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of national standards institutes (ISO Member Bodies). The work of developing
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up has the right [to be represented, 6n that Committee. International organizations,
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Standards by the| ISO Council.
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INTERNATIONAL STANDARD

ISO 2854-1976 (E)

Statistical interpretation of data — Techniques of estimation
and tests relating to means and variances

GENERAL REMARKS

1) This
required :

International Standard specifies the technigques

a) tolestimate the mean or'the-variance of populations;

b) to|examine certain hypothesés toncerning the value
of thoge parameters, from samples.

2) The fechniques used are valid only if,“ineach of the
populatidns under consideration, the sample ‘eléments are
drawn atl random and are independent. In the'caSe of a
finite pdpulation, elements drawn at random may. be
considereld as independent when the population sizé jis
sufﬁcienjy large or when the sampling fraction "is
sufficienfy small (for instance smaller than 1/10).

3) The distribution of the observed variable is assumed to
be norm4dl in each population. However, if the distribution
does nof deviate very much from the normal, the
techniqugs described remain approximately valid to an
extent sUfficient for most practical applications, provided
the sample size is not too small. For tables A, B, C and D,
the sample size should be of the order of 5 to 10 at least;
for all tHe other tables, it should be not less than about
20.1)

4) A cedtain number of techniques exist which permit the
verificatign of the hypothesis of normality. This subject is
dealt with briefly in the examples in section two and will
also be [|dealt with in a further document (yet to be
prepared )—Neverthetess;—this—hypothesis—may—be—adrmittes
on the basis of information other than that provided by the
sample itself. In the case where the hypothesis of normality
should be rejected, the obvious method to follow is to
resort to non-parametric tests or to use suitable
transformations for obtaining normally distributed
populations, for example 1/x, log(x + a), \/x + a, but the
conclusions reached by applying these procedures described
in this International Standard are only directly valid
for the transformed variate; caution should be used
in the translation to the original variate. For example

1) Studies about normal distributions are in progress in TC 69/SC 2.

2) At present at the stage of draft.

SECTION ONE : PRESENTATION OF CALCULATIONS

exp (mean log x) is equal to the geom
not the arithmetic mean.

If what is really needed is an estimate
standard deviation of the variate X itself 1
population distribution is normal or nd
estimation of the mean m and the populat
produced by the sample mean X and charag

5) It is desirable to accompany each sta
with all the particulars relevant to the

method of obtaining the observations w
this statistical analysis, and in particular t
the smallest unit of measurement having p

6) It is not permissible to discard any o

btric mean of x

of the mean or
hen, whether the
t, an unbiassed
on variance 02 is
teristic s2.

Listical operation
source or to the
hich may clarify
b give the unit or
ractical meaning.

bservations or to

apply any corrections to apparently doubitful observations

without a justification based on experime
other-evident grounds which should be cle
case(the, discarded or corrected values an|
discarding“or correcting them must be men

7) In problefms of estimation, the confide
the probability ¢hat the confidence intervd
value of the estimated. parameter. Its most
0,95 and 0,99, or o =)0;05 and « = 0,01.

8) In problems of testing(@ hypothesis,
level is, in the two-sided cases) the probab
the null hypothesis (or tested hypothesis)
of the first kind); in the one-sidédCcases,

htal, technical or
arly given. In any
d the reason for
tioned.

nce level 1 —ais
| covers the true
usual values are

the significance
ility of rejecting
fitis true (error
the significance

level is the maximum value of this pfoba

pility (maximum

es of &« = 0,05

(1in20chance) or 0,01 (1in 100 chanc;e) are very commonly

employed according to the risk which the user is prepared
to take. Since a hypothesis may be rejected using o = 0,05,
but not when using 0,01, it is often appropriate to use the
phrase : ‘‘the hypothesis is rejected at the 5 % level” or, if
this is the case, ““at the 1 % level”’. Attention is drawn to
the existence of an error of the second kind. This error is
committed if the null hypothesis is accepted when it is false.
Terms concerning statistical tests are defined in clause 2 of
1SO 3534, Statistics — Vocabulary 2) .
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9) The calculations can often be greatly reduced by
making a change of origin and/or unit on the data. In the
case of data classified into groups, reference may be made
to the formulae in 1SO 2602, Statistical interpretation of

test results — Estimation of the mean — Confidence
interval.

NOTE — A change of origin may be essential to obtain sufficient
accuracy when calculating a variance using the stated formulae with
a low precision calculator or computer.

10) The metho
with the comparison of two means. They assume that the
corresponding sarpples are independent. For the study of

certain problems, it may be interesting to pair the
observations (for instance in the comparison of two
methods or the comparison of two instruments). The
statistical treatment of paired observations is the subject of
1SO 3301, Statistical interpretation of data — Comparison of
two means in the case of paired observations, but in
annex A an example of treatment of paired observations is
given. It uses formally the data of table A’.

11) The symbols and their definitions used in this
i i i i 3207,
Statistical interpretation of data — Determination of a
statistical tolerance interval.
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TABLES

0O 0 W w > >

T & m m ©O ©

Comparison of a mean with a given value (variance known)
Comparison of a mean with a given value (variance unknown)
Estimation of a mean (variance known)

Estimation of a mean (variance unknown)

Comparison of two means (variances known)

Comparison of two means (variances unknown, but may be assumed equal)

I1SO 2854-1976 (E)

stimation of the difference of two means (variances known)

stimation of the difference of two means (variances unknown, but may be assumed equal)
mparison of a variance or of a standard deviation with a given value

stimation of a variance or of a standard deviation

Gomparison of two variances or two standard deviations

Bstimation of the ratio of two variances or of two standard deviations
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TABLE A — Comparison of a mean with a given value (variance known)

Technical characteristics of the population studied (5)
Technical characteristics of the sample items (5)

Discarded observations (6) .

Statistical data Calculations
Sample size : ;(_—_Z_X:
n

n —

Sum of the obsdrved values : [U1—a/\/’_7 Jo=
x =

Given value : _

[U1—as2/N/n) 0=

mqg =

Known value of|the population variance :

02 =

Or standard devjation :

g=

Significance levgl chosen (8) :

o=

Results

Comparison of {he population mean with the_given value mq :
Two-sided case

The hypothesis pf the equality ofthe/population mean to the given value (null hypothesis) is rejected if :
X —mol|>[u1 a2/ 0

One-sided cases

a) The hypdthesis that the population mean is not smaller than mg (null hypothesis) is rejected if :

x<mg—[uy_aR/n]o

b) The hypothesis that the population mean is not greater than mg (null hypothesis) is rejected if :

X>mg+[us_o/Nn]o

NOTE — The numbers (5), (6) and (8) refer to the corresponding paragraphs of the "’General remarks’’.
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Comments

ISO 2854-1976 (E)

1) The significance level o (see § 8 of the ““General remarks”’) is the probability of rejecting the null hypothesis when this
hypothesis is true.

2) U stands for the standardized normal variate : the value u,, is defined by :

PIU<u,]=a

Since the distribution of U is symmetrical around zero, Uy, = —Uq — 4.

We therelfore have :

/2
\

flu)

/2

PlU>uyl=1-a

Pl-uy—qpp <U<uUj_gp]=1-0

Probability density of U (standardized normal distribution)

flu)

gz =—U

3) oA/

4) For

EXAMP

—a/2

Two-sided case

Uy —a/2

Ug=—U] ~q

One-sided cases

b is the standard deviationof the mean X, in a sample of n observations.

convenience in application, values of u1_a/\/77- and u, _a/z/\/ﬁ are given in table 1 of annex B
a=0,01.

| E : see_section two, ‘‘Explanatory notes and examples’’.

for ¢ = 0,05 and
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TABLE A’ — Comparison of a mean with a given value (variance unknown)

Technical characteristics of the population studied (5)
Technical characteristics of the sample items (5)

Discarded observations (6) .

Statistical data Calculations

Sample size : ===

n=

Sum of the obsérved values : Y(x—Xx)2 Zx2-(Zx)2/n

n—1 n—1
n i

ZXx =

/2 (x—Xx)2
Sum of the squafres of the observed values : o*=s= % =

>x2 =

Given value : [t1- WA/ ]s=

mgo =

Degrees of freedom :

v=n-—1
(1Y a2 WA/ s =

Significance levdl chosen (8) :

oa =

Results

Comparison of the population mean with_the.given value mg :
Two-sided case

The hypothesis pf the equality of'the’population mean to the given value (null hypothesis) is rejected if :

X —mol > [ty _ a2 WN/n |s
One-sided cases

a) The hypdtHesjs that the population mean is not smaller than mg (null hypothesis) is rejected if :

X< mg—[ti—aW//nls

b) The hypothesis that the population mean is not greater than mg (null hypothesis) is rejected if :

)?>m° + [t1_a(V)/\/5]$

NOTE — The numbers (5), (6) and (8) refer to the corresponding paragraphs of the ““General remarks’’.
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Comments
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1) The significance level o (see § 8 of the “General remarks”) is the probability of rejecting the null hypothesis when this

hypothesis is true.
2) t{v) stands for Student’s variate with » = n — 1 degrees of freedom : the value t,(v) is defined by
Plt) <t,v)]=a

Since the distribution of t(v) is symmetrical around zero, t,(v) =—t; _,(v).

We therg¢fore have :
P[tv) >t W) =1-«

P[~ t1—*(¥/2(V) <t(V)<t1—a/2(V)]= 1—a

Probability density of Student’s t(v) with v = n — 1 degrees of freedom

(t) f(t)

\ \

o2 of2 »
" 0
A — ) 0

f(t)

;/
—— t(p) -

taj20) -ty — o/2lv) ty — a/2(0) t1 — o) tqv) =—t1 o)

Two-sided case One-sided cases

3) o*Aln is the estimated stapdard deviation of the mean X, in a sample of nn observations.

4) For fonvenience in application, values of t;_g4/2(V)/A/n and t; _,(v)/x/n are given in table I1b of ann

and a = P,01

EXAMPLE : see'section two, ‘‘Explanatory notes and examples’’.

- t(v)

ex B for o« = 0,05
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TABLE B — Estimation of a mean (variance known)

Technical characteristics of the population studied (5)
Technical characteristics of the sample items (5)

Discarded observations (6) .

Statistical data Calculations
. — XX
Sample size : X=— =
n
n —
Sum of the obsprved values : [u1_gn]o=
Zx =

Known value of the population variance :

02=

[U1—a/2/\/’—7_] 0=

Or standard de}iation :

o=

Confidence levdl chosen (7) :

1-a=

Results

Estimation of the population mean m :

Two-sided conf|dence interval :

X7 [U1-a/2/\/;] o<m<Xx+ [U1—a/2/\/;] 0
One-sided confidence intervals¥

m<x+[uj_o~nlo

of m>x—[uj_q/nlo

NOTE — The numbers (5), (6) and (7) refer to the corresponding paragraphs of the ‘‘General remarks’’.
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Comments
1) The confidence level 1 —a (see § 7 of the ““General remarks’’) is the probability that the confidence interval covers the
true value of the mean.
2) U stands for the standardized normal variate : the value u, is defined by :
PIU<Luy]l=«a

Since the distribution of U is symmetrical around zero, Uy, = —Uq _ 4

We thergfore have :
PlU>uy]=1—«

Plrus—app<U<uj_qp]=1-a

Probability density of U (standardized normal distribution)

flu) fu) flu)

l l l

a/2 /2

!
v
!

Ya/2 =~ Y1—-a/2 Uy —a/2 Ug=—Uq—q

Two-sided case One-sided cases

3) o//h is the standard deviatioh of the mean X, in a sample of n observations.

4) For fonvenience in application, values of u1_a/2/\/7; and U4 _ o/A/n are given in table | of annex B for @ = 0,05 and
a=0,01.

EXAMPLE : seessection two, ““Explanatory notes and examples’.
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TABLE B’ — Estimation of a mean (variance unknown)

Technical characteristics of the population studied (5)

Technical characteristics of the sample items (5)

Discarded observations (6) .

Statistical data Calcutations

Sample size : 7=%—
n=

Sum of the obsdrved values : 2 (x —Xx)2 _ 2x2 —(Zx)2/n _
Tx = n—1 n—1

Sum of the squdres of the observed values : o*=s=/ 2_(&# =
Zx2 = !

Degrees of freedom : [t1—aWA/n 5=
v=n-—-1=

Confidence leve] chosen (7) : [t1—as)N/n s =
1-a=

Results

Estimation of the population mean m :

m*=x=

Two-sided conf

One-sided confi

dence interval :
M o WAA s <m <X+ [ts_a/2WINm s
Hence intervals-.
m<Xx+[ti_qWA/n]s

or m>X—[ti_aW)A/n|s

NOTE — The numbers (5), (6) and (7) refer to the corresponding paragraphs of the ““General remarks’.

10
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Comments

ISO 2854-1976 (E)

1) The confidence level 1 —a (see § 7 of the ““General remarks’’) is the probability that the confidence interval covers the

true valu

e of the mean.

2) t(v) stands for Student’s variate with v degrees of freedom; the value t,(v) is defined by

Since the distribution of t(p) is symmetrical around zero. t.(v) = —¢.

Pt <ta0W)]=a

()

We therd

fore have :

Pltv) > t,0)]=1-«a

Pl=ti—an) <t) <ti_q,pW)]=1-«

Probability density of Student’s t(v)-with v = n — 1 degrées of freedom

= t(v)

f(t) f(t) f(t)
a/z Ot/2 « o
0 0 0 \\
—— t(v) = t(v)
ta/2W) H—tq — o/2(v) t —as2(v) th— o) ta) =—1t9 _ o)
Two-sided case One-sided cases

3) o*/\/ﬁ is the estimated standard deviation of the mean x, in a sample of n observations.
4) For| convenience in application, values of t, ﬁa/z(v)/\/ﬁ and t;_o()A/n are given in table Ilb| of annex B for
a = 0,45 and a = 0,04
EXAMPLE : seesection two, “Explanatory notes and examples’.

11


https://standardsiso.com/api/?name=0d6b74cd5dc47a594aaadb2a835da334

1SO 2854-1976 (E)

TABLE C — Comparison of two means (variances known)

of population 1

Technical characteristics (5) of population 2

Technical characteristics of in population 1
the sample items taken (5) in population 2
. . in sam
Discarded observations (6) MM?!? ,1,
I Sairpic <
Statistical data Calculations
First Second 5
— X1
sample sample X =——=
n
Size Na = Na =
- Zx
Sum of the obsgrved values Txy = Tx, = Xy =—2=
na
Known values pf the variances g2 o2
of the populations 02 = 0% = 0y =, | +—=2=
)
Significance leviel chosen (8) : Uy_o Og =
o= Uy —q/209 <

Results

Comparison of the two population means :
Two-sided case

The hypothesis of the equality of the means (null hypothesis) is rejected if :
e — X2l > uq /204

One-sided cases|:

a) The hypgthesis that the first'miean is not smaller than the second (null hypothesis) is rejected if :

)?1 <)—(2 —Uq-404

b) The hypgpthesis that.the first mean is not greater than the second (null hypothesis) is rejected if :

;1 >)_('2 +U1_a0d

NOTE — The numbers (5), (6) and (8) refer to the corresponding paragraphs of the ‘‘General remarks’’.

12
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Comments

1) The significance level o (see § 8 of the ““General remarks”) is the probability of rejecting the null hypothesis when this
hypothesis is true.
2) U stands for the standardized normal variate : the value v, is defined by :

PIU<uy]=a

Since the distribution of U is symmetrical around zero, Uy, = —Uq _ .

We therdfore have :
PIU>uy]=1-«

Plmti—anp<U<uj_qgp]l=1-a

Probability density of U (standardized normal distribution)

f(u) flu) flu)

| k

/2 a//2

\
»/ 0 —7]

Ug/2 = U1 —a/2 Uy — /2

Ug=—U1—q

Two-sided case One-sided cases

2 2

/o o - =

3) o4 . [— +—2is the standdrd)deviation of the difference d = X; — X, of the means of the two samples of n; and n,
ny N

observat|ons respectively.

4) The palues uq_ 4 55and v, — o, must be read for = 0,05 and @ = 0,01 on the line n = 1 of table 1 of annex B.

EXAMPLE : see-section two, ‘Explanatory notes and examples”'.

13
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- '
I

ABLE C' — Comparison of two means {variances unknown, but may be assumed equai}

The hypothesis of the equality of the variances of the two populations can be tested as indicated in table G.

Technical characteristics (5)

Technical characteristics of
the sample items taken (5)

of population 1
of popuiation 2

in population 1
in population 2

Degrees of free

observed valueSJ1
om

. - sampie 1.
Discarded obsefvations (6) in sample 2 .
Statistical data Calculations
. = ZX4
First Second 15— =
camnle eamnle n
sample sample
— Zx
Size ny = ny = 2 =..~,f =
Sum of the obsgrved values Ixq = Txg = Zlxg=-%)2+4Z (x2 —X3)2=
. 1 1
Sum of the squjres of the Ix2 4+ Zx3 —— (EX4)2= — (Ix,)2 =
Zx2 = Ex3 = 71 M2

0} = sq =\/n1 Ty 2 X2+ Ty - Xp)2 =

Comparison of

The hypothesis

a) The hyp

Two-sided case |:

One-sided cases|:

the two populations means :

nqyny ny+ny,—2
Significance levgl chosen (8) :
t1 _a(V) Sd =
a —]
t(ya/2W) sq =
Results

of the equality of the means {null hypothesis) is rejected if :

X1 = Xx2| >ty —a/2(V) s

bthesis that the first mean is not smaller than the second (null hypothesis) is rejected if :

)71 <;2 il 2 _a(V) Sq

b) The hypothesis that the Tirst mean Is NOt greater than the second (nUll hypothesis) 1s rejected i :

X1 > X+t o) s4

NOTE — The numbers (5), (6) and (8) refer to the corresponding paragraphs of the ““General remarks".

14
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Comme
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nts

1) The significance level a (see § 8 of the ‘“General remarks’’) is the probability of rejecting the null hypothesis when this
hypothesis is true.

2) t(v) stands for Student’s variate with v = ny + n, — 2 degrees of freedom; the value t,(») is defined by :

Plth) < to)]=a

(V)

Since thg distribution of T{p] 1s symmetrical around Zero, (D) = — 11 _ D).
We thergfore have :
Plt) >t ]=1-«a
P [— t1_a/2(V) < t(V) < t1_a/2(V)] = 1 -
Probability density of Student’s t(v) with v = nq + n, < 2'degrees of freedom
f(t) f(t) f(t)
T i ) \
0 0
= t(v) — t(v)
ta2W) F—1t1 — o720 t —goW) t — o) ta) ==ty o)
Two-sided case One-sided cases
3) oj|is the estimated standard deviation of the difference d = X; — X, of the means of the two samples of nq and n,
observations respectivel
4) Thevalues t4,24/)5(v) and t; _,(v) are given in table lla of annex B for « = 0,05 and & = 0,01.
EXAMHLE :\see section two, “Explanatory notes and examples'.

15
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TABLE D — Estimation of the difference of two means (variances known)

Technical characteristics (5)

of population 1
of population 2

Technical characteristics of in population 1
the sample items taken (5) in population 2
Discarded observations (6) in sample 1,
in sample 2 .
Statistical data Calculations
First Second % = ZXq_
sample sample ! nq
S x Zxo
1z¢ m= ny = 2 na
Sum of the obsgrved values Txq = Zxp =
02 o2
- 1 2
. 0y =, [L+-2=
Known values of the variances Ny ny
of the populatidns 02 = 02 =
Uqg—q0gq =
Confidence leve] chosen (7) : o
Uy—q/204 =
1—a=
Results

Estimation of tH

Two-sided confi

One-sided confi

or

e difference of the two populations means/m{“and m, :
(m, —my) =x, —x,=
dence interval :
(X1 = X2) —ui_d/20q <my —my <Xy —Xz) tuq_ 4,204
Hence intervals :
mq—may<(Xxq —X3) +uq_g04

mq —my > (X1 =X3) —Uq-404

NOTE — The numbers (5), (6) and (7) refer to the corresponding paragraphs of the ““General remarks’’.

16
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1) The confidence level 1 —« (see § 7 of the ““General remarks’’) is the probability that the calculated confidence interval
covers the true value of the difference between the means.

2) U stands for the standardized normal variate : the value v is defined by :

PIU<uy]=a

Since the distribution of U is symmetrical around zero, U, = —Uq _ 4.

We therelfore have :

PU>u,]=1-a

Plruy—go<U<Uj_qp]l=1-a

Probability density of U (standardized normal distribution)

f(u) flu) flu)
/2 a2 a o
\ \\
%] 0 — 0 — 0 -
Ug/2 =—U1 —a/2 Uq — /2 Ug—q Ug=—Uq_q

Two-sided case

[ 2 2
o - -
3) o4 =,/ + =2 is the standard\deviation of the difference d = X1 — X5 between the means of the two §amples of n; and
ny  Np

n, obseryations respectively,

4) The

EXAMPLE : see section two, “Explanatory notes and examples’”.

One-sided case

alues Uy _ o/p¢@nd", — , must be read for @ = 0,05 and a = 0,01 on the line n = of table 1 of annex B.
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TABLE D' — Estimation of the difference of two means (variances unknown, but may be assumed equal)

The hypothesis of the equality of the variances of the two populations can be tested as indicated in table G.

Technical characteristics (5)

of nonulation 1
ot pop 1 1

wauOd

of population 2

in population 1

in nantilatinn 9
it PpOpuiatiGii £

. . in sample 1.
Discarded obseqvations (6) in sample 2 .
Statistical data Calculations
First Second %, = 2X1_
sample sample toom
Size ny = n, = %, =2X2-
n2
Sum of the obsgrved vaiues Zxq = Zxy = T (xg = %1)2 + T (x,5%)2 =
Sum of the squgres of the Z}xf + ng - _1- (3x)2 __1_ (Tx,)2 =
observed values Zx? = Ix3 = ny na
Degrees of freedlom v=nq+ny,-2= 0 = sq4 = n tny ZG—X)2 42 xp —Xp)2
d nqy Ny nq + no — 2
Confidence levgl chosen (7) : t1_olt) sq =
t-a= G a/2V) sq =
Results

Estimation of the difference of the two populations means m and m, :

Two-sided conf|dence interval :

One-sided confidence intefvals :

(x4

(my—my)* =X, —x,=

SX2) T ti—as2 ) sg <my —my <Xy = Xo) g 0 () sy

-mq — My < ()_(1 _;2) + t‘l—a(V)Sd

me—rme > (. —x.) £
) T4 A |

)l o

r4 Lk AL o}

NOTE — The numbers (5), (6) and (7) refer to the corresponding paragraphs of the ““General remarks’’.
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in 1 P PRy Ry A POl PN IR upiy IR PR DY .. '
ei i & (see ¢+ O7 tNE€ geierar reimarKs j is iné provaniiily inatl tne CaiCuilated contiaence intiervai

A aunl 1 — A lenn & 7 AF +ho “"Coanaval varmar PPN
C Ccv 8
covers the true value of the difference between the means.

2) t{v) stands for Student’s variate with v = n, + n, — 2 degrees of freedom; the value t, (v} is defined by
Pt) <ty)] =«

Since the distribution of #{v) is symmetricai around zero, t,(v) = —t1 _ ().

We thergfore have :

DIl AN, . 1.\ a
Pltwi > t,wij=1—a

Pl=ty — a2 <tW) <ty_qow)=1-a

Probability density of Student’s t(v) with v = nq + ny — 2 degrees) of freedom

f(t) f(e) f(e)
a/z &/2 o @
0 \
9 = t(v) 0 = t(v) < - t(v)
ta2W) ==t _q/2W) t1—q/2w) t] — o) tav) =—1t9 _ o)
Two-sided case One-sided cases

3) 04 [is the estimated standard deviation of the difference d = x; — x5 between the means of the two sanples of n4 and no
observations respectively.

4) The|values t,_,,»(¥) and t; _ ,(v) are given in table lla of annex B for & = 0,05 and & = 0,01.

EXAMPILE : see.section two, ““Explanatory notes and examples”.
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TABLE E — Comparison of a variance or of a standard deviation with a given value

Technical characteristics of the population studied (5)
Technical characteristics of the sample elements (5)

Discarded observations (6) .

Statistical data Calculations
Sample size :
n =
- Zx)2
Z (x—x)2 =Zx2~(~n—) =
Sum of the obsgrved values :
Ix =
Zx—x)2-
Sum of the squgres of the observed values : 0(2) -
Tx2 =
Given value : Xi(”) =
03 =
2 8
Degrees of freeglom : X7 Wi
v=n—1=
2 _
Significance levpl chosen (8) : Xas2W) =
- 2 _
a= Xi—ar2W) =
Results

Comparison of the population variance withthe given value 0(2) :

Two-sided case

The hypothesis|that the population Variance is equal to the given value (null hypothesis) is rejected if :

S (x —X)2 S (x —%)2
b X <X(2x/2(V)Or W 2X) >X?—a/2(”)

2
03 05

One-sided cases|:

a) The hypothesis That the population variance is not 1arger than the given value (null nypotnhesisy is rejected it -

Z (x—x)2
T2 > X5 o)
0

b) The hypothesis that the population variance is not smaller than the given value (null hypothesis) is rejected if :
2 (x—Xx)2

2
o2 <xgW)

NOTE — The numbers (5), (6) and (8) refer to the corresponding paragraphs of the "“General remarks’’.
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1) The significance level « (see § 8 of the ““General remarks’) is the probability of rejecting the null hypothesis when this
hypothesis is true.

2) x2(v) stands for the x2 variate with v degrees of freedom; the value xi(v) is defined by

Px2(n)<x2Ww)]=a

We therefore have :
2 — 1 —
PIx2) > x W ]=1-«a
PIXZ,0) <X2W) <XT_4 W] =1-a
Probability density of x2(v) with v = n — 1 degrees of freedom
f(x2) f(x2) f(x2)
al2 al/2 a a
0 x2(v) 0 ,"2(") 0
x2,5(h) X2 _ oyp) X v) X2 _ )
Two-sided case One-sided cases
3) The values xg(v), x‘? _ V) X§/2(V) and xf_a/z(v) are given in table Iil of annex B for o = 0,05 and of= 0,01.

EXAM

PLE : see section two) “Explanatory notes and examples”’.

x2(v)
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TABLE F — Estimation of a variance or of a standard deviation

Technical characteristics of the population studied (5)
Technical characteristics of the sample items (5)

Discarded observations (6) .

Statistical data €atcutations
2
Sample size : T (x—X)2 = Ix2 — (Zx) _
n =
2= Z{x—Xx)2
Sum of the obsqrved values : n—1
Zx = 3 (x —x)2
)
Sum of the squdres of the observed values : @
2x2 = 2 (x —Xx)2
=
Xi_a?)
Degrees of freedom : o
v=n—-1= Zix—Xx)2 |
Xa/2 @)
Confidence leve} chosen (7) :
2 %)2
1-a= .E%Q(X X ). =
X1 —a/2(V)
Results
Estimation of thhe population variance 02 :
(02)* =s2 =
Two-sided confidence interval1) :
¥ (x —x)2 2 (x—Xx)2
o S0P <~
X7 —as2W) Xa/2 W)
One-sided confiflence jritervals1) .
2 < B2
Y l'l!\
X
~%)2
or 02> > (2x x)
Xi-al?)

1) The limits of the confidence intervals of the standard deviation ¢ are the square roots of the limits of the confidence intervals of the

variance 02,

NOTE — The numbers (5), (6) and (7) refer to the corresponding paragraphs of the “General remarks’.
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Comments

1) The confidence level 1 —a (see § 7 of the “General remarks’’) is the probability that the calculated confidence interval
covers the true value of the variance.
2) x2(v) stands for the x2 variate with v = n — 1 degrees of freedom; the value xg(V) is defined by

Px2w) <xiw)]=a

We therefore have :

PIx2w) >x2w)]=1-a

PIX2,,0) <x2W) <X2_4 00 ]=1-a

Probability density of x2(v) with v = n — 1 degrees of.fréedom

f(x2) f(x2) f(x2)
a{Z al2 o a
0 x2(v) 0 x2(v) 0 x2(v)
x2,5(#) X2 _ /2t X ) X3 _ o)
Two-sided case One-sided cases

3) Thd values xg(v), xffa(v), xi/z(v) and X%—a/z(”) are given in table Il of annex B for & = 0,05 and « 5 0,01.

EXAMHALE : see section two~"“Explanatory notes and examples’.
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TABLE G — Comparison of two variances or of two standard deviations

Technical characteristics (5)

Technical characteristics of
the sample items taken (5)

Discarded observations (6)

of population 1
of population 2

in population 1
in population 2

in sample 1.

- Lo
EodimipIc £,

Statistical data

Size
Sum of the obgerved values

Sum of the squares of the
observed valuep

Degrees of freqdom

Significance leyel chosen (8) :

a:

Calculations

First Second
sample sample Z(xq—Xxq)2=2x2
ny = ny =
2 {xy —X5)%2 = 2x2
Txe = Ixp= 2 2
2o T X
Ix2 = Ix3 = ny—1
—wN2
V1=ﬂ1“11)2=n2_1 S%:M:

ny 1
F’l——a(v'!l V2) =

1

(2X1)2 _

4

_(Zx)3 0

/e

Fi_any )=

1

Fi—alva, vq)

Fi_aalva, vy) =

Results

Comparison of
Two-sided casq :

The hypothesi

One-sided cas

the population variances :

of the equality of thévariances (null hypothesis) is rejected if :

L B AN M
-5 or — 1—a/2\Pq. V2
$2  Fi—asplva,vy)  s3

a) The hypothesis that the first variance is not greater than the second (null hypothesis} is rejected if :

<2
—>Fi_olvq. v2)
52

2

2
4 1

53 Fi_glvy, vq)

b) The hypothesis that the first variance is not smalier than the second (null hypothesis) is rejected if :

NOTE — The numbers (5), (6) and (8) refer to the corresponding paragraphs of the “*General remarks’’.
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Comments

1) The significance level o (see § 8 of the ““General remarks”) is the probability of rejecting the null hypothesis when this

hypothesi

s is true.

2) F(vq, vy) stands for the variance ratio with vy =n, =1 and v, =n, — 1 degrees of freedom; the value F,(vq, o) is

defined b

We there

y:

PlFlvq,v3) <Fulvy,va)]l=a

ore have :

We also Have :

N\

PIFv1,v3) > Favq,v2)]=1-a

PlFasavy, v2) <FWq, v) <Fi_qsavq.v3)]=1-a

1

Folvy,vp) =———r
e 2 T Ry _alva, vq)

Probability density of F(vq, vo) with vy = nq — 1 andbg= ny — 1 degrees of freedom '

3) The palues Fq £g'and Fq_,,, aregiven in table IV of annex B as functions of the numbers of degrees

a = 0,05

EXAMPI

and o =.0,07. The values F, and F,/, may be derived as indicated above from the values F; _ , and

E ~“see section two ‘Explanatory nates and examples””

F1—a/2-

f(F) f(F) f(F)
al2 /2 @ «
0 F(V1, v2) 0 F(I)1, Dz) 0 F(v1, v2)
Fay2tve| v2) F1—q2Wi.v2) Folvy, v3) Fq—glvq, o)
SR -
F1—ky2lva vy F1—qlva, vq)
Two-sided case One-sided cases

of freedom, for
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TABLE H — Estimation of the ratio of two variances or of two standard deviations

. _ of population 1
Technical characteristics (5) of population 2
Technical characteristics of in population 1
the sample items taken (5) in population 2
. . in sample 1.
Di .
scarded observations (6) in sample 2 .
Statistical data Calculations
. 2
First Second — (Zx,)
T xq—Xq)%2=2x2 - Sl =
sample sample ny
Size ny = Neg = (2X2)2
T (xy ~%p)? = Exg — 2 s
Sum of the obsgrved values Ixqy = Ixq = n3
o Z (xq —Xx4)2
Sum of the squgres of the $1= oo o
observed values Ix2 = Ix3 = 2
5 2 lxp=X5)2
=pn,— =pn,— §2 = — = L
Degrees of freedom vy=n,;—1 vo=ny—1 2 =1
2
Confidence levgl chosen (7) : 52 52
1—q= Fialts, vy)— = Fioa2 Wa,v)5=
a= 52 52
2 2
Fialy, )5 = Fioare W1, v2) 5=
52 53
Results
Estimation of the ratio of the two population\variances 0% and o% :
‘ﬁ :ﬁ:E(X1 ")_(1)2/(n1_1)
o2 52 Zlxy—Xx3)2%/(ny = 1)
Two-sided conflidence intervalil=
1 s2 02 52
—-———%<—;<F1—a/2(l)2, vq) —;
Fi—apvy.v3) s5 03 52
One-sided conf|dence intervals?) :
2 2 2 2
o s g 1 s
A<F vy, 1) — OF — 1
1—a\V2, Py > =
03 3 037 Fy_qolvq.v2) 83
1) The limits of the confidence intervals of the ratio of the standard deviations o and o5 are the square roots of the limits of the
confidence intervals of the ratio of the variances o? and og.

NOTE — The numbers (5), (6) and (7) refer to the corresponding paragraphs of the “General remarks”.
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1) The confidence level 1 —a (see § 7 of the “General remarks'’) is the probability that the calculated confidence interval
covers the true value of the ratio of the two variances.

2) Flvq, vy) stands for the variance ratio with vy =n; —1 and v, =n, — 1 degrees of freedom; the value Fo(vy, o) is
defined by :

P[F(V1,V2)<FQ(V1,V2)]=Q

We thereforetrave—

We also Have :

P[Fvy,v3) > Folvy, p)]=1-a

PlFar2wy. va) <FWq, v2) <Fi_qpvy.va)]l=1-a

Folvq,va) =

1

Fi-ov2,v4)

Probability density of F(vq, v3), with vy =n¢ — 1 and pg'= n, — 1 degrees of freedom

f(F) f(F) f(F)
]
al2 al2 a a
Flvq, vo) d Flvq, vp) o Flvq, vg)
Foya(vhy, v2) Fq_as2lvq, vo) Falvq, vp) Fi1—alvqy, vo)
F1—las2lva, vq) F1—alva, vq)
Two-sided case One-sided cases
3) The yalues Fy < yand Fq_4/2 are given in table IV of annex B as functions of the numbers of degrees of freedom,

for @ = (,05 andve= 0,01. The values F, and F,/, may be derived from the values Fy _, and F,_,,, as ipdicated above.

1

17
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SECTION TWO : EXPLANATORY NOTES AND EXAMPLES

INTRODUCTORY REMARKS

1) The tables given in section one of this International
Standard set out formally twelve different procedures
which can be applied to data observed in samples in order
to help answer a variety of questions regarding the larger
population or populations from which it is supposed that
the sample(s) has (have) been randomly drawn. To add to

Sum of squares of differences about means, Z(x —x)2 :
1,256 365 1,389 769
Estimates of variance :

s2 =0,139 60 s2=10,126 34

the understandingrofthe ToTe foTmMTa Presentation given
tables A to H, tHe procedures will now be illustrated on
numerical data cofisisting of measurements of breaking load
for two samples of yarn. The most important characteristics
of the samples pre printed beside the observations in
table X.

The unit in whicH the numerical data and the calculations
results are expresse¢d is the newton.

TABLE X - Breaking load of yarn (in newtons)

(For thk meanings of the symbols, see,
for instance, table G)

Z] 1t 1S not suggested that answers to the wholg] set of
questions would ever be required in a given inVeéstigation,
but to simplify the presentation it is convenient ‘to use the
same illustrative material in each case. As a result if seems
only necessary to illustrate numerigally® the cdmplete
formal presentation of the twelve tables in two cages: the
single-sample case of table A and.th€ two-sample fase of
table C.

In general the question orXquestions to be asked jwill be
decided upon before the’data are analyzed; indeed, i1 is best
that they should detérmiine the way in which the data are
collected. However§ a plot of the observations which are to
be used in the examples will illustrate the kind of gliestion
which may be‘@finterest. Some of these are as follows :

Allowing.far chance sampling fluctuations, are the mjeans or
the standard deviations in the two samples consistent with

jective

the (Aypothesis that the two population means |and/or
Yarn 1 Yarn 2 standard deviations are identical?
2,297 2,286 If they are not identical, by how much may they differ?
2,582 2,327 , ,
1 949 2388 The procedures set out in tables A to H give an o
' ' backing, in terms of probability statements, to gnswers
2,362 3,172 R R K .
3 which may be suggested more tentatively by inspecftion of
2,040 158 plots such as these.
2,133 2,751
1,855 2,222
1,986 2,367 3) Since the procedures to be followed depend |on the
h 642 2,947 assumption that the populations sampled are approx{mately
b 915 2572 represented by the normal density function, which in
5104 standardized form has the equation
2,707
1 u?
flu) =—=exp (-)
\/2m 2
Sample sizes : — -
as a start it is usually desirable to make a rough
ny =10 n, =12 examination of this assumption, unless of course an

Sum of observed values Zx :

21,761 30,241
Mean values :
xq, =2,176 Xo = 2,520

Sum of squares of observed values, x2 :

48,610 477 77,599 609

adequate assurance of normality has been established from
past examination of similar data. When the number of data
is not very large, this examination may be made graphically
used one of several alternative methods, two of which will
be described here. Both involve arranging the observations
in ascending order of magnitude’), so that in a sample of n
observations, x;

X1S<X3< ... <X

1) With quite simple modification, the observations could alternatively be arranged in descending order of magnitude, i.e. X12X0 =>...2Xp.
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In the case of the second of the two samples of yarn given
in table X, the twelve ordered observations are :

2,104 — 2,222 — 2,247 — 2,286 — 2,327 — 2,367 —
2,388 — 2,512 — 2,707 — 2,751 — 3,158 — 3,172

These ordered observations are termed the “‘order statistics
of the sample’”’, and in either method will be used as
ordinates in the diagram to be plotted. The two methods
differ in the abscissae used; in one, a), the expected values
of the normal order statistics, are taken; in the second,

ISO 2854-1976 (E)

above, the uniform abscissa-scale, v, may be replaced by the
probability scale, P(u), where

y
Plu;) = f "e-u2/2 quin/am

— o

The following table indicates certain corresponding values
of 100 P and w.

b), the [ptottingisdone on so-catted—“normat—probabitity
paper’’ gnd the chosen abscissa is the expected value of the
cumulatjve probability associated with the order statistic.

a) Use |of expected values of normal order statistics,
say £(7ln

=—

distribufion (i.e. with mean zero and unit standard
deviation), these expected values, £(/|n) are given in table V
of anney B for n =2(1)50, /=1, 2, ..., n/2 for n even and
i=1,2)..., (n+ 1)/2 for n odd. H.L. Harter tables give
values of £(i/|n) for n = 1(1)100 and afterwards for rather
wider irftervals up to n =400. The remaining values are
obtained by giving negative signs to the values tabled, i.e.
the expécted order statistics fori=n, n—1,n—2, ..., are
those for /=1, 2, 3, ..., with signs reversed. If the twelve
observed order statistics are plotted as ordinates against thé
correspdnding expected values £(iln), /=1, 2, ... 12 ~the
result is fhe diagram shown in figure 2.

For ran{om samples of size n from a standardized normal

If the population distribution is strictly normal, the plotted
points ghould only diverge from a straight. line through
chance %mpling fluctuations. The slopeafithe line provides
an estimpate of the population standard deviation. This
straight | line gives an approximate’ estimation of the
populatipn mean (ordinate 2,52 'of/the abscissa point 0,0 of
the straight line) and of its standard deviation (slope of the
straight [line, let for examiple 0,355 = the difference of
ordinatep between thetwe’/points of abscissa 1 and 0 of the
straight [ine).

b) Use pf normal probability paper

It is ned ace the de iption of this procedure
with a few words about the nature of this paper, which may
usually be obtained from any firm selling ruled papers

having a variety of scales of grid.

If X is a random variate from a population having
mean = m, standard deviation = ¢, and if U = (X —m)/o, it
is clear that if we have n values of x;, and plot x; as ordinate
against u; as abscissa, the points (u;, x;) will fall on a
straight line which will have slope o and will pass through
the point with co-ordinates (0, m). If the population
sampled is normal having a density function F(uv) as defined

100 P u
0.1 -1 3,090
0,5 12576
1.0 12,326
25 -1 1,960
50 -1 1,645

10,0 11,282

20,0 -10,842

25,0 -10,674

30,0 10,624

40,0 -10,253

50,0 0,000

60,0 0,253

70,0 0,524

75,0 0,674

80,0 0,842

90,0 1,282

95,0 1,645

97,5 1,960

99,0 2,326

99,5 2,576

99,9 3,090

Figure 3 shows a uniformly spaced verticdl set of rules for
x, while the horizontal rules are drawn agpinst the scale of
Plu), rather than the uniformly spaced| scale u. In the
standard form of normal probability papef the scale v is, in
fact, omitted.

In practice, of course, the population valug
generally be unknown so that neither
corresponding to x; can be determined
known that if repeated random samples
are drawn from a normal population an
observations in each sample arranged in a

s of m and o will
the u; or Pluj)

It is, however,
bf n observations
d the individual
cending order of
then whatever be

magnitude, x; being the /th order statistic,

P(x;) is equal to

i/ln + 1), that is it lies at a fixed point on the P-scale.

Given a single sample of size n, the graphical test for
departure from normality, based on the use of normal
probability paper, consists therefore in

a) assigning to the vertical x-grid a suitable scale
according to the observed range of values of x in the
sample;

b) plotting the /th normal order statistic x; as ordinate
against P; = i/(n + 1) as abscissa.

1) Taken from H.L. Harter, Order Statistics and their Use in Testing and Estimations, Volume 2.
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FIGURE 1 — Breaking load of yarn in samples

Sample order statistic

3

-16 -12 -08 -04

Expected normal order statistic, & (i/|n)

FIGURE 2 — Graphical test for normality applied to sample of yarn 2
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In those conditions, if the distribution is strictly normal, the
quantiles x; with probability i/(n + 1) of this distribution will
be represented graphically by points lying on the straightline

Aint T Ainatac (N M) and
paSang tthUgh the pulﬂt witn COo-orainates \U, mj; anda

having a slope 0. As a consequence, for a single sample, the
points with co-ordinates [i/(n+ 1), x;] will only diverge
through chance fluctuations from this line.

On the other hand, it is clear that in this second method of
graphical representation, the mean position of the point
representing x; will not lie on this straight line, although it

= e, dl

section one of this International Standard it is possible to
apply the test of Shapiro and Wilk (provided n < 50),
which was developed with the idea of giving precision to
this graphical approach. This method will be described with
others in more detail in a further document. If this test is
applied to the observations on yarn 2 and also to the
n = 10 observations on yarn 1 it is found that in neither
case are the results inconsistent with sampling from normal
populations.

will be very near tp—HL1=

In figure 3, the n = 12 ordered observations for the second
of the two samples of yarn have been plotted, using a
suitable x-scale, against abscissa P = 1/13, 2/13, ..., 12/13.
It will be seen that the spot pattern in figure 3 is very
closely similar to fhat in figure 2, but not precisely so, since
£{(/112) does not equal u{P; = i/13) exactly.

The sloping straight line has been drawn using for the
unknown population m and o0, the sample estimates
X = 2,520, s = 0,365.

Both these graghical methods may be used if the
hypothetical popylation is not normal but has some other
form, for exampl|e that of a negative exponential, or a
gamma (or x2) didtribution. But it will then be necessary to
have

a) another, appropriate table of the expected values of
order statistics,|£(/|n); or

b) probability| paper with a vertical grid drawn to
another scale.

Such tables and pgper exist.

An alternative g

combines elementp

and b) above. Ng

raphical method sometimes,~employed
of the two methods described’/under a)
rmal probability paper is-again used, the

order statistic of the sample, x;, being plotted as ordinates
against abscissa

Pl )= fi(cn)e— u212 du\/2m

instead of against P;='i/(n + 1) as in method b). The values

Y
hretpfet—mr—reachmg——decistorm—as—to—wiether—omg of the
transformations suggested in paragraph 4 of the([General
remarks”’ is likely to make a variable x more closély hormal.

Avarie Avn [T
As an example of this kind the following.data are|quoted

for the results of a rotating bend fatigué test applied to
15 specimens of an aero-engine compénent.

, " -

f the 15 vaiueq of

The variable, x, measures endurarice.

a) x,
b) logq1g(10 x).

already arranged ,n\ascending order of magnitude, are
plotted against the\corresponding expected normgl order
statistics £(/]15)yY =1, 2,..., 15 taken from table V of
annex B, its ‘at once found (see figure 4) that the plot
using log&~is approximately linear, while that fpr x is
decidedly “not so. This suggests that in testing hyp¢theses,
the_analysis of the kind suggested in tables A, A’, ¢, C’, E
and G should be applied to logx rather than k. This
suggestion was confirmed by fuller test data. If, hpwever,
the requirement was to obtain confidence intervals, fay, for
the mean and standard deviation of x, these could|not be
derived directly from the confidence intervals for the mean
and standard deviation of log x. However, tolerancp limits
for the whole population of x could be found using [og x as
the variate.

Rotating-bend fatigue tests, x and log1(10 x)

of P{Z(iln)} may be found by entering a table of the
normal probability function with the values of £(/In) given in
table V. Again, if the population sampled is normal, the
plotted points will lie roughly on a sloping straight line.

The weakness of the graphical method is that it provides no
objective means of judging whether, as in this case, the
departure of the points from a straight line is important. As
stated in paragraph 4 of the “General remarks’’ introducing

Specimen / Xj log10(10}x;)
1 0,200 0,301
2 0,330 0,519
3 0,450 0,653
4 0,490 0,690
5 0,780 0,892
6 0920 0964
7 0,950 0,978
8 0,970 0,987
9 1,040 1,017

10 1,710 1,233
11 2,220 1,346
12 2,275 1,357
13 3,650 1,562
14 7,000 1,845
15 8,800 1,944

1) The amount by which the true line of means differs from the straight line is greatest when / = 1 or n, but is even then small compared with

the sample variations about the means, £(iln).
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FIGURE 4 — Rotating-bend fatigue data. Graphical test for normality
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5) Being satisfied, therefore, that it is appropriate to use
the procedures described below for the analysis of normally
distributed variables, the only pieces of numerical
information required from the samples are the number of
observations, n (the sample size), and the statistics Z(x) and
2(x —X)2. These, with their derived sample estimates, the
means m1* = X4, my ™ = X,,and the variances 03~ = s7 and
03™ =53, are set out beside the basic data in table X. As
previously stated in illustrating the procedure contained in
the twelve tables A to H, a complete formal presentation of
data and computational workings will only be given for

variances are specified or believed known from past
experience (tables A, B, C, D), then the procedures can be
based on the use of the standardized normal deviate U of
table | of annex B;

b) If on the other hand, when dealing with mean
values, the variances must be estimated from the sample
data (tables A’, B’, C’, D’) then the procedure must be
based on the use of the distribution of “Student’s’’ t of
table Il of annex B. Inevitably in this case, conclusions
are reached with somewhat less precision, but it js better

table A (single-safnple test on the mean with variance
known) and tablefC (comparison of two means, variances
assumed known and not necessarily equal). In the other ten
cases the illustratipn in the following notes will be confined
to

a) stating the question to be put to the data;

b) inserting infto the formulae of the formulae table the
appropriate nymerical values taken from table X and
from tables | td 1V of annex B;

c) discussing the conclusion reached.
6) The methods described above in tablesC and C’
concern the comparison of means derived from two
completely indegendent samples. In certain situations,
however, the obsefvations in the two samples are related in
pairs, say x; and y; (i=1, 2,..., n). The problem of
practical interest |may then be to study the differences
d;=y;—xj, eithe in regard to the mean value or the
variance of d;. Problems of this kind will be considered fully

that this should be so than that an erroneous.Value of
the variance or standard deviation should Ke\intfoduced
under a) above.

c) If the question asked concerrs) the relationship
between a sample variance and )a-population Variance
(tables E, F), then the prgcedures make use| of the
distribution of x2 of table_lll-of annex B;

d) If it is desired to compare two variances or tp derive
an estimate of thelimits within which the rati¢ of the
two unknown gopdlation variances lies (tabled G, H),
then the procedure makes use of the distributiop of the
variance ratiopF (sometimes called Snedecor’s rptio) of
table 1V of annex B.

NUMERICAL ILLUSTRATION OF PROCEDURES

TABLE A — Comparison of a mean with a given value
(variance known)

in a further docu
of table C' where
such a problem is
presentation of th
of this Internation

7) Finally, it is
between the situat
and | to IV of ann

ent. However, to avoid possible misuse
table A’ should be used, an illustratioh of
set out in annex A although no.formal
e procedure has been given in seCtioh one
hl Standard.

possible to summarize (the- relationship
ons presented in the twelVe tables A to H
x B as follows :

a) If the qudgstion asked conecérns the relationship

between samp

e and/or population means, and the

Suppose it is necessary to examine whether the test
sample of 10 pieces of yarn (yarn 1 of table
consistent with the manufacturer’s claim that th
breaking load of his yarn has a given value, mg =
will be supposed that earlier measurements have sho
the variation from consignment to consignment, if

on the
X) are
E mean
P,40. It
Wwn that
not the

mean value, is stable and may be represented by a sfandard

deviation of 0 =0,3315. Following the scheme
table A, the formal presentation of the numerig
would then be as follows :

iven in
al data
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Technical characteristics of the population studied : The batch consists of a consignment of cotton yarn received on
1969-08-03 from supplier H consisting of 10 000 bobbins packed in 100 boxes with 100 bobbins in each.

Technical characteristics of the sample elements : 10 boxes were drawn at random and one bobbin drawn at random
out of each of these boxes. Test pieces of 50 cm length of yarn were cut out from the bobbins at about 5 m distance
from the free end. The actual tests were carried out on the central 25 cm of these test pieces, the breaking load in
newtons being measured on each piece.

Discarded observations : none

Statisti¢al data ' Calculations
Samplel|size :
n=Jo 21761 _
X 10 2,176
Sum of[the observed values :
Zx = 21,761
Given value : .
Using table Lof\annex B,
mq F 2,40

(u0 975/\/10) 0=0,620X 0,3315=0,2055
Known Jalue of the standard deviation : ’

0=0,3315

Significhnce level chosen :

a= (0,05

Results

Compatiison of the population mear with the given value myg :

Two-sided case :

Ix —mgl = 12,176 — 2,40/ = 0,224 > 0,205 5

The hygothesis that the'population mean equals 2,40 is rejected at the 5 % level.
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TABLE A’ — Comparison of a mean with a given value
(variance unknown)

The problem is the same as that described under table A,
but in this case the variance must be estimated from the
sample, either because no earlier measurements are available
or because it is thought that they are no longer appropriate.
We apply the formal procedure of table A’ to the data of
yarn 1, using the numerical values already given in table X.

In this case 0* =5 =+/0,139 60 = 0,373 6 and

o*AN1=0 181 7—10

Taking a two-si

led test with o= 0,05 we find from

table I[la of anmex B that tgg75(9) = 2,262, so that

to,075(0%/A/10) 7

Comparing the
manufacturer’s cl

l

It follows that th
the manufacturer]
0,ie 0" =5 =
illustration of ta
cannot now be

fallen below 2,40

- 0,267.

sample mean, X =2,176 with the
himed value of 2,40, we find

K —mgl = 0,224 < 0,267

e sample results are not inconsistent with
s claim. Note that the sample estimate of
,373 6, is larger than that assumed in the
ble A (0 =0,3315) and as a result we
Confident that the population mean has

If it is preferred to use table llb, of annex B, giving

values of the
we must compare

[too75(9)A/10]*

ratio t1 _o/2(W)A/n for v=n—-1=9,
Ix — mg| with
= 0,715 x0,373 6 = 0,267,

the same critical fligure as obtained using table Ila.

TABLE B — Int
known)

In this case we (¢
has a specified v

unknown true
probability 1 —«
include m.

The formal procd
of yarn 1. It will
use the populatio
measurements, i
confidence inte]

prval  estimation of a mean (variance

o not test whether the population mean
lue mqg, but seek limits within which the
mean, m, lies. We(_thén associate a

with the statement that the limits

dure of tabléB.-can be applied to the data
be suppaosed that it is again justifiable to
In standard” deviation, derived from earlier
e. sthat 0=10,3315. For a two-sided
Fvaly associated with a probability

TABLE B’ —
unknown)

Interval estimation of a mean (variance

The problem is the same as that just described except that
the estimate 0™ = s is substituted for ¢ and the probability
limits of t(or t/A/n) are used instead of those for ul/n.

Applying the procedure of table B’ to derive two-sided
confidence limits for m, with 1 —a = 0,95, using the same
sample of yarn1, we have n=10, v=9, x=2,176,
s =0,3736, tg 975(s/A/10) = 0,267 as in the illustration of

= tabte A5 sothatthe- 95~ % confidence mtervatderived from

the sample is given by the statement :

2,176 — 0,267 <m < 2,176 40,267

or 1,909 <m< 2443

If it is desired to obtain\limits, necessarily wjder, to
which greater confidence-Can be assigned, we colild take
1—a=0,99.

Then table lla of/annex B gives tgg95(9) F 3,250
or, alternatively,™ table Ilb of annex B gives

t0,095(9)/A/10.5"1,028.

As a result, by either means we find

1’0,995(5/\' /10) = (to ,995/\/ 10) s = 0,384

The 99 % confidence interval is now given by the stgtement
2,176 - 0,384 = 1,792 <m < 2,560 = 2,176 + 0,384

This interval is clearly wider than that just derived uping the
scheme of table B, under which it was supposed that the
variance was known. This is the penalty which must|be paid
for having to estimate the variance from a small sample. On
the other hand it may be safer to use an estimate [derived
from the sample if there is any doubt whether the yariance
based on past experience is still relevant.

TABLE C — Comparison of two means (variances [known)

1—a=0,95, we

ave

x=2,176

and (ug 975/A/10)0 = 0,620 x 0,331 5 = 0,205 5

from table | of

annex B. It follows that the 95 %

confidence interval for m is

2,176 - 0,206 <m < 2,176 + 0,205 5

or

36

1,970 <m < 2,382

This will be illustrated by comparing the means of the
samples of yarn 1 and yarn 2 given in table X. It is
supposed that the population variances have been
satisfactorily established from earlier measurements as

02 =0,10989, 0 =0,3315
02 = 0,096 85, 0, = 0,311 2

The formal presentation of the numerical data would then
be as follows :
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Technical characteristics of the population :

2 batches of yarn received on 1969-08-03 from supplier H and on

1969-08-05 from supplier F, consisting of 10 000 and 12 000 bobbins respectively, packed in boxes of 100 bobbins.

Technical characteristics of the samples : 10 and 12 boxes, respectively, were drawn at random from each batch and
one bobbin was drawn at random from each of these boxes. Test pieces of 50 cm length were cut at about 5 m distance
from the free end of the bobbins sampled. The actual tests were carried out on the central 25 cm of these test pieces,

the breaking load in newtons being measured on each piece.

Discarded observations : none.

Statistjcal data

First
Size : sample
n = 10
Sum of the observed values :
X = 21,761
Known value of the variance :
02 £ 0,109 89

Significance level chosen :

o ={0,05

Second
sample

12

30,241

0,096 85

Calculations
- _ 21,761 _
1 70 T 2,176
- 30,241 .
2575 2,520
_¢/0,10989 , 0,096 85
O0g = 10 + 2 - 0,138 1

Uo975 0a = 1,96 X 0,138 1 = 0,271

Result

Compdrison of the two population means :

Two-sided case :

The niill hypothesis that €he*means are equal is rejected at the 5 % level. The second type of yarn has the

accepted as the largest:

If we
a=0,01. We thenhave

12,176 —2,520| = 0,344 > 0,271

hre not preparéd to take so large a risk as 0,05, or 1 in 20, of being wrong in our conclusion,

Ug,0950=2,576 X 0,138 1 = 0,356

breaking load

we may take

Hence, for the two-sided case

[2,176 — 2,520| = 0,344 < 0,356

and we should not be able to reject the null hypothesis at the 1 % level.
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