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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards
bodies (ISO member bodies). The work of preparing International Standards is normally carried out
through ISO technical committees. Each member body interested in a subject for which a technical
committee has been established has the right to be represented on that committee. International
organizations, governmental and non-governmental, in liaison with ISO, also take part in the work.
ISO collaborates closely with the International Electrotechnical Commission (IEC) on all matters of
electrotechnical standardization.

International Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Ra
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consists of the following parts, under the general title Statistical methods in pro
nt — Capability and performance:

General principles and concepts

Process capability and performance of time-dependent process models

Machine performance studies for measured data on discrete parts

Process capability estimates and performance measures [Technical Report]

Process capability statistics for attribute characteristics

Process capability statisties.for characteristics following a multivariate normal distributiol
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Introduction

Due to the increased complexity of the production methods and the increasing quality requirements for
products and processes, a process analysis based on univariate quantities is in many cases not sufficient.

Instead, it may be necessary to analyse the process on the basis of multivariate product quantities. This
can, for instance, be in such cases where geometric tolerances, dynamic magnitudes such as imbalance,
correlated quantities of materials or other procedural products are observed.

By analogy with ISO 22514-2, ISO 22514-6 provides calculation formulae for process performance and
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Examples of possible applications are two-dimensional or three-dimensional pgsitions, im
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eSS capabiiity indices, which take Imto consideration process aispersion as welt as proc
n extension to the corresponding indices for univariate quantities. The indices proposed
ed on the classical C, and Cpg indices for the one-dimensional case. The motivation-for th
he multivariate case is explained in Annex A.

bral correlated quantities of chemical products.

dispersion of the measuring results comprises the dispersion of the product realization
precision of the measuring process. It is assumed that the capability of the used measur
demonstrated prior to the determination of the capability of thé.product realization prd

calculation method described here should be used to supportan unambiguous decision, €

limiting values for process capability indices for multivariate, continuous product qus
specified as part of a contract between customers and suppliers, or

the capabilities of different constructions, production methods or suppliers are to be co
production processes are to be approved, ok
problems are to be analysed and decisions made in complaint cases or damage events.

E Product realization processésvinclude e.g. manufacturing processes, service process
mbly processes.
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INTERNATIONAL STANDARD

ISO 22514-6:2013(E)

Statistical methods in process management — Capability
and performance —

Part 6:
Process capability statistics for characteristics following a

mplitivariate normal distribution

1 [Scope

Thip partof ISO 22514 provides methods for calculating performance and capability statisticsffor process
or groduct quantities where it is necessary or beneficial to consider a family of singular q@antities in
reldtion to each other. The methods provided here mostly are designed todescribe quantitiesfthat follow
a biyariate normal distribution.

NOTE In principle, this part of ISO 22514 can be used for multivariate)cases.

Thip part of ISO 22514 does not offer an evaluation of the different provided methods with| respect to
different situations of possible application of each method. For the current state, the selection of one
preferable method might be done following the users preferences.

The purpose is to give definitions for different apptoaches of index calculation for performance and
cappbility in the case of a multiple process or product quantity description.

2 |Normative references

The following documents, in whole-ot ih part, are normatively referenced in this documgnt and are
ind{spensable for its application., Fer dated references, only the edition cited applies. F¢r undated
refgrences, the latest edition of the referenced document (including any amendments) applids.
1SO|22514-1, Statistical methods in process management — Capability and performance — Part 1: General
prifciples and concepts

[SO|22514-2, Statistical methods in process management — Capability and performance — Part 2: Process
cappbility and perfopmance of time-dependent process models

3 |Terms:and definitions

For|the purpose of this document, the terms and definitions given in ISO 22514-1 and ISO 2P514-2 and
the Fn"r\uring ﬂpp]}f

3.1

quantity

property ofaphenomenon, body, or substance, where the property has amagnitude that can be expressed
as a number and a reference

[1SO/IEC Guide 99:2007, 1.1]

3.2

multivariate quantity
set of distinguishing features

Note 1 to entry: The set can be expressed by a d-tuple, i.e. an ordered set consisting of d elements.

© IS0 2013 - All rights reserved
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Note 2 to entry: If the single quantities in the set are denoted by x; where i = 1, 2...d, the multivariate quantity is
expressed as the vector X = (x1, x2, ... Xx4)T. Thus, a multivariate quantity can be considered as a feature vector of
a product. The value of the multivariate quantity is represented by a point in the d-dimensional feature space.

Note 3 to entry: The selection of the quantities in a vector is made for specific technical reason.

Note 4 to entry: All single quantities combined in the vector of a multivariate must be measurable in the same

product or o

bject.

Note 5 to entry: If the multivariate quantity is to be described by means of statistics, the vector is to be considered

as arandom

vector following a d-dimensional multivariate distribution.

EXAMPLE 1
order to usd

EXAMPLE 2
x-coordinat
where the ¢

EXAMPLE 3 Imbalance of a wheel.
3.3
tolerance fegion

region in the feature space that contains all permitted values of the multivariate quantity (3.2)

Note 1 to e
necessarily

Note 2 to e
case, cuboi
examples of

Note 3to en
values outsi
nonconformn

Note 4 to enjtry: In order to assess a product with respect to the limits of the tolerance region, the order of

single quan
region desc

EXAMPLE
a tolerance
the tolerand

b and y-coordinate. The coordinates are combined to the two-dimensional multivariate quan
bmponent x4 is the x-coordinate and x3 is the y-coordinate.

ntry: The region is limited by lines, surfaces or hyper-surfaces\in the d-dimensional space and
closed. The form and extension of the region are specified hy one or more parameters.

i

fry: The tolerance region is specified based on.the required function of the product. Products shoy
de the region are assumed to not fulfil functipnal requirements. Those products are considered t

region. In that case, limiting geometrically perfect lines or surfaces correspond to the boundary,
e correspond to the parameter of the tolerance region.

A number of d = 3 quantities like x1 = colour, x = mass and x3 = number of defects are combing
only one statistic for process assessment. The dimension of vector xis d = 3.

In order to evaluate a boring process, the position of the borehole axis is measured i

try: Typical shapes of tolerance regions are rectangles, €llipses (or circles) in the two-dimensi
s or hyper-cuboids, ellipsoids or hyper-ellipsoids of*composite prismatic shapes. Figure 1 sh
tolerance regions in the two-dimensional space.

ing parts.

ity in the multivariate quantity and the number d of dimension must be equal to that of the toler
iption.

A tolerance zone as it is defined in ISO 1101 for geometrical product features can be considere
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rectangular tolerance region with parameters a, az, x and y
circular tolerance region with parameters d, x and y
triangularly extended rectangular region with parameters ay, az, b, x andy

Figure 1 — Examples of tolerance regions in the two-diimensional space of the biv
quantity (x1, x2)T

ribution of measured quantity (3.1) values from a process that has been demonstrats
istical control and which describes the ability of a process to produce quantity values th3
requirements for that quantity

b 1 to entry: The process capability indexprovides the ability to meet requirements of the measur

e 2 to entry: The abbreviation for process capability index is PCI.

mated process capability
istical description of a\process capability (3.4)

ribution ofafeasured quantity (3.1) values from a process

e 1 to enthy: The process may not have been demonstrated to be in statistical control.

Ariate

bd to be in
t will fulfil

ed quantity.

est

mataed nrocess naerformance
o ce T pProceoy PerIoTriirarc <

statistical description of a process performance (3.6)

4

Abbreviated terms

MMC maximum material condition

PCI

©IS
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5 Process analysis

The purpose of process analysis is to obtain sound knowledge of a process. This knowledge is necessary for
controlling the process efficiently, so that the productsrealized by the process fulfil the quality requirement.

A process analysis is always an analysis of one or more quantities that are considered to be important
to the process.

Product quantities can often be analysed instead of process quantities because product quantities not
only characterize the products, but due to their correlation with process quantities they also characterize

the process creating these products.

The values
taken froni
process an
be represe
considered

To estimat

6 Use of multivariate process capability and performance assessment

The purpos
products.
PCI for sin
specific de
given as to

A multivar
following g

It is fq
compr

The bd

of the quantities under consideration are typically determined on the basis of sam
the process flow. The sample size and frequency should be chosen depending on thetyp
d the type of product so that all important changes are detected in time. The samplés sh
htative for the multivariate quantities under consideration. (Univariate quantity values
in ISO 22514-2.) This part of ISO 22514 describes multivariate capability statistics.

e the PCI, the sample size should preferably be at least 125.

e of a process capability index is to reflect how well or how badly a process generates quali
'he use of PCI for multivariate quantities should reflect\this process behaviour better 4
ble quantities would. Since a variety of multivariate, PCl*definitions exists, the selection
finition to be used will remain in the user’s accountability. However, the following guidan
when a multivariate PCI should be preferred at.ath

iate assessment of process capability and-performance is suitable if at least one of
ircumstances is applicable.

und to be advantageous to describe process capability and performance with only
bhensive statistic instead of a high nimber of single statistics for each product quality quan

undary of the tolerance region.cannot be expressed independently for all quantities, i.

least

tolerance region is not of rectangular or cuboid shape.

The si
among

EXAMPLE

circle with (
axis measui
expressed i

e tolerance limit for one-quantity is a function of another quantity. This is the case if

gle quantities that.could be combined to a multivariate one appear to be correld
each other.

In the case)ofa two-dimensional position tolerance for a borehole axis, the tolerance region
efined distances in an x- and y-coordinate direction from the references, see 8.1. The result of the
ement will be a value for the x- and y-coordinate. The tolerance limit for the x-coordinate cannd
hdependently from the y-coordinate. Thus, a bivariate assessment is to be applied.
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7 Calculatiomofprocesscapabitityand processperfornance————

7.1 Description of TypesIand II

In the multivariate domain, different approaches exist for measuring process capability and process
performance. This part of ISO 22514 describes examples of two different types of indices: Type I and
Type II. The distinction between the types is based on whether the index is defined based on probability
or defined geometrically by relating the area or volume of a tolerance or process region.

The following description of the types applies:

Typel Based on the probability of conforming or non-conforming products P, the indexis calculated
using the relationship between the index and the said probability in a univariate normal case.

© ISO 2013 - All rights reserved
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Typell  The index is calculated as the ratio of the area or volume of the tolerance region to the
area or volume of the region covered by the process variation.

For practical reasons, the multivariate normal distribution mode has been chosen for the calculation
of the statistics which are described in this clause. However, the choice of normal distribution does not
exclude that in special cases other model distributions will describe the reality better. Also, for practical
reasons, in this part of ISO 22514, the process variation region has been chosen to be of ellipsoid shape.

The most important properties of the multivariate normal distribution are explained in Annex A.

Because of that choice, additional transformations should be applied to make the shape of the process
varfation intervals comparable to the shape of the tolerance region. 1 hus, three furcher prindples are to
be distinguished. These are the principles of transforming the shape of the

a)
b)
)

Bot
con

tolerance region into the shape of the process variation interval,
process variation interval into the shape of the tolerance region, and
tolerance region and/or the process variation into a new function-oriented dimension.

e PCI. Each
e Ib PCI.

h the above-mentioned types and the principles can be combined to-défine a multivariat
bination, however, may not be useful. There is, for instance, no known definition of a typ

The
con

cau
be i

statistical
d common
hstrated to

term “capability” can only be used for processes that have\been demonstrated to be in

frol using control charts. In the multivariate case, the/distinction between special an
Ses is usually more difficult than in the univariate casexlf'the process has not been demo
h statistical control, the term “performance” is used{nthis part of ISO 22514.

7.2| Designation and symbols of the indices

7.2{1 General

Different symbols are currently used for-multivariate index definitions in industry and science
usefl symbols try to distinguish betweén the types of calculation or to specify their use. T
ISO|22514 uses the designation Cp, and/or Cyk for basic definitions of calculation. Furthern;
be distinguished between process capability and process performance in applying the indic
capjtals “C” for capability and “P” for performance.

.Currently
his part of
ore, it will
bs by using

7.2{2 Process capability index

Con
If th
sph
sha

sider a d-dimensienal normal distribution Ng(u, £) with the mean vector u and covariang
e tolerance £égion is not of elliptic shape (circle, ellipse if d = 2 or sphere, ellipsoid if d =

ere, hypersellipsoid if d > 3), it is to be transformed into a modified tolerance region that i
pe. Thisisto be done by determining the largest ellipse (or ellipsoid, hyper-ellipsoid) tha

e matrix X.
B or hyper-
s of elliptic
[ is centred

at the tarnget and completely fits into the original tolerance region.

In e the mean
at the centre of the elliptic tolerance region. For that normal distribution, determine the largest contour
ellipsoid that is completely contained in the elliptic tolerance region and calculate the probability of the
volume bounded by that contour ellipse under the d-dimensional normal distribution with covariance
matrix ¥ and mean at the centre of the elliptic tolerance region. Denote that probability by P. Then, the
multivariate Cp index is

ey

The calculation of P, the probability for observations of x within the determined contour ellipse (ellipsoid/
hyper-ellipsoid) for any d can be done by using the relation to the F-distribution. The explanation is
given in Clause A.1.

1

3

P+1
2

C

p
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In order to estimate a Cp index from d-dimensional data, start by estimating the covariance matrix of the
multivariate normal distribution from the data. Denote the estimate by X and use that covariance matrix
to determine the contour ellipsoid and its probability P . Finally, the estimated multivariate Cp, index is

il

P+1
2

10

|

A 1

C =—

P 3
Key

1 elliptic

2 contou

3 contou

Figure 2

In Figure 1

We use th

Y-coordinate
o

-10

tolerance zone

-10

X-coordinate

ellipse used for the calculatien of the capability index
ellipse corresponding(toythe probability zone 99,73 %

— Contour ellipse and tolerance zone used to calculate the capability index for d =|2

10

, the contour ellipse with probability 99,73 % is completely contained in the contour elljpse
used for thle calculation of the index. When this is the case, the index will be larger than 1.

p 'symbol C, for this index as for the classical capability index for the univariate norjmal

distribution. The reason is that this calculation method in the one-dimensional case gives the classical

Cp index. This is explained in Clause A.1.

© ISO 2013 - All rights reserved
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7.2.3 Minimum process capability index

L X U

Y-coordinafe

X-coordinate

Key]
elliptic tolerance zone

contour ellipse used for the calculation of the'Cpk index
contour ellipse corresponding to the probability 99,73 %

Calgulation of the Cpk index involves both the mean and the variance of the distribution, {
agajn a d-dimensionalbnormal distribution with mean g and covariance matrix 2. For t
disqribution, calculdte

— |the largest eontour ellipse (ellipsoid, hyper-ellipsoid) that is completely contained in
toleraneevegion, if u is contained in the tolerance region, or

— |thelargest contour ellipse (ellipsoid, hyper-ellipsoid) that is not contained in the toleran
Mis not contained in the tolerance zone.

Figure 3 — Tolerance zoneand contour ellipse used to calculate the capability index for d = 2

o consider
ne Ng(u,X)

the elliptic

eregion, if

Now, the probability, P, of the area (volume) contained in the contour ellipse (ellipsoid, hyper-ellipsoid)

under the Ng(u,X) distribution is calculated. Finally, the Cpk index is calculated as

1 __4(P+1
Cop=—® 1| =

if p is in the tolerance region and as

1 __4(1-P
Cop=—® 1| —

if g is not in the tolerance region.

© IS0 2013 - All rights reserved
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We use the same symbol as for the classical Cpk index for the one-dimensional normal distribution. The
reason is that this method of calculation gives the classical index in the one-dimensional case. This is
explained in Clause A.1.

NOTE The described Type la finds applications in geometrical dimensioning and tolerancing of position
deviations. Here, the tolerance region usually describes a circular tolerance zone. The symbols often used in that
case are Cpo and Cpok for Cp and Cpk respectively.

7.3 Types Ic and Ilc process capability index

Type Ic as well as Type Ilc capability indices are characterized by a function-oriented transformation
of the multiple feature characterization into a single feature characterization. By that type,|the
multivariate aspect is expressed in the definition of the transforming function g(x), where x descrjbes
the multivariate quantity. This transformation shall represent the functional importance of the single
quantities |n x and their interplay. For example, it describes a model for the tolerance regioband can be
interpreted as a weighing function, e.g. a loss function or a quantification function that’quantifies|the
technical flinctionality.

The calculation of Type Ic and Ilc indices follows four steps; see Figure 4.

Modeling Sampling parts Estimating the Calculating the
tolerance » and trans- » univariate > PCI
region forming data distribution (Type I orll)

Figure 4 — Steps for calculating the type I¢or Ilc process capability indices

The first stfep concerns the definition of the technieal qualification function g(x) over the d-dimensignal
tolerance region. This function has a maximunmrwith the value gmax at the target in the tolerance region.
At the bouhdary of the tolerance region, thie g(x) has the value gpound. In some cases, gmax and gppund
can be derfved from the technical context of all single quantities in x. In other cases, appropriate values
are gmax =1 and gpound = 0,5. The function g(x) may be expressed in a closed equation or pieceyise
composed.|An example for a piecewise/composed linear function is given in Figure 5.

8 © IS0 2013 - All rights reserved
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position

width

Gbound - contour; limits of the-télerance region
qmax = 1, target

q(x) contour lines

ire 5 — Example of a qualification function for a width/symmetry tolerance region u

igure S,xthe multivariate quantity consists of two geometrical features: width and po
ranceregion by utilizing the maximum-material-condition is of composite rectangular and
be.Further explanations about the example are given in Clause 8. The target where gmax =1

> ¥

0,5

nder MMC

sition. The
triangular
is situated

att

: 1 1 bl PR N | h P £ b . 1 : - R |
1T TIUIHIIAD VAaIUCs. T'TULIT UIdU PDUIIIL, UIC QUdITTICAUUIDN TUTICLIUIT 1S UTLITAS 1T tOWATUS U

e tolerance

limits. Thereby different trends may be defined: linear, exponential and others. In Figure 5, the function
q(x) is composed of three linear functions. Completely different constructions of q(x) are also possible.

In the second step, produced parts are to be sampled and measured. The measured values then are to be
complied to the multivariate quantity x and transformed by g(x) into function-related qualification values.

In the third step, based on these values, an appropriate univariate distribution function F(q) is to
be identified. Alternatively, a second transformation to univariate normal may be carried out. If the
qualification function q(x) is monotonically increasing from the boundary to the target and the random
vector X follows a multivariate normal, the distribution density of F(q) will be unimodal.

In the fourth step, based on the identified distribution of the qualification values, the transformed
target and the specification limits, the PCl is calculated. If gmax = 1 and gpound = 0,5 are chosen, 0,5 gives

© IS0 2013 - All rights reserved
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the lower specification limit and 1 is the upper natural limit. Since g offers only a one-sided tolerance
interval and a one-sided limited distribution, one might only use Cpi for a process assessment.

If there is an I-type index, Cpk is calculated analogously to 7.2.3. The probability P is given from the
univariate distribution F(q) by P = 1 - F(qbound)-

If a Type Il index is to be calculated, the methods in ISO 22514-2 can be followed. Based on the definition
for Cpki, by choosing Xniq as the median of F(q), choosing L as gpound and AL = Xmid - Xo,135 %, the
equation for Cpk is given by:

_ 4950% ~Y9bound
4509% —490,135%

Cok

where gyo|describe the x % - percentiles of F(q).

Since the (
tolerance 1
calculated
Cp may be

bk carries information about both variation and location of the process in gelation to|the
mit gpound, ONe may require an index only for the information about variation. A C, canp be
applying the methods in ISO 22514-2. But since the target value of q isthe'maximum vdlue,
ower than Cpk.

|, a loss function /(x) is defined instead of a qualification function;the function will haye a
min at the functional target and a value Ipoung at the limits of the‘tolerance region. Although
fion

If, in step
minimum |
it is not a l¢ss function by the original meaning, the distances D of boréhole axes from a target posi

can be intgrpreted as a I(x) - function. It has a minimum of i, = 0 at'the target and lpoung at the half of
the positioh tolerance. The tolerance region is a circle.

7.4 Types Ila and Type IIb process capability index

7.4.1 General

Multivariate process capability indices of Type ILfollow the principle of putting in relation an exfent
of the tolerance region to an extent of the process variation. These extents are expressed in areap or
volumes. The area or volume of the tolerance-region is denoted by Vio and Vproc denotes the arep or

volume of fhe process variation region. Thus; for the index, the following can be defined:

}a
nt a is introduced-to give the possibility of reducing the area or volume back to one dimens
ormally a = 1/d.)Otherwise, a is setto a = 1.

/tol

proc

The expong ion.

Thus, a is 1

In order tq make the dreas or volumes comparable, a transformation of the shape of the regions
be necessafy. Typeilla indices transform the original tolerance region into a modified tolerance region
that is of the shape of the process variation region (e.g. elliptic/ ellipsoid/ hyper-ellipsoid in the ¢ase
of a multiviariate normal distribution). For Type IIb indices, a transformation is made for the prog¢ess
variation T i Tati forr i the

tolerance region. Comparisons between Ila and IIb are given in Reference.[9]

Since this index only gives information about the process variance in relation to tolerance, the index
may be supported by one or more indices giving information about the location of the mean vector u in
relation to the target.

7.4.2 Typella

The modified tolerance region is again defined as the largest ellipse (or ellipsoid, hyper-ellipsoid) that
is centred at the target and completely contained within the original tolerance region; see Figure 2 and
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Figure 3. In the case of a tolerance region where the parameters xt1, Xt2 ... Xxtg denote the half distance
from the tolerance limit to the target, the volume Vi) is given by:

d/2 d
s
Viol T d) 'thi
ri1+— | i=1
2
For estimating the Cp, the volume of the 99,73 % ellipsoid is to be estimated by:

2 d/2
v _(75'7699,73)/'
proc — [ AN

1+
2

]

|S| s the determinant of S (Annex A). This index is supported by the value of 1/D to give-an information
aboput the process location in relation to the target g . D is estimated as:

[)z\/“n:(x_”O)TS_l(x‘“o)

Both are combined to a Cpp, value that is estimated as

o _ Ve L
_ !
P Vproc D

Examples for this PCI are described in Reference.[Z]

7.4{3 Typellb

A Type IIb PCI is defined by Reference.[8] The shape of the process variation interval, which s elliptic is
trapsformed to the shape of the tolerance region. In the case of a rectangular (cuboid or hypger-cuboid)
tolgrance region, thisis the smallest rectangle (cuboid, hyper-cuboid) that enfolds given ellipsg (ellipsoid,
hyper-ellipsoid) Based on the projectidw intervals of the ellipse (ellipsoid, hyper-ellipsoid) ¢f each one
dimension L and U, the PCl is defined.

Examples for this PCI are describéd in Reference.[8]

8 [Examples
8.1 Two-dimensional position tolerances

8.1]1 TypelaIndex

On p pfoduced part, the midpoint of a drilled hole is measured. The nominal value is 80 njm in the X
dir¢ction and -116,5 mm in the Y direction as shown in Figure 6. The diameter of hole is giyen as @ 50
with a tolerance of + 0,05 mm. Information on geometrical tolerances is given in ISO 1101.

© IS0 2013 - All rights reserved 11
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250 £0,05

|05 |A|B

One hundr

The X- and
calculate t}

Figure 6 — Measurement task is position of a hole

bd sets of values from produced parts were measured (see Table 1).

Y- values were plotted in Figure 8 and the variation interval calculated. The method use{ to
1e interval can be found in Annex A.

Number of|[measured parts n = 100
Specificatipn limits: Lx=79,750 Ux=80,250
Ly=-116;750 Uy=-116,250
12 © IS0 2013 - All rights reserved
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Table 1 — Measured values and a calculated deviation

Nr. | dev.D | X-coord.| Y-coord. Nr. | dev.D | X-coord.| Y-coord. Nr. | DevD | X-coord.| Y-coord.
1| 0,038 79976| -116,470 36| 0,090 79995| -116,410 71| 0,107| 79986| -116,394
2 0,094 79,993 -116,406 37| 0,097 80,002 -116,403 72 0,073 80,016 -116,429
3] 0,086 80,031 -116,420 38| 0,113 80,027 -116,390 73| 0,069| 79995| -116,431
4| 0,041| 79968 -116,475 39| 0,021 79995| -116,520 74| 0,108| 79975| -116,395
5 0,105 79973 -116,399 40| 0,085 80,010 -116,416 75 0,118 79,965| -116,387
6/ 0,092 79983 -116,410 41| 0,110 80,005 -116,390 76| 0,122 79971| -116,382
| 0,099 80,008 -116,401 42 0,081 80,004 -116,419 77 0,119 79978|] -116,383
B| 0,086 80,014| -116,415 43| 0,055| 79966| -116,457 78| 0,118| _79999| -116,382
b| 0,075| 80,020 -116,428 44| 0,097 80,013 -116,404 79| 0,024 .80,008] -116,477

1 0,076 79,979 -116,427 45 0,078 80,021 -116,425 80| 0,094 80,005 -116,406
11| 0,064 79978 -116,440 46| 0,118 79989| -116,383 81|~V0)056| 80,007| -116,444
12| 0,086| 80,016| -116,416 47| 0,111 79,988| -116,390 82(, 0,093| 80,032 -116,413
1 0,067 79990 -116,434 48| 0,057 79987 -116,445 83| 0,139| 79958] -116,368
14| 0,120 79992 -116,380 49 0,101| 80,012 -116,400 84 0,122 79990f -116,378
15 0,103 79,999 -116,397 50 0,067 80,017 -116,435 85 0,126 79,994 -116,374
16| 0,119 80,016 -116,382 51| 0,099 80,0001 -=1164401 86| 0,089| 80,029] -116,416
1f| 0,086 80,038 -116,423 52| 0,101 79995| 116,399 87| 0,110 80,000 -116,390
18 0,118 80,018| -116,383 53 0,139 79,999 -116,361 88| 0,084 80,010 -116,417
19| 0,116| 80,005| -116,384 54| 0,086| 80,002| -116,414 89| 0,121 80,000f -116,379
2 0,118 80,071 -116,406 55 0,095 80,068 -116,433 90 0,131 79,992 -116,369
21| 0,072 79941| -116,458 56| 0,103| 79990 -116,397 91| 0,122 79992 -116,378
2P| 0,097| 79984 -116,404 57| ( 0178 80,035| -116,325 92| 0,062 79990| -116,439
2 0,029 79,986 -116,475 58 0,107 79,980 -116,395 93| 0,098 79,999 -116,402
24| 0,093| 80,043| -116,418 59| 0,182 79978| -116,319 94| 0,086 79986f -116,415
25 0,047 80,027 -116,538 60| 0,099 80,000 -116,401 95 0,097 79,986 -116,404
26| 0,090| 80,031| -116,415 61| 0,080 79995| -116,420 96| 0,092| 80,020f -116,410
2f| 0,097| 80,005| £116,403 62| 0133| 79996 -116,367 97| 0,095| 79984| -116,406
2 0,122 80,024 [\ ~<116,380 63| 0,088 80,000 -116,412 98 0,133 79,980 -116,369
29| 0,081 80040 -116,430 64 0,107 79948| -116,406 99| 0,132 79981 -116,369
3 0,094| (80,006| -116,406 65| 0,101| 80,015 -116,400 100 0,058| 80,033] -116,452
31| 0,099\ 79986| -116,402 66| 0,081 79990 -116,420

32| «0,094| 79982 -116,408 67| 0,087| 80,009| -116,413

3 0,111 79,942 -116,405 68 0,067 80,004 -116,433

34| 0135| 79975| -116,367 69| 0,130 79960 -116,376

35 0,103 80,014| -116,398 70 0,121 80,007 -116,379

Based on the values in Table 1, two sets of control charts were constructed.

The control chart for x- and y- coordinates show a process out-of-control. Therefore, only the process
performance can be calculated.

© IS0 2013 - All rights reserved
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Figure 8 — Gra@hl presentation of the position tolerances with reference region (3) and

é specified tolerance
Results: | 9
Process performance index: Isp =243

Minimum performance index: ﬁpk =1,48

The limits for the 95 % confidence interval for Py are calculated to 15p ow = 1,99 and I3p up = 2,88.

For Ppy:
Ppk,low =1,19 and Ppk,up =1,48
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8.1.2 Type llcindex by calculating the capability index using the distance from target

The target location (x(,y,) = (80, -116,5) is specified for the centre of the hole in Figure 6. The location
of each (x,y) is measured. The coordinates (x,y) denote the centre of the hole drilled. The deviation
from the target location is

D=\(x=x0)* +(y— o)’

The actual calculated values for the distances D can be found in Table 1.

All deviations are plotted in a histogram shown in Figure 9. The maximum permissiblé-deviation is
0,2% mm, because the tolerance zone is a circle centred on the target and with a diameter,0f 05 mm. The
maximum permissible deviation is the radius of that circle.
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o
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Target [mm] FND [<>0] —

Figure 9 — Histogram and probability plot

The distribution model for the actual data set will be a Rayleigh distribution if the production is centred
aropind the target. However, in this special case where all the values are above the target, the normal
disqribution fits well.
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Figure 10 — Control chart
The data d¢ not show stability in the control chart (see\Figure 10). In such cases, only a probability irjdex
Ppk can be calculated.

Calculatior) of the capability indices:

— The capability index cannot be calculated because of no lower specification limit exist.
Minimum ¢apability index:

| U-Dsoy,  _ 0252009 _ o
Dgg ge595 — D500~ 0,181-0,096

Cpoku 7

8.2 Position and dimension of a slot

A slot is to|be placedvin a part as shown in Figure 5. The technical function is to carry a second paft in
a specific position: The width of the groove is 20 0,2 mm. To ensure correct fitting of the parts,[the
position toferance for the slot in relation to “A” is given as 0,1 mm when the dimension of the slot |s at
its maximubmseterial size (19 8 mna Thic s material eondition o ndicated by the cumbBd | @),
As aresult, a part can still be considered acceptable if the deviation of the slot position does not exceed
the value of 0,1 mm plus the difference between the actual width of the slot and the maximum material
size. The tolerance region in the situation where the maximum material condition shall not be applied is
given by the rectangle in the chart of Figure 5. The extended tolerance because of MMC is shown by the
right triangular extension of that rectangle.

In the first step, q(x) is defined for the multivariate quantity x where x1 = width and x; = position. The
function chosen is composed of three linear functions q;, i = 1, 2, 3 of the type q; = a1;x1+azix2+ao;. Their
coefficients are set to appropriate values in order to give values of gmax = 1 in the target and gpound = 0,5
at the tolerance limits.
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Table 2 — Measured values and the calculated qualification values

No. q Width | Position No. q Width | Position No. q Width | Position
mm mm mm mm mm mm
1 0,744 20,102 0,06 18| 0,828 20,069 0,09 35 0,862 20,033 0,116
2| 0,845 20,062 0,11 19 0,899 20,04 0,091 36| 0,879 20,027 0,1
3 0,858 20,016 0,102 20 0,807 20,007 0,123 37 0,671 20,131 0,074
4| 0,846 20,035 0,127 21| 0,838 20,065 0,083 38| 0,865 20,026 0,107
5 0,829 20,068 0,075 22 0,781 20,087 0,071 39 0,897 20,035 0,097
[§) 0,906 720,038 0,091 23 0,860 720,053 0,09 720 0,777 Z0,00] 0,135
7 0,763 20,002 0,144 24| 0,888 20,045 0,096 41 0,771 20,00p 0,146
8 0,789 20,084 0,074 25 0,897 20,041 0,102 42 0,823 20,02p 0,132
9 0,798 20,001 0,122 26 0,768 20,093 0,084 43 0,84 20,01p 0,108
10 0,797 20,081 0,069 27 0,824 20,07 0,084 44 0,832 20,01t 0,111
11 0,841 20,063 0,09 28 0,85 20,06 0,116 45| 0,875 20,0p 0,112
12 0,874 20,05 0,085 29 0,825 20,07 0,091 46| 0,884 20,03 0,101
13 0,731 20,108 0,068 30 0,843 20,063 0,097 47 0,894 20,04p 0,091
14 0,792 20,083 0,076 31| 0,843 20,063 0,114 48 0,852 20,01B 0,106
15 0,763 20,095 0,081 32 0,818 20,073 0,07 49 0,832 20,02p 0,126
16/ 0,888 20,045 0,081 33 0,9 20,036 0,096 50 0,854 20,05B 0,091
17| 0,815 20,008 0,119 34 0,755 19,992 0,139
In the second step, process data for x is acquired. Forrdemonstration purposes, 50 values are onsidered
to e taken from a milling process as an example. The measured values for width and ppsition are
sunpmarized in Table 2. For each of the points; the corresponding value of the qualificatign function
q(x1, x2) is calculated. The data are illustrated in the chart of Figure 5 as well as in the indivjdual value
charts in Figure 11.

Fro
for

tha
tot
incr
to t
The
tole

m Figure 5, it can be seen that the)width and the deviation in position are correlated. Hig

he maximum matérial condition. The upper chart in Figure 11 shows the course of th
se are slightly rising as the process vector moves in the direction of the target. They fall 3
rance limit is-approached.

he width are found togethenwith lower values for the position. The lower charts in

ease. The latter ones exceed the 0,1 mm tolerance limit and make use of the bonus tol

rher values

Figure 11 show
the process starts at highervalues for the widths and in-spec.-values for the position. DFe perhaps
pol wear or other systenfatic influences, the values of the widths decrease and the values

or position
brance due
e g-values.
gain as the
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Figure 1f1 — Individual value charts for the qualification values (upper graph), the values for
the width (lower left graph) and the position (lower right graph)

In the thirgd step, the distribution of the g-values is-identified. Although the distribution of width pand
position is probably not normal because of trendsya distribution for the values q can be found. Figure¢ 12
shows the |dentified Pearson-type distribution‘density function.
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Figure 12 — Histogram and distributﬁi\gﬁlensity function of the identified distributjon for g
Based on that and on the ghound = O,C@rance limit, the Type II - PCI can be estimated as fol|lows:
Type Ilc capability index: @ .

5 950% ~ Tbound :C)Q’8375_0’5 _172
pk 450%—%1@@’0,8375—0,6414 ’
Singe the number asured values is too small to judge if the process is in a state of statistigal control,
thelperformancejindex Ppy is used instead of the capability index.
To alcula}t§Z~Type [ - PCI, the percentage of conform parts are to be calculated. For th¢ identified
i

ibution, a defect rate is 0,01 ppm.

Pez['son $

Ty edé&capability index:

0,999 999 990 + 1
—ltb_l( ]:5’73=1,91

2

Alternatively, in the case that reciprocity requirement for the width could may be applied (by adding
® behind the dimension for the width in the drawing), the expression for g; can be simplified. By an
additional monitoring for the width, one can use the expression g = x1 - 19,7 - x; for a definition of the
qualification function. In that case, ghound = 0 applies and a conforming part has g > 0.

~

5 o__ Xsou—L _0249-0

pk X

=1,64

©0,249-0,097

Xso% —40,135%
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A.1 Usefulvroperties ofthe multivariate normal distribution in calculating ca
. H-properties-oithe mutivariate nerma-distributionn-calcwiating ca
bility indices
The density of the d-dimensional normal distribution with mean g and covariance matrix X'is
1 T -1 d
f(x)= T exp —E(x—u) X7 (x-p)| xeRY,
(2m) 2]2| 2
if the covdriance matrix ¥ is positive definite such that its inverse > ! @xists. Here X and u

d-dimensic
of a matrix
mean pu and covariance matrix X is denoted by Ng(u, X).

The contoy
{x|(x -

and they al

The proba
calculated
distributio

P((x-

where sz

It follows t

{x|(x—

isthe boun

4-6:2013(E)

Annex A
(informative)

Derivation of formulae

nal vectors and ¥ is a d x d matrix. Vectors are column vectors and T denotes the transy
or a vector, i.e. XT is X written as a row vector. The d-dimensional normal distribution v

rs of constant density are
T -1 2
u) £ (x—p)=c }

e intervals for d = 1, ellipses for d = 2 and ellipsoids for d = 3.

bility that a process value lies within‘the area bounded by the contour ellipsoids car
from the )(2 distribution on d degrees of freedom. If X follows a d-dimensional nor
In with mean p and covariance matrix ¥, then

(d) (Cz)

N denotes the distfibution function of the y* distribution on d degrees of freedom.

)

=F(

) =7 (X-p)=c?) '

hat the contouf ellipsoid

F3

W) ==,

Da-

are
ose
vith

be
mal

140y of an region with a probability of p. Here, F  (p) is the p-fractile of the ¥? distribu
A (U)

on d degrees of freedom. This quantity is sometimes denoted by )(; (d).

20

fion
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If X,,...,X, isasample from a d-dimensional normal distribution with mean u and covariance matrix
X, then p and X are estimated as

n

. o1
u<—u:x:—2xi
L
and

n

Ses=5=1 V(x —x)(x,-x)"
n—l;

wheére “<—" is read as “is estimated by.”

A.Z Motivation for the definitions of multivariate capability

Consider first the Cp index in the one-dimensional case. The tolerance interyal is the intervall [L, U]. Let
X ~|N(u, 02) with u = (U + L)/2, i.e. the distribution is centred on the midppint of the tolerante interval.
The probability that a process value lies inside the tolerance interval

L+U L+U L+U
P—PN((U+L)/2'62)(L<X<U)—PN((U+L)/2’GZ)(L— 5 <X- 5 <U- 5 J
y_L+U

_p , L—U< 2 <U—L _® U-L S _U—L
N((U+L)/2,0%)| 20 o 20 20. 20

:@[UZ—;L)—[pcD(UZ—;Lﬂ=2q>(UZ—;LJ—1:2cD(3Cp)—1

It fdllows that
Cp _ 1(1)_1 P+1
3 2

where P is the probability that a process value lies inside the tolerance interval for a normal distribution
centred on the midpoint'of the tolerance interval and with variance o2.

Consider next the (g, Cpky and the Cpky, indices again in the one-dimensional case. Now,|consider a
normal distributiow’' with mean ¢ and variance 02 and assume that y is larger than (U+L)/2 but smaller
thah U, i.e. u isiin the tolerance interval but u is closer to the upper limit of the tolerance interval than
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to the lower limit. Now, consider the probability of the largest interval that is centred on the mean and

contained in the tolerance interval. This is the interval [2u-U, U].

P:PN(H‘Gz)(ZH—U<X<U)=PN(#'02)(2.U—U—H<X—H<U—l~l)
_p ) H-U_X-p U-p|_ofU-H | o _U-H
Npo)| o o} c o c

:¢(%)—[1—¢(%H:2¢[%]—1:2¢(3cpw)—1

It follows that
1. __(P+1

When p is Jarger than (U+L)/2, then Cpky is smaller than Cpky, and

Cox =min{C 1.y, C i} =Cpiy

If u lies bettween L and (U+L)/2, then similar calculations give

1 _(P+1
Co=F@ 1 —=
pkL B [ 2 )

Cpx =min{Cpry,Cpir }=Cpir

and

In both cages, the formula for Cpy is:

(I)_l P+1
3 2

| =

Cpk=

Pis still the probability of the largest interval that is centred on the mean and contained in the tolerdnce

interval, biit in this case the interval(is)[L, 2u - L].

22
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We need to consider the situation where u lies outside the tolerance interval. Suppose u is larger than
U. We still wish to calculate the probability of the interval that is centred on y and extends from the
boundary of the tolerance interval that is closest to p. In this case, the interval is [U, 2 u - U].

P=P, (U<X<2u-U)=P 2 (U—pu<X—-u<2u-U-p)

(no?) N(u,02)

p (Vs Xom pU) (U (U
Nuo)l o o o o (o

=1_¢(U‘”)—d)(U_“)=1—2<P(U;ﬂ=1—2‘1’(35pk11)

o g fo3
It fqllows that
1._4(1-P
C .., =—@ 1
pkU 3 ( 2 J

In this case, Cpky is smaller than Cpkr, and

Cpx =min{C 17, C i1} =Cpiy

so the formula applies to Cpy, i.e.

1 __4(1-P
C . =—d 1|

The idea behind extending this to a definition of aggapability indices for the multivarigte normal
disfribution is to replace intervals by ellipses for thetwo-dimensional normal distribution anfl ellipsoids
for the d-dimensional normal distribution when ¢ 3.

Conlsider a d-dimensional normal distribution with covariance matrix X. In order to cajculate the
multivariate ¢, index, centre the normal distribution to have the mean at the centre of thg tolerance
zong. For that normal distribution, determine the largest contour ellipsoid that is completely contained
in the tolerance zone and determine(the probability of the volume bounded by that contour ellipse under
the[d-dimensional normal distribution with covariance matrix £ and mean at the centre of the tolerance
zong. Denote that probability by-P. Then, the multivariate Cp index is

Cp :1¢_1 P+1
3 2

In opder to estimaté 3 Cp index from the d-dimensional data, start by estimating the covariance njatrix of the
multivariate nermal distribution from the data. Denote the estimate by X~ and use that covarignce matrix
to determing.the contour ellipsoid and its probability P . Finally, the estimated multivariate C, ihdex is

B =1¢_1(P+1)
P’ 3 2

Calculation of the Cpk index involves both the mean and the variance of the distribution, so consider a
d-dimensional normal distribution with mean g and covariance matrix X. For the Ngy(u, ¥) distribution,
calculate the largest contour ellipsoid that is completely contained in the tolerance zone, if u is contained
in the tolerance zone, or the largest contour ellipsoid that is not contained in the tolerance zone, if u is

© IS0 2013 - All rights reserved 23


https://standardsiso.com/api/?name=0e8a9dd7f7d5900f0b54935877d26655

ISO 22514-6:2013(E)

not contained in the tolerance zone. Now, the probability, P, of the volume contained in the contour
ellipsoid under the Ng(u, X) distribution is calculated. Finally, the Cpk index is calculated as:

1 __4(P+1
C=—@ 1=

if u is in the tolerance zone and as

1 __4(1-P
Cop=—@ |

if wis not in the tolerance zone.

In order tq estimate a Cpk index from the d-dimensional data, start by estimating the mean-and|the
covariancgmatrix of the multivariate normal distribution from the data. Denote the estimates by £ pnd

2. Now, the estimated Cpk index is calculated as above but using the N, (ﬂ,f}) distribution. [The

formulae rgad

w1 _q(P+1

if @i isin the tolerance zone and

1. _4(1-P

if @1 is outgide the tolerance zone.
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Annex B
(informative)

Shaft imbalance example

Imbalance nvamnln

B.1

The
idea
is a
cur
the
For

explanations in the standard literature. On the basis of these documents,)the technical ter

her

The
des
and
med

Asql
of t

TITT AT TE T T

measuring size imbalance describes the deviations in the rotor’s distribution of the.ma
1 mass distribution with basis in the figure axis of the rotor. The axial distribution of
5sessed from the indication of the imbalance in relation to two different planes) The ch
Fent rotor plan is random. However, it is important for the measurement of the pfocess cap
indication of the imbalance tolerance and residual imbalance value is indjcdated from the §
more comprehensive definitions and explanations of the size of the ifmbalance, refer

b without further definitions.

number of the different rotors being aligned is extremely multitudinous. The statistic
Cribed in this document are in principle, independent of th€otor size. However, certain
accelerations and brake courses are very time consumingsand, in these cases, you can mal
isurements at constant revolutions of the rotor.

eciality ofthe measurementsizeimbalanceisthe biv@ariate quantities.Inthisexample, the ¢
he process capability are described. The objective of the alignment process is the limitz

residual imbalance which is given by the tolerance area under consideration of the agreed

ind
infl

ces. The distribution of the residual imbalance contains both random and system
liences. The difference between these abserved deviations of the bivariate size and tolera

denponstrated in this part of ISO 22514 byusing PCI.

As §
in 4
exc

HoV
oft

Thd
uni

of €.

consequence, itis not possible to.unambiguously distinguish between a correct or wrong
bivariate or univariate form. Therefore, the bivariate variant is preferred. In both the
bptional cases, the univariate calculation best corresponds to the reality.

vever, it is important thatthe parties participating in the process assessment agree onas
he described assessment methods in advance.

indices appearing in this way are scaled on the basis of the experiences with process c
Fariate sizes¢Eveén though the capability indices maintain the same designation, a quality re
g. 1,67 means, without comparison, a larger requirement for a process with bivariate

val

An 3

les than'a'Corresponding one with univariate measuring values.

dditionally important quantity with influence on statistical assessment ofalignment proc

o

ts from the
imbalance
oice of the
ability that
ame plans.
extensive
s are used

hl methods
rotor sizes
e repeated

hlculations
tion of the

capability
tic failure
Ince area as

calculation
described

ensible use

hpability of
quirement
measuring

esses is the
o not have

a notation of their own angle system. In contrast an unamblguous angle system ex1sts for crankshafts,
which is well fitted for use. In the first case, a repetition of the imbalance measurements usually shows the
same contribution to the imbalance, without errors, though it is another angle each time. Furthermore,
the given circumstances during the production course of the rotor can entail that the precondition (that
a bivariate normal distribution appears) is not fulfilled for the calculations described here.

The number of the different rotors being aligned is extremely multitudinous. The statistical methods
described in this part of ISO 22514 are, in principle, independent of the rotor size. However, certain rotor
sizes and accelerations and brake courses are very time consuming, and in these cases, you can make
repeated measurements at constant revolutions of the rotor.
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B.2 Example of an examination of capabilitiy indices

The following example shows an examination of capability indices when approving an alignment machine
used for aligning crankshafts. The stability of the process is demonstrated by using a control chart.

The measuring of imbalance happens at two measuring levels.

The specification limit for imbalance is 140 gmm.

A sample of n = 40 crankshafts is aligned on the machine.

The residyatimbalances—ebtained—in—Table—B1—are—avatable—They—are—graphically—presented in

Figures B.] and B.2 ,\‘b

2k
Table B.1 — Single values Q) .
s 2
Level 1 Level 2 (A,\\X

Value njo. X-Coord. Y-Coord. Value no. X-Coord\q/ Y-Coord.
1 0,885 12,604 1 (19,324 2376
2 20,068 178,425 2| NP 12318 169,764
3 -5,521 6,054 3, O 9016 1470
4 1,476 2,838 &) ~6,814 -1,08
5 1,455 -11,472 s ~14,592 9,31
6 1,794 0,567 6 -34,272 13,83
7 30,136 41,994 N 7 36,690 1,563
8 -45,382 9,398 |, 8 12,357 a7
9 ~35,158 3,739) 9 20,696 4,872
10 -3,660 2,120/ 10 3,090 3,458

N

11 25,347 5964 11 3,326 -7/89
12 ~7,926 . t247 12 0,222 666
13 44,010 505,069 13 40,998 136

1] O y ’ ’
14 -10,365| (,~ 9,795 14 11,033 11,069
15 18,726)) 1,139 15 -30,559 ~2,421
16 9878 ~6,160 16 ~12,540 21162
17 24,537 ~14,385 17 17,230 12.j795
18] AN 9477 4,240 18 20,771 762
19]<>7 9621 -6,873 19 ~4,295 5,38

-—

3 24,828 ~14,058 20 0,373 8,p79
. SRS TR = s 19057
22 22,463 2,530 22 17,939 14,573
23 10,189 29,127 23 ~26,314 36,687
24 -8,204 ~6,575 24 0,147 9,822
25 -14,549 -3,084 25 22,519 -8,161
26 5,275 -18,891 26 24,116 32,627
27 -2,593 -9,904 27 23,783 16,612
28 9,663 -3,303 28 -8,201 -3,193
29 4,277 ~7,275 29 10,786 6,597
30 16,190 ~0,354 30 ~36,605 0,287
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Table B.1 (continued)
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Level 1 Level 2
Value no. X-Coord. Y-Coord. Value no. X-Coord. Y-Coord.
31 -13,753 1,395 31 -0,683 19,652
32 -26,941 4,794 32 22,566 -1,902
33 14,465 -8,385 33 -17977 -0,198
34 -3,879 -6,028 34 -5,684 4,800
35 -51.059 -7822 35 46 300 7,634
36 10,574 -7,357 36 -26,883 '\03 -7,430
37 0,311 -5,701 37 1,8.52 19,344
38 -12,551 10,266 38 L0909 12,527
39 -3,687 -2,249 39 !\6,882 21,786
40 3,833 6,598 40| Al 5863 7,641
N
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Figure B.1 — Residual imbalance level 1 — Graphical presentation of the imbalance with

random variation interval and tolerance
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