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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards bodies
(ISO member bodies). The work of preparing International Standards is normally carried out through ISO
technical committees. Each member body interested in a subject for which a technical committee has been
established has the right to be represented on that committee. International organizations, governmental and
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in_fiaison with 150, also take part in the work. 1SO collaborates closely with
| Electrotechnical Commission (IEC) on all matters of electrotechnical standardization.

| Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Rart 2.
sk of technical committees is to prepare International Standards. Draft International Stand
the technical committees are circulated to the member bodies for voting., Publication as

| Standard requires approval by at least 75 % of the member bodies casting'a.vote.

drawn to the possibility that some of the elements of this document miay be the subject of p3
shall not be held responsible for identifying any or all such patent rights.

3 was prepared by Technical Committee ISO/TC 85, Nuglear energy, Subcommittee S
technology.
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This part of ISO 18213 describes statistical procedures suitable for the treatment of tank calibration and
volume measurement data for nuclear materials accountancy tanks. It is one part of a six-part International
Standard that deals with the acquisition, analysis, standardization and use of calibration data to determine
liquid volumes in process tanks for accountability purposes, and is intended for use in conjunction with other
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18213-2 (data standardization), ISO 18213-4 (slow bubbling rate), ISO 18213-5 (fast bubblin
18213-6 (in-tank determination of liquid density).

someone without formal statistical training, the methods of ISO 18213-3 might appear-to be un
plex. However, within the context of the data standardization model presented in, 6ther parts of
statistical methods presented herein have been kept as simple as possible: Data collg
dardization and statistical analysis go hand-in-hand. In order for one to meet(the target unce
blished for accountability purposes, it is necessary that the data standardization model be cor
measurement (instrument) capability and that the statistical error model-likewise be compati
standardization model. It makes no sense to use a highly refined data standardization mode
surement instruments. Conversely, the advantage of highly refined(and precise measurement

surement instrument, for example, does not improve results if the data standardization mo
mple, to take proper account of the effects of temperature variation.

larly, it makes no sense to use a sophisticated statistical model with either crude measure
e data standardization model. Conversely, an overly. simple statistical model, or one that is
the underlying data standardization model, yields poor results even when used with
umentation and a refined data standardization model. Because of the important r
rminations play in its overall accountability~-program, a facility typically devotes significant r
umentation for tank calibration and volumeé)determination. However, refined state-of-the-art m
Bbility by itself is not sufficient to meet\target uncertainty limits. Resources are also required t
standardization model and statistical.methods with quality comparable to that of the plant's m
bbility. The resources required for) data analysis are typically much fewer than those a

eone with the necessary traifing to guide the development and application of computational ar
hods that are comparable in-sophistication to the measurements to which they are applied.

statistical methods presented in this part of ISO 18213 are closely tied to the comprehensive

icable over a wide_range of measurement systems and operating conditions. As noted in the
B0 18213-1, itiisvnot always necessary, or even possible, for the operator to develop the full r
s in a givenfacility. Under these circumstances, the methods presented herein provide the fra
bloping a\‘reduced” calibration model, including suitable estimates of uncertainty, that is cor
‘reduced” standardization model developed for a particular tank.
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Nuclear fuel technology — Tank calibration and volume
determination for nuclear materials accountancy

Part 3:
Statistical methods

1 |Scope

Thig part of ISO 18213 presents statistical procedures that can be applied-to tank calibration
measurement data for nuclear materials accountancy tanks. In particular, this-part of ISO 18213 pr

a) |several diagnostic plots that can be used to evaluate and compare tank calibration data;

b) |a procedure for estimating the uncertainties of tank calibration measurements (i.e., detern
height and volume);

c) |a model for estimating either a tank’s calibration equation or its inverse (the measuremen
together with related uncertainties, from a set of statidardized tank calibration data (i.e., from
standardized height-volume determinations);

d) |a method for computing uncertainty estimates for determinations of liquid volume.

It i intended that the methods in this part.of ISO 18213 be used within the context of the ot

and volume
bsents

hinations of

t equation),
a series of

ner parts of

ISO[18213. Specifically, the methods-«présented in this part of ISO 18213 are tailored to the general

methodology described in ISO 18213 1)and to appropriate related algorithms in ISO 18213-2, IS
ISO[18213-5 or ISO 18213-6. Although the methodology in this part of ISO 18213 is intended for
spegifically within the context of.the other parts of ISO 18213, the methods are more widely af

0 18213-4,
application
plicable. In

particular, the statistical model presented in Clause 6 for estimating the tank's measurement equation from a

set pf standardized calibration”data can be applied, regardless of whether or not these data are
accprdance with the methods of ISO 18213. A similar statement holds for (propagation) methods
estimation: it is intended that the results in this part of ISO 18213 be applied to the specific modg
they were derived, butthe methods themselves are more widely applicable.

Thig part of ISO18213 provides a facility with the option to develop equivalent plant- or tank-spec
of sfatistical.@analysis as an alternative. However, if a facility adopts ISO 18213 and chooses not
equjvalent_alternative methods of statistical analysis, it is necessary to use the methods of
ISO[18213.

acquired in
of variance
Is for which

fic methods
to develop
this part of

2 Normative references

The following referenced documents are indispensable for the application of this document.
references, only the edition cited applies. For undated references, the latest edition of the
document (including any amendments) applies.

ISO 18213-1:2007, Nuclear fuel technology — Tank calibration and volume determination
materials accountancy — Part 1: Procedural overview

ISO 18213-4:2008, Nuclear fuel technology — Tank calibration and volume determination

For dated
referenced

for nuclear

for nuclear

materials accountancy — Part 4: Accurate determination of liquid height in accountancy tanks equipped with

dip tubes, slow bubbling rate
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ISO 18213-5:2008, Nuclear fuel technology — Tank calibration and volume determination for nuclear
materials accountancy — Part 5: Accurate determination of liquid height in accountancy tanks equipped with
dip tubes, fast bubbling rate

ISO 18213-6:2008, Nuclear fuel technology — Tank calibration and volume determination for nuclear
materials accountancy — Part 6: Accurate in-tank determination of liquid density in accountancy tanks
equipped with dip tubes

3 Symbols

The symbols_used in this part of ISO 18213 are defined below The symhols are listed in the first column of
the table, ppproximately in order of appearance. Some symbols are introduced in groups, suchCap in
connection [with a particular equation. The ordering of symbols within such a group may differ from their
appearancg in the text if doing so makes the information easier to use. The location at which each ‘symbolffirst
appears is given in the corresponding row of the second column. The definition or usage of each symbpl is
presented in the third column.

Symbol First reference  Definition/Usage

Y 5.2.1 response variable (either height or volume, height-by convention)

X 5.21 control variable (either volume or height, vélume by convention)

i 522 subscript that denotes either calibration increment number or observption
number

Y; 522 standardized elevation of a point in the tank above some pre-established

reference point, typically. associated with the standardized volume
determined from the liguid added during the first i increments |of a
calibration run

X 522 standardized volume of the tank determined from the total volume of ljquid
added during the first i calibration increments, i.e., the standardized
volume of'the'tank below Y;

j 5.2.2 subseript

X; 522 standardized volume of the jth increment of calibration liquid

(X, ;) 5.2.2 standardized volume-height data pair for the ith calibration increment

forfl..) 5.2.2 generic function, the tank calibration equation, by convention

Y=a+pX}e 5.2:3 equation that expresses height as a linear function of volume

a, p 5.2.3 equation parameters

£ 5.2.3 residual (height), the difference between the observed value of the
response variable (Y) and the corresponding predicted value (a+ gX),
Y-a-pX

a, b 523 estimates of ¢, S

Y 523 predicted response (height by convention) derived from some functional

relationship between height and volume, Y =a + bX

Y;—a-bX; 5.2.3 estimated residual, the estimated difference between observed and
estimated values of the response variable for the ith calibration increment,

2 © 1SO 2009 — All rights reserved
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pf calibration

quations or

convention

hcrement of

b at start of

bbling probe

e observed
e tip of the

rface at the

Y=AX) 5.2.3 tank calibration equation

A 5.2.4 difference operator

AY 5.2.4 change (difference) in the response variable (height), typically between
two calibration increments

AX 5.2.4 change (difference) in the control variable (volume), typically between two
calibration increments

m[ 52 4 L,uulputcd O:U}JU (uhallyc ;II hc;yht pUI un;t uhallgc ;II VU:UIIIU)
equation for the ith calibration increment, AY/AX;

11, /b 5.2.51 generic functions, typically used to denote calibration €
segments thereof

j} 5252 estimate of the function /, the estimated calibration equation by

T; 5.31 temperature, in either the tank or the( prover, of the ith i
calibration liquid

t; 5.3.2 time associated with the ith calibration increment, e.g., tim
increment

At 5.3.2 time required to complete-the ith calibration increment, 7, — ¢,_4

T 6.1, Eq. (6) measured temperature’of tank liquid

T, 6.1, Eq. (6) reference temperature established for calibration

Hy 6.1, Eq. (6) height ofsa.point in the tank at measured temperature 7,

H, 6.1, Eq. (6) heightof a point in the tank at reference temperature T,

6.1, Eq. (6) observed difference in pressure between the submerged bu

and the reference probe

M 6.1, Eq.(6) “corrections” that compensate for differences between th
pressure at the manometer and the actual pressure at th
submerged probe

M 6.1, Eq. (6) average density of the liquid in the tank at the measured tempgrature 7,

Pas 6.1, Eq. (6) average density of the air in the tank above the liquid su
prevailing pressure

g 6.1, EQ. (B) focal value of the acceleration due 1o gravity

Qex 6.1, Eq. (6) coefficient of linear thermal expansion for the dip tubes

AT, 6.1, Eq. (6) difference between the measured and reference temperatures, 7,,, — 7,

var(...) 6.1 variance operator, e.g., var(H,) denotes the variance of H, and var(AP)
denotes the variance of AP, etc.

f‘1 6.1 estimate of f‘1

f‘1 71 inverse of f, the measurement equation, by convention

© 1SO 2009 — All rights reserved
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H=AV) 71 generic expression for the calibration equation

V= f’1 (H) 71 generic expression for the measurement equation

horh(..) 7.2.1, Eq. (10)  generic function, f’1 , by convention

£ 7.2.1, Eq. (10)  residual, the difference between the observed value of the response
variable (Y) and the corresponding predicted value A(X), Y — h(X)

& 7.2.1 residual difference between the observed value of the response variable
(;[) al Id thc UUIICO'JUIId;IIy plUd;\;tUd VCI:UC ;l(/‘ll) fUI thc Lt:‘l bd“bl tion
increment, Y; — h(X;)

h 7.2.1 estimate of 4, typically 4 = f‘1

s 7.2.1, Eq. (11)  subscript

¢ 7.2.1, Eq. (11)  “cut point,” point in the (height) range of the measurement equation

S 7.2.1,Eq. (11)  number of segments (intervals) into which theZrange of the measurement
equation is partitioned by cut points

co 7.2.1, Eq. (11) left-hand endpoint of the first segment, bsually 0

cg 7.2.1, Eq. (11)  the right-hand endpoint of the largest segment, usually the largest valtie of
the control variable, i.e., cg = X, 3«

h 7.21,Eq. (12)  function defined over theiinterval (c,_4, ¢,), i.e., function defined for values
between ¢, and ¢, where s ranges from 1to S

yir 7.2.1 model parameters.(; denotes the intercept)

n 7.2.1, Eq. (16)  total number.of observations, i.e., total number of height-volume data pairs
(X, 7))

p+1 7.2.1, Eq. (16)  number of parameters in the specified model

Y 7.2.1, Eq. (16) (yrx 1 vector of (response variable) observations

H 7.21,Eq.(46) nx (p+ 1) design matrix

B 7.2.1+Eq. (16)  (p + 1) x 1 vector of model parameters

€ 721, Eq. (16)  n x 1 vector of residual differences, i.e., n x 1 vector of fitting errors

o (c?) 7.2.1 standard deviation (variance) of the components of &

hy, ho, hy 7.21 generic functions

0 7.2.2 (p + 1) x 1 vector of perturbations to the vector of model parameters, p

Oj 7.2.2 (p + 1) x 1 vector of perturbations to the vector of model parameters, B,

' attributable to the jth run

6k 722 kth component of 8;

ﬁj 722 (p + 1) x 1 vector of model parameters for the jth run, ﬁj =B+ Gj

4 © 1SO 2009 — All rights reserved
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Bk 7.2.2 kth component of B;

E(...) 7.2.2 expectation operator

0’ 7.2.2,Eq. (18) transpose of the vector 6

®2 7.2.2, Eq. (18)  variance-covariance matrix of (the components of) 6

(Xj,i' Yj,i) 7.2.2 ith standardized height-volume data pair from jth calibration run

n; 722 Eq—(+9)—totatmumberof observations, e totatmumberof hetght=votume data pairs
(Xj,,., Yj,l.), from jth calibration run

Y; 7.22,Eq.(19)  n;x 1 vector of (response variable) observations frgmithe jtn calibration
run

Hj 7.2.2, Eq. (19) n; x (p + 1) design matrix for the jth calibrationyrun

g 7.2.2,Eq. (19)  n;x 1 vector of residual differences (fitting errors) for the jth cafibration run

r 7.2.2,Eq. (19)  number of calibration runs

H'j 7.2.2,Eq. (21) transpose of the matrix Hj

o, af) 7.2.2,Eq. (21) standard deviation (variance) of the components of g

| 7.2.2, Eq. (21) n;x n; identity matrix

Y 7.2.2,Eq. (22) ith component@©f the vector Yj

h'j,l 7.2.2,Eq. (22) ith row ofithe design matrix Hj

B,£262 etc. 7.32 respective estimators of B ;,£5,02, etc.

& 7.3.2 ith component of g;

ﬁj 7.3.2,Eq. (26) estimated measurement equation from data of the jth calibratign run

ﬁ 7.3.3.1 estimator of B

X 71:3.3.2 specified (unobserved) value of the control variable ([volume by
convention)

Yq 7.3.3.2 value of the response variable (height) at X,

h} 7.3.3.2 row of the design matrix, H, that corresponds to X,

;0 7.3.3.2 predicted (mean) value of the response variable Y; at Xy, h'oﬁ

62,éj 7.3.3.3 respective estimators of ®2 and Bj

vér(. ) 7.3.3.3 e:[stimated variance, e.g., vér(ﬁ) denotes the estimated variance of ﬁ
etc.

52 7.3.3.4 estimator of &2

£ 7.3.34 estimator of g;

© 1SO 2009 — All rights reserved
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s of
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éjJ- 7.3.34 ith component of ?:_j, estimate of the ith component of g
n 7.3.3.4 total number of observations from all runs, an
J

£ 7.4, Eq. (37) prediction error for a new (future) value of Y,
80: Yo—h(Xo): YO— hb(B+e)

fo 7.4 estimated (predicted) value of Y

a 7.5.2.1, Eq. (40) specified confidence level (typically 0,025 or 0,05)

69 (&3) 7.5.21, Eq. (40) estimated standard deviation (variance) of )%0, given by Equation (35)

v 7.5.2.1, Eq. (40) (approximate) degrees of freedom for the variance estimate o“-g

to(V) 7.5.21, Eq. (40) 100(1 — &/2) % point from the z-distribution with parameter (degreq
freedom) v

S12,S22 7.5.21 quantities used to compute degrees of freedom, (v

Ve, Vo 75.21 component degrees of freedom

vV, w 7.5.2.1 quantities used to compute degrees of freedom, v

X 7.5.2.2 an arbitrary unspecified value of the control variable (volume)

?X 7.5.2.2 predicted (mean) value of the-response variable (height) at X, h'Xﬁ

h'y 7.5.2.2 row of the design matrix,H that corresponds to X

Gy ((})2() 7522 estimated standard’deviation (variance) of ;X

v 7.5.2.2 (approximate) degrees of freedom for the variance estimate, &)2(

F (p+1v) 7522 100(1 % @) % point from the F-distribution with parameters (p + 1) and

ﬁnew 7523 estimator of B computed from the data of a new calibration run

)%X,new 7523 predicted (mean') va!ue of thg response variable (height) at X obtg
from the new calibration equation, h'yB o\

G X new (&g’,new) 7.5.23 estimated standard deviation (variance) of )%X,new

vy, Vo 75:2.3 (approximate) degrees of freedom for components of the vari
estimate 6%

6X(&)2() 7.5.3.2 estimated standard deviation (variance) of Yy

Hy 8.2.1 a standardized reference height (at reference temperature 7,), Hy = X,

Vo 8.2.1 standardized reference volume that corresponds to the height Hj =X,
VO = YO

var(VO‘pred) 8.2.1, Eq. (55) varianpe of the (mean) predicted volume obtained from the measurement
equation at Hj

var(VO’new) 8.2.1, Eq. (65)  measurement component of variance of a (new) volume determination at

Hy
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var(VQtrans) 8.2.1, Eq. (65) component of variance of a (new) predicted volume resulting from the
“transfer” of uncertainty in Hythrough the measurement equation

Gﬁ(Ho )/6(Ho) 8.2.1,Eq. (57) derivative of the estimated measurement equation 7, taken with respect
to H and evaluated at H = H|

m 8.2.1 the volume at temperature 7,,, of the standardized reference volume, 7
T3 8222 specified temperature
V3, D3 8222 |Uapcut;vc dcllo;ty atre VU:UIIIU, at tUIIIpUIGtuIU T3, of—=a :lq yid that has

volume V), and density p,, attemperature 7,

Vi, Vo 8.3 specified standardized volumes
AV 8.3 difference between two specified volumes, V; —
AL 8.3 row vectors that correspond respectively to.the standardized height H,
and H,

4 |Data required

Thig part of ISO 18213 applies generally to data acquired during‘the process of data collection gnd analysis
fornlank calibration and volume determination as outlined in 1ISO<18213-1. Specific procedures apply either to
particular subsets of these data or at various stages in the _process pertaining to their acquisitign, analysis,
intefpretation and use. The data to which a particular statistical procedure applies and the stage in the
progess at which the procedure should be used are jdentified in the subclause(s) where that grocedure is
disqussed.

5 |Diagnostic plots

5.11 Overview

Diagnostic plots are among the maost powerful tools available for analyzing and verifying volume measurement
datg. Plots are particularly usefulfor identifying anomalous observations and measurements in g set of tank
calibration data. They are also,quite useful for comparing the (standardized) data from two calibration runs
and|for comparing two estimates of the tank's calibration equation. Plots that may be used to evalyate a set of
calibration (height and &welume) data are presented in 5.2. Plots of auxiliary data (time, temperature) are
pregented in 5.3. Examples of all plots are given in Annex A.

5.2| Calibration data

5.2.1 General comments

The]plcts discussed in 5.2 may be based on either the tank's calibration equation or its measurement equation.
For plots based on the calibration equation, the response variable (denoted by Y) represents the height or
elevation and the control variable (denoted by X) represents volume or increment number. For plots based on
the measurement equation (the inverse of the calibration equation), the interpretation of Y and X is reversed: Y
denotes volume and X denotes height. Both plot orientations can be useful in a particular application and both
are illustrated in Annex A. For convenience, only the term “calibration equation” is used in 5.2, with the
understanding that the discussion also applies to the measurement equation.

The plots of 5.2 can be constructed from data that are presented in various forms. A specific plot is typically
constructed from the standardized data from a particular calibration run, but it can also be constructed from
the corresponding raw data, or from “data points” obtained by evaluating the tank's estimated calibration (or
measurement) equation at a number of selected points. Although it is possible to construct plots from raw
calibration data, the analysis of raw data is generally not recommended because meaningful comparisons are
difficult, particularly if measurement conditions vary significantly during the period(s) of data collection.
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Finally, it is often useful for comparative purposes to superpose or overlay several plots on a set of common
axes. A plot obtained by superposing profile variation plots of the calibration data from several individual runs,
for example (see 5.2.3), is very useful for examining run-to-run variations. Likewise, overlaying a profile
variation plot of the data from a new calibration run on that from a previous estimate of the calibration equation
can be very helpful for verifying that the tank's calibration equation has not changed since the previous
calibration.

5.2.2 Cumulative (Y vs. X) plots

A cumulative plot displays the relationship between the height or elevation of points in a tank above some pre-
selected reference point, Y, and the corresponding volume of the tank, X, below these points. A cumulative

plot shows
As noted in

a) from th
b) from th
c) froma

In the first {
increment (g

volume, required to reach this height. In the latter case, the plotted “data’ are obtained by evaluating

tank's estim
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calibration
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where x; dqg
plot is obt3
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number of f
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ne generdal reatures (shnape) or the neigni-voruimne relationsnip 101 tne tark.
5.2.1, a cumulative plot can be constructed

e standardized data from a particular calibration run,
e corresponding raw data (generally not recommended), or
previously defined calibration equation for the tank, expressed in functional ortabular form.

WO cases, the response of the tank’s measurement system, e.g., “liquid-height,” is plotted for 4
f the calibration run against a measure of the total amount of calibration liquid, e.g., cumula

ated calibration or measurement equation at a number of seletctéd points.

oint, of a point in the tank determined by the liquid added during the first i increments
run. Similarly, X; denotes the (standardized) total~volume of the tank below that point
from the volume of liquid added during the first i calibration increments, as given in Equation (1

I~

LY
notes the standardized volume of-the”jth incremental addition of calibration liquid. A cumula
ined by plotting the standardized-volume-height pairs (X;, Y;) derived from the raw data
alibration run. Methods for cemputing the standardized values X; and Y, from a set of
ata are described in ISO 18213-2.

seful for comparative purposes to overlay plots of the standardized data from several calibrg
S0 possible to include-a cumulative plot derived from a previously defined calibration equation,
plot. This is done-by plotting the points [X;, f{X;)] obtained by evaluating the function at a suit
oints.

bn of the/cumulative plot (and all other plots discussed in 5.2) is to plot the response vari
ementsnumber, i, instead of against cumulative volume, X.. However, when several plots
alid.comparison is possible only when all data are plotted on a common scale.

ach
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able

able
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Cumulative

piotsstiow the generatfeatures of the tank s profite (e, its height-votume Tefationship)—They

can

also reveal gross differences in the data from several calibration runs, or among the data of several calibration
runs and some pre-established calibration equation. However, the plotting range on the vertical scale is
generally too large to provide adequate resolution for detecting

small differences in tank profile, or

outlying points in a set of calibration data.

Variations in tank profile and anomalous data points are more easily detected with the aid of the profile
variation and incremental slope plots discussed in 5.2.3 and 5.2.4, respectively.

© 1SO 2009 — All rights reserved


https://standardsiso.com/api/?name=417a09d3b826f0b18b6ddc762da30818

ISO 18213-3:2009(E)

5.2.3 Profile variation [(Y — a — bX) vs. X] plots

A profile variation plot shows the difference between the observed height, Y, and an estimate of height
computed from an equation that expresses height as a linear function of volume, Y=a+bX, versus the volume,
X, of the tank below the corresponding height. In other words, the profile variation plot shows the variation in
the free (unobstructed) cross-sectional area of the tank about its average free cross-sectional area. A profile
variation plot provides greater resolution in the vertical (“height”) scale than the cumulative plot, thereby
revealing greater detail about the free cross-sectional area of the tank.

Like the cumulative plot, the profile variation plot can be constructed from

a) |the standardized data from a particular calibration run,

b) |the corresponding raw data (generally not recommended), or

c) |a previously defined calibration equation for the tank, expressed in a functional form.

In the first two cases, a profile variation plot is obtained by plotting, for each increment of a calibration run, the

“residual height” against the corresponding cumulative volume. The residual heights are the|differences

between observed heights and corresponding estimates computed from a’linéar function chosen|to describe

or “fit" the relationship between height and cumulative volume in theiselected data. In the latgr case, the

plotied “data” are obtained by first evaluating the tank's estimated calibration or measurement equation at a

number of selected points.

In the notation of 5.2.2, where Y denotes standardized (liguid) height and X denotes the cofresponding

starjdardized cumulative volume, the profile variation plot is‘obtained by plotting the following point$:
(Yi_);i»Xi):(Yi—a_in’Xi) (2)

for all pairs of observations (X;, Y;) obtained during the calibration run. In Equation (2), 2 and b are §

the
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Void the first and last points because they tend to be more anomalous than other points in the r|

coefficients « and gin the linear relationship Y=a+ PX +& employed to describe the data.

main objective of the profile variation plot is to increase the resolution in the vertical (height
the method used to estimate « and”f is secondary to this objective. The coefficients a and » m
bast squares regression estimates of the intercept and slope for a straight-line fit to the cali
Y.). Alternatively, « and b may)be taken as the slope and intercept of a line that passes through
t, e.g., the second or third,)and a terminal point, e.g., the next-to-last, of the run. It is general

vith cumulative plots, it can be useful for comparative purposes to overlay profile variation
dardized date from several calibration runs. It is possible to include a profile variation
iously defined calibration equation, £, in the overlay plot by evaluating the function Y = f{.X)
ts, X;, and computing Y; — a — bX; for each. It is also possible to make profile plots from the rg
is not.recommended for the reasons cited in 5.2.1.

pn_data from several calibration runs or tank calibration equations are being compared

bstimates of

dimension,
ay be taken
pration data
some initial
y advisable
un.

plots of the
blot from a
at suitable
w data, but

the linear

coe

ensure that all data are plotted on a common scale.

5.2.4

Incremental slope (AY/AX vs. X) plots

fficients a and b should be determined from the aggregated data from all runs or equations of interest to

The incremental slope plot displays the incremental changes in the slope of the calibration function, i.e.,
changes in height between successive calibration increments with respect to the corresponding incremental
changes in volume, plotted relative to the volume of the tank below the associated height. In other words, an
incremental slope plot displays the rate of change in liquid height in the tank per unit change in volume for
each volume increment in a calibration run. Incremental slope plots reveal great detail, so they are very useful
for detecting small changes in tank profile that would not be revealed by cumulative or profile variation plots.
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Consequently, incremental slope plots are especially useful for detecting outliers and other small data

anomalies.

As with previously discussed plots, the incremental slope plot can be constructed from

a)
b)

c)

the standardized data from a particular calibration run,
the corresponding raw data (generally not recommended), or

a previously defined calibration equation for the tank, expressed in a functional form.

If Y denotes
the change

A

m;

(1
(1

where (X;_,
calibration
calibration i

It can be ug
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They can a
slope plots
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at suitable points ..

5.2.5 Con

5251 (

As its name

Comparison plots are typically-used to display differences between a set of calibration data and s

reference fi

used to display

in height per unit change in volume, for the ith calibration increment is given in Equation (3):

V./AX ;

(i = Yia) (X = Xq)

(=Y 1)/x;

Y, 1) and (X, Y;) are the cumulative volumes and heights, respectively, from the (i — 1)th an

ncrements. The incremental slope plot is created by plotting ni;. versus X; for the sele
hcrements.

eful for comparative purposes to overlay several incremental slope plots. Incremental slope {
laid to compare standardized data from the same dip tube acquired over several calibration r
so be overlaid to compare data from several dip tubes acquired during a single run. Increme
of data from different runs can be especially helpful for detecting subtle changes in prd
cremental slope plots of data from several probes ‘collected during the same calibration run
letecting anomalous measurements. As with ether plots, it is possible to include an increme
om a previously defined calibration equation.in the overlay plot by evaluating the function ¥ =

hparison and residual plots

fomparison {[Y — f{X)] vs. X-0r[f;(X) — f5(X)] vs. X} plots
implies, a comparisop-plot is a graphical comparison between two equations or two sets of @

nction, such as the tank’s previously estimated calibration equation. Comparison plots can als

ces between data from two calibration runs,

ces, between two functions (e.g., f; and f;), such as new and old estimates of the calibra
n;-or

standardized height and X denotes standardized cumulative volume, the incremental slope i, i

@)

i ith
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Lins.
ntal
file,
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tion

a) differer
b) differer

equatiqg
c)

estimates of the calibration equation derived by the operator and the inspector.

It is often desirable to select one of the entities as a reference for the comparison.

As in 5.2.2, let Y denote the (standardized) liquid height and X denote the (standardized) cumulative volume.
Then the plot for comparing a new set of calibration data with some function, f, of interest, such as a
previously determined calibration equation, is obtained by plotting the following points:

[Yi =1 (X,), ]

10

(4)
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for all pairs of observations (X;, Y;) obtained during the calibration run. It is clear from Equations (2) and (4)
that the profile plot is a special case of the comparison plot in which the function, f, has the linear form
A(X) = a+ pX. Moreover, the residual plot discussed in 5.2.5.2 is a special case of the comparison plot in which
the reference function, f, is estimated from the data (X}, Y;) by statistical methods.

For examining the data from several calibration runs, it is particularly useful to overlay several plots in which
the data from each run are compared with a common reference function, such as a previously determined
estimate of the calibration equation. A plot of the differences between estimates of the tank's calibration
equation from successive calibration exercises shows the extent to which the calibration has changed over
time. Small differences indicate, for example, that the calibration equation has not changed significantly
between calibrations. It is possible to construct various comparison plots that are quite useful for analysing
tani calibration data. However, it is also easy to create plots that are confusing and difficult to_interpret, so
carg is required to avoid useless or misleading plots.

5.25.2 Residual {[(Y- f (X)] vs. X} plots

A rgsidual plot is a special type of comparison plot that differs from a general comparison plot only in how the
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rence function is determined. Whereas any function may be used to make ‘@ comparison pl
Hual plot is reserved for the case in which the reference function is obtainged by “fitting” the data

ht and X denotes standardized cumulative volume, then the residual plot for a set of calibra
ined by plotting the following points:

I:Yi_J}(Xi)’Xt}

pll pairs of observations (X;, Y;) obtained during<the calibration run. In this case, the fun
mated from the calibration data by means of some statistical fitting procedure such as, for exa
Bres regression.

idual plots are used primarily for evaluating the “goodness” of various ftrial fits to a set of |
bration data in the search for a suitable estimate of the tank's calibration equation. Since re
v differences between the observed\data points and the proposed estimate, they play a key
el fitting process of 7.3. When a model is fitted simultaneously to the data of several calibrati

briainty estimates.

Auxiliary data

I Temperature/plots

mperature plot displays the temperature associated with each calibration increment on the v
us increment number on the horizontal scale. The temperature of interest may be either
prationt liquid in the prover or the liquid in the tank. If 7, denotes the temperature of interes

pt, the term
of interest.

construction of a residual plot is identical to that of a comparison¢plet. If Y denotes standandized liquid

tion data is

(®)

ction, f is
mple, least-

tandardized
sidual plots

role in the
bNn runs, the

esponding residual plot alse.'shows the extent to which run-to-run variation influences the resulting

ertical scale
that of the
t for the ith

pration increment, then the temperature plot is a plot of the values T; versus i.

Depending upon which data are selected, a temperature plot provides an easy way to examine changes in the
temperature of liquid in either the prover or the tank that occurred during a calibration run. Moreover, an
overlay plot that shows, for each increment, the temperature of the liquid both in the prover and in the tank is
convenient for determining the extent to which liquid temperature in the tank differed from that in the prover at
any time during the run.

Temperature plots are very useful for examining the data collected during a single calibration run. Overlay
plots of temperatures from several calibration runs are useful for evaluating the overall temperature variation
during a calibration exercise.
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5.3.2 Inter-increment time plots

The inter-increment time plot is a plot of the elapsed time between successive calibration increments versus
increment number. If #; denotes the time at which the ith calibration increment is completed, then the inter-
increment time plot is simply a plot of the differences At; = ¢, —t,_4 versus i. This plot provides an easy way to
identify any excessive delays between successive increments of the calibration run. Only data from a single

calibration run are used to construct an inter-increment time plot.

6 Uncertainty estimation for calibration data

6.1 Mealurement system response (height)

Methods fqr estimating the uncertainty of measurements made with the tank's measurément sygtem
(manometef) are presented in this subclause. In particular, a formula is presented fof>€stimating|the
uncertainty|of height determinations derived from pressure measurements made with @ tank's pneumatic
system.

Expressiong are given in ISO 18213-4:2008, Equations (7) to (9), or ISO 18213-5:2008, Equations (8) and|(9),
for determining H,, the elevation of a point in the tank above a fixed referencepoint at some pre-determ|ned
reference temperature. A simplified form of that expression, in which H, is given in terms of the pressure
exerted by p column of liquid in the tank at the tip of a submerged dip tube\at reference temperature, T, [of a
point in thg tank whose height at the measurement temperature F;was H),, has the form givep in
Equation (6)):

Hy = (pP=cm)/| 2(pm = Pas )(1+ exATy ) | (6)
where
AP is the observed difference in pressure between the submerged bubbling probe and the

reference probe that vents into the tank above the liquid surface;

M denotes the “corrections™ that compensate for differences between the obsefved
pressure at the manometer and the actual pressure at the tip of the probe;!)

M is the average, denpsity of the liquid in the tank at the measured temperature 7,,;

Pas is the average density of the air in the tank above the liquid surface at the prevalling
pressure;

g is{he'local value of the acceleration due to gravity;

(27 is the coefficient of linear thermal expansion for the dip tube;

AT, =f1+=3, s the difference between the measured and reference temperatures.

It is now possible to express the variance var(/,) of the height determination, H,, in terms of the quantities on
the right-hand side of Equation (6). Each quantity is considered in turn. In practice, suitable estimates of these
quantities are used to compute an estimate of var(#,).

1) ltis not the purpose of this part of ISO 18213 to present a detailed discussion of the corrections denoted by c),, except
as they apply to variance estimation. A detailed development of Equation (6) is presented in ISO 18213-4:2008 for a slow
bubbling rate and in ISO 18213-5:2008 for a fast bubbling rate.
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At a given location, the acceleration due to gravity is constant. Consequently, any error in estimating this
quantity appears as a bias in the determination of H,, but does not otherwise contribute significantly to its
variance. The factor, g, is therefore treated as a constant?).

Similarly, the thermal correction factor, (1 + agAT,,), is retained as a bias correction, but is taken as a
constant for variance estimation. Except in extreme cases, the contribution of the variability in this quantity to
the total variability, var(#,), is negligible because variability in (1 + a,AT),) due to temperature measurement
variability is quite small. If it is further assumed that the quantities AP, ¢y, py and p, ;are independent, then,
to a first-order approximation, the variance of H, can be expressed in terms of quantities on the right-hand side

of Equation (6) as given in Equations (7) and (8):

or

In
ord
vari
take

The)

var(H )= [g(1+anATm)J72 [(AP—cM)/(pM ~Pa )Jz[var(AP—cM)/(AP—cM)z +var(py —pays)/(

var(H )

(110)? | var (aP—eu)/(aP—eu)? +var (= ) (o =ras )]

ost cases, the contribution to var(H,) of variability in the correction terms, ¢y, is quite small, b
r of 103 or less for each measurement. Similarly, the contribGtion of variability in p,
pbility of 7, is typically quite small. If the quantities var(cy;) andvar(p, ;) are ignored 2), then |
s on the form of Equation (9):

var(H,) - (Hr)z{var(AP)/(AP—cM)z +var (o) (o _pa,s)z}

following considerations apply to the estimation;of the quantities in Equation (9).

The standardized height, H,, is computed_from AP by means of either ISO 18213-4:2008, E
to (9) (for a slow bubbling rate), or IS©.18213-5:2008, Equations (8) and (9) (for a fast bubbl
appropriate.

AP is observed. Ideally var(AP)'is estimated from replicated observations of AP made u

properties of the instrument’ (manometer) used to measure AP (as supplied, for example, by
and verified at the(Tacility). The alternative is less desirable because an instrument
characterized undet-garefully controlled conditions that do not reflect actual measurement ¢
the facility wherelitywill be used.

The corrections denoted by ¢y, are computed by means of either ISO 18213-4:2008, Equatio
(for a slow" bubbling rate), or 1SO 18213-5:2008, Equations (8) and (9) (for a fast bubblin
appropriate.

The determination of the density, py,, depends on the liquid being measured. For calibration

pM—pa,s)z}

(7)

(8)

eing on the
to the total
Fquation (8)

9)

nuations (7)
ng rate), as

hder typical

measurement conditions. Alternatively, var(AP) is estimated from a statistical characterization of the

the vendor
is usually
onditions in

ns (7) to (9)
g rate), as

liquids that

have been well characterized (e.g., demineralized water), the density may be defermined either
numerically or from pre-established tables (see ISO 18213-1:2007, 6.5.4). It is possible, for example, to
obtain highly accurate values of the density of water from measurements of its temperature by means of
the equation given in ISO 18213-6:2008, Clause 3.

NOTE This equation is also given in
ISO 18213-5:2008, Annex A.

ISO 18213-2:2007, Annex A; [SO 18213-4:2008, Annex A; and

2) The simplifying assumptions made here are generally acceptable under normal operating conditions. However, it is
necessary to verify any assumptions for each application. If an assumption seems questionable or it cannot be verified in a
particular situation, then it is necessary to retain the relevant terms in subsequent calculations.
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For a process liquid that is not well characterized, its density may be determined either analytically (in the
laboratory) or by means of in-tank measurements. If the density is reported by the laboratory at some
standard reference temperature, then a suitable interpolation equation is required to determine the
density of the liquid at its in-tank measurement temperatures. A method is given in ISO 18213-6 for
computing accurate density estimates for process liquids at in-tank measurement temperatures. In the
absence of a good working knowledge of how the density of the measured process liquid changes with
temperature, it is possible that estimates derived from in-tank measurements are actually superior to
those obtained from the laboratory. However, the accuracy of in-tank estimates depends critically on the
quality of the probe-separation determination used in their computation. A procedure for making very

precise determinations of probe separation is presented in ISO 18213-6:2008, 6.2.

— var(py) is obtained as appropriate, depending on how py, is determined. If py, is determined analytic
laboratory is expected to provide an estimate of the uncertainty for the density value it\rep
rocess liquid, where the density is estimated from in-tank measurements, the variance|of py
ated as given in ISO 18213-6. This estimate is further considered in 8.2.1, where an equatia
given for estimating the variability of a volume determination in terms of the nariability of
corresponding standardized height, #,, and the estimated measurement equation, Vp= f‘_1 (H,).

— The airdensity, p, ,, is computed from measurements of prevailing atmosphericiconditions as indicatg
either [ISO 18213-4:2008, Clause A.2, or 1SO 18213-5:2008, Clause A.2:“0 the absence of d
measurements, p, ; may alternatively be estimated for “standard” or “typical® atmospheric conditions.
use of direct measurements is preferable, but differences between thedwoalternatives are typically g
small and the effect on Equation (9) is negligible (see either SO 18213-4:2008, Clause A.2
ISO 18213-5:2008, Clause A.2, for details). If an estimate of var(g, ,) is required, it may be derive

ally,
Dris.
can
nis

the

din
rect
The
uite

or
d in

either |case from Equation (A.3) in either 1SO 18213-4:2008 wor [SO 18213-5:2008 with the aig of

propagftion-of-variance methods.

6.2 Measurements of tank content (volume, mass)

As with mahometer measurements of tank content made with the tank's pneumatic system, it is possibl
estimate thg uncertainties of independent measurements of tank content made with the prover. In practice

too complex to comipute from engineering drawings with sufficient accuracy for safeguards accounta
purposes. Therefore, a calibration exercise is conducted to obtain data for “calibrating the tank”, that is
estimating ¢ither the tank's calibration equation or measurement equation. The twofold purpose of this clg
is

e to
the

,| are

mall
bver

D, is
Dility
for
use

a) to present a statistical model for estimating a tank’s calibration or measurement equation from a set of

(standardized) calibration data, and

b) to describe how this equation is subsequently used to make volume determinations.

Details concerning the construction of the model, its representation in matrix terms, procedures for estimating
model parameters and the computation of associated uncertainties are presented. A method for comparing

two or more estimates of the measurement equation is also presented.

14 © IS0 2009 — All rights reserved


https://standardsiso.com/api/?name=417a09d3b826f0b18b6ddc762da30818

ISO 18213-3:2009(E)

The statistical measurement model presented in 7.2 may be used to estimate either the tank's calibration
equation or its measurement equation. For estimating the calibration equation, the response variable, always
denoted by Y, represents height or elevation and the control variable, denoted by X, represents volume. As
with the plots in Clause 5, the interpretation of ¥ and X is reversed for estimating the measurement equation
(the inverse of the calibration equation). It is theoretically correct to estimate the calibration equation, H=f(V),
and invert this estimate to make subsequent volume determinations. However, it is simpler to estimate the
measurement equation, V=f‘1(H), directly and the added complexity induced by the inversion step is
seldom warranted in practice. For convenience, it is, therefore, assumed that the statistical model of 7.2 and
7.3 is being used to estimate the measurement equation, with the understanding that the discussion can also

be applied to the calibration equation.

It is
for
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assumed throughout this clause that the calibration data have been suitably standardized.to
variations in measurement conditions during the calibration exercise (see ISO 18213-2

rence conditions should not be used to estimate the measurement equation because it is

expression is given in 7.4 [(Equation (39)] for the uncertainty of volume predictions ma
mated calibration equation. In 8.2, this expression is combined with the-uncertainty estimat
ht determination as derived in 6.1 to obtain an expression for the total uncertainty o
rmination made by evaluating the estimated measurement equation at the given height de
h determinations, which are the major product of the tank calibration and volume determinatio
ndamental importance in any accountability programme for bulk’materials in a nuclear facility.

modeling approach presented here represents an advance over conventional practice in thg
simultaneous estimation of the entire calibration equation 3). This approach not only makeg
er to use, but it also simplifies and improves the*estimation of uncertainties for model para
me determinations.

ompensate
and either

18213-4 or 1SO 18213-5, as appropriate). Data that have not been standardized‘to a fixed set of

possible to

in an estimate that yields seriously biased estimates of volume and volume measurement uncertainty.
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7.2] Measurement model
7.21 Model construction
A sfatistical model for estimating,'a' tank's volume measurement equation is presented in this subclause and

further developed in 7.2.2. The general form of the model is as given in Equation (10):

whs
den
vari
the
ie.,

h(X)-i—e

re, by the convention of 7.1, the control variable X denotes standardized height, the respons
btes standardized volume, and / denotes the measurement function f=1. For each observation
bble ¢; =¥, ~ h(X)) represents the difference between the observed value, Y, of the response
corresponding predicted value, 4(X;). The function, 4, is described by various parameters that g
estimated from, a particular set of calibration data. To compute a suitable estimate

meg

(10)

B variable Y
(X;, 7)), the
ariable and
re “fitted” to

h, of the

surement equation #, the range of the calibration is divided into several segments and a functi

bn, typically

a low-order polynomial, is fitted to the data of each segment. The individual estimates for each segment are
then combined to obtain an overall estimate of 4.

3)

The conventional approach is to partition the tank profile into several segments, fit an equation to the

data of each

segment (independent of other segments), and combine the resulting segment-wise fits to obtain an overall fit.
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Relative to conventional practice, in which the measurement equation is estimated in a piecewise fashion, the
modelling procedure presented here yields a unified estimate of the entire measurement equation for all
segments in a single computational step. The essence of the approach for simultaneously estimating all
segments of the measurement equation is to view estimates for individual segments as functions that extend
over the entire range of the calibration in a specified way, rather than as independent functions, each of which
is defined for a single segment. It is now possible to express the measurement equation as the sum of these
“extended” functions. Once this is accomplished, standard statistical procedures can be used to
simultaneously estimate all parameters of the composite representation of 7, together with the corresponding

matrix of model parameter uncertainties, in a single mathematical calculation.

As under the_conventional approach_ the first step in the construction of a compasite representation of 4 js to
divide the fange of the calibration into suitable segments. From an examination of the tank’s profilg; it is
usually posgible to identify several segments that correspond to distinct regions in the tank in which the’crpss-
sectional area is either roughly constant or has an identifiable functional form.#) Let Equation (11)

co(=0),c1,...,cs_1,cs(= Xmax) (11)
denote the poundaries of segments 1, 2, .., S, respectively, and let &4,k5,...,hg denoterthe functions selegted
to fit the data in these segments. Each 4 is usually selected to be a polynomial of low (first or second) dedree,
such as given in Equation (12) or Equation (13):

hs(X):ﬁ1(X_cs71) 12)

2

hs(X):ﬁ1(X_cs71)+ﬁ2(X_cs71) 13)
The values| &, of the function are initially defined only for a particular’segment. However, if the definition pf /,
is extendeq so that h(X)=0 for X <c, 4 and hy(X)=h(c,) foflX > c,, then it is possible to express|the
measuremgnt equation, 4, as given in Equation (14):

h(X)F Bo+thy(X)+hy(X)+..+hg(X) 14)
where X ranges from ¢y = 0 to cg = X,,,,. The extensions of the segment-wise functions /4, (except the first) are
constructed so that 4 (c,_4) = 0, i.e., so that Equation (15) holds:

Bo+h{(cs1)+tha(co)+othyq(cgaq) = Bo+hi(co)+ha(esq)tothgq(cgq)+hg(esq) 15)
This constrliction ensures that /# is coentinuous at segment boundaries and makes it possible to write a depign
matrix that permits the simultaneous estimation of all “segment” functions, .

It is convenjent for computational’purposes to write the model of Equations (10) and (14) in matrix form. Flor a
given set of| (standardized)Calibration data pairs (X;, 1;), let

Y =HB|+¢€ 16)
where

Y is bnz#x 1 vectorof response variable ohservations Y[ =12 __ _u

H is an n x (p + 1) design matrix whose individual rows are functions of control variable observations

X

4) There is a certain amount of trial-and-error involved in the process of identifying suitable segments, and several
iterations can be required during the fitting process to refine segment boundaries. Profile variation and incremental slope
plots are extremely helpful for identifying suitable calibration segments (see 5.2.3 and 5.2.4).

5) The matrix form of the function / that relates the observed response Y; to the corresponding observation X; is
Y, =h(X)= h;8, where h; is the row of H that corresponds to the ith observation (X, Y)).
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B isa (p+1)x1 vector of model parameters [(p + 1) is the number of parameters in the function #,
including the intercept, 5y,
€ is ann x 1 vector of residual differences, i.e., fitting errors.
NOTE The components of € are assumed to be independent and identically distributed normal (Gaussian) random

variables, each with expected value (mean) of zero and a variance, o

The

design matrix H contains one row for each observation pair (X;

Y;) and one column for each parameter in

the composite expression for h The first column of H corresponds to the mtercept term, ﬂo Each additional

Indi
seg
obs
seg
whi

the

obtg
pow

Thu
are

eac
stru

The
and
deg
poly

Afte
and
eas
moq

particular segment because this information is coded into the design matrix.

cular segment [see Equatlon (14)] A linear functlon requwes one column, a quadratlc funct
columns, etc.

Vidual entries in the columns of H that correspond to linear functions are constructed as fo
ment has boundaries ¢, 4 and ¢, %), then the corresponding column of H centains a ze
ervation X for which X < ¢,_4. The column contains the value (X - c,_4) for each observation

ment (those for which c¢,_4 <X < ¢,). Finally, the column contains the value'(c,— c,_4) for obsg
th X > ¢.. Entries in the column for a quadratic term are obtained by squaring the correspondir
column for the associated linear term. Similarly, entries in the column+for’a third-degree term o
ined by raising the corresponding entries in the column for the associated linear term to the
er.

5, for example, the design matrix for a three-segment function, 4, in which /4 is quadratic, an
linear, has five columns: one for the intercept, one each.for the linear and quadratic terms in
n for the linear terms in 4, and &3. The design matrixfor this illustrative example has the foll

Ctural form as given in Equation (17):
2
1T X-co (X-co) 0 0 Segment1 ¢ < X<c4
H=|1 c1—Cp (6'1—00)2 X—C1 0 SegmentZ C1 <X§C2
1 C1—CO (6'1—00)2 02—01 X—Cz Segment3 6‘2<X<C3

basic idea of this example is readily extended to measurement equations with more than thre
to polynomials of higher degree. However, it is rarely necessary in practice to use polynomials
ree or higher. Because &tatistical complexity increases with degree, the construction of hig
nomials is not recomniénded except in unusual situations 7).

r a model has been specified for the measurement equation (i.e., the segment boundaries, c,,

ly generated by computer for a particular set of calibration data. Once the design matrix for
el has been'generated, it is no longer necessary to keep track of which parameters are assod

on 4 over a
on requires

lows. If the
o for each
n the given
rvations for
g entries in
r higher are
appropriate

d h, and /5
14, and one
bwing block

(17)

e segments
of the third
her degree

are defined

the degree of-the polynomial has been specified for each segment), the design matrix H for that model is

a particular
iated with a

6) The lower boundary of the first segment is denoted by ¢, = 0. The upper boundary of the last segment is denoted by

CS:
7)

X

max*

There is a trade-off between the number of segments and the maximum degree of the polynomial required to fit a

given set of calibration data. The goal is to obtain a fit that yields a “straight-line” residual plot for each run with low degree
polynomials. It is generally preferable to increase the number of segments rather than to fit polynomials of a degree
greater than 2 or 3.
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7.2.2 Run-to-run variation

In practice, data from several calibration runs are used to estimate a tank’s measurement equation, and it is
possible (likely) that these data exhibit significant variation from one run to another. To obtain realistic
estimates of variability for predictions of the response variable 7V, it is necessary that this run-to-run variation
be taken into account in the statistical modelling process.

The effects of run-to-run variation are incorporated into the general model of Equation (16) by allowing the
vector of model parameters, B, to vary from one run to another. Specifically, it is assumed that parameter
vector B is subjected to a small random perturbation, 6, for each run. Thus, a particular run, j, is actually

governed b
correspond
(Gaussian)
Equation (1

var(0)|=

The compo
in the data
0. It follows

var(ﬁ ) = var(0).

The model

runs. For data from the jth calibration run, this model has the matrix formdas glven |n Equatlon (19):

where

Y;

H;

ﬁj =B

g

J
Thus, the q
the calibrati
Here, the v
calibration

y the parameter vector B, = p + 0,, where the components, 6, ,, of 8, represent perturbations in

the

ng components, f3; , of B. Itis further assumed that the periurbatlons 0, are independent, po
random vectors, each with expected value E(0) = 0 and a variance-covariance matrix as(give
B):

E(60') = ®2

hents of ®2 are the variances and covariances of the components of 0. Thus, Tun-to-run varia
s expressed in terms of the statistical properties of (the components of) the)vector of perturbati
that B; is a Gaussian random vector with expected value E(B,) = B and Variance-covariance m

bf Equation (16) is typically fit to the standardized calibration data (X ) from several calibrg

B;+e;=H;(B+8;)+¢,;
is an n; x 1 vector of response variable observations, Y, ;, from run j;
is an n; x (p + 1) design matri¥ whose individual rows are functions of observations ol
control variable, X; );

t+0.) is a (p+ 1) x 1 vector of model parameters for the jth run;

is an n; x 1cveetor of residual differences (fitting errors).

is the,run number (=1, 2, ..., r).
Lantities Y ) H., and € are defined exactly as for Equation (16), except that they now pertain on

on data\(X; ;, ¥;;) from the jth calibration run.

mal
nin

18)
bility

bns,
atrix

tion

19)

the

y to

ector of model parameters B, is interpreted as the realization of B that governs the data of thg

b jth

run. The ;s can now be estimated using conventional statistical methods. As noted above,

the

statistical properties of the 6;s are used to estimate the run-to-run component of variability in the calibration

data.

8) The matrix form of the function hj
written as Y

that relates the observed response Y

=hj(X)=H;B; =N, (s+e ), where h’;

Jii
J»

the jth calibration run.

18

to the corresponding observation Xj, is
is the row of H that corresponds to the ith observation from
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In accordance with 7.2.1, the components of g are assumed to be independent and identically distributed,
normal (Gaussian), random variables, each with an expected value (mean) of zero and a variance, 2. ltis
further assumed that the distribution of measurement errors is the same for all runs, so that 012» can be
interpreted as the realization of o2 [see Equation (16)] obtained from the data of the jth calibration run. Finally,
it is assumed that errors from different runs are independent.

Under the model of Equation (19), the vector of responses Y]. has the expected value as given in
Equation (20): '

E(Y;)=H8 (20)
and|the variance as given in Equation (21):

var(Yj):qu>2H'j+af| (21)
whdre

®2 = E(00') = var(0) is the variance-covariance matrix of the vector of perturbations, 0, [see

Equation (18)];

| is the n;xn identity matrix;

012- is the variance of the components of‘the error vector, g
The| statistical properties of individual components of theector, Y., are derived by means of Eqpations (20)
and|(21). In particular, the ith component, Y of Yj has the expected value as given in Equation (22):

E(Y,;)=Bh; (22)
and|the variance as given in Equation (23):
where h';; is the ith row of H, (the row that corresponds to Xj),.). All other quantities in Equations (22) and (23)
are defined as in Equations (20) and (21).
It is|important to notethat when the data from several calibration runs are modeled, the same mpdel is fit to
the data of each calibration run. This means, in particular, that the same segments (segment boupdaries) are
spegified for each-'run and that the polynomials specified for the corresponding segments of all rups have the
sanje degree:
7.3| AEstimation of model parameters
7.3.1 Preliminaries

Parameters in the model for a particular run are estimated by “fitting” the model [Equation (19)] to the
standardized calibration data from that run. Fitting is the process of determining those parameter values
(called “least-squares” estimates) that minimize the sum of squared differences between the observed and
predicted responses, i.e., that minimize the residual sum of squares, where the summation extends over all
observed values of the control variable. Standard statistical methods are employed to compute the least-
squares estimates of model parameters.

© IS0 2009 — Al rights reserved 19
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Parameters in the general model [Equation (16)] are estimated from the parameters fitted to the data of the
individual runs. In particular, the parameter vector B is estimated by averaging the estimates of the parameter
vectors, B, for the individual runs.

7.3.2 Individual runs

Let (X Y; ), i=12, ..., n;, denote the standardized data from the jth calibration run. In matrix form, the least-
squares est|mate of parameter vector B B+ ej) that fits the measurement model of Equation (19) to these
data is given in Equation (24):

B, = (rIlH) H.Y 24)

It follows ffom the assumed model that |§

has the expected value E(ﬁj):B and varianeg-cOvarignce
matrix as given in Equation (25):

J

var(B ) (H’ )_ + @2 25)

where

H, is fefined as for Equation (19);

@2 is flefined by Equation (18);

NOTE Estimation of ®2 is deferred to 7.3.3 because it is not\possible to estimate this quantity from the dafta of
a singlg run.

af is the variance of the residual differences (errors) g

This residual variance, 0' , is estimated as given.n Equation (26):

&% = Zl,[Y_,-,i ~h; (Xj,i)]z/[nj p+)] 26)
= 2,812:/[”/ ‘(P”)]

In matrix fofm, this estimator, 6-]2., is written as given in Equation (27):

<HB ) (Yj""jéj)/[”f‘(p”)] 27)
et

Qs
~N
Il
01) Pe—

N> ~.

7.3.3 Several runs

7.3.31 Vectorf
The parameter vector, B, in the general model of 7.2.1 [see Equation (16)] is estimated by averaging

estimates of the parameter vectors ﬁ B+ ej) obtained by individually fitting the data of several calibration
runs as given in Equation (28):

- *1211 ; (28)
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It follows from 7.3.2 and the assumed independence of the |§ :s that the estimator, |§ is a random vector with
an expected value E(B) =B and a variance [see Equation (25)] as given in Equation (29):

var( ) 22 var( )
:r—zz;_{a;(u'ﬁj)uwz}
=23 Gl (HM,) 2

7.3.

The)
vari

whe

The)

and

7.3.

An
esti

The

3.2 Predicted mean response, 170

nble X is estimated as given in Equation (30):

Yo =hoB

rehy denotes the row vector of H that corresponds to Xj,.
quantity )%0 has the expected value as given in Equation (31):
e[ ) o5 (§) -
a variance [see Equation (29)] as given in Equation{(32):
var(?o) = var(h’ofi)

=Y o [( )1+r02}h

8.3  Variances of § and )%0

bstimate of the covariance ‘matrix, ®2, is required to compute the variances of fi and )%0. Th
mated as given in Equation”(33):

o1 8]
- 712,1 Iy

elements of the (p + 1) x (p + 1) matrix o2 = r’1219 0'; are the estimated variances and co

\.

predicted (mean) value of the response variable, Y, at a specified new (unobserved) value of

the

ructoarun varionecg naramatare 9 mntha madaelof 72 2
HH-to-Fdi-aHah PAFARSOR—6 e e ===

(29)

the control

(30)

(31)

(32)

is matrix is

(33)

ariances of

Estimates of var(ﬁ) and var )%0 are now obtained by substituting the estimators for ®2 and 0_12 from
Equations (33) and (27) into Equations (29) and (32) as given in Equations (34) and (35), respectively:

var(B) 2| 3763 (H M, >1+r¢2}
:r—Z[Zr STHMH)T Y 1919'1}
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vér(?o) = vér( ’Ofi)

r~2h, {Z/ L S2(HH;) 1+Z;=1§jé'j}h0

7.3.3.4 Variance, 52

(3%)

The error variance estimates, o-jz., given by Equation (27) have the same statistical properties for all runs, so
they are pooled to obtain the estimate for o2 as given in Equation (36):

52

where n =

;1[ p+1 /Z P+1)]
11211 Ji [ p+1)]
,1 € //[ r(p+1)]

n; is the total number of observations from all runs 9).

7.4 Volume determinations and variance estimates

36)

d as

37)

ven

In the modgl of 7.2.2, the response Y;, for a single new (future) value of the ‘control variable X; is expresse
given in Eqgation (37):

YO =h XO ) + 80

=h D (B + 9) + &0
where
o is fhe row vector of the design matrix H.that corresponds to Xg;

NOTE The specific form of h'y depends on the segment of the measurement equation into which X falls.

&, s the residual prediction error.
Let I?O denpte the estimated‘value of the new response, Y. Then, the estimated (mean) value of \?0 isg
by Equation (30). The variance of );0 has two components:
a) variande of its estimated mean;
b) variande of\a'(new) individual observation.
9) The variance estlmators 0' , for the individual runs all have the same statistical properties, so it is theoretically
correct to replace each a‘/- in Equatlon (35) by 62 In practice, differences between the two computational alternatives
are small.
22 © 1SO 2009 — All rights reserved
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It follows from Equations (32) and (23) that the theoretical variance of the new predicted response at X; is as
given in Equation (38):

var(fo) = var()%O)Jrvar(YO)
:var(h'oﬁ)Jrvar(Yo)

- r—zh'o[Zj,=1

2\ 2 ' 2 2
c?HH;) +ro }h0+h0¢ ho+o

(38)

An
corf

The

new|,

vari
alsg
the

bstimator of var(Y0 is obtained by substituting the estimators of Equations (27), (36) and
esponding theoretical quantities into Equation (38) as given in Equation (39):

> =2y r -~ r ' ) ’ ~2
Var(Yo)—I" h0|:zj_10' ( ) z] 1ejej:|h0 +r h0|:zj 1ejejj| +O'

j= 1910’/

= r2h|, [Z (H'J.Hj)_ +(r+1) ( ﬂho+ 52
decomposition in Equation (39) shows explicitly how run-to-run variability contributes to the v
observed value of the response variable. This decomposition is_relevant not only becaust
bbility in the calibration data contributes to the uncertainty of .thé estimated measurement e

o
j=1 J

basic expressions from which all subsequent statistical results in this part of ISO 18213 are

parfjcular, these expressions are used to obtain both the:confidence regions and the predicti

preg

ented in 7.5, as well as the uncertainty estimates for volume determinations given in 8.2.

At a given value X; of the control variable, the guantity 09 =hj B [3 that appears imp

sec
resy
con
Yo

If th
ther
Equ
use
that
dete

dete
corf

7.5

bnd term in brackets in the first line of Equation’(39) is the d|fference between the predicted

onse variable at X, for the jth run and that of the overall (average) fit. Thus, the estimate of thp
ponent of variability in Y, at a given value of X; is simply the estimated variance of the pred
bbtained from the fits of the calibration:-model to the data of the individual calibration runs.

e statistical model of 7.2 is used ‘estimate to the measurement equation (where Y = volume,
Equation (30) yields the yolume estimate for a particular (standardized) determination of
ation (39) yields the estimated variance of that volume estimate. Conversely, if the statistig
J to estimate the calibfation equation (where Y = volume, X = height), then Equation (30) yield
corresponds to a ‘particular volume, and Equation (39) vyields the estimated variance of
rmination. Sinceithe ultimate goal is to determine the volume associated with a partid
rmination, it is\necessary to “invert’ the results in the latter case. The latter approach is
ect, but the@dditional complexity introduced by choosing this alternative is seldom warranted i

Confidence regions and prediction intervals

7.5.

33) for the

(39)

ariance of a
b run-to-run
juation, but

because it contributes to the uncertainty of any future volume 'determinations. Equations (35) and (39) are

derived. In
bn intervals

icitly in the
alue of the
e run-to-run
cted values

X = height),
height, and
al model is
5 the height
that height
ular height
heoretically
practice.

1 ~General

It is possible to construct confidence regions for estimates of the measurement equation and prediction
intervals for values of the response variable. These confidence regions and prediction intervals are useful for
determining the significance of differences between

a)
b)

c)

individual observations,
observations and an estimate of the measurement equation,

two estimates of the measurement equation.
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They are especially helpful when plotted in connection with the diagnostic plots presented in Clause 5. All of
the prediction intervals and confidence regions presented here are based on Equation (30) and Equation (39),
and are derived by the methods in Reference [4]. In particular, the variance of the estimated (mean) response

Yo =hiB is

given by Equation (35) for any value of the control variable, Xj,.

To ensure that the computed confidence regions and prediction intervals yield valid comparisons, it is
assumed throughout that all data have been standardized to the same set of reference conditions.

7.5.2 Confidence regions for the measurement equation

7.5.21 (Qonfidence interval for the measurement equation at a single value of the control variable

An approxiate 100(1 — o) % confidence interval for the predicted (mean) value of the measurement-equs

at a single s

hoB+ 6002 (v)

pecified value X = X;, of the control variable, X, has the form as given in Equation (40):

is the row vector of the design matrix H that corresponds to Xj;

is given by Equation (28);

is the estimated variance of the prediction ?0 = 'Ofi given by Equation (35);

is the 100(1 — a/2) % point from the r-distribution with parameter (degrees of freedom) v;
is the (approximate) degrees of freedom-for the variance estimate &5.

ary to compute the degrees of freedom, v, before the confidence interval of Equation (40) ca
['he number of degrees of freedom depends upon

tive magnitudes of the compenents of &g,

hber of parameters in the model (p + 1),
hber runs, r,

hber of obsé&rvations in each run that are used to estimate the model parameters, n;.

where

ho

B

&6

tasa (v

14
It is necess]
computed.
a) therel
b) the nun
c) the nur
d) the nur
The compu

this case, tllue approximate degrees of freedom for (the distribution of) &4 is computed from the two term

tation\is typically accomplished by means of the Welch-Satterthwaite equation (see Annex B)).

tion

40)

 be

the right-hand side of Equation (35) as given in Equations (41) and (42):

SZ=h

S2=h

24

o 3507 () o
'0{22_1(616'1)_1}0
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The approximate degrees of freedom for S12 and S22 are given by Equations (43) and (44) 10), respectively:

vi=n—r(p+2)

V2=I”

(43)

(44)

The value of v is now computed by means of Equation (B.2), with ¥ = S12/[n—r(p+2)] and W=S22/r.

Typical values of « are 0,025 and 0,05.

7.5.2.2 Confidence intervals for the measurement equation that hold simultaneously for
an indeterminate number of values of the control variable

Approximate 100(1 — a) % point confidence intervals for the predicted (mean) value (of -the m
equption that hold simultaneously for an indeterminate number of values of the contrel’variable,

for

whsg

The
ap
Ann
conm
smg

as given in Equation (45):

WB6y [(p+1)Fy(p+iv)]

re

h'y is the row vector of the design matrix H that cerresponds to X;

|§ is given by Equation (28);

6-)2( is the estimated variance of the prediction ?X = h'Xﬁ given by Equation (35);

F, (p + 1,v) is the 100(1 — @) % point from the F-distribution with parameters (p + 1) and v;

v is the (approximate) degrees of freedom for the variance estimate &)2(.
quantity (p + 1) is the number‘ef parameters in the underlying general measurement model (s
brticular value of X, the parameter v is computed by means of the Welch-Satterthwaite fq

ex B) exactly as for Equation (40). The values of 6-)2( and the corresponding values of v obtal

llest value of & % ~(preduced by the smallest value of S12) and the corresponding value of v g

for all values of X.This alternative approximation produces confidence intervals that are somewh

thar

Typ
An

those obtained-when 6-)2( and v are determined for each X.
cal values“of « are 0,025 and 0,05.

approximate confidence region for arbitrarily many values of the control variable is obtai

casurement
X, have the

(45)

ee 7.2). For
rmula (see
ned by this

putation vary from onhe’ value of X to another. Instead of computing these quantities for ¢ach X, the

an be used
at narrower

ned by first

eva

uating eEquation (495) Tor a series Of values or X Selecled 10 cover some range Ol Interes

, and then

interpolating between adjacent points. The resulting confidence region is especially useful when used in
connection with the plots presented in 5.2. The plot is most easily interpreted when )7X :h'XfS is used as a
reference, and upper and lower confidence limits are plotted as differences relative to this equation (see
Annex A for examples).

10) The total number of observations from all runs is n = Zj”

Jj

© 1SO 2009 — All rights reserved

25


https://standardsiso.com/api/?name=417a09d3b826f0b18b6ddc762da30818

ISO 18213-3:2009(E)

7.5.2.3 Confidence bands for the difference between two estimates of the measurement equation

Suitable confidence bands are particularly useful for comparing two estimates of the measurement equation.
The two estimates may, for example, be those from two calibration exercises conducted at different times. In
this case, one estimate is typically from a new calibration undertaken to verify an existing (old, reference)
measurement equation obtained from a previous calibration exercise. The two estimates may also be those
from two analyses of a single set of calibration data, such as those produced by the operator and the
inspector.

An approximate 100(1 — a) % confidence interval for the difference between two independent estimates of the
measurement equation at some arbitrary value of the control variable, X, is given by Equation (46):

R R 5 05
h'y (Brew _B)"{(O'X new +GX)(p +1) (p +1’V)} 46)
where
h'y is the row vector of the design matrix H that corresponds to X;

Y ¥ new Zh'xénew is the predicted value of the response variable at “X-~obtained from the hew
measurement equation;

Yy =H'yB is the predicted value of the response variable af¥ obtained from the reference (old)
measurement equation.

The estimated variances of h’' Bnew and h' B denoted respectively by aX new and &)2(, are computed from
Equation (3b), each with values of r, G2 H and 9_ appropriate to its respect|ve calibration run (new or o|d).

The quantity F, (p+1,v) is the 100(1 —a) % point from the F-distribution with parameters (degree$ of
freedom) (g + 1) and v. The degrees of freedom parameter, v, is computed from the individual degrees of
freedom for 6)2(,new and 6)2( by means of the Welch-Satterthwaite formula. If v; and 1, denote the degrees
of freedom [for the quantities &f(,new and &)2(, respectively, then v4 and v, are computed for their respegtive
calibrations| from Equation (35) by means:\of-the Welch-Satterthwaite equation exactly as for Equation (40).
The par7meter v is now computed by *a second application of Equation (B.2), with V:GA)Z(,neW/W and
W= 0“)2( vd.

In the case|where one estimate.of the measurement equation (e.g., the new one) is derived from the data|of a
single calibfation run, it is notpossible to obtain a direct estimate of the run-to-run component of variability for
6)2(7new. If the same protedure is used to derive both estimates of the measurement equation, then it may be
possible to| estimate~the run-to-run variability for the new equation from the estimate computed for|the

reference efjuation:

Two estim ting
nts.
If at any point the confidence band for the drfference between the new and reference equations does not

contain zero, then the two equations are significantly different at the specified significance level.

tes of the measurement equatlon e. g new and reference can be compared vrsually by plo

7.5.3 Prediction intervals for future observations

7.5.3.1 Prediction interval for the response variable at a single future observation of the control
variable

Under the model of 7.2.2, the response variable, Y, at a single new (future) observation of the control variable,
Xy, is given by Equation (37). The predicted (mean) value of Y, as given by Equation (31), is 170 =hpB and,
from Equation (39), the estimated variance of );0 is given in Equation (47):
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r2h) [Z _G5(HH, )_1+(r+1)(

i
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(47)

Thus, an approximate 100(1 — a) % prediction interval for the response variable at a single future observation
X, is as given in Equation (48):

hoB+60t0/2(v0)

(48)

where 53 is given by Equation (47). Other quantities are defined as in 7.5.2.1. For computing the degrees of

free

The
ass
Equ

Satferthwaite formula with V' = 02/ -r p+2)]
ns of a third application of the Welch-Satterthwaite formula; th|s tlme with ¥ and W as given in

meg

dom v, itis convenient to write Equation (47) as given in Equation (49):

532 —r_zhb[z 2(HH, )’H(Z ﬂho+&2+r_1h'0(z

7

1% 66

T8 6.0

0 J)

first term on the right-hand side of Equation (49) is given by Equation (35).,Thus, the degrees

pciated with this term, say vy, is computed by means of the Welch-Satterthwaite formula ex

ation (40). The degrees of freedom for the last two terms, say vy, is computed by means of
and W = r~?h(, (Z 88'; |ho. Finally, v is ©

(49)

of freedom
actly as for
the Welch-
bmputed by

Equations (50) and (51), respectively:
= r~%h), {Z ( H, )_ +>" 8,8, }h /v (50)
1 =1 A AL FAY
w =[&2 +r7hy (Z _1eje'j] }/vz (51)

7.5.

B.2

observations of the control variable

It is
obs
nun
whsg
new
inte
Ref

The
Xpli i

possible to construct prediction intervals that hold simultaneously for a specified numb
brvations of the control variable. These intervals are not especially useful in practice because
ber of new predictions is rarely known in advance. Moreover, the confidence intervals becomé
n the number of predictions is large. Nevertheless, it is useful to have a means of comparing

calibration to ah~existing measurement equation. This is done with the aid of a family ¢
vals that hold,'simultaneously at all values of the control variable. Details of construction
brence [4]. A.somewhat simpler approximation that works well in practice is given here.

A

[«

variance.of a single new prediction of volume, I?O, obtained from the estimated measurement

Prediction intervals that hold'simultaneously for an indeterminate number of future

er of future
the specific
b quite wide
data from a
bf tolerance
re given in

equation at

5 giverrby Equation (47). Thus, approximate 100(1 — ) % confidence intervals for the predicted responses

that|heldyjointly (simultaneously) for an indeterminate number of new values of the control variablg X have the
form-as-given-in-Equation{52)
LA . 0,5
hXBiaX[(p+1)Fa(p+1,v)J (52)

For a particular value of X, 6-)2( and its associated degrees of freedom, v, are computed exactly as for
Equation (48). The quantities 6)2( and v vary from one value of X to another. An alternative to computing 6)2(
and v for each X is to use the smallest value of 6% and the corresponding value of v for all values of X. This
alternative approximation produces confidence intervals that are somewhat narrower than those obtained
when vis determined for each X.
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Confidence bands for an arbitrary number of new predictions are obtained by plotting the confidence bounds
of Equation (52) for a series of selected values of X and interpolating between adjacent points. These
confidence bands can be used to compare data from a new calibration run with an existing calibration. If any
observation from the new run falls outside the confidence region for the calibration equation, the new data are
inconsistent with the old calibration at the specified probability level. The plot is most easily interpreted when
YX = h’Xﬁ is used as a reference and upper and lower confidence limits are plotted as differences relative to

this equatio

8 Uncel

8.1

The purpos|
can subsed
measure of
contained V
presented i
determinati

The proced
First, the re
converted t
ISO 18213
estimated

conditions),
three comp

variang
of the ¢

a)

b) variang

variabi
a resul

c)

8.2 Cont

8.2.1 Esti

Let XO = HO
denote the
estimated

n (see Annex A for examples).

tvestimates-for-votome-determimati

Ovelview

e of a tank calibration exercise is to develop an estimate of the tank’s measuremént equation
uently be used to determine the volume of process liquid in the tank associated with a g
pressure. The quantity of interest may be either the volume of liquid contained in the tan
olume) or the volume of liquid involved in a transfer operation (a transfer.volume). Equations
n 8.2 and 8.3, respectively, for estimating the uncertainty of both contained and transfer vol
DNS.

ure for estimating the volume of process liquid contained in a tank is broken into two major st
sponse that the liquid produces in the tank's measurement/{manometer) system is observed
b a measure of height at standard reference conditions «(as*outlined in 6.1; see 1SO 18213-
b for additional details). Second, this measure of height is then substituted into the ta
measurement equation to obtain the corresponding determination of volume (at refere
bnents:

e of the predicted (mean) volume attributable to the estimated measurement equation as a rg
alibration process (i.e., variability in the measurement equation due to the calibration process);

e of a new volume determination notassociated with the calibration process;

ity in the predicted volume that\is propagated or transferred through the measurement equatio
of measurement uncertaintyin the underlying height determination.

ained volumes

imation of volume variance

denote‘a.standardized reference height for which the associated volume is desired, let Y
corresponding standardized volume (at reference temperature 7,), and let A = £ denote
meéasurement equation. The reference height [see Equation (6)] can be written as give

that
ven

are
me

BpS.
and
4 or
nk's
nce

It is possible to express the total variability for the resulting volume determination as the sum of

bsult

N as

= Vo
the

N in

Equation (5

3):

Xo=Hy :(AP_CM)/[g(PM _Pa,s)(1+aexATm)]

(83)

The predicted (mean) volume obtained from the measurement equation [see Equation (30)] is as given in

Equation (5

28

4):

(54)
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In accordance with 8.1, the total variability of V can be written as given in Equation (55):

var (V) = var (Vo,pred) +var (Vo,new ) +var (VO,trans)

A (59)
= var(YO ) +var (Vo rans )

var(fo) represents the variance of a single predicted new response obtained from the measurement
equation; an estimate of this quantity, based on Equation (39), is given in Equation (56):

Vér(Yo) = r_zh’O {&£Z;=1(H’]H1) }"+1 L _1619’] JJhO +G"¢ (56)

Thellast term on the right-hand side of Equation (55) has the form as given in Equation (5%):
. . 2

var(VQtrans):[ah(Ho)/a(Ho)} var(H) (57)

and|is estimated, based on Equation (9), as given in Equation (58):
N ~ 2 2 2 2

Var (Vo uans ) = [0h(Ho)[o(Ho) ] (Ho) [var(Ap)/ (AP~ ey) 24 var (o) (Pu - Pa) } (58)

Theffollowing expression for the estimated total variability of the'new volume determination V, asspciated with
the [ standardized height determination H, is obtained by substituting Equations (56) and (58) into
Equation (55), as given in Equation (59):

var (V) = r ~hj, [ 22 _1(H’ )7 +(r+1)(zz_1éjé’jﬂho+o“-2 +...

(59)
(o) /(o) ()3 {var(AP)/(AP—cM)Z +var(py)/ (pu _pa,s)z}

Fo

=

Equation (59), the following hold:
— |Hy is the reference (standardized) height for the liquid of interest. This quantity is determined from

measurements of the\pressure AP as given by Equation (53) (see 6.1 and corresponding dig§cussions in
ISO 18213-4 or |ISO18213-5, respectively, for details).

— | i denotes the estimated measurement equation, f‘1

— | 7o =h{H ) is the standardized volume that corresponds to Hy. Equivalently, 5 =hB , where h is the
vector of the design matrix that corresponds to the standardized height, Hj,.

— B is the vector of parameters that characterize the estimated measurement equation (see 7.3).

The quantity Gﬁ(Ho )/6(Ho)denotes the derivative of the estimated measurement equation, #, taken with
respect to H and evaluated at H = H,. The square of this quantity propagates or “transfers” uncertainty
(variance) in Hy through the measurement equation to the volume estimate, V. The value of
ah (Ho) /6 (Hg)depends on the coefficients of the measurement equation, 4, for the segment in which Hj, falls.
Thus, for a particular value of Hy, this quantity is computed by taking the derivative with respect to the
appropriate coefficients in the vector of parameter estimates, .
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The remaining quantities in Equation (59) are defined in 7.2 or 7.3, and all are computed at the model fitting
stage.

Beginning with a measurement of pressure and an estimate of the tank’s measurement equation, the
corresponding standardized volume is determined by means of the steps described in 1ISO 18213-1:2007,
Clause 6 (see also 6.1 in this part of ISO 18213). These steps, which apply to process liquids as well as

calibration liquids, are summarized as follows.

a)

Observe the differential pressure (AP) produced by the liquid of interest and record the additional

information on ambient conditions, etc., that is required to perform the necessary standardization
calculations.

b) CompJ

measu

Hy =

CompJ

Use th
the cal

e) Compu

The estimation of each quantity in Equation (59) is discussed in turn. The quantity o/ (H, )/6(H0) has alre

been discug

It is possibl
Equation (6]

var(H

The major
measureme
number of
are used fi
obtained at

Unlike the s
necessary,
laboratory
method useq

te the height of liquid, at measurement temperature, that corresponds to the observed pres
rement as given in Equation (60):

aP=cy)/[ g(Pm—pas)]
te the corresponding (standardized) height at the reference temperature 7. 'H, = HM/(1 + a2, A

b tank's estimated measurement equation to determine the correspanding standardized volum
bration reference temperature: ¥, = h(H,) or ¥, = hB.

te the estimated uncertainty for the resulting volume determination, ,, as given by Equation (&

sed.

e to estimate the variance of H; by means of the steps outlined in 6.1 [see Equation (9)] as give

1):
0)= (HO)2[var(AP)/(AP—cM)2 +var(pM)/(P|v| —,Da,s)z}

components of uncertainty’ in this equation are those for AP and py. Uncertainty in
nt AP depends upon boththe capabilities of the tank’s measurement system (manometer) and
eadings, and is detérnined at the time of measurement. If the same equipment and proced
br measurements_of process liquid as were used for calibration, then the estimate of var
the time of calibration may also be suitable for process measurements (see 6.1).

ituation with a calibration liquid, the density, p,, of a process liquid is not known a priori and
therefore; to estimate it at the time of measurement. This can be done either analytically in|
br by 'means of in-tank measurements. An appropriate estimate of var(p),) depends upon
d-to determine p),. When the procedure of ISO 18213-6 is used to determine liquid density (g

sure

60)

e at

9).

ady

(61)

the
the
ires
AP)

it is
the
the
tits

tank tempe

rature) from In-tank measurements oOf pressure, the corresponding variance estimate var(py,) shall

be computed as indicated in ISO 18213-6:2008, Clause 7. If the density is determined by chemical analysis,
then the laboratory is expected to provide a suitable estimate of the variance for the density value that it
reports. If the density is reported by the laboratory at some standard reference temperature, a suitable
interpolation equation is required to determine the density of the liquid at its in-tank measurement temperature.

-1 A
The remaining quantities required to compute vér(Vo) are 62, ZJ(H’].HJ-) and z,e/e;. These
. fadad

quantities are best computed at the time the model is fit to the calibration data as indicated in 7.3.
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Once the reference volume, 7, and its estimated variance have been computed, it is sometimes necessary to
determine the corresponding quantities at measurement temperature T,,,. At its measurement temperature, the
estimated reference volume 7, becomes as given in Equation (62):

Vi = (143 ex ATy Vi(Hy)

(62)
=(1+3a ATy )V
where AT, = T, — 7, and the estimated variance of V), is as given in Equation (63):
var(VM):(1+3aATm)2var(V0) (63)
where var(V) is given by Equation (59).
8.2.2 General procedural considerations
8.21 Beginning with an observation of pressure, it is possible to combine all the indicated falculations
for dletermining 7), into a single equation of the form as given in Equation (64):
Vi = (143 AT )i (H )
(64)

:(1+3aexATm)};{(AP_CM)/[G(pM_pav‘Y)(1+aexATm)]}

Thus, it is possible to obtain the volume, ), of process™liquid at its measured temperature direqtly from the
megsurement equation at reference temperature by means of Equation (64).

8.2p.2 The step described in 8.2.2.1 yields*the volume, V), of the process liquid at its mpasurement
temperature, 7. It is sometimes necessary“to relate the volume of this liquid to its volume at [some other
temperature (e.g., the ambient temperaturetin the laboratory, say 73). This calculation requires the density of
the [liquid at both temperatures T, Aand T3, and is accomplished by means of the usual gquation for
congervation of mass as given in Equation (65):

Vs =Vmpem/P3 (65)

The| uncertainty of V3 is.determined from the uncertainties of the quantities on the right-hand side of
Equation (65) by means.of standard propagation-of-variance methods.

8.2p.3 Exceptfor measurement variability in AP, the equations presented in 8.2.1 do not takg account of
varigbility in the/prover measurements. It is possible for prover measurements to be a significant source of
varigbility in“Certain high-precision measurement and calibration systems. In case it is necessary|to consider
the |prover~measurement variability for a particular application, this can be done by means of [appropriate
in nearly all
hot pursued

8.2.3 Heel volume

The reference volume, V,, obtained from the measurement equation is a measure of only the calibrated
volume of the tank below the point Hy. In particular, the volume of any liquid in the tank at the start of a
calibration (the heel) is not included in the estimate 7, unless this volume has been independently measured
and incorporated into the cumulative volumes obtained during the calibration process. Thus, the reference
volume, ¥, is an accurate measure of actual or total (i.e., contained) volume of the tank below the point / (at
reference temperature) only if the heel volume of the tank has been incorporated into the calibration process
or the tank was completely empty at the start of the calibration exercise.
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Although determinations of transfer volumes are independent of any liquid in the tank at the start of the
calibration exercise, determinations of contained volume are typically required for inventory purposes. It is,
therefore, important to incorporate accurate determinations of heel volume into estimates of the calibration
and measurement equations if these equations are used to make volume determinations for inventory
purposes.

8.3 Transfer volumes

A transfer volume is simply the difference between two measurements of contained volume. Let 7, denote the

before-transfer (initial) volume and let 7, denote the after-transfer (final) volume. It is assumed for
conveniencp-that-the-transferis—out-of-the—tank—in-which-case—J4—is-thelargerof-the—two-volumes—and the

transfer volime is the difference as given in Equation (66):

AV:[/»]—VZ 66)

In terms of the measurement equation, the transfer volume is expressed as given in Equation (67):
AV = H(Hy)~h(H3)

—HB-h,B 67)

=(h1-hy,) B

where h' for i =1, 2, is the (row) vector that corresponds to the standardized height, /;, from which [, is
determined

If the measpirement errors, ¢;, in the two observations of height are assumed to be independent, the estimated
variance of [AV is given by Equation (68), which is derived with the‘aid of Equation (59):

var(Af) = 262 4 ¢~ h1 ~hy) [ 22 _1( )‘ (r+1)(zj 19193)}@1 —-hy)+
2 2
[8}11 /8 :| H 2|:Var(AP1)/(AP1—CM,1) +Var(pM’1)/(pM,1—pa,S) :|+ 68)
A 2 2 2

+ [ahz (Hz)/a(Hz)} (H2)2 {Var(Apz )/(Apz —emz)” +var(py 2 )/(PM,z ~Pays) }

The first twp terms on the right-hand side’ of Equation (68) represent the combined uncertainty in the predigted

volume diff¢grence AV that is attributable to

a) the pregdiction uncertainty-due to the measurement equation,

b) the varjability in the difference between the two new observations.

The last twp terms omthe right-hand side of Equation (68), represent the respective contributions to the fotal
variance of| the twe-height determinations, A, and H,, as propagated through the estimated measurement
equation. All termgin Equation (68) are computed exactly as outlined in 8.2 for contained volumes.

Except for 4egments between those in which H, and H, fall. inclusive, the components of the vector (h, —h,)’
are zero. In particular, the components are zero for any initial segments common to the two measurements.
Since the heel volume does not enter into the computations of Equations (67) and (68), it is clear that
determinations of transfer volume are independent of the tank's heel volume.
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(informative)

Examples of diagnostic plots

ISO 18213-3:2009(E)

Figure A.1 shows a cumulative plot in which height is plotted against volume. Data from seven calibration runs
are plotted. Prlor to plottmg all data were standardized to a predeflned set of reference conditions and aligned

to

increases rapidly with volume. The rate of increase gradually decreases until approximat
Thereafter, the increase in height with volume appears to be approximately linear. Figure A.2 show
as Figure A.1, except that volume has been plotted against height. The cumulative_ plots sho
depprture from linearity in the height-volume relationship at the bottom of the tank,, but finer

datd

IIIpUIIOdLC IUI UIIIUIUI ILTS III IIUUI VUIUIIIC UCLVVUCII auuucaalvc TUriS. IIIU |JIU|. OI TUWS l.llal. III

obsftured by the wide plotting range on the vertical axis.
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Figure A.1 — Cumulative plot of height vs. volume
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NOTE The curve includes the data of seven runs.

expressed in litres

Figure A.2 — Cumulative plotof volume vs. height
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Figure A.3 shows a profile variation plot created fromthe data of Figure A.1. This plot shows the residuals

obtained by

fitting a linear regression equation to/the combined data (height vs. volume) of all seven runs|. As

a result, the vertical range has been decreased: from approximately 2 700 mm in Figure A.1 to 160 mm in

Figure A.3.

The reduced range on the vertical”axis makes it possible to see detail in the profile that is| not

evident in the cumulative plot. The tank’s.profile is not nearly as linear as it appears in Figure A.1, and seyeral
distinct regions are evident in the portion of the tank that appears to be linear in the cumulative plot. For|this

reason, thej
measuremg
obtained by

profile variation plot is quite helpful for identifying segments when one is fitting a calibratiop or
nt equation to the data. Figure A.4 is similar to Figure A.3, except that the plot shows the residuals
regressing volume.on height. The two plots reveal the same information and the choice of which
to use is largely a matter of pefsonal preference.

34
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Figure A.3 — Profile variation plot of height vs. volume
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Figure A.4 — Profile variation plot of volume vs. height
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Figures A.5 and A.6 show incremental slope plots of the same data shown in Figures A.1 to A.4. The first
expresses incremental changes in height (the change in height per unit change in volume) for each volume
increment added to the tank during a calibration run, while the second shows incremental changes in volume
for each observed change in height. Figures A.5 and A.6 show the slopes of the calibration and measurement
equations, respectively, at each calibration increment. Both plots provide the same information, but the
measurement scales are typically such that the second is generally easier to read.

Incremental slope plots reveal the fine detail in the tank’s profile and are, therefore, very helpful for identifying
or confirming the locations of pipes, agitators and other internals that have a local effect on the free cross-
sectional area of the tank. Both plots reveal an abrupt change in profile at a height of approximately 700 mm
or a volume of approximately 2 000 I. (Note that this feature is more evident in Figure A.6 than in Figure A.5.)

The enginefring drawings for the tank confirm that an agitator exists at this height in the tank. Another-major
structural feature is evident at a height of approximately 2 500 mm. The jagged appearance in thé\prpfile
between approximately 850 mm and 2 200 mm is caused by internal heating and cooling coils. The.fact|that
all seven ryns show these features confirms that the variation is due to structural features in theytank and not
to measurement variation. The features are so repeatable across runs that it would be possible™(but tedjous
and perhapp unnecessary) to model individual coils when fitting a measurement equation to,these data.
Y 4

0,45

0,4

0,35

0,3

0,25 \

0,2 \

0,15 \

0,1 e —

0’05 | | | | >

0 56000 10 000 15 000 20 000 25 000
X

Key
X volume] expressed inlifres
Y slope
NOTE The.curye includes the data of seven runs.

Figure A.5 — Incremental slope plot of height vs. volume
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Figure A.6 — Incremental slope plot of volume vs. height

In this example, the incremental slope_plots for all runs are nearly identical, indicating that the (standardized)
datg are in very good agreement. Run*to-run discrepancies revealed by an incremental slope [plot are an
indigation that one or more of the runs are anomalous. In particular, if the slopes for one run diffef from those
of other runs at an isolated poipt.or two, the plot provides a strong indication that one or more mepsurements
are erroneous in the anomalous-run.

The| incremental slope_plet;” particularly that of the measurement equation (Figure A.6), is perhaps the most
useful of all plots for fine-tuning” the segments identified with the aid of a profile variation plot. Th¢ previously
mentioned features. at approximately 700 mm and 2 200 mm require special attention, as does the region at
the top of the heel between 700 mm and 900 mm, approximately. Moreover, the region at the top|of the coils
between approximately 2 150 mm and 2 400 mm is distinct from the coil region. By examining the calibration
datg with thexaid of suitable incremental slope plots, it is possible to make quite precise determingtions of the
segment boundaries (cut points) used for model fitting.

v ia entifying the
degree of the ponnomlaI that fits the data of a given segment of the callbratlon or measurement equation.
Consider Figure A.6, which shows incremental changes in volume for observed changes in height (the
measurement form). Segments in which the slopes are constant can be fit with a linear equation. Segments in
which the slopes are linear can be fit, at least initially, by a second-degree polynomial, and similarly for higher
degrees. The slopes in Figure A.6 are quite linear in the initial segment ranging from 250 mm to 700 mm,
approximately. This suggests that a second-degree polynomial fits the measurement equation in this region of
the tank. Similarly, a linear equation should fit the measurement equation in the region at the top of the coils
between 2 150 mm and 2 400 mm, approximately. It should be clear, especially from Figure A.6, that
incremental slope plots are quite useful, not only for identifying segment boundaries, but also for determining
the degree of the polynomial that fits the data in a particular segment. Clearly, the amount of trial and error
required to achieve a good fit to a set of calibration data can be greatly reduced with the aid of incremental
slope plots.
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As the name implies, comparison plots are used primarily to compare two equations. Figure A.7 shows a plot
of the data from two runs (run 6 and run 7) in which a fit to one (run 7) was selected as the reference function
for plotting purposes. These runs are part of the same series of runs shown in Figures A.1 to A.6. It is clear
from Figure A.7 that these runs differ from each other by an amount that is significantly greater than
differences among runs shown in previous figures. Further investigation reveals that both run 6 and run 7 are,
in fact, anomalous. In a complete calibration exercise, the reasons for these anomalies should be investigated
to determine whether or not data from these runs are suitable for inclusion in future analyses. Provided that
they are large enough, the differences shown in the comparison plot are also revealed by a profile variation
plot. However, it is unlikely that differences such as those shown in Figure A.7 will be revealed by an
incremental slope plot because the two profiles are so nearly parallel.

Y&
5
o L a a MUAANMAS M Ny .
4 AN g X
2
-5
-10
-15 |
\ 1
-20 /\Mr\l\ Aa AAMNAA /\'/
Y va\' "AY VVVV W VWVVW
25 | | | | |
0 500 1 000 1500 2000 2 500 3000
Y
Key
X height, expressed in millimetres
Y residual volume, expressed in litres
1 run 6
2 run7
Figure A.7 — Comparison plot

After segment boundaries were identified and the degree of the polynomial for fitting each segment was
established| thesmeasurement equation (height vs. volume) was fitted to the data of plots in Figures A.1 to| A.6.
The residugls3rom this fit are shown in Figure A.8, together with the segment boundaries (vertical lines) ysed

to define the fit. The residual traces for each run are approximately linear, indicating that little improvement is
to be expected by defining additional segments. At capacity (approximately 22 000 I), the residuals exhibit a
spread of approximately 81. For this fit, confidence limits for the predicted volume at capacity are
approximately +51. The corresponding prediction error is in the order of 0,02 %, a result that is quite
acceptable in any safeguards programme.

Figure A.9 shows the same information as Figure A.8, but results are presented in the form of a comparison
plot. To create this plot, the fitted measurement equation was selected as a reference function and the
observed (standardized) calibration data were plotted relative to this function. The purpose of this plot is to
demonstrate that the residual plot is simply a particular type of comparison plot.
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