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Many of the s
such as those
the random v
distributed ac
parameters un

The following
represented b
the methods
reliably?

tatistical methods recommended in International Standards,
described in ISO 2854!1], are based on the assumption that
riable(s) to which these methods apply are independently
cording to a normal distribution with one or both of its
known.

question therefore arises. Is the distribution that is
the sample sufficiently close to the normal distribution that
provided by these International Standards can be used

There is no simple yes or no answer to this question which is valid Gn.all

cases. For thig
developed, ea
the distributiorn

Generally the
priori risk that
of the first kin
not rejected
determined un|
the hypothesig
in general and
test, this risk i

reason a large number of “tests of normality” have’been
h of which is more or less sensitive to a particular feéature of
under consideration; e.g. asymmetry or kurtosis!

test used is designed to correspond to a-predetermined a
he hypothesis of normality is rejected even'if it is true (error
H). On the other hand, the probability ¢hat this hypothesis is
vhen it is not true (error of the second kind) cannot be
ess the alternative hypothesis (i:e. that which is opposed to
of normality) can be precisely.defined. This is not possible
furthermore, it requires cémputational effort. For a distinct
particularly large if the sample size is small.
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Statistical interpretation of data — Tests for departure from
the normal distribution

1 Scop

1.1 This
hypothes|

1.2 Wh

departurg

(i.e. whe

normal d
example,

value usi

13

whether
deemed

1.4 Thg

intended

1.5 Thd
either to

It ig
hypothed

e

stribution), a test for departure from the normal distribution is not very helpful. This

Ng a t-test.

not strictly necessary to use such a test whenever one refers to statistical method

to be acceptable accordingto prior information.

for complete-data, not grouped data. They are unsuitable for censored data.

tests for ‘departure from the normal distribution selected in this International Standard
observed values or to functions of them, such as the logarithm or the square root.

International Standard gives guidance on methods and tests)for use in deciding whe
s of a normal distribution should be rejected, assuming that‘the observations are independ

bnever there are doubts as to whether the observations are normally distributed, the u
from the normal distribution may be useful or evén*necessary. In the case of robust me|
e the results are only altered very slightly when.the real probability distribution of the obse

when the mean of a single random sampte of observations is to be checked against a g

is of normality. It is possible that there is no doubt at all as to the normal distribution of th
theoretical (e.g. physical) réasons are present which confirm the hypothesis or because th

tests for departure from the normal distribution selected in this International Standa

ther or not the
ent.

e of a test for
thods, however
rvations is not a
s the case, for
iven theoretical

5 based on the
e observations,
is hypothesis is

rd are primarily

may be applied

1.6 Tests for departure from the normal distribution are very ineffective for samples of size less than eight.

Accordin

gly, this International Standard is restricted to samples of eight or more.

2 Normative reference

The following standard contains provisions which, through reference in this text, constitute provisions of this
International Standard. At the time of publication, the edition indicated was valid. All standards are subject to
revision, and parties to agreements based on this International Standard are encouraged to investigate the
possibility of applying the most recent edition of the standard indicated below. Members of IEC and ISO maintain

registers

of currently valid International Standards.

ISO 3534-1:1993, Statistics — Vocabulary and symbols — Part 1: Probability and general statistical terms.


https://standardsiso.com/api/?name=426dd019346aeb9bdfbb21d030977654

ISO 5479:1997(E)

3 Definitions and symbols

3.1 Definitions

For the purposes of this International Standard, the definitions given in ISO 3534-1 apply.

3.2 Symbols

Ak

X(j)

X(k)

=|

coefficient of the Shapiro-Wilk test

auxiliary gaantity-for-theEpps-Puitey-test

empirical kurtosis

empirical skewness

auxiliary jquantity for the Epps-Pulley test

expectatjon

auxiliary quantity for the joint test using several independent samples
number pf consecutive samples

null hypqthesis

alternatiye hypothesis

within th
central n
sample s
probabili
probabili
probabili
auxiliary
test stat
test stati
p-quantil

auxiliary

e sample, arranged in non-decreasing order, the-aumber of the observed value x
homent of order j of the sample

ize

y associated with the p-quantile of a)distribution

Y

y associated with X

uantity for the Shapiro-Wilk test

stic

stic of the-Epps-Pulley test

e of the standardized normal distribution

huantity for the joint test using several independent samples

test stati

stic of the Shapiro-Wilk test

auxiliary quantity for the joint test using several independent samples

value of X

random variable

it value

kth value

in the sample, arranged in non-decreasing order

in the sample, arranged in non-decreasing order

arithmetic average

significance level

© ISO
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B probability of an error of the second kind
B kurtosis of the population
B3 excess of the population

,/BT skewness of the population

Y auxiliary quantity for the joint test using several independent samples

Ym cogfficient of the joint test using several independent samples

o auxliary quantity for the joint test using several independent samples
8y  cogfficient of the joint test using several independent samples

€ auxiliary quantity for the joint test using several independent samples
gy  codfficient of the joint test using several independent samples

u expectation

U  varjance of the population

Uz central moment of the third order of the population

Us cemtral moment of the fourth order of the population

o standard deviation of the population (=,/u2)

4 Genpral

4.1 Thefe are several categories-of tests for departure from normality. In this International Sta

hdard, graphical

methods| moment tests, regression tests and characteristic function tests are considered. Chi-squared tests are

approprigte for grouped data)only but, because grouping results in a loss of information, they are n
this Interpational Standard!

bt considered in

4.2 If nb additional information about the sample is available, it is recommended first to do a ngrmal probability

plot: i.e.|to pl&t-the cumulative distribution function of the observed values on normal probabi

lity graph paper

consisting of a system of coordinate axes where the cumulative distribution function of the normal distribution is

represen od h\]/ a efmigh? line

This method, which is described in clause 5, allows one to “see” immediately whether the distribution observed is
close to the normal distribution or not. With this additional information it can be decided whether to carry out a
directional test, or to carry out either a regression test or a characteristic function test, or no test at all. In addition,
although such a graphical representation cannot be considered as a rigorous test, the summary information that it
provides is an essential supplement to any test for departure from the normal distribution. In the case of rejection
of the null hypothesis it is often possible to envisage by this means the type of alternative that might be applicable.

4.3 A test for departure from the normal distribution is a test of the null hypothesis that the sample consists of n

independent observations coming from one and the same normal distribution. It consists of the

calculation of a

function T of the observations, which is called the test statistic. The null hypothesis of a normal distribution is then

not rejected or rejected depending on whether or not the value of T lies within a set of values near
value that corresponds to the normal distribution.

to the expected
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4.4 The critical region of the test is the set of values of T that leads to the rejection of the null hypothesis. The
significance level of the test is the probability P of obtaining a value of T within the critical region when the null
hypothesis is correct. This level gives the probability of erroneously rejecting the null hypothesis (error of the first
kind).

The boundary of the critical region is (or, in the case of a two-sided test, the boundaries of the critical region are)
the critical value(s) of the test statistic.

4.5 The power of the test is the probability of rejecting the null hypothesis when it is incorrect. A high power

corresponds to

a low probability of not rejecting the null hypothesis erroneously (error of the second kind).

It should be en
a normal distri
example, a dep
from the norm
observations.

4.6 A distincti
form of depar

directional test. However, when the form of departure from the normal distribution is not specifi

alternative hypq

In a directional
value. In an on
of those values

If assumptions
envisaged who
be applied, bec

4.7 Note that
on positive asy
test is multidire
the normal dist

4.8 Tables 8 {
a=0,01. The I¢
the rejection of

4.9 During co
mediate results|

phasized that the power of a test (i.e. for a given situation, the probability that the nullthyp
pution will be rejected if it is wrong) increases as the number of observations“-ihcre
arture from the normal distribution which would become apparent when using aytest for

on is made between two categories of tests for departure from thé\normal distribution.
ure from the normal distribution is specified in the alternative ‘hypothesis, then the

thesis, the test is an omnibus test.

test, the critical region is determined in such a way that'thé power of the test reaches its
nibus test, it is necessary to divide the critical region'in such a way that the critical regiof
of the test statistic which lie far away from the expected value.

are present about the type of departure fromi’the normal distribution, i.e. when a distf
5e asymmetry or kurtosis is different from-that of the normal distribution, a directional te
huse its power is greater than the power of an omnibus test.

a directional test is essentially one-sided. In the case of asymmetry, for example, it cent
mmetry or on negative asymmetry. However, when several alternatives are considered j
ctional. This is the case particularly when a non-null asymmetry and a kurtosis different frd
ibution are considered together.

Db 14 and figure 9-allow the tests to be performed for the most usual levels of a; i.e. a =
pvel of significance’has to be stipulated before the test is performed. Note that a test ma
the null hypothesis at the 0,05 level and the non-rejection of this same hypothesis at the 0

mputation of test statistics, it is necessary to use at least six significant digits. Subtot
and.auxiliary quantities shall not be rounded to less than six significant digits.

bthesis of
ases. For
departure
al distribution on a large sample might not be detected by the same test’if there were fewer

When the
test is a
ed in the

Mnaximum
consists

ibution is
st should

res either
intly, the
m that of

0,05 and
result in
01 level.

Als, inter-

5 Graphica

| method

5.1 The cumulative distribution function of the observed values is plotted on normal probability graph paper. On
this paper, one of the axes (in this International Standard it is the vertical axis) is non-linearly scaled according to
the area under the standardized normal distribution function and is marked with the corresponding values of the
cumulative relative frequency. The other axis is linearly scaled for the ordered values of X. The cumulative
distribution function of the variable X then approximates to a straight line.

Sometimes these two axes are interchanged with each other. Furthermore, if a normalizing transformation of the
variable X i$ made, the linear scale may be replaced by a logarithmic, quadratic, reciprocal or other scale.

Figure 1 gives an example of normal probability graph paper. On the vertical axis the values of the cumulative
relative frequency are given as percentages, while the horizontal axis has an arbitrary linear scale.

4
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A sheet of blank normal probability graph paper is provided in annex A.

If a plot on this paper gives a set of points that appears to be scattered around a straight line, this provides crude
support for the assumption that the sample can reasonably be regarded as having come from a normal distribution.

However, if there is a systematic departure from the straight line, the plot often suggests the type of distribution

to be taken into consideration.

The importance of this approach is that it easily provides visual information on the type of departure from the
normal distribution.

If the graph indicates that the data come from a shaped distribution (e.g. if the graph of the cumulative distribution

function

If the gra
of two of

in figure
continue

It should

sense. I the case of small samples, pronounced curves may occur for normal distributions,

samples

5.2 The|graphical procedure consists of arranging the observed values (x(1), x(2), ... .X() iN NON-d

and then

P = (K—3/8)/(n + 1/4)

against xy) on normal probability graph paper.

NOTE 1
P, = (k
and
P =kl

These arg poorer approximations o the normal distribution function of the expected order statistics, F [E(X
not recommended.

5.3 An

¢l separately.

be kept in mind that such a plot is in no way a test for departure from¢the’‘normal distribu

5light curves may indicate non-normal distributions.

plotting

Commonly used alternatives to equation (1) aré

- 1/2)/n

n + 1)

bxample of hdw normal probability graph paper is used is shown in figure 2.

is as shown in figure 5 or 6), a transtormation of the data might result in a normal distributid

bh indicates that the data do not come from a simple homogeneous distribution, but ‘rather
more homogeneous subpopulations (e.g. if the graph of the cumulative distribution*funct
7), it is recommended that the subpopulations be identified and the analysis”on’each slibpopulation be

n.

from a mixture
on is as shown

tion in the strict
whilst for large

pcreasing order,

- (1)

|, and their use is
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Figure 1 — Annotated normal probability graph paper
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Table 1 shows the values x) in non-decreasing order of the result of a series of 15 independent rotating-bend

fatigue tests.

Table 1 - Results, x, of a series of 15 rotating-bend fatigue tests
and corresponding values of Ig (10 x)

NOTE 2 In table
the tests in this |

By associating {he probability

Py = (k- 3/8)
with the kth s
this graph that
[figure 2b)] lead

The hypothesis

5.4 it should e noted that éxfreme observed values have greater variance than middle values. There

since the scale
the cumulative
regarded as ind

k—
k P= n +:13//48 X(k) Ig(1 OX(k))
1 0,041 0,200 0,301
2 0,107 0,330 0,519
3 U, T/7Z 0,445 0,648
4 0,238 0,490 0,690
5 0,303 0,780 0,892
6 0,369 0,920 0,964
7 0,434 0,950 0,978
8 0,500 0,970 0,987
9 0,566 1,040 1,017
10 0,631 1,710 1,233
11 0,697 2,220 1,346
12 0,762 2,275 1,357
13 0,828 3,650 1,562
14 0,893 7,000 1,845
15 0,959 8,800 1,944

1 and the following examples, the units for the observations are omitted because they are not r¢
hternational Standard.

(n+ 1/4)

mallest xy), the series of points shown in figure 2a) is obtained. It is immediately s
these points do not form a_straight line. However, if xy is replaced by Ig(10 X)), the n
5 to a series of points which_this time lie acceptably close to a straight line.

of a normal distribution_of the logarithm of the observations therefore seems adequate.

for the cumulative relative frequency widens towards the extremes, a few values at eith
distribution’ which distinctly depart from the straight line defined by the middle values o
cators;of departure from the normal distribution.

tlevant for

ben from
bw graph

fore, and
er end of
annot be

The larger the s

pmple size, the more reliable are the conclusions that can be derived from the shape of thd

graph.

If the graph of the cumulative distribution function of the observed values is such that the large values tend to be
well below the straight line defined by the other values, a transformation such as

y=logx
or

y=qx

will generally lead to a graph that conforms more to a straight line [see figure 2b) and figure 5].

The upper parts of figures 3 to 7 show the cumulative distribution function in comparison with the corresponding
density function shown in the lower part of each figure.

8


https://standardsiso.com/api/?name=426dd019346aeb9bdfbb21d030977654

© ISO ISO 5479:1997(E)

If the graph of the cumulative distribution function of the observed values is as shown in figure 3 or 4, the
corresponding frequency distribution is of kurtosis in default (platykurtic) or of kurtosis in excess (leptokurtic),
respectively.

The graphs of the cumulative distribution functions shown in figures 5 and 6 correspond to a density function with
positive skewness and negative skewness respectively.

Figure 7 shows the cumulative distribution function and the density function of a superposition of two different
density functions.

Cumulative relative frequency, %
Cumulative relative frequency, 96

Frequency
Frequency

Figure 3 —Density function with Figure 4 — Density function with
kurtosis in default kurtosis in excess
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Cumulative relative frequency, %

Frequency

Figure 5 — Density function with
positive skewness

Cumulative relative freqpency, %

Frequency

© ISO

Figure 6 — Density function with
negative skewness
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Frequency

density functions

6 Dirdctional tests

6.1 General

X

Figure 7 — Superposition of two different

6.1.1 Tlhe directional tests.eonsidered here concern solely the characteristics either of skewneds or of kurtosis
of the diktribution of observations. They are based on the fact that in the case of a normal random variable X with

mean u + E(X), the central moment of the third order is
Huz = K [(X—,U)31=0

the stan@lardizéd central moment of the third order is

. (2)

x-p) I H3
S| E] |-t -
o M2 o
and the standardized central moment of the fourth order is
B2 = paluz? = 3
where
o=E[(X - w)?]

pa=ElX — w4

)

.. (4)
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,/,61 is the skewness of the population and may be greater than, equal to, or less than zero;

By is the kurtosis of the population and is always positive;

B, -3 is the excess of the population;

2
the inequality B 2(‘/[3_1) +1 always holds.

6.1.2 In a skewness test, the alternative hypothesis is either

© SO

Hy:iuz>0
or, equivalently
JE>O
which means p
Hqy:uz <0
or, equivalently
JB_1<O
which means n

Generally, a dis
than amongst t

6.1.3 Inakurt
Hy: B >3
which means a
Hy: B <3
which means a
Compared with

values of the va
in default.

bsitive skewness (see figure 5), or

bgative skewness (see figure 6).

tribution with positive skewness has a higherddispersion amongst the high values of th
ne low ones; the contrary is the case for negative skewness.

sis test, the alternative hypothesis-is.either

kurtosis in excess (leptokurtic density function) (see figure 4), or

kurtosis in default (platykurtic density function) (see figure 3).

the normal distribution, a distribution with kurtosis in excess tends to have a prepond
riablerboth close to the average and towards both extremes. The contrary is the case for

b variable

prance of
b kurtosis

6.1.4 The use of a directional test is justified only when there is specific information about the way in which the
real distribution may differ from the normal distribution. This information may come from the physical nature of the

data or the kind

of disturbance that may affect the generating process.

For example, the fact that a variable is non-negative, with a mean close to zero in comparison with the value of the
standard deviation, may be a physical reason for positive skewness of the real distribution. Similarly, any
disturbance in a generating process that produces a mixture of normal populations of the same mean but of
different variances results in a non-normal distribution with 8, > 3.

6.1.5 In any case, the choice of a directional test should be based on general considerations regarding the nature
of the observations or the process that produces them and not on the particular form of the distribution of the
values observed. In this latter case, only the result of an omnibus test can be considered to be objective.

12
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X1, X0, ..., X, designates the series of observations, then

% =%in )
i
‘| _
m]-=;2(xi—x)] (8)
i
wherej=2,3,4
and the {est statistics for skewness and kurtosis respectively are the quantities
m3
b =—~ - (9)
m23/2
and
b, =-"..47 .. (10)
l (7]
6.2 Difectional test for skewness using /b,

This tes{ is applicable for n = 8; however, for practical reasons, table 8 is limited to n < 5000.

If the ali
other hg

m3<0.

In the tv

level o if the statistic NE' exceeds thép-quantile forp = 1- a.

Table 8

hows for this test statisticthe p-quantile for p = 1- a where o= 0,05 and a = 0,01

and for fhe sample size n = 8(1)10,12,15(5)50(10)100(25)200(50)1000(200)2000(500)5000.

EXAMPLE 1

An e

ample of~the use of the directional test for skewness using ‘/E is as follows. T

independent measurements of the depth of the sapwood in pieces of wood intended for use as

As tHecdepth of sapwood is a characteristic having essentially non-negative values close

ernative hypothesis consists of positive skewi€ss, the test should be carried out only iffmz > 0. On the
nd, if the alternative hypothesis consists-of negative skewness, the test should be cdrried out only if

o cases of skewness, the conclusion’is in favour of the rejection of the null hypothesis at| the significance

hble 2 gives 50
telegraph poles.

0 zero, positive

skewness may be assumed. It is therefore necessary to perform the appropriate directional test with the

alternative hypothesis

Hy

:‘/ﬁ_1>0

Thus, from the observed values listed in table 2, the following are calculated:

X

m32

m3

=(1,25+ 1,35+ ... + 5,10)/50 = 2,873
=[(1,25-2,873)2 + ... + (5,10 - 2,873)2]/50 = 0,937 921

=1[(1,25-2,873)3 + ... + (5,10 — 2,873)3]/50 = 0,254 559

13
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Hence

o I

=0,280

©|SO

For the significance level a = 0,05, i.e. p = 1 - a = 0,95, and n = 50, the critical value of the test statistic is 0,53

(see table 8). This value is greater than the calculated I\/E ; thus the null hypothesis of a normal distribution is

not rejected at the significance level chosen.

Table 2 - Depth of sapwood

1,25
1,35
1,40
1,50
1,55

1,60
1,75
1,75
1,85
1,95

2,05
2,10
2,15
2,15
2,15

2,20
2,25
2,35
2,40
2,565

2,60
2,60
2,70
2,75
2,75

2,80
2,95
2,95
3,00
3,056

3,10
3,15
3,156
3,20
3,30

3,45
3,60
3,50
3,80
3,90

4,00
4,00
4,05
4,05
4,10

4,20
4,45
4,50
4,70
510

NOTE — Series arranged according to<the non-
decreasing values of 50 observations,

6.3 Directional test for kurtosis using b,

This test is appl
In a test for kur
Hqy:B,>3

The null hypoth
calculated value

cable for n = 8; however, for practical reasons, table 9 is limited to n < 5 000.

osis in excess, the alternative hypothesis is

bsis shall be rejected at the\predetermined significance level of, for example, a = 0,05 or Q
by exceeds the critical value of the test statistic corresponding to the p-quantile for p =

0,95 0orp =1-g¢=0,99 and the samplesize n.

In a test for kurf
Hy: B <3

The null hypoth
calculated value

osis in default, the-alternative hypothesis is

bsis_shall be rejected at the predetermined significance level of, for example, or = 0,05 or 0
by'1s.less than the critical value of the test statistic corresponding to the p-quantile for p =

orp=o=0,01

ne'the sample size n

,01 if the
1-a=

.01 if the
a=0,05

Table 9 shows the critical values of the test statistic by for p = 0,01, 0,05, 0,95 and 0,99 and the sample size
n = 8(1)10,12,15(5)50(25)150(50)1000(200)2000(500)5000.

EXAMPLE 2

An example of the use of the directional test for kurtosis using b, is as follows. Table 3 shows a series of 50
independent measurements some of which are suspected of having been affected by a defect in the measuring

device, a defect resulting in a variation in the dispersion of these measurements.

Since, owing to the fault mentioned, it can be assumed that B, > 3 for the distribution of the observations, the

corresponding directional test is applied; the alternative hypothesis is

Hy: By >3

14
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Table 3 — Series of 50 observations suspected of being
affected by a variation in the dispersion of measurements

9.6 51 57 16,6 12,9
14,4 58 10,8 20,9 13,3
10,2 9.2 22,5 21,5 8.5

4,2 12,9 55 9.1 3,3
17.1 6,3 8.6 11.9 1.4

4,4 3.1 7.4 12,9 12,9

4,5 12,9 6,9 26,6 16,3

8,5 1.9 7.9 7.5 15,6

9.9 11,4 36 54 11.4

7.7 5,9 7.3 32,0 6.0

Thus, [from the observed values listed in table 3, the following are calculated:

X =(9,5+ 14,4 + ... + 6,0/50 = 10,542
my =1[(9,5-10,542)2 + ... + (6,0 — 10,542)2)/50 = 37,996 4
mg|  =19,5-10,542)% + ... + (6,0 - 10,542)4)/50 = 7 098,04
Hencg
by F—4 =4,916
my

For tHe significance level a = 0,05, i.e. p = 1 — a = 0,95, and sample size n = 50, the critical alue of the test
statisfic is 3,99 (see table 9). As the calculated .valte b, = 4,916 is greater than this criticgl value, the null
hypothesis is rejected in favour of the alternative)hypothesis at the significance level o = 0,05.( That means the
distriution of these observed values is disturbed and shows a kurtosis in excess.

In addlition, as the critical value at significance level @ = 0,01 is 4,88, the rejection of the null hypothesis is
confirmed at this level. Due to this, the existence of a real disturbance seems even more likely.

7 Joint test using /5, and-b, (multidirectional test)

This test is applicable for 20.=<'n < 1000.

7.1 In this case the alternative hypothesis is that of a distribution whose skewness is not zefo and/or whose
kurtosis|differs frfom that of the normal distribution, without the direction of either departure being [specified:

H1:‘/|E¢O andfor B, #3

The different combinations

JEiO and =3

or

Jﬁ_1=0 and B #3

or

JB1#0 and B # 3

cannot be distinguished.

15
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The test is multidirectional since it is intended to bring out the combination of non-null skewness (4/B; #0) and/or

kurtosis 4B, #3.

Note that, owing to the choice of statistics, this joint test cannot be considered to be an omnibus test in the strict
sense. As for the directional tests, its use can only be justified by considerations as to the nature of the
observations or the process that produces them.

7.2 The test statistic of this test is formed by the pair of I‘/bTI and b, defined in equations (9) and (10) (in 6.1.6).

Under the null yputhca;a of nunna“iy, ma system ofcoordimateaxes i\/r[;i dana by, regions around he point
(0; 3) may be drgwn in which the point (N?b?' b,), falls with probability p. Curves delineating these regians-are given in
figure 9a) (p = 0,P5) and figure 9b) (p = 0,99) for the sample size n = 20(5)65(10)85,100,120,150(50)300,500|1000.

At the significarice level a = 1 - p, the critical region of the test is formed by the points ¥ing outside the curve
corresponding tg the sample size n.

EXAMPLE 3
The joint test using 4/b; and by may be applied to the data of example 2.
From the obsg¢rved values listed in table 3, the following are calculated:

m3 =1[(9,56410,542)3 + ... + (6,0 - 10,542)3]/50 = 308,106

Hence
Jby = mayh32 = 1,315

The point (I,/E; = 1,315; by = 4,916) lies farwutside the curve corresponding to the sample size n = 50|in figure

9b) for the sighificance level a = 0,01.

The null hypqthesis of a normalcdistribution is therefore rejected at this significance level in favour of the
alternative hypothesis. This means that the distribution of the measured characteristic is concluded not to be a
normal distribfition.

8 Omnibus tests

8.1 General

8.1.1 When no substantial a priori information exists regarding the type of departure from the normal distribution
to be assumed, the use of an omnibus test is recommended.

8.1.2 Two omnibus tests are presented in this International Standard: the Shapiro-Wilk test and the Epps-Pulley
test. There is little to choose between them. A rule of thumb is to select the Shapiro-Wilk test when past history is
available that suggests as an alternative hypothesis an approximately symmetric distribution with kurtosis in

default (e.g. |Jﬁ7| < Y2 and B, < 3) or from an asymmetric distribution (e.g. I,/E] > %), otherwise to select the
Epps-Pulley test.

16
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8.2 Shapiro-Wilk test

This test is applicable for 8 < n < 50. Small samples, with n < 8, are not very effective in detecting departures
from the normal distribution.

The Shapiro-Wilk test is based on the regression of the order statistics upon their expected values. It is an analysis
of variance type test for a complete sample. The test statistic is the ratio of the square of a linear combination of

the samp

le order statistics to the usual estimate of variance.

This test is based on ordered observations. If, as in 5.3, the series of n independent observations arranged in non-
decreasing order is designated by x(1), x(2), ..., X(»), then the quantity S is calculated:

S = Zay|lxin + 1 -1 — X

where thd index k has values of 1 to n/2 or of 1 to {n — 1)/2 according to whether n is even:or odd,
coefficients a; have special values for the sample size n. The values ay are listed in table”10-and the
the quantity

W=_52

where, ag previously,

nmp =

If some dbservations are equal, the ordered series is enumeratéd’by repeating the equal observ
times as fhey occur in the original series.

At the significance level a = p, the critical region of the test is formed by values less than the p-qug

Table 11

EXAMPLE 4

An example of use of the Shapiro-Wilk-test is as follows. Table 4 shows the ordered series of 4

annual

To faci

(k)

have b

X =

nm) =Zlxy, - X1 = 630872

(nmy)

S(Xi - 2)2

hows the p-quantiles of the test statistic W forp = o= 0,01 and p = a = 0,05.

amounts of rainfall collected at\a meteorological station.

itate the calculation, the values

K(n + 1 - k) N X(n 1270~ X(k)

ben shown oh¢the same line. From table 4 the following are calculated:

Px () /. 44=34545/44=785,114

The coefficients a; taken from table 10 for n = 44 and reproduced in table 4 therefore give

S =

Hence

W=

SaplX(n + 1 1 - X) = 0,387 2 x 554 + 0,266 7 x 500 + ... + 0,004 2 x 9 = 787,263

52
nmy

= (787,262 7)2/630 872,43 = 0,982

(1)

and where the
test statistic is

.. (12)

ntions as many

intile for p = a.

14 independent

Table 11 shows that the p-quantile for n = 44 and p = o = 0,05 is equal to 0,944. As this value is less than the
value of W, the null hypothesis is not rejected at the significance level 0,05.

17
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Table 4 — Annual amount of rainfall collected at a weather station

k (k) Xn+ 1=k | Xn+1-k " X a
1 520 1074 554 0,387 2
2 556 1056 500 0,266 7
3 561 963 402 0,2323
4 616 952 336 0,207 2
5 635 926 291 0,186 8
6 669 922 253 0,169 5
7 686 904 218 0,154 2
8 692 900 208 0,1405
9 704 889 185 0,127 8
10 707 879 172 0,116 0
1" 711 873 162 0,104 9
12 713 862 149 0,094 3
13 714 851 137 0,084 2
14 719 837 118 0,074 5
15 727 834 107 0,065 1
16 735 826 91 0,056 0
17 740 822 82 0047 1
18 744 821 77 0,038 3
19 745 794 49 0,029 6
20 750 791 41 0,021 1
21 776 786 10 0,0126
22 777 786 9 0,004 2
NOTE — Ordered series of 44 obsetvations and corresponding
a; values.

8.3 Epps-Ptlley test

See referencgs [2] to [5]. This test is applicable for n = 8. Small samples, with n < 8, are not very dffective in
detecting depgrtures from the normal distribution.

The Epps-Pullgy test is an omnibus test.which has high power against many alternative hypotheses. Thd test uses
a weighted infegral of the squared.modulus of the difference between the characteristic functions of the sample
and of the norpal distribution.

From n observations x; (j = 1;,2,/..., n) the following quantities are calculated:

- 1Iv
=13y .. (13)
j=1
and
T -2
my =;z1(Xj—X) (14)
]:

The test statistic is
2 & —(x; - xz)2 L ~ (x - X)?
;Z exp |—1 K —JZ_Zexp S ... (15)

The order of the observed values is optional but particular attention is drawn to the fact that the order chosen has
to remain unchanged throughout the whole computation.

18


https://standardsiso.com/api/?name=426dd019346aeb9bdfbb21d030977654

© ISO

ISO 5479:1997(E)
The program flowchart for the computation of the test statistic Tgp is shown in figure 8.

Start

Store sample size n

Store sample values X ;

Compute and store

s n

_1

mean: X = Z X
j=1

and second central

moment of sample: m, = r

-

> (x) - %2
j=

Compute and store

. (- (x.<7)2)
A=V2) exp<{—=
j=

& m,
Putk=2,3,4, ...n
Compute
x -(Xj-Xk)z
exp 2m,
for 1= j = (k - 1) and add

all these n (n - 1)/2 terms

End

Figure 8 — Flow chart for the computation of the test statistic 7¢p of the Epps-Pulley test
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The null hypothesis is rejected if the calculated value of the test statistic Tep exceeds the p-quantile for the given
significance level o and the sample size n. The p-quantiles of the test statistic Tgp for p = 1 — a = 0,90; 0,95; 0,975
and 0,99 are listed in table 12.

EXAMPLE 5

An example of the use of the Epps-Pulley test is as follows. Table 5 shows the series of 25 values x; of the
breaking strength of a rayon yarn, measured under standard conditions in arbitrary units. Additionally the
transformed values zj = lg (204 - x;) are given, which appear to be scattered around a straight line on normal
probability graph paper.

Table 5 — Breaking strength of rayon yarn

Measured | Transformed Measured | Transformed

Xj g Xj %
147 1,756 99 2,021
186 1,255 156 1,681
141 1,799 176 1,447
183 1,322 160 1,643
190 1,146 174 1,477
123 1,908 153 1,208
155 1,690 162 1,623
164 1,602 167 1,568
183 1,322 179 1,398
150 1,732 78 2,100
134 1,845 178 1,491
170 1,531 168 1,556
144 1,778

From table %

Tep(y = 0612
is found usipg a short and simple caleulator program. For n = 25 it is found by interpolating in table 12 that the
p-quantile fgr p = 1 — = 0,99 is-equial to 0,567. The calculated value Tgp(y exceeds this critical value.|Therefore
the null hyppthesis is rejected-at the significance level 0,01 for the values Xj.
Furthermorg from table 5

Tep(y = 0J006

is found usipng-the' same calculator program. As this value is less than the critical value for n = 25 interpolated
from table 12, the null hypothesis is not rejected for the values 2

This example illustrates the already well-known fact that the breaking strength of rayon yarn is distributed
according to the logarithmic normal distribution.

EXAMPLE 6

The following example illustrates in detail how to calculate the test statistic Tep according to equation (15).

The second column of table 6 shows n = 10 values x; for which the Epps-Pulley test has to be conducted. In
accordance with equations (13) and (14), x = 10,4 and my = 11, 858 0 are calculated.

The double sum in the third term of equation (15) is a finite series of (n — 1) subseries, the first of which has one
term and the last of which has (n — 1) terms.
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For the first subseries, the fixed index is k = 2 and the only term of this series is
2
expi= (x1-x3)
2m2
which is obtained for j = 1. In the second subseries the fixed index is k = 3; this series has two terms
IR R Y
exp _M. and exp M
2m2 2m2

which 3re obtained for j = 1 and j = 2. For the last subseries the fixed index is k = 10 and the pine[terms are
Y IR
exp =Xl } yeeey EXP {————(xg *10) }
2m2

2m2
which gre obtained forj=1,2,3, ..., 9.

-

The terlms for the n — 1 = 9 subseries are listed in the third to eleventh column of table 6.

The twielfth column shows the n = 10 terms for the sum in the fourthiterm of equation (15).

Table 6 — Breaking strength of rayon yarn — Calculation of the test statistic 7¢j

~(xj - x)* ~(x; —%)?
exp{ ——— exp———
2m2 4m2
k=2 k=3 k=4 k=5 k=6 k=7 k=8 k=9 k=10
j Xj j=1 j=121j=1.3|j=14%4]j=15]|,=16]j=17],;=1.8]j=1.9 j=1.10
1 4,9 0,9996 | 0,8977 | 0,2192 | ©,2083 | 0,1684 | 0,0769 | 0,0587 | 0,0304 | 0,0205 0,5285
2 5,0 - 0,9095 | 0,234\ 0,2192 | 0,1778 | 0,0821 | 0,0629 | 0,0329 | 0,0222 0,5407
3 6,5 - - 0,4421 | 0,4258 | 0,3633 | 0,1977 | 0,1593 | 0,0933 | 0,0673 0,7257
4 10,9 - - - 0,9996 | 0,9895 | 0,8723 | 0,8154 | 0,6668 | 0,5790 0,9947
5 11,0 - = - - 0,9933 | 0,8853 | 0,8303 | 0,6842 | 0,5966 0,9924
6 11,4 - - - - - 0,9312 | 0,8853 | 0,7520 | 0,6668 0,9791
7 12,7 - - - - - - 0,9933 | 0,9312 | 0,8723 0,8945
8 13.1 o - - - - - - 0,9664 | 0,9207 0,8575
9 14,0 - - - - - - - - 0,9895 0,7609
10 145 - - - = - = - - - 0,7016
Sum | 104,0 | 0,9996 | 1,8072 | 0,8916 | 1,8528 | 2,6923 | 3,0455 | 3,8052 | 4,15673 | 4,7350 7,9757
Grand
total 23,9865

For each of the last ten columns of table 6 their sum is calculated and entered at the bottom of the column.

All 45 terms belonging to the sum in the third term of equation (15) are added up to the grand total

10 k-1 2
—(x; —xg)
Y exp ——’2—" = 23,9865
k=2 j=1 "2
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Finally equation (15) is evaluated as

TEP =1+

10
—+

2 x 23,9865

%

)_ (J'z' x 7,9757) =0,2914

V3

© SO

For n = 10 table 12 shows that the p-quantile for p = 1 — a = 0,95 is equal to 0,357. The calculated value Tgp =
0,2914 does not exceed this critical value. Therefore the null hypothesis is not rejected at the significance level
0,05 for this example.

9 Joint testusingseveratindependentsamples

The test is af
table 13 is lim
population.

In many caseq
because eacH
distribution. In

For h consecu
calculated ac

plicable for several samples each of the same size n with n = 8, however, for gractic
ited to n < 50. It is based on the assumption that independent samples are drawn fron

it is necessary to test the departure from the normal distribution using several independe

h| reasons,
the same

ht samples

separate sample is far too small to detect even a considerable_departure from the normal

this situation a modified Shapiro-Wilk test is applied.

tive samples drawn from the same population each of sample sizé n, the values W;(i=1,
ording to equation (12). For the joint test the corresponding’ values G; are calculatec

following relafionship:

Gj= y(n) +
where

W.

. =1In _]

e

The coefficien

In the case Vv
normal distrib

513

j=1

Gj

and the test s

3 (n) v;

|

ts y(n), &n) and &(n) for converting.W; to the variate G; are taken from table 13.

- &(n)

W

here the underlying distribution is normal, the variable G; follows approximately the st
ution. The mean value of the variate G; is

Fatisticis™Vh x G.

., h) are
from the

.. (16)

. (17)

andardized

The null hypoqhesis is rejected at the significance level a if

\/EXE <-U_g

where uy, = uq-

EXAMPLE 7

« is the p-quantile of the standardized normal distribution.

. (19)

An example of the use of the joint test using several independent samples is as follows. & = 22 random samples
each of size n = 20 are drawn from the same population and the characteristic X of these 20 items is measured.
This characteristic is not supposed to be normally distributed. For each of these samples the corresponding

values of W; (j = 1, 2,

From table

y(20) =

22

-5,153; §20) = 1,802; £20) =

, 22) are calculated according to equation (12). In table 7 the 22 values of W;
13 the foIIowmg coefficients are taken:

0,2359

are listed.
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Using these figures the corresponding 22 values of G; are calculated according to equations (16) and (17) and
listed in table 7 too.

According to table 11 the critical value of the W-statistic is 0,868 for n = 20 at the significance level a = 0,01.
From table 14 the critical value for vAXG is

~U1_gq = — Ug,g9 = — 2,326

at the significance level a = 0,01.

Tal?ie-; I'l,l,,-- __ £ v'rj P | ﬁjl-_. "~ -__..__I.._
of size n = 20 drawn from the same population
Samp!e No. W, G;
J
1 0,9543 -0,189
2 0,9645 +0,292
3 0,9148 - 1,413
4 0,8864 —2,008
5 0,9573 — 0,059
6 0,9158 - 1,389
7 0,9462 ~0,503
8 0,9277 — 1,083
9 0,9639 + 0,260
10 0,9363 -0,833
11 0,9067 —1,5698
12 0,9218 - 1,240
13 0,9551 —0,155
14 0,9338 —0,909
15 0,9584 - 0,009
16 0,9088 — 1,552
17 0,9028 - 1,683
18 0,8947 - 1,849
19 0,9488 - 0,407
20 0,9445 - 0,563
21 0,9471 -0,470
22 0,9451 - 0,542
Sum - 17,902
If any jofthese 22 samples is treated alone, none of the samples can reveal the departure flom the normal
distribution at the given significance level a = 0,01 because none of the values W; is less than the critical value

0,868, and none of the values G; is less than the critical value — 2,326.
However, the joint evaluation of all 22 samples together yields

G =-17,902/22=-0,814

and
JhxG =-382
This value is compared with the critical value —u, = — 2,326 at the given significance level a = 0,01. As the

calculated value — 3,82 lies well below this critical value, the null hypothesis is rejected at the significance level
a=0,01.
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10 Statistical tables

Table 8 — Test for skewness, /b (p-quantiles

of || forp = 1 - @=0,95 and 0,99)

n P n
0,95 0,99 0,95 0,99
8 0,99 1,42 400 0,20 0,28
9 0,97 1,41 450 0,19 0,27
10 0,95 1,39 500 0,18 0,26
12 0,91 1,34 550 0,17 0.24
15 0.85 1,26 600 0,16 0,23
20 0.77 1,15 650 0,16 0,22
25 0.71 1,06 700 0,15 0,22
30 0,66 0,98 750 0,15 0.21
35 0,62 0,92 800 0,14 0,20
40 0,59 0,87 850 0,14 0,20
45 0,56 0,82 900 0,13 0,19
50 0,53 0,79 950 0.13 0,18
60 0,49 0,72 1000 0,13 0,18
70 0,46 0,67 1200 012 0,16
80 0,43 0,63 1400 0,11 0,15
90 0,41 0,60 1600 0.10 0.14
100 0,39 0,57 1800 0,10 0,13
125 0,35 0,51 2000 0,09 0,13
150 0,32 0,46 2500 0,08 0,11
175 0,30 0,43 3000 0,07 0,10
200 0,28 0140 3500 0,07 0,10
250 0,25 0,36 4000 0,06 0,09
300 0,23 0,33 4500 0,06 0,08
350 0,21 0,30 5000 0,06 0,08

NOTE — Taken from references [6] and [7].
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Table 9 — Test for kurtosis, b, (p-quantiles of b, for
p=0=0,01and0,05andp=1-a=0,95and0,99)

ISO 5479:1997(E)

p p

n

0,01 0,05 0,95 0,99
8 1,31 1,46 3,70 4,53
9 1,35 1,53 3,86 4,82
10 1,39 1,56 3,95 5,00
12 1,46 1,64 4,05 5,20
15 1,55 1,72 2713 5,30
20 1,65 1,82 4,17 5,36
25 1,72 1,91 4,16 5,30
30 1,79 1,98 4,11 5,21
35 1,84 2,03 4,10 5,13
40 1,89 2,07 4,06 5,04
45 1,93 21 4,00 4,94
50 1,95 2,15 3.99 4,88
75 2,08 2,27 3.87 4,59

100 2,18 2,35 3,77 4,39

125 2,24 2,40 3.71 4,24
150 2,29 2,45 3.65 4,13
200 2,37 2,51 3.57 3,98
250 2,42 2,55 3,52 3.87
300 2,46 2,59 3,47 3.79

350 2,50 2,62 3,44 3.72
400 2,62 264 3.41 3.67
450 2,55 2,66 3.39 3,63
500 2,57 2,67 3.37 3,60
550 2,58 2,69 3.35 3,67

600 2,60 2,70 3,34 3,54
650 2,61 2,71 3,33 3,62
700 2,62 2,72 3,31 3,60
760 2,64 2,73 3.30 3,48
800 2,65 2,74 3,29 3,46

850 2,66 2,74 3.28 3.45
900 2,66 2,75 3,28 3,43
950 2,67 2,76 3,27 3,42
1000 2,68 2,76 3,26 3.41
1200 2,71 2,78 3.24 3,37

1400 2,72 2,80 3,22 3,34
1600 2,74 2,81 3,21 3,32
1800 2,76 2,82 3.20 3,30

2000 2,77 2,83 3,18 3,28
2500 2,79 2,85 3,16 3,25

3000 2,81 2,86 3,15 3,22
3500 2,82 2,87 3,14 3.21
4000 2,83 2,88 3,13 3.19
4500 2,84 2,88 3,12 3,18
5000 2,85 2,89 3.12 3,17

NOTE — Taken from references [7] and [8].
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Figure 9 — Joint test using !,[bTI and b, (multidirectional test)
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Table 10 — Shapiro-Wilk test coefficients g, for calculating the test statistic W
k
8 9 10
1 — — — — — — — 06052 | 05888 | 05739
2 — — — — — — —_ 03164 | 03244 | 0,329 1
3 — — — — - — _ 01743 | 0,1976 | 0,2141
4 — — — — — - — 0,0561 | 0,0947 | 0,1224
5 —_ — —_ — — — —_ — — 0,039 9
11 12 13 14 15 16 17 18 19 20
1 0,p60 1 0,547 5 0,535 9 0,625 1 0,5150 0,505 6 0,496 8 0,488 6 0,4808 0,473 4
2 0B315 0,3325 0,3325 0,331 8 0,3306 0,3290 0,327 3 0,325 3 0,323 2 0,321 1
3 0260 0,2347 0,241 2 0,246 0 0,2495 0,252 1 0,254 0 0,255 3 0,256 1 0,256 5
4 on429 0,158 6 0,1707 0,180 2 0,187 8 0,193 9 0,198 8 0,202 7 0,205 9 0,208 5
5 0,069 5 0,092 2 0,109 9 0,124 0 0,1353 0,144 7 0,152 4 0,158.7 0,164 1 0,168 6
6 — 0,0303 | 0,0539 | 0,0727 | 0,0980 | 0,1005 | 0,1109 |(O)T197 | 0,1271 | 0,133 4
7 — — - 0,0240 | 00433 | 0,0593 | 0,0725%| *0,0837 | 0,0932 || 0,101 3
8 —_ — —_ — — 0,0196 | 0,03597| 0,0496 | 0,0612 || 0,0711
9 — — _ — - — X 0,0163 | 0,0303 || 0,0422
10 — — — — — — va — — 0,014 0
21 22 23 24 25 26 27 28 29 30
1 064 3 0,4590 0,454 2 0,449 3 0,4450 0,440 7 0,436 6 0,432 8 0,4291 0,425 4
2 0B185 0,315 6 0,3126 0,309 8 0,306 9 0,304 3 0,301 8 0,299 2 0,296 8 0,294 4
3 0,57 8 0,257 1 0,256 3 0,2554 0,254 3 0,253 3 0,252 2 0,251 0 0,249 9 0,248 7
4 o0R119 0,213 1 0,2139 0,214 5 0,2148 0,215 1 0,2152 0,215 1 0,215 0 0,214 8
5 oNn73e6 0,176 4 0,178 7 0,180 7 0,18272 0,183 6 0,184 8 0,1857 0,186 4 0,187 0
6 001399 0,144 3 0,148 0 0,151 2 0,153 9 0,156 3 0,158 4 0,160 1 0,161 6 0,163 0
7 ono9 2 0,150 0,120 1 0,1245 0,128 3 0,131 6 0,134 6 0,137 2 0,1395 0,141 5
8 0,080 4 0,087 8 0,094 1 0,099.7 0,104 6 0,108 9 0,1128 0,116 2 0,1192 0,121 9
9 00530 0,061 8 0,069 6 0,076 4 0,082 3 0,087 6 0,092 3 0,096 5 0,100 2 0,103 6
10 0,026 3 0,036 8 0,0459 0,053 9 0,061 0 0,067 2 0,072 8 0,077 8 0,082 2 0,086 2
11 — 0,0122 0,022 8 0,032 1 0,040 3 0,047 6 0,054 0 0,059 8 0,065 0 0,069 7
12 — — — 0,0107 0,020 0 0,028 4 0,0358 0,042 4 0,048 3 0,053 7
13 — — — —_ — 0,009 4 0,017 8 0,025 3 0,0320 0,038 1
14 — — —_ —_ — — — 0,008 4 0,0159 0,0227
15 —_ — —_ — — — — — — 0,007 6
31 32 33 34 35 36 37 38 39 40
1 0p220 0,4188 0,4156 04127 0,409 8 0,406 8 0,404 0 0,401 5 0,398 9 0,396 4
2 0,R924 0,289 8 0,287 6 0,285 4 0,283 4 0,281 3 0,279 4 0,277 4 0,2755 0,273 7
3 0,R475 0,246 3 0,2451 0,243 9 0,2427 0,241 5 0,240 3 0,239 1 0,2380 0,236 8
4 0,215 | U214 02137 | 0ZT3Z | U.ZTZ7 | 0,212 1 02116 | 0,2110 | 0,2104 | 0,2098
5 0,187 4 0,187 8 0,188 0 0,188 2 0,188 3 0,188 3 0,188 3 0,188 1 0,188 0 0,187 8
6 0,164 1 0,165 1 0,166 0 0,166 7 0,167 3 0,167 8 0,168 3 0,168 6 0,168 9 0,169 1
7 0,143 3 0,144 9 0,146 3 0,147 5 0,148 7 0,149 6 0,150 5 0,151 3 0,152 0 0,152 6
8 0,124 3 0,126 5 0,128 4 0,130 1 0,1317 0,133 1 0,134 4 0,1356 0,136 6 0,137 6
9 0,106 6 0,109 3 0,111 8 0,114 0 0,116 0 0,117 9 0,196 0,121 1 0,1225 0,123 7
10 0,0899 0,093 1 0,096 1 0,098 8 0,101 3 0,103 6 0,705 6 0,107 5 0,109 2 0,108
11 0,073 9 0,077 7 0,081 2 0,084 4 0,087 3 0,090 0 0,092 4 0,094 7 0,096 7 0,098 6
12 0,058 5 0,062 9 0,066 9 0,070 6 0,073 9 0,077 0 0,079 8 0,0824 | 0,084 8 0,087 0
13 0,043 5 0,0485 0,053 0 0,057 2 0,061 0 0,064 5 0,067 7 0,070 6 0,073 3 0,075 9
14 0,028 9 0,034 4 0,039 5 0,044 1 0,048 4 0,052 3 0,0559 0,059 2 0,062 2 0,065 1
15 0,014 4 0,0206 0,026 2 0,0314 0,036 1 0,040 4 0,044 4 0,048 1 0,0515 0,054 6
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