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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards
bodies (ISO member bodies). The work of preparing International Standards is normally carried out
through ISO technical committees. Each member body interested in a subject for which a technical
committee has been established has the right to be represented on that committee. International
organizations, governmental and non-governmental, in liaison with ISO, also take part in the work.
ISO collaborates closely with the International Electrotechnical Commission (IEC) on all matters of
electrotechnical standardization.

The proceglures used to develop this document and those intended for its further maintenange
described In the ISO/IEC Directives, Part 1. In particular the different approval criteria needed{or
different types of ISO documents should be noted. This document was drafted in accordance 'with
editorial ryles of the ISO/IEC Directives, Part 2 (see www.iso.org/directives).
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Introduction

This part of ISO 17123 specifies field procedures for adoption when determining and evaluating the
uncertainty of measurement results obtained by geodetic instruments and their ancillary equipment,
when used in building and surveying measuring tasks. Primarily, these tests are intended to be field
verifications of suitability of a particular instrument for the immediate task. They are not proposed as
tests for acceptance or performance evaluations that are more comprehensive in nature.

The definition and concept of uncertainty as a quantitative attribute to the final result of measurement
was developed mainly in the last two decades, even though error analysis has already long been a part
of a]l measurement sciences. After several stages, the CIPM (Comité Internationale des Poids ¢t Mesures)
refgrred the task of developing a detailed guide to ISO. Under the responsibility of the\[S() Technical
Adyisory Group on Metrology (TAG 4), and in conjunction with six worldwide metrology’orgpnizations,
a gyidance document on the expression of measurement uncertainty was compiled.with thle objective
of groviding rules for use within standardization, calibration, laboratory, accreditation and|metrology
seryices. ISO/IEC Guide 98-3 was first published as an International StandardISO documenit) in 1995.

d to finally
by with the

[SO[17123 (all parts) provides not only a means of evaluating.the precision (experimentdl standard
devjation) of an instrument, but also a tool for defining an~ncertainty budget, which allgws for the
sunpmation of all uncertainty components, whether they are random or systematic, to a repyesentative
measure of accuracy, i.e. the combined standard uncertainty.

[SO[17123 (all parts) therefore provides, for definingfor each instrument investigated by the grocedures,
a proposal for additional, typical influence quantities, which can be expected during practidal use. The
cusfomer can estimate, for a specific application, the relevant standard uncertainty comjponents in
ordpr to derive and state the uncertainty of the measuring result.

© IS0 2014 - All rights reserved v
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Optics and optical instruments — Field procedures for
testing geodetic and surveying instruments —

Part 1:
Theory

1
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5 part of ISO 17123 gives guidance to provide general rules for evaluating and expressing y

in measurement for use in the specifications of the test procedures of 1SO17123-2, IS
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17123-4,1S0 17123-5,1S0 17123-6,1S0 17123-7 and 1SO 17123-8.

17123-2,1S0 17123-3,1S0 17123-4, 1SO 17123-5, ISO 17123-6, ISO 17123-7 and ISO 1712
 field test procedures for geodetic instruments without ensuring®raceability in accor
IEC Guide 99. For the purpose of ensuring traceability, itis intended that the instrument bg
he testing laboratory in advance.

5 part of ISO 17123 is a simplified version based on ISO/IEC Guide 98-3 and deals with th
ted to the specific field of geodetic test measurements.

Normative references

following documents, in whole or in partydre normatively referenced in this docume

ncertainty
D 17123-3,

B-8 specify
Hance with
calibrated

e problems

nt and are

spensable for its application. For dated references, only the edition cited applies. F¢r undated

rences, the latest edition of the referenced document (including any amendments) appligs.

IEC Guide 99, International vodahulary of metrology — Basic and general concepts and
hs (VIM)

Terms and definitions

wn

associated

the purposes of this’document, the terms and definitions given in ISO/IEC Guide 99 and thfe following

as a number and a reference

EXAMPLE1 Quantities in a general sense: length, time, temperature.

EXAMPLE 2  Quantities in a particular sense: length of a rod.

3.1.

2

value

value of a quantity

quantity value

number and reference together expressing the magnitude of a quantity

EXAMPLE Length of a rod: 3,24 m.

© IS0 2014 - All rights reserved
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3.1.3
true value
true value

of a quantity

true quantity value
value consistent with the definition of a given quantity

Note 1 to entry: This is a value that would be obtained by perfect measurement. However, this value is in principle

and in pract

3.14

ice unknowable.

reference value

reference [quantity value
quantity value used as a basis for comparison with values of quantities of the same kind

Note 1 to eptry: A reference quantity value can be a true quantity value of the measurand, in which’case

normally ur
areference

3.1.5

[ known. A reference quantity value with associated measurement uncertainty is usually provide
measurement procedure.

measurement

process of
quantity

bxperimentally obtaining one or more quantity values that can redsonably be attributed

Note 1 to enftry: Measurement implies comparison of quantities and includeseounting of entities.

3.1.6

measurenpent principle

phenomen

Note 1 to eptry: The measurement principle can be a physical phenomenon like the Doppler effect applied

length meaq

3.1.7

bn serving as the basis of a measurement (scientifie’basis of measurement)

urements.

measurenent method

generic des

cription of a logical organizationof'operations used in a measurement

Note 1 to eptry: Methods of measurement'can be qualified in various ways, such as “differential method”

“direct mea

3.1.8

measuranid

quantity in
EXAMPLE

3.19
indication
quantity v:

surement method”.

tended to be measured

Coordinatexdetermined by an electronic tacheometer.

i lue provided by a measuring instrument or measuring system

it is
d by

to a

for

and

Note 1 to entry: An indication and a corresponding value of the quantity being measured are not necessarily

values of qu

3.1.10

antities of the same kind.

measurement result
result of measurement
set of quantity values attributed to a measurand together with any other available relevant information

Note 1 to en

try: A measuring result can refer to

— theindication,

— theunc

orrected result, or

© ISO 2014 - All rights reserved
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— the corrected result.
Ameasurementresultis generally expressed as a single measured quantity value and a measurement uncertainty.

3.1.11
measured quantity value
quantity value representing a measurement result

3.1.12

error

error of measurement

megsSurcmenterror

megsured quantity value minus a reference quantity value

3.1]13

random measurement error
ra:ldom error

conjponent of measurement error that in replicate measurements varies in an unpredictabld manner

Not¢ 1 to entry: Random measurement errors of a set of replicate measurements form a distributior] that can be
sunjmarized by its expectation, which is generally assumed to be zero, and its’yariance.

3.1114

systematic error

systematic error of measurement
conjponent of measurement error that in replicate medsurements remains constant or yaries in a
preflictable manner

Not¢ 1 to entry: Systematic error, and its causes, can be known or unknown. A correction can bg applied to
compensate for a known systematic measurement erxor.

3.2| Terms specific to this part of ISO17123

3.211
accpracy of measurement
clogeness of agreement betweenta measured quantity value and the true value of the measufand

Note 1 to entry: “Accuracy” is@ qualitative concept and cannot be expressed in a numerical value.

Not¢ 2 to entry: “Accuragy“is inversely related to both systematic error and random error.

3.2{2
experimental standard deviation
estimate of thestandard deviation of the relevant distribution of the measurements

Note 1 to entry: The experimental standard deviation is a measure of the uncertainty due to random|effects.

Notg¢ 2tp entry: The exact value arising in these effects cannot be known. The value of the experimental standard
deviation {5 Tormaily estimated by statistical methods.

3.2.3

precision

measurement precision

closeness of agreement between measured quantity values obtained by replicate measurements on the
same or similar objects under specified conditions

Note 1 to entry: Measurement precision is usually expressed by measures of imprecision, such as experimental
standard deviation under specified conditions of measurement.

© ISO 2014 - All rights reserved 3
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3.2.4

repeatability condition
repeatability condition of measurement
condition of measurement, out of a set of conditions

Note 1 to entry: Conditions of measurement include

the same measurement procedure,
the same observer(s),

the same measuring system

replica

3.2.5
repeatabi

the sanje meteorological conditions,

the sanpe location, and

e measurements on the same or similar objects over a short period of time.

ity

measurenment repeatability

measurem

3.2.6
reproduci
condition g

bnt precision under a set of repeatability conditions of measurerment

bility conditions of measurement
f measurement, out of a set of conditions

Note 1 to enftry: Conditions of measurement include

differe

replica

3.2.7
reproduci

different locations,

different observers,

t measuring systems, and

e measurements on the same or similar objects.

bility

measurement reproducibility

measurem

3.2.8

influence
quantity, v
affects the

EXAMPLE

bnt precision under reproducibility conditions of measurement

quantity
Fhich in a direct measurement does not affect the quantity that is actually measured,
relation’hetween the indication of a measuring system and the measurement result

Temperature during the length measurement by an electronic tacheometer.

but

© ISO 2014 - All rights reserved
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3.3 The term “uncertainty”

3.31

uncertainty

uncertainty of measurement

measurement uncertainty

non-negative parameter characterizing the dispersion of quantity values attributed to a measurand,
based on the information used

Note 1 to entry: Measurement uncertainty comprises, in general, many components. Some of these components
can be evaluated by a Type A evaluation of measurement uncertainty from the statistical distribution of the
quantity values from series of measurements and can be characterized by an experimental standar{d deviation.
The|other components, which can be evaluated by a Type B evaluation of measurement uncertaitjty, can also
be ¢haracterized by an approximation to the corresponding standard deviations, evaluated frogm assumed
probability distributions based on experience or other information.

3.3]2
Type A evaluation

Type A evaluation of measurement uncertainty
evaluation of a component of measurement uncertainty (standard uncertainty) by a statistigal analysis
of quantity values obtained by measurements under defined measurement conditions

Note¢ 1 to entry: For information about statistical analysis, see 4.1 andISO/IEC Guide 98-3.

3.3{3
Tyge B evaluation of measurement uncertainty
evaluation of a component of measurement uncertainty\(standard uncertainty) determined by means
other than a Type A evaluation of measurement uncertdinty

EXAMPLE The component of measutement uncertainty can be bpsed on

— |previous measurement data,

— |experience with, or general knewledge of, the behaviour and property of relevant instfuments or
materials,

— |manufacturer’s specifications,

— |data provided in calibration and other reports,

— |uncertainties agsighed to reference data taken from handbooks, and
— |limits deduc¢edthrough personal experiences.

Not¢ 1 to entry/For more information see 4.3 and ISO/IEC Guide 98-3.

3.314
standard uncertainty

standard uncertainty of measurement

standard measurement uncertainty

measurement uncertainty expressed as a standard deviation

Note 1 to entry: Standard uncertainty can be estimated either by a Type A evaluation or by a Type B evaluation.

3.3.5

combined standard uncertainty

combined standard measurement uncertainty

standard (measurement) uncertainty, obtained by using the individual standard uncertainties (and
covariances as appropriate), associated with the input quantities in a measurement model

Note 1 to entry: The procedure for combining standard uncertainties is often called the “law of propagation of
uncertainties” and in common parlance the “root-sum-of-squares” (RSS) method.

© IS0 2014 - All rights reserved 5
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3.3.6

coverage factor
numerical factor larger than one, used as a multiplier of the (combined) standard uncertainty in order
to obtain the expanded uncertainty

Note 1 to entry: The coverage factor, which is typically in the range of 2 to 3, is based on the coverage probability
or level of confidence required of the interval.

3.3.7
expanded
expanded

uncertainty
measurement uncertainty

half-width[of 'a symmetric coverage interval, centred around the estimate of a quantity with a spe
coverage probability

Note1toe

3.3.8
coverage i
interval c
the inform

Note 1 to e
confusion W
or implicit §

3.39

coverage probability

probability
interval

Note 1 to enftry: The probability is sometimes termed “levelof confidence” (see ISO/IEC Guide 98-3).

3.3.10

uncertain
statement
their calcu

Note 1toen
uncertaintig

functions and type of evaluation of measurement uncertainty.

ry: A fraction can be viewed as the coverage probability or level of confidence of the interval.

terval
taining the set of true quantity values of a measurand with a stated probability, based
ption available

htry: It is intended that a coverage interval not be termed “confiderice interval” in order to a
ith the statistical concept. To associate an interval with a specificJevel'of confidence requires exp
ssumptions regarding the probability distribution, characterized\by the measurement result.

that the set of true quantity values of a measurafd is contained within a specific covef

Ly budget
pf a measurement uncertainty, of the components of that measurement uncertainty, an
ation and combination

ry: Itisintended that an undertainty budgetinclude the measurement model, estimates, measuren
s associated with the quantities in the measurement model, type of applied probability den

ent model

ific

| on

yoid
licit

age

d of

hent
sity

a Half-width of a rectangular distribution of possible values of input quantity Xj:a = (a+- a-)/2
a; Upper bound or upper limit of input quantity X;
a- Lower bound or lower limit of input quantity X;
A Design or Jacobian matrix (N x n)
Partial derivates or sensitive coefficient: I (i=1,2,..,N)
c Vector of sensitive coefficients ¢; (i=1, 2, ..., N)
e Unit vector
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Table 1 (continued)

Functional relationship between a measurand, Y, and the input quantity, Xj, and between output

S estimate, yk, and input estimates, Xj
f Vector with elements fx(xT) (k=1, 2, ..., n)
Fi- a2 (V) l("lisflzg’zf (or Fisher-Snedecor) distribution with degrees of freedom (v, v) and confidence level of

gj Functional relationship between the estimate of input quantity, x;, and the observables, [;
K Er(:]\iiri?ge{:‘ {f‘:::;c\(l)ll; ;ljlei :(:rcfz;licnlil‘?‘lcfi Egpanded uncertainty U = k x u¢(y) of the output estimate y
Ii Observables, random variables (i=1, 2, ..., m) y\b‘
m Number of observations, [; (]9
M Number of input quantities, whose uncertainties can be estimated by a TyrQ‘e,?}é;/aluat on
n Number of output quantities, measurands i ,\q/J
N Number of input quantities y(\ .

N - M Number of input quantities, whose uncertainties can be estimg.t@by a Type B evaluatjon
N Normal equation matrix (n x n) k\‘f)
pj Weight of the input estimates x; (=1, 2, ..., N) < O)
P Weight matrix of p; (N x N) ()Q\

Qykyk Cofactor of the output estimate, yi \\\‘
Qy Cofactor matrix of the output estimates, yi (%%Y
rj Residual of input estimates, x; (j =1, 2, ..., §®v
r Vector of residuals, rj N>

(x5, Xj) Correlation coefficient between t{k{eﬁput estimates, x; and x;
s Experimental standard devia\tig}\fgeneral notation)

s(yk) Experimental standard c}e\:ngi‘on of the output estimate yj

ta(v) Student’s ¢-distribution ‘;i{h the degree of freedom, v, and a confidence level of (1 - a) Po
u Standard uncerta@@?general notation)

u(yx) Standard uncAe@\n/ty of the output estimate yji

u(x)) Standard @]\ggriainty of the input estimate x;

(k) Comty'\r@\?andard uncertainty of the output estimate yi
) EX@Med uncertainty (general notation)
X;j R 'E&T;nate of input quantity, input estimate (j=1, 2, ..., N)
X S'Vector of the estimates of input quantities x;

é;\‘ jth input quantity on which the measurand Y, depends

[~ d
X

vector or mput quantities A;

Yk Estimate of measurand Yy, output estimate; (k=1, 2, ..., n)
y Vector of output estimates of measurands yk
Yk kth measurand (k=1, 2, ..., n)
Y Vector of measurands Yy
Probability of error, as a percentage
1-a Confidence level
v Degrees of freedom

© IS0 2014 - Al

1 rights reserved 7


https://standardsiso.com/api/?name=5a08d2b3b435daa5f5970a4ed5d245c6

1ISO 17123-1:2014(E)

Table 1 (continued)

o

Standard deviation of the normal distribution

254 0)

Chi-squared distribution with the degree of freedom, v, and a confidence level of (1 - a) %

4 Evaluating uncertainty of measurement

4.1 General

The generdl concept is documented in ISO/IEC Guide 98-3, which represents the international jyiey
how to express uncertainty in measurement. It is just a rigorous application of the variance-covaria
law, which[is very common in geodetic and surveying data analysis. However, the philosophy‘behir
has been ektended in order to consider not only random effects in measurements, but also system|
errors in the quantification of an overall measurement uncertainty.

In principlg
quantity s
accompani

The uncert

grouped into two categories according to the method used to estimate their numerical values:

those ¥

a)
b) those\

Basic to this approach is that each uncertainty component, which contributes to the uncerta

of a measu
suggested

The uncer

standard deviation, s;, and the associated mumber of degrees of freedom, v;. For such a component,

standard
observatio

In a similaz
be conside
an assume
a standard
by means

measurem

Correlationp between components of either category are characterized by estimated covariances

estimated

ed by a quantitative statement of its quality, the uncertainty.

p, the result of a measurement is only an approximation or estimate of thewalue of the spe
Ibject to a measurement; that is the measurand. Thus, the result\is complete only w

ainty of the measurement result generally consists of several’components, which may

vhich are evaluated by statistical methods;

wvhich are evaluated by other means.

ring result by an estimated standard deviation, is termed standard uncertainty with
symbol u.

fainty component in category A isctepresented by a statistically estimated experime

ncertainty u; = s;. The evaluation of uncertainty components by the statistical analysi
hs is termed a Type A evaluation of measurement uncertainty (see 4.2).

manner, an uncertainty.component in category B is represented by a quantity, u;, which
red an approximation of the corresponding standard deviation and which may be attriby
i probability distribution based on all available information. Since the quantity u;is treate
deviation, the,standard uncertainty of category B is simply u;. The evaluation of uncerta
pther than statistical analysis of series of observations is termed a Type B evaluatio
ent uncertainty (see 4.3).

rortrelation coefficients.

v of
nce
dit
atic

rific
hen

' be

nty
the

htal
the
s of

may
ted
d as
nty
h of

or

p
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Input: Output:
vector x, Uy vector y and u,
input quantity x; and its output quantity yx and its
uncertainty u(x;) standard uncertainty u(y)
—
Type A: expanded uncertainty
observations, measurement Ulyk)
data analysed by statistical \ Model \
MR x, U of evaluation: |y, u, Final result:
XA » Ux(A) “/
U y=r&) Vet W)
Type B:
previous, external .
measurement data analysed San be gseq Bl
by other means quantltly |nt_further
xs, Usg) applications

Figure 1 — Universal mathematical model and uncertainty evaluation

4.2 Type A evaluation of standard uncertainty

4.2)]1 General mathematical model

In most cases, a measurand, Y, is nof_measured directly, but is determined by N other| quantities
X1, X2, ..., Xy through the functional telationship given as Formula (1):

Yzf(le XZ: ey XN) (1)

An estimate of the meastirand, Y, the output estimate, y, is obtained from Formula (1) by using the input
estimates, x1, X2, ...Z), thus the output estimate, y, which is the result of measurements, |s given by
Formula (2):

y = f(x1,%2)" .., XN)

(2)

In hoot cacac tha maacuiramant racnlt (Aantnat actimato ) ic ahtainad ho thic fiinectional ral 1tionshi
uuuuuuuuu e e eSO e e e T eSSt O urt pPot Eo Tt B ot S o Byt o rer e er O el .

Butin some cases, especiallyin geodetic and surveying applications, the measurementresultis composed
of several output estimates, y1, y2, ..., yn which are obtained by multiple, e.g. N, measurements (input
estimates).

From this follows the general model function (see Figure 1) given as Formula (3):

Y =flxh)
(3)

Assuming that

X is a vector (N x 1) of input quantities x; (j = 1, 2, .., N);

© ISO 2014 - All rights reserved 9


https://standardsiso.com/api/?name=5a08d2b3b435daa5f5970a4ed5d245c6

ISO 1712

3-1:2014(E)

y is avector (n x 1) of output quantities yx (k=1, 2, ..., n);

f is a vector (n x 1) with the elements fx(xT) (k=1, 2, ..., n);

fcan be understood as a suitable algorithm to determine the output quantities y (see Annex C).

4.2.2 General law of Type A uncertainty propagation

Often in geodetic measuring processes, the input quantity, x;, is a function of several observables, the

random va

IT = (]1,

parameter

The associ

UI:

Assuming

X; =gj(1

the lineari

T
g;=(4

yields the s

u(xj) =

u(xj) = s(x))

riables:
12,13, ..., [m)
(4)
The reason for this can be, for example, internal measuring processes of the instrument, correcfion
5 obtained by calibration or even multiple measurements of the same observable.
hted uncertainty matrix may be given by Formula (5):
u% 0
0 u?
" (5)
he general function
)(=12,.,N)
(6)
red model
T
Gporeergym) =, 1, O
j10Y520- Y jm 611 ’ 812 ““’8Im (8)
tandardduncertainty of the input quantity, xj, as given by Formula (9):
T
Ve rUig; )
Under the assumption that the observables are random,
(10)

which is called the experimental standard deviation of x;.

Of course, uji can also be introduced in Formula (5) covariances such that U; becomes a fully occupied

matrix.

The numerical example in C.1 illustrates this approach of a Type A evaluation for calculating the standard
uncertainty.

10
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Ifthere are N functions of X, all dependent on the observables ], they are treated according to Formula (7):

X =80 + Gl (11)

With the Jacobian matrix:

911 = YGim
G=| : - :
IN1  InNm (12)
Finglly, Formula (9) can be written in the general form of the known law of error propagatiop:
u?(x)  ulxxg) o u(exy)
U, =GU,GT =| #xx)  w¥(rp) e ulegury)
u(xppox1) u(xypxg) oo uP(xy) (13)

From the diagonal elements, the standard uncertainties can be derived as given by Formula [14):

e =[u(x1),u(x2), o u(x )] (14)

Respectively, the empirical standard deviations are

s, =[s(x1), s(x2), .o, S(SN)]T (15)

Following the flowchart of Figure 1 in which the output quantities are obtained from the inpuf estimates
x byf a linear transformation, then

p = fx7) = ho +H(x)

(16)
Takling Formula (11) irfte account,
y=hy +H(gg* Gl)=hy + HGI (17)
and, according to Formula (13), the uncertainty matrix becomes:
Uy HULHT = HGU)GTHT (18)

The diagonal elements of the matrix Uyincorporate the standard uncertainty vector given as Formula (19):

uy, = [u(y1), w(y2), - w(yy )]T (19)

of the output estimates y1, y2, ..., Yn.

© ISO 2014 - All rights reserved 11
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Again, if the input quantities vary randomly, the standard uncertainties in Formula (19) match the
empirical standard deviations of the output estimate y.

uy=syoru(yr) =s(yk) (k=1,2,..,n) 20

The nesting in Formula (18) can be arbitrarily enhanced for further applications (see Figure 1), e.g.
z=M(y).

The numerical example in C.2 illustrates this approach of a Type A evaluation for calculating the standard
uncertaint[.

4.2.3 Least squares approach

Often, more model equations according to Formula (3) are given than output quantities, yx, have t¢ be
determinegl. In such a case (N > n), it is suitable to solve the equation system by the Kngwn methofd of
a least-squires adjustment. For this, it is necessary to restate the model function/of Formula (3) in a
system of (nonlinear) observation equations:

x+r=F>)
21)
or in a lineprized notation (neglecting higher-order terms):
oF
X+r= i"ﬂ()/o)Jfa—(y—yo)
y 22)
where
X is the vector (N x 1) of the observations or measurable input quantities;
r is the vector (N x 1) of the residuals;
y is the vector (n x 1) of unknowifis, output estimates;
Yo is the vector (n x 1) of the.approximate values of y.

Substitutinlg in Formula (22}

y=Yo :J7’
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x=F(yog)=1 (23)
and
6)’1 a.yn
L
V| oFy OFy
AlT - AlT
CoT ) (24_)
yields Formula (25):
r= Aj; —l (25)
Oft¢n, it is necessary to introduce a stochastic model by the weight matrix of the measufable input
quantities:
p1 e 0 2
P = E . . E p .= S_O
o ... p ] 52.
NJ with J (26)
The weights, pj, can be determined under consideragion of Formula (13), respectively Formuja (15).
Following the Gauf3-Markov model, the solutionvector is:
y=(4TPAYy L ATPI=N"1n 27)
With the results of Formula (27), the'residuals can be calculated from Formula (25). Thus, the 4 posteriori
varjance factor can be derived fi'em Formula (28):
T
Sg _r Pr
v (28)
whére
v = N-n (degteg of freedom).
© ISO 2014 - All rights reserved 13
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From this, the experimental standard deviation of the output estimates, y, can be calculated by the
known relationships

s =59,/
W)=50yCyiic 1,2, .0 (29)
with
Qykyk = diagQy and Qy = N-1 (30)
Finally, th¢ standard uncertainties, Type A evaluation, of all output estimates yx can be stated as
Formula (31):
uy=sypru(y) =s(yr) k=1,2,..,n 31)
But, the adjusted input values can also be quoted by Formula (32):
and the esfimated variance covariance matrix of X by Formula (33):
A -1 T
S& = SC AN A4 33)
Finally, from its diagonal elements, the experimental standard’deviation is given by Formula (34):
Sz =(Sk,» Sz, Sz ) =4/diag Sg 34)
Thus, the standard uncertainty of the adjusted-ifiput estimates, ,yields Formula (35):
uy =Sy op UED=SE) (2 q 5 W)
35)
The numerjical example in C.3 illustrates this approach of a Type A evaluation for calculating the standard

uncertaint

14

.
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4.2.4 Special cases
4.2.4.1 Calculation of the standard uncertainty, u(x;), of the arithmetic mean or average Xi for
the ith series of measurements

Often, the input quantity X; is estimated from j = 1, 2, .., n independent repeated observations x;.
Following Formula (27), the best available estimate is Formula (36):

X; —(eTPe)y™ TP X (36)

With its experimental standard deviation, given as Formula (37):

s(x;)=
\/eTPe \/ZP,] 37)

Forfuncorrelated equal accurate input estimates, x; j, the average yields:Kormula (38):

1
:;2’50

7= (38)

and the experimental standard deviation yields Formula(39):

S L
\/_ n(n—-1) . r=eX;—X; (39)
Then, the standard uncertainty is given-by Formula (40):
u()_(i)zs()?i) (40)
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4.2.4.2 Calculation of the standard uncertainty, u(yi), of the arithmetic mean or average Yi for
the ith series of double measurements

Often the output quantities, Y;, are estimated by the mean yili=1,

2

(two measurements with the same measurand):

= . . . T
(I, I) with =il in)™ g j=1,2.

e 1) of pairs of measurements

(41)
The vector|of the output estimates reads as Formula (42):
_ 1
y==W+13) i
2 42)
The followjing evaluation implies that the measurement procedure eliminates systematic errors; this
means that, for the expectation of the difference vector, it follows that:

E(d)=|E(l, -1;)=0 43)
Furthermdpre, it is assumed that the same standard uncertainty u;‘with j = 1, 2, can be attributed t¢ all
pairs of mdasurements. Therefore

P =P =P

1 2 44)
and
o d{pPd
S0 =5 —
a4
where
d=(21h)
45)
If the samg weight can‘beallocated to all observations, the experimental standard deviation readf as
given in Formulae (46), (47) and (48):
for the megsurements [ ;:
\[ T
aa
S| =
2n [4-6)
for the differences d;:
d’d
Sq =
" (47)

and

16

© ISO 2014 - All rights reserved


https://standardsiso.com/api/?name=5a08d2b3b435daa5f5970a4ed5d245c6

1ISO 17123-1:2014(E)

for the output estimates 7/ :

T
s(m:,/%

To check if the assumption in Formula (43) is fulfilled, the following rule should be applied.

If Formula (49)

is t1

4.2

The
to 1
assi
and
exp
cald

wh

Si

(eTd)?<d"d

u(y;)=s(y;)

4.3 Calculation of the overall standard uncertainty, u, for m series of measuremenits

ulated for each series of measurements.

m

Ss2=Y 2 =Gt sh
i=l

ere

is the number of séries of measurements;

measurements;

©IS

02014 - All rights reserved

2 is the-sum of squares of all standard deviations, s;, of the m series of measuremerits.

(48)

(49)

ue, it can be expected that E(d)=0 y, this case, the standard uncertainty isgiven as Formula (50):

(50)

experimental standard deviation obtained for each of the.in{series of measurements is ponsidered
e a separate estimate of the overall experimental standard deviation of the measurements. It is
hmed that each of these estimates is of the same order ofeliability, v;=vq =vy = ... = v;;,. Foymulae (51)
(52) indicate how the individual experimental standard deviations are combined to give pne overall
erimental standard deviation which takes equal.a¢count of the experimental standard|deviations

(51)

is the experimental standard deviation of a single measured value within the ith|series of

17
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The overall experimental standard deviation, s, of m series of measurements yields Formula (52):

2
o2
m (52)

The number of degrees of freedom of all m series of measurements is obtained by Formula (53):

m
VZZVI' mevi
i=1

53)

Finally, the overall standard uncertainty can be written as Formula (54):

u=s 54)

—e

Numerical|examples in C.4 and C.5 illustrate these approaches of a Type A evaluation for calculat
standard uncertainties.

ng

4.3 Type B evaluation of standard uncertainty

4.3.1 Geheral

Often, not g1l uncertainties of the N input quantities can be estimated by a Type A evaluation; this nunjber
of uncertainties, obtained by the Type A evaluation, is therefore assumed, M, so that the uncertaintig¢s of
N - M inpuf quantities have to be determined by other means, namely by a Type B evaluation.

For an estimate x;, M <j < N of an input quantity, which-has not been obtained from repeated observatjons
or was derjved from small samples, the evaluation'ef the standard uncertainty u(x;) is usually based on

scientific j\[‘dgment using all available information, which may include
— previous measurement data,

— experipnce with, or general knowledge of, the behaviour and properties of relevant materials pnd
instruments,

— manufpcturer’s specifications,
— data provided in calibration reports,
— uncertainties assigned to reference data taken from handbooks.

Examples ¢f suchiia’ Type B evaluation, which can be very helpful for practical use, are given in|the
following gubclatises.

4.3.2 Quantity in question modelled by a normal distribution (see Annex A)
— Lower and upper limits are estimated by a- and a..

— Estimated value of the quantity: (a+ + a-)/2.

— 50 % probability that the value lies in the interval a- to a.

Then, the standard uncertainty yields Formula (55):

ujz1,4-861 (55)

where a = (a+ - a-)/2
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4.3.3 Quantity in question modelled by a normal distribution (see Annex A)
— Lower and upper limits are estimated by a- and a..

— Estimated value of the quantity: (a+ + a-)/2.

— 67 % probability that the value lies in the interval a- to a..

Then, the standard uncertainty yields Formula (56):

u.=a

j (56)

where a = (a+ —a-)/2
4.314 Quantity in question modelled by a uniform or rectangular probability-distribution (see
Annex A)

— |Lower and upper limits are estimated by a- and a..

— |Estimated value of the quantity: (a+ + a-)/2.

— |100 % probability that the values lies in the interval a- to a
Then, the standard uncertainty yields Formula (57):

u. =L ~0,58a

NG (57)

wheére a = (a+ - a-)/2

4.3]5 Quantity in question modelled by a triangular probability distribution (see Annlex A)
— |Lower and upper limits are estimated by a- and a..

— |Estimated value of the quantity: (a+ + a-)/2.

— |100 % probability that the values lies in the interval a- to a..
Then, the standard uncertainty yields Formula (58):

U == ~ 041

7 e (58)

where'a= (a+ —a-)/2

The numerical Examples in C.6 illustrate these approaches of a Type B evaluation for calculating
standard uncertainties.

4.4 Law of propagation of uncertainty and combined standard uncertainty

The combined standard uncertainty, u-(yx), of ameasurementresultyyis taken torepresentthe estimated
standard deviation of the final result. It is obtained by combining the individual standard uncertainties,
u(x;), and, if available, the covariances u(x;, x;) of the input estimates x1, X2, ..., XM, XM+1, XM+2, ..., XN, Whether
arising from a Type A evaluation or a Type B evaluation. This method is called the law of propagation
of uncertainty or in the parlance of geodetic metrology the root-sum-squares method of combining
standard deviations.
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[t is assumed that for the input estimates
_.T
(Xl,Xz,...,XM)—xA (59)

the standard uncertainties are from a Type A evaluation and given by Formula (60):

u(x1)2 0 0
0 u(xy)? :

Uy =| .
L 0 u(XM)ZJ 60)

and for theinput estimates

T
(X M1 |Xme2 - XN)=Xp 61)

the standafd uncertainties are from a Type B evaluation and given by Formula/{62):

u(xp41)° 0 0

2
Uwny 0 u(X p12)

0 U(XN)Z 62)

o (Vs 0
0 U -
63)

and, according to Formulae (7) to (9),
Yr=¢Cq+t cZ (XA)

B 64)

with

d d
c;{ =[§£k 'dﬁk d){k ]:(ckllckZ'""CkN)
1 dx; N 65)

The values cg;, with i =1, ..., N, are often called sensitivity coefficients and are determined either by the
derivatives of the function f or, sometimes measured experimentally by an empirical first-order Taylor

series expansion.
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Finally, the combined standard uncertainty for the output estimate, yx [see Formula (3)] yields
Formula (66):

uo (i) =i Usey (66)

If the estimated covariance between x; and x; the u(x;, x;) = u(x;, x;) are known, they can be regarded
easily in Formulae (60), (62) and (63).

In this case, the degree of correlation is characterized by the estimated correlation coefficient

_ u(x;,x ;)
X ) e )

(67)

whgre -1 < r(x;, x;) < +1. If u(x;) and u(x;) are independent, r(x;, x;) = 0.

Theg numerical examples in C.6 illustrate these approaches of calculating the combinedl standard
uncertainties.

4.5 Expanded uncertainty

Although the combined standard uncertainty, uc-(y), can bge\universally used, in some cpmmercial,
indpistrial applications, it is often necessary to give a measure of uncertainty that defines pn interval
about the measurement result, y, within which the value’of the measurand, Y, is confident]y believed
to lie. The measure of uncertainty that meets the réguirements of providing an interval is termed
exppnded uncertainty with the suggested symbolU and is obtained by multiplying thg combined
stapdard uncertainty by the coverage factor k as;given by Formula (68):

U=kxuc(y)
(68)
[t is|confidently believed that
y-UsYsy+U (69)
whilch is conveniently expressed as Formula (70):
Y=y+U (70)

In general, the value of the coverage factor, k, is chosen on the basis of the desired level of [confidence
intgnded to be associated with the interval defined by + U and is typically in the range of 2 t¢ 3.

If

U=2xuc(y)
(71)

the interval corresponds to a particular level of confidence of approximately P = 95 %, which is used
typically in this series of standards and assumes for the output estimate a normal distribution.

Under the same precondition,

U=3xuc(y) 72)

defines an interval having a level greater than P = 99 %.
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However, for specific applications, k may be outside the stated range. Extensive experiences with

full

knowledge of the use to which the measurement result is intended to be put can facilitate the proper

selection of the value k. For more information, see ISO/IEC Guide 98-3:2008, 6.3, and Annex G.

5 Reporting uncertainty

When reporting a measurement result and its uncertainty, the following information should be given:

— a clear description of the mathematical models and methods used to calculate the measurement

result and its uncertainty (Type A and Type B evaluations) from the experimental observations

and

input data;

— alist of all uncertainty components together with their degrees of freedom and the resulting u/;

— adetailed description of how each component of standard uncertainty was evaluated;
— adescription of how k was chosen, if k is not taken equal to 2.

When the measure of uncertainty is uc(y), the numerical result of measurementshould be stated in|
following way:

D=12B45,678 m uc.=9,1 mm

If the expaphded uncertainty, U, is reported, the following notdtion is recommended:

D=12P45,678 m U=+18 mm (k = 2)

or

D = (12/345,678 + 0,018) m (k = 2)

6 Summarized conceptof uncertainty evaluation

The followjng summary-can be understood as a stepwise instruction for calculating the uncertaint
practice.

a) Clear (jescription ofmeasurandsand measuringmethod:therelationshipbetweentheinputquantities

and output qUiantities, and the evaluation model shall be correctly described mathematically.

d

the

y in

b All corrections-showld-be-ascer fainad and ac for 2o noccibhla ananlind
ecHoR - SHot e BeaSee e et aS T ra5SPpPoessinte apprees

c) Detection of all causes (influence quantities) for evaluating uncertainty.

d) Calculation of the standard uncertainties applying the statistical procedures of a Type A evaluation.

e) Determination of the standard uncertainties of a Type B evaluation. For this,
1) the knowledge of the probability distribution of the input quantity,
2) information to estimate the distribution of the input quantity,

3) upper and lower bounds of the variability of the limits of the input quantity, and
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4) any other information, knowledge to quote the required standard uncertainty should be
considered.

f) For each input quantity, the quantitative contribution of the standard uncertainty shall be
calculated. Thus all sensitivity coefficients shall be determined according to the measuring model
(mathematical model to calculate the output estimate).

g) Hereinafter, the law of propagation of the uncertainty can be applied; the result is the combined
standard uncertainty of the output estimate.

h) Multiplication of the combined standard uncertainty by the coverage factor yields after all the
€xpanded uncertainty.

i) |Reportofthe final result by quoting the output estimate, the expanded uncertainty.and the coverage
factor.

7 |Statistical tests

7.1 General

For|the interpretation of the results, obtained from the full test procedure only, statisticalltests shall
be darried out using the experimental standard deviation, s, or.the standard uncertainty, u, pf a Type A
evaluation. For tests, this Type A evaluation of standard uncertainty can be treated as an experimental
stamdard deviation. For testing, the following questions shall'‘be answered (see Table 2).

a) |Is the calculated experimental standard deviation(standard uncertainty of a Type A evaluation), s,
smaller than or equal to the manufacturer’s or s6me other predetermined value of 67

b) |Do two experimental standard deviations (standard uncertainties of a Type A evaluation), s and

% as determined from two different saimples of measurements belong to the same population,
assuming that both samples have the Same number of degrees of freedom, v (v being thg number of
degrees of freedom of all series of measurements)?

c) |Respectively, d) is a parameter yx obtained by adjustment equal to zero?

Table 2 — Statistical tests

. . Alternative
Question Null hypothesis hypothesis
a) sso s>0
b) c=06 c#G
c) respectively d) yk=0 Yk To
NOTE o is used instead of s because the null hypothesis
CHEeCKS 1T THe TWo eXperimental standard deviations Delong to
the same population.

7.2 Question a): is the experimental standard deviation, s, smaller than or equal to a
given value 0?

Formulae (1) to (54) allow only the determination of the (experimental) standard deviation, s, or the
standard uncertainty of a Type A evaluation, u, of the measurements. Because of the small size of
the sample, this value can differ more or less from the theoretical standard deviation, g, of the whole
population as stated by the manufacturer of the instrument or predetermined in any other way.

The methods of mathematical statistics permitthe decision whether an experimental standard deviation,
s, is smaller than or equal to a given theoretical standard deviation, o, on the confidence level 1 - a.
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The null hypothesis s < 0 is not rejected if the following condition is fulfilled:

2
1%
SSGX/Z&;EE)
1%

Otherwise,

The theore

25 e

the null hypothesis is rejected. may be taken from Table B.1.

tical standard deviation, g, is a predetermined value.

(73)

7.3 Quektion b): Do two samples belong to the same population?
The methods of mathematical statistics permit the decision as to whether two experimental*standard
deviationss and > or the standard uncertainties of a Type A evaluation, u and ¥ obtaiied from fwo
different samples of measurements, belong to the same population on the confidence level 1 - a. [The
corresponding null hypothesis © =9 is not rejected if the following condition is fulfilled:
1 2
F Sf_ZSFlfoz/Z(V'V)
1-a/2(VV) 3 74)
Otherwise| the null hypothesis is rejected.
Two samples of measurements with the same number 7=1 @ré taken to determine the experimeptal
standard deviations, s and . These experimental standarddeviations, s and Sy may be obtained fr¢m:
— two samples of measurements by the same equipntent, but different observers;
— two samples of measurements by the same equipment, but at different times;
— two samples of measurements by different equipment.
F1- /2 (v, ¥) may be taken from Table Btl.
7.4 Quesgtion c) [respectively.question d)]:Testing the significance of a parameter yj
Formulae [21) to (35), thesequations of adjustment by least squares, allow the determinatiof of
parameterf yx and their experimental standard deviations, s(yk), or standard uncertainties of a Ter A
evaluation| u(yk). Moregveft, the methods of mathematical statistics permit the decision as to whether
a parameter y is not\equal to zero on the confidence level 1 — a. The null hypothesis of yx = 0 is[not
rejected, if|the follewing condition is fulfilled:
|.Yk|SS[yk)xt1—a/2(v) 75)
Otherwise, the null hypothesis is rejected.
yk is the parameter to be tested valid for all series of measurements.
If m > 1, yx is calculated by the corresponding values yy ; for the m series of measurements:
m
Z)’k,i
Vi = i=1
m (76)

Ykihas to be estimated according to the equations for the full test procedure.

24
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In this case

s(ve)=—
C (77)

is the experimental standard deviation of the parameter yi valid for all series of measurements, where
v is a constant according to the equations for the full test procedure. If m > 1, s(yx) is calculated by the
corresponding values s(yy, ) for the m series of measurements:

m

D 57 i)
s =\ =L >
m

vxm (78)

t1 -|a/2 (v) may be taken from Table B.1.

© IS0 2014 - All rights reserved 25


https://standardsiso.com/api/?name=5a08d2b3b435daa5f5970a4ed5d245c6

1ISO 17123-1:2014(E)

Annex A
(informative)

Probability distributions

Probability density distribution Density function Examples of application
Rectangulpr(uniform) distribution Probability density function Tolerances, e.g. digital displayyrdso-
1 lutions, intervals, deviations.|
f(x)= %a

(n-asx<pu+a)

Standard deviation

a
o=—f1
3
HFa-op+opn+a
Triapgular distribution Probability density function Tolerances, the values of which
1 ’ show a high frequency in the middle
f(x)= —[1 ——(x- yl)} and decrease linearly to both sides.
a a

Convolution of two rectangular dlis-

-asxs
W-asxsu+g tributions with the same half-wifth

Standard devidtion

/

ura-ou+ou+a

Normal ((Gaussian) distribution Probability density function Standard deviation derived from a
2 sample of uncorrelated measurje-
1 _1( X—Mj ments
2\ o
f(x)= e
o+2rn

(—oo<x<oo,g>0)
Standard deviation, o,

from statistical analysis

-ou+o
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x2 distribution, Fisher’s distribution and Student’s t-distribution

Table B.1 — x2 distribution, Fisher’s distribution and Student’s t-distribution

v | x 3,90 (v) toos(V) | x (2),95 (v) [Foors(viv) | Ego75(V) | 8,99 (v) [Foo95tV:v) | 10,905(v)
2 4,61 19,00 2,92 5,99 39,00 4,30 9,21 199,01 9,92
3 6,25 9,28 2,35 7,81 15,44 3,18 11,34 47,47 5,84
4 7,78 6,39 2,13 9,49 9,60 2,78 13,28 23,15 4,60
5 9,24 5,05 2,02 11,07 7,15 2,57 15,09 14,94 4,03
6 10,64 4,28 1,94 12,59 5,82 2,45 16,81 11,07 3,71
7 12,02 3,79 1,89 14,07 4,99 2,36 16,48 8,89 3,50
8 13,36 3,44 1,86 15,51 4,43 2,31 20,09 7,50 3,36
9 14,68 3,18 1,83 16,92 4,03 2,26 21,67 6,54 3,25
1 15,99 2,98 1,81 18,31 3,72 2,23 23,21 5,85 3,17
14 21,06 2,48 1,76 23,68 2,98 2,14 29,14 4,30 2,98
1] 21,31 2,40 1,75 25,00 2,86 2,13 30,58 4,07 2,95
14 23,54 2,33 1,75 26,30 2,76 2,12 32,00 3,87 292
19 25,99 2,22 1,73 28,87 2,60 2,10 34,81 3,56 2,88
19 27,20 2,17 1,73 30,14 2,53 2,09 36,19 3,43 2,86
24 33,20 1,98 1,71 36,42 2,27 2,06 42,98 2,97 2,80
27 36,74 1,90 1,70 40,11 2,16 2,05 46,96 2,78 2,77
fo 3792 1,88 1,70 41,34 2,13 2,05 48,28 2,72 2,76
3d 40,26 1,86 1,70 43,77 2,07 2,04 50,89 2,63 2,75
37 42,58 1,80 1,69 46,19 2,02 2,04 53,49 2,54 2,74
34 47,21 1,74 1,69 51,00 1,94 2,03 58,62 2,41 2,72
38 49,54 1,72 1,69 53,38 1,91 2,02 61,16 2,35 2,71
43 5%,09 1,67 1,68 58,12 1,85 2,02 66,21 2,25 2,70
54 67,67 1,57 1,67 72,15 1,71 2,00 81,07 2,04 2,67
772 8574 48 67 92-81 159 199 102,82 185 2,65
108 127,21 1,37 1,66 133,26 1,46 1,98 145,10 1,65 2,62

The test values X%—a (V)'Fl—a/z (v,v) and t1 - a/2 (v) apply to the full test procedures of ISO 17123-2, ISO 17123-3,

ISO 17123-4,1S0 17123-5,1S0 17123-6, 1SO 17123-7 and ISO 17123-8, even if the number of series of measurements is less
than provided there. If a different number of measurements is analysed, the number of degrees of freedom changes and the

above-mentioned test values should be taken from a reference book on statistics.
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Annex C
(informative)

Examples

NOTE Calculations are done with full precision from beginning to end, but intermediate and final results are

shown asr

unded values

C.1 Example1

Measurands:

Slope distance:l; = 142,432 m with

Zenith ang

u1=12,0 mm

e: [hb=78,412° uz = 0,055 mrad

IT = (k) = (142,432 78,412)

Wanted:
x=g()

x=142

gr=1(g

—

> 0) (144 0 mm?2
b u2) L 00,0030 mrad?

Horizontal distance and its standard urcertainty

= [} x sinlp = 142,432 x sin78,412°
432 x 0,97 962 =139,529 m

|, 92)

_ 0
91 al

_ 0
92 al

| 144
u(x)’ 4 8U,g=(0,98 28,61)

—sinl, =0,979,62

=1, cosly£142,432x0,20087 =28,611[m]

0070032861

u(x) =s(x) =11,9 mm

C.2 Example 2

0 0,98
. [=140,646
0

By tacheometer measurements (measurands) the following input estimates were measured or manually

entered:

s = 345,746 m slope distance;

z=70,580 8° vertical angle;

28
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¢ = 32,6 mm additive constant;

ka = 12 ppm1) athmospheric correction.
As aresult, it can be read from the display:

D =326,111 6 m horizontal distance;

h =114,964 9 m height.

Accprding to Figure 1, the model of evaluation is given by

x = g(IT), respectively
D = (s+c+sxkg)sinz
h = (s+c+sxkg)cosz

For|further evaluations, the standard uncertainties of the quantitiés D and h are needed.

1) The equivalent of 0,001 2% is 12 ppm; ppm is a deprecated unit.
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For this, proceed according to 4.2.2. Following the notation in Formula (4), it is obtained:

IT=(sckyz) = (345,746 32,6 12 70,580 8) [m mm ppm]

From calibration certificate uncertainties (Type A evaluation) of I were taken out, given by the vector,

usz[u(s) u(c) u(k,) u(z)]=(3 0,5 2 0,003)[mm mm ppm mrad]

with

ufs)? 0 9 0
u(c)? 0,25
u(ky)?
0 u(z)2

xzilzj ,90 = 0and

o oD oD oD

G oy oc % oz _((1+kg)sinz sinz sxsinz §xcosz
| ok oh Oh Oh| \(1+k,)cosz cosz sxcosz —§xsinZ

od oc ok oz

a
where

S=s+d+sxk,

It can be wyritten (in order to obtain the result in squaré millimetres):

U, =G{,GT
2 0 0,943 0,332
_(0,943 0,943 326 114,96 0,25 | 0,943 0,332
~10,332 0,332 114,95 -326 4x107° 326 114,95
0 9x10°° 114,96 -326

and finallylyields:
U - d(p)? | (8,772} mm?
X (h)? 2,033)| mm?2

u(D) = Bmm and u(h) = 1,4 mm.

C.3 Example 3

By EDM measurements (measurands) the following horizontal distances between four points located on
a straight line were measured:

1 Y1 2 Y2 3 V3 4
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