounding error which can occur with elimination methods (see annex A, clause A.6).

The results of orthogonal polynomial curve fitting will be identical, apart from rounding error, to those producedby the regression
methods|described in annex A.

Computdr library routines using orthogonal polynomials do not in general provide enough information to allew uncerfainty to be easily
computef : the program listed in annex C, however, provides full information on uncertainty.

in the foliowing, the summation sign 2. is used to represent E unless otherwise noted.
i=1
With the| orthogonal polynomial method, the polynomial
J =By + bix + byx? + ... + byx™
is replaced by an equivalent form
Y = gopolx) + g1 p1x) + gaprx) + . + gy PylX) ... (21)
where

pjlx) | are polynomials of degree j which obey for all j #“k the orthogonality condition
Z[pj(xi)pk(x,-)] =0 ... (22)
polx)|= 1

These pglynomials are described as orthogonal over the data points x;; the coefficients which define them are derijed using a three-
term recfirrence relation, given by Forsythe!).

Because|of the orthogonality condition, all the elements in the matrix and inverse matrix derived from the normpl equations (see
clause Al4), except for those on the diagonal (j = k), are zero, and the coefficients g; are obtained directly from the hormal equations
as

:[.yipj(x,')]
= PR (23
&= [elp 2 )

The variTnces of the coefficients are obtained from the inverse matrix elements, as in annex A:

S‘
2(g) = s2C;j = ——— .. (24
8j r & Tip; )12 (24)

At a specified value x = x*, since the covariances are zero,
s2(9) = s2(gg) + [p1(x*)1252(gy) + ... + [Pp(x*)]2s2(g,,)

2
Z ... (25
 Tlp; ()P 25
j_
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Because the coefficients g; are computed simply from equation (23), as the degree of fit is increased, the previous coefficients are
unchanged: it is this feature that makes orthogonal polynomial curve fitting particularly convenient when the degree of fit is not
known beforehand. When the optimum degree has been finally chosen, however, it is necessary to convert the orthogonal polynomial
form for y [equation (21)]

7 = gobolx) + g1p1(x) + gapolx) + ... + gPmlx)
to the more convenient simple power series
j’\ = bO + b1X + bzXZ + ... + mem

using the coeffici

Bibliography

[11 ForsyTHE, GJE. Generation and use of orthogonal polynomials for data fitting with a digital computer, J. Soc. Ind. Appl Maths,
5(2) (1957), pp. 14-88.
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Annex C

Computer program using orthogonal polynomials

(This annex does not form an integral part of the standard.)

Input and output

The program-ef

least two
(x;, y;) val

Lies per line.

The residlial standard deviation s, and the percentage significance are then printed for each degree upto.the ma

highest dq

The user
the least-
a table of
then be e

C.2 Pri

After the
significan
compute
variance [
(4), and s
cients of

The code

C3 P

]

gree for which the coefficient is significant at the 95 % confidence level is suggested as the.optimum d

quares polynomial and the coefficients of the polynomial for the square of the random, uncertainty are then

htered, or —1 may be entered to terminate the execution.

ogram description

input has been entered, the data are fitted using subroutine ORFIT up to a maximum degree MAXD1;
he coefficients POLCO of the least-squares polynomial and the’ coefficients UVCO of the polynomial for th
52(5) /5,2 from equation (25)]. With JDEG = JDEG1 + 1, ‘s is computed at N — JDEG degrees of freedor
2 from D(JDEG) / (N — JDEG). The coefficients UVCO-are then multiplied by ¢%s,? to obtain USQCO, whig
the polynomial representing the square of the random-uncertainty.

used is that of standard FORTRAN IV except'for the use of the arc cosine function ACOS in PCTSQ.

bssible modifications

The progfam can be used as listed, but in-general it will be more convenient to make some modifications, particularly]

output.

Most imp
standard

The outp
on what
values an

lementations of FORTRAN-allow data to be input in free format; this is more convenient than the fixed fo|
FORTRAN.

it provided by theisted program is for illustration purposes only; the most useful way of presenting the oy
butput devicés-are to be used. If a plotting or graphics device is available, then a plot which includes the
H the 95 %.confidence limits j * e,(y), as illustrated in annex D, can be produced. If no such device is availa

be used to give.an.approximate plot of, for example, the deviations y; — y; of the data from the curve.

The num

Mimax 1 7.

above ab!

errors. No

2m +

max

d USQCO
1,

hen selects and enters a degree of fit, which may be different from the suggested optimum degree, and thi

data values (x;, y;), predicted values §;, deviations y; — J; and random uncertainties-fg5s () is printed. Ano

Le of each coefficient is obtained from function PCTSQ. With aspecified degree JDEG1, subroutine POV

ch should be at
d as one pair of

kimum, and the
bgree of fit.

e coefficients of
printed. Finally,
ther degree may

the percentage
VSER is used to
e un-normalized
h using equation
h are the coeffi-

to the input and

rmat required by

tput will depend
curve, the data
ble, a printer can

At degrees of fit
b large rounding

are dimensioned

"
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ORTHOGONAL POLYNOMIAL COMPUTER PROGRAM

ORTHOGONAL POLYNOMIAL CURVE-FITTING ~- MAIN PROGRAM;
SUBROUTINES ORFIT AND POWSER, AND FUNCTION PCTSQ, ARE RERQUIRED.
DOUBLE PRECISION A,B,G,D,E,FAC,POLCO,USQ,USACO,UVCO,X,Y,YPOL
DIMENSION A(B), B(8), B(8), D(B), E(B), POLCO(B)
DIMENSION X(100),.Y(100), UVCO(15), USQCO(15)
ARRAYS:
A| ALPHA COEFFICIENTS IN ORTHOGONAL POLYNOMIAL RECURRENCE RELATION
B| BETA COEFFICIENTS IN ORTHOGONAL POLYNOMIAL RECURRENCE RELATION
6| COEFFICIENTS OF ORTHOGONAL POLYNOMIAL SERIES
D| RESIDUAL SUM OF SQUARES
E| SGUARE OF COEFFICIENT G/VARIANCE OF G, FOR SIGNIFICANCE TESTING
PPLCO COEFFICIENTS OF SIMPLE POLYNOMIAL FOR Y
UPCO  COEFFICIENTS OF POLYNOMIAL FOR UNNORMALISEDCVARIANCE OF Y
UBQCO COEFFICIENTS OF POLYNOMIAL FOR SQUARE OF-RANDOM UNCERTAINTY
srexs INITIAL INPUT #¥e##
WRITE (6,120)
READ (5,130) MAXD!
IF (MAXD1.GT.7) MAXD1=7
WRITE (6,140)
READ (5,150) N
IF (N.LE.100) GO TO 10
WRITE (6,160)
GO TO 110
1p WRITE (6,170) N
MAXD=MAXD1+1
IF (MAXD.GT.N) MAXDEN
DO 20 I=1{,N
2D READ (5,180 X (1),Y (D)
$4e%% PRELIMINARY FITTING *¥¥%¥
CALL-@RFIT (X,Y,A,B,G,D,E,N,MAXD)
WRITE (6,190)
J0PT=0
D0 30 J=1,MAXD
IF (J.GE.N) GO TO 40
J1=J-1
§D=DSORT (D (J) /FLOAT (N-3))
SE=E(J)
PC=PCTSA (SE,N-J)
PC 1S PERCENTAGE SIGNIFICANCE OF COEFFICIENT

IF (PC.GE.95.) JOPT=J1
30 WRITE (4,200) J1,8D,PC
40 WRITE (6,210) JOPT
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ORTHOGONAL POLYNOMIAL COMPUTER PROGRAM (CONTINUED)

t4%++ INFORMATION FOR A SPECIFIED DEGREE OF FIT #¥###
ENTER DEGREE
WRITE (6,220) -

READ (5,130) JDEG!
IF (JDEG1.LT.0Q) GO 70 110

o

oNeNeleNel

()]

60

70

g0

JDEG=JDEG1+!

IF (JDEG.LE.MAXD) GO TO 60
WRITE (6,230) '

60 TO S0

COMPUTE POWER SERIES (SIMPLE POLYNOMIAL) COEFFICIENTS
CALL POWSER (A,B,G,JDEG,N,POLCO,UVCO)

WRITE (6,240)
WRITE (4,250) (POLCO(J),J=1,JDEG)

COMPUTE NORMALISING FACTOR FOR SRUARE 'OF RANDOM UNCERTRINTY
FROM RECIPROCAL OF DEGREES OF FREEDOM RDF, RESIDUAL SUM OF S
IN D, AND EMPIRICAL EQUATION FORCSTUDENT T

RDF=1./FLOAT (N-JDEG)
FAC=D(JDEG) #RDF#(1,96+2,34¥RDF+3, 2%RDF##2+5, 2#RDF##3,84) %42
MDEG=2#JDEG-1
DO 70 J=1,MDEG
USQCO (J)=UVCO(J) *FAC
WRITE (6,260)
WRITE (6,250) (US@COWJ),J=1,MDEG)

TABULATE DATA;VALUES, DEVIATIONS AND UNCERTAINTY
NRITE (64270)

DO 400/ I=1,N
YPOL=0.0D0
DO 80 J=1,JDEG
JJ=JDEG+1-J
YPOL=YPOL#X(I)+POLCO(J

use=0.0D0

90

100

110

DO 90 J=1,MDEG
JJ=MDEG+1-J
US@=USQ#X (1) +USACO(JI)

YDEV=Y (1)-YPOL

RUNC=0.0

IF (USG.GT.0.0D0) RUNC=DSGRT(USQ)

XX=X(I)

YY=Y (1)

YP=YPOL

WRITE (4,280) XX,YY,YP,YDEV,RUNC

G0 TO 50
WRITE (6,290)
STOP

UARES

13
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FORMAT
FORMAT

CNADMAT
runiing

FORMAT
FORMAT

FORMAT

L COMPU

(1HO,32HENTER MAXIMUM DEGREE OF FIT .(12))
(12)

(13
(21H TOO MANY DATA PDINTS)
(7H ENTER ,13,29H PAIRS OF (X,Y) VALUES (2F10))

2Q0
210
220
Z

240
230

240
270

280
290

FORMAT
FORMAT
LION
FORMAT
FORMAT
FORMAT
FORMAT
1F X=)
FORMAT
FORMAT
FORMAT
1/60H
FORMAT
FORMAT

END

REAL FUNCTION PCTSQ ((TSQ,NU)

TSQ CONTAINS THE-RATIO OF THE SQUARE OF A COEFFICIENT TO ITS
VARIANCE (CORRESPONDING TO THE SQUARE OF THE STUDENT T): PCTS@
15 THE PERCENTABE LEVEL AT WHICH THE COEFFICIENT CAN BE SAID TO
DIFFER SIGNIFICANTLY FROM ZERD.

ANU=FLOAT(NU)
X=ANUZ(TS@+ANU)
RIX=SQRT (X)
NUODD=NU-NU/2#2

SUM=0,

(2F10.5) —

(1HO,37HDEGREE RESIDUAL STANDARD PERCENTAGE/12X,27HDEVI
SIGNIFICANCE)

(18H SUGGESTED DEGREE-,12) - |

(1HO,32HENTER DEGREE (12), OR -1 TO EXIT)

{(16H DEGREE 70O HIGH)
(59H POLYNOMIAL COEFFICIENTS, LISTED IN INCREASING POWERS 0

(4G616.8)

(47H COEFFICIENTS FOR SQUARE OF RANDOM/ UNCERTAINTY-)

(1HO,10X,4HDATA,10X,36HPOLYNOMIAL RESIDUAL  RANDOM UNC
X Y Y Y - Y(POL) OF Y(POL))

(4612.5,612.4)

(1HO,17H END OF EXECUTION)

10
20
30

IF (NULER.T) BO TO S0
TERM=1,

DO 10 J=2,NU,2

IF (SUM.GT.TERM*1,E10) GO TO 20

SUM=SUM+TERM

TERM=TERM#X#(1,-1,/FLOAT (J+NUODD))
SUM=SUM#SQRT (1. ~-X)
IF (NUODD.GT.0) SUM=0.636619772%(ACOS(RTX)+SUM*RTX)
PCTSQ@=100, ¥SUM

RETURN

END
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ORTHOGONAL POLYNOMIAL COMPUTER PROGRAM (CONTINUED)

SUBROUTINE ORFIT (X,Y,AR,B,6,D,E,N,MAX)

METHOD FROM G.E.FORSYTHE, 'GENERATION AND USE OF ORTHOGONAL
POLYNOMIALS FOR DATA FITTING WITH A DIGITAL COMPUTER',
J.S.1.A. M., VOL 5, 2, JUNE 1957, PP 74-88

DOUBLE PRECISION X,Y,P,A,B,G;D,E,Q,R,S,SA,SB,SG,SD,RN

DIMENSION XN} V(M) P(100) Q(100) R(100)

c

10
c
c

20

DIMENSION A(MAX), B(MAX), G(MAX), D(MAX), E(MAX)

SA=0.0D0

§G=0.0D0

S§D=0.0D0

RN=1,0DO/N

DO 10 I=1,N
P(I)=1.0D0
@(I)=0.0D0
SA=SA+X (1)
S§6=8G6+Y(I)
SD=SD+Y (1) *Y(I)

A(1)=5A*RN

B(1)=0.0D0

G(1)=SG#*RN

D(1)=8SD-G(1) %SG

E(1)=1,0D20

IF (D(1).B6T.0.0D0) E(1)=5L1)*SG#(N=-1)/D(1)
SD=N

J=1

IF (J.GE,MAX) RETURN

SA=0.0D0

§B=0.0D0

§G=0.0D0

DO 30 l=aiyN
R{Ir=Q@(])
Qq1)=P (1)
PEI)=(X(1)-R(J))*Q(1)-B(J)*R(])
S=P(1)#P (1)
SA=SA+X(I)#§
S§B=5B+S

| 35 gG=gGav(])ep(])

C

J=J+1

A(J)=8A/SB

B(J)=5SB/SD

6(J)=5SG/SB

D(J)=D(Jd-1)-G(J)*B(J)*5B

E(J)=1.0D20

IF (D(J).BT.0,0D0) E(J)=G(J)#S6*(N-J)/D(J)
SD=SB

60 70 20

END

15
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ORTHOGONAL POLYNOMIAL COMPUTER PROGRAM (CONTINUED)

SUBROUTINE POWSER (A,B,G,MAX,N,COEF,UVCD}

DOUBLE PRECISION A,B,G,COEF,F,H,UVCOD,SCO,VCO

DIMENSION A(MAX), B(MAX), G(MAX), COEF(MAX3, UVCO(15), F(8,8)
INITIALISE

D0 10 J=1,MAX

SR SV S L 7Y
10 F(L,J)=0.0D0
F(1,1)=1.0D0
Fi1,2)=-A(1)
F(2,2)=1,0D0

K=MAX-1
IF (K.LT.2) GO TO 30

USING THE RECURRENCE RELATION, COMPUTE THE COEFFICIENTS
FI(L,J) OF THE J-TH ORTHOGONAL POLYNOMIAL

DO 20 J=2,K
H=0.0D0
Jd=Jd+1
DO 20 L=1,J1
FIL,Jd)=H=-F(L,J)%AR(J)-F(L,J-1)%B(J)
20 H=F(L,J)

POLYNOMIAL COEFFICIENTS FOR Y

30 DO 40 L=1,MAX
COEF (L) =0,0D0
DO 40 J=L,MAX

40 COEF (L)=COEF (LL%F (L,J) %6 (J)

POLYNOMIAL COEFRICIENTS FOR UNNORMALISED VARIANCE OF Y

MU=2%MAX-1

DO 50 L=t MU

50 UVCO (b)=0.0D0
VCO=1 0DO/FLOAT (N)
UvCaNt) =vCo

LF (MAX.LE.1) RETURN

DO 70 J=2,MAX

VC0=VCO/B(J)
M=2#J-1
DO 70 L=1,M
SC0=0.0D0
Ki=1
IF (L.GT.MAX) Ki=1+L-MAX
K2=L+1-K1
DO 60 K=Ki,K2
60 SCO=SCO+F (K,J) #F (L-K+1,d)
70 UVCO(L)=UVCO(L)+SCO*VCO

RETURN

END
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Annex D

Examples

(This annex does not form an integral part of the standard.)

This annex contains three examples — two on the calibration of flow-meters for use in pipes and one on the calibration of a river
gauging station using current-meters.

The precisfon with which the results are computed will depend on the method used and on the accuracy of the‘eomputer used: the

The data gl\‘/en in tables 1, 2 or 3 may be used to test the operation of the program listed in annex C, or any other appropriate program.
results in

is annex were obtained using double-precision arithmetic equivalent to 18 decimal digits.

D.1 Expmple 1: Calibration of a differential pressure flow-meter

Table 1 listp 12 pairs of data values obtained from the calibration of a differential pressure device=Figure 1 shows the dfta plotted with
y as the difcharge coefficient and x as the pipe Reynolds number divided by 108,

To check first that the least-squares methods described in this part of ISO 7066 are appropriate for approximating the functional
relationship between y and x, it is necessary first to show that the random error in&,can be neglected. In this case the methods of
ISO 5168 gTive values of approximately 0,001 3 and 0,005 for e,(y) and e,(x) respeétively, so that e (y) /e (x) is 0,26. By inspection of
figure 1, itfcan be seen that the magnitude of the slope of any fitted curve will not exceed about 0,015, which is less than one-fifth of
e(y)/elx)] and so the least-squares methods are appropriate.

Any methqd described in annex A or annex B may be used to fit the data they will all give results which are identical apart from the

rounding efror. Using the orthogonal polynomial computer program listed in annex C to fit the data in table 1 up to a mpximum degree
of 5 gives the following output.

DEGREE RESIDUAL STANDARD PERCENTAGE

DEVIATION SIGNIFICANCE
0 «+150309-07 100.00
1 «126028-02 96.11
2 «643462-03 99.96
3 «641446-03 66.60
4 «673798-03 3677
5 «727772-03 114
SYGGESTED DEGREE- 2

ENTER DEGREE (I2), OR =1 TO EXIT

>

NOTE — Some numbers are output by the computer in “‘scientific notation”; for example, the first residual standard deviation is printed as
*.150309-02"" which is equivalent to 0,150 309 x 102 or 0,001 503 09.

Instead of testing whether or not each new coefficient, as the degree of fit is increased, differs significantly from zero at the 95 %
confidence level, as described in 5.3, this program prints the percentage significance level at which the coefficient differs from zero.

17
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In this example, the improvement obtained between degrees 1 and 2 is highly significant (99,96 %), whereas at higher degrees, there
is no significant improvement, and so the suggested degree 2 is appropriate. Entering the degree 2 to obtain details of the fit gives

N 2

FPOLYNOMIAL COEFFICIENTS, LISTED IN INCREASING FOWERS OF X-
LQ7273I964+000 -—.11222161-001 . 85781873-002

COEFFICIENTS FOR SEUARE OF RANDOM UNCERTAINTY-
.3I8979504-005 -.21527711-004 - 45708054-004
. 12833299-004

—-.4Q537128-004

ENTER DEGREE (1IZ2), OR -1 TO EXIT

ENDO OF EXECUTION

N

DATA FOLYNOMIAL RESIDUAL RANDOM

Y Y Y — Y(POL) UNCERTAINTY
. 97044 . 27069 —-.22595-03 . 986203
.97031 .97010 . 21303-03 731103
. 2569453 . 26984 —.3B&84-03 «OET73-03
. 26989 . 96943 . 4632503 SS465-03
96927 .96%914 . 12785-03 . 5663-03
. 26841 . 926907 —-. 46594405 .6157-03
. 97042 .96218 . 12394-02 . 6529-03
. 24£954 . 26954 - 136372-035 .6471-0%
.76911 . 27008 -.97385-03 612603
97131 .97116 .14818-03 -6180-03
.97174 97211 <. 56514-03 .7493-03
. 97407 . 97365 -41816-0= .1134-02

In the print-out, the polynomial coefficients are_listed in sequence, and so the expression for the curve is

7 = 0,97274 — 0,011 22 x + 0,008 578 x2

The five “‘coeffitients for square of random uncertainty’’ listed in the fifth and sixth lines define the fourth-degree polynomial which
represents the sEuare of the randomi-uncertainty e () as a function of x. It can be seen in the print-out and in figure 1, that the random

uncertainty vari

s between 0,000°55'and 0,000 65 for most of the range, reaching up to 0,001 13 at the extremes. If the range of the

calibration data s wider than thé.range over which the calibration is required, then the increase in random uncertainty at thg extremes
will not be important; for example, it can be seen from the print-out that the random uncertainty is within 0,000 75 over the

values from 0,3p to 1,25.

D.2 Example-2: Calibration of a turbine meter

range of x

In the previous example, the choice of the best degree of fit was straightforward since the significance of the coefficients fell abruptly
from 99,96 % to values much less than 95 %. In general, however, the situation is less clear-cut. Table 2 lists calibration data for a tur-
bine meter; x is the frequency (in hertz) and y is the meter coefficient (in pulses per cubic metre).

18


https://standardsiso.com/api/?name=dae5fd15c6cdadf91c725a28248316ed

1SO 7066-2 : 1988 (E)

When the orthogonal polynomial computer program is used to process these data, the preliminary fitting process gives

DEGREE RESID/JAL STANDARD PERCENTAGE

DEVIATION SIGNIFICANCE
0 1.05171 100.00
1 +929832 98 .58
2 «532487 100.00
3 « 4483 48 99.30
4 + 455227 50.25
S 416441 95.13
6 428974 1137

SUGGESTED DEGREE=- S

The degred 5 fit is just significant at the 95 % confidence level, and so this degree is suggested. If the datayhad been slightly different,
then the pgrcentage significance might well have been less than 95 % for degree 5, and degree 3 would-have been suggested. In this
situation, i is more difficult to choose the optimum degree. The fifth-degree polynomial gives a bétterfit to the data, But it is not cer-
tain that sych a high-degree polynomial will provide a better approximation to the true underlying functional relationghip between y
and x.

In the end, [the choice of degree is a matter of judgement. It is easiest to apply judgement.if each curve is plotted out, tdgether with its
confidence] limits and the data points. Figure 2 and figure 3 show the effect of fitting{the data with a degree 3 curve and a degree 5
curve respgctively.

From expelience, it is known that the turbine meter coefficient tends to decrease fairly steeply below a certain flow-ratp: higher in the
range, the [trend is level. The degree 3 curve follows this pattern better -and it is simpler, so it is the better choice.

D.3 Example 3: Calibration of a stream flow_station

Table 3 Iisr 44 pairs of data from a stream flow station, giving stage values and corresponding current-meter dischgrge values.
t

The compiter program in annex C gives the following output when the data in table 3 are fitted up to a maximum |degree of 5.

DEGREE~RESIDiJAL STANDARD PERCENTAGE

DEVIATION SIGNIFICANCE
2 15107.8 100.00
1 5927 .44 10C6.00
2 1539.71 100.00
3 534.002 100.00
4 503.890 93.04
S 499.663 79 « 50

SJGGESTED DEGREE- 4

ENTER DEGRER (12), OR -1 TO EXIT
>

Entering the degree 4 to obtain details of the fit gives the following output:

> 4

POLYNOMIAL COEFFICIENTS, LISTED IN INCREASING POWERS OF X-
+48004925+004 =-¢37421273+004 «10730031+004 =-.12228391+003
«60793445+001

COEFFICIENTS FOR SQUARE OF RANDOM UNCERTAINTY-
«39518922+009 =-.86129348+209 «35689887+009 =.83190923+92N8
«11933195+008 =+10790425+007 «60091427+005 =.18852659+004
+25524470+002

19
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DATA POLYNOMIAL RESIDUAL RANDOM UNC
X Y Y Y - Y(POL) 0F Y(POL)

4,9200 1390.0 1361.5 28.502 481.86
4.9300 1430.0 1386.6 63.402 439.1
5.0500 1500.0 1472.2 27.774 392.1
5.1500 1600.0 1560.9 39.132 33B. 6
5.2100 1650.0 1615.5 34.496 31341
5.3000 1750.0 1699.5 50.491 284.2
5.4700 1820.0 1865.0 -44,990 256.9
5.5000 1890.0 1895.1 -5.1311 255.1
5.5800 2000.0 1976.9 23,091 253.8
5.6100 2010.0 2008.1 1.8932 254.3
5.7300 2100.0 2133.9 -33.896 239.8
5.8100 2160.0 2223.7 -63.710 265.2
5.9000 2270.0 2325.2 -55.194 271.6
6.1000 2500.0 2561.2 -61.201 283.2
6.2500 27350.0 2748.,3 1.7459 287.6
6.3000 2930.0 3080.8 -130.84 2B86.2
6.7000 3300.0 3367, 4 -67.434 27833
6.9000 3410.0 3674.3 -264.23 267,95
7.1000 3800.0 4003.4 -203.35 255.8
7.2000 3810.0 4177.0 -366.97 250.6
7.3060 4800.0 4357.0 442,95 246.3
7.5000 4500.0 4737.9 -237.8¢4 241,3
7.6000 5100.0 4939.3 160.70 241.0
7.7000 5300.0 5148.6 151543 242.3
7.8000 5220.0 S5366.1 -148406 245.1
7.9000 3400.0 5592.2 -192.17 249.4
7.9000 6100.0 5592.2 507.83 249.4
8.0000 6500.0 5827.3 672,69 254.8
8.1000 6100.0 6071.9 28,104 261.2
8.4000 $900.0 6B66.9 33,126 284.3
8.6000 7350.0 7452,& -102.690 300.4
2.0000 8900.0 B776\.72 123.79 328.8
9.5000 10100, 107262, -662.29 331.0
9.6000 12200, 11210. 990.24 353.8
10.100 14000. 137335, 265.28 363.9
10.500 14600, 16143, -1542.¢6 375.4
11.400 22500, 23096, -596.44 435.95
11.900 287001 28061, $39.21 468.2
12,100 31300, 30302, 1198.1 473.1
12.600 - 36000, 36614, -614.14 452.3
13.200 45000, 45682, -681.72 410.1
13.500 52000. 50898. 1101.9 483.3
13.500 51000, 50898. 101.88 483.3
13.800 56000, 56613, -612.90 694.9

ENTER'DEBREE (I2), OR -1 TO EXIT

>l
END OF EXECUTICN

AY

NOTE — The number of zeros does not reflect the precision of the test data.
The expression for the curve is
$ = 4800 — 3742x + 1073,0x2 — 122,28x3 + 6,079x*
The fitted curve, together with its random uncertainty limits at the 95 % confidence level, is shown in figure 4.

NOTE — Normal plotting practice requires dependent variables to be on the vertical axis but it is normal practice in hydrology to produce the plot as
shown in figure 4.
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Table 1 — Calibration data for a differential pressure flow-meter

1SO 7066-2 : 1988 (E)

Reynolds number ( x 10-6)

Discharge coefficient

0,220 0,970 46
0,308 0,970 31
0,355 0,969 45
0,450 0,969
0,562 0,969 27
0,657 0,968 41
0,768 0,970 42
0,888 0,969 54
0,998 0,969 TT
1,148 0,971 31
1,249 0,971 74
1,385 0,974 07

Table 2 — Calibration data for a turbine meter

Frequency Meter-coefficient
Hz pulse/m3
28,24 573,76
32,12 574,71
35,58 575,14
40,16 574,84
43,48 575,74
48,82 576,20
52,06 576,50
54,36 576,44
54,86 575,61
56,48 576,40
58,18 575,54
58,38 576,67
60,92 575,94
64,72 575,41
67,74 575,01
71,72 574,51
76,52 574,88
82,64 574,42
83,06 574,05
88,40 574,88
91,94 573,69
96,90 573,25
99,58 573,07
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