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@ ISO ISO 11453:1996(F) 

Foreword 
ISO (the International Organization for Standardization) is a worldwide 
federation of national Standards bodies (ISO member bodies). The work 
of preparing International Standards is normally carried out through ISO 
technical committees. Esch member body interested in a subject for 
which a technical committee has been established has the right to be 
represented on that committee. International organizations, governmen- 
tal and non-governmental, in liaison with ISO, also take part in the work. 
ISO collaborates closely with the International Electrotechnical Commis- 
sion (IEC) on all matters of electrotechnical standardization. 

Draft International Standards adopted by the technical committees are 
circulated to the member bodies for voting. Publication as an Interna- 
tional Standard requires approval by at least 75 % of the member bodies 
casting a vote. 

International Standard ISO 11453 was prepared by Technical Committee 
lSO/TC 69, Applications of statistica! methods, Subcommittee SC 3, 
Application of statistical methods in standardization. 

Annex A for 
and C are fo 

‘ms an integr 
r information 

.al part of this International Standard. Annexes B 
only. 
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INTERNATIONAL STANDARD @ ISO ISO 11453:1996(E) 

Statistical interpretation of data - Tests and confidence 
intervals relating to proportions 

1 Scope 

This International Standard describes specific statistical methods for addressing the following questions. 

a) Given a population of items from which a Sample of y2 items has been drawn, x of the Sample items are found 
to show a specified characteristic. What Proportion of the population has that characteristic? (See A forms, 
subclause 8.1.) 

b) Is the Proportion estimated in a) different from a nominal (specified) value? (See B forms, subclause 8.2.) 

c) Given two distinct populations, are the proportions with the characteristic in the two populations different? 
(See C forms, subclause 8.3.) 

d) In b) and c) how many items must be sampled in the population(s) to be sufficiently Sure that the result of the 
test is correct? (See 72.3 and 7.3.3.) 

lt is essential that the drawing of samples does not have any appreciable effect on the population. If the Sample 
drawn at random is less than 10 % of the population this is usually satisfactory, but if the Sample is greater than 
this, reliable results tan be obtained only by replacing each item sampled before drawing the next item at random 
from the population. 

2 Normative reference 

The following Standard contains provisions which, through reference in this text, constitute provisions of this 
International Standard. At the time of publication, the edition indicated was valid. All Standards are subject to 
revision, and Parties to agreements based on this International Standard are encouraged to investigate the 
possibility of applying the most recent edition of the Standard indicated below. Members of IEC and ISO maintain 
registers of currently valid International Standards. 

ISO 3534-1: 1993, Statistics - Vocabulary and symbols - Part 1: Probability and general s ta tis tical terms. 

3 Definitions 

For the purposes of this International Standard, the definitions given in ISO 3534-1 and the following definition 
aPPlY. 

3.1 target item: One in which the specified characteristic is found. 
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ISO 11453:1996(E) 

4 Symbols 

@ ISO 

a significance level Chosen 

a’ achieved significance Ievel 

1-a confidence level Chosen 

P probability of the error of the second kind 

n; q; q Sample size; Sample size of Sample 1; Sample size of Sample 2 

X number of target items in the Sample (random variable) 

x value of X 

P Proportion of target items in the population 

Pu,0 upper limit of the one-sided confidence interval for p 

Pl,0 lower Iimit of the one-sided confidence interval for p 

Pu,t upper limit of the two-sided confidence interval for p 

Pl,t lower limit of the two-sided confidence interval for p 

T value from table 2 for the determination of confidence limits for n G 30 

Cl,0 critical value of the test of the null hypothesis Ho: p 2 po 

c u,o critical value of the test of the null hypothesis Ho: p s po 

qt lower critical value of the test of the null hypothesis Ho: p = po 

c utt upper critical value of the test of the null hypothesis Ho: p = po 

Po given value for p 

P’ value of p for which the probability of not rejecting the null hypothesis (PJ is to be determined 

Pa probability of not rejecting the null hypothesis flJ2 number of degrees of freedom of the F-distribution 

FlJ2 test statistics 

FyvLf2) q-quantile of the F-distribution withf, andf2 degrees of freedom 

WZ2 test statistics 

% q-quantile of the Standard normal distribution 

91 17, K auxiliary values 

5 Point estimator of the proportion p 

The estimator of p from a Sample of n items including x target items is 

b=x/n 

This estimator is unbiased if the Sample is drawn at random, whatever the Sample size and population size may be, 
even if the Sample forms an appreciable part of the population. 

6 Confidence limits for the proportion p 

The calculation of a confidence interval for p is described in forms A-l to A-3. 

The confidence limits will depend on Sample size (n), the number of target items in the Sample (x), and the desired 
confidence level (1 -a). lt is not possible in general to achieve the desired confidence level exactly because the 
probability distribution governing the outcome x is discrete. Thus, the procedure yields the nearest confidence level 
greater than or equal to (1 -a). 
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0 ISO ISO 11453:1996(E) 

The procedure used in this International Standard for determining the two-sided confidence limits for the desired 
confidence level (l-a) uses the limits for the upper and lower one-sided limits each for the desired confidence 
level (1-cU2). lt thereby guarantees that the error probability is less than or equal to cx/2 on each side of the 
interval. 

7 Significance tests on proportionsp 

7.1 General 

For practical applications, forms B-l to B-3 and C-l to C-3 present the null hypotheses concerning proportions and 
schemes for carrying out tests. At the beginning of the procedures, the appropriate null hypothesis and the Sample 
size n (the Sample sizes nl and n2) are to be determined and the significance level is to be Chosen. Because the 
underlying sampling distributions are discrete, the procedures are designed to achieve the nearest significance 
Ievel less than or equal to the desired (nominal) level. The alternative hypotheses are not indicated in the forms 
because in each application the alternative hypothesis is implicitly assumed to be complementary to the null 
hypothesis. 

EXAMPLES 

At the beginning of the B forms (procedure for the comparison of a Proportion with a given value), one of the 
following three null hypotheses HO (with the complementary alternative hypothesis Hl) is to be chosen: 

4 one-sided test with Ho: p 3 po Hl: P <Po 

b) one-sided test with Ho: p s po HVP>Po 

d two-sided test with Ho: p = po HVP#Po 

where po is the given value. 

The result of each test is either to reject or not to reject the null hypothesis. 

Rejecting the null hypothesis means adopting the alternative hypothesis. Not rejecting the null hypothesis does not 
necessarily mean accepting the null hypothesis (see 7.22). 

7.2 Compaaison of a proportion with a given value ps 

7.2.1 Test procedure 

The test procedures for the null hypotheses 

Ho: P a Po 

Ho: P s Po 

Ho: P = Po 

(where po is the given value) are described in forms B-l to B-3. They are especially easy to apply if the critical 
value(s) for the specified values of ~2, p and a is (are) known. The critical value(s) may have been determined 
through repeated execution of the test in accordance with the B forms. Otherwise the Standard procedure to 
determine the critical values is the one given in the same forms. 

7.22 Operating characteristics 

The computation of the operating characteristics (including the probability of the error of the first kind, the achieved 
significance level and the probability of the error of the second kind) is described in annex A. For this purpose the 
critical value(s) need(s) to be known (see 7.21) and the alternative hypothesis, p = pl, for which the probability of 
the error of the second kind is to be computed has to be Chosen. 
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0 ISO ISO 11453:1996(E) 

7.23 Determination of Sample size H 

If the Sample size is not already specified (for example for economic or technical reasons), its minimum value shall 
be determined such that for a given null hypothesis Ho (see 7.2.1), the achieved value of the significance level a is 
not greater than its Chosen or given value. In addition, the achieved value of the type II error, probability p, shall be 
approximately equal to its Chosen or given value if p equals a particular Chosen or given value p’. For this purpose, 
po and p’ are to be marked on the p-scale and a, (l-a), a/Z, (l- a/Z) on the P-scale and the straight lines 1 and 2 
as defined through the procedure shown in table 1 are drawn in the Larson nomograph (figure 2). 

Table 1 - Procedure for determining the Sample size from the Larson nomograph (figure 2) 

Given value 

The Point of intersection of the two lines leads to the values Cl JC, J on the x-scale. If x is not an integer, round up I 
or down to the next integer. 

I 

7.3 Comparison of two proportions 

7.3.1 Test procedure 

The test procedures for the null hypothesis 

Ho: Pl 2 P2 

Ho: Pl s P2 

Ho: Pl = P2 

(where pl is the Proportion of target items in population 1 and p2 is the Proportion of target items in population 2) 
are described in forms C-l to C-3. These procedures are also suitable for testing the independence of two 
attributes (dichotomous characteristics) of items in a population. 

7.3.2 Operating characteristics 

It is assumed: 

a) that for a one-sided test of Ho: pl s 
proportions pl and ~2, with pl > ~2; 

~2, the power (1 -p) must be determined for a given pair of 

b) that the test is carried out with two samples of the same size, i.e. rz1 = n2 = yt. 

The significance level is a. Then a very accurate approximate value of the power tan be obtained by the arc sine 
transformation (proposed by Walters [IJ) as follows: 

1-ß =@(z-ul-<r) 
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0 ISO ISO 11453:1996(E) 

where 

@ is the distribution function of the Standard normal distribution, 

~1~~ is the (1 -a)-quantile of that normal distribution, and 

z= JG[ arcsinJpm - arcsinJm] 

This approximation tan also be used for the two-sided case: Ho: pl =p2 with the alternative hypothesis 
Hl: pl >p2 if a is replaced by (x/Z in the formula. 

7.3.3 Determination of Sample size ~1 

If the Sample sizes nl and n2 are not predetermined, their minimum values shall be determined such that the 
power of the test is at least (1 - fl> while the significance level is a. 

lt is assumed that the null hypothesis is Ho:pl s ~2. The following procedures, however, also apply in the two- 
sided case Ho: pl =p2, with the restricted alternative hypothesis I31: pl >p2 if a is replaced by a/Z. 

Exact values of the Sample size are given in tables 5 and 6 (originally published by Haseman[*]) for selected values 
of a and ß. These tables assume a common Sample size n = nl = 122. 

For configurations of a, pl I p2 and (l-ß) not covered by these tables, the following approximation tan be used 
which also allows for unequal Sample sizes. lt requires that the ratio Y of Sample sizes IZ& has been Chosen in 
advance. 

n1 =$[l+JL-=& 

where 

. 2 

1 

Ul-a d b-+ 1>pq + q-p [rP1(1- Pl)+ P2(1- P2)] 

T(Pl - P2j2 

TP1 + P2 p- 
r+l 

8 Forms 

For ease of application, make a tick in the box representing the activated part of the form. (The horizontal Position 
of the box symbolizes the Position of the respective part in the hierarchy of the form, decreasing from the right to 
the left.) Then follow the procedure by entering the necessary data and carrying out the actions required. 
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8.1 A forms: Confidence interval for the proportion p 

8.1.1 Form A-1: One-sided, with upper limit confidence interval for the Proportion p 

a) Procedure for ?Z < 30 0 

1) Casex=n 0 
Pu,0 =l 

2) Casex< n q 

Read the value from table 2 for the known values n, X = x and 4 = 1 - a 
(this value is the confidence Iimit): 

7&-&x) = Pu,0 = 

Characteristic: 
Determination procedure: 
Items: 
Criterion for the identification of target items: 
Notes: 

Confidence level Chosen: 1 -a = 
Sample size: n = 
Number of target items in the Sample: x = 

Determination of confidence Iimits: 

b) Procedure for n > 30 q 

1) Casex= 0 q 
Computation: 

Pu,0 = 1 -,lln= 

2) Case x = n q 
Pu,0 =l 

3) Case 0 <x < n q 

Read the value from table 3 for q = l-a: ulBa = 
Read the value d corresponding to the confidence level Chosen: 

1-a 0,90 0,95 0,99 

d 0,411 0,677 1,353 

Computation: 

Pu,0 = P* +b-2p*)dl(ß+l) p~ic (l- p* )[ l- d/h + l)]/<n + 1) = 

with p* =(x+l)/(n+l) 

Result: 
P G Pu,o= 
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0 ISO 

8.1.2 Form A-2: One-sided, with lower limit confidence interval for the Proportion p 

ISO 11453:1996(E) 

Tl-, ( >( n,n-x = ) 

Computation: 
p~o=l-Tl_, I ( >( 

n,n-x = > 

b) Procedure for n > 30 q 

1) Casex-0 q 
Pl,0 =0 

2) Case x = n q 
Computation: 

= (g n- Pl,0 - 

Characteristic: 
Determination procedure: 
Items: 
Criterion for the identification of target items: 
Notes: 

Confidence level Chosen: 1 -a = 
Sample size: n = 
Number of target items in the Sample: x = 

Determination of confidence Iimits: 

a) Procedure for n 6 30 q 

1) Casex=O q 
Pl,0 =0 

2) Casex>O q 

Read the value from table 2 for the known values n, X = n - x and q = 1-a: 

3) CaseO <x<n 0 

Read the value from table 3 for q = 1 -a: ~1 -cy= 
Read the value of d corresponding to the confidence level Chosen: 

1-a 0,90 0,95 0,99 

d 0,411 0,677 1,353 

Computation: 

Pl,0 = P* +(1-2p&i/(n+l)-ul-, p* (l- p* )[l- d/(n + l)]/<n + 1) = 

with p* = x/(n + 1) 

Result: 
Pl,0 = SP 
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ISO 11453:1996(E) 

8.1.3 Form A-3: Two-sided confidence interval for the Proportion p 

Characteristic: 
Determination procedure: 
Items: 
Criterion for the identification of target items: 
Notes: 

Confidence level Chosen: 1 -a = 
Sample size: n = 
Number of target items in the Sample: x = 

Determination of confidence Iimits: 

a) Procedure for n s 30 q 

1) Upper confidence limit 
- Case x = n q 

Pu,t = 1 

- Casex<n 0 

Read the value from table 2 for the known values n, X = x and q = l-a/2 
(this value is the confidence limit): 

q-(42) cx = Pu,t = ( > 

2) Lower confidence limit 

- Casex=O 0 

- Casex>O q 
Read the value from table 2 for the known values 
n,X=n-xandq=l-a/2: 
Tl-, 2 ( d n,n-x = > 

Computation: 
pit =1-7(1-u/2)(nIn-~)= I 

b) Procedure for n > 30 n 

1) Upper confidence limit 

- Case x = 0 
Computation: 

pu,t = 1 - (a/2yn = 

q 

- Casex=n 
Pu,t = 1 

q 
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- CaseO<x<n 0 
Read the value from table 3 for g = l- a/2: qBa/2 = 

Read the value of d corresponding to the confidence level Chosen: 

1-a 0,90 0,95 0,99 

d 0,677 0,960 1,659 

Computation: 

Pu,t = P* t-b -2p.)dl(n+l)+Ul-a/2 P ,/ *(l-p*)[l-d/(n+l)]/(n+l) = 

with p* =(x+l)/(n+l) 

2) Lower confidence Iimit 

- Case x = 0 q 
Pl,, =0 

- Casex=n q 
Computation: 

(1) 
lln 

Pl,t =a2 = 

- CaseO<x<n 0 

Read the value from table 3 for q = l- a/2: 2+a/2 = 
Read the value of d corresponding to the confidence level Chosen: 

1-a 0,90 0,95 0,99 

d 0,677 0,960 1,659 

Computation: 

Pl,t = P* + 1 ( -2P*)&++q-,,2 p&--p,)[l--d/(n+l)]/(n+l) = 

with p* = x/( n + 1) 

Results: 

Pl,J = ; P ; u,t = Pl,t s P s Pu,t 
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ISO 11453:1996(E) @ ISO 

8.2 B Forms: Comparison of the Proportion p with a given value po 

8.2.1 Form B-1: Comparison of the proportion p with a given value po and with one-sided test with 
Ho: P a Po 

Characteristic: 
Determination procedure: 
Items: 
Criterion for the identification of target items: 
Notes: 

Given value po = 
Significance level Chosen: a = 
Sample size: n = 
Number of target items found in the Sample: x = 

Test procedure: 

I The critical value(s) is (are) already known (see 7.2.1 and, if applicable, the 
determination of the critical values below): q 
qo = 
HO is rejected if x < Cl o; , otherwise it is not rejected. 

II The critical value(s) is(are) not known: q 

a) Case x 2 pon q 
Ho is not rejected 

b) Case x < pon q 

1) Procedure for n =G 30 q 
Determine according to form A-l the one-sided upper confidence Iimit for 12, x 

and the confidence level (1- a): 

Pu,0 = 
Ho is rejected if pu o I <po; otherwise it is not rejected. 

2) Procedure for n > 30 q 

- Case x = 0 
Computation: 

q 

Pu0 = l-al’n = I [see form A-l b) 1)] 

Ho is rejected if pu o I <po; otherwise it is not rejected. 

- CaseO<x<n 0 
Read the value from table 3 for q = 1-a: ulBa = 
Computation: 

Ul = +/x)po- jl)(l-po>] = 
Ho is rejected if u1 > u1 - a ; otherwise it is not rejected. 

Test result: 
Ho is rejected q Ho is not rejected q 

10 
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Determination of the critical values: 

Cl o is the smallest non-negative integer x for which the test according to form B-l -11 does not I 
lead to the rejection of Ho. Cl o is to be determined iteratively through repeated application of I 
ferm B-l-11 with different values of x l) Thereby those values of x are to be determined which . 

differ from each other by 1 and one of- which leads to the rejection of the null hypothesis 

while the other does not. If desired a Start value for X, xstart tan be obtained as follows. 

Computations: 
npo, rounded to the next integer, is X* = 

Pl,0 Ix=x* = (P I 1.0 x=x* from form A-2) 

npl o lX =X)t:, rounded to the next integer, is xstart = , 

Interpretation of the test results from form B-l -11: 

for x S Cl,,-1 = 

forxa C 1,0= 

HO is rejected 

Ho is rejected 

Result: 
qo = 

1) The critical value or one of the critical values, respectively, may not exist for extreme 
values of po and/or for very small Sample sizes n. 

11 
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8.2.2 Form B-2: Comparison of the Proportion p with a given value po and with one-sided test with 
Ho: P s Po 

1 Characteristic: 
Determination procedure: 
Items: 
Criterion for the identification of target items: 
Notes: 

Given value po = 
Significance level Chosen: a = 
Sample size: n = 
Number of target items found in the Sample: x = 

Test procedure: 

I The critical value(s) is (are) already known (see 7.2.1 and, if applicable, the 
determination of the critical values below): 
C u,o = 

Ho is rejected, if x > Cu o; otherwise it is not rejected. I 

II The critical value(s) is (are) not known: 

a) Case x s pon q 
HO is not rejected. 

q 

q 

b) Case x >pgn Cl 

1) Procedure for n s 30 0 
Determine according to form A-2 the one-sided lower confidence limit for n, x 
and the confidence level (1- (x): 

Pl,0 = 

Ho is rejected if pl o > po; otherwise it is not rejected. I 

2) Procedure for n > 30 q 

- Case x = n q 
Computation : 

Pl,0 
= a lln = [see form A-2 b) 2)] 

Ho is rejected if pl o > po; otherwise it is not rejected. I 

- CaseO<x<n q 

Read the value from table 3 for q = 1 -a: ulsui = 
Computation: 

ld2 =2[j$&/o&]= 

Ho is rejected if 4 > ulwa ; otherwise it is not rejected. 

12 
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Test result: 

Ho is rejected q 

Ho is not rejected q 

Determination of the critical values: 

Cu0 is the largest integer x for which the test according to form B-2-11 does not lead to the I 

rejection of the null hypothesis. Cu0 I is to be determined iteratively through repeated 

application of form B-2-11 with different values of x l) Thereby those values of x are to be . 

determined which differ from each other by 1 and one of which leads to the rejection of the 

null hypothesis while the other does not. If desired, a Start value for X, xStart tan be obtained 

as follows. 

Computations: 

npg, rounded to the next integer, is X* = 

pu.0 Ix=x* = (p I u.0 x=x* from form A-l) 

np, o lX =X*, rounded to the next integer, is xStart = I 

Interpretation of the test results from form B-2-11: 

for x S Cu o = I 

forx>C = uo+l I 

Result: 

Ho is not rejected 

Ho is rejected 

Cu0 = I 

1) The critical value or one of the critical values, respectively, may not exist for extreme values 
of po and/or for very small Sample sizes n. 

13 
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( Zharacteristic: 
C Determination procedure: 
11 tems: 
C lriterion for the identification of target items: 
b Jotes: 

c Sven value po = 
C Significance level Chosen: a = \ 
C Sample size: n = L 
r dumber of target items found in the Sample: x = 

1 -est procedure: 

I The critical value(s) is (are) already known (see 7.2.1 and, if applicable, the 
determination of the critical values below): q 

qt = c = us 

Ho is rejected if x < Cl,t or x > Cu t; otherwise, it is not rejected. I 

II The critical value(s) is (are) not known: q 

a) Procedure for n G 30 q 

Determine according to form A-3 the two-sided confidence Iimits for n, X, and the 
confidence level (1 -a): 
Pl,t = and 
Pu,t = 

ISO 11453:1996(E) Q ISO 

8.2.3 Form B-3: Comparison of the Proportion p with a given value po and with two-sided test with 
&-$P=P() 

Ho is rejected if pl t > po or pu t <po; otherwise, it is not rejected. I I 

b) Procedure for n > 30 q 

1) Casex=O q 

Computation: 

pu,t = 1- (42)“” = 

i 

Ho is rejected if pu t , <po; otherwise, it is not rejected. 

2) Casex=n q 

Computation: 
lln 

Pl,t =a2 = (0 
Ho is rejected if pl t > po; otherwise, it is not rejected. I 

14 
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3) CaseO<x<n q 

Read the value from table 3 for q = 142: UI+J = 
Computations: 

Ul =+F--&j-]= 

u2 =2[Jxo-&zi&]= 

Ho is rejected if u1 > ulwai/2 or u2 > u1-a/2; otherwise, it is not rejected. 

Test result: 

Ho is rejected q 

Ho is not rejected q 

Determination of the critical values: 

Cl t is the smallest non-negative integer x and Cu t I , is the largest integer x for which the test 

according to form B-3-11 does not lead to the rejection of Ho. Cl t and Cu,t are to be I 
determined iteratively through repeated application of form B-3-11 with different values 

of x l) Thereby two pairs of values are to be determined such that in each pair the values . 

differ from each other by 1 and one of the values leads to the rejection of the null 

hypothesis while the other does not. If desired, Start values for X, xstart tan be obtained as 

follows. 

Computations: 

npg, rounded to the next integer, is X* = 

Pl,t IX = x* = Pu,t Ix=x” = 

PIJ Ix=x * and pu,t lXZX* from form A-3 

Vl,t 1 x = x*, rounded to the next integer, is xstart (lower) = 

flPu,t 1 x = /y*, rounded to the next integer, is xstart (upper) = 

Interpretation of the test results from form B-3-11: 

for xSClt -l= 
for x = Clft = I 
for x 2 Cu t + 1 = I 

to x = Cu t = I 

Ho is rejected 
Ho is not rejected 

HO is rejected 

Results: 

qt = C u,t = 

1) The critical value or one sf the critical values, respectively, may not exist for extreme 
values of po and/or for very small Sample sizes n. 

15 
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8.3 C forms: Comparison of two proportions 

8.3.1 Form C-l: Comparison of two proportions with one-sided test with Ho: pl > p2 

Vharacteristic: 
Determination procedure: 
ltems: 
Criterion for the identification of target items: 
Notes: 

Significance level Chosen: QZ = 
Sample size 1: nl = 
Sample size 2: n2 = 
Number of target items in Sample 1: XI = 
Number of target items in Sample 2: ~2 = 

Check for trivial case: 

x1 > x2 
-- ’ n2 n1 

is true q is not true /J 

In the “true” case, the null hypothesis is not rejected and the test result tan be stated 
immediately. Otherwise the following procedure is to be followed which eventually may lead 
to rejecting or to not rejecting Ho. 

Test procedure for the non-trivial cases: 

If at least one of the four values nl, n2, (~1 + x2), (nl + n2 - XI - ~2) is smaller than or equal to 

(nl + n2M the binomial approximation, 1, shall be applied; otherwise the normal 
approximation, II. However, even if the above condition is fulfilled, the normal approximation 
tan be applied if the two following conditions are fulfilled: 

- while applying the binomial approximation, interpolation in the F-distribution table is 

necessary; 

- nl and n2 are of the Same Order of magnitude or (XI + ~2) and (nl + n2 - XI - ~2) are of the 
same Order of magnitude. 

Decision: 

The binomial approximation is to be applied (proceed with 1). q 

The normal approximation is to be applied (proceed with 11). q 

16 
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I Binomial approximation 

Definition of variables: Kl, KZ, ~1, ~2: 

If either [IQ < q and 122 c (~1 + q)] 
or [(IZJ + 4 - XI - ~2) < q and (nl + n2 - XI - ~2) < (XI + ~$1, 

the variables are defined as follows: 

771 =n2 = 

772 = n1= 
Kl = n2 - x;2 = 
K2 = nl - xl = 

Otherwise, they are: 

q1 = nl = 

772 =n2= 

Kl = XI = 

K2=x2= 

Computation of test statistics and determination of values from tables: 

1 a) Case q1 s Kl + K2 Cl 

F2 = 
h-K1)(K1+2K2) - 

q1+2q2-Kl-2K2+1 

Numbers of degrees of freedom sf the F-distribution: 

& = 2( K, + 1) = 

f2=&-KJ= 

Read the value from table 4 for q = 1- a, fi and f2 (if necessary interpolate): 

4-a)wbf2)= 

1 b) Case q1 > Kl + K2 Cl 

F2 = 
~2hl41) 

(Kl + 1)(2q2 - K2 + 1) = 

Number of degrees of freedom of the F-distribution: 

f, = 2( K, + 1) = 

f2 =2K, = 

17 
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Read the value from table 4 for q = 1- U, fl andf2 (if necessary interpolate): 

q&&iJd = 

Drawing the conclusion in the non-trivial case for the binomial approximation: 

Ho is rejected, if 

4 3 F(l_,)hfz) 

Otherwise Ho is not rejected. 

II Normal approximation 

Computation of test statistics and determination of values from tables: 

n1(x1 +~2b(x1+1/2)(nl +d , 
22 = - - 

p2 q + x2 ( >( nl + n2 - x1 - x2 M nl -i-n2 > 

Read the value from table 3 for q = l-a: uloa = 

Drawing the conclusion in the non-trivial case for the normal approximation: 

Ho is rejected if 

22 2 q-a 

Otherwise Ho is not rejected. 

Test result: 

Ho is rejected Cl 

Ho is not rejected q 

18 
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8.3.2 Form C-2: Comparison of two proportions with one-sided test with Ho: pl s p2 

Characteristic: 
Determination procedure: 
Items: 
Criterion for the identification of target items: 
Notes: 

Significance level Chosen: CG = 
Sample size 1: nl = 
Sample size 2: n2 = 
Number of target items in Sample 1: XI = 
Number of target items in Sample 2: ~2 = 

Check for trivial case: 

x1 (2 
--\ n2 nl 

is true q is not true 0 

In the “true” case, the null hypothesis ie 3 not rejected and the test result tan be stated 
immediately. Otherwise the following procedure is to be followed which eventually may 
lead to rejecting or to not rejecting Ho. 

Test procedure for the non-trivial cases: 

If at least one of the four values nl, n2, (XI + ~21, (nl + n2 - XI - ~2) is smaller than or equal 
to (nl + n2)/4, the binomial approximation, 1, shall be applied; otherwise the normal approxi- 
mation, II. However, even if the above condition is fulfilled, the normal approximation tan 
be applied if the two following conditions are fulfilled: 

- while applying the binomial approximation, interpolation in the F-distribution table is 
necessary; 

- nl and n2 are of the same Order of magnitude or (XI + ~2) and (nl + n2 - XI - ~2) are of 
the Same Order of magnitude. 

Decision: 
The binomial approximation is to be applied (proceed with 1). 

The normal approximation is to be applied (proceed with 11). 

I Binomial approximation 

0 

0 

Definition of variables: Kl, KZ, ql, 772 

If either [n2 < nl and n;2 < (XI + xz)], 
or [(nj + n2 - XI - ~2) < nl and (nl + n2 - XI - ~2) < (XI + xz)] 

19 
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the variables are defined as follows: 

771 =n2 = 
772 = nl = 
Kl =n2-x2 = 
K2=nl-xl= 

Otherwise they are: 
7-j-l = nl = 
772 = n2 = 
Kl = XI = 
K2=x2= 

Computation of test statistics and determination of values from tables: 

1 a) Caseq+K1+K2 Cl 

Fl = 
~1b-h+m2-K1-2~2) 

(71 -Kl +l)(K1+2& +l)= 

Numbers of degrees of freedom of the F-distribution: 

fi =2(q1 -Kl +l)= 
f* =2K, = 

Read the value from table 4 for q = l-a, fi andf2 
(if necessary interpolate): F (l-&i~f2~= 

1 b) Case ql> Kl + M2 Cl 

Fl = 
f42772 -KZ) 

(KZ + 1)(2ql - Kl + 1) = 

Numbers of degrees of freedom of the F-distribution: 

f, =2(K,+l)= 

f2 =2K,= 

Read the value from table 4 for q = 1- a,Ji andf2 
(if necessary interpolate): F (l-*)blJz~ = 

Drawing the conclusion in the non-trivial case for the binomial approximation: 

Ho is rejected if: 

F1 ql-&i~f2) 

Otherwise HO is not rejected. 

20 
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11 Normal approximation 

Computation of test statistics and determination of values from tables: 

bl-1/2)(nl+n2 )-nl(X1+X2) 

Zl = JG2(x1 *x2)(nl +n2 -xl -xJ(nl +n2) = 

Read the value from table 3 for q = I-E 

Drawing the conclusion in the non-trivial case for the normal approximation: 

Ho is rejected, if 

Zl 2 Ul--, 

Otherwise HO is not rejected. 

Test result: 

HO is rejected Cl 

HO is not rejected 0 

21 
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8.3.3 Form C-3: Comparison of two proportions with two-sided test with H,: pl = p2 

Characteristic: 
Determination procedure: 
Items: 
Criterion for the identification of target items: 
Notes: 

Significance Ievel Chosen: QZ = 
Sample size 1: nl = 

Sample size 2: n2 = 

Number of target items in Sample 1: XI = 
Number of target items in Sample 2: ~2 = 

Check for trivial case: 

is true Cl is not true 0 

In the “true” case, the null hypothesis is not rejected and the test result tan be stated 
immediately. Otherwise the following procedure is to be followed which eventually may 
lead to rejecting or to not rejecting Blo. 

Test procedure for the non-trivial cases: 

If at least one of the four values nl, n2, (XI + xz), (n, +n2 - x1 - x2) is smaller than or equal 
(n, +n2)/4, the binomial approximation, 1, shall be applied; otherwise the normal approxi- 
mation, II. However, even if the above condition is fulfilled, the normal approximation tan 
be applied if the two following conditions are fulfilled: 

- while applying the binomial approximation, interpolation in the F-distribution table is 
necessary; 

- nl and n2 are of the same Order of magnitude or (XI + ~2) and (nl + n2 - XI -- ~2) are of 
the Same Order of magnitude. 

Decision: 

The binomial approximation is to be applied (proceed with 1). 

The normal approximation is to be applied (proceed with 11). 

c 

0 

22 
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1 Binomial approximation 

Definition of variables: Kl, KZ, ql, 772 
If either [n2 < nl and n2 < (XI + xz)] 
or [(nj + n2 - XI - ~2) < nl and (n-l + n2 - XI - ~2) < (XI + ~$1 

the variables are defined as follows: 

771 =n2= 

72 =n1= 
Kl =n2--x2= 
K2=nl-XI= 

Otherwise, they are: 

772 = n2 = 
Kl = x1 = 
K, = x2 = 

Computation of test statistics and determination of values from tables: 

1 a) Case q1 c Kl + KZ Cl 

4 KZ l) Gase -‘172 rll 

0 

Determine Fl, fl and f2 as in form C-2: 

Fl = fl = f2 - - 

Read the value from table 4 for q = 1- a/2, fl and fr (if necessary interpolate): 

F(~-(&i~f2) = 

4 KZ 2) Case 771S772 Cl 

Determine F2, fl and f2 as in form C-l : 

F2 = fl = f2 - - 

Read the value from table 4 for q = 1- a/2, fl and f2 (it’ necessary interpolate): 

1 b) Case q1 > Kl +K2 q 

4 KZ 1) Case --->% 
771 

Cl 

23 
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Determine Fl, fl and f2 as in form C-2: 

Fl = fl - - f2 - - . 

Read the value from table 4 for q = 1- a/2, fl and f2 (if necessary interpolate): 

Tl-,,z)hfz)= 

Kl KZ 2) Case -c- 
VI 772 

n 

Determine F2, fl and f2 as in form C-l: 

F2 = fl - - f2 - - 

Read the value from table 4 for q = l- a/2, fl and f2 (if necessary interpolate): 

F(1_,,2)hfiJ= 

-~---------------~ --m--m----- -_-__---__--___---____--___------------------- -----------------_ 

Drawing the conclusion in the non-trivial case for the binomial approximation: 

HO is rejected if: 

Kl KZ in the case ->--: 
771 772 

F1 ~F(1-ai2)hf2) 

6 M2 in the case - S-: 
771 772 

4 a F(l-a) (flf f2) 

Otherwise Ho is not rejected. 

II Normal approximation 

Computation of test statistics and determination of values from tables: 

a) Case -Sx2 
nl n2 

q 

Determine ~1 as in form C-2: 
Zl = 

Read the value from table 3 for q = 1-a/2: 

u1-a/2 = 

b) Gase a&- 
nl n2 

0 

Determine ~2 as in form C-l: 

22 = 

Read the value from table 3 for q = l-a/2: 

%a/2 = 

24 
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Drawing the conclusion in the non-trivial case for the normal approximation: 

k?o is rejected if: 

x1 x2 in the case - > -: 
nl n2 

21 2, T-a/2 

x1 x2 in the case - s--: 
nl n2 

22 a WaJ2 

Otherwise Ho is not rejected. 

Test result: 

Ho is rejected 

Ho is not rejected 

0 

Cl 

9 Tables and nomographs 

9.1 Interpolation in table 4 of the quantiles of the Fdistribution 

Assume that Fq(f,, f2) = F(fi, f2) is to be determined and that table 4 Shows the adjacent values F 
(.G Ph) and 

F(f jyith 41 < fi < fiz- 
. 121. 2 

Then: 

%Ji) = Q,,.f2) - [ %,Ji> - %;2&$$ jfIy.5yl) 

The interpolation with respect to f2 is carried out in an analogous way if the adjacent values F(f f’ ) and E(f f’ ) with 
. 1'. 21 + 1'. 22 

fzl < f2 < fz2 are given in the table: 

~.w;) = F(.m,) - q.f;&,) - ~&&) L 13 f2-f21 1 f2 fz2 - fzl 

If the F-value to be determined is neither tabulated for fl nor for f2, then three Steps of interpolation are necessary: 
first two parallel Steps with respect to one of the two numbers of degrees of freedom, and then another step with 
respect to the other number of degrees of freedom. 

25 
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If fl > 30 and f2 > 30, the quantile of the F-distribution is to be computed according to the appropriate one of the 
following equations: 

w ( > 0,l = 

Iqo,o5) = 

1,113 1 

&qz- 

1,428 7 

0,527g 

J h - 0,95 
0,68 Ig 

1,702 3 
'gF(0,025) = ~h-114 -",846g 

I 

2,020 6 
Iqo,o1) = Jm -l,073g 

2,237 3 
w(o,oo5) = d= -1,250g 

qo,ool) = 
2,684 1 - 

J h - 2,09 
1,672g 

where 

1 1 -- 
g=% f2 

F,(flJiJ= Fq 

9.2 Example 

An example for the determination of the critical value of the test of the null hypothesis Ho: p 2 po is marked in the 

nomograph (figure 2) with a bold line (see 7.2.1). The given values are po = 0,15, a = 0,05 and ~2 = 35. The 
nomograph yields a value of x between 1 and 2 and therefore Cl 0 = 2. , 

Suppose the Sample size n is not already specified. If, in addition, it is given that p = 0,lO and p’ = 0,039, then a 
second line is drawn from p’ to 1 -p for determining the Sample size. The Point of the intersection of the two lines 
leads to n = 50 in the nomograph and the value of x as 3; i.e. accept the null hypothesis when x < 3, otherwise 
reject the null hypothesis and accept the alternative hypothesis. 

26 
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0 ISO ISO 11453:1996(E) 

Table 5 - Common size of the two samples, IZI = ~22, to obtain a given power, 1 -p (= 0,9; 0,8 or 0,5), the 
tests being one-sided with Ho: pl s p2 and a = 0,05 for various pairs of pl and p2 with pl > p2 

371 
184 

W3 89 232 
67 173 
38 87 

017 42 74 338 
34 56 249 
19 31 121 

08 25 39 97 408 
20 30 73 302 
12 17 37 143 

015 18 25 47 111 445 
14 19 36 84 321 

9 11 19 43 155 

014 13 17 30 53 116 445 
11 13 23 41 85 321 

7 9 12 22 43 155 

013 10 12 18 31 53 111 408 
9 10 15 23 41 84 302 
6 6 9 12 22 43 143 

02 8 10 12 18 30 47 97 338 
6 8 10 15 23 36 73 249 
5 5 6 9 12 19 37 121 

011 6 8 10 12 17 25 39 74 232 
5 6 8 10 13 19 30 56 173 
3 3 5 6 9 11 17 31 87 

0,05 5 6 8 10 13 18 25 42 89 503 
5 5 6 9 11 14 20 34 67 371 
3 3 5 6 7 9 12 19 38 184 

NOTE - In each cell of the table the upper figure is the common Sample size, nl = 122, giving 1 -ß = 0,9, the middle figure 
and the lower figure giving 1 -ß = 0,8 and 0,5. For instance, if pl = 0,9 and ~2 = 0,8, one must take nl = 122 = 232 units tc 
have 1 -ß = 0,9, nl = 122 = 173 to have 1 -ß= 0,8 and only IZI = 122 = 87 to have 1 -ß = 0,5. 
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ISO 11453:1996(E) 0 ISO 

Table 6 - Common size of the two samples, nl = n2, to obtain a giwen power, 1 -ß (= 0,9; 0,8 or 0,5), the 
tests being one-sided with HO: pl G p2 and a = 0,Ol for various pairs of pl and p2 with pl >p2 

NOTE - In each cell of the table the upper figure is the common Sample size, “1 = 122, giving 1 -ß = 0,9, the middle figure 
and the Iower figure giving 1 -ß = 0,8 and 0,5. For instance, if pl = 0,9 and p2 = 0,8, one must take IZI - ~22 = 344 units to 
have 1 -ß = 0,9, and only nl = 122 = 155 to have 1 -ß = 0,5. 
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0,03 

0,o 4 

op 5 

0,o 6 

O,O? 
0,O 8 
0,o 9 
0,lO 

0,2 5 

0,35 

0,40 
0,45 

G 

0,001 
0,o 02 

0,005 
0,Ol 
0,oz 

0,05 0,lO 
0,20 

0,30 
0,40 
0,50 
0,60 
0,70 

OJO 

0,90 

0,95 

0,98 
0,99 
0,995 

0,998 
0,999 

NOTE - If p < 0,Ol mark AP instead of p on the p-scale and multiply the values on the n-scale by A. Determine A from O,Ol/p 
rounded to the next larger integer. 

Figure 2 - Larson nomogragh of binomial distribution 
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Annex A 
(normative) 

Computation of the operating characteristic of the test according to 
the B forms 

A.l One-sided test with Hg: p z- po 

Zharacteristic: 
Determination procedure: 
tems: 
Zriterion for the identification of target items: 
Votes: 

Siven value po = 
Significance level Chosen: a = 
Sample size: YE = 
Proportion for which the probability of not rejecting Ho is to be computed: p’= 

If the critical value(s) corresponding to n and po for the specified significance level a is (are 
not known, it (they) is (are) to be computed according to the B forms: 

qo = 

Determination of the probability of not rejecting Ho, P, and resulting values: 

If Ho is true, the probability of the error of the first kind is 1 - P,. The achieved significance 
level, cr’, is equal to the probability of the error of the first kind when p’=po. 

If the alternative hypothesis is true, the probability of the error of the second kind is P,. 

Computation: 

~f=+/~-J(>l-]= 

Read from table 3: O(U) = 

Results: 

Pa =1-@(Ld)= 

if p’=po: a’=@(d)= 

if pkpo: ß =l-Q(d)= 
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0 ISO 

A.2 One-sided test with HO: p s po 

ISO 11453:1996(E) 

Characteristic: 
Determination procedure: 
Items: 
Criterion for the identification of target items: 
Notes: 

Given value po = 
Significance level Chosen: a = 
Sample size: n = 
Proportion for which the probability of not rejecting Ho is to be computed: p’= 

If the critical value(s) corresponding to n and po for the specified significance level a is (are) 
not known, it (they) is (are) to be computed according to the B forms: 

C u,o = 

Determination of the probability of not rejecting Ho, P, and resulting values: 

If Ho is true, the probability of the error of the first kind is 1 -Pa. The achieved significance 
level, a ‘, is equal to the probability of the error of the first kind when p’= po. 

If the alternative hypothesis is true, the probability of the error of the second kind is P,. 

Computation: 

U ..=i[&&&J(n-]= 

Read from table 3: CD(&)= 

Results: 

Pa = &dg = 

if p’=po: a’- - 1-@(u”) = 

if pt> po: ß = a@‘)= 
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A.3 Two-sided tat with Hg: p =p~ 

Vharacteristic: 
letermination procedure: 
ltems: 
Eriterion for the identification of target items: 
Notes: 

Given value po = 
Significance Ievel Chosen: a = 
Sample size: y2 = 
Proportion for which the probability of not rejecting Ho is to be computed: pt= 

If the critical value(s) corresponding to ~2 and JZQ for the specified significance level a is (are) 
not known it (they) is (arc) to be computed according to the B forms: 

qt = c = u,t 

Determination of the probability of not rejecting HO, P, and resulting values: 

If Ho is true, the probability of the error of the first kind is 1 - P,. The achieved significance 
level, a ‘, is equal to the probability of the error of the first kind when p’= po. 

If the alternative hypothesis is true, the probability of the error of the second kind is p,. 

Computation: 

Read from table 3: 4 ) u’ = 

aqu”) = 

Results: 

Pa =@(ü)-@(ld)= 

if p’= po: &= l-a+P)+@(d) = 

if p’#po: ß =@(u+@(d)= 
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Annex B 
(informative) 

Examples of completed forms 

B.1 A forms 

B.l.1 Example 1: Form A-2 - One-sided, with lower limit confidence interval for the Proportion p 

Characteristic: Existente of Video recorders in homes 
Determination procedure: Interviews 
Items: Hornes in a defined area 
Criterion for the identification of target items: At least one Video recorder existing 
Notes: 

Confidence level Chosen: 1- a = 0,95 
Sample size: y2 = 20 
Number of target items in the Sample: x = 14 

Determination of confidence limits: 
a) Procedure for ~2 < 30 lxl 

1) Casex=O Cl 
Pl,0 =0 

Z)Casex>O El 
Read the value from table 2 for the known n, X= n - x and q = l-a: 

Tl-, nm-x ( )( > = 0,508 

Computation: 
pl0 =1-TI-, 

( >( 
n,n-x > = 0,492 I 

b) Procedure for n > 30 Cl 
l)Casex=O Cl 

Pl,0 = 0 

2) Case x = n Cl 
Computation: 

PI,0 = a lln = 

3) Case O<x<n Cl 
Read the value from table 3 for q = l-a: ulea = 
Read the value of d corresponding to the confidence level Chosen: 

1-U 0,90 0,95 0,99 
d 0,411 0,677 1,353 

Computation: 

Pl,0 = p* + (l- Zp,)d/(n + 1) - q-a p*(l- ,*)[l-d/(n+l)]/(n+l) = 

with p* = xf (n + 1) 

Res&: 
pl0 =0,492 sp I 

43 

STANDARDSISO.C
OM : C

lick
 to

 vi
ew

 th
e f

ull
 PDF of

 IS
O 11

45
3:1

99
6

https://standardsiso.com/api/?name=8af7b618071c8a88f36dd00a110fc42c


ISO 11453:1996(E) @ ISO 

B.l.2 Example 2: Form A-3 - Two-sided eonfidence interval for the Proportion p 

Characteristic: Existente of Video recorders in homes 
Determination procedure: Interviews 
Items: Hornes in a defined area 
Criterion for the identification of target items: At least one Video recorder existing 
Notes: 

Confidence level Chosen: 1- a = 0,99 
Sample size: n = 90 
Number of target items in the Sample: x= 19 

Determination of confidence Iimits: 

a) Procedure for n s 30 0 

1) Upper confidence Iimit 

- Case x = n 

Pu,t = l 

0 

- Casex<n Ll 

Read the value from table 2 for the known n, X = x and q = 1- a/2 
(this value is the confidence Iimit): 

T(l-a,*) (4 = Pu,t = 

2) Lower confidence limit 

- Case x = 0 

- Casex>O 0 

Read the value from table 2 for the known n, X= n - x, and q = l-a/2 
T,_, 2 ( d n,n-x > = 

Computation: 
pit =1-T l-cwr , ( d n,n-x = > 

b) Procedure for n > 30 

1) Upper confidence limit 

- Case x = 0 
Computation 

pu,t = 1 - (a/2)lin = 

- Casex=n 
Pu,t = l 
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- CaseO<x<n Ixl 

Read the value from table 3 for q = 1- a/2: u1-a/2 = 2,576 
Read the value of d corresponding to the confidence level Chosen: 

1-a 0,90 0,95 0,99 

d 0,677 0,960 1,659 

Computation: 

pu,t =p* +(1-2p,)d/(n+l)+u1-~,2 p* (1- pJ[ 1- d/(n + l)]/(n + 1) = 0,341 

with p* =(x+l)/(n-tl) 

2) Lower confidence limit 

- Casex=O 
Pl,t =0 

- Casex=n 
Computation 

(1) 
lln 

Pl,t =a2 = 

- CaseO<x<n lxl 

Read the value from table 3 for q = 1- a/2: ulwa/2 = 2,576 
Read the value of d corresponding to the confidence level Chosen: 

l-a 0,90 0,95 0,99 

d 0,677 0,960 1,659 
. 

Computation: 

Pl,J =p* +(1-2p*)d/(n+l)- U1-a,2~P*[(l-P*)(l-d)/(“+l)]/(n+1) =OJll 

with p* = x/(n + 1) 

Results: 
pit =O,lll; I put =0,341; I Pl,t s P s Pu,t 

45 

STANDARDSISO.C
OM : C

lick
 to

 vi
ew

 th
e f

ull
 PDF of

 IS
O 11

45
3:1

99
6

https://standardsiso.com/api/?name=8af7b618071c8a88f36dd00a110fc42c


ISO 11453:1996(E) @ ISO 

B.2 B forms 

B.2.1 Example 1: Form B-2 - 
with Ho: p G po 

Comparison of proportion p with a given valuepo and with one-sided test 

lharacteristic: Existente of Video recorders in homes 
Ietermination procedure: Interviews 
tems: Hornes in a defined area 
Iriterion for the identification of target items: At least one Video recorder existing 
Jotes: 

Sven value po = 0,48 
Zgnificance level Chosen: a =0,05 
iample size: n = 20 
Jumber of target items found in the Sample: x = 14 

-est procedure: 

I The critical value(s) is (arc) already known (see 7.2.1 and, if applicable, the 
determination of critical values below): 0 

c u,o = 
HO is rejected if x > Cu o; I otherwise it is not rejected. 

II The critical value(s) is (arc) not known: [xl 

a) Case x S pon El 
HO is not rejected. 

b) Case x > pon Ixl 

1) Procedure for n s 30 El 
Determine according to form A-2 the one-sided lower confidence limit for n, 
x and the confidence level (1- a): 
pl0 =0,492 I 

Ho is rejected if pl o > po; otherwise it is not rejected. , 

2) Procedure for n > 30 Cl 

- Case x = n 
Computation: 

0 

PI,0 
= a lln = [see form A-2 b) Z)] 

HO is rejected if pl o > po; otherwise it is not rejected. I 

-CaseO<x<n 17 
Read the value from table 3 for q = 1-a: qa = 

Computation: 

Ho is rejected if u2 > ulBa ; otherwise it is not rejected. 
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Test res&: 

Ho is rejected lxl 

Ho is not rejected Cl 

Determination of the critical values: 

c uto is the largest integer x for which the test according to form B-Z-11 does not lead to the 
rejection of the null hypothesis. Cu,o is to be determined iteratively through repeated 
application of form B-Z-11 with different values of x l) Thereby those values of x are to be . 
determined which differ from each other by 1 and one of which leads to the rejection of 
the null hypothesis while the other does not. If desired, a Start value for X, Xstart tan be 
obtained as follows. 
- -- 
Computations: 

IZJIO, rounded to the next integer, is X* = 10 

pu,oIn=x* = 0,699 (Pu,oIx=x * from form A-l) 

np,,, lx =X*, rounded to the next integer, is xstart = 14 
- ------Pm-- 
Interpretation of the tests results from form B-Z-11 respectively: 

forxs Cuo= 13 I 

forxa Cu0 I +l = 14 

Result: 

Ho is not rejected 

Ho is rejected 

c u,o =l3 

1) The critical value or one of the critical values, respectively, may not exist for extreme 
values of po and/or for very small Sample sizes ~2. 
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