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Foreword

ISO (the International Organization for Standardization) is a worldwide federation of national standards bodies
(ISO member bodies). The work of preparing International Standards is normally carried out through ISO
technical committees. Each member body interested in a subject for which a technical committee has been
established has the right to be represented on that committee. International organizations, governmental and

non-govern
Internationg

Internationg
The main {
adopted by

Internationg

Attention is
rights. ISO

ISO 11929
Radiation p,

ISO 11929
decision thn

Part 1:
treatmg

Part 2:

Part 3:
spectrq

Part 4:
withou

Part 5:
radioa

Part 6:

Part 7:

mental, in_fiaison with 150, also take part in the work. IS0 collaborates closely wiin
| Electrotechnical Commission (IEC) on all matters of electrotechnical standardization.

| Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Rart’2.
bsk of technical committees is to prepare International Standards. Draft Interdational Stand
the technical committees are circulated to the member bodies for voting. “Publication as

| Standard requires approval by at least 75 % of the member bodies casting'a vote.

drawn to the possibility that some of the elements of this document miay be the subject of pd
shall not be held responsible for identifying any or all such patent rights.

B8 was prepared by Technical Committee ISO/TC 85, Nuglear energy, Subcommittee S
rotection.

consists of the following parts, under the general title “Determination of the detection limit
eshold for ionizing radiation measurements:

Fundamentals and application to countingmeasurements without the influence of sar
bt

Fundamentals and application to counting measurements with the influence of sample treatme

Fundamentals and application “to counting measurements with high resolution garn
metry, without the influence of Sample treatment

Fundamentals and applications to measurements by use of linear-scale analogue rateme
the influence of sampletreatment

Fundamentals~and applications to counting measurements on filters during accumulatio
tive material

Fundamentals and applications to measurements by use of transient mode

Fundamentals and general applications
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Part 8: Fundamentals and applications to unfolding of spectrometric measurements without the influence
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This part of ISO 11929 gives basic information on the statistical principles for the determination of the
detection limit, of the decision threshold and of the limits of the confidence interval for general applications of
nuclear radiation measurements.

This
exp
phy:
tech
are
alph

Sing
mes
the

For
folld

ods of Bayesian statistics (see [5] in the Bibliography) for‘the determination of the charact
[6] and [7] in the Bibliography) as well as for the unfolding:(see [8] in the Bibliography).

part of ISO 11929 makes consequent use of the' general approach of ISO 11929-7 an
icitly the necessary procedures to determine decision thresholds, detection limits and confiden
sical quantities which are derived from the evaldation of nuclear spectrometric measurements
niques, without taking into account the influence of sample treatment (see [4] in the Bibliogra
many types of such quantities, for “example, the net area of a spectral line in
a-spectrometry.

e the uncertainty of measurement plays a fundamental role in this part of ISO 11929, ev

ation of the
it unfolding
be treated
e analogue
aste water,

sed on the
a general
confidence

ny suitable
e based on
eristic limits

i describes
ce limits for
by unfolding
phy). There
jamma- or

bluations of

surements and the determination of the uncertainties of measurement have to be performed according to

Guide for the Expression of Uncertainty in Measurement.

this purpose, Bayesian) statistical methods are used to specify statistical values character
wing given probabilities:

The decision threshold, which allows a decision to be made for each measurement with a giV
lity of errof>as to whether the result of a measurement indicates the presence of the ph
quantified by the measurand.

The\detection limit, which specifies the minimum true value of the measurand which can be d

zed by the

en probabi-
sical effect

btected with

a-diven _probability of error using the measuring procedure in_guestion. This conseguent

ly allows a

decision to be made as to whether a measuring method checked using this part of ISO 11929 satisfies

certain requirements and is consequently suitable for the given purpose of measurement.

The limits of the confidence interval, which define an interval which contains the true v

alue of the

measurand with a given probability, in the case that the result of the measurement exceeds the decision

threshold.
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Determination of the detection limit and decision threshold for
ionizing radiation measurements —

Part 8:
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Scope

part of ISO 11929 specifies a method for determination of suitable~statistical values whi
bssment of the detection capabilities in spectrometric nuclear radiation measurements, and of
ct quantified by a measurand (for example, a net area of,6 a-spectrometric line in ar

out the influence of sample treatment. For this purpose, Bayesian statistical methods are use
racteristic limits.

Normative references

following referenced documents are indispensable for the application of this document
rences, only the edition cited applies.*For undated references, the latest edition of the
Liment (including any amendments) applies.

M/IEC/IFCC/ISO/IUPAC/IUPAP/OIML, Guide to the expression of uncertainty in measureme
¢

M/IEC/IFCC/ISO/IUPAC/IUPAP/OIML, International vocabulary of basic and general terms in
edition, Geneva, 1993.

11929-3:2005, _Determination of the detection limit and decision threshold for ionizir

11929=7:2005, Determination of the detection limit and decision threshold for ionizin
surements — Part 7: Fundamentals and general applications

th allow an
he physical

alpha- or
g methods,
d to specify

For dated
referenced

nt, Geneva,

metrology.

g radiation

surements —Rart 3: Fundamentals and application to counting measurements with high resolution
gamma spectrometry, without the influence of sample treatment

g radiation

3

For

3.1

Terms and definitions

the purposes of this document, the following terms and definitions apply.

measuring method
any logical sequence of operations, described generically, used in the performance of measurements

NOTE Adapted from the International Vocabulary of Basic and General Terms in Metrology:1993.
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3.2

measurand
particular quantity subject to measurement

[International Vocabulary of Basic and General Terms in Metrology:1993]

NOTE

In this part of ISO 11929, a measurand is non-negative and quantifies a nuclear radiation effect. The effect is

not present if the value of the measurand is zero. It is characteristic of this part of ISO 11929 that the measurand is
derived from a multi-channel spectrum by unfolding methods. An example of a measurand is the intensity of a line in a
spectrum above the background in a spectrometric measurement.

3.3
uncertainty
parameter,
could reaso

[Guide for t

NOTE 1
measuremer
distribution g
other compd
probability di

3.4

mathemati
a set of mg
measuremse

3.5
decision q
random varj

3.6

decision tH
fixed value
measurand

NOTE 1
physical effe
result of an &
designed su
value «a.

3.7
detection |
smallest tru

f (of measurement)
associated with the result of a measurement, that characterizes the dispersion of the values
nably be attributed to the measurand

ne expression of uncertainty in measurement:1993]

[he uncertainty of a measurement derived according to the Guide for the expression of uncertain
t comprises, in general, many components. Some of these components may be evaluated from the statis
f the results of series of measurements and can be characterized by experiniental standard deviations.
nents, which also can be characterized by standard deviations, are evaluated from assumed or ki
Stributions based on experience and other information.

cal model of the evaluation
thematical relationships between all measured and othér*quantities involved in the evaluatio]
nts

lantity
able for the decision whether the physical effect to be measured is present or not

reshold
of the decision quantity by which, when exceeded by the result of an actual measurement
quantifying a physical effect,‘'one decides that the physical effect is present

[he decision threshold is_the/critical value of a statistical test to decide between the hypothesis tha
Ct is not present and the.alternative hypothesis that it is present. When the critical value is exceeded by
ctual measurement, this/is taken to indicate that the hypothesis should be rejected. The statistical test w
Ch that the probability) of wrongly rejecting the hypothesis (error of the first kind) is at most equal to a d

mit
e value of the measurand which is detectable by the measuring method

that

y in
tical
The
own

n of

of a

the
the
Il be
iven

NOTE

he detection Imit 1S the smallest true value of the measurand which 1S associated with the statistical test and

hypotheses according to 3.6 by the following characteristics: if in reality the true value is equal to or exceeds the detection
limit, the probability of wrongly not rejecting the hypothesis (error of the second kind) will be at most equal to a given

value £.

3.8

confidence limits
values which define confidence intervals to be specified for the measurand in question which, if the result
exceeds the decision threshold, includes the true value of the measurand with the given probability (1 - »)
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guideline value
value which corresponds to scientific, legal or other requirements for which the measuring procedure is
intended to assess

surand

urement

ar radiation

nnels in a

during the
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EXAMPLE Activity, specific activity or activity concentration, surface activity, or dose rate.

4 Quantities and symbols

é Randaom variable as estimator for a non-negative measurand quantifying a physical effect

& Value of the estimator; true value of the measurand

u(& Standard uncertainty of the decision quantity X as a function of the true value & obthe mes

X Random variable as decision quantity; estimator of the measurand

X Result of a determination of the decision quantity X

u(x) Standard uncertainty of the measurand associated with the measurand result x of a meas

z Best estimate of the measurand

u(z) Standard uncertainty of the measurand associated. with the best estimate z

x Decision threshold for the measurand

£ Detection limit for the measurand

& 4 Respectively, lower and upper limit 6t:the confidence interval for the measurand

i Number of a channel in a multi-channel spectrum obtained by a spectrometric nucle
measurement; (i =1, ..., m)

3 Continuous parameter )(for example, energy or time) related to the different chg
multi-channel spectrum

9, Value of 4 cpnnected with channel i; (i =1, ..., m)

t Measuring-time

m Nuhber of channels in the spectrum

N; Independent Poisson-distributed random variables of events counted in a channel i
maacuramaentof-duration -1 20)
A rement-ef-durationt—{i=t——r)

n; Number of events counted in a channel i during the measuring time ¢; (i = 1, ..., m)

X; Independent random variable of the rate of events counted in a channel i during a measurement of
duration ¢, input quantities of the evaluation; X; = N;/t; (i=1, ..., m)

X Column matrix of the .X;

x; Rate of events counted in a channel i during a measurement of duration ¢, x; = n; /t; (i =1,

x Column matrix of the x;
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Yk

“(yk)

H(9)

#(9)

Var

diag

Column matrix x" = Ay~

Covariance associated with x; and x;

Output quantity Y; derived from the multi-channel spectrum by unfolding methods; k=1, ..., n

Column matrix of the Y,

Es

timate of an output quantity (parameter), Y;; (k=1, ..., n)

Standard ||nm:\rfaini'y of v associated with Y

Caq

Fu

NU

Fu
(k

NU

Cq

lumn matrix y after replacement of y; by &

nctional relationship representing the spectral density at 9, of a multi-channel spect

(9:)= 2 wi(9) Yk
k=1

mber of input quantities ¢, which are not subject to fit

nction describing the shapes of the individual spectral lines and/of the background contributi
=1, ..., 1)

mber of output quantities

lumn matrix of input quantities; v = (x4, ..., x,,, 1, ...3 tp)

Input quantities which are not subject to fit

Caq

Re

lumn matrix of the H($,)

sponse matrix of the spectrometer

Elg¢gments of the response matrix 4

Ur

Ur

Fu

Cq

Pr

certainty matrix of X

certainty matrix of ¥

nction of the input quantities X;, (i =1, ..., m)
lumn matrix'of the G,

bbability of the error of the first kind; the probability of rejecting the hypothesis if it holds true

um;

pNS;

Pr

pabplIlity of the error or the second Kind; the probabllity of accepting the hypothesis IT IT IS Talse

Probability attributed to the confidence interval of the measurand; probability that the true value of the
measurand is included by the confidence interval

Quantiles of the standardized normal distribution for the probability p (see Table 1); p=1-a, 1 -5,
T-y

Operator for the formation of the expectation of a random variable

Operator for the formation of the variance of a random variable

Indicator for a diagonal matrix
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5 Statistical values and confidence interval

5.1 Principles

5.1.1 General aspects

-8:2005(E)

For a particular task involving nuclear radiation measurements, first the particular physical effect which is the
objective of the measurement has to be described. Then a non-negative measurand has to be defined which
quantifies the physical effect and which assumes the value zero if the effect is not present in an actual case.

A rgndom variable, called a decision quantity X, has 1o be attribuied to the measurand. It IS also d
of the measurand. It is required that the expectation value EX of the decision quantity X equals.th
£ off the measurand. A value x of the estimator X derived from measurements is a primaryJesti
measurand. The primary estimate x of the measurand, and its associated standard uncertainty u(x)
calqulated as the primary complete result of the measurement according to the Guidefor the e
uncertainty in measurement, by evaluation of measured quantities and of pther informati
mathematical model of the evaluation which takes into account all relevant quantities. Generally,

the [measurand is non-negative will not be explicitly made use of. Therefore,"x may become

particular, if the true value of the measurand is close to zero.

NOTE
mat

The model of the evaluation of the measurement need not necessarily be given in the for
ematical formulas. It can also be represented by an algorithm or a computer code.

For
qua
that

the determination of the decision threshold and the detectiondimit, the standard uncertainty of
ntity has to be calculated, if possible, as a function « (&) .of\the true value £ of the measurand.
this is not possible, approximate solutions are described below.

the value of another, non-negative estimator gg of the measurand. The estimator gg in co
es use of the knowledge that the measurand. is non-negative. The limits of the confidence in
detgrmined refer to this estimator & (compare 5.4). Besides the limits of the confidence i
expgctation value E £ of this estimator as a“best estimate z of the measurand, and the standa
[Vai( £)]'2 as the standard uncertainty u(z) @ssociated with the best estimate z of the measurand
calqulated (see 6.3).

és

mak

For
whi
The
eva
exa
use
mug
(net
‘x = r
and

the numerical calculation of<«the decision threshold and the detection limit, the function i (&)
th is the standard uncertainty)of the decision quantity X as a function of the true value £ of the
function «z (&) generally has to be determined by the user of this part of ISO 11929 in the cq
uation of the measurement according to the Guide for the expression of Uncertainty in Measu
mples see Annex A Fhis function is often only slowly increasing. Therefore, it is justified in m3
the approximation-u (&) = u(x). This applies, in particular, if the primary estimate x of the meas
h larger thanlits'standard uncertainty u(x) associated with x. If the value x is calculated as th
effect) of-{wo approximately equal values y; and y, obtained from independent measurem
1 — yo-0ne gets i 2(0) = u?(y4) + u?(yy) with the standard uncertainties u(y4) and u(yy) associ
v, Fespectively.

n estimator
b true value
mate of the
have to be
pression of
bn using a
he fact that
negative, in

m of explicit

he decision
In the case

ntrast to X,
terval to be
nterval, the
d deviation
have to be

is needed,
measurand.
urse of the
rement. For
ny cases to
urand is not
b difference
ents, that is
hted with y,

If oy

and () ara knawn an anneavimatinn hyy naar intarnalatiny 1o Aftan o iffiniant far
SR are<RowWh FoxHatoh-By—+hRear—terporatoiSoreR-StHHGe ot

v oo™

to:

~2
u

(&) =a?(0): (1=& /x)+u? (x)-& / x

NOTE
above, in particular the linear interpolation of i 2(¢) instead of 7 (£) itself.

0 according

(1)

In many practical cases, i 2(£) is a slowly increasing linear function of & This justifies the approximations

For setting up the mathematical model of the evaluation of the measurement, one has to distinguish two types
of physical quantities, input and output quantities. The output quantities Y, (k=1, ..., n) are viewed as
measurands (for example, the parameters of an unfolding or fitting procedure) which have to be determined
by the evaluation of a measurement. The decision quantity X is one of them. They depend on the input

© I1SO 2005 — All rights reserved
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quantities X; (i =1, ..., m) which are the quantities obtained by repeated measurements, influence quantities
and results of previous measurements and evaluations. (Compare chapter 4.1.2 of the Guide for the
expression of uncertainty in measurement:1993). One has to calculate the estimates y, of the output
quantities (measurands) as the results of the measurement and the standard uncertainties u_(y;) associated

with the y,.

The model of the evaluation is given by a set of functional relationships:

Yk:Gk (G1,...,Xn1);(k:1,...,l’l) (2)
EStimateS fthU nmrecaourdal |do )k, dcl Ik}tck‘:{I )/k, dal'c Ubta;l IUd fIUIII Equat;ull (2) uO;I IB ;I ||Jut Uot;lllatco ./\1, seey A for
the values pf the m quantities X, ..., X, . Thus, the output estimates y; and the standard uncertainties>§(y;)
associated with y, are given by

Vi = Gl (x4, .00, X ) (K=1,..., 1) (3)

— 0G; 0G
_ k . l. . _
u(yk,y)f.z 7%, 3K u(xp, x; )y (k1=1..,n) (4)
i, j=1 J
where x; anf x; are the estimates of X; and .X; and u(x;, x;) = u(x;, x;) is the estimated covariance associated with
x; and x;. From these covariances one obtains:
2 _

u ()= u(yp vy (5)
In cases when the partial derivatives are not explicitly available; they can be numerically approximated |in a
sufficiently exact way using the standard uncertainty u(x;) asan increment of x; by:

oG 1

G [y (X)) 12 3 ) = GRAER s X — ()] 2,0 x, 1) (6)

ox;  u(x;)

See A.1 for|further details and explanations.

5.1.2 Model

For the punpose of determining & decision quantity X (for example, a net peak area of a line) by unfolding
spectra obtpined by spectrometric nuclear radiation measurements, the following model is used. The ipput
quantities are estimated by x-S n,/t, with n; being the independent counted events in the (i = 1, ..., m) chanhels
of a multi-ghannel spectrum. The n, obey Poisson statistics and hence one obtains u?(x;) = n;/? = x Jt |and
u(x;, xj) = 0.|Any influences of sample treatment on the uncertainties of the x; and other non-Poisson soufces
of uncertainties are ieglected in this part of ISO 11929.

NOTE If one.or several »; are zero, the problem occurs that unrealistically u(n,) is zero and consequently one gets the
problem of djvision by uz(ni) =0 when using the least-square methods for the unfolding. This problem can be avoided by

replacing all »; by n; + 1 or by a suitable combination of channels in a multi-channel spectrum.

In the following, matrix notation is used for quantities, values and functions abbreviated by the same symbol.
For instance, the column matrix x=(xq, .., xm)T is used for the estimates of the input quantities
X=X, ..., Xm)T. (Column matrices are written here as transposed row matrices.)

For the unfolding of a measured multi-channel spectrum, a set of functional relationships M(Y) according to
Equation (3) is fitted to the estimates x of the m input quantities X, which are the measured results x; = n,/t
calculated from the channel counts »; of the spectral density. The input quantities may comprise further
quantities from which measured data or other data are used in the unfolding and which have uncertainties
associated with them. Further, there are input quantities ¢, for which estimates exist, but which are not subject
to fit. For convenience, the vectors x and ¢ are combined in a vector v.

© 1SO 2005 — Al rights reserved
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Then the model of the unfolding is given by:
M(x, y,t)=M(v,y)=0
with 0 being the zero vector.

The components of the measurement uncertainties are combined to uncertainty matrices U, = [u(xl.,j)] and
U,= [u(y;, 1)) U, is a diagonal matrix with the diagonal elements u2(x,.) = n,./t2 and consequently U, = diag(x/z).

The calculation of the output quantities y, of the uncertainty matrix U, associated with y, and of the best

esti

—a non-linear

fittin
DIN

Torteo—3

g procedure which mostly is done using the method of least squares as described, for
1319-4. Formally, it is sufficient for the unfolding that given functions F and G or respective

nstance, in
algorithms

exigt so that:
y=Fx,)=F®) (8)
z=G(x, y,t)=H(v) 9)
with H(v)=G [x, F(x,t),t]
The uncertainty matrices U, and U, associated with the output quantities y and the best estimates z of the
inpdt quantities x have to be calculated according to the ‘Guide for the expression of uncertainty in
measurement. This yields
U,=FyU,Fy;, U;=H,U,H} (10)

with
H, -

Let,
obta
cha
thus

For

5.2

The
valy
phy:
obs

F, and H, denoting the matrices of the partial derivatives of the model functions: F, = (
- (OH/0xy,).

for example, Y, be the decision quanfity X. In order to calculate (), one has to replace

nged uncertainty matrix U, -= diag(x; /) and replaces U, by U,.-in Equation (10). The (1,1)-elg
-changed uncertainty matrix & then gives 122(5).

explicit examples of medelfunctions in alpha- and gamma-spectrometry and further explanatig

Decision threshold

decision threshold x* of a non-negative measurand quantifying the physical effect, according
e of the decision quantity X which, when it is exceeded by a result x of a measurement indic3
sical effect is present. If x < x™ one decides that the physical effect is not present. If this ded
brved,fa wrong decision in favour of the presence of the physical effect occurs with the prg

greaterithan o (error of the first kind).

DF;/0x;) and

4 by £and

iny =(& s, ..., ¥,) or and x"=M(y‘) = Ay” with a suitable set of functions. From this, on¢ forms the

ment of the

ns, see A.3.

to5.1,is a
tes that the
sion rule is
bability not

The

decision threshold is given by:

X =k1_ o1 (0)

(11)

Values of the quantiles k4 _ , of the standardized normal distribution are given in Table 1. Itis @(kq_,)=1- a.

If th

e approximation # (&) = u(x) is sufficient, one gets

x*:k1_a -u(x)
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5.3 Detection limit

The detection limit &, which is the smallest true value of the measurand detectable with the measuring
method, is so much larger than the decision threshold that the probability of an error of the second kind equals
B. The detection limit is given by:

* *
¢ =x

thy_ g ()

(12)

Equation (12) is an implicit one. The detection limit can be calculated from it by iteration using, for example,
the starting approximation &” = 2x*. The iteration converges in most cases. Equation (12) may have multiple

solutions. In_this case the detection limit is the smallest one_If Fqnntinn (1?) has no solution _the measi

ring

procedure i
If the appro

If (&) is n
associated

*

& =a
with a=Fk4_
For a=pfo
When usin
uncertaintie
obtains an

type B uncg

Values of
Q(k'l -a ) =

5.4 Confidence limits

5 not suited for the measuring purpose.
Ximation (&) = u(x) is sufficient, then &* = (kg _ o+ Ky 7ﬂ) - u(x) is valid.

ot explicitly known for £> 0, one gets with #(0) and with a result x of a measurement an
Lincertainty u(x), an approximation of £” using the interpolation formula accordifg'té6 Equation (1

J2+ U 5=k3 )2 ()

2 T O+ (1)L (1)~ O)

e obtains & = 2a.

s are not negligible, a measurement result x>~2%" shall be chosen. If x> 2x" holds,
iInreasonably high detection limit. In this case, the approximation yields only an upper limit of
rtainties are negligible, Equations (12) and (13);gonverge to the same result for the detection li

he quantiles k1_,, kq_p of the standardized normal distribution are given in Table 1.
(—c and &(k1_p5)=1-5.

] its

~

(13)

g the approximation of Equation (13) to calculate thé detection limit & and when type B

one
ELIf
Mmit.

tis

For a resulf] x of a measurement which'\exceeds the decision threshold x*, the confidence interval includeq the
true value ¢f the measurand with the-given probability 1 — y. It is enclosed by the confidence limits & and &,

according to:
§1=x1k, ulx) with p3%-(1-y/2) (14)
Su=xikyulx) with g =1-(x-y/2) (15)

xis given by:

xlu(x)
Z

K= exp(—-z“/2) dz = @[x/u(x)] 16
o _jw (-2%72) ) (16)

Values of the function @(z) are tabulated (see [9] in the Bibliography) and given in Table 1. Itis @(k )= p and

Dky)=q .

The confidence limits are not symmetrical around the expectation Ef. The probabilities of f < & and f > &y
however, are both equal to y/2 and the relationship 0 < &§ < &, is valid. For x > (x), the approximation

Slu=xLhkq_y 2 ulx)

is applicable if x>2-kq_, 5 -u(x)

(17)
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6.1

ISO 11929

Application of this part of ISO 11929

Specific values

-8:2005(E)

The probabilities «, £ and (1 - ») shall be specified in advance by the user of this part of ISO 11929.
Commonly used values are = = 0,05 and y=0,05.

6.2

Assessment of a measuring method

To check whether a measuring method (see 3.1) is suitable for the measurement of a physical effect, the

dets
sen

The

greater than the guideline value, the measuring procedure is not suitable for the measdrément.

6.3
A ni
the
qua

If th

with

The
the

6.4

The

probabilities o, S.and/(1 — »), the decision threshold x*, the detection limit £, and the guideline valu

For
ass

ction limit shall be compared with a specified guideline value (e.g. specified requiremg
Sitivity of the measuring procedure for scientific, legal or other reasons; see 3.9).

detection limit shall be calculated by means of Equation (12). If the detection limit\thus de

Assessment of measured results

result of the measurement x is larger than the decision threshold x% it is decided that the ph
htified by the measurand is present.

s is the case, the best estimate z of the measurand is calculated using x« from Equation (16) b

) exp{—x2 /[2u 2(x)]}
z=Ef=x+

K27

the standard uncertainty u(z) associated with'z:

u(z) = Var(€) = Ju2(x)—(z—x)-z

following relationships: z > x and.z > 0, as well as u(z) u < (x), are valid and for x > u(x), i.e|
Bpproximations z = x and u(z)-=u(x) hold true.

Documentation

documentation-6f’measurements in accordance with this part of ISO 11929 shall contain d

pciated ‘with x and the limits of the confidence interval & , have to be given. If the res

meTsurement is below the decision threshold &, it shall be documented as “below the decision thre

nts on the

termined is

easured result has to be compared with the decision threshold calculated by means of Equation (11). If

ysical effect

y:
(18)
(19)
x >4 - u(x),

btails of the
e.

a result\y of the measurement exceeding the decision threshold x*, the standard uncertainty wu(x)

it x of the
bshold”.

If the detection limit exceeds the guideline value, it shall be documented that the method is not suitable for the
measurement purpose.

In addition, the best estimate z of the measurand and the standard uncertainty u(z) associated with z may be
specified if x/u(x) < 4.

© I1SO 2005 — All rights reserved


https://standardsiso.com/api/?name=5b8ae8e7bcadd802580cf55c76e65332

ISO 11929-8:2005(E)

7 Values of the distribution function of the standardized normal distribution

t
Values @(t) = J- o(z) dz with ¢(z) = (1/«/%)~exp(—22/2) are given in Table 1. For the distribution function of

the standardized normal distribution, @(—t) =1-@(¢) is valid. Quantiles of the standardized normal distribution
can also be obtained from Table 1, since ¢ = kp for p=a(t),ie. D(k,)=p.

For ¢ > 0, the approximation (see [14] in the Bibliography):

1
1+(Z0'Z

2
@(r>='—%%a«m@-42+a3~43>+s; ¢=

is valid with{ | £| < 10-5 and
ag=0{33267; a4 =0,4361836; a5, =-0,120167 6; a3 =0,937 298 0
For ¢ < 0, one obtains @&(¢) from the relationship &(¢) = 1 — &(—1).

For 0,5 < p|< 1, the approximation (see [14] in the Bibliography):

. 42
kp=t- bo + b1 ng d 3+g;tzJ—2~In(1—p)

1+cq-t+co-t“+c3-t

is valid with{ | £| < 4,5 x 10-4 and
bo = 2,$15 517; by = 0,802 853; b, = 0,010 328
cq=1,432788; ¢, = 0,189 269; ¢, = 0,001 308

For 0 < p <D,5, one obtains kp from the relationship kp =—ky —p

10 © 1SO 2005 — Al rights reserved
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Table 1 — Values of the distribution function of the standardized normal distribution @r)
(see [7] in the Bibliography)

! D) ! 40 ! D) ! D) ! A1)
0,00 0,500 0 0,70 0,758 0 1,40 0,919 2 2,10 0,982 1 2,80 0,997 4

0,02 0,508 0 0,72 0,764 2 1,42 0,922 2 2,12 0,983 0 2,90 0,998 1

0,04 0,516 0 0,74 0,770 4 1,44 0,9251 2,14 0,983 8 3,00 0,998 6

0,06 0,523 9 0,76 0,776 4 1,46 0,927 8 2,16 0,984 6 3,10 0,9990

CnQ 0.521.Q 079 0792 2 4.4 0.Q20 6 219 0.QQFE 4 2.20 09993
=4 \>rn \"rE 7 a0 A" Fa-a~avan~ rrmavy TTIOO0 T ’

rA"A~4 OO

a,10 0,539 8 0,80 0,788 1 1,50 0,933 2 2,20 0,986 1 3,30 0,999 5

12 0,547 8 0,82 0,793 9 1,62 0,9357 2,22 0,986 8 3,40 0,999 7

14 0,5557 0,84 0,799 6 1,54 0,938 2 2,24 0,987 4 3,50 0,999 8

,16 0,563 6 0,86 0,805 1 1,56 0,940 6 2,26 0,988'1 3,60 0,999 8

,18 0,571 4 0,88 0,810 6 1,58 0,943 0 2,28 0,988 7 3,80 0,999 9

,20 0,579 3 0,90 0,8159 1,60 0,945 2 2,30 0,989 3 4,00 1,000 0

,22 0,587 1 0,92 0,821 2 1,62 0,947 4 2,32 0,989 8

,24 0,594 8 0,94 0,826 4 1,64 0,949 5 2,34 0,990 4

,26 0,602 0 0,96 0,8315 1,66 0,9515 2,36 0,990 9

,28 0,610 3 0,98 0,836 5 1,68 0,9535 2,38 0,991 3

,30 0,617 9 1,00 0,841 3 1,70 0,955 4 2,40 0,991 8

0,6255 1,02 0,846 1 1,72 0,957 3 2,42 0,992 2

,34 0,633 1 1,04 0,850 8 1574 0,959 1 2,44 0,9927

,36 0,6406 1,06 0,855 4 1,76 0,9610 2,46 0,9930

,38 0,648 0 1,08 0,859'9 1,78 0,962 5 2,48 0,993 4

,40 0,655 4 1,10 0,864 3 1,80 0,964 1 2,50 0,993 8

42 0,662 8 1,12 0,868 6 1,82 0,965 6 2,52 0,994 1

44 0,6700 1,14 0,872 9 1,84 0,967 1 2,54 0,994 5

,46 0,677 2 1,16 0,877 0 1,86 0,968 6 2,56 0,994 8

,48 0,684 4 1,18 0,881 0 1,88 0,970 0 2,58 0,995 1

,50 0,6915 1,20 0,884 9 1,90 0,971 3 2,60 0,995 3

,52 0,698 5 1,22 0,888 8 1,92 0,972 6 2,62 0,9956

ol o lo lolololololololololololdololdoldoldol ol ol o
w
N

,54 0,705 4 1,24 0,892 5 1,94 0,973 8 2,64 0,9959

Q,56 0,712 3 1,26 0,896 1 1,96 0,9750 2,66 0,996 1

0,58 0,7190 1,28 0,899 7 1,98 0,976 2 2,68 0,996 3

0,60 0,725 8 1,30 0,903 2 2,00 0,977 2 2,70 0,996 5

0,62 0,7324 1,32 0,906 6 2,02 0,978 3 2,72 0,996 7

0,64 0,738 9 1,34 0,909 9 2,04 0,979 3 2,74 0,996 9

0,66 0,745 4 1,36 0,913 1 2,06 0,980 3 2,76 0,997 1

0,68 0,7518 1,38 0,916 2 2,08 0,981 2 2,78 0,997 3
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Annex A
(informative)

Example of application of this part of ISO 11929

A.1 Principles of unfolding using a Bayesian theory of uncertainty

There are tyvo classes of physical quantities to be distinguished in the evaluation of measurements.

Resulting gliantities (further on in the text called output quantities) Y, (k= 1, ..., n) are quantitiesC(for insta
the paramelers of an unfolding procedure) which have to be determined by the evaluation of the’'measuren

The decisi
results of t
measuremse

Input quant
measuremse
previous e
associated
procedures
obtains for

counting tinpe (or channel width) #;: x; = n//t

The model
Y, =G

The functio
algorithm, f

The measu

estimates x}|:

Vi =G

The covarignces u(y;, y;)0ftheir uncertainties are given by:

”(yk’ Y

quantity X is one of them. The task is to calculate the estimates y, of the outputiquantities ag
e measurements, the standard uncertainties u(y;) associated with y, and the.Covariances of
nt uncertainties u(y,, ;). It holds that u2(yk) = u(yp vi)-

ties X; (i=1, ..., m) are quantities such as p; or p;- t; which are, forcinstance, derived by cour
nts. Further, they are repeatedly measured quantities, influence guantities and output quantitig
aluations. The estimators x; of these input quantities and\‘the standard uncertainties

with the x; and the covariances u(x;, x;) are either given, orhave to be determined, following
of the Guide to the expression of uncertainty in measurement. In counting measurements,
the quantities p,, derived according to A.3 and Equation’(A.9), with the counting result »; and
u?(x;) = nft? = xt;, w)x;) = 0 (with respect to n, = 0, see A.3).

i’ it

pf the evaluation connects the output quantities-mathematically with the input quantities:
(X1, e

X )i (k=1,...,n) (

br instance, in the form of a computer code of the evaluation.

ing results y, are obtained oy substituting the input quantities X; in the model equations G, by

(X145 X, )i (k= 1,00)

nce,
nent.
the
the

ting
s of
(x;)
the
one
the

A1)

hs G, do not need to be explicitly-available as mathematical expressions. They may also bg an

heir

A.2)

A.3)

u(y,) is the positive square root of u(y;, y;).

The partial derivatives need not to be explicitly calculated. This is particularly advantageous if such a
calculation is difficult, or if the model equations are only available as a computer code. It is sufficient to
calculate first the differential quotients:

1
A,Gy = {Gk {xl, s X +§u(x,~), . xm:|—Gk {xl,

12

(

1
yxi——=u(x;) o, X,y

2

} /u(xi)}

A.4)
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and then

u(yp v)= > (8Gy) (AG)) ulrpx (ki1 =1, )
i j=1

(A.5)

This procedure is particularly advantageous in computerized evaluation. Examples of computer codes are
given, for instance, in [15] and [16] in the Bibliography. The partial derivatives may also be obtained in an
analogous way experimentally by changing the input quantities by Ax; because one can approximate

Equation (A.4) to

NG =[G (xq, .y x; + Ax; =y ] T Ax; (A.6)
Note that Equation (A.6) has a lower accuracy than Equation (A.4).
Let|Y; be the decision quantity X. Then x =y, and u(x) = u(y¢). In order to calculate (&) an (at least
appfoximatively) inverse of the model shall be given for m’ < m quantities .X; (i = 1/0:,//m’), the uncrtainties of
whi¢h depend on the true value £ of the measurand:

X, =M;(Yq, .0, Yy, X + 10X )i =1, m) (A7)
In this case, the fixed value & has to be substituted for ¥; = X. One obtains changed estimates:

X, =Mi(Eyvo sy X+ x ) (i=1 ., m) (A.8)
whi¢h then lead to changed covariances u(x’;, x';) of the uwncertainties. With these changed covafiances, the
entife calculation according to Equations (A.1) to (A.5)“has to be repeated. However, one on|y needs to

cald
suff]

A.2 General numerical calculation of uncertainty in measurement

In g
qua
the

Tho
pro
adju
Usu
Zi =
den

A 0

ulate #(&) = u(y4). If a computer code operatesiteratively, repetition of one iterative step i
cient.

Il types of unfolding, functions, /4; according to Equation (A.7) are fitted to the estimates x;
htities X; (i =1, ..., m" < m). Jajspectrum unfolding, which is a special case of general unfoldir
channel counts #; are thecestimates of the input quantities p, -¢; associated with the individual

se input quantities X;{i> m') are parameters which are uncertain but which are not adjusted
edure. The algorithm to solve such an unfolding problem, for instance, the method of le
stment according to [16] in the Bibliography, can be described by a model according to E
ally, it is used in the form of a computer code. Further calculation makes use of A.1 Eq
M(V1s i@y X + 1, -0, X,,) (i <m') are the fitted values of x;. For the estimates x;=n/t of
Sities, uz(x’i) =x"/t etu(x’;, x']) =0 hold.

5 frequently

of the input
g methods,
channels i.

y the fitting
ast-squares
quation (2).
ation (A.7).

The spectral

n-statistical

spe

NOTE

etailed description of the mathematical foundation of an analytical approach to Bayesig

ctrunm unfofding using MonteCarfo techmiques 15 giver i {81 i the Bibtiography:

The measuring times associated with the individual channels may not necessarily be identical.

A.3 Examples of application of this part of ISO 11929

A3

.1 General

In general, a measurement of nuclear radiation consists, at least partially, in counting electronic pulses caused
by nuclear radiation events. Such a counting measurement usually comprises several individual counting
measurements. Examples are counting measurements of individual radioactive samples or blank materials,
counting measurements of the natural radiation background or of another background effect, and counting of
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events in the individual channels of a multi-channel spectrum or a time sequence of events under identical
measuring conditions. In each counting measurement, either the counting time or maximum number of counts
is preselected. On the basis of Bayesian statistics, all counting measurements are treated as described below
(see [7] in the Bibliography).

An individual random variable N is assigned to the number of pulses counted in each individual counting
measurement. n is the result of the measurement and ¢ the counting time. N has the expectation p - ¢, with p
being the count rate, respectively the spectral density in spectrometric measurements. In the latter case, ¢ is
the channel width of the corresponding physical quantity, for example particle energy. The measurand is
either p or p -t It is supposed that dead-time or lifetime effects, pile-up of pulses and instrumental
instabilities .can_be nnglnr\fnd rhlring the entire measurement_and that the pII|QnQ counted nriginnfn rom
different nyclear radiation events which are physically independent from each other. Then, the numbgr of
counts N is [Poisson distributed and the number of counts obtained in individual countings are independent

5 is
th) ¢

The quanti
independen

y obeys a Gamma distribution, whereby p is considered to be a random varjable. Thi
t of whether n counts are registered during a preselected counting time (or a fixed ¢hannel wid

or whether
Then, one

he time ¢, is measured which is required to accumulate a preselected maximum’humber of col
obtains the best estimate » of the count rate (or the spectral density)p and the stan

nts.
lard

uncertainty ju(r) associated with r:
r=E p=nltu?(r)=Var(p)=nit? @.9)
In the case|of n =0, one obtains u(r) = 0. This is not realistic, since one cannot be sure that p= 0 if no cpunt

has been o
the method
This difficu
channels. T
way that at

A.3.2 Spe

The evalua
measured
consideratiq

The input q
used in the
which a mg
those quan
of counts n
assigned tg
parameter

the sensitiv

Further, the

btained during a measurement with finite counting time. This_case leads also to a division by z¢
of least squares is applied (for example, according to DIN’1319-4) when one has to divide by 1
ty can be avoided by replacing all counting results @ by » + 1, or by a suitable combinatio
hereby, it is presumed that the counting time (or the channel width) has been chosen in su
east some counts are to be expected if p > 0.

ctrum unfolding in nuclear spectrometric measurement

fion of a nuclear spectrometric measurement usually is an (in general non-linear) unfolding
multi-channel spectrum. It can alse comprise the unfolding of several measured spectra
n of other data. Such an evaluation is shortly called spectrum unfolding.

Lantities X; of the spectruim unfolding are all quantities from which measured data or other datg
unfolding, and which haye uncertainties associated with them. These are all those quantities X
asured or estimated-value x; exists and which shall be fitted in the unfolding procedure. On
ities X; is to be assigned to each individual channel of a multi-channel spectrum, that is the nun
in channel i eounted during a measurement of duration 1. Likewise, an input quantity .X; has t
each parameter to be determined for which an estimate is given before the evaluation. Su
Can be, forinstance, spectrum parameters, such as the widths of spectral lines or parameter
ty matrix of the spectrometer.

ro if
2(p).
n of
th a

of a
and

are
; for
e of
hber
b be
th a
s of

re.are input quantities ¢, for which estimates exist, but which are not subject to fit. These are|

for

instance, base points, calibration parameters, correction and influence quantities or other parameters which
were already previously mentioned. The values §, connected with channel i of the parameter 3 related to the
different channels in a multi-channel spectrum, are such quantities.

In principle, all quantities for which an estimate exists should be fitted. Frequently, however, this is not
technically feasible, or some quantities were determined from other experiments so that it is not meaningful to
fit them too. Such quantities, which are known sufficiently exact so that their uncertainties are negligible, are
not treated as input quantities but as constants. If only the Poisson-statistics of the channel counts of a
multi-channel spectrum shall be considered, only these quantities are input quantities. In this case, all other
quantities are constants.
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The output quantities Y; of the spectrum unfolding are the parameters of the unfolding which have to be
determined. The measurand for which the decision threshold, detection limit and the limits of the confidence
interval have to be determined is one of them. The number of these parameters should be as small as
possible. The output quantities can also be spectrum parameters, such as net areas of spectral lines or the
number of background counts under a spectral line or in a particular channel or unknown parameters of the
sensitivity matrix.

For spectrum unfolding, it is convenient to use matrix notation. Therefore, those quantities, values and
functions being denoted by the same symbol are written as a column matrix. The same symbol is used for
them, written, however, in bold face; for instance the estimates of the input quantities x = (x4, x, ..)T and
t= to e \T and the best estimates of the input
qua )T. (Column matrlces are written as transposed row matrices.) For convegnience, the
vec I

\T the values of the nllfnllf mlanhhne y—(w

htities 2=(z4 25 ..
ors x and ¢ are combined to a vector v = (x, x,, ...,

17
T

1, t, -.

For
mat
for

fung
cald
mat
orig
eler
u(q)

Anm
(sed

The

rela
dep

with

Am

Inn

the unfolding, one needs the estimates x and ¢ of the input quantities and their_associated
Fix U, = U(x, t). This uncertainty matrix has to be calculated as a covariance matrix“according t
he expression of uncertainty in measurement. The uncertainty matrix U(x, £).is’)needed in thg
tional dependence on x, since x has to be adjusted if the decision threshold and detecti
ulated while ¢ stays constant. The uncertainty matrices U, and U, assogiated with x and 1
Fices of U,. The rank of U, shall not be smaller than the number of medel equations. If the dat
nate from different independent experiments, then there is no correlation between x and ¢, an
nents of U, related to pairs x; and #, are zero. The diagonal element related to a quantity ¢ is de|
is the standard uncertainty associated with g.

ore detailed description of spectrum unfolding in nuclear, spectrometric measurements is give
[4], [7] and [8] in the Bibliography).

model of the unfolding consists of » relationships between input and output quanti
fionships can formally, and more generally, beGwritten as a column matrix M of model functio
end on all these quantities:

M (x,y,t)=0

0 being the zero vector.

odel of linear unfolding cany.for instance, be written with a sensitivity matrix A4 as:

M(x, y,t)=A(t)y — x=0
bn-linear unfolding; the model is frequently of the form:

M(x,y,ty=J( y)—x=0

If ap output quantity Y; is likewise an input quantity X; for which an estimate x; exists, the Equatig

has
flue

uncertainty
p the Guide
form of its
bn limit are
are partial
h for x and ¢
d the matrix
noted u2(q).

h elsewhere

ies. These
hs M; which

(A.10)

(A11)

(A12)

ny—x;=0

to-added to the model functions. If output quantities, such as for example, instance acti

ity, particle

nce or equivalent dose, depend on other output quantities, the respective tunctional dependencies have

also to be added to the model functions. The model functions do not need to be explicitly available as
mathematical expressions. They may also be an algorithm, for instance in the form of a computer code of the
evaluation.

For the unfolding of a measured multi-channel spectrum, one fits functions M(Y) according to Equation (A.7)
to the estimates x of the m input quantities X; for instance, to the measured values x; = n;/t of the spectral
density calculated from the channel counts #;.

The calculation of the best estimates y of the output quantities ¥, the uncertainty matrix U, associated with y
and of the fitted values (best estimates) z of the input quantities X from the given measured and estimated
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values of all input quantities v with their associated uncertainty matrix U,, is in general a non-linear fitting
procedure, the solution of which has, for instance, been described in [4] in the Bibliography.

In the special case of a spectrum unfolding which is linear in the parameters ¥, the spectral density H(.9) is
represented by the column matrix X =[H(9)]. The $ are assumingly exact base points, for instance, the
energies or times assigned to the individual channels. The spectral density is approximated by a system of

functions ¥(9):

X, =H(Y)= Z P (9) Y(i=1...,m)ou X = M(Y)= AY

k=1

(A13)

The constg
shape of th
when evalu
are, for inst

The comp
Uy = [u(yk’ y

Using the nf

y=G(3

If, for insta

y'=(& »o
and inserts

A.3.3 Sim

The classig
net peak ar|
below.

Independern]
of a multi-c
be compris
instance en

nt sensitivity matrix 4 consists of the elements 4, = #(9,). The functions ¥ (%) describe
e individual spectral lines and of the background contributions. (For explicit examples~of ¥
pting alpha- and gamma-spectra, see A.3.4 and A.3.5.) The output quantities Y, to be, determ
Bnce, the net peak areas of the spectral lines.

pbnents  of uncertainty of measurement comprise uncertainty matrices\ U, = [u(x;, xj)]
). U, is the diagonal with the diagonal elements u2(x;) = n,/#2, i.e. U, = diag (x}/t).

ethod of least squares one obtains:

)=U, 4'U"x;z= M(y) = Ay,
4TU [ a)™

nce, Y, is the decision quantity X, y, is replaced\by & in order to calculate #(&). This vyi
.)T and x’= M(y’) = A y'. From this, one calculates the changed uncertainty matrix U, = diag
it into Equation (A.15). The (1,1)-element of thesechanged uncertainty matrix U, is then ﬁz(f).

ple examples of linear unfolding in‘nuclear spectrometric measurements

al methods of linear or third-order polynomial background subtraction, for the determination
ba of a spectral line of a spectrum, are simple examples of linear spectrum unfolding as descr

t, Poisson distributed randem variables N; (i = 1, ..., m and i = g) are assigned to selected chan
nannel spectrum haying/the channel counts »;. If needed, several channels of a channel area
ed in one channel.-For'the following, 9, is the lower limit and 4" the upper limit of channel i; $i
ergy or time; 1,=\%"; — 9 is the channel width. N, represents the combined channel counts of

spectral ling under investigation in the spectrum. The net peak area is the measurand with the true valuy

that means
to represen

the net number of counts of the channel i = g. A function H($, y;, ..., »,,) with parameters y, suit
the speetral density of the background under the spectral line is adjusted so that:
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From this, y, have to be calculated as functions of »;. The background contribution to the gross peak area is

then:
9
zg = jH(g, Vs oo V) A9 (A17)
&
With a random variable Z; for z,, an expression for the decision quantity is:
X=pgty —Zg (A.18)
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