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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards
bodies (ISO member bodies). The work of preparing International Standards is normally carried out
through ISO technical committees. Each member body interested in a subject for which a technical
committee has been established has the right to be represented on that committee. International
organizations, governmental and non-governmental, in liaison with ISO, also take part in the work.
ISO collaborates closely with the International Electrotechnical Commission (IEC) on all matters of
electrotechnical standardization.
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Introduction

Measurements of the strength at failure are taken for one of two reasons: either for a comparison of
the relative quality of two materials regarding fracture strength, or the prediction of the probability
of failure for a structure of interest. This document permits estimates of the distribution parameters
which are needed for either. In addition, this document encourages the integration of mechanical
property data and fractographic analysis.
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Fine ceramics (advanced ceramics, advanced technical
ceramics) — Weibull statistics for strength data

1

Scope

This document covers the reporting of uniaxial strength data and the estimation of probability

distrbutiom parameters for advanced ceranmics witcir faitima brittte fastionTe fattor
advanced ceramics is treated as a continuous random variable. Typically, a number of.te§
with|well-defined geometry are brought to failure under well-defined isothermal loading

The

parameter estimates associated with the underlying population distribution.

This|document is restricted to the assumption that the distribution underlying the failure
the two-parameter Weibull distribution with size scaling. Furthermore, this document is 1

test

statgs. Subclauses 6.4 and 6.5 outline methods of correcting for bias. errors in the estima
parameters, and to calculate confidence bounds on those estimates from data sets whersg
originate from a single flaw population (i.e. a single failure madg). In samples where failuy
from{ multiple independent flaw populations (e.g. competing failure modes), the methods ou

and

2

Therk are no normative references in this document.

For the purposes of this document, the following terms and definitions apply.

ISO dnd IEC maintain terminelegical databases for use in standardization at the following 4

NOTH See alsoReference [1].

3.1

3.1.1

oad at which each specimen fails is recorded. The resulting failure stresses'are us

specimens (tensile, flexural, pressurized ring, etc.) that are primarily subjected to un

6.5 for bias correction and confidence bounds are not-applicable.

Normative references

Terms and definitions

ISO Online browsing platform: available at https://www.iso.org/obp

IEC Electropedia:@available at http://www.electropedia.org/

Defect populations

strength of
t specimens
conditions.
ed to obtain

strengths is
estricted to
jaxial stress
ted Weibull
b all failures
es originate
tlined in 6.4

ddresses:

flaw
inhomogeneity, discontinuity or (defect) feature in a material, which acts as stress concentrator due to
a mechanical load and has therefore a certain risk of mechanical failure

Note 1 to entry: The flaw becomes critical if it acts as fracture origin in a failed specimen.
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3.1.2

censored data

strength measurements (i.e. a sample) containing suspended observations such as that produced by
multiple competing or concurrent flaw populations

Note 1 to entry: Consider a sample where fractography clearly established the existence of three concurrent
flaw distributions (although this discussion is applicable to a sample with any number of concurrent flaw
distributions). The three concurrent flaw distributions are referred to here as distributions A, B, and C. Based
on fractographic analyses, each specimen strength is assigned to a flaw distribution that initiated failure. In
estimating parameters that characterize the strength distribution associated with flaw distribution A, all
specimens (and not just those that failed from type-A flaws) shall be incorporated in the analysis to ensure

efficiency and accuracy of the resulting parameter estimates. The strength of a specimen that failed by a
type-B (or type-C) flaw is treated as a right censored observation relative to the A flaw distributioncFailure
due to a typ¢-B (or type-C) flaw restricts, or censors, the information concerning type-A flaws in a Sp&¢imen
by suspending the test before failure occurs by a type-A flawl2]l. The strength from the most séyere type-A
flaw in thosg specimens that failed from type-B (or type-C) flaws is higher than (and thus to the right of) the
observed strgngth. However, no information is provided regarding the magnitude of that difference. Cenfored
data analysiq techniques incorporated in this document utilize this incomplete informatiorn to“provide effjcient
and relatively unbiased estimates of the distribution parameters.

3.1.3

competing failure modes

distinguishgbly different types of fracture initiation events that resultfrom concurrent (compefting)
flaw distribyitions

3.1.4

compound flaw distribution

any form of multiple flaw distribution that is neither pure comeurrent, nor pure exclusive

Note 1 to entfy: A simple example is where every specimen cefitains the flaw distribution A, while some frdction
of the specimens also contains a second independent flaw distribution B.

3.15

concurrent|flaw distribution

competing flaw distribution

type of multiple flaw distribution in a homogeneous material where every specimen of that material
contains repgresentative flaws from eachindependent flaw population

Note 1 to entyy: Within a given specimen, all flaw populations are then present concurrently and are compgeting
to each other]to cause failure.

3.1.6

exclusive flaw distribution

mixture flay distribution

type of multiple flaw.distribution created by mixing and randomizing specimens from two or more
versions of 3 material where each version contains a different single flaw population

Note 1 to entpy<Thus, each specimen contains flaws exclusively from a single distribution, but the total dafa set

reflects more than one type of strength-controlling flaw.

3.1.7

extraneous flaw
strength-controlling flaw observed in some fraction of test specimens that cannot be present in the
component being designed

Note 1 to entry: An example is machining flaws in ground bend specimens that will not be present in as-sintered
components of the same material.

© ISO 2019 - All rights reserved
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3.2 Mechanical testing

3.2.1

effective gauge section

that portion of the test specimen geometry included within the limits of integration (volume, area or
edge length) of the Weibull distribution function

Note 1 to entry: In tensile specimens, the integration may be restricted to the uniformly stressed central gauge
section, or it may be extended to include transition and shank regions.

3.2.2

frac ngrnphy
analysis and characterization of patterns generated on the fracture surface of a test specinjen

Note|l to entry: Fractography can be used to determine the nature and location of the critical frpcture origin
causing catastrophic failure in an advanced ceramic test specimen or component.

3.3 | Statistical terms

3.3.1
confjdence interval
interjval within which one would expect to find the true population parameter

Note [l to entry: Confidence intervals are functionally dependent o the type of estimator utilized and the sample
size. The level of expectation is associated with a given confidence lével. When confidence bounds gre compared
to the parameter estimate one can quantify the uncertainty‘associated with a point estimate of|a population
paraineter.

3.3.2
confjdence level
probpbility that the true population parameter falls within a specified confidence interval

3.3.3
estimpator
function for calculating an estimate of-a given quantity based on observed data

Note 1 to entry: The resulting valuefor a given sample may be an estimate of a distribution parameter (a point
estinjate) associated with the tinderlying population, e.g. the arithmetic average of a sample is ar| estimator of
the d|stribution mean.

3.34
population
collertion of data‘or items under consideration

3.3.5
probhability-density function
pdf
funC ,;UIIJ[(A) fUr thC LUlltilluUuo rauduul var;ablc X ;f
f(x)=0 D
and
f(x)dx=1 (2)

Note 1 to entry: The probability that the random variable X assumes a value between a and b is given by

Pr(a<X<b)=J‘:f(x)dx (3)

© IS0 2019 - All rights reserved 3
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cumulative
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distribution function

function F (x) describing the probability that a continuous random variable X takes a value less than or
equal to a number x

Note 1 to entry: Therefore, the cumulative distribution function (cdf) is related to the probability density
function f (x)

Note 2 to ent

3.3.7

ranking est
function th
ranked sam

3.3.8
sample
collection of

3.39

statistical bias

type of cons
estimates

3.3.10
unbiased e
estimator th

3.4 Weib
3.4.1

Weibull distribution

continuous
where cont
density fung

by

Fy: According to 3.3.5, F (x) is a monotonically increasing function in the range between 0 and

imator
ht estimates the probability of failure to a particular strength measurement wit}
ple

measurements or observations taken from a specified population

istent numerical offset in an estimate relative to the true underlying value, inherent to

stimator
at has been corrected for statistical bias error

ull distributions

(4)

6)

nin a

most

distribution ffinction which can be used to describe empirical data from measurements

f(x)

or

f(x)=0whenx<0

F(x)=1

nuous random variable x has a two-parameter Weibull distribution if the probability
tion is given by
m Y m-1 X m
—Y—) exp —(— when x>0 6)
g g 3
LVNLEY/ [ P ]
(7)
and the cumulative distribution function is given by

X m

—exp _(B] whenx=>0 (8)
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or

F(x)=0whenx<0 9)

where

m is the Weibull modulus (or the shape parameter) (>0);

B is the Weibull scale parameter (>0).
Note 1 to entry: The random variable representing uniaxial tensile strength of an advanced ceramic will assume
only positive values. If the random variable representing uniaxial tensile strength of an advance¢d ceramic is

chardcterized by Formulae (6) to (9), then the probability that this advanced ceramic will fail'under an applied
uniayial tensile stress o is given by the cumulative distribution function.

m
P =1—exp —[ij wheno >0 (10)
Oy
P =0wheno <0 (11)
wheie

Pr is the probability of failure;

& is the Weibull characteristic strength.
Note 2 to entry: The Weibull characteristic strength is;dependent on the uniaxial test specimen (tersile, flexural,
or pressurized ring) and will change with specimetigeometry. In addition, the Weibull characteristic strength

has upnits of stress, and has to be reported using Sl-units of Pa, or adequately in MPa or GPa.

Note B to entry: An alternative expression for,the probability of failure is given by

m
1 o
Pe=1-exp| — — | dZ|wheno >0 12
F=1-exp VOJV[GOJ (12)
Pr=0wheno <0 (13)

The integration in the exponential is performed over all tensile regions of the specimen volume (V) if the
strenjgth-controlling _flaws are randomly distributed through the volume of the material, or ovler all tensile
regiops of the spécimen area if flaws are restricted to the specimen surface. The integration is somefimes carried
out oper an effective gauge section instead of over the total volume or area. In Formula (12), o is the Weibull
matefial scale parameter and can be described as the Weibull characteristic strength of a specinjen with unit
volurhe of.area loaded in uniform uniaxial tension. For a given specimen geometry, Formulae (10) and (12) can be
1/m
U

comblined, to vield an expression relating og and og (this means: o,V =0 p ). Further discussjon related to

this issue can be found in Annex A.

4 Symbols

A specimen area

b gauge section dimension, base of bend test specimen
d gauge section dimension, depth of bend test specimen

f() probability density function

© IS0 2019 - All rights reserved 5
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F(x) cumulative distribution function

L likelihood function

L; length of the inner load span for a bend test specimen

Lo length of the outer load span for a bend test specimen

m Weibull modulus

m estimate of the Weibull modulus

m U unbiased estimate of the Weibull modulus

N nurhber of specimens in a sample

P propability of failure

q int¢grmediate quantity defined in 6.5.1, used in calculation of confidencebounds
r nurpber of specimens that failed from the flaw population for whichythe Weibull estimators

are|being calculated

t int¢rmediate quantity defined by Formula (22), used in calculation of confidence bounds
UF unbiasing factor

|4 tengile loaded region of specimen volume

Vo unif size volume

Vet effgctive volume

X realization of a random variable X

X random variable

B Welbull scale parameter;

o unipxial tensile stress

o estimate of mean’strength

oj makimunrstress in the j th test specimen at failure

00 We]btl] material scale parameter (strength relative to unit size) defined in Formula (12)
p 0 estimate of the Weibull material scale parameter

op Weibull characteristic strength (associated with a test specimen) defined in Formula (10)
o 0 estimate of the Weibull characteristic strength

5 Significance and use

5.1 This document enables the experimentalist to estimate Weibull distribution parameters from
failure data. These parameters permit a description of the statistical nature of fracture of fine ceramic
materials for a variety of purposes, particularly as a measure of reliability as it relates to strength data

6 © IS0 2019 - All rights reserved
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utilized for mechanical design purposes. The observed strength values are dependent on spec1men size
and geometry. Parameter estimates can be computed for a given specimen geometry (m 0'9) but it is
suggested that the parameter estimates be transformed and reported as material-specific parameters
(m 0'0) In addition, different flaw distributions (e.g. failures due to inclusions or machining damage)

may be observed, and each will have its own strength distribution parameters. The procedure for
transforming parameter estimates for typical specimen geometries and flaw distributions is outlined in
Annex A.

5.2 This document provides two approaches, method A and method B, which are appropriate for
different purposes.

Meth

is eit
item
scregq

Meth
metH
be u

popy

5.3
char
nece

failur

freqy
far b

her known or assumed to be from a single population. Fractography to identify’ an
5 with given flaw types is thus not required. This method is suitable for use.for sim
ning.

od B provides an analysis for the general case in which competing flaw population
od is appropriate for final component design and analysis. The methed requires that f|
ndertaken to identify the nature of strength-limiting flaws and assign failure data t
lation types.

bsary, the estimate of the mean strength can be computed. Finally, a graphical represen

byond the existing bounds of probability of failure. A necessary assumption for a valid e

od A provides a simple analysis for circumstances in which the nature of strength-de

In method A, a strength data set can be analysed and values of the Weibull n
icteristic strength (m, o0 ¢) are produced, together with confidence bounds on these p{

e data along with a test report can be prepared:Jt'should be noted that the confidencg
ently widely spaced, which indicates that the results of the analysis should not be used tq

fining flaws
1 group test
ple material

5 exist. This
ractography
b given flaw

jodulus and
irameters. If
fation of the
bounds are

extrapolate
ktrapolation

(with hat the flaw

popy

) respect to the tested effective volume Veff and/or small probabilities of failure) is 4
lations in all considered strength test pieces are of the same type.

5.4 | In method B, begin by performing a fractographic examination of each failed specinien in order
to chlaracterize fracture origins. Sereen the data associated with each flaw distribution for qutliers. If all
failures originate from a singleflaw distribution compute an unbiased estimate of the Weibpll modulus,
and fompute confidence botinds for both the estimated Weibull modulus and the estimated Weibull
charqcteristic strength. Ifsthe failures originate from more than one flaw type, separate the data sets
asso¢iated with each flawtype, and subject these individually to the censored analysis. Finally, prepare a
graphical representation of the failure data along with a test report. When using the results of the analysis
for design purposes.jt should be noted that there is an implicit assumption that the flaw pdpulations in
the sfrength testpieces and the components are of the same types.

6 Method A: maximum likelihood parameter estimators for single flaw
poppulations

6.1 General

This document outlines the application of parameter estimation methods based on the maximum
likelihood technique (see also References [13], [14], [20] and [21]). This technique has certain
advantages. The parameter estimates obtained using the maximum likelihood technique are unique
(for a two-parameter Weibull distribution), and as the size of the sample increases, the estimates
statistically approach the true values of the population more efficiently than other parameter
estimation techniques.

© IS0 2019 - All rights reserved
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6.2 Censored data

The application of the techniques presented in this document can be complicated by the presence of
test specimens that fail from extraneous flaws, fractures that originate outside the effective gauge
section, and unidentified fracture origins. If these complications arise, the strength data from these
specimens should generally not be discarded. Strength data from specimens with fracture origins
outside the effective gauge section[3] and from specimens with fractures that originate from extraneous
flaws should be censored, and the maximum likelihood methods presented in method B (Clause 7)
are applicable. It is imperative that the number of unidentified fracture origins, and how they were
classified, be stated in the test report. A discussion of the appropriateness of each option can be found
in 7.2.2.

Applying the censored analysis implies that it is assumed that the flaw populations are concuirent.
This is a chgice, which should be indicated in the test report.

6.3 Likeljhood functions

The likelihdod function for the two-parameter Weibull distribution of a sample With a single|flaw
populationl4l is defined by Formula (14):

~ ~

N ~ . m-1 . m
L:H Aﬂ (A—’} exp —(A—') (14)
i=1

oo oo 00

NOTE ojlis the maximum stress in the i th test specimen at failure.and N is the number of test specim¢ns in
the sample being analysed. The parameter estimates (the Weibull modulus, m and the characteristic strgngth,
0 ¢) are detgrmined by taking the partial derivatives of the logatithm of the likelihood function with respgct to

mand o ¢) apd equating the resulting expressions to zero.

The system pf formulae obtained by differentiating the log likelihood function for a sample with a sfingle
flaw populationl[3] is given by

N ~
Z(Gi)mln(al) LN )
=1 - _Ni%ln(a,.)-;:o (15)
>(r4) )
i=1
and
1/
Go= ~¥(G_)% ¥ & (16)
ity

Formula (1) #solved first for m. Subsequently o g is computed from Formula (16). Obtaining a closed

form solution of Formula (15) for m is not possible. This expression shall be solved numerically.

Since the characteristic strength also reflects specimen geometry and stress gradients, this document

suggests reporting the estimated Weibull material scale parameter, 0'0 Expressions that relate 0'9 to
the Weibull material scale parameter o for typical specimen geometries are given in Annex A.

6.4 Bias correction

6.4.1 The procedures described herein, to correct for statistical bias errors and to compute confidence
bounds, are appropriate only for data sets where all failures originate from a single population (i.e. an
uncensored sample). Procedures for bias correction and confidence bounds in the presence of multiple
active flaw populations are not well developed. It is well-known that the maximum likelihood estimators

8 © IS0 2019 - All rights reserved


https://standardsiso.com/api/?name=f7b5854701a6c8db009dffe6456f4889

ISO 20501:2019(E)

with respect to the two-parametric Weibull distribution are biased, but consistent (i.e. the shift of
expectation values of the estimated Weibull parameters goes to zero with increasing sample size). The

statistical bias associated with the estimator ¢ ¢ is minimal (<0,3 % for 20 test specimens, as opposed to

~7 % bias for m with the same number of specimens). Therefore, this document allows the assumption
that o¢ is an unbiased estimator of the true population parameter. The parameter estimate of the

Weibull modulus, r/r\l, generally exhibits statistical bias. The amount of statistical bias depends on the

number of specimens in the sample. An unbiased estimate of m shall be obtained by multiplying m by
unbiasing factorslél. This procedure is discussed in 6.4.2. Statistical bias associated with the maximum
likelihood estimators presented in this document can be reduced by increasing the sample size.

6.4.2
para
diffe
docuyl

on th
signj
mult

1

Unbi

simplle analytical function fyr defined by

This

applicable to sample sizes N > 120[17],

An unbiased estimator produces nearly zero statistical bias between the value
meter and the point estimate. The amount of deviation can be quantified either 4
‘ence or with unbiasing factors. In keeping with the accepted practice in the. open lit
ment quantifies statistical bias through the use of unbiasing factors, denoted.here as U}

e number of specimens in a given sample, the point estimate of the Weibull modulus, m

ficant statistical bias. An unbiased estimate of the Weibull modulus (denoted as my is
plying the biased estimate with an appropriate unbiasing factor.

hy =mxUF
hsing factors for m are listed in Table 1. Alternatively,the table values can be approx

o (N)=1-1,61394x N ~104033

function interpolates the tabulated values in Table 1 with errors smaller than 1 %, |

of the true
s a percent
erature, this
. Depending
may exhibit
obtained by

(17)

imated by a

(18)

but it is also

An example in Annex B demonstrate$ both the use of Table 1 and of Formula (18) in correcting a biased
estimate of the Weibull modulus.
Table 1 — Unbiasing factor for the maximum likelihood estimate of the Weibull modulus
Number of Unbiasing factor, Number of Unbiasing factor,
specimens, N UF specimens, N UK
5 0,700 42 0,948
6 0,752 44 0,970
7 0,792 46 0,971
8 0,820 48 0,972
9 0,842 50 0,973
10 0,859 52 0,974
11 0,872 54 0,975
12 0,883 56 0,976
13 0,893 58 0,977
14 0,901 60 0,978
15 0,908 62 0,979
16 0,914 64 0,980
18 0,923 66 0,980
20 0,931 68 0,981
22 0,938 70 0,981
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Table 1 (continued)

Number of Unbiasing factor, Number of Unbiasing factor,
specimens, N UF specimens, N UF
24 0,943 72 0,982
26 0,947 74 0,982
28 0,951 76 0,983
30 0,955 78 0,983
32 0,958 80 0,984
34 0,960 85 0,985
B6 0,962 90 0,986
B8 0,964 100 0,987
10 0,966 120 0990

6.5 Confidence intervals

6.5.1 Con
parameter.
parameters

idence bounds quantify the uncertainty associated with a point\estimate of a popul
Che size of the confidence bounds for maximum likelihoodestimates of both Wg

e Weibull modulus is obtained from the 5 and 95 percentile distributions of the ratio of

htion

ibull

will diminish with increasing sample size. The values used to construct confidence bounds
are based on percentile distributions obtained by Monte Carlo simylation; e.g. the 90 % confid

bound on th|

ence
m to

the true population value m. For a point estimate of the Wéibull modulus, the normalized vhlues
q:(m/m) necessary to construct the 90 % confidence bounds’are listed in Table 2. Consequently, the
upper and lgwer confidence bounds for m are given by

Mupper M / 4 o5 (19)
and

;;1 lower :7/7\’1 / 90,95 (20)
respectively.
The examplg in Annex B derhonstrates the use of Table 2 in constructing the upper and lower boyinds.
Note that the statisticallyx biased estimate of the Weibull modulus shall be used here. Again/ this
procedure i$ not appropriate for censored statistics.
A convenient way te-calculate confidence bounds is the usage of an interpolating function of the foym

q,(N)=lL% e & -t Bz By G (21)

L

which can also be used for larger samples with N > 120. The corresponding coefficients for aj are given
in Table 3. Formula (21) is asymptotically correct for large N and the deviation with respect to the

tabulated values in Table 2 is smaller than 0,5 %[1Z]. Additionally, the coefficients for calculation of the
confidence bounds with respect to 95 % confidence level are listed in Table 4.

10
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6.5.2 Confidence bounds can be constructed for the estimated Weibull characteristic strength. However,
the percentile distributions needed to construct the bounds do not involve the same normalized ratios or
the same tables as those used for the Weibull modulus. Define the function:

t

=r?zln(cy j
Oy

(22)

The 90 % confidence bound on the characteristic strength is obtained from the 5 and 95 percentile

distr

ibutions of ¢, so that the upper and lower confidence bounds are given by:

ou)

(23)

Fort
Agai

o

whic]
COITY

An e]
Note
proc

stati

confldence bounds on & 9. should not be converted through the use of Formulae (10) and (]

=((’)\'6\6XD(—tn n:/rm
N ]

/upper \ U

~

O o

=(8'6 )eXP(*to,%/’/’\’)

) lower

he point estimate of the characteristic strength, these percentile distributions are listg
h an interpolating function for ¢, is defined by

by by by by by by
JN N v N N

h allows an analytic and accurate calculation of the confidence bounds. In Table 6 ang

(V)

(24)

d in Table 5.

(25)

Table 7 the

bsponding coefficients bj are listed with respect to 90 % and 95 % confidence level res

kample in Annex B demonstrates the use of Table 5dn constructing upper and lower boy
that the biased estimate of the Weibull modulus (i.e. the result of the maximur
pdure [see Formula (15)] shall be used heré: This procedure is not appropriate fi

stics. Formula (22) is not applicable for\developing confidence bounds on o th

bectively.

inds on 0 9.
h likelihood
br censored

erefore the

12).

T4able 2 — Normalized upper and lower bounds on the maximum likelihood estimate of the
Weibull modulus — 90 % confidence interval
Number of q0,05 q0,95 Number of q0,05 q0,95
specimens, N specimens, N
5 0,683 2,779 42 0,842 1,265
6 0,697 2,436 44 0,845 1,256
7 0,709 2,183 46 0,847 1,249
8 0,720 2,015 48 0,850 1,242
9 0,729 1,896 50 0,852 1,235
10 0,738 1,807 52 0,854 1,229
11 0,745 1,738 54 0,857 1,224
12 0,752 1,682 56 0,859 1,218
13 0,759 1,636 58 0,861 1,213
14 0,764 1,597 60 0,863 1,208
15 0,770 1,564 62 0,864 1,204
16 0,775 1,535 64 0,866 1,200
17 0,779 1,510 66 0,868 1,196
18 0,784 1,487 68 0,869 1,192
19 0,788 1,467 70 0,871 1,188
20 0,791 1,449 72 0,872 1,185
22 0,798 1,418 74 0,874 1,182

© ISO
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Table 2 (continued)

Number of q0,05 q0,95 Number of q0,05 q0,95
specimens, N specimens, N
24 0,805 1,392 76 0,875 1,179
26 0,810 1,370 78 0,876 1,176
28 0,815 1,351 80 0,878 1,173
30 0,820 1,334 85 0,881 1,166
32 0,824 1,319 90 0,883 1,160
34 0,828 1,306 95 0,886 1,155
36 0,832 1,294 100 0,888 1,150
38 0,835 1,283 110 0,893 1,141
40 0,839 1,273 120 0,897 1,133

Table 3 — (oefficients according to Formula (16) for the normalized upper andlower bounds on

the maximum likelihood estimate of the Weibull modulus — 90 % confidence interval

ai/2 ai as;/2 az as/2 as
p=0,05 -1,280 61 2,088 03 -2,365 01 -1,941 65 13,6238 -14,664 1
p =095 1,283 79 2,136 0 3,4515 8,520 81 -19,55 11 65,7391

Table 4 — (oefficients according to Formula (16) for the normalized upper and lower bounds on

the maximum likelihood estimate of the Weibull modulus — 95 % confidence interval

ai/2 ai as/2 a as/2 as
p=0,025 -1,523 97 2,531 61 -2,673 .06 -4,644 68 22,3577 -22,9036
p=0,975 1,521 37 2,993 89 -0,31837 44,728 8 -123,859 202,815

Table 5 — Normalized upper and lower/bounds on the function t — 90 % confidence interyal

Number of to,05 60,95 Number of to,05 £0,95
specimens, N specimens, N
5 -1,247 1,107 42 -0,280 0,278
6 -1,007 0,939 44 -0,273 0,271
7 -0,874 0,829 46 -0,266 0,264
8 0,784 0,751 48 -0,260 0,258
9 -0,717 0,691 50 -0,254 0,253
10 -0,665 0,644 52 -0,249 0,247
11 -0,622 0,605 54 -0,244 0,243
12 -0587 0572 56 -0239 0238
13 -0,557 0,544 58 -0,234 0,233
14 -0,532 0,520 60 -0,230 0,229
15 -0,509 0,499 62 -0,226 0,225
16 -0,489 0,480 64 -0,222 0,221
17 -0,471 0,463 66 -0,218 0,218
18 -0,455 0,447 68 -0,215 0,214
19 -0,441 0,433 70 -0,211 0,211
20 -0,428 0,421 72 -0,208 0,208
22 -0,404 0,398 74 -0,205 0,205
24 -0,384 0,379 76 -0,202 0,202

12
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Table 5 (continued)
Number of t0,05 to,95 Number of to,05 to,95
specimens, N specimens, N
26 -0,367 0,362 78 -0,199 0,199
28 -0,352 0,347 80 -0,197 0,197
30 -0,338 0,334 85 -0,190 0,190
32 -0,326 0,323 90 -0,184 0,185
34 -0,315 0,312 95 -0,179 0,179
36 -0,305 0,302 100 -0,174 0,175
38 -0,296 0,293 110 -0,165 0,166
40 -0,288 0,285 120 -0,158 0,159

Tahle 6 — Coefficients according to Formulae (19) and (20) for the function't used t¢ calculate
the upper and lower bounds on the maximum likelihood estimate.of the characteristic
strength — 90 % confidence interval

b1/2 by b3/2 b2 bs/2 b3
g=10,05 -1,726 2 -0,187 398 0,059 163 -17,199)8 40,9289 -59,972 8
g=0,95 1,7310 0,055 668 2,308 3 1,671 11 -4,038 37 13,6951

Tahle 7 — Coefficients according to Formulae (19) and)(20) for the function t used t¢ calculate
the ypper and lower bounds on the maximum likelihood estimate of the characteristic strength
— 95 % confidence interval

b1/ by b3/2 by bs/ b3
pE 0,025 -2,059 32 -0,048 1206 -1,388 13 -19,065 2 51,8127 -93,808 2
pIF 0,975 2,063 75 0,122 882 3,496 57 2,904 76 -10,659 3 30,4355

7 ethod B: maximum likelihood parameter estimators for competing flaw
poppulations

7.1 | General

This|document outliries the application of parameter estimation methods based on thp maximum
likelfhood technigue? This technique has certain advantages, especially when parametefs are to be
determined froim-censored failure populations. When a sample of test specimens yields §wo or more
distipct flawdistributions, the sample is said to contain censored data, and the associated methods
for censored-data shall be used. The methods described in this document include censoring techniques
that apply to multiple concurrent flaw distributions. However, the techniques for parametef estimation

presented in this document are not directly applicable to data sets that contain exclusive ar compound

multiple flaw distributions(Zl].

The estimation techniques for censored data presented herein require positive confirmation of multiple
flaw distributions, which necessitates fractographic examination in order to characterize the fracture
origin in each specimen. Multiple flaw distributions may be further evidenced by deviation from the
linearity of the data from a single Weibull distribution.

For data sets with multiple active flaw distributions where one flaw distribution (identified by
fractographic analysis) occurs in a small number of specimens, it is sufficient to report the existence
of this flaw distribution (and the number of occurrences), but it is not necessary to estimate Weibull
parameters. Estimates of the Weibull parameters for this flaw distribution would be potentially biased
with wide confidence bounds (neither of which could be quantified). However, special note should be
made in the report if the occurrences of this flaw distribution take place in the upper or lower tail of the
sample strength distribution.
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7.2 Censored data

7.2.1 The application of the censoring techniques presented in this document can be complicated
by the presence of test specimens that fail from extraneous flaws, fractures that originate outside the
effective gauge section, and unidentified fracture origins. If these complications arise, the strength data
from these specimens should generally not be discarded. Strength data from specimens with fracture
origins outside the effective gauge sectionl3] as well as from specimens with fractures that originate from
extraneous flaws should be censored[20][21], and the maximum likelihood methods presented in this

document are applicable.

7.2.2 Thi
fracture orij
fracture orig

a)

assigne
fractog

b)
‘)
d)

assigne
assigne

be remd

7.2.3 ltis
be stated in
strength daf
consult with

ins are encountered during fractographic examinations. Specimens with uniden
ins can be:

1 a previously identified flaw distribution using inferences based onyall avai
aphic information;

1 the same flaw distribution as that of the specimen closest in strength;
1 a new and as yet unspecified flaw distribution;

ved from the sample.

imperative that the number of unidentified fracture origins, and how they were class
the test report. A discussion of the appropriateness of.€ach option appears in Annex C.

a and the resulting parameter estimates are used-fer component design, the engineer
the fractographer before and after performingithe fractographic examination. Conside

judgement may be needed to identify the correct option.*“Whenever partial fractographic inform

is available
Conversely,

7.3 Likel

The likeliho
Formula (26

r

=111

i=1

This expres
been identif
distribution
parameters

option a) is strongly recommended, espeecially if the data are used for component dg
pption d) is not recommended by this dgcument unless there is overwhelming justifica]

jhood functions

pd function for the two-parameter Weibull distribution of a censored sample is defing

):

]m [ }m
Sion is applied to a sample where two or more active concurrent flaw distributions
ied frem fractographic inspection. For the purpose of the discussion here, the diffi

s are identified as flaw types A, B, C, etc. When Formula (26) is used to estimat
associated with the “A” flaw distribution, then r is the number of specimens where ty

~

m

O
co

i _J
o

m-1
o
] eXp —[

o9

O
(o))

N
Hexp -

j=r+1

rified
rified

lable

ified,
f the
shall
rable
htion
sign.
ion.

bd by

(26)

have
brent
b the
pe-A
cond

flaws were

A o+ o £ 4 L] d 7 3o 4+ iatad 3.0 N £ivat A £ Tl
UUuliu dt uL1iCT 11deitulrc ul lslll, dlilu 115 UIIT dooSULIAdilTU TIITUTA 1TIT LIIT 11T 50 lJl UgucltL. 11IT S

product is carried out for all other specimens not failing from type-A flaws (i.e. type-B flaws, type-C
flaws, etc.). Therefore, the product is carried out from (j = r + 1) to N (the total number of specimens)
where j is the index in the second product. Accordingly, o; and o; are the maximum stress in the ith and

jth test specimen at failure. The parameter estimates (the Weibull modulus, m and the characteristic
strength, o) are determined by taking the partial derivatives of the logarithm of the likelihood
function with respect to m and o ¢ and equating the resulting expressions to zero. Note that ¢ is a

function of specimen geometry and the estimate of the Weibull modulus m Expressions that relate o g
to the Weibull material scale parameter o for typical specimen geometries are given in Annex A.
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The system of formulae obtained by differentiating the log likelihood function for a censored samplel3]
is given by:

(27)

o

(28)
i=1

whefe ris the number of failed specimens from a particular group of a censored‘sample.

ula (27) is solved first for m. Subsequently o g is computed from Formula (28). Obtair
solution of Formula (27) for m is not possible. This expression shall;be solved numeri

Fornf ling a closed

form cally.

8 Procedure

8.1 | Outlying observations

Befo
(outl
the

man

bservations
brvations in
an extreme
e data point

‘e computing the parameter estimates, the datashould be screened for outlying d
jers). An outlying observation is one that deviates significantly from other obsg
sample. It should be understood that an @pparent outlying observation may be
festation of the variability of the strength-of an advanced ceramic. If this is the case, th

shou
obse
in cal
is clg
outly

8.2

8.2.1
the fi
may
are (
the §

Id be retained and treated as any othef.observation in the failure sample. However,
Fvation may be the result of a gross deviation from prescribed experimental procedur
lculating or recording the numerical value of the data point in question. When the exp
arly aware that a gross deviation’from the prescribed experimental procedure has o

Fractography

Fractographic¢examination of each failed specimen is highly recommended in order to
racture originsiThe strength of advanced ceramics is often limited by discrete fracture o
be intrinsic-0r extrinsic to the material. Porosity, agglomerates, inclusions, and atypical

mea

s afe'available to the experimentalist, fractographic methods should be used to locate,

classjify the strength-limiting fracture origin causing catastrophic failure in an advanced

ing observation may be discarded, unless the observation can be corrected in a ration|

onsideregd)intrinsic fracture origins[10]. Extrinsic fracture origins are typically on th
peciménrand are the result of contact stresses, impact events or adverse environmer]

the outlying
b OI' an error
crimentalist
ccurred, the
al manner.

characterize
[rigins which
large grains
e surface of
t. When the
identify, and
Ceramic test

specimen. Moreover, for the purpose of parameter estimation, each classification of fracture origin shall
be identified as a surface fracture origin or a volume fracture origin in order to use the expressions given
in Annex A. Thus, there may exist several classifications of fracture origins within the volume (or surface
area) of the test specimens in a sample. It should be clearly indicated in the test report if a fractographic
analysis is not performed.

8.2.2 Perform a fractographic analysis and label each datum with a symbol identifying the type of
fracture origin. This may be a word, an abbreviation, or a different symbol for each type of fracture origin.
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8.3 Graphical representation

8.3.1 An objective of this document is the consistent representation of strength data. To this end, the
following procedure is the recommended graphical representation of strength datal22]. Begin by ranking
the strength data obtained from laboratory testing in ascending order, and assign to each a ranked

probability of failure Praccording to the ranking estimator

P¢(o;)

or

i-0,5
N

(29)

ist
I ist

NOTE Eq

i-0,3

| N+o,4

!

e number of specimens;
e ranking number (ascending order).

rmula (30) is a well-accepted approximation of the medians of uniform order statistics.

Compute thle natural logarithm of the ith failure stress, and the hatural logarithm of the na|

logarithm o
associated V

8.3.2 C(reg
and In(o) as
correspondy
as probabilif

f [1/(1 - Pr)] (i.e. the double logarithm of the qudntity in square brackets), where
yith the ith failure stress.

te a graph representing the data as shown in-Figure 1. Plot In{In[1/(1 - Pf)]} as the ordji
the abscissa. A typical ordinate scale assumes values from +2 to —6. This approxim
to a range in probability of failure from 0)25 % to 99,9 %. The ordinate axis shall be lah
'y of failure Py, as depicted in Figure 1nSimilarly, the abscissa shall be labelled as failure g

(30)

tural
Pr is

nate,
ately
elled

tress

(flexural, tensile, etc.), preferably using units of:MPa or GPa.

8.3.3 Inclided in the plot should be<a\line whose position is fixed by the estimates of the Wgibull

parameters.|The line is defined by Forimula (31):

e

The slope of| the line, which is the estimate of the Weibull modulus ;1 should be identified, as shoy

Figure 1. The estimat€ of the characteristic strength o o should also be identified. This correspon(ds to
a Prof 63,2 %, ot a value of zero for In{In[1/(1 - Ps)]}.

m
o

~

o9

Pr=1- (31)

v in

8.3.4 This document does not provide a definitive criterion in order to judge the relative fit of the
individual data points to a linear two-parameter Weibull curve estimated from the data. Theoretical
bounds on the reliability curve are complex and outside the scope of this document. Confidence bounds
on the estimate of the Weibull modulus and the Weibull characteristic strength can be used to construct
confidence bands in a Weibull plot (see Figure 1). The bands to the left of the estimated two-parameter
Weibull curve are constructed using the lower confidence bound on the Weibull characteristic strength
and the upper confidence bound on the Weibull modulus for probability of failures above 63,2 %.
Probability of failures below 63,2 % correspond to the lower confidence bound on the Weibull modulus.
The bands to the right of the estimated two-parameter Weibull curve are constructed using the upper
confidence bound on the Weibull characteristic strength along with the lower confidence bound on
the Weibull modulus for probability of failures above 63,2 %. Probabilities of failure below 63,2 %
correspond to the upper confidence bound on the Weibull modulus.
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Key
X In(failure stress), MPa

Y In(In1/(1-Pf)) with Py, probability of failure, %

NOTE Estimated m = 10,24; 0g = 532 MPa.
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Figure 1 — Weibull Plot
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9 Testreport

The testrep

ort shall contain the following information:

a) type of material characterized;

b) characterization of specimen: geometry, condition of surfaces (e.g. as-sintered, machined surfaces,
chamfered edges, etc.)

c) testpro

d) number

cedure, preferably designating an appropriate standard;

of tested/failed specimens;

e) flaw typ
f) flaw po

g) maximy

h) upper and lower confidence bounds with respect to 90 or 95 % confidende level for the Wq

parame

i) unbiasi

Insert a coly
identifies th
alternative
geometry tH
the graph. T

N

i[>

i=1

NOTE This estimate of the mean strength is'not appropriate for samples with multiple failure populati

€

pbulations: single, multiple, assumed concurrent flaw populations;

~ A~

m likelihood estimates of the Weibull parameters: m, o ¢;

ters: |:mlower;mupper:|; (09) ;(GG) ;
lower upper

hg factor; unbiased Weibull modulus: UF, r?zu.

mn on the graph (in any convenient location), or alternatively provide a separate table
e individual strength values in ascending order. This'will permit other users to per
hinalyses. In addition, the experimentalist should ifitlude a separate sketch of the spec
at includes all pertinent dimensions. An estimate of mean strength can also be depict

Ji

ibull

that
form
imen
ed in

he estimate of mean strength is calculated by-uising the arithmetic mean as the estimator:

(31)

pns.
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Annex A
(informative)

Converting to material-specific strength distribution parameters

A1l

whetfe Vis the volume of the uniform gauge section of the tensile specimen, and thefractur
spatially distributed strictly within this volume.

The gauge section of a tensile specimen is defined herein as the central region of the test sp

the s

and the shank regions of the specimen if the volume (or area) integration defined by For]
analysed properly. This procedure is discussed in A.3. For a tensile specimen in which frag

are §

whette A is the surface area of the uniform gauge section.

Formula (A.1) defines the relationship between the parameters for tensile specimens[16]:

00), =) " (34),

mallest constant cross-sectional area. However, the experimentalisémay include transi

patially distributed strictly at the surface of the specimens tested,

cAro)A:(A)l/(ﬁ’)A (89),4

L

(A1)
b origins are

bcimen with
tion regions
mula (10) is
ture origins

(A.2)

Figure A.1 — Typical bend specimen geometry

A.2 For flexural specimen geometriesl13], the relationships become more complex[81[18][19]. The
following relationship is based on the geometry of the flexural specimen shown in Figure A.1. For fracture
origins spatially distributed strictly within both the volume of a flexural specimen and the outer load span:

(
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(A.3)
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where
V' is the volume of the gauge section defined by the expression
V=bdL,

(b and d are dimensions identified in Figure A.1)

L
Lo

For fracturd
outer load s

(0,

A.3 Tests
the estimat
specimen c(
with the mo
with omax, W

szl—

Also perform the integration

Pf=1—

where kis a

In general, K
The produc
volume can
of rupture 4
of material §
another yiel

is tirefengtirof theoutertoad spar

origins spatially distributed strictly at the surface of a flexural specimen and fithi
ban:
1
~ d Li |~ 1 "),
F(oo L|=———=+b||| =L |[m]) +1||——
Al (,?1) +1 L, A (m) +1
A A

is the length of the inner load span;

(A4)

pecimens other than tensile and flexural specimens may be-utilized. Relationships bet
b of the Weibull characteristic strength and the Weibull'material scale parameter fo
nfiguration can be derived by equating the expressions defined by Formulae (8) and

h the

(A.5)

veen
[ any
10

Hifications that follow. Begin by replacing o (an appliédauiniaxial tensile stress) in Formu

X

m
Gmax ]

Oy

EXP

given in Formula (4@} such that:

m

max

—kV[G

Oy

PXP

dimensionless constant-that accounts for specimen geometry and stress gradients.

is a function of the'estimated Weibull modulus m, and is always less than or equal to U
[ kV is oftenteférred to as the effective volume (with the designation VE). The effe
be interpreted as the size of an equivalent uniaxial tensile specimen that has the samg
s the test specimen or component. As the term implies, the product represents the vo
ubjecfto a uniform uniaxial tensile stress[9l. Setting Formulae (A.6) and (A.7) equal t

ds Formula (A.8):

hich is defined as the maximum tensile stress within the test specimen of interest, then|:

a (8)

(A.6)

(A.7)

[nity.
ctive

risk
lume
D one

o),

(kv) 1"y (o0)

(A.8)

Thus for an arbitrary test specimen, the experimentalist evaluates the integral identified in Formula (10)
for the effective volume, kV, and utilizes Formula (A.8) to obtain the estimated Weibull material scale
parameter o ¢. A similar procedure can be adopted when fracture origins are spatially distributed at
the surface of the test specimen.

20
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(informative)

[llustrative examples

1:2019(E)

B.1 The first example considers the failure data in Table B.1. The data represent four-point (1/4 point)

+ically

e solution of

flexu,
Forn]

estimate of m = 6,48. Subsequent solution of Formula (16) yields a value of o o =556 MPa. ]

for tl
(i-e. 1
para

estinpated value of m and o¢ in Formula (A.5) along with the specimemgéometry (i.e. 1

=

Li

stres|

voluine distributed, then the solution of Formula (A.3) yields (8‘0)11 = 37,0 MPa-:(m)046
thus, 0,463 = (3/6,48). The different values obtained from

(oo]
assuj
analy

an.
TTITCTITo—ToroTT TCooTtor

2l craciy s fabhyicatad oo HID' A (Wot icacta
5P ee Cate o e ot 1505 taertanypresSsSeaSricon—ttatotte

tieallyp
ula (15) requires an iterative numerical scheme and for this data set yields a bidsé

ne Weibull parameters were generated by assuming a unimodal failure samplée .with 1
= N). Figure B.1 depicts the individual failure data and a curve based on the ‘estimated
meters. Next, assuming that the failure origins were surface-distributédyand then i

0 mm, d = 3,5 mm, and b = 4,5 mm) yields (8‘0)A =360 MPa-(m)%3@9. Note that (80),4
1/m.

]

S-(area) thus, 0,309 = (2/6,48). Alternatively, if one were to ‘assume that the failure

1/m,

ming surface and volume fracture origins underscore the necessity of conducting a fi
Sis.

y has units of stress-(volume)

Table B.1 — Unimodal failure stress datafor HIP'ed (hot isostatically pressed) s
carbide — Example 1

|l parameter

[hese values
0 censoring
balues of the
hserting the

o = 40 mm,
has units of
brigins were

3. Note that

factographic

ilicon

Specimen Strength; o¢ Specimen Strength, o¢
number MPa number MHa
1 281 41 51p
2 291 42 52p
3 358 43 52B
4 385 44 5311
5 389 45 53
6 391 46 546
7 392 47 54P
8 403 48 558
9 412 49 560
10 413 50 56p
11 414 51 563
12 418 52 566
13 418 53 566
14 427 54 570
15 438 55 573
16 440 56 575
17 441 57 576
18 442 58 580
19 444 59 583
20 445 60 588
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Table B.1 (continued)

Specimen Strength, o Specimen Strength, o

number MPa number MPa
21 446 61 589
22 452 62 591
23 452 63 591
24 453 64 593
25 470 65 599
26 474 66 600
D7 476 67 610 O
D8 476 68 6130
P9 479 69 6207
B30 484 70 _{~620
31 485 71 7 622
B2 486 72 AO 622
33 489 73 AN 640
34 492 2 649
B5 493 75 L0 657
B6 496 760" 660
37 506 K 664
B8 512 2078 674
39 512 79 674
10 514 7 80 725

O
o
o
Q
O
O
\@0
e
Y
R

7o)
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80 F 0 = 556 MPa
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> Y

250 300 350 400 450 500 600 700

Key

Y

a

X In(failure stress), MPa
[U{:"obability of failure, P¢

nbiased.

Figure B.1 — Failure data in B.1

B.2 | The next example considers a sample that exhibits multiple active flaw distributions (sge Table B.2).
Each|flexural test specimen was subjected to fractographic analysis. The failure origin was |dentified as
eithgr a velume or a surface fracture origin, and parameter estimates were obtaingd by using
Formulae (1 7) and (18). For the analysis with volume fracture origins, r = 13, and the calculations yielded

valugs-of (m)V 6,79 and (O'e)V = 876 MPa. For the analysis with surface fracture origing, r = 66, and
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the calculations yielded values of (r/;‘l)A = 21,0 and (a'e)A = 693 MPa. For the most part, the data as
plotted in Figure B.2 fall near the solid curve, which represents the combined probability of failurelZl:

Pe=1-[1-(Pr) , J[1-(Pr), ] (B1)
where (Pr)yis calculated by using
J [ (m),
(Pr), =1=expi—| =~ (B.2)
{ 1lo0), |
and (Pr)4 is calculated by using
1
(Pg) y=[l—expy—| =—— (B.3)
(00)
A
The curve obtained from Formula (B.1) asymptotically approaches the intersecting straight lineq that
are defined |by the estimated parameters and calculated from Formulae‘(B.2) and (B.3). Inserting the
estimated Weibull parameters (obtained from the analysis fow volume fracture origins)|into
Formula (A.B) along with the specimen geometry (L, = 40 mm, L; =220 mm, d = 3,5 mm and b = 4,5|mm)

yields (6 0)

analysis for

Table B.2 — Bimodal failure stress data — Example 2

y = 65,6 MPa:(m)0:442, Inserting the estimated Weibull parameters (obtained from the
surface fracture origins) into Formula (A.5) yields (80)A =446 MPa:(m)0,95.

Specimen Strength, of Fracture Specimen Strength, o Fracturje
number, [V MPa origin typed number, N MPa origin typea
1 416 \% 41 671 S
2 458 S 42 672 S
3 520 \ 43 672 S
4 527 \ 44 674 S
5 546 S 45 677 S
6 561 \ 46 677 S
7 572 S 47 678 S
8 595 \ 48 680 S
9 604 S 49 683 S
10 604 S 50 684 S
11 609 \Y 51 686 S
12 612 S 52 687 S
13 614 S 53 687 S
14 621 \' 54 691 S
15 622 S 55 694 S
16 622 S 56 695 S
17 622 \ 57 700 S
18 622 S 58 703 S
19 625 S 59 703 S
20 626 \ 60 703 S
a  Volume fracture origin, V; surface flaw origin, S.
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Specimen Strength, o¢ Fracture Specimen Strength, o Fracture
number, N MPa origin typea number, N MPa origin typea
21 631 S 61 703 S
22 640 S 62 704 S
23 643 \Y 63 704 S
24 649 S 64 706 S
25 650 S 65 710 S
26 652 Vv 66 713 S
27 655 S 67 716 S
28 657 S 68 716 S
29 657 Vv 69 716 S
30 660 S 70 716 S
31 660 S 71 716 S
32 662 \Y 72 717 S
33 662 S 73 725 S
34 662 S 74 725 S
35 664 S 75 725 S
36 664 S 76 726 S
37 664 S 77 727 S
38 666 S 78 729 S
39 669 S 79 732 S
40 671 S
a  Volume fracture origin, V; surface flaw origin, S;

B.3 | It should be noted in this example‘that fractography apparently indicated that all volime failures
were initiated from a single distribution of volume flaws, and that all surface failures were irjitiated from
a single distribution of surface flaws. Often, fractography will indicate more complex situations such as
two |ndependent distributions_of volume flaws (e.g. inclusions of foreign material and large voids) in
addition to a distribution of‘surface flaws. Analysis of this type of sample would be very sjmilar to the
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analysis discussed above, except that Formulae (17) and (18) would be used three times instead of twice,
and the resulting figure would include three straight lines labelled accordingly.

Y |
99 I~
90 -
80 |-
50
20
10 +
5 L
1 I
05 |
& (0)a = 693 MPa
I I I / I I I I I I
350 400 450 500 550 600 700 800X
Key
X In(failur¢ stress), MPa
Y In(In1/(]-Pf)) with Py, probability offailure, %
Figure B.2 — Failure data from B.2
B.4 As an[exampleof computing unbiased estimates of the Weibull modulus, and bounds on both the
Weibull modulus and'the Weibull characteristic strength, consider the unimodal failure sample pres¢nted
in B.1. The|sample contained 80 specimens and the biased estimate of the Weibull modulus| was
determined tobe m=6,48. The unbiasing factor corresponding to this sample size is UF = 0,984, which is

obtained from Table 1 (see 6.5.2). Thus, the unbiased estimate of the Weibull modulus is given as

my =mxUF (B.4)
= 6,48 x 0,984
=6,38

Using the interpolation Formula (18) leads to a unbiasing factor of UF = 0,983, resulting in an unbiased
Weibull modulus of 6,37 (the deviation between the table value and the function value is within the
given accuracy).
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The upper bound for this example is

Mupper =M / 4 o5

=6,48/0,878

=738

(B.5)

where q o5 is obtained from Table 2 for a sample size of 80 failed specimens. The lower bound is

1

whet
with
boun

Simi

whet

whel

lower =M / G5
6,48/1,173
5,52

e qo9s is also obtained from Table 2. Alternatively using the interpolating function E
the coefficients given in Table 3, the results 7,37 and 5,51 are-obtained for the uppd
d of m.

arly, the upper bound on 8‘9 is

~

ol ) upper=(0 0 )eXp(—to,os/’?’)

~

(556)exp(0,197/6,48)

573 MPa

e to,05 is obtained from Table's for a sample size of 80 failed specimens. The lower boy

G 0 ) lower :(O- 0 )exp (7t0’95/m)
(556)exp(-0,197/6,48)
539 MPa

e _t0os is also obtained from Table 5. The identical values are obtained by using th

appr

(B.6)

ormula (21)

r and lower

(B.7)

ndon oy is

(B.8)

e analytical

pach according to Formula (23) and Table 6.

© ISO

2019 - All rights reserved

27


https://standardsiso.com/api/?name=f7b5854701a6c8db009dffe6456f4889

ISO 20501

:2019(E)

Annex C
(informative)

Test specimens with unidentified fracture origin

C.1 The four options

C.1.1 Gen

Subclause 7

eral

2.2 described four options, a) to d), that the experimentalist can utilize wheh.unidenf

fracture ori
four optiong

C.1.2 Opt

Option a) in
an unidenti
unidentified
for positive
for “positivg
such cases,
to assign th
is preferred
specimen w,
origin was

be positivel
machining fi
case, it wou
report shou
unidentified
erroneous; g
(which is als
surface. Thg
positive idel

C.1.3 Opt

Option b) in
test specim
fracture ori

pins are encountered during fractographic examination. C.1.2 to C.1.5 further defin
, and use examples to illustrate appropriate and inappropriate situations.for their use

ion a)

volves using all available fractographic information to subjectively assign a specimen
fied origin to a previously identified fracture origin classification. Many specimens
fracture origins have some fractographic information<hat was judged to be insuffi
identification and classification. (It should be noted that the degree of certainty req
identification” of a fracture-initiating flaw varies ftem one fractographer to anothe
bption a) permits the experimentalist the use of the incomplete fractographic inform
e unidentified fracture origin to a previously ‘identified flaw classification. This o
when partial fractographic information is;available. As an example, consider a tg
here fractography was inconclusive. Fractographic markings may have indicated thg

y identified. Other specimens from>the sample were positively identified as failing
laws. It is recognized that machjning damage is often difficult to discern therefore, if
|ld be appropriate to use option a) and infer that the origin is machining damage. Thg
Id clearly indicate each speciméen where this (or any other) option is used for classi

specimens. The conclusion of machining damage in this example, however, coul
.g. the fracture initiatinlg flaw may have been a “mainstream microstructural feature”|]
o typically difficult to resolve and identify) that happened to be located near the spec
e possibility of ertaneous classifications such as this are unavoidable in the absen
itification of fracture origins.

ion b)

volves,assigning the unidentified fracture origin to that fracture origin classification ¢
b Closest in strength. The specimen closest in strength must have a positively ident

ified
e the

with
with
cient
hired
r.) In
htion
btion
nsile
t the

ocated at or very near the specimen.Surface, but the fracture-initiating flaw could not

from
this
test
fying
d be
B][12]

imen

ce of

f the
ified
sider

bin/[not one assigned using options a) to d)]. As an example of use of this option, con

a tensile specimen that shattered upon failure such that the fracture origin was damaged and lost,
but fracture was clearly initiated from an internal flaw. Other specimens from the sample included
positive identification of inclusions and large pores as two active volume-distributed fracture origin
classifications. When the fracture strengths from the total data set were ordered, the specimen closest
in strength to the specimen with the unidentified fracture origin was the specimen that failed due to an
inclusion. Use of option b) for this test specimen would then allow the unidentified origin to be classified
as an inclusion. Justification for option b) arises from the tendency of concurrent (competing) flaw
distributions to group together specimens with the same origin classification when the test specimens
are listed in order of fracture strength. Therefore, the most likely fracture origin classification of a
random unidentified specimen is the classification of the specimen closest in strength. The above
example can be modified slightly to illustrate a situation where option b) would be inappropriate. If, the
fracture origin classification of the specimen closest in strength was a machining flaw, then option b)
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would lead to a conclusion inconsistent with the fractographic observation that failure occurred from
an internal flaw. Fractographic evidence should always supersede conclusions from option b).

C.1.4 Optionc)

Option c) assumes that the unidentified fracture origins belong to a new, unclassified flaw type
and treats these fracture origins as a separate flaw distribution in the censored data analysis. This
may occur when the fractographer cannot recognize the flaw type because features of the flaw are
particularly subtle and difficult to resolve. In such cases, the fractographer may consistently fail to
locate and classify the fracture origin. Examples of flaw types that are difficult to identify include
machining damage, zones of atypically high micro porosity, and mainstream microstructural features.

Opti
appa|
whel
whel
distn
but t
grea
strer]
para

C.1.5%

Optipn d) involves the removal of test specimens with unidentified fracture origins from

(i.e. 1
and

when test specimens with unidentified fracture origins are randomly distributed thro

rang
a raf
first
to fr

is, thle 10 strengths are expected to bexrandomly distributed through the strength distrit

remg
origi

tn c) may be appropriate if a set of specimens with unidentified fracture origins have

ently related features. Unfortunately, there are many situations where option c) fis i1
e use of this option could result in substantial errors in parameter estimates; e.g)'cons
e several unidentified specimens are concentrated in the upper tail (high stréngth) of
ibution. These fracture origins may belong to a classification that has been-previousl
he smaller flaws at the origins were harder to locate, or possibly the origins were log
er fragmentation associated with high strength specimens. Use of-eption c) to tre

i
gth specimens as a new flaw classification would create a bias errorof unknown mag

neter estimates of the proper flaw classification.

Option d)

he strengths are removed from the list of observed<strengths). This option is rarely
s not recommended by this document unless there is clear justification. Option d)

e of strengths and flaw classifications. Thergsare few plausible physical processes that
dom selection. An example where option\d] is justified is a data set of 50 specimen|
10 fractured specimens (in order of testing) were misplaced or destroyed after testi
ictography. The unidentified speciméns were therefore created by a process that is r4

ining 40, and the 10 origin classifications are expected to be randomly distributed
n types of the remaining 40w (In this example, option b) could also be considered.)

similar and
correct and
der the case
the strength
y identified,
t due to the
these high
itude in the

the sample
hppropriate,
s only valid
ugh the full
create such
s where the
ng but prior
indom. That
ution of the
through the
Option d) is

t specimens
5 with more
unidentified

not appropriate where unidentified fracture origins are a consequence of high-strength teg
shatT;ring virulently such thatthe fragment with the origin is lost. This situation occur
freqyency in the upper tail‘(high strength) of the strength distribution, and thus the
fracture origins would\not occur at random strengths.

C.2 | Proper use and implementation of the four options

C.2.1
inco]
Opti
origins c

When partial fractographic information is available, option a) is preferred and should be used to
porate the information as completely as possible into the assignment of fracture origin classification.
' ituati ' unidentified

C.2.2 Situations may arise where more than one option will be used within a single data set; e.g. of five
specimens with unidentified origins, three might be classified based on partial fractographic information
[option a)], while the remaining two, which have no fractographic hints, might then be classified using
option b).

C.2.3 When specimens with unidentified fracture origins are contained within a data set, the test
report (see Clause 9) should include a full description of which specimens were unidentified, and which
option or options were used to classify the specimens.
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