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Foreword

ISO (the International Organization for Standardization) is a
federation of national standards bodies (ISO member bodies)

worldwide
. The work

of preparng memationa Standards 15 nornmaity carred our_t
technical committees. Each member body interested in~a
which a technical committee has been established has-the

rough ISO
subject for
[ight to be

represented on that committee. International organizations, governmen-
tal and non-governmental, in liaison with ISO, alsq‘take part i} the work.
SO collaborates closely with the International Elgctrotechnicgl Commis-

sion (IEC) on all matters of electrotechnical standardization.

Draft International Standards adopted.by.-the technical committees are

circulated to the member bodies forvoting. Publication as

BN Interna-

tional Standard requires approval by at least 75 % of the menjber bodies

casting a vote.

International Standard ISO<1.1453 was prepared by Technical

Committee

ISO/TC 69, ApplicationsZiof statistical methods, Subcommittee SC 3,

Application of statistiCal methods in standardization.

Annex A forms_an’integral part of this International Standard.
and C are fardnformation only.

Annexes B
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Statistical interpretation of data — Tests and confidence

intervals relatin

1 Scoppe

This International Standard describes specific statistical methods for addressing the following questions.

Given
to shq

a population of items from which a sample of n items has been‘drawn, x of the sample ite
w a specified characteristic. What proportion of the population*has that characteristic? (

ms are found
bee A forms,

subclg
Is the

Given
(See (
d Inb)a
test is

It is essen
drawn at r.
this, reliab
from the p

2 Norm

The follow
Internation
revision, a
possibility
registers o

use 8.1.)

proportion estimated in a) different from a nominal (specified) value? (See B forms, subclaud

two distinct populations, are the proportions with¢thé characteristic in the two populatio
forms, subclause 8.3.)

nd c) how many items must be sampled in the population(s) to be sufficiently sure that the
correct? (See 7.2.3 and 7.3.3.)

tial that the drawing of samples does not have any appreciable effect on the population. |
pndom is less than 10 % of the pOpulation this is usually satisfactory, but if the sample is
e results can be obtained only by réplacing each item sampled before drawing the next ite
bpulation.

ative reference

ing standard gontains provisions which, through reference in this text, constitute provi
bl Standardi; At the time of publication, the edition indicated was valid. All standards af
hd partigs )to agreements based on this International Standard are encouraged to iny
bf applying the most recent edition of the standard indicated below. Members of IEC and
f currently valid International Standards.

e8.2)

ns different?

result of the

ff the sample

greater than
m at random

sions of this
e subject to
estigate the
SO maintain

ISO 3534-1

1009
- 1TIIO,

3 Definitions

Statistics—Yocabulary ard syrmbots—Part - Provabifity and generar statistical Terms.

For the purposes of this International Standard, the definitions given in I1SO 3534-1 and the following definition

apply.

3.1 target item: One in which the specified characteristic is found.
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4 Symbols

a significance level chosen

a’ achieved significance level

-« confidence level chosen

B probability of the error of the second kind

n, n1; ny | sample size; sample size of sample 1; sample size of sample 2
X number of target items in the sample (random variable)

X value of X

p pfoportion of target items in the population

Puo upper limit of the one-sided confidence interval for p

Pio Iqwer limit of the one-sided confidence interval for p

Put upper limit of the two-sided confidence interval for p

Pt Iqwer limit of the two-sided confidence interval for p

T value from table 2 for the determination of confidence limits for n < 30
Co cfitical value of the test of the null hypothesis Hy: p = pq

Cuo cfitical value of the test of the null hypothesis Hy: p < pg

Cit Iqwer critical value of the test of the null hypothesis Hy: p =g
Cut upper critical value of the test of the null hypothesis Hy: p'="pg
Po glven value for p

p' value of p for which the probability of not rejecting-the null hypothesis (P,) is to be determined
P, pfobability of not rejecting the null hypothesis

fi. nimber of degrees of freedom of the F-distribution

Fq, Fp tgst statistics

F, (fi. f2) | qfauantile of the F-distribution with f; and f, degrees of freedom
21,22 tdst statistics

iy g{quantile of the standard nermal distribution

q.n K auixiliary values

5 Point estimator of'the proportion p

The estimator pf p ffom a sample of n items including x target items is

p=x/n

This estimator is unbiased if the sample is drawn at random, whatever the sample size and population size may be,
even if the sample forms an appreciable part of the population.

6 Confidence limits for the proportion p

The calculation of a confidence interval for p is described in forms A-1 to A-3.

The confidence limits will depend on sample size (n), the number of target items in the sample (x), and the desired
confidence level (1—a). It is not possible in general to achieve the desired confidence level exactly because the
probability distribution governing the outcome x is discrete. Thus, the procedure yields the nearest confidence level
greater than or equal to (1—a).
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The procedure used in this International Standard for determining the two-sided confidence limits for the desired
confidence level (1—a) uses the limits for the upper and lower one-sided limits each for the desired confidence

level (1—a/2). It thereby guarantees that the error probability is less than or equal to @2 on each side of the
interval.

7 Significance tests on proportions p

7.1 General

For practical applications, forms B-1 to B-3 and C-1 to C-3 present the null hypotheses concerning proportions and
schemes for carrying out tests. At the beginning of the procedures, the appropriate null hypothesis and the sample
size n (the sample sizes ny and ny) are to be determined and the significance level is to be chosen. Because the
underlying sampling distributions are discrete, the procedures are designed to achieve the nearest significance
level less[than or equal to the desired (nominal) level. The alternative hypotheses are not indicated in the forms
because i each application the alternative hypothesis is implicitly assumed to be complemientaty to the null
hypothesis.

EXAMPLHS

At the bepinning of the B forms (procedure for the comparison of a proportion(With a given valug), one of the
following three null hypotheses Hg (with the complementary alternative hypothe$is)H;) is to be chosef:

a) dne-sided test with Hyp: p = pg Hy:p<pg
b) dne-sided test with Hy: p < pg Hy:p>po
c) tyvo-sided test with Hy: p = pg Hy:p #pg
where pg [s the given value.
The result|of each test is either to reject or not to reject the'null hypothesis.

Rejecting the null hypothesis means adopting the alternative hypothesis. Not rejecting the null hypothlesis does not
necessarily mean accepting the null hypothesis (see'7.2.2).

7.2 Comparison of a proportion with a given value p,
7.2.1 Test procedure
The test pfocedures for the nullhypotheses

Ho:p P po

Ho:p s po

Ho:pF po

(where po| is~the given value) are described in forms B-1 to B-3. They are especially easy to apply|if the critical
value(s) forthe specifiedvatues of 7, p and @ 1S tare; KNown. 1he critical valuels) may have been determined
through repeated execution of the test in accordance with the B forms. Otherwise the standard procedure to
determine the critical values is the one given in the same forms.

7.2.2 Operating characteristics

The computation of the operating characteristics (including the probability of the error of the first kind, the achieved
significance level and the probability of the error of the second kind) is described in annex A. For this purpose the
critical value(s) need(s) to be known (see 7.2.1) and the alternative hypothesis, p = p4, for which the probability of
the error of the second kind is to be computed has to be chosen.
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7.2.3 Determination of sample size n

If the sample size is not already specified (for example for economic or technical reasons), its minimum value shall
be determined such that for a given null hypothesis Hy (see 7.2.1), the achieved value of the significance level a is
not greater than its chosen or given value. In addition, the achieved value of the type |l error, probability B, shall be
approximately equal to its chosen or given value if p equals a particular chosen or given value p'. For this purpose,
po and p'are to be marked on the p-scale and a, (1-a ), a/2, (1-a/2) on the P-scale and the straight lines 1 and 2
as defined through the procedure shown in table 1 are drawn in the Larson nomograph (figure 2).

Table 1 — Procedure for determining the sample size from the Larson nomograph (figure 2)

Casge Given value Straight line 1 Straightline [2
from p, to from p' to
Ho: p ¥ po P'<po a 1-B
Ho:p & po p'>Ppo [’ B
Ho: p F po P'>po T-af2 B
Ho:p | po P'<Ppo /2 1-B

The point of infersection of the two lines leads to the values Ci o(Cy,0) O'the x-scale. If x is not an integer, [found up
or down to thg next integer.

7.3 Comparison of two proportions

7.3.1 Test prpcedure

The test procefures for the null hypothesis
Ho:p1 = pp
Ho:pr<pp
Ho:p1 = pp

(where p1 is thie proportion ‘ef-target items in population 1 and p, is the proportion of target items in popfilation 2)

are described [in forms~CxT" to C-3. These procedures are also suitable for testing the independence of two
attributes (dichotomous.characteristics) of items in a population.

7.3.2 Operating characteristics
It is assumed:

a) that for a one-sided test of Hy: py < pp, the power (1—f) must be determined for a given pair of
proportions p1 and p, with py > p»;

b) that the test is carried out with two samples of the same size, i.e. ny = np = n.

The significance level is a. Then a very accurate approximate value of the power can be obtained by the arc sine
transformation (proposed by Walters (1)) as follows:

1-B =¢(Z_u1—a)
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where
0] is the distribution function of the standard normal distribution,

u1_q 18 the (1—a)-quantile of that normal distribution, and
z= JZ[arcsin‘/m ~(1/2n) - arcsiny p, — (1/2;17)7]

This approximation can also be used for the two-sided case: Hy:pj=p, with the alternative hypothesis
Hq: py>py if ais replaced by o/2 in the formula.

7.3.3 Determination of sample size n

If the sample sizes ny and ny are not predetermined, their minimum values shall be determine®|such that the
power of the test is at least (1 — ) while the significance level is c.

It is assumed that the null hypothesis is Hq: p1 < py. The following procedures, however, also apply in the two-
sided casg Ho: p1 = pp, With the restricted alternative hypothesis Hq: p1 > p; if ais replacegkby o/2.

.E I.---

ies of the sample size are given in tables 5 and 6 (originally published by-Haseman!2l) for s¢lected values
sa

Exact vali
and 8. Thes tables assume a common sample size n = nq = ny.

cX
of o
For configurations of a, py, p2 and (1-f) not covered by these tables, thecfollowing approximation can be used

which alsp allows for unequal sample sizes. It requires that the ratio r of-sample sizes ni/ny has bgen chosen in
advance.

2
ny =41+ 1+——M
1 m'(p = py)

ny =m/r

where

2
u_gVIr+105g +”1—/3\/[VP1(1‘ P1)+ pa(1=py)]

Hpr="p2)?

o1t po
r+1

Q|
11
1

=

8 Forms

For ease of application, make a tick in the box representing the activated part of the form. (The horizontal position
of the box symbolizes the position of the respective part in the hierarchy of the form, decreasing from the right to
the left.) Then follow the procedure by entering the necessary data and carrying out the actions required.
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8.1 A forms: Confidence interval for the proportion p

8.1.1 Form A-1: One-sided, with upper limit confidence interval for the proportion p

Characteristic:
Determination
ltems:

Notes:

procedure:

Criterion for the identification of target items:

Confidence level chosen: 1—a =

Sample size: n =
Number of target items in the sample: x =

Determination

1)

of confidence limits:

a) Procedure forn < 30 ]
1) Casex=n O
Puo =1
2) Casex< n ]

Read the value from table 2 for the known valtes n, X = xand g=1 - «
(this value is the confidence limit):

T(Fa) (n,x) = Puo =

b) Procedure for n > 30 ]

Casex=0 ]
Computation:
pu,o =1-= a1/n —

2) Casex=n ]
Puo =1
3) Cased<x<n L]
Read the value from table 3 for g =1-a: u_, =
Read the value d corresponding to the confidence level chosen:
—a 0,90 0,95 0,99
d 0,411 0,677 1,353
Computation:
Puo = Px +(1—2p*)d/(n+1)+u1_a Jp*(1- p*)[1-—d/(n+ 1)]/(n+1) =
with ps =(x+1)/(n+1)
Result:
P = Pyo=

© SO
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8.1.2 Form A-2: One-sided, with lower limit confidence interval for the proportion p

ISO 11453:1996(E)

Characteristic:

Determination procedure:

ltems:

Criterion for the identification of target items:
Notes:

Confidence level chosen: 1—a =
Sample size: n =
Number of target items in the sample: x =

Determination of confidence limits:

a) Procedure forn < 30

1) Casex=0 O
Po=0
2) Casex>0 ]

7‘(1-(1)(”'” - x) =

Computation:
Plo=1- T(1—a) (n, n-— x):

b) Procedure for n > 30

1) Casex=0 J
Plo=0
2) Case x.=w OJ

Computation:
]
Po=0a In -

3} Case0<x<n ]

Read the value from table 2 for the known yalués n, X = n — xand g=1-«

Read the value from table 3 forg = 1—a: uy_ =
Read the value of d corresponding to the confidence level chosen:

1-a 0,90

0,95

0,99

d 0,411

0,677

1,353

Computation:

with py = x/(n + 1)

Plo = px +(1=2ps)df(n+1) = ur_g s (1= pi)[1=d/(n+ ] Jln+ 1) =

Result:
p|,0 = = P
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8.1.3 Form A-3: Two-sided confidence interval for the proportion p

Characteristic:

Determination procedure:

ltems:

Criterion for the identification of target items:
Notes:

Confidence level chosen: 1—a =
Sample size: n =
Nymber of target items in the sample: x =

Ddtermination of confidence limits:

a) Procedure forn < 30 O

1) Upper confidence limit
— Casex=n Il
put =1

— Casex<n O

(this value is the confidence limit):
7(1—0(/2) (n'x) =Pyt =

2) Lower confidence limit
— Casex=0 ]

— Casex>0 3
Read the valug from table 2 for the known values
nX=n-xand g=1-0/2:

T(1—a/2) (n,n - x)z

Compdtation:
py=1- T(1_a/2)(”:” - x) =

b) _Procedure for n> 30 Ll

1) Upper confidence limit

Read the value from table 2 for the knownalues n, X = xand ¢ = 1- /2

— Casex=0 |
Computation:

Pyt =1- (a/z)V" =

— Casex=n O
put =1

© |SO
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— CaseO<x<n [J
Read the value from table 3 for g = 1-a/2: u_g/p =

Read the value of d corresponding to the confidence level chosen:

1-a 0,90 0,95 0,99

d 0,677 0,960 1,659

Computation:

2)

put = pe+(1=2pe)df(n+1) +uy_g 0 \/p*(1— p*)[T—d/(n+ 1)]/(n+ )
with p, =(x+1)/(n+1)

Lower confidence limit

— Casex=0 O
P =0
— Casex=n J

Computation:
1
Pt :(a/2) "=

— CaseO<x<n [

Read the value from table 3 for g =1-a/2: u1_g)p =
Read the value of d cerresponding to the confidence level chosen:

1-a 0,90 0,95 0,99

d 0,677 0,960 1,659

Cobriputation:

Pit = Px +(1—2P*)d/(”+1)‘“1—a/2\/l?*(1— P*)[T~d/(n+ 1)]/("“) =

with p, = x/(n+1)

Results:
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8.2 B Forms: Comparison of the proportion p with a given value p,

821 Form B-1: Comparison of the proportion p with a given value po and with one-sided test with

Ho:p = po

Characteristic:

Determination procedure:

ltems:

Criterion for the identification of target items:
Notes:

Giyerrvatue pg=

Sidnificance level chosen: a =

Sample size: n =

Number of target items found in the sample: x =

Tept procedure:

I | The critical value(s)
determination of th
Cl,o =

Hyis rejected if x < C| ,; otherwise it is not rejected.

s (are) already known (see 7.2.1 and, if applicable, the
critical values below): ]

D —.

[I'| The critical value(s) is(are) not known: ]

a) Case x = pgn ]
Hy is not rejected

b) Casex<pgn [J

1) Procedure for n < 30 !
Determine according to fornd A-1 the one-sided upper confidence limit for n, x
and the confidence level (1—a):
Puo =

Hy is rejected if p( 5< po; otherwise it is not rejected.

2) Procedurefora > 30 OJ

— Casex =0 ]
Computation:
Puo =1-a n

Hy is rejected if Puo < po. Otherwise it is not rejected.

- [see form A-1 b) 1)]

fa fa)
Aot U A r J

Read the value from table 3 for g =1-a: uy_, =
Computation:

i =2[\/(H*X)p - (X+1)(1—po)]=

Hy is rejected if uy > uq_, ; otherwise it is not rejected.

Test result:
Hy is rejected ] Hg is not rejected ]

10
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Determination of the critical values:

C\ o is the smallest non-negative integer x for which the test according to form B-1-Il does not
lead to the rejection of Hy. C, , is to be determined iteratively through repeated application of
form B-1-I with different values of x ). Thereby those values of x are to be determined which

differ from each other by 1 and one of which leads to the rejection of the null hypothesis

while the other does not. If desired a start value for x, xg, can be obtained as follows.

Computations:

npo, rounded to the next integer, is x* =

Plolx=x*= (Pl o1y o from form A-2)

np| o |y = x+ founded to the next integer, is xg,1 =

Interpretation of the test results from form B-1-II:

forx<C ,—1= Hy is rejected

forx=C = Hy is rejected
Result:

Co=

1) The critical value or one of the critical values, respectively, may not exist for extreme
values of pg and/or for very small sample sizes n.

1
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8.2.2 Form B-2: Comparison of the proportion p with a given value p, and with one-sided

HOZp spo

12

©1SO

test with

Characteristic:
Determination procedure:

[tems:

Criterion for the identification of target items:

Notes:

Given value pg =
Significance level chosen: a =

Sa

Nu

alaciza- —
TETC—STZCT Tt

Mmber of target items found in the sample: x =

Te

5t procedure:

The critical value(s) is (are) already known (see 7.2.1 and, if applicable, the
determination of the critical values below): R
Cuo =

Hy is rejected, if x> C, o; otherwise it is not rejected.

a)

The critical value(s) is (are) not known: N

Case x < pgn U

Hg is not rejected.

Case x> pon ™

1)

2)

Procedure for n < 30 £)
Determine according to form A#2-the one-sided lower confidence limit for n, x
and the confidence level (1—a):

Po=

Ho is rejected if p| >po, otherwise it is not rejected.

Procedure for.ns'30 Ol

— Casex=n ]
Computation :
Pro —oln = [see form A-2 b) 2)]
Hg is rejected if p; , > po; otherwise it is not rejected.

— CaseO<x<n ]

Read the value from table 3 for g=1-a: u_ o =
Computation:

uy =2[\/x(1—po)—‘/(n—x+1)po]—_-

Hg is rejected if uy > uy_, ; otherwise it is not rejected.
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Test result:
Hy is rejected O
Hy is not rejected U

Determination of the critical values:

Cyo is the largest integer x for which the test according to form B-2-1l does not lead to

the

refectiomof—theTott—typothests—¢, ;s to be determined Tteratively through repepted

application of form B-2-Il with different values of x 1. Thereby those values of xcare td be

of po and/or.fér very small sample sizes n.

determined which differ from each other by 1 and one of which leads to the rejection of the
null hypothesis while the other does not. If desired, a start value for x, XsiariCan be obtajned
as follows.
Computations:
npo, rounded to the next integer, is x* =
Puolim s = (Puol— s+ from formA-T)
NPy o|x = ¢+ fOUNded to the next integer, is xg4 =
Interpretation of the test results from form B:2-II:
forx<C,,= Hy is not rejected
forx = C, +1= Hy is rejected
Result:
Cu,o =
1) The criticalvalue or one of the critical values, respectively, may not exist for extreme vallies

13
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8.2.3 Form B-3: Comparison of the proportion p with a given value po and with two-sided
Hy:p=pg

14

© ISO

test with

Characteristic:

Determination procedure:

ltems:

Criterion for the identification of target items:
Notes:

Giv
Sig

en value pg =
nificance level chosen: a =

Sar
Nu

nple size:n =
mber of target items found in the sample: x =

Ted

t procedure:

l

The critical value(s) is (are) already known (see 7.2.1 and, if applicable, the
determination of the critical values below):

G = Cut =

Hy is rejected if x < Cjt or x> Cy ; otherwise, it is not rejected:

The critical value(s) is (are) not known:

a) Procedure for n < 30 J

confidence level (1—a):
Pt = and
Put =

Hy is rejected if pj + > pg Ofypy 't < po; Otherwise, it is not rejected.
b)  Procedure for n > 30 L]
1) Casex =90 LJ

Compudtation:

n
Put = 1_(0‘/2) =
Hy is rejected if p, 1 < po; otherwise, it is not rejected.

Determine according to form A-3 the twao-sided confidence limits for s, x, and the

2) Casex=n D

Computation:

n
pr=(a/2)" =
Hy is rejected if p; 1 > po; otherwise, it is not rejected.
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3) CaseO<x<n ]

Read the value from table 3 for g =1-0t/2: uy_q 5 =
Computations:

78 ’—'2[\/(n—x)po -‘/(x+1)(1—p0 ]:

Hg is rejected if ug > uy_g /5 OF up > u1_q/2; Otherwise, it is not rejected.

TUDL IUDUiL.
Hy is rejected

Hy is not rejected Il

Determination of the critical values:

Ci ¢ is the smallest non-negative integer x and C is the largestinteger x for which the

test

according to form B-3-Il does not lead to the rejectiof)of Hy. €y and Cyt are tp be

determined iteratively through repeated applicationsof*form B-3-1I with different v4
of x 1. Thereby two pairs of values are to be determined such that in each pair the v4

differ from each other by 1 and one of thelvalues leads to the rejection of the

lues
lues

null

hypothesis while the other does not. If desired, start values for x, xg, can be obtaingd as

follows.

Computations:

npo, rounded to the next integer, is x* =

pl,tlx:x*z pU,Tlx:x*z
Pit]y= o+ @and py ] = o+ from form A-3

npit|y = xr (OUNded to the next integer, is xg, ¢ (lower) =

npy 4="+ rounded to the next integer, is xg,; (Uupper) =

Interpretation of the test results from form B-3-11:

forxsQq;-1= Hy is rejected
forx=Ci= Tox=Cu = Hy 1s not rejected
forx=Cyt+1= Hy is rejected
Results:
Gt = Cut =

1) The critical value or one of the critical values, respectively, may not exist for extreme
values of pg and/or for very small sample sizes n.
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8.3 C forms: Comparison of two proportions

8.3.1 Form C-1: Comparison of two proportions with one-sided test with Hy: p; = p,

16

Characteristic:

Determination procedure:

ltems: ]

Criterion for the identification of target items:
Notes:

Sig
Sa

nificance level chosen: a =

1 H kel
Ll SRS LA~ BN £ % e

Sample size 2: ny =
Nurnber of target items in sample 1: xq =
Numnber of target items in sample 2: xp =

Chdck for trivial case:

is

ox
nmoon
true [] is not true []

In the "true" case, the null hypothesis is not rejected andithe test result can be stated
immediately. Otherwise the following procedure is to be followed which eventually may lead

tor

bjecting or to not rejecting Hy.

Test procedure for the non-trivial cases:

If a
(n

—

least one of the four values ny, ny, (x1 # X9}, (n1 + ny — x1 — xp) is smaller than or equal to
+ ny)/4, the binomial approximatien! [, shall be applied; otherwise the normal

appfroximation, Il. However, even if the’above condition is fulfilled, the normal approximation

can|be applied if the two following\conditions are fulfilled:

while applying the binomiial approximation, interpolation in the F-distribution table is
necessary;

n1 and ny are’pf\the same order of magnitude or (x; + xp) and (nq + np — x1 — xp) are of the
same orderof magnitude.

Degision:
Th Il-:)ll IUIII;O: G}J}JIUI\;| 1 th;UII ;D tU bG Gppilcd (}JIU\;UUd Vv;th :) D
The normal approximation is to be applied (proceed with 1l). ]

©|S0
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| Binomial approximation

Definition of variables: Ky, Ko, 1, n2:

If either [ny < nq and ny < (x1 + xp)]
or [(ny + ng — x1 — xp) <nq and (nqy + ny — x7 — xg) < (x1 + x)],

the variables are defined as follows:

m=ny =
Mp=m=
Ki=np —xp=
K2=n1 — X1 =

Otherwise, they are:

m=m=
M =ny =
Ky=x1=
Ky=xp=

Computation of test statistics and determination of values from tables:

| a) Case m<K;+Ky [

F o (m - K3 )(Ky +2K,)
27 (K +1)(m +2m, - Ky22K, +1)

Numbers of degrees of freedom of the F-distribution:

£ =2k, +1)<
f=2AmeKy)=

Read the valu@ from table 4 for g = 1-«, f; and f; (if necessary interpolate):

bhea)\f1, f2) =

| B)sCase 1> K+ K> U

Ky (2m - K7)

K+ eny - K +1)
Number of degrees of freedom of the F-distribution:

=2k, ) -
f2 :2K2 =

17
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Read the value from table 4 for ¢ =1-«a, f; and f, (if necessary interpolate):

Foa) (A f2) =

Drawing the conclusion in the non-trivial case for the binomial approximation:
Hy is rejected, if

B = Fig) (A f2)

Otherwise Hg is not rejected.

Il |Normal approximation

Q

bmputation of test statistics and determination of values from tables:

L nq(xq+xp) = (%0 +V2)(ny + ) _
- -

\/mnz(x] +x2)(n1 +712 — X —Xz)/(l’bl +n2)

9]

cad the value from table 3 for g=1-a: u_y =

@)

rawing the conclusion in the non-trivial case for the normal approximation:
Hyy is rejected if

L F g

(@)

therwise Hy is not rejected.

___|

bst result:
Hy is rejected

Hg is_ Aot rejected

© (SO
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8.3.2 Form C-2: Comparison of two proportions with one-sided test with H: p, < p,

Characteristic:

Determination procedure:

[tems:

Criterion for the identification of target items:
Notes:

Significance level chosen: & =
Sample size 1: n4
Sample size 2. ny
Number of target items in sample 1: x;

1]

Number of target items in sample 2: x

Check for trivial case:

et
moom
is true ] is not true []

In the "true" case, the null hypothesis is not rejectéd and the test result can be sfated
immediately. Otherwise the following procedure is™to be followed which eventually may
lead to rejecting or to not rejecting Hy.

Test procedure for the non-trivial cases:

If at least one of the four values n4,.ny, (x1 +x3), (n7 +ny — x1 — x7) is smaller than or dqual
to (nq + np)/4, the binomial appreximation, |, shall be applied; otherwise the normal apgroxi-
mation, Il. However, even if the above condition is fulfilled, the normal approximation| can
be applied if the two folldwing conditions are fulfilled:

— while applying~the” binomial approximation, interpolation in the F-distribution table is
necessary,

— nq and.npare of the same order of magnitude or (x; +xp) and (ny + ny — x1 — x,) afe of
the same order of magnitude.

Deécision:
THe binomial approximation is to be applied (proceed with I). il
The normal approximation is to be applied (proceed with ). ]

I Binomial approximation
Definition of variables: K1, Ko, 11, 1,

If either [np < nqand np < (x1 + x7)],
or [{nq + np — x1 — x9) <nyand (nq + ny — x1 — x3) < (x7 + x9)]

19
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the variables are defined as follows:

ny=ny =
Ny =m=
Ky=ny—xp =
KZZI’L-I—X-l:

Otherwise they are:

m=m=
No =hno =
Ki=x1=
Ky=xp=

Cpmputation of test statistics and determination of values from tables:

| [a) Caseny<K;+K; O

B Ki(ny +2n; - K1 - 2K5) B
L (Th —K1 +1)(K1 +2K2 +1) -

NLmbers of degrees of freedom of the F-distribution:

fi=2m-K+1)=
f2 :2]{1:

Read the value from table 4 for g =1-«a, f; andys
iff necessary interpolate): F(1_a)(f1,f2):

—

b) Case 1> K;+ K, L]

. K1(2n, - K>)
UKy + )2 - &+ )

Nlumbers of degrees effreedom of the F-distribution:

fi=2(K, # )=
fo =2K55

cad the value from table 4 for g =1-~«, fy and f>

necessary interpolate): I7<|_u)( £ ‘fn\ =

= m

Hyis rejected if:
Fi= Fog)(fif2)

Otherwise Hy is not rejected.

Drawing the conclusion in the non-trivial case for the binomial approximation:

20
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Il Normal approximation

Computation of test statistics and determination of values from tables:

_ (e = 12)(ny + 1) = my (o1 + x5

1= -
\/n1n2(x1 +x2)(n1 +ny — X4 —xz)/(m +n2)

Read the value from table 3 for g =1-a:

Drawing the conclusion in the non-trivial case for the normal approximation:

Hy is rejected, if

74 == Ma
R Rl Rl f 4

Otherwise Hg is not rejected.

Test result:
Hy is rejected ]
Hy is not rejected O

21
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8.3.3 Form C-3: Comparison of two proportions with two-sided test with Hy:pq=py

Characteristic:

Determination procedure:

[tems:

Criterion for the identification of target items:
Notes:

Significance level chosen: o=
Sample size 1: ny =
Sample size 2: ny =

Number of target items in sample 1: x1 =
Number of target items in sample 2: x, =

Check for trivial case:

X1 _ %2
nyony
is|true ] is not true ]

22

I the "true" case, the null hypothesis is not rejected and thewfest result can be stated
inpmediately. Otherwise the following procedure is to be followed which eventually may
lepd to rejecting or to not rejecting Hg.

Test procedure for the non-trivial cases:

If [at least one of the four values nq, ny, (x7°F x5), (n1 +ny — x4 —xz) is smaller than or equa!
(+n,)/4, the binomial approximation(l; shall be applied: otherwise the normal approxi-
mgtion, Il. However, even if the above condition is fulfilled, the normal approximation can
bg applied if the two following conhditions are fulfilled:

=

— while applying the binerhial approximation, interpolation in the F-distribution table is
necessary;

— n1 and np are of-the same order of magnitude or (x; + xp) and (17 + ny — X1 — xp) are of
the same drder of magnitude.

Dgcision:
THecbinomial approximation is to be applied (proceed with 1). ]
The normal approximation is to be applied (proceed with I1). ]

©|S0O
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I Binomial approximation

Definition of variables: Ky, K,, 11, 1
If either [ny < ny and np < (xq + x7)]
or [(ny +np — x1 — xp) <nqjand (ny + np — x1 — x2) < (x4 + x7)]

the variables are defined as follows:

m=nz=
M2=m=
K-|=I’l2—)C2=
K2 =R—X1=

Otherwise, they are:

‘rh:rh:
n2=n2=
K.I:x.]:
K2:x2:

Computation of test statistics and determination of values from tables:

| a) Casen <K;+Kj 0
1) Caseﬁ>ﬁ L
m M2

Determine F1, f; and f» as in form C-2:

Fi= fi= f=

Read the value frem table 4 for ¢ = 1— /2, f; and £ (if necessary interpolate):

F(1_a/2)(f1:f2):

2) Case KK O
m N2
Determine Fy, f; and f; as in form C-1:
Fy= fi= fa=

Read the value from table 4 for g = 1- /2, f; and f; (if necessary interpolate):

Fra) i f2)=

| b) Casen >Ki+K l
K K
1) Case —L>—2 U
) m M2

23
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Determine F1q, f1 and f; as in form C-2:
Fy= fi= f2=
Read the value from table 4 for g=1-a/2, f; and f, (if necessary interpolate):

Fica)(fif2) =

K K
2) Case —<—-2 O
) m M2

Determine Fy, f; and f; as in form C-1:

Fy= fi= fo=

Fi-ar2) (A.5)=

Read the value from table 4 for g =1-«/2, f; and f, (if necessary interpolate):

Drawing the conclusion in the non-trivial case for the binomial approximation:
Hj is rejected if:

. Ky Ky,
in the case 7]1—> T B = F(Hx/z)(fmfz)

Kk

in the case :
m n2

Fp, = F(1-a)(f1,f2)

Otherwise Hy is not rejected.

Il | Normal approximation

Computation of test statisticsiand determination of values from tables:

X X
a)| Case 1>22 L]
nynp

Determingz; as in form C-2:
=

Read the value from table 3 for g=1-o/2:

U gf2 =

X X
b) Case —L<-2 ]
I’l-l l’l2

Determine z as in form C-1:
=

Read the value from table 3 for g =1-a/2:

Wq/2 =
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9.1 Int

Assume

Frpt)™

Then:

i

fa<rfo

i

1) Z5Gn) “[F(.r;,fg) B F(.rg,fgz)} A

ISO 11453:1996(E)

Drawing the conclusion in the non-trivial case for the normal approximation:

Hp is rejected if:

in the case —1 > 22
.72, =
n " ny 0= Wq/2
. X1 .X2
— <= =
in the case PR 2 ZU_gf?
Otherwise Hg is not rejected.
Test result:
Hy is rejected ]
Hg is not rejected O]

es and nomographs

erpolation in table 4 of the quantiles of the F-distribution

ith F1 < fi < fio-

= — _ Jio| A Ao
= n) [F(fh,fz) F(.f;z,fz)} 7 ( Fia- f”]

The intefpolation with respectto f; is carried out in an analogous way if the adjacent values F(

fo are giverinthe table:

Joo [ o= for
fo2 = 1

that Fq(ﬁ,fz)z F(f1,f2) is to be determingd-and that table 4 shows the adjacent valugs F(

fngy) 3N

fit) A g, gy WD

If the F-value to be determined is neither tabulated for fi nor for f,, then three steps of interpolation are necessary:
first two parallel steps with respect to one of the two numbers of degrees of freedom, and then another step with
respect to the other number of degrees of freedom.

25
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If f1>30 and f, > 30, the quantile of the F-distribution is to be computed according to the appropriate one of the

following equati

1

ons:

113 1

d in the
B5. The

then a

IgF/q 3 = ————u —0527g
)= Jhi—077
1428 7
IgF(O'O5) =———-0687
vh—-0,95
1702 3
IgF, =————-0,846
Hoozs) = 727 §
2,020 6
lgF(O'm) =4+—--1073¢
1h -140
2237 3
IgF, H———=-1250g¢
(0,005) T 161 61
2684 1
Jh—209
where
1.1
h f
1 1
h=2/| —H—
[ﬁ fzj
Fq(f'I'fZ) = Fq
9.2 Example
An example for|the determinafion of the critical value of the test of the null hypothesis Hy: p = pg is markd
nomograph (figure 2) withza' bold line (see 7.2.1). The given values are p,=0,15, a=0,05 and n=
nomograph yielfis a value of x between 1 and 2 and therefore Co=2
Suppose the sgmple.size n is not already specified. If, in addition, it is given that B=0,10 and p' = 0,039
second line is drawnfrom-p—to-t—PB-fordetermining-the-sarmplesize—Thepoirtofthe-intersectiorofthe—two lines

COTOTTT Ty O o SOl gic J1Z2CT

leads to n =50 in the nomograph and the value of x as 3; i.e. accept the null hypothesis when x < 3, otherwise
reject the null hypothesis and accept the alternative hypothesis.

26
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Table 3 — Quantiles of the standard normal distribution, Uy

ISO 11453:1996(E)

q= <D(u) u,
0,950 1,645
0,975 1,960
0,990 2,326
0,995 2,576

q
0 Fqlfy. )

Figure 1 — Quantiles of the F-distribution
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Table 5 — Common size of the two samples, nq = n,, to obtain a given power, 1-B(= 0,9;0,8 or 0,5), the

tests being one-sided with Hy: pq < p; and a =0,05 for various pairs of p; and p, with p; > p,

P
p2
0,95 0.9 0,8 0,7 0.6 0.5 0.4 0,3 0,2 0,1
0,9 503
371
184
0.8 89 232
67 173
38 87
0,7 42 74 338
34 56 249
19 31 121
0,6 25 39 97 408
20 30 73 302
12 17 37 143
0,5 18 25 47 111 445
14 19 36 84 321
9 11 19 43 155
0,4 13 17 30 53 116 445
11 13 23 41 85 321
7 9 12 22 43 155
0,3 10 12 18 31 53 111 408
9 10 15 28 41 84 302
6 6 9 12 22 43 143
0,2 8 10 12 18 30 47 97 338
6 8 10 15 23 36 73 249
5 5 6 9 12 19 37 121
0,1 6 8 10 12 17 25 39 74 232
5 6 8 10 13 19 30 56 173
3 3 5 6 9 11 17 31 87
0,05 5 6 8 10 13 18 25 42 89 503
5 5 6 9 " 14 20 34 67 371
3 3 5 6 7 9 12 19 38 184

NOTE — In each cell of the table the upper figure is the common sample size, nq1 = ny, giving 1- = 0,9, the middle figure
and the lower figure giving 1—f=0,8 and 0,5. For instance, if p; = 0,9 and py = 0,8, one must take nj = np = 232 units to
have 1-8=0,9, ny =ny =173 to have 1-=0,8 and only ny =ny =87 to have 1-=10,5.
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Table 6 — Common size of the two samples, nq = n;, to obtain a given power, 1—3 (= 0,9; 0,8 or 0,5), the

tests being one-sided with Hy: p < p; and a =0,01 for various pairs of p; and p, with p1 > p,

P1
p2
0,95 0,9 0.8 0,7 0,6 0,5 04 0,3 0,2 0,1
0,9 745
583
333
0,8 130 344
1d1 269
g1 155
0,7 g0 108 503
49 86 393
32 52 221
0,6 37 56 143 609
J1 46 113 475
18 27 66 265
0,5 45 35 69 163 667
40 29 55 129 519
14 18 34 73 285
0,4 18 24 42 77 171 667
16 20 34 60 137 519
10 13 21 35 78 285
0,3 14 18 28 43 77 163 609
12 15 22 35 60 129 475
9 10 13 22 35 73 265
0,2 12 13 18 28 42 69 143 503
9 12 16 22 34 55 113 393
6 8 9 13 21 34 66 221
0,1 9 9 13 18 24 35 56 108 344
8 9 12 15 20 29 46 86 269
6 6 8 10 13 18 27 52 155
0,05 8 9 12 14 18 25 37 60 130 745
6 8 9 12 16 20 31 49 101 583
5 6 6 9 10 14 18 32 61 333
NOTE — In each cell of the table the upper figure is the common sample size, nq = ny, giving 1-B=0,9, the middle figure
and the lower figure giving 1= 0,8 and 0,5. For instance, if py = 0,9 and p, = 0,8, one must take nq = ny = 344 units to
have 1—-=0,9, and only n1 =np =155 to have 1-=10,5.
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13}
001 —
]
o,oz%
o,oa—f
3 p
0,04 3N :
00 5 = 0,001
_ 1Y
0,06 — = 0,002
007 — = 0,005
008 —E §= 0,01
009 — 1 02
010 — =
_ N s 0,05
— 100 — 0,10
_ L \ =1 I
015 —T50 =1 02
d1po S :'_— 0,30
] =1 0,40
. = 0,50
0.20 — 200 1 E | 0,60
] ‘\ \ § \ 0 ;— 0,70
025 E \1\\ \ \ \Q \ 3 0,80
: ORI NN D = o
030 — \ \ \\\\ \ \ \ , ¥ ;t:: 095
- \ \ \ \ \ , = 098
035 — \ \ \ = 0,99
= \ b E1 0,995
. \ \ \ > | 0,998
040 — \ \ \\ 7 2 0,999
045 — mm ?
. AN
0,50j

NOTE — If p < 0,01 mark Ap instead of p on the p-scale and multiply the vaiues on the n-scale by A. Determine A from 0,01/p
rounded to the next larger integer.

Figure 2 — Larson nomogragh of binomial distribution
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Annex A
(normative)

Computation of the operating characteristic of the test according to

the B forms

A.1 One-sidedtestwith Hy: p = po

40

Chgracteristic:

Determination procedure:

ltems:

Criterion for the identification of target items:
Notes:

Gien value pg =

Significance level chosen: a =

Sample size: n=

Prgportion for which the probability of not rejecting Hg is to beicomputed: p'=

If the critical value(s) corresponding to n and pq for the sp@cified significance level ais (are)
no{ known, it (they) is (are) to be computed according*to the B forms:

o —
~,0 —

Defermination of the probability of not rejecting Ho, P, and resulting values:

If Hgis true, the probability of the error of the first kind is 1 — P,. The achieved significance
level, o', is equal to the probability of the error of the first kind when p' = py.

If the alternative hypothesis is true, the probability of the error of the second kind is P,

Computation:

= 2!:\/(Cl,o +1)(1zp3 -\/("— CI,O)P’} =

Refd from table 8: @ (u’) =

Repults:

2 :1—(D(u')=

if p'=po: a’:(D(u')z

if p'<po: B=1-@(u)=

© SO
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A.2 One-sided test with Hp: p < pg

Characteristic:

Determination procedure:

ltems:

Criterion for the identification of target items:
Notes:

Given value pg =
Significance level chosen: a =
Sample size: n=

.

If the critical value(s) corresponding to n and pg for the specified significance level a isylare
not known, it (they) is (are) to be computed according to the B forms:
Cuo =

Determination of the probability of not rejecting Hg, P, and resulting valuess

If Hq is true, the probability of the error of the first kind is 1—P,. The achieved significance
level, o', is equal to the probability of the error of the first kind when'p” = py.

If the alternative hypothesis is true, the probability of the errorfef the second kind is P,.

Computation:

u'= 2[\/61,,0(1— p') —‘/(n— Cyo+ 1)p']:

Read from table 3: tD(u") =

Results:
P, = <D(u”) =

if p': Po: a':1—d)(u"):

it p'> po: ﬁ:d)(u”)=

411
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A.3 Two-sided test with Hy: p = pg

42

Characteristic:

Determination procedure:

ltems:

Criterion for the identification of target items:
Notes:

Given value pg =

Significance level chosen: a =

Sample size: n=

Praopartion for which the probability of not rejecting Hg is ta be computed: p'=

If the critical value(s) corresponding to n and pg for the specified significance level « is (arg)
nof known it (they) is (are) to be computed according to the B forms:

i = Cut =

Determination of the probability of not rejecting Hy, P, and resulting values:

If Hy is true, the probability of the error of the first kind is 1 — P,. The achjeved significance
level, a’, is equal to the probability of the error of the first kind when p“= pq.

If the alternative hypothesis is true, the probability of the error of ¢he*second kind is P,

Computation:

=2+ 00-p) - ln-G)p =
= 2|:\/Cu,t(1_ p)—fln-Cyy + 1)p':| -

Repd from table 3:  @(u')=

Du'')=

Repults:
P, =0 (u”) - ofnt) =
f p'=pgl o= 1—(D(u")+d)(u’)=

f peho: B=o(u)-o(u)=

© SO
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Annex B
(informative)

Examples of completed forms

B.1 A forms

1ISO 11453:1996(E)

B.1.1 Example 1: Form A-2 — One-sided, with lower limit confidence interval for the proportion p

Characteristic. EXistence of video recorders in homes

Determination procedure: Interviews

Iltems: Homes in a defined area

Criterion for the identification of target items: At least one video recorder existing
Notes:

Confidence level chosen: 1-a =0,95
Sample size: n =20
Number of target items in the sample: x = 14

Determination of confidence limits:

a) Procedure forn <30
1) Case x=0 ]
Plo~ 0
2) Case x>0

Read the value from table 2 for thesknown n, X=n — xand g=1-«:
7"(1_a)(n,n - x)=0,508

Computation:

Plo = 1= Ti1_g)(n.n — x)=0,492

b)  Procedure for n> 30 ]
1) Casex=0 U
Plo =0

2) Casex=n U
Cemputation:

Po=a =
3)Case O<x<n ]
Read the value from table 3 for g=1-a: u_y =

Read the value of 4 r\r\rroepnnding to the confidence level chosen-

11— 0,90 0,95 0,99
d 0,411 0,677 1,353

Computation:

Pro = e +(1-2p.)df(n+ 1) = ur g 2. (1= p)[1= ) (0 + )] [(n+1) =

with p, =x/(n+1)

Result:
Po=0492 <p
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B.1.2 Example 2: Form A-3 — Two-sided confidence interval for the proportion p

44

Characteristic: Existence of video recorders in homes

Determination procedure: Interviews

ltems: Homes in a defined area

Criterion for the identification of target items: At least one video recorder existing
Notes:

Confidence ievei chosen: 1-a =0,99
Sample size: n =90
Number of target items in the sample: x =19

Ddtermination of confidence Timits:

a) Procedure forn < 30 ]

1) Upper confidence limit

— Casex=n U
Pu,t=1
— Casex<n J

Read the value from table 2 for the known n, X= xand ¢ =1- /2
(this value is the confidence limit):

Tira2) (%) = pyy =
2) Lower confidence limit
— Casex=0 ]

— Casex>0 ]

T(1—a/2)(n'n A\ x) =
Computation:
Pit = 1~ T(1_a/2)(n,n - x) =

b)  Procedire for n > 30

1N\Upper confidence limit ]

— Casex=0 [1

Read the value from table 2 for the known n, X=n — x, and g = T-a/2:

Computation
1
Put = 1-—(0(/2) "=

— Casex=n ]
put=1

© SO
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— CaseO<x<n

Read the value from table 3 for g =1-a/2: u1_g/, =2,576
Read the value of d corresponding to the confidence level chosen:

-« 0,90 0,95 0,99

d 0,677 0,960 1,659

Computation:

Put = pe+(1=2p.)df(n+ )+ g oy 22 (1= p)[ 1=/ (n + )] [(n + 120,341
with p, =(x+1)/(n+1)

2) Lower confidence limit

— Casex=0 U]
pt =0
— Casex=n ]
Computation
1]
Pt =(a/2) "=
— CaseO<x<n

Read the value from table3 for g =1-a/2: w4/ =2,576
Read the value of d.cérresponding to the confidence level chosen:

1-& 0,90 0,95 0,99

d 0,677 0,960 1,659

Computation:
Pit = P +(1_2P*)d/(”+1)_”1—05/2\/1’* [(1— pe)(1-a)/(n+ 1)]/(n+ 1)=0,111

with p, = x/(n+ 1)

Results:

D =0341 D
Tt T T ]

p, =0111:
Tt 4 T
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B.2 B forms

©ISO

B.2.1 Example 1: Form B-2 — Comparison of proportion p with a given value py and with one-sided test
with HOI P =Dpo

46

Characteristic: Existence of video recorders in homes

Determination procedure: Interviews

Iltems: Homes in a defined area

Criterion for the identification of target items: At least one video recorder existing
Notes:

Given value pg = 0,48

Significance level chosen: a =0,05
Sample size: n=20
Nymber of target items found in the sample: x = 14

Teist procedure:

| | The critical value(s) is (are) already known (see 7.2.1 and, if applicable, the

a) Casex < pgn ]
Hy is not rejected.

b) Case x> pon

1) Procedure for n < 30
x and the confidence leve| (1—0:):
Pl = 0,492

Hp is rejected if p 5> po; otherwise it is not rejected.

2) Procedurefor n > 30 U

— Case’'x=n ]
Computation:
Plo = aln = [see form A-2 b) 2)]

Hy is rejected if P10 > po; otherwise it is not rejected.

determination of critical values below): ]
Cuo =
Hyis rejected if x> C, ,; otherwise it is not rejected.
II| The critical value(s) is (are) not known:

Determine according to form*A-2 the one-sided lower confidence limit for n,

— Case O<x<n ]
Read the value from table 3 for g=1-a: u_, =

Computation:

up :2{\//‘(7—170) —\/(n—x+1)p0]:

Hg is rejected if up > uy_, ; otherwise it is not rejected.
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Test result:
Hy is rejected
Hg is not rejected ]

Determination of the critical values:

Cu,o is the largest integer x for which the test according to form B-2-1l does not lead to the
rejection of the null hypothesis. C,, is to be determined iteratively through repeated
application of form B-2-1l with different values of x V. Thereby those values of x are to be

determined which differ from each other by 1 and one of which leads to the rejectiorn of
the null hypothesis while the other does not. If desired, a start value for x, xsif\can| be
obtained as follows.

Computations:
npo, rounded to the next integer, is x* = 10
Pu.olx=x+=0,699 (Pu.o|x = x* from form A-1)

nPu.o|x = x+ rounded to the next integer, is xgtart = 14

Interpretation of the tests results from form B-2-Il respectively:

forx<Cy,=13 Hy is not rejected

forx=Cyo+1=14 Hy is rejected
Result:

Cuo =13

1) The critical valug_or“one of the critical values, respectively, may not exist for extrdme
values of pg and/or-for very small sample sizes n.
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