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This Guide establishes general rules for evaluating and expressing uncertainty in measurement that are
intended to be applicable to a broad spectrum of measurements. The basis of the Guide is
Recommendation 1 (CI-1981) of the Comité International des Poids et Mesures (CIPM) and Recommendation
INC-1 (1980) of the Working Group on the Statement of Uncertainties. The Working Group was convened by
the Bureau International des Poids et Mesures (BIPM) in response to a request of the CIPM. The CIPM
Recommendation is the only recommendation concerning the expression of uncertainty in measurement
adopted by an intergovernmental organization.

This Guide was prepared by a joint working group consisting of experts nominated by the BIPM, the
International Electrotechnical Commission (IEC), the International Organization for Standardization (ISO), and
the International Organization of Legal Metrology (OIML).

Thel following seven organizations* supported the development of this Guide, which is publisheédyin|their name:

BIPM: Bureau International des Poids et Mesures

IEC: International Electrotechnical Commission
IFCC: International Federation of Clinical Chemistry**
ISO: International Organization for Standardization

IUPAC: International Union of Pure and Applied Chemistry
IUPAP: International Union of Pure and Applied Physics
OIML: International Organization of Legal Metrolegy

Usdrs of this Guide are invited to send their comments and requests for clarification to any of the seven
supporting organizations, the mailing addresses of which are given on the inside front cover***

*

Footnote to the 2008 version:

In 2005, the International Laboratory Accreditation Cooperation (ILAC) officially joined the seven founding international
organizations.

**  Footnote to the 2008 version:

The name of this organization has changed since 1995. It is now:
IFCC: International Federation of Clinical Chemistry and Laboratory Medicine

*** Footnote to the 2008 version:

Links to the addresses of the eight organizations presently involved in the JCGM (Joint Committee for Guides in Metrology)
are given on http://www.bipm.org/en/committees/jc/jcgm.
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Foreword

In 1977, recognizing the lack of international consensus on the expression of uncertainty in measurement, the
world's highest authority in metrology, the Comité International des Poids et Mesures (CIPM), requested the
Bureau International des Poids et Mesures (BIPM) to address the problem in conjunction with the national
standards laboratories and to make a recommendation.

The BIPM prepared a detailed questionnaire covering the issues involved and distributed it to 32natipnal
metrology lpboratories known to have an interest in the subject (and, for information, to five internatipnal
organizatiofs). By early 1979 responses were received from 21 laboratories [1].1) Almost all believed that it
was important to arrive at an internationally accepted procedure for expressing measurement-uncertainty fand
for combining individual uncertainty components into a single total uncertainty. However, a consensus wag not
apparent on the method to be used. The BIPM then convened a meeting for the purpose of arriving pt a
uniform andl generally acceptable procedure for the specification of uncertainty; it was-attended by exgerts
from 11 nafional standards laboratories. This Working Group on the Statement of Uncertainties develdped
Recommendation INC-1(1980), Expression of Experimental Uncertainties [2}- The CIPM approved |the
Recommendation in 1981 [3] and reaffirmed it in 1986 [4].

The task of developing a detailed guide based on the Working Group~-Recommendation (which is a brief
outline rather than a detailed prescription) was referred by the CIPM\te’the International Organization] for
Standardization (ISO), since ISO could better reflect the needs arisingfrom the broad interests of industry|and
commerce.

Responsibility was assigned to the ISO Technical Advisory .Group on Metrology (TAG 4) because one df its
tasks is to poordinate the development of guidelines on measurement topics that are of common interest to
ISO and th¢ six organizations that participate with ISO in.the work of TAG 4: the International Electrotechnical
Commission (IEC), the partner of ISO in worldwide~ standardization; the CIPM and the Internatipnal
Organization of Legal Metrology (OIML), the two warldwide metrology organizations; the International Unign of
Pure and Applied Chemistry (IUPAC) and the International Union of Pure and Applied Physics (IUPAP),|the
two international unions that represent chemisiry and physics; and the International Federation of Clinpical
Chemistry (IFCC).

TAG 4 in turn established Working Greup’3 (ISO/TAG 4/WG 3) composed of experts nhominated by the BIPM,
IEC, ISO, gnd OIML and appointed_by the Chairman of TAG 4. It was assigned the following termp of
reference:

To develop a guidance-document based upon the recommendation of the BIPM Working Group on| the
Statement of Uncertainties which provides rules on the expression of measurement uncertainty for [use
within gtandardization; calibration, laboratory accreditation, and metrology services;

The purpose of'such guidance is

— topromote full information on how uncertainty statements are arrived at;

This first edition of ISO/IEC Guide 98-3 cancels and replaces the Guide to the Expression of Uncertainty in
Measurement (GUM), BIPM, IEC, IFCC, ISO, IUPAC, IUPAP, OIML, 1993, corrected and reprinted in 1995.

1) See the Bibliography.
*  Footnote to the 2008 version:

In producing this 2008 version of the GUM, necessary corrections only to the printed 1995 version have been introduced
by JCGM/WG 1. These corrections occur in Subclauses 4.2.2,4.2.4,5.1.2,B.2.17,C.3.2,C.3.4,E.4.3, H4.3, H.5.2.5 and
H.6.2.
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This corrected version of ISO/IEC Guide 98-3:2008 incorporates the following corrections:

— on page v, Footnote ** has been corrected;

— in4.1.1, the note has been indented,;

— in the first line of the example in 5.1.5, AV has been replaced with AV ;
— in the first lines of B.2 and C.2, Clause 0 has been corrected to Clause 2;
— in G.3.2, (G,1c) has been changed to (G.1c¢);

— in H.1.3.4, the formatting of the first equation has been improved.
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0 Introduction

0.1 When reporting the result of a measurement of a physical quantity, it is obligatory that some quantitative
indication of the quality of the result be given so that those who use it can assess its reliability. Without such
an indication, measurement results cannot be compared, either among themselves or with reference values
given in a specification or standard. It is therefore necessary that there be a readily implemented, easily

understood
is, for evalu
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although er
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and generally accepted procedure for characterizing the quality of a result of a measurement,
ating and expressing its uncertainty.

that

concept of uncertainty as a quantifiable attribute is relatively new in the history of méasurement,

ror and error analysis have long been a part of the practice of measurement science’or metrol
videly recognized that, when all of the known or suspected components of‘érfor have b
nd the appropriate corrections have been applied, there still remains an wrncertainty about
of the stated result, that is, a doubt about how well the result of the measurement represents
quantity being measured.

bs the nearly universal use of the International System of Units (SI) has brought coherence t
nd technological measurements, a worldwide consensus on the ‘evaluation and expressio
in measurement would permit the significance of a vast spectrum of measurement result

he global marketplace, it is imperative that the method for evaluating and expressing uncerta

deal method for evaluating and expressing thé uhcertainty of the result of a measurement sh

al: the method should be applicable tovall kinds of measurements and to all types of input
measurements.

uantity used to express uncertainty should be:

ly consistent: it should be directly derivable from the components that contribute to it, as we
hdent of how these components are grouped and of the decomposition of the components
hponents;

rable: it should bejpossible to use directly the uncertainty evaluated for one result as a compo
hating the uncertainty of another measurement in which the first result is used.
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throughout the world so that measurements performed in different countries can be easily
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Further, in fnany industrial and commercial applications, as well as in the areas of health and safety, it is 0

necessary
fraction of t

o0 provide an interval about the measurement result that may be expected to encompass a
ne/distribution of values that could reasonably be attributed to the quantity subject to measure

Thus the id

]

pal.method for evaluating and expressing uncertainty in measurement should be capable of readily

ften
rge
ent.

providing such an interval, in particular, one with a coverage probability or level of confidence that
corresponds in a realistic way with that required.

0.5 The approach upon which this guidance document is based is that outlined in Recommendation
INC-1 (1980) [2] of the Working Group on the Statement of Uncertainties, which was convened by the BIPM in
response to a request of the CIPM (see Foreword). This approach, the justification of which is discussed
in Annex E, meets all of the requirements outlined above. This is not the case for most other methods
in current use. Recommendation INC-1 (1980) was approved and reaffirmed by the CIPM in its own
Recommendations 1 (CI-1981) [3] and 1 (CI-1986) [4]; the English translations of these CIPM Recommendations
are reproduced in Annex A (see A.2 and A.3, respectively). Because Recommendation INC-1 (1980) is the
foundation upon which this document rests, the English translation is reproduced in 0.7 and the French text,
which is authoritative, is reproduced in A.1.
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0.6 A succinct summary of the procedure specified in this guidance document for evaluating and
expressing uncertainty in measurement is given in Clause 8 and a number of examples are presented in detail
in Annex H. Other annexes deal with general terms in metrology (Annex B); basic statistical terms and
concepts (Annex C); “true” value, error, and uncertainty (Annex D); practical suggestions for evaluating
uncertainty components (Annex F); degrees of freedom and levels of confidence (Annex G); the principal
mathematical symbols used throughout the document (Annex J); and bibliographical references (Bibliography).
An alphabetical index concludes the document.

0.7 Recommendation INC-1 (1980) Expression of experimental uncertainties

1) The uncertainty in the result of a measurement generally consists of several components which may

be grouped into two categories according to the way in which their numerical value is estifnated:

A. those which are evaluated by statistical methods,

B. those which are evaluated by other means.

There is not always a simple correspondence between the classificationinto categories|A or B and
the previously used classification into “random” and “systematic” uncertainties. The term [‘systematic
uncertainty” can be misleading and should be avoided.

Any detailed report of the uncertainty should consist of a complete list of the componenty, specifying
for each the method used to obtain its numerical value.

2) The components in category A are characterized by-the estimated variances siz, (or the estimated
“‘standard deviations” s;) and the number of degrees of freedom v;. Where appropriate, the
covariances should be given.

3) The components in category B should be.characterized by quantities u]2 which may be|considered
as approximations to the corresponding-variances, the existence of which is assumed. The quantities
uj2 may be treated like variances and the quantities u; like standard deviations. Where @ppropriate,
the covariances should be treated in a similar way.

4) The combined uncertainty should be characterized by the numerical value obtained by applying the
usual method for the combination of variances. The combined uncertainty and its components should
be expressed in the form of “standard deviations”.

5) If, for particular applications, it is necessary to multiply the combined uncertainty by a factor to obtain
an overall uncertainty, the multiplying factor used must always be stated.

© ISO/IEC 2008 — All rights reserved ix


https://iecnorm.com/api/?name=47be3fa2d8eea166e8734a012eeac3b8



https://iecnorm.com/api/?name=47be3fa2d8eea166e8734a012eeac3b8

ISO/IEC GUIDE 98-3:2008(E)

Uncertainty of measurement —

Part 3:
Guide to the expression of uncertainty in measurement
(GUM:1995)

1 |Scope

11| This Guide establishes general rules for evaluating and expressing uncertainty)in measufement that
can| be followed at various levels of accuracy and in many fields — from the shep floor to fundamental
resgarch. Therefore, the principles of this Guide are intended to be applicable’ to a broad gpectrum of
megsurements, including those required for:

— | maintaining quality control and quality assurance in production;
— | complying with and enforcing laws and regulations;
— | conducting basic research, and applied research and development, in science and engineering;

— | calibrating standards and instruments and performing tests,throughout a national measurement system in
order to achieve traceability to national standards;

— | developing, maintaining, and comparing internatiofal and national physical reference standards, including
reference materials.

1.2 This Guide is primarily concerned withiZthe expression of uncertainty in the measur¢gment of a
welldefined physical quantity — the measurand — that can be characterized by an essentially unique value. If
the |phenomenon of interest can be represented only as a distribution of values or is dependent on one or
more parameters, such as time, then thé”measurands required for its description are the set df quantities
destribing that distribution or that dependence.

1.3| This Guide is also applicable to evaluating and expressing the uncertainty associatgd with the
congeptual design and theoretical analysis of experiments, methods of measurement, ar[d complex
components and systems. Because a measurement result and its uncertainty may be conceptual and based
entirely on hypothetical data, the term “result of a measurement” as used in this Guide should be interpreted in
this|broader context,

1.4| This Guide provides general rules for evaluating and expressing uncertainty in measurement rather
than detailed,technology-specific instructions. Further, it does not discuss how the uncertainty of|a particular
measurement result once evaluated, may be used for different purposes, for example to draw fonclusions
gnufacturing
ecessary to
, , fic fields of
measurement or W|th the various uses of quantitative expressmns of uncertainty.” These standards may be
simplified versions of this Guide but should include the detail that is appropriate to the level of accuracy and
complexity of the measurements and uses addressed.

NOTE There may be situations in which the concept of uncertainty of measurement is believed not to be fully
applicable, such as when the precision of a test method is determined (see Reference [5], for example).

*  Footnote to the 2008 version:

Several derivative general and specific applications documents have been published. Non-exhaustive compilations listing
these documents can be found on http://www.bipm.org/en/committees/jc/jcgm/wg1_bibliography.html. In addition, up-to-
date listings of documents that cite the Guide to the expression of uncertainty in measurement can be found by using the
full-text search options on http://www.iso.org/ and http://www.iec.ch/.

© ISO/IEC 2008 — All rights reserved 1
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2 Definitions

2.1 General metrological terms

The definition of a number of general metrological terms relevant to this Guide, such as “measurable quantity”,
“‘measurand”, and “error of measurement’, are given in Annex B. These definitions are taken from the
International vocabulary of basic and general terms in metrology (abbreviated VIM)* [6]. In addition, Annex C
gives the definitions of a number of basic statistical terms taken mainly from International Standard
ISO 3534-1 [7]. When one of these metrological or statistical terms (or a closely related term) is first used in
the text, starting with Clause 3, it is printed in boldface and the number of the subclause in which it is defined

is given in

Because o
measuremse
Guide are ¢
around cer
confusion.

2.2 The
The conceq

221 Thg
means dou
general cor
for example

222 |In
uncertainty
appropriate

2.2.3 Thg
the VIM [6]

uncertainty
parameter,
could reasg

NOTE1 ]

o
dlTIIICSTS.

its importance to this Guide, the definition of the general metrological term “uncértaint
nt” is given both in Annex B and 2.2.3. The definitions of the most important terms specific to
iven in 2.3.1 to 2.3.6. In all of these subclauses and in Annexes B and C, the use.of-parenthq
ain words of some terms means that these words may be omitted if this is (unlikely to cz

ferm “uncertainty”
t of uncertainty is discussed further in Clause 3 and Annex D.

word “uncertainty” means doubt, and thus in its broadest sense “uncertainty of measurem
bt about the validity of the result of a measurement. Because of the lack of different words for
cept of uncertainty and the specific quantities that provide’ quantitative measures of the cong
, the standard deviation, it is necessary to use the ward “uncertainty” in these two different sen

this Guide, the word “uncertainty” without adjectives refers both to the general concep
and to any or all quantitative measures of that'concept. When a specific measure is inten
adjectives are used.

formal definition of the term “uncertainty of measurement” developed for use in this Guide an
VIM: 1993, definition 3.9) is as follows:

y (of measurement)
associated with the result-of\a measurement, that characterizes the dispersion of the values
nably be attributed to the\measurand

[he parameter may be; for example, a standard deviation (or a given multiple of it), or the half-width

interval having a stated level of-cenfidence.

NOTE 2
evaluated fr|

Uncertainty of measurement comprises, in general, many components. Some of these components ma
bm the statistical distribution of the results of series of measurements and can be characterize

experimental standard-deviations. The other components, which also can be characterized by standard deviations

evaluated frd

m asSumed probability distributions based on experience or other information.

y of
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use

ent”
this
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that
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NOTE3 | and
that all components of uncertainty, including those arising from systematic effects, such as components associated with
corrections and reference standards, contribute to the dispersion.

istunderstood-that the result of the measurement is the best estimate of the value of the mnnenrand,

2.2.4 The definition of uncertainty of measurement given in 2.2.3 is an operational one that focuses on the
measurement result and its evaluated uncertainty. However, it is not inconsistent with other concepts of
uncertainty of measurement, such as

*

Footnote to the 2008 version:

The third edition of the vocabulary was published in 2007, under the title ISO/IEC Guide 99, International vocabulary of
metrology — Basic and general concepts and associated terms (VIM).

© ISO/IEC 2008 — All rights reserved


https://iecnorm.com/api/?name=47be3fa2d8eea166e8734a012eeac3b8

ISO/IEC GUIDE 98-3:2008(E)

— a measure of the possible error in the estimated value of the measurand as provided by the result of a
measurement;

— an estimate characterizing the range of values within which the true value of a measurand lies (VIM:1984,
definition 3.09).

Although these two traditional concepts are valid as ideals, they focus on unknowable quantities: the “error” of
the result of a measurement and the “true value” of the measurand (in contrast to its estimated value),
respectively. Nevertheless, whichever concept of uncertainty is adopted, an uncertainty component is always
evaluated using the same data and related information. (See also E.5.)

2.3| Terms specific to this Guide

In deneral, terms that are specific to this Guide are defined in the text when first introduced. Hpwever, the
defipitions of the most important of these terms are given here for easy reference.

NOTE Further discussion related to these terms may be found as follows: for 2.3.2, seg, 3.3.3 and 4.2; for 2.3.3, see
3.3.8 and 4.3; for 2.3.4, see Clause 5 and Equations (10) and (13); and for 2.3.5 and 2.3:6(_see Clause 6.

231
stapdard uncertainty
uncgrtainty of the result of a measurement expressed as a standard deviation

2.3,
Type A evaluation (of uncertainty)
method of evaluation of uncertainty by the statistical analysis of series of observations

2.3.
Type B evaluation (of uncertainty)
method of evaluation of uncertainty by means otherthan the statistical analysis of series of observations

2.3.
combined standard uncertainty
starjdard uncertainty of the result of a measurement when that result is obtained from the values ¢f a number
of gther quantities, equal to the pdsitive square root of a sum of terms, the terms being the viariances or
covariances of these other quantities weighted according to how the measurement result varies wjth changes
in these quantities

quaptity defining an.interval about the result of a measurement that may be expected to encompass a large

NOTEZ2, " To associate a specific level of confidence with the interval defined by the expanded uncertdinty requires
expljcitvor_implicit assumptions regarding the probability distribution characterized by the measurement result and its
combined standard uncertainty. The level of confidence that may be attributed to this interval can be known only to the
extent to which such assumptions may be justified.

NOTE 3  Expanded uncertainty is termed overall uncertainty in paragraph 5 of Recommendation INC-1 (1980).

2.3.6

coverage factor

numerical factor used as a multiplier of the combined standard uncertainty in order to obtain an expanded
uncertainty

NOTE A coverage factor, £, is typically in the range 2 to 3.
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3 Basic concepts

Additional discussion of basic concepts may be found in Annex D, which focuses on the ideas of “true” value,
error and uncertainty and includes graphical illustrations of these concepts; and in Annex E, which explores
the motivation and statistical basis for Recommendation INC-1 (1980) upon which this Guide rests. Annex J is
a glossary of the principal mathematical symbols used throughout the Guide.

3.1 Measurement

3.1.1  The objective of a measurement (B.2.5 2 5) is to determlne the value (B 2. 2) of the measurand (B.2.9 9)
that is, the ya L
with an appropriate spe0|f|cat|on of the measurand
measuremgnt procedure (B.2.8).

“the method of measurement (B27) and

NOTE T
of a measurag

he term “true value” (see Annex D) is not used in this Guide for the reasons given in D.3.5; the'terms “value

nd” (or of a quantity) and “true value of a measurand” (or of a quantity) are viewed as equivalent.

3.1.2 In¢
the value o
(B.2.18) of

eneral, the result of a measurement (B.2.11) is only an approximation or(estimate (C.2.26) of
the measurand and thus is complete only when accompanied by a statement of the uncertajnty
hat estimate.

ired
Wwith
blue

3.1.3 In practice, the required specification or definition of the measurand is dictated by the requ
accuracy of measurement (B.2.14). The measurand should be defined\with sufficient completeness
respect to the required accuracy so that for all practical purposes associated with the measurement its v
is unique. Ifjis in this sense that the expression “value of the measurand® is used in this Guide.

EXAMPLE

If the length of a nominally one-metre long steel bah.s to be determined to micrometre accuracy, its

specification
specified as,
necessary,
accuracy, its

NOTE |
must be incly

3.14
obtained un

3.1.5
can affect t

3.1.6 The
the measur

duch as the way the bar is to be supported). However, if the length is to be determined to only milli

should include the temperature and pressure at which the length is defined. Thus the measurand shoul
for example, the length of the bar at 25,00 °C* and 101325 Pa (plus any other defining parameters de€

specification would not require a defining temperatdre or pressure or a value for any other defining para

hcomplete definition of the measurand can-give rise to a component of uncertainty sufficiently large th
ded in the evaluation of the uncertainty of.\the measurement result (see D.1.1, D.3.4, and D.6.2).

In many cases, the result of a measurement is determined on the basis of series of observat

der repeatability conditions (B.2.15, Note 1).

Vatjiations in repeated obsérvations are assumed to arise because influence quantities (B.2.10)

e measurement result are not held completely constant.

mathematical model of the measurement that transforms the set of repeated observations

various infl

ement result is*of critical importance because, in addition to the observations, it generally incld
ence quantities that are inexactly known. This lack of knowledge contributes to the uncertain

i

H be
med
etre
eter.

at it

ons

that

into
des
y of

the measurement-result, as do the variations of the repeated observations and any uncertainty associated
with the mathematical model itself.

3.1.7 This Guide treats the measurand as a scalar (a single quaniity). EXtension 10 a set of related
measurands determined simultaneously in the same measurement requires replacing the scalar measurand
and its variance (C.2.11, C.2.20, C.3.2) by a vector measurand and covariance matrix (C.3.5). Such a
replacement is considered in this Guide only in the examples (see H.2, H.3, and H.4).

*

Footnote to the 2008 version:

According to Resolution 10 of the 22nd CGPM (2003) “... the symbol for the decimal marker shall be either the point on the
line or the comma on the line...”. The JCGM has decided to adopt, in its documents in English, the point on the line.
However, in this document, the decimal comma has been retained for consistency with the 1995 printed version.
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3.2 Errors, effects, and corrections

3.21 In general, a measurement has imperfections that give rise to an error (B.2.19) in the measurement
result. Traditionally, an error is viewed as having two components, namely, a random (B.2.21) component
and a systematic (B.2.22) component.

NOTE Error is an idealized concept and errors cannot be known exactly.

3.2.2 Random error presumably arises from unpredictable or stochastic temporal and spatial variations of
influence quantities. The effects of such variations, hereafter termed random effects, give rise to variations in
repeated observations of the measurand. Although it is not possible to compensate for the random error of a

megsurement result, it can usually be reduced by increasing the number of observations; its expectation or
expected value (C.2.9, C.3.1) is zero.

NOTE 1 The experimental standard deviation of the arithmetic mean or average of a series of 6bservatior
is npt the random error of the mean, although it is so designated in some publications. It isCinstead a mg
unceértainty of the mean due to random effects. The exact value of the error in the mean arising from these €

s (see 4.2.3)
asure of the
ffects cannot

be Knhown.

[hey are not
sed.

NOTE 2 In this Guide, great care is taken to distinguish between the terms “efror” and “uncertainty”.
syngnyms, but represent completely different concepts; they should not be confused with one another or misu

3.2, Systematic error, like random error, cannot be eliminated.\but it too can often be refuced. If a
sysiematic error arises from a recognized effect of an influence guantity on a measurement result, hereafter
termed a systematic effect, the effect can be quantified and, if it.is significant in size relative to the required
accpracy of the measurement, a correction (B.2.23) or correction factor (B.2.24) can be| applied to
conjpensate for the effect. It is assumed that, after correction, the expectation or expected value |of the error
aris|ng from a systematic effect is zero.

NOT
the

am
arisi
sho

effect is not
It is instead
bn. The error
“uncertainty”

E The uncertainty of a correction applied to a.measurement result to compensate for a systematid
bystematic error, often termed bias, in the measurement result due to the effect as it is sometimes called
pasure of the uncertainty of the result due to in€omplete knowledge of the required value of the correcti
hg from imperfect compensation of a systematic effect cannot be exactly known. The terms “error” and
Id be used properly and care taken to distinguish between them.

3.2, It is assumed that the resulf)of a measurement has been corrected for all recognizeq
sysiematic effects and that every€ffort has been made to identify such effects.

significant

EXAMPLE A correction due/to the finite impedance of a voltmeter used to determine the potential difference (the
medsurand) across a high-impedance resistor is applied to reduce the systematic effect on the result of the measurement
arising from the loading effect of the voltmeter. However, the values of the impedances of the voltmeter and rgsistor, which
are Jused to estimate, the/value of the correction and which are obtained from other measurements, arg themselves
uncgrtain. These uncertainties are used to evaluate the component of the uncertainty of the potentipl difference
detgrmination arising from the correction and thus from the systematic effect due to the finite impedance of th¢ voltmeter.

NOTE 1 Qften, measuring instruments and systems are adjusted or calibrated using measurement standards and
refefence~materials to eliminate systematic effects; however, the uncertainties associated with these stpndards and
materidls must still be taken into account.

NOTE 2  The case where a correction for a known significant systematic effect is not applied is discussed in the Note to
6.3.1andin F.2.4.5.

3.3 Uncertainty

3.3.1 The uncertainty of the result of a measurement reflects the lack of exact knowledge of the value of the
measurand (see 2.2). The result of a measurement after correction for recognized systematic effects is still
only an estimate of the value of the measurand because of the uncertainty arising from random effects and
from imperfect correction of the result for systematic effects.
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NOTE

The result of a measurement (after correction) can unknowably be very close to the value of the measurand

(and hence have a negligible error) even though it may have a large uncertainty. Thus the uncertainty of the result of a
measurement should not be confused with the remaining unknown error.

3.3.2 In practice, there are many possible sources of uncertainty in a measurement, including:

a) incomplete definition of the measurand;

b) imperfect realization of the definition of the measurand;

c) nonrepresentative sampling — the sample measured may not represent the defined measurand;

d) inadequate knowledge of the effects of environmental conditions on the measurement or impeifect
measufement of environmental conditions;

e) persongl bias in reading analogue instruments;

f)  finite instrument resolution or discrimination threshold;

g) inexac{values of measurement standards and reference materials;

h) inexac{ values of constants and other parameters obtained from exterfal sources and used in|the
data-reduction algorithm;

i) approxjmations and assumptions incorporated in the measurement.method and procedure;

j)  variatigns in repeated observations of the measurand under@pparently identical conditions.

These sourges are not necessarily independent, and some-of sources a) to i) may contribute to source j]. Of

course, an pnrecognized systematic effect cannot be taken.into account in the evaluation of the uncertainfy of

the result of a measurement but contributes to its error;

3.3.3 Reg¢ommendation INC-1 (1980) of the, Working Group on the Statement of Uncertainties grqups

uncertainty |components into two categories based on their method of evaluation, “A” and “B” (see 0.7, 2{3.2,

and 2.3.3).| These categories apply to uncertainty and are not substitutes for the words “random” |and

“systematic]. The uncertainty of a correction for a known systematic effect may in some cases be obtainedl by

a Type A gvaluation while in other cases by a Type B evaluation, as may the uncertainty characterizing a

random effgct.

NOTE In some publications;.\uncertainty components are categorized as “random” and “systematic” and| are

associated With errors arisingAfrom random effects and known systematic effects, respectively. Such categorizatign of

components |of uncertainty can‘be ambiguous when generally applied. For example, a “random” component of uncertginty

in one measfirement may.become a “systematic” component of uncertainty in another measurement in which the resflt of

the first measurement is\isSed as an input datum. Categorizing the methods of evaluating uncertainty components rather

than the components:\themselves avoids such ambiguity. At the same time, it does not preclude collecting individual

components|that have been evaluated by the two different methods into designated groups to be used for a partigular

purpose (seq 34.3).

3.3.4 The purpose of the Type A and Type B classification is to indicate the two different ways of evaluating
uncertainty components and is for convenience of discussion only; the classification is not meant to indicate
that there is any difference in the nature of the components resulting from the two types of evaluation. Both
types of evaluation are based on probability distributions (C.2.3), and the uncertainty components resulting
from either type are quantified by variances or standard deviations.

3.3.5 The estimated variance u? characterizing an uncertainty component obtained from a Type A
evaluation is calculated from series of repeated observations and is the familiar statistically estimated variance
s2 (see 4.2). The estimated standard deviation (C.2.12, C.2.21, C.3.3) u, the positive square root of 2, is
thus u=s and for convenience is sometimes called a Type A standard uncertainty. For an uncertainty
component obtained from a Type B evaluation, the estimated variance 2 is evaluated using available
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knowledge (see 4.3), and the estimated standard deviation u is sometimes called a Type B standard
uncertainty.

Thus a Type A standard uncertainty is obtained from a probability density function (C.2.5) derived from an
observed frequency distribution (C.2.18), while a Type B standard uncertainty is obtained from an assumed
probability density function based on the degree of belief that an event will occur [often called subjective
probability (C.2.1)]. Both approaches employ recognized interpretations of probability.

NOTE A Type B evaluation of an uncertainty component is usually based on a pool of comparatively reliable
information (see 4.3.1).

3.3. The standard uncertainty of the result of a measurement, when that result is obtained fron the values
of 3 number of other quantities, is termed combined standard uncertainty and denoted by-y.. It is the
estimated standard deviation associated with the result and is equal to the positive square Jroot of the

conlbined variance obtained from all variance and covariance (C.3.4) components, however evalyated, using
whdt is termed in this Guide the law of propagation of uncertainty (see Clause 5).

3.3. To meet the needs of some industrial and commercial applications, as.well as requirenpents in the
areas of health and safety, an expanded uncertainty U is obtained by multiplying the combingd standard
uncprtainty u. by a coverage factor k. The intended purpose of U is to provide)an interval about the result of a
megsurement that may be expected to encompass a large fraction of (the distribution of valueg that could
reagonably be attributed to the measurand. The choice of the factor & which is usually in the range 2 to 3, is
basgd on the coverage probability or level of confidence required of the interval (see Clause 6).

NOTE The coverage factor & is always to be stated, so that the standard uncertainty of the measured quantity can be
recdvered for use in calculating the combined standard uncertainty of other measurement results that may dgpend on that
quantity.

3.4| Practical considerations

3.4/1 If all of the quantities on which the result©f a measurement depends are varied, its uncertginty can be
evaluated by statistical means. However, because this is rarely possible in practice due to limitgd time and
resqurces, the uncertainty of a measurement result is usually evaluated using a mathematical npjodel of the
me}surement and the law of propagatioh of uncertainty. Thus implicit in this Guide is the assumjption that a

meagsurement can be modelled mathematically to the degree imposed by the required accufacy of the
measurement.

3.4.2 Because the mathematical model may be incomplete, all relevant quantities should be vpried to the
fullgst practicable extent so that the evaluation of uncertainty can be based as much as possible gn observed
data. Whenever feasible;-the use of empirical models of the measurement founded on long-term |quantitative
datq, and the use of-check standards and control charts that can indicate if a measurement is under statistical
confrol, should be _part of the effort to obtain reliable evaluations of uncertainty. The mathemgtical model
shopld always he revised when the observed data, including the result of independent determingtions of the
same measurand, demonstrate that the model is incomplete. A well-designed experiment can gregtly facilitate
religble evaluations of uncertainty and is an important part of the art of measurement.

3.4.3\%In order to decide if a measurement system is functioning properly, the experimentally observed
variability of its output values, as measured by their observed standard deviation, is often compared with the
predicted standard deviation obtained by combining the various uncertainty components that characterize the
measurement. In such cases, only those components (whether obtained from Type A or Type B evaluations)
that could contribute to the experimentally observed variability of these output values should be considered.

NOTE Such an analysis may be facilitated by gathering those components that contribute to the variability and those
that do not into two separate and appropriately labelled groups.

3.4.4 In some cases, the uncertainty of a correction for a systematic effect need not be included in the
evaluation of the uncertainty of a measurement result. Although the uncertainty has been evaluated, it may be
ignored if its contribution to the combined standard uncertainty of the measurement result is insignificant. If the
value of the correction itself is insignificant relative to the combined standard uncertainty, it too may be
ignored.
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3.4.5 It often occurs in practice, especially in the domain of legal metrology, that a device is tested through
a comparison with a measurement standard and the uncertainties associated with the standard and the
comparison procedure are negligible relative to the required accuracy of the test. An example is the use of a
set of well-calibrated standards of mass to test the accuracy of a commercial scale. In such cases, because
the components of uncertainty are small enough to be ignored, the measurement may be viewed as
determining the error of the device under test. (See also F.2.4.2.)

3.4.6 The estimate of the value of a measurand provided by the result of a measurement is sometimes
expressed in terms of the adopted value of a measurement standard rather than in terms of the relevant unit
of the International System of Units (SI). In such cases, the magnitude of the uncertainty ascribable to the
measurement result may be significantly smaller than when that result is expressed in the relevant Sl unit. (In
effect, the measurand has been redefined to be the ratio of the value of the quantity to be measured-o| the
adopted value of the standard.)

EXAMPLE

reference bg
The relative
standard is 2

A high-quality Zener voltage standard is calibrated by comparison with a Josephsomeffect vo
sed on the conventional value of the Josephson constant recommended for international wse by the C
combined standard uncertainty uy(Vs)/Vs (see 5.1.6) of the calibrated potential difference Vg of the Z
x 1078 when Vg is reported in terms of the conventional value, but uy(Vs)/Vs is 4 x 10T%when Vg is repq

tage
PM.
ener
rted

in terms of the Sl unit of potential difference, the volt (V), because of the additional uncertainty.associated with the SlI
value of the Josephson constant.

3.4.7 Blupders in recording or analysing data can introduce a significant unknown error in the result pf a
measuremgnt. Large blunders can usually be identified by a proper review.of\the data; small ones could be
masked by| or even appear as, random variations. Measures of uncertainty are not intended to accoun} for
such mistalfes.

3.4.8 Although this Guide provides a framework for assessing<uncertainty, it cannot substitute for critical

thinking, intellectual honesty and professional skill. The evaluation,of uncertainty is neither a routine task n

purely mat
measuremg

nematical one; it depends on detailed knowledge“of the nature of the measurand and of
nt. The quality and utility of the uncertainty quoted for the result of a measurement there

or a
the
fore

ultimately depend on the understanding, critical analysis, and integrity of those who contribute to|the

assignment of its value.

4 Evaluating standard uncertainty

Additional guidance on evaluating uncértainty components, mainly of a practical nature, may be foun
Annex F.

4.1 Modelling the measurement
4.1.1 In most cases, aimeasurand Y is not measured directly, but is determined from N other quantjties
X1, X5, ..., Ay through @functional relationship f-

Y = £ (IXq, Xoi Xy) (1)
NOTE 1 Fereeonomy-ofnotationin-this-Guide the-same-symbeHsusedferthe-physical-quantity-the-measurand) and

for the random variable (see 4.2.1) that represents the possible outcome of an observation of that quantity. When it is
stated that X; has a particular probability distribution, the symbol is used in the latter sense; it is assumed that the physical
quantity itself can be characterized by an essentially unique value (see 1.2 and 3.1.3).

NOTE 2 In a series of observations, the kth observed value of X; is denoted by X; ;; hence if R denotes the resistance
of a resistor, the kth observed value of the resistance is denoted by R,.

NOTE 3  The estimate of X; (strictly speaking, of its expectation) is denoted by x;.

© ISO/IEC 2008 — All rights reserved


https://iecnorm.com/api/?name=47be3fa2d8eea166e8734a012eeac3b8

ISO/IEC GUIDE 98-3:2008(E)

EXAMPLE If a potential difference 7 is applied to the terminals of a temperature-dependent resistor that has a
resistance R at the defined temperature 7, and a linear temperature coefficient of resistance o, the power P (the
measurand) dissipated by the resistor at the temperature ¢ depends on V, R, o, and ¢ according to

P=1(V, Ry 1) =V2/{Ro[1+a(t=10) ]

NOTE Other methods of measuring P would be modelled by different mathematical expressions.

4.1.2 The input quantities X, X5, ..., Xy upon which the output quantity Y depends may themselves be

viewed as measurands and may themselves depend on other quantities, including corrections and correction

factors for systemat|c effects thereby leading to a comphcated funct|onal relatlonsh|p f that may never be
A an algonthm

corne

e measurement result, additional input quantities must be included in f to eliminate the inade
P). This may require introducing an input quantity to reflect incomplete knowledge of a pheno
cts the measurand. In the example of 4.1.1, additional input quantities might be needed to a

quacy (see
menon that
ccount for a

pefficient of

vn nonuniform temperature distribution across the resistor, a possible-nonlinear temperature ¢

resistance, or a possible dependence of resistance on barometric pressare:

NOTE Nonetheless, Equation (1) may be as elementary as Y= X;—X3. This expression models, for gxample, the

comparison of two determinations of the same quantity X.

418 The set of input quantities X;, X,, ..., X, may be categorized as:

— | quantities whose values and uncertainties are diréctly determined in the current measurenment. These
values and uncertainties may be obtained from,for example, a single observation, repeated olpservations,
or judgement based on experience, and may.involve the determination of corrections to instrumént readings
and corrections for influence quantities, sush-as ambient temperature, barometric pressure, and humidity;

— | quantities whose values and uncertainties are brought into the measurement from external sources, such
as quantities associated with calibrated measurement standards, certified reference magerials, and
reference data obtained from hafndbooks.

414 An estimate of the measurand Y, denoted by y, is obtained from Equation (1) using inpyt estimates

X1, X0, ..., Xy for the values of\the N quantities X, X5, ..., Xj. Thus the output estimate y, which is the result of

the measurement, is given by
y=f(x1,x2,...,xN) (2)

NOTE In_seme cases, the estimate y may be obtained from

e 1<
=¥ 2= V== f( X0 Xopor - X))
= =
That—s,7is—takemas—the—arithmeticmeamor—average (see4-2-t—of mindependentdeterminations—,. of Y, each

determination having the same uncertainty and each being based on a complete set of observed values of the N input
quantities X; obtained at the same time. This way of averaging, rather than y = f(X1, Xo, .o XN), where

_ 1<
X; :_ZXi,k
=

is the arithmetic mean of the individual observations X; ,, may be preferable when f'is a nonlinear function of the input
quantities X4, X, ..., Xy, but the two approaches are identical if /'is a linear function of the X; (see H.2 and H.4).

41.5 The estimated standard deviation associated with the output estimate or measurement result y,
termed combined standard uncertainty and denoted by u.(y), is determined from the estimated standard
deviation associated with each input estimate x;, termed standard uncertainty and denoted by u(x;) (see 3.3.5
and 3.3.6).
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4.1.6 Each input estimate x; and its associated standard uncertainty «(x;) are obtained from a distribution of
possible values of the input quantity .X;. This probability distribution may be frequency based, that is, based on
a series of observations Xk of X, or it may be an a priori distribution. Type A evaluations of standard
uncertainty components are founded on frequency distributions while Type B evaluations are founded on a
priori distributions. It must be recognized that in both cases the distributions are models that are used to

represent the state of our knowledge.

4.2 Type A evaluation of standard uncertainty

421

In most cases, the best avallable estimate of the expectatlon or expected value ,U

of a quan’uty q

that

T_hus, for a
X, obtaine

result y; that is, x; = X,. Those input estimates not evaluated from repeated obsefvations must be obtaine

other methg

4.2.2 The
or random

o2 of the probability distribution of ¢, is given by

5% (qx

This estim3
(B.2.17), ch
mean q.

4.2.3 The

(@)

The experir
(B.2.17, No

of ¢, and either may be-Used as a measure of the uncertainty of 4.

4

q

Thus, for
uncertainty

he n observations:

x0

=1

N input quantity X; estimated from » independent repeated observations X.,-the arithmetic m
i from Equation (3) is used as the input estimate x; in Equation (2) to deétermine the measuren

ds, such as those indicated in the second category of 4.1.3.

individual observations g, differ in value because of random¢variations in the influence quanti
effects (see 3.2.2). The experimental variance of the obsérvations, which estimates the varig

1

n—1

J=1

te of variance and its positive square ragdt“s(q;), termed the experimental standard devi

best estimate of 02((7) = az/n, the variance of the mean, is given by

Sz(qk)

hental variance ofithe mean sz(c_l) and the experimental standard deviation of the mean
te 2), equal to, the’positive square root of s2(c7), quantify how well g estimates the expectatio

n inputiquantity X; determined from » independent repeated observations X,

a
aracterize the variability of the observed.values ¢, , or more specifically, their dispersion about rheir

®)

ean
nent
1 by

ies,
nce

(4)

ion

®)

()
N 1,

X; » the stangard

For

u(xv;)of its estimate x; = X, is u(x;) = s(X;), with s2(X ) calculated according to Equation (5).

convenienc

2 (x;) = s2(X;) and u(x,)=s(X,;) are sometimes called a Type A variance and a Type A

standard uncertainty, respectively.

NOTE 1

expectation x, of the random variable q and that s (q) provides a reliable estimate of the variance o (q

=?/n

The number of observations »n should be large enough to ensure that ¢ provides a rellable estimate of the

(see

4.3.2, note). The difference between s (q) and o (q) must be considered when one constructs confidence intervals (see
6.2.2). In this case, if the probability distribution of ¢ is a normal distribution (see 4.3.4), the difference is taken into account
through the ¢-distribution (see G.3.2).

NOTE 2

Although the variance s2(67) is the more fundamental quantity, the standard deviation s(g) is more

convenient in practice because it has the same dimension as ¢ and a more easily comprehended value than that of the

variance.

10
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4.2.4 For a well-characterized measurement under statistical control, a combined or pooled estimate of
variance sg (or a pooled experimental standard deviation sp) that characterizes the measurement may be
available. In such cases, when the value of a measurand ¢ is determined from » independent observations,
the experimental variance of the arithmetic mean g of the observations is estimated better by s n than by
s2(g;)/n and the standard uncertainty is u = sp/\/_ (See also the Note to H.3.6.)

4.2,5 Often an estimate x; of an input quantity X is obtained from a curve that has been fitted to
experimental data by the method of least squares. The estimated variances and resulting standard
uncertainties of the fitted parameters characterizing the curve and of any predicted points can usually be

calculated by well-known statistical procedures (see H.3 and Reference [8]).

4.2, The degrees of freedom (C.2.31) v; of u(x;) (see G.3), equal to n — 1 in the simple case-wh
and| u(x;) =s(X;) are calculated from »n independent observations as in 4.2.1 and 4.2.3,-should
givgn when Type A evaluations of uncertainty components are documented.

4.2. If the random variations in the observations of an input quantity are correlated, for exam
the mean and experimental standard deviation of the mean as given in 4.2.1 and®.2.3 may be in
estimators (C.2.25) of the desired statistics (C.2.23). In such cases, the observations should be
stat|stical methods specially designed to treat a series of correlated, randomly<yarying measureme

NOTE Such specialized methods are used to treat measurements of frequency standards. However,

ere x; = X;
always be

ble, in time,
appropriate
hnalysed by
nts.

it is possible

that| as one goes from short-term measurements to long-term measurements of other metrological qiiantities, the

assymption of uncorrelated random variations may no longer be valid and'the specialized methods could be

rial artefacts of unknown values, such as gauge blocks and standards of mass, with referenc
of Known values.
frequently be evaluated by the statistical \analysis of data obtained from designs consisting
sequences of measurements of the measurand for a number of different values of the quantities u
depends — a so-called analysis of variance (see H.5).

NOTE At lower levels of the calibration chain, where reference standards are often assumed to be e
because they have been calibrated(by a national or primary standards laboratory, the uncertainty of a cali
may] be a single Type A stanhdard uncertainty evaluated from the pooled experimental standard d
chafjacterizes the measurement.

4.3| Type B evaluation of standard uncertainty
4.3.
ass
bas

1 For an-estimate x; of an input quantity X; that has not been obtained from repeated obser
bciated estimated vanance uz(x) or the standard uncertainty u(x;) is evaluated by scientifig
ed on allof the available information on the possible variability of X;. The pool of information ma

pfevious measurement data;

used to treat

eant to be
ethods. An

,|to evaluate

parisons of
b standards

In such comparatively simple’ measurement situations, components of uncgrtainty can

of nested
bon which it

kactly known
bration result
bviation that

vations, the
judgement
y include

manufacturer's specifications;
data provided in calibration and other certificates;

uncertainties assigned to reference data taken from handbooks.

experience with or general knowledge of the behaviour and properties of relevant materials and instruments;

For convenience, uz(xi) and u(x;) evaluated in this way are sometimes called a Type B variance and a Type B

standard uncertainty, respectively.

NOTE

for simplicity, #2(x;) and u(x;) are used throughout this Guide.

When x; is obtained from an a priori distribution, the associated variance is appropriately written as u%(

X;), but

© ISO/IEC 2008 — All rights reserved
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4.3.2 The proper use of the pool of available information for a Type B evaluation of standard uncertainty
calls for insight based on experience and general knowledge, and is a skill that can be learned with practice. It
should be recognized that a Type B evaluation of standard uncertainty can be as reliable as a Type A
evaluation, especially in a measurement situation where a Type A evaluation is based on a comparatively
small number of statistically independent observations.

NOTE If the probability distribution of ¢ in Note 1 to 4.2.3 is normal, then o[s(g)]/o(g), the standard deviation of s(g)
relative to o(7), is approximately [2(n — 1)]7"2. Thus, taking o[s(7)] as the uncertainty of s(7), for n =10 observations, the
relative uncertainty in s(¢) is 24 percent, while for n = 50 observations it is 10 percent. (Additional values are given in
Table E.1 in Annex E.)

4.3.3 If the estimate x; Is taken ffom a manuiacturers speciication, calibration ceruficate, handbooK, or

’

other sourd
standard u
uz(xi) is the

EXAMPLE
kilogram is
standard un
standard ung

NOTE I
uncertainty
Guide since
measuremer

4.3.4 Thg
Instead, on

e and its quoted uncertainty is stated to be a particular multiple of a standard deviation,
ncertainty u(x;) is simply the quoted value divided by the multiplier, and the estimated. varis
square of that quotient.

A calibration certificate states that the mass of a stainless steel mass standard mg of )yeminal value
000,000 325 g and that “the uncertainty of this value is 240 pg at the three standard>deviation level”.
certainty of the mass standard is then simply u(mg)= (240 ug)/3 =80 ug. This cotresponds to a rel
ertainty u(mg)/mg of 80 x 1072 (see 5.1.6). The estimated variance is u2(mg) = (80-pg)® = 6,4 x 1072 g2.

h many cases, little or no information is provided about the individual components from which the qu
as been obtained. This is generally unimportant for expressing uncertainty‘according to the practices of
all standard uncertainties are treated in the same way when the( combined standard uncertainty
t result is calculated (see Clause 5).

quoted uncertainty of x; is not necessarily given as a multiple of a standard deviation as in 4.
e may find it stated that the quoted uncertainty defines®an interval having a 90, 95, or 99 per

the
nce

one
The
htive

oted
this
of a

3.3.
cent

level of comfidence (see 6.2.2). Unless otherwise indicated,<ong€ may assume that a normal distribution

(C.2.14) wg
the quoted
above thred

NOTE T
recommendd
to be given (

EXAMPLE
10,000 742 (
confidence g
corresponds
u’(Rg) = (50

4.3.5
chance that
lies within t
approximat
the half-wig
distribution

Consider the case where, based on the available information, one can state that “there is a fifty

s used to calculate the quoted uncertainty, and:recover the standard uncertainty of x; by divi
uncertainty by the appropriate factor for the nermal distribution. The factors corresponding to
levels of confidence are 1,64; 1,96; and 2,58 (see also Table G.1 in Annex G).

[here would be no need for such an assumption if the uncertainty had been given in accordance witt]
tions of this Guide regarding the reportingef uncertainty, which stress that the coverage factor used is al
bee 7.2.3).

A calibration certificate statesithat the resistance of a standard resistor Rg of nominal value ten ohn
P + 129 pQ at 23 °C and that\“the quoted uncertainty of 129 yQ defines an interval having a lev

to a relative standard uncertainty u(Rs)/Rg of 50x 1076 (see 5.1.6). The estimated varianc
Q)2 = 2,5 x 1079 Q2

ling
the

the
vays

NS is
| of

f 99 percent”. The standard ‘uncertainty of the resistor may be taken as u(Rg) = (129 pQ)/2,58 = 50 pQ, which

b
=

is

fifty

the value of the input quantity X; lies in the interval a_ to a,” (in other words, the probability th

L,

nis intervalyis 0,5 or 50 percent). If it can be assumed that the distribution of possible values of [¥; is
ely normal, then the best estimate x; of X; can be taken to be the midpoint of the interval. Further, if
th of_the interval is denoted by a = (a, — a_)/2, one can take u(x;) = 1,484, because for a nofmal
with“expectation ¢ and standard deviation o the interval x4+ 0/1,48 encompasses approximgtely

50 percent of the distribution.

EXAMPLE

A machinist determining the dimensions of a part estimates that its length lies, with probability 0,5, in the

interval 10,07 mm to 10,15 mm, and reports that /= (10,11 + 0,04) mm, meaning that £ 0,04 mm defines an interval having
a level of confidence of 50 percent. Then « = 0,04 mm, and if one assumes a normal distribution for the possible values of
[, the standard uncertainty of the length is u(/)=1,48 x0,04 mm=0,06 mm and the estimated variance is
u?(l)= (1,48 x 0,04 mm)2 = 3,5 x 1073 mm?2.

4.3.6 Consider a case similar to that of 4.3.5 but where, based on the available information, one can state
that “there is about a two out of three chance that the value of X; lies in the interval a_ to a,” (in other words,
the probability that X; lies within this interval is about 0,67). One can then reasonably take u(x;) = a, because
for a normal distribution with expectation 4 and standard deviation ¢ the interval 4+ ¢ encompasses about
68,3 percent of the distribution.
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NOTE It would give the value of u(x;) considerably more significance than is obviously warranted if one were to use
the actual normal deviate 0,967 42 corresponding to probability p=2/3, that is, if one were to write
u(x;) = al0,967 42 = 1,033a.

4.3.7 In other cases, it may be possible to estimate only bounds (upper and lower limits) for X;, in particular,
to state that “the probability that the value of X; lies within the interval a_ to a, for all practical purposes is
equal to one and the probability that X; lies outside this interval is essentially zero”. If there is no specific
knowledge about the possible values of X; within the interval, one can only assume that it is equally probable
for X; to lie anywhere within it (a uniform or rectangular distribution of possible values — see 4.4.5 and

Figure 2 a). Then x;, the expectation or expected value of .X;, is the midpoint of the interval, x; = (a_ + a,)/2,
with associated variance

uz(xi)z a )2/12 (6)
If the difference between the bounds, a, — a_, is denoted by 24, then Equation (6) becomes

2 2

u (xi) =a /3 (7)
NOTE When a component of uncertainty determined in this manner contributés”significantly to the ungertainty of a
medsurement result, it is prudent to obtain additional data for its further evaluation:
EXAMPLE 1 A handbook gives the value of the coefficient of linear-thermal expansion of pure copper at 20 °C,
ao(Cu), as 16,52 x 1076 °C~1 and simply states that “the error in this valbe should not exceed 0,40 x 1076 PC~"". Based

on this limited information, it is not unreasonable to assume that the value of o,g(Cu) lies with equal prol
intefival 16,12 x 1078 °C~1 to 16,92 x 1078 °C~"1, and that it is very‘unlikely that o,o(Cu) lies outside this
variance of this symmetric rectangular distribution of possible valiiles of opp(Cu) of half-width a = 0,40 x 1076
Equation (7),  u?(opg) = (0,40 x 1076 °C1)2/3=5383x10715°C2, and the standard ung
=(0,40 x 1076 °C™") /4/3 =0,23 x 1076 °C".

values of AV

AV )=
v,

75 uv2 and wu(4

ability in the
nterval. The
°C~1is then,
ertainty  is

ars after the

¢ the range”.

rence 7, and
ith a Type A
anufacturer's
b an additive
bounds. The

is then
V)=8,7 uv.
is given by

br combining

In 4:3.7, the upper and lower bounds «a, and a_ for the input quantity X; may not be symmetric with
ect to\its best estimate x;; more specifically, if the lower bound is written as a_=x,—b_ an
b,, then b_# b,. Since in this case x; (assumed to be the expectation of X)) is

j the upper
not at the

he interval.

However, there may not be enough information available to choose an appropriate dlstrlbutlon different
models will lead to different expressions for the variance. In the absence of such information, the simplest
approximation is

(b, +b_)
12

2 2
_ (a,-a_)
12

u? (xi) =

(8)

which is the variance of a rectangular distribution with full width 5, + b_. (Asymmetric distributions are also
discussed in F.2.4.4 and G.5.3.)
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EXAMPLE If in Example1 of 4.3.7 the value of the coefficient is given in the handbook as
o0(Cu) = 16,52 x 1078 °C~1 and it is stated that “the smallest possible value is 16,40 x 1076 °C~" and the largest possible
value is 16,92x106°C™", then 5.=0,12x10%°C™!, 5,=040x10"%°C', and, from Equation (8),
u(0np) = 0,15 x 1076 °C1.,

NOTE 1 In many practical measurement situations where the bounds are asymmetric, it may be appropriate to apply a
correction to the estimate x; of magnitude (b, — 5-)/2 so that the new estimate x’; of X; is at the midpoint of the bounds:
x’;=(a- + a4)/2. This reduces the situation to the case of 4.3.7, with new values b’y = b_ = (by + b_)/2 = (ay — a_)2 = a.

NOTE 2 Based on the principle of maximum entropy, the probability density function in the asymmetric case
may be shown to be p(X;) = 4 exp[- AX; — x;)], with A=[b_exp(Ab_) + b, exp(- Ab,)]™ and
A ={exp[ (bt b = 1}/{b_ exp[A(b_+ b, + b} This leads to the variance u?(x)=b,b_— (b, —b ) A forb,>b_ A>0Q and
for b, <b_, < 0.

4.3.9 In4.3.7, because there was no specific knowledge about the possible values of X; within its)estimated
bounds a_ fo a,, one could only assume that it was equally probable for X; to take any valué»within those
bounds, with zero probability of being outside them. Such step function discontinuities (h™ a probability
distribution jare often unphysical. In many cases, it is more realistic to expect that values near the bounds|are
less likely tLan those near the midpoint. It is then reasonable to replace the symmetric rectangular distribytion
with a syminetric trapezoidal distribution having equal sloping sides (an isosceles trapezoid), a base of width
a, —a_=2d, and a top of width 244, where 0 < < 1. As #— 1, this trapezoidal distribution approaches| the
rectangular]| distribution of 4.3.7, while for =0, it is a triangular distribution([see 4.4.6 and Figure 2b)].
Assuming guch a trapezoidal distribution for X;, one finds that the expectation<of X; is x; = (a_ + a,)/2 angl its
associated pariance is

u? (x, =a2(1+ﬂ2)/6 9a)
which becomes for the triangular distribution, g =0,

u?(x;)=a?/6 9b)

1

NOTE 1 ffor a normal distribution with expectation g and standard deviation o, the interval u+ 30 encompapses
approximately 99,73 percent of the distribution. Thus, jf;the upper and lower bounds a, and a_ define 99,73 percent I|mits
rather than 100 percent limits, and X; can be assumed\to be approximately normally distributed rather than there being no
specific knojvledge about X; between the bounds as in 4.3.7, then u2(x;) = %9. By comparison, the variance [of a
symmetric rgctangular distribution of half-width a-is 2/3 [Equation (7)] and that of a symmetric triangular distributign of
half-width a [s a?/6 [Equation (9b)]. The magnitudes of the variances of the three distributions are surprisingly similgr in
view of the Igrge differences in the amount of information required to justify them.

NOTE 2  The trapezoidal distribufion is equivalent to the convolution of two rectangular distributions [10], one w|th a
half-width a4|equal to the mean half-width of the trapezoid, a4 = a(1 + §)/2, the other with a half-width a, equal to the njean
width of one [of the triangular portions of the trapezoid, a, = a(1 — 8)/2. The variance of the distribution is u? = a$/3+ q %/3 .
The convolved distribution.can be interpreted as a rectangular distribution whose width 2a4 has itself an uncertginty
represented by a rectangular distribution of width 24, and models the fact that the bounds on an input quantity arg not

exactly known. But even)if a, is as large as 30 percent of a4, u exceeds a1/\/§ by less than 5 percent.

4.3.10 It i3 impertant not to “double-count” uncertainty components. If a component of uncertainty ariging
from a particular_effect is obtained from a Type B evaluation, it should be included as an independent
component of uncertainty in the calculation of the combined standard uncertainty of the measurement result
only to the extent that the effect does not contribute to the observed variability of the observations. This is
because the uncertainty due to that portion of the effect that contributes to the observed variability is already
included in the component of uncertainty obtained from the statistical analysis of the observations.

4.3.11 The discussion of Type B evaluation of standard uncertainty in 4.3.3 to 4.3.9 is meant only to be
indicative. Further, evaluations of uncertainty should be based on quantitative data to the maximum extent
possible, as emphasized in 3.4.1 and 3.4.2.
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4.4 Graphical illustration of evaluating standard uncertainty

4.4.1 Figure 1 represents the estimation of the value of an input quantity X; and the evaluation of the
uncertainty of that estimate from the unknown distribution of possible measured values of X;, or probability
distribution of X}, that is sampled by means of repeated observations.

4.4.2 In Figure 1a), it is assumed that the input quantity X; is a temperature ¢ and that its unknown
distribution is a normal distribution with expectation x,=100°C and standard deviation o=1,5°C. Its

probability density function (see C.2.14) is then

4 |— AI/; f"t\z—l
T 5 o) |

NOTE The definition of a probability density function p(z) requires that the relation [p(z)dz = 1 i§’satisfied.

448 Figure 1Db) shows a histogram of n=20 repeated observations ¢, of the~temperaturq ¢ that are
asspmed to have been taken randomly from the distribution of Figure 1 a)..To-obtain the hisjogram, the
20 gbservations or samples, whose values are given in Table 1, are grouped into intervals|1 °C wide.
(Pregparation of a histogram is, of course, not required for the statistical analysis of the data.)

Table 1 — Twenty repeated observations of-the temperature ¢
grouped in 1 °C intervals

Interval Temperature
<t<ty
141°C t21°C t/°C
94,5 95,5 —
95,5 96,5 —
96,5 97,5 96,90
97,5 98,5 98,18; 98,25
98,5 99,5 98,61; 99,03; 99,49
99,5 100,5 99,56; 99,74; 99,89; 100,07; 100,33; 100,42
100,5 101,5 100,68; 100,95; 101,11; 101,20
101,5 102,5 101,57; 101,84; 102,36
102,5 103,5 102,72
103,5 104,5 —
104,5 105,5 —

The arithmetic mean or average ¢ of the n =20 observations calculated according to Equation (3) is
t =100,145 °C = 100,14 °C and is assumed to be the best estimate of the expectation x, of ¢ based on the

available data. The experimental standard deviation s(z) calculated from Equation (4) is
s(t,)=1,489°C=1,49°C, and the experimental standard deviation of the mean s(7) calculated
from  Equation (5), which is the standard uncertainty u(f) of the mean f, s
u(t)=s(r)= s(tk)/@ =0,333 °C = 0,33 °C. (For further calculations, it is likely that all of the digits would be
retained.)

NOTE Although the data in Table 1 are not implausible considering the widespread use of high-resolution digital

electronic thermometers, they are for illustrative purposes and should not necessarily be interpreted as describing a real
measurement.
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Figure 1 — Graphical illustration of evaluating the standard
from repeated observations
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Figure 2 — Graphical illustration of evaluating the standard uncertainty of an input quantity
from an a priori distribution
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4.4.4 Figure 2 represents the estimation of the value of an input quantity X; and the evaluation of the
uncertainty of that estimate from an a priori distribution of possible values of .X;, or probability distribution of X,
based on all of the available information. For both cases shown, the input quantity is again assumed to be a
temperature .

44,5 For the case illustrated in Figure 2 a), it is assumed that little information is available about the input
quantity ¢ and that all one can do is suppose that ¢ is described by a symmetric, rectangular a priori probability
distribution of lower bound a_=96 °C, upper bound a, =104 °C, and thus half-width a =(a, —a_)/2=4°C
(see 4.3.7). The probability density function of ¢ is then

p(t)=1/(2a), <G

p(t)=p, otherwise.

As indicated in 4.3.7, the best estimate of ¢ is its expectation ;= (a; + a_)/2 =100 °C, which follows from
C.3.1. The|standard uncertainty of this estimate is u(,ut)=a/\/§z2,3°C, which follows from C.3.2 [see
Equation (7))].

—

4.4.6 Fonthe case illustrated in Figure 2 b), it is assumed that the available information concerning ¢ is Jess
limited and [that ¢ can be described by a symmetric, triangular a priori probability distribution of the same Iqwer
bound a_ =[96 °C, the same upper bound a, = 104 °C, and thus the same half*width a = (a, - a_)/2=4 °C as
in 4.4.5 (sege 4.3.9). The probability density function of 7 is then

p()=(t-a_)fa®,  a_<r<(a,+a)f2

p(t)z(a+—t)/a2, (a++a_)/2<t<a+

p(1)=p, otherwise.

As indicatedl in 4.3.9, the expectation of ¢ is u; = (@) + a_)/2 = 100 °C, which follows from C.3.1. The standlard
uncertainty [of this estimate is u(x,) = a/\/g = 1,6 °C, which follows from C.3.2 [see Equation 9 b)].

The above|value, u(x,) = 1,6 °C, may .bejcompared with u(x,) =2,3 °C obtained in 4.4.5 from a rectandular
distribution |of the same 8 °C width; with o= 1,5 °C of the normal distribution of Figure 1 a) whose —2,58lo to
+2,580 width, which encompasses 99 percent of the distribution, is nearly 8 °C; and with u(z)=0,33 °C
obtained in 4.4.3 from 20 observations assumed to have been taken randomly from the same nogmal
distribution,|

5 Determiningcombined standard uncertainty

5.1 UncTrrelated input quantities

This subclause treats the case where all input quantities are independent (C.3.7). The case where two or
more input quantities are related, that is, are interdependent or correlated (C.2.8), is discussed in 5.2.

5.1.1 The standard uncertainty of y, where y is the estimate of the measurand Y and thus the result of the
measurement, is obtained by appropriately combining the standard uncertainties of the input estimates
X4, Xo, ..., Xy (8€€ 4.1). This combined standard uncertainty of the estimate y is denoted by u(y).

NOTE For reasons similar to those given in the note to 4.3.1, the symbols u.(y) and ug(y) are used in all cases.
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5.1.2 The combined standard uncertainty u.(y) is the positive square root of the combined variance ug(y),
which is given by

(10)

where f'is the function given in Equation (1). Each u(x;) is a standard uncertainty evaluated as described in 4.2
(Type A evaluation) or as in 4.3 (Type B evaluation). The combined standard uncertainty u.(y) is an estimated
standard deviation and characterizes the dispersion of the values that could reasonably be attributed to the

measurand Y (see 2.2.3).

Equ
first

ation (10) and its counterpart for correlated input quantities, Equation (13), both of which'are
rorder Taylor series approximation of Y= f(X4, X, ..., X)), express what is termed in this Guid|

propagation of uncertainty (see E.3.1 and E.3.2).

based on a
b the law of

NOTE When the nonlinearity of fis significant, higher-order terms in the Taylor series expansion must e included in
the expression for ug(y), Equation (10). When the distribution of each X; is normal, the ‘most important terms of next

high

See

5.1.
deri

est order to be added to the terms of Equation (10) are

e

2213
H.1 for an example of a situation where the contribution of higher<order terms to ug(y) needs to be cons

y ¥
ox; 8x,»8x§

2%f
ox;0x ;

uz(xi)uz(xj)

i=1 j=1

B The partial derivatives df/dx; are equal to dfigX;{evaluated at X;=x; (see Note 1 bel
vatives, often called sensitivity coefficients, describé how the output estimate y varies with cha

dered.

bw). These
nges in the

valdes of the input estimates xq, x,, ..., x5. In particular, the change in y produced by a small change Ax; in
inpyt estimate x; is given by (Ay); = (df/0x;)(Ax;,). Ifthis change is generated by the standard uncerjainty of the
estimate x;, the corresponding variation in y is.(9f/dx,)u(x;). The combined variance ug(y) can therefore be
viewed as a sum of terms, each of which represents the estimated variance associated with| the output
estimate y generated by the estimated varjance associated with each input estimate x,. This suggests writing
Equation (10) as
2 S 2_< oo
ug (v) = [ew(x)]” = D uity) (11a)
i=1 i=1

whgre

ciEBf/axi, ui(y)E|cl~|u(xi) (11b)
NOTE 1 Strictlyispeaking, the partial derivatives are df/dx; = 9f/dX; evaluated at the expectations of the X;| However, in
pradtice, the partial derivatives are estimated by

Lyl

axi aXl

X1y X2y ey X
NOTE 2  The combined standard uncertainty us(y) may be calculated numerically by replacing c;u(x;) in Equation (11a)
with
1
Z; =§{f[x1, e X +u(xl~), ey xN]—f[)q, ey X —u(xi), e xNJ}

That is, u;(y) is evaluated numerically by calculating the change in y due to a change in x; of +u(x;) and of —u(x;). The value

of u;

(y) may then be taken as |Z,-| and the value of the corresponding sensitivity coefficient ¢; as Z;/u(x;).
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EXAMPLE For the example of 4.1.1, using the same symbol for both the quantity and its estimate for simplicity of
notation,

cr=0Pfav =2 {Ro[1+a(t-1) || = 2P/V

cy = aP/aRO = _VZ/{Rg [1+a(t-10) ]} =-P/Ro

s EaP/aaz—Vz(t—to)/{Ro [trali-10) | =-rli-t0) [1+ali-10)]
cq = ap/at =2 {RO [1+a(t—t0)J2} = —Pa/[1+a(r—t0 )]

u?(P) 4 (gl;J 2 [aRo] JZ”Z(“)“L(%—I:jZ”z(t)
Hew(r)]? +[epu(Ro) ] +[equle >] “equ(n)]”

+u? (P)+u (P)+u3 (P)+u?(P)

and
2

5.1.4 Instead of being calculated from the function f, sensitivity coefficients df/dx; are sometines
determined| experimentally: one measures the change in Y produced by a:change in a particular X, while
holding the|remaining input quantities constant. In this case, the knowledge of the function f (or a portion [of it
when only $everal sensitivity coefficients are so determined) is accordingly)reduced to an empirical first-oyder
Taylor serigs expansion based on the measured sensitivity coefficients:

5.1.5 If Bquation (1) for the measurand Y is expanded aboutiominal values X; ; of the input quantitie$ X;,
then, to firgt order (which is usually an adequate approximation), Y=Y, + c, 51 +cp0p +... + o0y, Where
Yo =f(X41,0,2,00 -+ Xy0)s ¢;=(9f/0X;) evaluated at X; =X, gnand 6, =X; - X;o. Thus, for the purposes of an
analysis of| uncertainty, a measurand is usually approximated by a linear function of its variable§ by

transforming its input quantities from X; to &, (see E.3.4):

EXAMPLE From Example 2 of 4.3.7, the .estimate of the value of the measurand 7 is V_=I7+Al7,
where ¥ =(0,928 571V, u(V)=12pV, the additive “correction AV =0, and u(AV)=8,7uV. Since dV/dV =1, |and
aV/a(aV)=|1, the combined variance associatedWwith Vis given by

w2 (V) u? (V) +u?(a7) = (12uV)? 487 uV)? = 219x10712 v2

~

and the combined standard uncertainty.is u(7) =15 pV, which corresponds to a relative combined standard uncertainty
ug(V)/V of 16 x 107 (see 5.1.6). This'is an example of the case where the measurand is already a linear function of the
quantities onf which it dependsywith coefficients ¢; = +1. It follows from Equation (10) that if Y = ¢4 Xy + coX) +... + ¢y Xy and
if the constants ¢; = +1 or —1gthen u2(y) = >k u?(x;).

5.1.6 If Y]is of thefform Y = ch” X52 ...X]{j,N and the exponents p; are known positive or negative numbers
having negligible uneertainties, the combined variance, Equation (10), can be expressed as

2
[”c (v /,} Z[pz"(vz)/vz—l 12)
i=1

This is of the same form as Equation (11a) but with the combined variance uc(y) expressed as a relative
combined variance [uc(y)/y]2 and the estimated variance u2(x) associated with each input estimate expressed
as an estimated relative variance [u(x;)/x; 12. [The relative combined standard uncertainty is uc(y)/l y| and the
relative standard uncertainty of each input estimate is u(x,)/| x;|, | »| #0and |x,| #0.]

NOTE 1 When Y has this form, its transformation to a linear function of variables (see 5.1.5) is readily achieved by
setting X; = X; o(1 + &), for then the following approximate relation results: (Y—Yy)/Yy = Z i]\; p; 6;. On the other hand, the
logarithmic transformation Z=InY and W,=InX; leads to an exact linearization in terms of the new variables:

N
=In C+Zi:1Pin
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NOTE 2  If each p; is either +1 or —1, Equation (12) becomes [uc(y)/y]z = f\; [u(xl-)/xi]z, which shows that, for this
special case, the relative combined variance associated with the estimate y is simply equal to the sum of the estimated
relative variances associated with the input estimates x;.

5.2 Correlated input quantities

5.2.1 Equation (10) and those derived from it such as Equations (11a) and (12) are valid only if the input
quantities X; are independent or uncorrelated (the random variables, not the physical quantities that are
assumed to be invariants — see 4.1.1, Note 1). If some of the X; are significantly correlated, the correlations
must be taken into account.

5.2.2 When the input quantities are correlated, the appropriate expression for the combined(varigance ug(y)
asspciated with the result of a measurement is

ZZaaf aa){ u(x,x;) = Z(;{) (xi)+222%%u(xi,x‘,) (13)

i=1j=1 i=1 j=i+1 J

whgre x; and x; are the estimates of .x; and X; and u(x;, x)— u(x;, x;) is the\gstimated covariance| associated
withl x; and The degree of correlatlon between X; and X; is characterlzed by the estimated fcorrelation
coelfflment (é

(x, x/):M (14)

whgre r(x;, x)— r(x x;), and =1 < r(x;, x) < +1. If the €stimates x; and x; are independent, »(x;, x)) =0, and a
chapge in one does not imply an expected changenin the other. (See C.2.8, C.3.6, and C 4 for further
disqussion.)

\.

In t¢rms of correlation coefficients, which are ‘'more readily interpreted than covariances, the covgriance term
of Bquation (13) may be written as

N-1 N
J o
22 Z ggu(xi)u(xj)r(xi,xj) (15)
Equation (13) then becomes, With the aid of Equation (11b),

ug(y) +22 Z ciCj u ( j)r(x,,xj) (16)

i=1 i=1 j=i+1

NOTE 1 For)the very special case where all of the input estimates are correlated with correlatior] coefficients
r(x;x;) = £%-Equation (16) reduces to

2

2
MZ(/V)_'V&LM(A‘)} —(g‘ﬂu/mﬂ
ETT R

The combined standard uncertainty uc(y) is thus simply a linear sum of terms representing the variation of the output
estimate y generated by the standard uncertainty of each input estimate x; (see 5.1.3). [This linear sum should not be
confused with the general law of error propagation although it has a similar form; standard uncertainties are not errors
(see E.3.2).]
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EXAMPLE Ten resistors, each of nominal resistance R;=1 000 Q, are calibrated with a negligible uncertainty of
comparison in terms of the same 1 000 Q standard resistor Rg characterized by a standard uncertainty u(Rs) = 100 mQ as
given in its calibration certificate. The resistors are connected in series with wires having negligible resistance in order to
obtain a reference resistance R of nominal value 10 kQ. Thus R = f(R;) = ,1»21R,». Since r(x;, x;) = r(R;, R;) = +1 for
each resistor pair (see F.1.2.3, Example 2), the equation of this note applies. Since for each resistor df/dx; = dRe/OR; = 1,
and u(x;) = u(R;) = u(Rs) (see F.1.2.3, Example 2), that equatlon yields for the comblned standard uncertainty of R,

u(Ryef) = z ,101u( R,)=10x(100 mQ)=1Q. The result uy(R ) = [Z 201 u?(R } = 0,32 Q obtained from Equation (10)
is incorrect because it does not take into account that all of the calibrated values of the ten resistors are correlated.

NOTE2 The estimated variances u2(x;) and estimated covariances u(x;, x;) may be considered as the elements of a
covariance matrix with elements u;;. The diagonal elements u; of the matrix are the variances u(x;), while the off-diadonal
elements u;(i#/) are the covariances u(x; x;) = u(x; x;). If two input estimates are uncorrelated, their associated
covariance gnd the corresponding elements u; and u; of the covariance matrix are 0. If the input estimates arp all
uncorrelated| all of the off-diagonal elements are zero and the covariance matrix is diagonal. (See also C.3.5.)

NOTE 3  for the purposes of numerical evaluation, Equation (16) may be written as

ug(y)- ZZZZ r(x X )

i=1j=1

where Z; is gjven in 5.1.3, Note 2.

NOTE 4 If the X; of the special form considered in 5.1.6 are correlated, then the terms

N-1
22 X [pi”("i)/xi}[pj”(xj)/xj}r(xﬁ %)
i=1 j=4+1
must be added to the right-hand side of Equation (12).

5.2.3 Consider two arithmetic means ¢ and r that estimate the expectations Uy and u,. of two randgmly
varying quantities ¢ and r, and let ¢ and r be caleulated from n independent pairs of simultangqous
observations of ¢ and » made under the same conditions of measurement (see B.2.15). Then the covarignce
(see C.3.4)|of ¢ and 7 is estimated by

MR I o P T 17)

n(n-1) p

where g, arnd r, are the individual observations of the quantities ¢ and » and ¢ and 7 are calculated from the
observations according to Equation (3). If in fact the observations are uncorrelated, the calculated covarignce
is expected|to be near 0.

Thus the estimated covariance of two correlated input quantities X; and X; that are estimated by the mgans
)?l. and X determined from independent pairs of repeated S|multaneous observations is given| by
u(x;, xj) =s( X JWith s(X X, ;) calculated according to Equation (17). This apphca’uon of Equation (1Y) is
a Type A aluatlon of covarlance The estimated correlation coefficient of X; and X is obtained from
Equation(L) Axx) =r(X, X,)=s(X,, X, )/[s(X )s(X;)].

NOTE Examples where it is necessary to use covariances as calculated from Equation (17) are given in H.2 and H.4.

5.2.4 There may be significant correlation between two input quantities if the same measuring instrument,
physical measurement standard, or reference datum having a significant standard uncertainty is used in their
determination. For example, if a certain thermometer is used to determine a temperature correction required in
the estimation of the value of input quantity X;, and the same thermometer is used to determine a similar
temperature correction required in the estimation of input quantity XJ the two input quantities could be
significantly correlated. However, if X; and X; in this example are redefined to be the uncorrected quantities
and the quantities that define the calibration curve for the thermometer are included as additional input
quantities with independent standard uncertainties, the correlation between X; and Xj is removed. (See F.1.2.3
and F.1.2.4 for further discussion.)
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5.2.5 Correlations between input quantities cannot be ignored if present and significant. The associated
covariances should be evaluated experimentally if feasible by varying the correlated input quantities (see
C.3.6, Note 3), or by using the pool of available information on the correlated variability of the quantities in
question (Type B evaluation of covariance). Insight based on experience and general knowledge (see 4.3.1
and 4.3.2) is especially required when estimating the degree of correlation between input quantities arising
from the effects of common influences, such as ambient temperature, barometric pressure, and humidity.
Fortunately, in many cases, the effects of such influences have negligible interdependence and the affected
input quantities can be assumed to be uncorrelated. However, if they cannot be assumed to be uncorrelated,
the correlations themselves can be avoided if the common influences are introduced as additional
independent input quantities as indicated in 5.2.4.

6 [Determining expanded uncertainty

6.1| Introduction

6.1.
Gui

N which this
the CIPM

1 Recommendation INC-1 (1980) of the Working Group on the Statement ef®ncertainties o
e is based (see the Introduction), and Recommendations 1 (CI-1981) and 1 (CI-1986) o

app|
unc
Inddg
star
otheé

6.1.
con
nec
exp

roving and reaffirming INC-1 (1980) (see A.2 and A.3), advocate the aise of the combing
ertainty u(y) as the parameter for expressing quantitatively the uncertainty of the result of a me
ed, in the second of its recommendations, the CIPM has requested, that what is now terme
dard uncertainty u(y) be used “by all participants in giving the results of all international con
r work done under the auspices of the CIPM and Comités Consultatifs”.

R Although u(y) can be universally used to express theuncertainty of a measurement res
mercial, industrial, and regulatory applications, and-when health and safety are concerned
bssary to give a measure of uncertainty that defines an’interval about the measurement result
bcted to encompass a large fraction of the distribution of values that could reasonably be attri

d standard
asurement.
 combined
parisons or

Llt, in some
, it is often
hat may be
puted to the

meagsurand. The existence of this requirement was \recognized by the Working Group and led to paragraph 5

of R

6.2

6.2.
indi
obta

The
the
may
attri

6.2.

ecommendation INC-1 (1980). It is also reflected in Recommendation 1 (CI-1986) of the CIPM

Expanded uncertainty

1 The additional measure of ungertainty that meets the requirement of providing an interva
cated in 6.1.2 is termed expanded uncertainty and is denoted by U. The expanded unce
ined by multiplying the combirned standard uncertainty u.(y) by a coverage factor k:

U=kuc(y)

result of a measurement is then conveniently expressed as Y=y * U, which is interpreted g
best estimatetof.the value attributable to the measurand Yis y, and that y — Uto y + U is an

be expected to encompass a large fraction of the distribution of values that could reg
buted to(Y)Such an interval is also expressedasy - U< Y <y + U

P ~,The terms confidence interval (C.2.27, C.2.28) and confidence level (C.2.29) h3

defi

of the kind
rtainty U is

(18)

mean that
nterval that
sonably be

ve specific

hitions in statistics and are only applicable to the interval defined by U when certain conditio

s are met,

including that all components of uncertainty that contribute to u.(y) be obtained from Type A evaluations. Thus,
in this Guide, the word “confidence” is not used to modify the word “interval” when referring to the interval
defined by U; and the term “confidence level” is not used in connection with that interval but rather the term
“level of confidence”. More specifically, U is interpreted as defining an interval about the measurement result
that encompasses a large fraction p of the probability distribution characterized by that result and its combined
standard uncertainty, and p is the coverage probability or level of confidence of the interval.

6.2.3 Whenever practicable, the level of confidence p associated with the interval defined by U should be
estimated and stated. It should be recognized that multiplying u.(») by a constant provides no new information
but presents the previously available information in a different form. However, it should also be recognized
that in most cases the level of confidence p (especially for values of p near 1) is rather uncertain, not only
because of limited knowledge of the probability distribution characterized by y and u.(y) (particularly in the
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extreme portions), but also because of the uncertainty of u(y) itself (see Note 2 to 2.3.5, 6.3.2, 6.3.3 and
Annex G, especially G.6.6).

NOTE

6.3 Choosing a coverage factor

6.3.1

outside this
will be put g

NOTE (
reported res
“uncertainty”
known signif
how to treat
some quanti

6.3.2 Ide
provide an
99 percent;
confidence
extensive |
combined

themselves

6.3.3 Re
established
presented
adequate i
approximat
which frequ
confidence
confidence

NOTE A
then be used

7 Repo

71

711 In

an faC|I|tate the selectlon ofa proper value of k.

Dccasionally, one may find that a known correction b for a systematic effect has not been applied td
ult of a measurement, but instead an attempt is made to take the effect into account by enlarging
assigned to the result. This should be avoided; only in very special circumstances should correction
cant systematic effects not be applied to the result of a measurement (see F.2.4.5 for a-specific case

Y.

blly, one would like to be able to choose a specific value of the coverage factor £ that w
interval Y=y + U=y + ku,(y) corresponding to a particular level .0f eonfidence p, such as 9

associated with that interval. However, this is not easy toCdo in practice because it requ
nowledge of the probability distribution characterized by ‘the measurement result y and
standard uncertainty u(y). Although these parameters ‘are of critical importance, they are
insufficient for the purpose of establishing intervals having exactly known levels of confidence.

tommendation INC-1 (1980) does not specify show the relation between & and p should
This problem is discussed in Annex G, and*a-preferred method for its approximate solutio
n G.4 and summarized in G.6.4. Howevef a simpler approach, discussed in G.6.6, is @
N measurement situations where the probability distribution characterized by y and u.(y
ely normal and the effective degrees of:freedom of u(y) is of significant size. When this is the ¢

of approximately 95 percent, and that taking k=3 produces an interval having a levg
of approximately 99 percent.

A method for estimating the(effective degrees of freedom of uq(y) is given in G.4. Table G.2 of Annex G
to help decide if this solution is appropriate for a particular measurement (see G.6.6).

rting uncertainty

Gengral guidance

peferal, as one moves up the measurement hierarchy, more details are required on ho

For preferred ways of stating the result of a measurement when the measure of uncertainty is uc(y) and when

itis U, see 7.2.2 and 7.2.4, respectively.

The value of the coverage factor k is chosen on the basis of the level of confidence required of the
interval y— U to y+ U. In general k will be in the range 2 to 3. However, for speC|aI applications £ may be

sult

the
the
5 for
and

t). Evaluating the uncertainty of a measurement result should not be confused with agsighing a safety linpit to

buld
b or

equivalently, for a given value of k, one would like to be ableto'state unequivocally the lev¢l of

ires
its
by

be
n is
ften
) is
ase,

ently occurs in practice, one can asstime that taking £ = 2 produces an interval having a lev¢l of

| of

can

W a

measuremse

ntvresult and its ||nr‘pr’rninty were abtained Nevertheless at any level of this hipmrr*hy, inclu

ding

commercial and regulatory activities in the marketplace, engineering work in industry, lower-echelon
calibration facilities, industrial research and development, academic research, industrial primary standards
and calibration laboratories, and the national standards laboratories and the BIPM, all of the information
necessary for the re-evaluation of the measurement should be available to others who may have need of it.
The primary difference is that at the lower levels of the hierarchical chain, more of the necessary information
may be made available in the form of published calibration and test system reports, test specifications,
calibration and test certificates, instruction manuals, international standards, national standards, and local
regulations.

7.1.2 When the details of a measurement, including how the uncertainty of the result was evaluated, are
provided by referring to published documents, as is often the case when calibration results are reported on a
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certificate, it is imperative that these publications be kept up-to-date so that they are consistent with the
measurement procedure actually in use.

7.1.3 Numerous measurements are made every day in industry and commerce without any explicit report of
uncertainty. However, many are performed with instruments subject to periodic calibration or legal inspection.
If the instruments are known to be in conformance with their specifications or with the existing normative
documents that apply, the uncertainties of their indications may be inferred from these specifications or from
these normative documents.

7.1.4 Although in practice the amount of information necessary to document a measurement result depends
on its intended use, the basic principle of what is required remains unchanged: when reporting the result of a
measurement and its uncertainty, it is preferable to err on the side of providing too much informiation rather
than too little. For example, one should

a) |describe clearly the methods used to calculate the measurement result and its‘uncertainty from the
experimental observations and input data;

b) [list all uncertainty components and document fully how they were evaluated;

c) |present the data analysis in such a way that each of its important steps’can be readily followed and the
calculation of the reported result can be independently repeated if necessary;

d) |give all corrections and constants used in the analysis and theit sources.

A tgst of the foregoing list is to ask oneself “Have | provided eriough information in a sufficiently clear manner
thatimy result can be updated in the future if new information or'data become available?”

7.2 Specific guidance

7.21 When reporting the result of a measurement, and when the measure of uncertainty is the combined
standard uncertainty «(y), one should

a) |give a full description of how the medsurand Y is defined;

b) |give the estimate y of the measurand Y and its combined standard uncertainty u(y); the unjits of y and
u(y) should always be given;

c) |include the relative combined standard uncertainty u.(»)/|»|, || # 0, when appropriate;
d) |give the information outlined in 7.2.7 or refer to a published document that contains it.

If it| is deemedsuseful for the intended users of the measurement result, for example, to a|d in future
calqulations ef:¢overage factors or to assist in understanding the measurement, one may indicate

— |the @stimated effective degrees of freedom v (see G.4);

4l I A P i n o <l 4 <l <l rhaiats L\ <l L\ ol tlo ot F'H d ff t
— Ui Typoc A diiud Typo D CUMTTDINTICU stdlTudru urivtiidiriico MCA\)/) daliJ MCB\-’V} daliua uicih ©olirialc errectlve
degrees of freedom vggp and vggg (see G.4.1, Note 3).

7.22 When the measure of uncertainty is u.(y), it is preferable to state the numerical result of the
measurement in one of the following four ways in order to prevent misunderstanding. (The quantity whose
value is being reported is assumed to be a nominally 100 g standard of mass mg; the words in parentheses
may be omitted for brevity if u is defined elsewhere in the document reporting the resuilt.)

1) “mg=100,021 47 g with (a combined standard uncertainty) u, = 0,35 mg.”

2) “mg=100,02147(35) g, where the number in parentheses is the numerical value of (the combined
standard uncertainty) u referred to the corresponding last digits of the quoted result.”
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3) “mg=100,021 47(0,000 35) g, where the number in parentheses is the numerical value of (the combined
standard uncertainty) u. expressed in the unit of the quoted result.”

4) “mg=(100,021 47 + 0,000 35) g, where the number following the symbol * is the numerical value of (the
combined standard uncertainty) . and not a confidence interval.”

NOTE The * format should be avoided whenever possible because it has traditionally been used to indicate an
interval corresponding to a high level of confidence and thus may be confused with expanded uncertainty (see 7.2.4).
Further, although the purpose of the caveat in 4) is to prevent such confusion, writing Y=y u(y) might still be
misunderstood to imply, especially if the caveat is accidentally omitted, that an expanded uncertainty with k= 1 is intended
and that the interval - uc(y) <Y< 7, + uc(y) has a specﬁ"ed level of confidence 12 namely, that associated with the normal

distribution ( ree G-t u} As-tndicated-in U I2-andAnmex \J IIILCIpIGLIIIU uc\y} imthis way s uaually diffreuit-to Juatuy

7.2.3 When reporting the result of a measurement, and when the measure of uncertainty is the €xpanded
uncertainty (U = kug(y), one should

a) give a full description of how the measurand Y is defined;
b) state the result of the measurement as Y=y = U and give the units of y and U;
c) includg the relative expanded uncertainty U/|y|, || # 0, when appropriate;

d) give the value of k used to obtain U [or, for the convenience of the user of the result, give both kJand
ug(y)l;

e) give the approximate level of confidence associated with thé€)interval y+ U and state how it was
determiined,;

f)  give the information outlined in 7.2.7 or refer to a publisied‘document that contains it.

7.2.4 When the measure of uncertainty is U, it is preferable, for maximum clarity, to state the numefical
result of thg measurement as in the following example: (The words in parentheses may be omitted for brevity
if U, u., and k are defined elsewhere in the document reporting the result.)

“mg = (100,021 47 £ 0,000 79) g, where the number following the symbol + is the numerical value of| (an
expanded uncertainty) U = kug, with U determined from (a combined standard uncertainty) u; = 0,33 mg
and (a|coverage factor) k= 2,26 based on the sdistribution for v = 9 degrees of freedom, and defines an
interva| estimated to have a level of confidence of 95 percent.”

7.2.5 If almeasurement determines simultaneously more than one measurand, that is, if it provides twp or
more output estimates y; (see. H.2, H.3, and H.4), then, in addition to giving y; and u(y,), give the covarignce
matrix elements u(y;, yJ) or\the elements r(y;, yJ) of the correlation coefficient matrix (C.3.6, Note 2) (and
preferably hoth).

7.2.6 The numerical values of the estimate y and its standard uncertainty u(y) or expanded uncertainty U
should not be giveh with an excessive number of digits. It usually suffices to quote u.(y) and U [as well aq the
standard urncérfainties u(x ) of the mput estimates x] to at most two 3|gn|f|cant d|g|ts although in some casps it

may be ne ssary-to retaimadditionat myua to-avoid-round-offerrors-insubsequentcatcutations:

In reporting final results, it may sometimes be appropriate to round uncertainties up rather than to the nearest
digit. For example, u(y) = 10,47 mQ might be rounded up to 11 mQ. However, common sense should prevail
and a value such as u(x;) = 28,05 kHz should be rounded down to 28 kHz. Output and input estimates should
be rounded to be consistent with their uncertainties; for example, if y =10,057 62 Q with u.(y) =27 mQ,
y should be rounded to 10,058 Q. Correlation coefficients should be given with three-digit accuracy if their
absolute values are near unity.
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7.2.7

obtained, one should follow the recommendations of 7.1.4 and thus

a)

In the detailed report that describes how the result of a measurement and its uncertainty were

give the value of each input estimate x; and its standard uncertainty u(x;) together with a description of

how they were obtained;

give the estimated covariances or estimated correlation coefficients (preferably both) associated with all

input estimates that are correlated, and the methods used to obtain them;

give the degrees of freedom for the standard uncertainty of each input estimate and how it was obtained;

NOT
prog

or the program used may be cited by an appropriate reference. In such cases, it is important that it be g

estin

The
pres

give the functional relationship Y=/f(X,, X5, ..., X)) and, when they are deemed useful,
derivatives or sensitivity coefficients df/ox;. However, any such coefficients determined. ex
should be given.

E Since the functional relationship f'may be extremely complex or may not exist explicitly but only a
ram, it may not always be possible to give f'and its derivatives. The function f may then be’described in g

hate y of the measurand Y and its combined standard uncertainty u(y) were obtained:

Summary of procedure for evaluating and expressing uncertainty

steps to be followed for evaluating and expressing the uncértainty of the result of a meas
ented in this Guide may be summarized as follows:

Express mathematically the relationship between the'ynmeasurand Y and the input quantities
Ydepends: Y= f(X;, X, ..., Xy). The function f should contain every quantity, including all cor
correction factors, that can contribute a sjgnificant component of uncertainty to the rg
measurement (see 4.1.1 and 4.1.2).

Determine x;, the estimated value of input quantity X;, either on the basis of the statistical
series of observations or by other means (see 4.1.3).

Evaluate the standard uncertainfy u(x;) of each input estimate x,. For an input estimate obtain
statistical analysis of series 0f observations, the standard uncertainty is evaluated as desc|
(Type A evaluation of standard uncertainty). For an input estimate obtained by other means, t
uncertainty u(x;) is evaluated as described in 4.3 (Type B evaluation of standard uncertainty).

Evaluate the covariances associated with any input estimates that are correlated (see 5.2).

Calculate theresult of the measurement, that is, the estimate y of the measurand Y, from th
relationship.f*using for the input quantities X; the estimates x; obtained in step 2 (see 4.1.4).

Determine the combined standard uncertainty uy(y) of the measurement result y from t
uncertainties and covariances associated with the input estimates, as described in Clau

l

the partial
erimentally

5 a computer
eneral terms
ear how the

urement as

. on which
ections and
sult of the

analysis of

ed from the
fibed in 4.2
ne standard

e functional

e standard
e 5. If the

measurement determines simultaneously more than one output quantity, calculate their covar

ances (see

7.2.5,H.2, H.3, and H.4).

If it is necessary to give an expanded uncertainty U, whose purpose is to provide an interval y — U to
y+ U that may be expected to encompass a large fraction of the distribution of values that could
reasonably be attributed to the measurand Y, multiply the combined standard uncertainty u(y) by a
coverage factor k, typically in the range 2 to 3, to obtain U = ku.(y). Select k on the basis of the level of
confidence required of the interval (see 6.2, 6.3, and especially Annex G, which discusses the selection of
a value of £, that produces an interval having a level of confidence close to a specified value).

Report the result of the measurement y together with its combined standard uncertainty u () or expanded
uncertainty U as discussed in 7.2.1 and 7.2.3; use one of the formats recommended in 7.2.2 and 7.2.4.
Describe, as outlined also in Clause 7, how y and u.(y) or U were obtained.
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Annex A

Recommendations of Working Group and CIPM

A.1 Recommendation INC-1 (1980)

Bureau Intgrnational des P0|ds et Mesures (BIPM) in response to a request of the Comité International
Poids et Mesures (CIPM). It prepared a detailed report for consideration by the CIPM that concluded
Recommendation INC-1 (1980) [2]. The English translation of this Recommendation is given in 0.7 of
Guide and the French text, which is authoritative, is as follows [2]:

Expression des incertitudes expérimentales

Recommandation INC-1 (1980)

1)

2)

3)

4)

5)

L'ipcertitude d'un résultat de mesure comprend généralement plusiéurs composantes qui peu
e groupées en deux catégories d'aprés la méthode utilisée pour-estimer leur valeur numérique

celles qui sont évaluées a I'aide de méthodes statistiques;

celles qui sont évaluées par d'autres moyens.

xpression «incertitude systématique» est susceptible de conduire a des erreurs d'interpréta
doit étre évitée.

Tqute description détaillée de lincertitude devrait comprendre une liste compléte de

composantes de la catégorie A sont caractérisées par les variances estimées s (ou
Scart-types» estimés s;) et les nombres v; de degrés de liberté. Le cas échéant, les covarlar
imées doivent étre dennées.

composantes de'la catégorie B devraient étre caractérisées par des termes uj2 qui puissent
sidérés comme des approximations des variances correspondantes dont on admet I'existe
termes uj2 peuvent étre traités comme des variances et les termes u; comme des écarts-ty
cas échéant, les covariances doivent étre traitées de fagcon analogue.

L'ipcertitude composée devrait étre caractérisée par la valeur obtenue en appliquant la méth

the
des
with
this

ent

bt le
Hes.
on;

Ses

les
ces

Eétre
hce.
Des.

ode

usuelle de combinaison des variances. L'incertitude composée ainsi que ses composantes devrg

ient

étre exprimées sous la forme d'«écart-types».

Si pour des utilisations particulieres on est amené a multiplier par un facteur l'incertitude composée

afin d'obtenir une incertitude globale, la valeur numérique de ce facteur doit toujours étre donnée.
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A.2 Recommendation 1 (CI-1981)

The

CIPM reviewed the report submitted to it by the Working Group on the Statement of Uncertainties and

adopted the following recommendation at its 70th meeting held in October 1981 [3]:

Recommendation 1 (CI-1981)
Expression of experimental uncertainties

The Comité International des Poids et Mesures

A.3

The
198

considering
— the need to find an agreed way of expressing measurement uncertainty in metrology;
— the effort that has been devoted to this by many organizations over many years,

— the encouraging progress made in finding an acceptable solution, which has resultgd from the
discussions of the Working Group on the Expression of Uncertainties.which met at BIPM ih 1980,

recognizes

— that the proposals of the Working Group might form the-basis of an eventual agreement on the
expression of uncertainties,

recommends
— that the proposals of the Working Group be diffused widely;

— that BIPM attempt to apply the principles therein to international comparisons carried out under its
auspices in the years to come;

— that other interested organizations be encouraged to examine and test these proposals and let their
comments be known to BIP

— that after two or three.years BIPM report back on the application of these proposals.

Recommendation 1 (CI-1986)

CIPM further considered the matter of the expression of uncertainties at its 75th meeting held in October
6 and adopted the following recommendation [4]:

Recommendation 1 (CI-1986)

prrneainn of uncertainties in work carried out under the anepir‘ne of the CIPM

The Comité International des Poids et Mesures,

considering the adoption by the Working Group on the Statement of Uncertainties of
Recommendation INC-1 (1980) and the adoption by the CIPM of Recommendation 1 (CI-1981),

considering that certain members of Comités Consultatifs may want clarification of this Recommendation
for the purposes of work that falls under their purview, especially for international comparisons,
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recognizes that paragraph 5 of Recommendation INC-1 (1980) relating to particular applications,
especially those having commercial significance, is now being considered by a working group of the
International Standards Organization (ISO) common to the ISO, OIML and IEC, with the concurrence and
cooperation of the CIPM,

requests that paragraph 4 of Recommendation INC-1 (1980) should be applied by all participants in
giving the results of all international comparisons or other work done under the auspices of the CIPM and
the Comités Consultatifs and that the combined uncertainty of type A and type B uncertainties in terms of
one standard deviation should be given.
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Annex B

General metrological terms

B.1 Source of definitions

Theaefinitio 0 g generat metroiogica i eleva O gide thatare give
the International vocabulary of basic and general terms in metrology (abbreviated VIM), se¢

s not included either here or in the text.

E Some basic statistical terms and concepts are given in Annex C{ while the terms “true value”
ertainty” are further discussed in Annex D.

B.2 Definitions

As |n Clause 2, in the definitions that follow, the use/ofvparentheses around certain words of s
means that the words may be omitted if this is unlikelyxto cause confusion.

The
or ir

terms in boldface in some notes are additiofral metrological terms defined in those notes, eith
hplicitly (see Reference [6]).

B.2/1
(measurable) quantity

attripute of a phenomenon, body ‘of substance that may be distinguished qualitatively and
quaptitatively

NOTE 1 The term quantity may refer to a quantity in a general sense (see Example 1) or to a particular ¢
Example 2).

EXAMPLE 1 Quantities in a general sense: length, time, mass, temperature, electrical resistance, amount
congentration.

EXAMPLE 2 Particular quantities:

length of a given rod

been taken
bnd edition,
f the seven
the Bureau
(IEC), the
nd Applied
hternational
efinitions of

“error”, and

fome terms

er explicitly

determined

uantity (see

of-substance

eleetrical resistance of a given specimen of wire

amount-of-substance concentration of ethanol in a given sample of wine.

NOTE 2
kind.

Quantities that can be placed in order of magnitude relative to one another are called quantities

*

Footnote to the 2008 version:

of the same

The third edition of the vocabulary was published in 2007, under the title ISO/IEC Guide 99, International vocabulary of

metrology — Basic and general concepts and associated terms (VIM).
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NOTE 3  Quantities of the same kind may be grouped together into categories of quantities, for example:

work, heat, energy

thickness, circumference, wavelength.

NOTE 4  Symbols for quantities are given in ISO 317,

[VIM:1993, definition 1.1]

B.2.2

value (of a quantity)

magnitude ofapartictlarguantity-generally-expressed-asadnitef-measurementrmultipled-by-anumber
EXAMPLE 1 Length of a rod: 5,34 m or 534 cm.

EXAMPLE 2 Mass of a body: 0,152 kg or 152 g.

EXAMPLE 3 Amount of substance of a sample of water (H,0): 0,012 mol or 12 mmol.

NOTE 1 The value of a quantity may be positive, negative or zero.

NOTE 2  The value of a quantity may be expressed in more than one way.

NOTE 3  The values of quantities of dimension one are generally expressed as pure humbers.

NOTE 4 A quantity that cannot be expressed as a unit of measurement multiplied by a number may be expressed by

reference to p conventional reference scale or to a measurement procedure or-te both.

[VIM:1993, [definition 1.18]

B.2.3

true value (of a quantity)

value consistent with the definition of a given particularquantity

NOTE 1 This is a value that would be obtained by.arperfect measurement.

NOTE 2  True values are by nature indeterminate.

NOTE 3 The indefinite article “a”, rather.than the definite article “the”, is used in conjunction with “true value” because

there may bg many values consistent with the definition of a given particular quantity.

[VIM:1993, definition 1.19]

Guide Comment: See Annex.D, in particular D.3.5, for the reasons why the term “true value” is not used in|this

Guide and
quantity) ar|

B.2.4
conventior

why the terms\‘true value of a measurand” (or of a quantity) and “value of a measurand” (or
b viewed,as_equivalent.

aktrue value (of a quantity)

of a

rand
<

value attrib
appropriate

EXAMPLE 1
a convention

EXAMPLE 2

Haod ta o nartiailar ~iontit o ol
TCU g partacara_gquartaty—art aCCCPtCaTy

for a given purpose

At a given location, the value assigned to the quantity realized by a reference standard may be take
al true value.

The CODATA (1986) recommended value for the Avogadro constant: 6,022 136 7 x 1023 mol™".

*

Footnot

e to the 2008 version:

inty

n as

The ISO 31 series is under revision as a series of ISO 80000 and IEC 80000 documents. (Some of these documents have
already been published.)
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NOTE 1

“Conventional true value” is sometimes called assigned value, best estimate of the value, conventional

value or reference value. “Reference value”, in this sense, should not be confused with “reference value” in the sense
used in the Note to VIM:1993, definition 5.7.

NOTE 2

[VIM:1993, definition 1.20]

Guide Comment: See the Guide Comment to B.2.3.

B.2.5

Frequently, a number of results of measurements of a quantity is used to establish a conventional true value.

measurement

set

NOT

bf operations having the object of determining a value of a quantity

E The operations may be performed automatically.

[VINI:1993, definition 2.1]

B.2
prin
SCig

6
ciple of measurement
ntific basis of a measurement

EXAMPLE 1 The thermoelectric effect applied to the measurement of temperature.

EXAMPLE 2 The Josephson effect applied to the measurement of:electric potential difference.

EXAMPLE 3 The Doppler effect applied to the measurement.of velocity.

EXAMPLE 4 The Raman effect applied to the measurement of the wave number of molecular vibrations.

[VINI:1993, definition 2.3]

B.2

7

method of measurement

logi

NOT

cal sequence of operations, described generically, used in the performance of measurements

E Methods of measurement may be qualified in various ways such as:
substitution method
differential method

null method.

[VINI:1993, definition 2.4]

B.2

8

set pféoperations, described specifically, used in the performance of particular measurements ac

me}surement procedure

given-method

tording to a

NOTE

A measurement procedure is usually recorded in a document that is sometimes itself called a “measurement

procedure” (or a measurement method) and is usually in sufficient detail to enable an operator to carry out a

mea

surement without additional information.

[VIM:1993, definition 2.5]
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B.2.9

measurand
particular quantity subject to measurement

EXAMPLE

NOTE
pressure.

[VIM:1993,

Vapour pressure of a given sample of water at 20 °C.

definition 2.6]

The specification of a measurand may require statements about quantities such as time, temperature and

B.2.10
influence ¢

uantity

quantity thgt is not the measurand but that affects the result of the measurement

EXAMPLE 1
EXAMPLE 2

EXAMPLE 3
plasma.

[VIM:1993,

Temperature of a micrometer used to measure length.
Frequency in the measurement of the amplitude of an alternating electric potential.difference.

Bilirubin concentration in the measurement of haemoglobin concentration (n~a’sample of human h

definition 2.7]

Guide Compment: The definition of influence quantity is understoed:\to include values associated

measuremse
may depen
as ambient

B.2.11
result of a
value attrib

NOTE 1
the indi

the unc

the cor

and whether

NOTE2 A
measuremer

[VIM:1993,

B.2.12

nt standards, reference materials, and reference data, upoh which the result of a measuren
1, as well as phenomena such as short-term measuringdnstrument fluctuations and quantities s
temperature, barometric pressure and humidity.

measurement
ited to a measurand, obtained by measurement

Vhen a result is given, it should be made clear whether it refers to:
cation

brrected result

pcted result

several values are averaged.

A complete statement of the result of a measurement includes information about the uncertain{
t.

definition-31]

uncorrect

d.résult

lood

Wwith
hent
uch

y of

result of a measurementbeforetomrectiomforsystermaticerror

[VIM:1993,

B.2.13

definition 3.3]

corrected result
result of a measurement after correction for systematic error

[VIM:1993,

definition 3.4]
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B.2.14

accuracy of measurement

closeness of the agreement between the result of a measurement and a true value of the measurand
NOTE 1 “Accuracy” is a qualitative concept.

NOTE 2  The term precision should not be used for “accuracy’.

[VIM:1993, definition 3.5]

Guide Comment: See the Guide Comment to B.2.3.

B.2J15

repeatability (of results of measurements)
clogeness of the agreement between the results of successive measurements of the same measurand carried
out under the same conditions of measurement

NOTE 1 These conditions are called repeatability conditions.

NOTE 2 Repeatability conditions include:

— | the same measurement procedure

— | the same observer

— | the same measuring instrument, used under the same conditions
— | the same location

— | repetition over a short period of time.

NOTE 3  Repeatability may be expressed quantitatively in terms of the dispersion characteristics of the resyilts.
[VIMI:1993, definition 3.6]

B.2{16

reproducibility (of results of measurements)
clogeness of the agreement between the results of measurements of the same measurand carried out under
chahged conditions of measurement

NOTE 1 A valid statement of reproducibility requires specification of the conditions changed.

NOTE 2  The changed conditions may include:
— | principle of measurement

— | method of measurement

— | observer

— | measuring.instrument

— | reference standard

— | location

— conditions of use

— time.
NOTE 3 Reproducibility may be expressed quantitatively in terms of the dispersion characteristics of the results.

NOTE 4  Results are here usually understood to be corrected results.

[VIM:1993, definition 3.7]
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B.2.17

experimental standard deviation

for a series of n» measurements of the same measurand, the quantity s(q,) characterizing the dispersion of the
results and given by the formula:

q; being the result of the kth measurement and g being the arithmetic mean of the » results considered

NOTE 1 onsidering the series of n values as a sample of a distribution, ¢ is an unbiased estimate of the mear|| yrm
and s2(¢,) is hn unbiased estimate of the variance ¢2, of that distribution.

NOTE 2 he expression s(qk)/JZ is an estimate of the standard deviation of the distribution of ¢_.and’is calleq the
experimentdl standard deviation of the mean.

NOTE 3  ‘Experimental standard deviation of the mean” is sometimes incorrectly called standard)error of the meap.

NOTE 4 dapted from VIM:1993, definition 3.8.
Guide Comment: Some of the symbols used in the VIM have been changed in-order to achieve consistgncy
with the notiation used in 4.2 of this Guide.

B.2.18
uncertainty (of measurement)
parameter, |associated with the result of a measurement, that characterizes the dispersion of the values [that
could reasgnably be attributed to the measurand

he parameter may be, for example, a standard deviation (or a given multiple of it), or the half-width qf an
ing a stated level of confidence.

NOTE 2 WUncertainty of measurement comprises,.in>general, many components. Some of these components maly be
evaluated frpm the statistical distribution of the .fesults of series of measurements and can be characterized by
experimental standard deviations. The other components, which can also be characterized by standard deviations| are
evaluated frgm assumed probability distributions based on experience or other information.

NOTE 3 It is understood that the resultyof the measurement is the best estimate of the value of the measurand,|and
that all compgonents of uncertainty, including those arising from systematic effects, such as components associated|with
corrections gnd reference standards, \contribute to the dispersion.

[VIM:1993, [definition 3.9]

Guide Comment: It is\pointed out in the VIM that this definition and the notes are identical to those in|this
Guide (see2.2.3).

B.2.19
error (of measurement)
result of a measurement minus a true value of the measurand

NOTE 1 Since a true value cannot be determined, in practice a conventional true value is used [see VIM:1993,
definitions 1.19 (B.2.3) and 1.20 (B.2.4)].

NOTE 2  When it is necessary to distinguish “error” from “relative error”, the former is sometimes called absolute error
of measurement. This should not be confused with absolute value of error, which is the modulus of the error.

[VIM:1993, definition 3.10]
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Guide Comment: If the result of a measurement depends on the values of quantities other than the
measurand, the errors of the measured values of these quantities contribute to the error of the result of the
measurement. Also see the Guide Comment to B.2.22 and to B.2.3.

B.2.20
relative error
error of measurement divided by a true value of the measurand

NOTE Since a true value cannot be determined, in practice a conventional true value is used [see VIM:1993,
definitions 1.19 (B.2.3) and 1.20 (B.2.4)].

[VINI: 1993, definition 3.12]

Guifle Comment: See the Guide Comment to B.2.3.
B.2{21

ranglom error

resyllt of a measurement minus the mean that would result from an infinite number of measurements of the
same measurand carried out under repeatability conditions

NOTE 1 Random error is equal to error minus systematic error.

NOTE 2 Because only a finite number of measurements can be madeyit\is possible to determine only ap estimate of
random error.

[VIMI: 1993, definition 3.13]
Guifle Comment: See the Guide Comment to B.2.22.

B.2{22
sys{ematic error

medn that would result from an infinite number of measurements of the same measurand carriefl out under
repgatability conditions minus a true value of‘the measurand

NOTE 1 Systematic error is equal to error minus random error.

NOTE 2 Like true value, systematic-error and its causes cannot be completely known.
NOTE 3  For a measuring instrument, see “bias” (VIM:1993, definition 5.25).

[VIMI: 1993, definition.3.14]

Guigle Comment:-The error of the result of a measurement (see B.2.19) may often be considerefl as arising
fromp a numberf random and systematic effects that contribute individual components of error to|the error of
the result. Alse see the Guide Comment to B.2.19 and to B.2.3.
B.2J23

correction

value added algebraically to the uncorrected result of a measurement to compensate for systematic error

NOTE 1 The correction is equal to the negative of the estimated systematic error.
NOTE 2  Since the systematic error cannot be known perfectly. the compensation cannot be complete.

[VIM:1993, definition 3.15]
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B.2.24

correction factor

numerical factor by which the uncorrected result of a measurement is multiplied to compensate for systematic
error

NOTE Since the systematic error cannot be known perfectly, the compensation cannot be complete.

[VIM:1993, definition 3.16]
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Annex C

Basic statistical terms and concepts

Source of definitions

3534-1:1993* [7]. This should be the first source consulted for the definitions of terms nat.ing
ne of these terms and their underlying concepts are elaborated upon in C.3 following the)pre
- formal definitions in C.2 in order to facilitate further the use of this Guide. Howeyery C.3,
Ides the definitions of some related terms, is not based directly on ISO 3534-1:1993.

Definitions

n Clause 2 and Annex B, the use of parentheses around certain words of some terms mes
s may be omitted if this is unlikely to cause confusion.

| Standard
luded here.
sentation of
which also

ns that the

Terms C.2.1 to C.2.14 are defined in terms of the properties of populations. The definitions of terms C.2.15 to

C.2

C.2
pro
are

NOT
For

[1S4

C.2
ran

variate

av

probability distribution [ISO 3534-1:1993, definition 1.3 (C.2.3)]

NOT1
take

NOT

[1Sq

31 are related to a set of observations (see Reference [7]).
1
bability

al number in the scale 0 to 1 attached to a randomrevent

E It can be related to a long-run relative frequéncy of occurrence or to a degree of belief that an evg
h high degree of belief, the probability is near 1:

3534-1:1993, definition 1.1]

2
Hom variable

priable that may take_any of the values of a specified set of values and with which is a
E1 A randaom ‘variable that may take only isolated values is said to be “discrete”. A random variabl
any value within a finite or infinite interval is said to be “continuous”.
E 2 _The’probability of an event A is denoted by Pr(A) or P(A).

3534-1:1993, definition 1.2]

nt will occur.

sociated a

e which may

Guide Comment: The symbol Pr(A) is used in this Guide in place of the symbol P (A) used in

ISO

3534-1:1993.

*

Footnote to the 2008 version:

ISO 3534-1:1993 has been cancelled and replaced by ISO 3534-1:2006. Note that some of the terms and definitions have
been revised. For further information, see the latest edition.
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C.23

probability distribution (of a random variable)
a function giving the probability that a random variable takes any given value or belongs to a given set of

values

NOTE

The probability on the whole set of values of the random variable equals 1.

[1SO 3534-1:1993, definition 1.3]

C.24

distribution function

a function ¢

F(x)
[1SO 3534-

C.25
probability
the derivati

/(%) 7

NOTE 1

f(x)d)(
[ISO 3534-

C.2.6
probability]
a function d
equals x;:

P

Pi
[ISO 3534-
Cc.2.7
parameter
a quantity U
[ISO 3534-
C.2.8

correlation
the relation

iving, for every value x, the probability that the random variable X be less than or equal to x:

Pr(X <x)

:1993, definition 1.4]

density function (for a continuous random variable)
e (when it exists) of the distribution function:

dF(x)/dx

(x)dx is the “probability element”:

:Pr(x<X<x+dx)

:1993, definition 1.5]

mass function
iving, for each value x; of a discrete randem'variable X, the probability p; that the random vari

(X=xi)

:1993, definition 1.6]

sed in describing the probability distribution of a random variable

:1993, definition 1.12]

5hip’ between two or several random variables within a distribution of two or more random varia

bble

Dles

NOTE

Most statistical measures of correlation measure only the degree of linear relationship.

[ISO 3534-1:1993, definition 1.13]
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C.29

expectation (of a random variable or of a probability distribution)
expected value

mean

1) For a discrete random variable X taking the values x; with the probabilities p;, the expectation, if it exists, is
Iu=E(X)=Zpixi
the sum being extended over all the values x; which can be taken by X.
2) For a continuous random variable X having the probability density function f(x), the expectation, if it exists, is
p=E(X)=[xf(x)dx

the integral being extended over the interval(s) of variation of X.

[ISQ 3534-1:1993, definition 1.18]

C.2/10

centred random variable

a random variable the expectation of which equals zero
NOTE If the random variable X has an expectation equal to x4, the corresponding centred random variablg is (X — u).
[1ISQ 3534-1:1993, definition 1.21]
C.2{11

varijance (of a random variable or of a probability distribution)
the pxpectation of the square of the centred random variable [ISO 3534-1:1993, definition 1.21 (C.2.10)]:

o? =V (X)= E{[X—E(X)]Z}

[ISQ 3534-1:1993, definition 1.22]

C.2[12
standard deviation (of a random-variable or of a probability distribution)
the positive square root of the_variance:

o=,V(X)
[1ISO 3534-1:1993; definition 1.23]
C.213

central moement 2) of order ¢
in alunivariate distribution, the expectation of the ¢gth power of the centred random variable (X — w):

o]

NOTE The central moment of order 2 is the variance [ISO 3534-1:1993, definition 1.22 (C.2.11)] of the random
variable X.

[ISO 3534-1:1993, definition 1.28]

2) If, in the definition of the moments, the quantities X, X—a, Y, Y — b, etc. are replaced by their absolute values, i.e. |X|
| X=al, | 7|, | Y- b|, etc., other moments called “absolute moments” are defined.
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C.214

normal distribution
Laplace-Gauss distribution
the probability distribution of a continuous random variable X, the probability density function of which is

S(x)=

1

—exp[

1

2

x—p
o

o\2m

]

for —oo < x < 400,

NOTE

L
[ISO 3534-

C.2.15

characteristic

a property v
NOTE i
[1ISO 3534-

C.2.16
population

the totality ¢f items under consideration

NOTE |
considered t

[ISO 3534-

C.2.17
frequency
the number

[ISO 3534-

C.2.18

frequency
the empirig
frequencies

NOTE
(1SO 3534-1
table (ISO 3§

1

[ISO 3534-

is the expectation and o is the standard deviation of the normal distribution

1993, definition 1.37]

Vhich helps to identify or differentiate between items of a given population
[he characteristic may be either quantitative (by variables) or qualitative (by attributes):

:1993, definition 2.2]

h the case of a random variable, the probability distribution [ISO 3534-1:1993, definition 1.3 (C.2.3
b define the population of that variable.

:1993, definition 2.3]

of occurrences of a given type of event or the number of observations falling into a specified cl

:1993, definition 2.11]

distribution
al relationship between the values of a characteristic and their frequencies or their relg

'he distribution.thay be graphically presented as a histogram (1ISO 3534-1:1993, definition 2.17), bar
1993, definition 2.18), cumulative frequency polygon (ISO 3534-1:1993, definition 2.19), or as a two
34-1:1993, definition 2.22).

11993, definition 2.15]

ASS

tive

hart
way

C.2.19

arithmetic mean

average

the sum of values divided by the number of values

NOTE 1

referring to the result of a calculation on the data obtained in a sample.

NOTE 2

The term “mean” is used generally when referring to a population parameter and the term “average” when

The average of a simple random sample taken from a population is an unbiased estimator of the mean of this

population. However, other estimators, such as the geometric or harmonic mean, or the median or mode, are sometimes

used.

[ISO 3534-1:1993, definition 2.26]
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C.2.20

variance

a measure of dispersion, which is the sum of the squared deviations of observations from their average
divided by one less than the number of observations

EXAMPLE For n observations x4, xy, ..., x, with average
X = (1/n)2xl~
the variance is
§2 = ! V(»—f\z
n—1""

NOTE 1 The sample variance is an unbiased estimator of the population variance.
NOTE 2  The variance is n/(n — 1) times the central moment of order 2 (see note to ISO 3534241993, definjtion 2.39).

[1ISQ 3534-1:1993, definition 2.33]

Guifle Comment: The variance defined here is more appropriately designaiéd the “sample estimate of the
popplation variance”. The variance of a sample is usually defined to be the central moment of orfler 2 of the
sample (see C.2.13 and C.2.22).

C.2]21

standard deviation

the positive square root of the variance

NOTE The sample standard deviation is a biased estimator of the population standard deviation.
[1ISQ 3534-1:1993, definition 2.34]

C.2)22

central moment of order ¢

in a| distribution of a single characteristi¢, the arithmetic mean of the ¢gth power of the difference hetween the
obsprved values and their average .

¥ (w5

whdre n is the number-ofobservations
NOTE The central moment of order 1 is equal to zero.

[1ISQ 3534-1(1993, definition 2.37]

C.2{23
statfistic
a function of the sample random variables

NOTE A statistic, as a function of random variables, is also a random variable and as such it assumes different
values from sample to sample. The value of the statistic obtained by using the observed values in this function may be
used in a statistical test or as an estimate of a population parameter, such as a mean or a standard deviation.

[ISO 3534-1:1993, definition 2.45]

C.2.24

estimation

the operation of assigning, from the observations in a sample, numerical values to the parameters of a
distribution chosen as the statistical model of the population from which this sample is taken
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NOTE
definition 2.5

1 (C.2.26)] or as an interval estimate [see ISO 3534-1:1993, definitions 2.57 (C.2.27) and 2.58 (C.2.28)].

[ISO 3534-1:1993, definition 2.49]

C.2.25
estimator

a statistic used to estimate a population parameter

[1SO 3534-1:1993, definition 2.50]

A result of this operation may be expressed as a single value [point estimate; see 1SO 3534-1:1993,

C.2.26
estimate
the value of

[ISO 3534-

C.2.27
two-sided
when T ar
estimated,
and less th

NOTE1 ]
such will gen

NOTE2 |
is covered by

[ISO 3534-

C.2.28

one-sided
when T'is &
probability #
positive ang
the largest

NOTE1 ]
generally ass

d

\

NOTE 2
[ISO 3534-

C.2.29
confidencg

an estimator obtained as a result of an estimation

1993, definition 2.51]

confidence interval

d T, are two functions of the observed values such that, 9 being a population parameter g
he probability Pr(Ty < 8 < Ty) is at least equal to (1 — &) [where (1 - @) is a fixed number, pos
n 1], the interval between T, and T, is a two-sided (1 - &) confideneg interval for 6

[he limits T4 and T, of the confidence interval are statistics [ISO 3534<1:1993, definition 2.45 (C.2.23)] an
erally assume different values from sample to sample.

h a long series of samples, the relative frequency of cases where the true value of the population parame]
the confidence interval is greater than or equal to (1 — )

:1993, definition 2.57]
confidence interval
function of the observed values suel’that, 6 being a population parameter to be estimated,
Pr(T > @) [or the probability Pr(T < )] is at least equal to (1 — &) [where (1 — &) is a fixed num
less than 1], the interval from the smallest possible value of 8 up to T (or the interval from T U
bossible value of 8) is a one-sided (1 — &) confidence interval for 6
ume different values from sample to sample.

bee Note 2 of ISO\3534-1:1993, definition 2.57 (C.2.27).

:1993, definition 2.58]

coefficient

be
tive

d as

ter 6

the
ber,
p to

[he limit 7 of the confidence interval is a statistic [ISO 3534-1:1993, definition 2.45 (C.2.23)] and as suclp will

confidence

 level

the value (1 — a) of the probability associated with a confidence interval or a statistical coverage interval
[See ISO 3534-1:1993, definitions 2.57 (C.2.27), 2.58 (C.2.28) and 2.61 (C.2.30).]

NOTE (

1 - o) is often expressed as a percentage.

[ISO 3534-1:1993, definition 2.59]

C.2.30

statistical coverage interval
an interval for which it can be stated with a given level of confidence that it contains at least a specified
proportion of the population
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NOTE 1 When both limits are defined by statistics, the interval is two-sided. When one of the two limits is not finite or
consists of the boundary of the variable, the interval is one-sided.

NOTE 2  Also called “statistical tolerance interval”. This term should not be used because it may cause confusion with
“tolerance interval” which is defined in ISO 3534-2:1993.

[ISO 3534-1:1993, definition 2.61]
C.2.31

degrees of freedom
in general, the number of terms in a sum minus the number of constraints on the terms of the sum

[1ISQ 3534-1:1993, definition 2.85]

C.3 Elaboration of terms and concepts

C.3[1 Expectation

The expectation of a function g(z) over a probability density function p(z) ofthe’random variable z is|defined by
E[g(z)] = J.g(z)p(z)dz

whgre, from the definition of p(z), [p(z)dz = 1. The expectation of the random variable z, denoted|by ., and
whic¢h is also termed the expected value or the mean of z, is given by

U.=E(z)= Izp(z)dz

It i estimated statistically by z, the arithmetic mean or average of »n independent observations z; of the
random variable z, the probability density function’of which is p(z):

C.3/.2 Variance

The variance of a random variable is the expectation of its quadratic deviation about its expectatign. Thus the

varignce of random variable z with probability density function p(z) is given by
2

o?(2)= [(z<2)” p(2)az

where u, is the'expectation of z. The variance 02(z) may be estimated by

and the z; are n independent observations of z.

NOTE 1 The factor n — 1 in the expression for s2(z;) arises from the correlation between z; and z and reflects the fact
that there are only n — 1 independent items in the set {z; -z }.
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NOTE 2

$2(z;) =

If the expectation u, of z is known, the variance may be estimated by

I | =

n
2
(Zi —,le)
i=1

1

The variance of the arithmetic mean or average of the observations, rather than the variance of the individual
observations, is the proper measure of the uncertainty of a measurement result. The variance of a variable z
should be carefully distinguished from the variance of the mean z. The variance of the arithmetic mean of a
series of n independent observations z; of z is given by 02(2) = az(zi )/n and is estimated by the experimental

variance of

the mean

S2 (Z
C.3.3 Sta
The standa
obtained by

determining
then to obtg

C.3.4 Coy

The covarig

) E

sz(zi) 1 u _.2
=n(n—1) Zi_z)

(

n

i=1

hdard deviation
rd deviation is the positive square root of the variance. Whereas a Type A standard uncertain
taking the square root of the statistically evaluated variance, it is ofténymore convenient w

a Type B standard uncertainty to evaluate a nonstatistical equivalent standard deviation first
in the equivalent variance by squaring the standard deviation.

ariance

nce of two random variables is a measure of their mutdal dependence. The covariance of ran

y is
hen
and

jom

hlso
ous

variables y gnd z is defined by
cov(y, z) = cov(z, y) = E{[y—E(y)J[z—E(z)]}
which leadq to
cov(y|z) =cov(z, y)
= J.I(y_ﬂy)(z_ﬂz)p(y' Z)dydz
= IIyZp(y, z)dydz — g p1,
where p(y, 1) is the joint probability density function of the two variables y and z. The covariance cov(y, z) [
denoted by v(y,z)] may be estimated by s(y,, z;) obtained from n independent pairs of simultang
observations y; and z; of y andz;
1 n
s(vizf) = n_12(yj ~3)( - 2)
j:
where
_ 185
y= ;iL:{J/i
and

NOTE

The estimated covariance of the two means » and z is given by s(¥,z)=s(y;, z;)/n.
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C.3.5 Covariance matrix
For a multivariate probability distribution, the matrix ¥ with elements equal to the variances and covariances

of the variables is termed the covariance matrix. The diagonal elements, v(z, z) = 62(z) or S(z;, z;) = sz(zi), are
the variances, while the off-diagonal elements, v(y, z) or s(y;, z;), are the covariances.

C.3.6 Correlation coefficient

The correlation coefficient is a measure of the relative mutual dependence of two variables, equal to the ratio
of their covariances to the positive square root of the product of their variances. Thus

v(yz)  _ v(n2)
v(y, y)v(z2) o(¥)o(z)

p(»z)=p(zy)=

with estimates

s(ir zi) _ s(vizi)
s(yi,yi)s(zi,zi) S(yi)s(zi)

r(yi,zi)=r(zi,yl-)=\/

The correlation coefficient is a pure number such that -1 < p < +1 or -1 <4(y;, z;) < +1.
NOTE 1 Because p and r are pure numbers in the range —1 to +1 inclusive, while covariances are usudlly quantities
with| inconvenient physical dimensions and magnitudes, correlation<"¢oefficients are generally more |useful than

covariances.

NOTE 2  For multivariate probability distributions, the correfation coefficient matrix is usually given in |place of the
covgriance matrix. Since p(y, y) =1 and r(y;, ;) = 1, the diagenahelements of this matrix are unity.

NOTE 3  If the input estimates x; and x; are correlatéd.{see 5.2.2) and if a change &; in x; produces a chpnge &; in x;,
then the correlation coefficient associated with x; and xpis estimated approximately by

() =u(x)3, [l )3

Thig relation can serve as a basis for estimating correlation coefficients experimentally. It can also be used to|calculate the
approximate change in one input estimaté_due to a change in another if their correlation coefficient is known.

C.3[7 Independence

Twaq random variables are. statistically independent if their joint probability distribution is the product of their
indiyidual probability distributions.

NOTE If twowrandom variables are independent, their covariance and correlation coefficient are Zero, but the
conyerse is notfiecessarily true.

C.3.8 The r-distribution; Student's distribution

Th alateil, L [aYraon| Fi ciateila, L1 + 4l laalailit cliateil . b £ F'H ol 1 bl
SUSNoutuurnT Ul OluucTit o UToUToutivunT 1o U Pprouduliity UistuTtoutivlt Ul a CUTTUTTUUU S TarTdul variable ¢

whose probability density function is

] r(vz”j 2 )2
= {1+—]

, —o0< <400

where T is the gamma function and v > 0. The expectation of the sdistribution is zero and its variance is
vli(v—2) for v>2. As v — oo, the ¢-distribution approaches a normal distribution with £x=0 and o =1 (see
C.2.14).
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The probability distribution of the variable (z —u,)/s(z) is the #distribution if the random variable z is normally
distributed with expectation x,, where z is the arithmetic mean of » independent observations z; of z, s(z;) is
the experimental standard deviation of the n observations, and s(z) =s(z,-)/\/; is the experimental standard
deviation of the mean z with v=n — 1 degrees of freedom.
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Annex D

“True” value, error, and uncertainty

The term true value (B.2.3) has traditionally been used in publications on uncertainty but not in this Guide for
the reasons presented in this annex. Because the terms “measurand”, “error”, and “uncertainty” are frequently
misunderstood, this annex also provides additional discussion of the ideas underlying them to supplement the
discussion given in Clause 3. Two figures are presented to illustrate why the concept of uncertainty adopted in
this|Guide is based on the measurement result and its evaluated uncertainty rather than on the iinknowable

quaptities “true” value and error.

D.1 The measurand

D.1{1 The first step in making a measurement is to specify the measurand —the quantity to bg measured;
the measurand cannot be specified by a value but only by a description of a“quantity. However, in|principle, a
megsurand cannot be completely described without an infinite amount ofsinformation. Thus, to thg extent that
it lepves room for interpretation, incomplete definition of the measurand-introduces into the uncerfainty of the
resylt of a measurement a component of uncertainty that may er\may not be significant relative to the
accyracy required of the measurement.

D.1{2 Commonly, the definition of a measurand specifies ceftain physical states and conditions.

EXAMPLE The velocity of sound in dry air of composition\(mole fraction) N, = 0,780 8, O, = 0,209 5, Ar = 0,009 35,
and|CO, = 0,000 35 at the temperature 7= 273,15 K and pressure p = 101 325 Pa.

D.2 The realized quantity

D.2{1 Ideally, the quantity realized for~measurement would be fully consistent with the defirfition of the
megsurand. Often, however, such a~quantity cannot be realized and the measurement is performed on a
quatity that is an approximation of the measurand.

D.3 The “true” value and the corrected value

D.3{1 The result ¢6f the measurement of the realized quantity is corrected for the difference bgtween that
quaptity and the_measurand in order to predict what the measurement result would have been if the realized
quaptity had g fact fully satisfied the definition of the measurand. The result of the measurement of the
realjized quantity is also corrected for all other recognized significant systematic effects. Although the final
corrfected fesult is sometimes viewed as the best estimate of the “true” value of the measurand, ip reality the
resylt.is simply the best estimate of the value of the quantity intended to be measured.

D.3.2 As an example, suppose that the measurand is the thickness of a given sheet of material at a
specified temperature. The specimen is brought to a temperature near the specified temperature and its
thickness at a particular place is measured with a micrometer. The thickness of the material at that place and
temperature, under the pressure applied by the micrometer, is the realized quantity.

D.3.3 The temperature of the material at the time of the measurement and the applied pressure are
determined. The uncorrected result of the measurement of the realized quantity is then corrected by taking
into account the calibration curve of the micrometer, the departure of the temperature of the specimen from
the specified temperature, and the slight compression of the specimen under the applied pressure.
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D.3.4 The corrected result may be called the best estimate of the “true” value, “true” in the sense that it is
the value of a quantity that is believed to satisfy fully the definition of the measurand; but had the micrometer
been applied to a different part of the sheet of material, the realized quantity would have been different with a
different “true” value. However, that “true” value would be consistent with the definition of the measurand
because the latter did not specify that the thickness was to be determined at a particular place on the sheet.
Thus in this case, because of an incomplete definition of the measurand, the “true” value has an uncertainty
that can be evaluated from measurements made at different places on the sheet. At some level, every
measurand has such an “intrinsic” uncertainty that can in principle be estimated in some way. This is the
minimum uncertainty with which a measurand can be determined, and every measurement that achieves such
an uncertainty may be viewed as the best possible measurement of the measurand. To obtain a value of the

quantity in question having a smaller uncertainty requires that the measurand be more completely defined.

NOTE 1 |
affect the thi
supported, e

NOTE2 4

Ckness: the barometric pressure, the humidity, the attitude of the sheet in the gravitational field, the)wa
C.

h the example, the measurand's specification leaves many other matters in doubt that might cohceiably

it is

Although a measurand should be defined in sufficient detail that any uncertainty arising(from its incomplete

definition is megligible in comparison with the required accuracy of the measurement, it must be recognized that this [may

not always H
may have bg
whose impe
implies infini
conditions, d

NOTE3 |

e plane waves of vanishingly small amplitude. To the extent that the measurement does not meet t
ffraction and nonlinear effects need to be considered.

hadequate specification of the measurand can lead to discrepancies-between the results of measuremen

e practicable. The definition may, for example, be incomplete because it does not.'specify parameters|that
en assumed, unjustifiably, to have negligible effect; or it may imply conditions that can never be fully metiand
fect realization is difficult to take into account. For instance, in the example_of*D.1.2, the velocity of spund

ese

ts of

ostensibly the same quantity carried out in different laboratories.
D.3.5 Thg term “true value of a measurand” or of a quantity (often truncated to “true value”) is avoided in
this Guide |because the word “true” is viewed as redundant/ “Measurand” (see B.2.9) means “partiqular

quantity subject to measurement”, hence “value of a measutand” means “value of a particular quantity suh

to measure
(see B.2.1,
unnecessali
quantity). In

D.4 Erro

A corrected
imperfect m
inadequate
physical ph
measurand
the measur
thickness ¢
measuremse

ment”. Since “particular quantity” is generally tinderstood to mean a definite or specified qua
Note 1), the adjective “true” in “true value.'of a measurand” (or in “true value of a quantity
y — the “true” value of the measurand (or quantity) is simply the value of the measurand
addition, as indicated in the discussion-above, a unique “true” value is only an idealized conce

measurement result is ‘not the value of the measurand — that is, it is in error — becaus
easurement of the realized quantity due to random variations of the observations (random effe
determination of (the corrections for systematic effects, and incomplete knowledge of ce
enomena (also Systematic effects). Neither the value of the realized quantity nor the value of
can ever be Known exactly; all that can be known is their estimated values. In the example ab
ed thickness-of the sheet may be in error, that is, may differ from the value of the measurand
f the sheet), because each of the following may combine to contribute an unknown error to
nt result:

ject
htity
) is
(or
pt.

b of
Cts),
tain
the
bve,
(the
the

a) slight g

ifferences between the indications of the micrometer when it is repeatedly applied to the same

realized quantity;

b)

d)

imperfect calibration of the micrometer;

imperfect measurement of the temperature and of the applied pressure;

or the micrometer or both.

incomplete knowledge of the effects of temperature, barometric pressure, and humidity on the specimen
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D.5 Uncertainty

D.5.1 Whereas the exact values of the contributions to the error of a result of a measurement are unknown
and unknowable, the uncertainties associated with the random and systematic effects that give rise to the
error can be evaluated. But, even if the evaluated uncertainties are small, there is still no guarantee that the
error in the measurement result is small; for in the determination of a correction or in the assessment of
incomplete knowledge, a systematic effect may have been overlooked because it is unrecognized. Thus the
uncertainty of a result of a measurement is not necessarily an indication of the likelihood that the
measurement result is near the value of the measurand; it is simply an estimate of the likelihood of nearness

to the best value that is consistent with presently available knowledge.

D.5
rest
that
with

2 Uncertainty of measurement is thus an expression of the fact that, for a given measurand
It of measurement of it, there is not one value but an infinite number of values dispersed.abo

varying degrees of credibility can be attributed to the measurand.
D.5

doe
are

3 It is fortunate that in many practical measurement situations, much of the discussion of
5 not apply. Examples are when the measurand is adequately well defined; when standards or
calibrated using well-known reference standards that are traceable to natighal standards; an

hnd a given
it the result

are consistent with all of the observations and data and one's knowledge of the physical’worfld, and that

this annex
nstruments
d when the

brtainties of the calibration corrections are insignificant compared to the ‘uncertainties arising f
cts on the indications of instruments, or from a limited number of observations (see E.4.3). N
mplete knowledge of influence quantities and their effects can“.often contribute signific3
brtainty of the result of a measurement.

unc
effe
incd
unc

D.§ Graphical representation

D.6{1 Figure D.1 depicts some of the ideas discussed in Clause 3 of this Guide and in th
illustrates why the focus of this Guide is uncertainty and not error. The exact error of a
measurement is, in general, unknown and unknowable. All one can do is estimate the valu
quatities, including corrections for recognized, systematic effects, together with their standard u
(estimated standard deviations), either fromiunknown probability distributions that are sampled b
repg¢ated observations, or from subjectivéZor a priori distributions based on the pool of available
and|then calculate the measurement result from the estimated values of the input quantities and th
stanjdard uncertainty of that result from the standard uncertainties of those estimated values. Only

1om random

vertheless,
ntly to the

s annex. It
result of a
es of input
ncertainties
y means of
nformation;
e combined
if there is a

sound basis for believing that all-ofthis has been done properly, with no significant systematic effects having

beeh overlooked, can one assume that the measurement result is a reliable estimate of the
meagsurand and that its combined standard uncertainty is a reliable measure of its possible error.

NOTE 1
Figyre 1 b)].

NOTE 2  The{gorrection for an error is equal to the negative of the estimate of the error. Thus in Figur
Figure D.2 as(well, an arrow that illustrates the correction for an error is equal in length but points in the oppd
to the arrow-that would have illustrated the error itself, and vice versa. The text of the figure makes clear
illustrates a correction or an error.

In Figure DA @), the observations are shown as a histogram for illustrative purposes [se

alue of the

e 4.4.3 and

p D.1, and in
site direction
f a particular

D.6.2 Figure D.2 depicts some of the same ideas illustrated in Figure D.T but in a different way.

Moreover, it

also depicts the idea that there can be many values of the measurand if the definition of the measurand is
incomplete [entry g) of Figure D.2]. The uncertainty arising from this incompleteness of definition as measured
by the variance is evaluated from measurements of multiple realizations of the measurand, using the same
method, instruments, etc. (see D.3.4).

NOTE In the column headed “Variance”, the variances are understood to be the variances ulz(y) defined in
Equation (11a) in 5.1.3; hence they add linearly as shown.
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uncertainty of the corrected
mean
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to the dispersion of the
observations and the
uncertainty of the applied
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MEASURAND

b) Ideal concepts based on unknowable quantities

Figure D.1 — Graphical illustration of value, error, and uncertainty
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Figure D.2 — Graphical illustration of values, error, and uncertainty
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Annex E
Motivation and basis for Recommendation INC-1 (1980)
This annex gives a brief discussion of both the motivation and statistical basis for Recommendation

INC-1 (1980) of the Working Group on the Statement of Uncertainties upon which this Guide rests. For further
discussion, see References [1, 2, 11, 12].

E.1 “Safe”, “random”, and “systematic”

E.1.1  This Guide presents a widely applicable method for evaluating and expressing, uncertainty in
measuremgnt. It provides a realistic rather than a “safe” value of uncertainty based on the €oncept that tmere
is no inhergnt difference between an uncertainty component arising from a random effect.and one arising from
a correctior) for a systematic effect (see 3.2.2 and 3.2.3). The method stands, therefore,-ih contrast to ceftain
older methqds that have the following two ideas in common.

E.1.2 The first idea is that the uncertainty reported should be “safe” or “conservative”, meaning that it rhust
never err op the side of being too small. In fact, because the evaluation of the*uncertainty of a measurement
result is prgblematic, it was often made deliberately large.

E.1.3 The second idea is that the influences that give rise to uncertainty were always recognizable as either
‘random” of “systematic” with the two being of different natures;the uncertainties associated with each were
to be combjned in their own way and were to be reported separately (or when a single number was required,
combined in some specified way). In fact, the method of combining uncertainties was often designed to satisfy
the safety requirement.

E.2 Justjfication for realistic uncertainty evaluations

E.2.1 When the value of a measurand is,réported, the best estimate of its value and the best evaluatign of
the uncertainty of that estimate must be.given, for if the uncertainty is to err, it is not normally possible to
decide in which direction it should err safely”. An understatement of uncertainties might cause too much {rust
to be placed in the values reported,)with sometimes embarrassing or even disastrous consequences. A
deliberate gverstatement of uncertainties could also have undesirable repercussions. It could cause userls of
measuring lequipment to purchase instruments that are more expensive than they need, or it could cquse
costly prodiicts to be discarded-unnecessarily or the services of a calibration laboratory to be rejected.

E.2.2 That is not to say-that those using a measurement result could not apply their own multiplicative fgdctor
to its stated uncertainty in order to obtain an expanded uncertainty that defines an interval having a speci|fied
level of confidence-and that satisfies their own needs, nor in certain circumstances that institutions provigling
measuremgnt results could not routinely apply a factor that provides a similar expanded uncertainty [that
meets the peeds of a particular class of users of their results. However, such factors (always to be stated)
must be applied to the uncertainty as determined by a realistic method, and only affer the uncertainty has
been so determined, so that the interval defined by the expanded uncertainty has the level of confidence
required and the operation may be easily reversed.

E.2.3 Those engaged in measurement often must incorporate in their analyses the results of measurements
made by others, with each of these other results possessing an uncertainty of its own. In evaluating the
uncertainty of their own measurement result, they need to have a best value, not a “safe” value, of the
uncertainty of each of the results incorporated from elsewhere. Additionally, there must be a logical and
simple way in which these imported uncertainties can be combined with the uncertainties of their own
observations to give the uncertainty of their own result. Recommendation INC-1 (1980) provides such a way.
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E.3 Justification for treating all uncertainty components identically

The focus of the discussion of this subclause is a simple example that illustrates how this Guide treats
uncertainty components arising from random effects and from corrections for systematic effects in exactly the
same way in the evaluation of the uncertainty of the result of a measurement. It thus exemplifies the viewpoint
adopted in this Guide and cited in E.1.1, namely, that all components of uncertainty are of the same nature
and are to be treated identically. The starting point of the discussion is a simplified derivation of the
mathematical expression for the propagation of standard deviations, termed in this Guide the law of
propagation of uncertainty.

E.3.1__1 et the output quantity =f(w‘I W va) depend on N input quantities wy_ws w,., where each w;
is described by an appropriate probability distribution. Expansion of f about the expectationg of the w,
E(w}) = u;, in a first-order Taylor series yields for small deviations of z about , in terms of small deviations of
w; apout ;,

N
=3 () e

=177

whgre all higher-order terms are assumed to be negligible and u, =f(u3/45, ..., ty). The sqpare of the
devlation z — x_ is then given by

N

2
(-, ) {Z%(Wi—m)] (E-2a)
i=1 1

whi¢th may be written as

N 2 N-1 N
2 of af . af
(z-u.) _Z‘[W] W) 23 Y 2 D (w; =) (w; =) (E.2b)
i=1 i i=1 j=i+1
Thel expectation of the squared deviation (z—,uz)2 is the variance of z, that is, E[(z uz) l=0 2 , and thus
Equation (E.2b) leads to
az—i— o; +222i—af00-p~- (E.3)
: i=1 aW i= 1]—1+1aw aw Y '

In this expression, 01-2 =E[(w; —,u,-)z] is the variance of w; and Pij = v( j)/(azajz) is thg correlation
coefficient of w, and W, where v(w;, wj) =E[(w; - ﬂi)(Wj - ,uj)] is the covariance of w; and w;.

NOTE 1 o-f and o-,2 are, respectively, the central moments of order 2 (see C.2.13 and C.2.22) of the probability
distgbutions of £Jand w;. A probability distribution may be completely characterized by its expectation, Variance, and
higher-order central moments.

is identical to Equation (E.3) except that Equation (13) is expressed in terms of estimates of the variandes, standard

NOTE 2 \_JEquation (13) in 5.2.2 [together with Equation (15)], which is used to calculate combined standarqéuncertainty,
deviations;amdcorretatiorrcoefficients:

E.3.2 In the traditional terminology, Equation (E.3) is often called the “general law of error propagation”, an
appellation that is better applied to an expression of the form Az = Z £1(af/8wi)Awi, where Az is the change
in z due to (small) changes Aw; in the w; [see Equation (E.8)]. In fact, it is appropriate to call Equation (E.3) the
law of propagation of uncertainty as is done in this Guide because it shows how the uncertainties of the input
quantities w;, taken equal to the standard deviations of the probability distributions of the w;, combine to give
the uncertainty of the output quantity z if that uncertainty is taken equal to the standard deviation of the
probability distribution of z.
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E.3.3 Equation (E.3) also applies to the propagation of multiples of standard deviations, for if each standard
deviation o; is replaced by a multiple ko;, with the same k for each o;, the standard deviation of the output
quantity z is replaced by ko,. However, it does not apply to the propagation of confidence intervals. If each o;
is replaced with a quantity J; that defines an interval corresponding to a given level of confidence p, the
resulting quantity for z, ., will not define an interval corresponding to the same value of p unless all of the w;
are described by normal distributions. No such assumptions regarding the normality of the probability
distributions of the quantities w; are implied in Equation (E.3). More specifically, if in Equation (10) in 5.1.2
each standard uncertainty «(x;) is evaluated from independent repeated observations and multiplied by the
t-factor appropriate for its degrees of freedom for a particular value of p (say p = 95 percent), the uncertainty of
the estimate y will not define an interval corresponding to that value of p (see G.3 and G.4).

NOTE
reasons for
assumed to

E.3.4 Consider the following example: z depends on only one input quantity w, z=/(¥), where )

estimated
observation

Wi =0

Here o is a
The offset
characteriz

The best eg

_ 14
w=—
nA

The quantit
obtained fri
z=f(w)=
o _,
x
9 _]
af 1
and
o _
dqy

he requirement of normality when propagating confidence intervals using Equation (E.3) may be oné’g
he historic separation of the components of uncertainty derived from repeated observations, which

e normally distributed, from those that were evaluated simply as upper and lower bounds.

by averaging » values w; of w; these n values are obtained from » independent repe
s g, of a random variable ¢; and w; and g, are related by

+ Bqy (

constant “systematic” offset or shift common to each observation,\and g is a common scale fa

timate of w is the arithmetic mean or average w obtained from
i 1<
>_%Wk =;;(05+ﬂ%)

y z is then estimated by f(w) = f(&, B34, 92, --- q,,) and the estimate u2(z) of its variance o2
bm Equation (E.3). If for simplicity\it“is assumed that z=w so that the best estimate of
v, then the estimate 12(z) can be readily found. Noting from Equation (E.5) that

and the scale factor, although fixed during the course of the'observations, are assumed tq
bd by a priori probability distributions, with & and S the best estimates of the expectations of th
distributiong.

f the
vere

is
hted

E.4)

Ctor.
be
ese

E.5)

C) is
z is

denoting the estimated variances of o and S by u2(c) and u?(5), respectively, and assuming that the
individual observations are uncorrelated, one finds from Equation (E.3)

u?(2)

232(%)
n

u? (a)+ 672142(,5)+ﬂ

(E.8)

where sz(qk) is the experimental variance of the observations ¢, calculated according to Equation (4) in 4.2.2,

and s%(q;)

/n 252((7) is the experimental variance of the mean ¢ [Equation (5) in 4.2.3].
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E.3.5 In the traditional terminology, the third term on the right-hand side of Equation (E.6) is called a
“random” contribution to the estimated variance u2(z) because it normally decreases as the number of
observations n increases, while the first two terms are called “systematic” contributions because they do not
depend on n.

Of more significance, in some traditional treatments of measurement uncertainty, Equation (E.6) is questioned
because no distinction is made between uncertainties arising from systematic effects and those arising from
random effects. In particular, combining variances obtained from a priori probability distributions with those
obtained from frequency-based distributions is deprecated because the concept of probability is considered to
be applicable only to events that can be repeated a large number of times under essentially the same
conditions, with the probability p of an event (0 < p < 1) indicating the relative frequency with which the event
will pccur.

bability is a
h chance of
bceurring is

bntrast to this frequency-based point of view of probability, an equally valid viewpoint isithat prg
sure of the degree of belief that an event will occur [13, 14]. For example, supposerene has

ing a small sum of money D and one is a rational bettor. One's degree of beliefiri event 4

D,5 if one is indifferent to these two betting choices:

In ¢
me
win
p =

1) |receiving D if event 4 occurs but nothing if it does not occur;

2) |receiving D if event 4 does not occur but nothing if it does occur.

ommendation INC-1 (1980) upon which this Guide rests implicitly, adopts such a viewpoint o
e it views expressions such as Equation (E.6) as the appropriate’way to calculate the combin
brtainty of a result of a measurement.

[ probability
pd standard

Red
sing
unc

E.3
beli
ast

6 There are three distinct advantages to adopting-af interpretation of probability based oph degree of
bf, the standard deviation (standard uncertainty), and the law of propagation of uncertainty [Equation (E.3)]
he basis for evaluating and expressing uncertainty.in"measurement, as has been done in this Guide:

b be readily
h the first is

a) |the law of propagation of uncertainty allowsthe combined standard uncertainty of one result t
incorporated in the evaluation of the combined standard uncertainty of another result in whic
used;

b) [the combined standard uncertainty-can serve as the basis for calculating intervals that corr¢spond in a
realistic way to their required levels of confidence; and

c) |it is unnecessary to classify’components as “random” or “systematic” (or in any other mapner) when

evaluating uncertainty because all components of uncertainty are treated in the same way.
nfusion; an

Benefit ¢) is highly advantageous because such categorization is frequently a source of co

unc
corr
mod

brtainty componént’is not either “random” or “systematic”. Its nature is conditioned by the use
esponding quantity, or more formally, by the context in which the quantity appears in the m
el that describes the measurement. Thus, when its corresponding quantity is used in a differen

made of the
athematical
t context, a

‘ranldom” component may become a “systematic” component, and vice versa.

E.3{7 7/, For the reason given in ¢) above, Recommendation INC-1 (1980) does not classify compponents of
uncertainty as either “random” or “systematic”. In fact, as far as the calculation of the combing¢d standard
uncertainty of a measurement result is concerned, there is no need to classify uncertainty components and
thus no real need for any classificational scheme. Nonetheless, since convenient labels can sometimes be
helpful in the communication and discussion of ideas, Recommendation INC-1 (1980) does provide a scheme
for classifying the two distinct methods by which uncertainty components may be evaluated, “A” and “B” (see
0.7,2.3.2, and 2.3.3).

Classifying the methods used to evaluate uncertainty components avoids the principal problem associated
with classifying the components themselves, namely, the dependence of the classification of a component on
how the corresponding quantity is used. However, classifying the methods rather than the components does
not preclude gathering the individual components evaluated by the two methods into specific groups for a
particular purpose in a given measurement, for example, when comparing the experimentally observed and
theoretically predicted variability of the output values of a complex measurement system (see 3.4.3).
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E.4 Standard deviations as measures of uncertainty

E.4.1 Equation (E.3) requires that no matter how the uncertainty of the estimate of an input quantity is
obtained, it must be evaluated as a standard uncertainty, that is, as an estimated standard deviation. If some
“safe” alternative is evaluated instead, it cannot be used in Equation (E.3). In particular, if the “maximum error
bound” (the largest conceivable deviation from the putative best estimate) is used in Equation (E.3), the
resulting uncertainty will have an ill-defined meaning and will be unusable by anyone wishing to incorporate it
into subsequent calculations of the uncertainties of other quantities (see E.3.3).

E.4.2 When the standard uncertainty of an mput quantity cannot be evaluated by an analysis of the results
on
tion

knowledge that is much less extenswe than might be deswable That does not, however, make the dlstrlbL
invalid or unreal; like all probability distributions, it is an expression of what knowledge exists.

E.4.3 Evaluations based on repeated observations are not necessarily superior to those obtained by other
means. Cofsider s(g), the experimental standard deviation of the mean of » independent obsgtvations ¢, [of a
normally digtributed random variable ¢ [see Equation (5) in 4.2.3]. The quantity s(g) is a statistic (see C.2.23)
that estimates o(g), the standard deviation of the probability distribution of g, that is,-the standard devigtion
of the distribution of the values of ¢ that would be obtained if the measurement were repeated an infjnite

number of imes. The variance 2[s(7)] of s(g) is given, approximately, by
o*[s(j)]=*(@)/(2v)

where v=1—- 1 is the degrees of freedom of s(g) (see G.3.3). Thus theZrelative standard deviation of

which is given by the ratio o[s(7)]/o(g) and which can be taken as a-measure of the relative uncertaint
s(g), is approximately [2(n — 1)]12. This “uncertainty of the unceftainty” of g, which arises from the pu
statistical r¢ason of limited sampling, can be surprisingly large\for » = 10 observations it is 24 percent.

and other Values are given in Table E.1, which shows that thelstandard deviation of a statistically estimated
standard dgviation is not negligible for practical values.of n. One may therefore conclude that Type A
evaluations| of standard uncertainty are not necessarily>more reliable than Type B evaluations, and that in
many practical measurement situations where the number of observations is limited, the components obtajned
from Type B evaluations may be better known thanthe components obtained from Type A evaluations.

—~

E.7)

(4),
y of
rely
his

ular
of a

E.4.4 It has been argued that, whereas the“uncertainties associated with the application of a partig
method of measurement are statistical parameters characterizing random variables, there are instances
“truly systematic effect” whose uncertainty must be treated differently. An example is an offset having an
unknown fixed value that is the same-for every determination by the method due to a possible imperfectign in
the very principle of the method itself’'or one of its underlying assumptions. But if the possibility of such an
offset is agknowledged to exist\and its magnitude is believed to be possibly significant, then it car] be

described |
conclusion
degree of 4
combined
a priori prok

y a probability distribution, however simply constructed, based on the knowledge that led to
that it could exist)and be significant. Thus, if one considers probability to be a measure of
elief that anwevent will occur, the contribution of such a systematic effect can be included in|

gtandard uncertainty of a measurement result by evaluating it as a standard uncertainty o

ability distribution and treating it in the same manner as any other standard uncertainty of an i

the
the
the
an
hput

quantity.

EXAMPLE be
calculated from a specific power-series expansion whose higher-order terms are inexactly known. The systematic effect
due to not being able to treat these terms exactly leads to an unknown fixed offset that cannot be experimentally sampled
by repetitions of the procedure. Thus the uncertainty associated with the effect cannot be evaluated and included in the
uncertainty of the final measurement result if a frequency-based interpretation of probability is strictly followed. However,
interpreting probability on the basis of degree of belief allows the uncertainty characterizing the effect to be evaluated from
an a priori probability distribution (derived from the available knowledge concerning the inexactly known terms) and to be
included in the calculation of the combined standard uncertainty of the measurement result like any other uncertainty.
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Table E.1 — o[s(q)]/0(7), the standard deviation
of the experimental standard deviation of the mean g
of n independent observations of a normally distributed random variable ¢,
relative to the standard deviation of that mean (2 (b)

Number of observations ols(g)/o(q)
n (percent)
2 76
3 52
4 42
5 36
10 24
20 16
30 13
50 10

(@) The values given have been calculated from the exact eXpression for
o[s(7)l/o(g), not the approximate expression [2(n — 1)]~1/2,

(b) In the expression o[s(¢)l/o(q), the denominator o(g)<is the expectation
E[S/\/Z] and the numerator o[s(q)] is the square~root of the variance
V[S/\/;], where § denotes a random variable equalto-the standard deviation
of n independent random variables Xj, ..., X,,;\each having a normal
distribution with mean value x and variance o2:

The expectation and variance of § are\given by:

2 r'(n/2) 2 2
E[S]=,|— ——5~ 0, V[S]=0" - E[S],
51757 T agye] V-t

where T'(x) is the gammafunction. Note that £[S] < o for a finite number n.

E.§ A comparison of two.views of uncertainty

E.5{1 The focus of this'Guide is on the measurement result and its evaluated uncertainty rather [than on the
unkhowable quantities™true” value and error (see Annex D). By taking the operational views that {he result of
a measurement is §imply the value attributed to the measurand and that the uncertainty of thaf result is a
megsure of the dispersion of the values that could reasonably be attributed to the measurand, this Guide in
effect uncouples-the often confusing connection between uncertainty and the unknowable quartities “true”
valde and error.

E.5)2 Th|s connectlon may be understood by mterpretmg the derivation of Equatlon(ﬂ) the law of
agatic = s alue ewed as the
unknown unique “true value of |nput quantlty w; and each w; is assumed to be related to |ts “true” value y;
by w; = u; + g;, where ¢, is the error in w, The expectat|on of the probability distribution of each ¢; is assumed
to be zero, E(e) 0, W|th variance E(s )= 0' . Equation (E.1) becomes then

e, - za_fgi (E.8)

i=1 I

where ¢, =z — u_is the error in z and x_ is the “true” value of z. If one then takes the expectatlon of the square
of ¢,, one obtains an equat|on identical in form to Equation (E.3) but in which a = E(e ) is the variance of ¢,

and p;; =v(g;, £ )/(a2 )1/2 is the correlation coefficient of & and T where v(e;, ej)=E(eiej) is the

© ISO/IEC 2008 — Al rights reserved 59


https://iecnorm.com/api/?name=47be3fa2d8eea166e8734a012eeac3b8

ISO/IEC G

UIDE 98-3:2008(E)

covariance of ¢; and ¢;. The variances and correlation coefficients are thus associated with the errors of the
input quantities rather than with the input quantities themselves.

NOTE

that a systematic error may be treated in the same way as a random error and that ¢; represents either kind.

E.5.3
measureme

nt result or of the uncertainty assigned to that result.

It is assumed that probability is viewed as a measure of the degree of belief that an event will occur, implying

In practice, the difference in point of view does not lead to a difference in the numerical value of the

First, in both cases, the best ava|lable estlmates of the |nput quant|t|es w; are used to obtaln the best estimate

of z from t
values mos

Second, bg¢
uncertainty
the standa
standard un
uncertainty
of the disp
probability

NOTE I
apply unless

statistical anglysis of repeated observations, that is, from Type A evaluations.

E.5.4 Wh
approach ta

of uncertaipty eliminates the confusion between error and ufigéertainty (see Annex D). Indeed, this Gui

operational
observed (g

§

f the assumption of the note of E.5.2 had not been made, then the discussion of this subclause wouldg

I|kely to be attrlbuted to the quantities in quest|on or the best eshmates of the|r true values

cause ¢&=w,;— i, and because the y; represent unique, fixed values and hence have
the variances and standard deviations of the ¢ and w; are identical. This means that in both cg
d uncertainties used as the estimates of the standard deviations o; to obtainjthe comb
certainty of the measurement result are identical and will yield the same numerical value for
Again, it makes no difference in the calculations if a standard uncertainty is yiewed as a mea
rsion of the probability distribution of an input quantity or as a measure 0f'the dispersion of
istribution of the error of that quantity.

the

no
ses,
ned
that
sure
the

not

all of the estimates of the input quantities and the uncertainties of those estimates were obtained from the

le the approach based on “true” value and error yields the same numerical results as
ken in this Guide (provided that the assumption of the-niote of E.5.2 is made), this Guide's con

approach, wherein the focus is on the observed (or estimated) value of a quantity and
r estimated) variability of that value, makes any.mention of error entirely unnecessary.

the
Cept
pde's
the
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Annex F

Practical guidance on evaluating uncertainty components

This annex gives additional suggestions for evaluating uncertainty components, mainly of a practical nature,

that

are intended to complement the suggestions already given in Clause 4.

F.1

Components evaluated from repeated observations: Type A evaluation

standard uncertainty

F.1

F.1]

by
eva
not

F.1]

1 Randomness and repeated observations

1.1 Uncertainties determined from repeated observations are often contrasted with thos
bther means as being “objective”, “statistically rigorous”, etc. That incorrectly implies that t
uated merely by the application of statistical formulae to the observations and that their eval
Fequire the application of some judgement.

1.2 It must first be asked, “To what extent are the repeated observations completely i

repgtitions of the measurement procedure?” If all of the observations are on a single sample, and

is p
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the
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eve
pote
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F.1]

brt of the measurement procedure because the measurand-is the property of a material (as opf
erty of a given specimen of the material), then the obServations have not been independent
valuation of a component of variance arising from possible differences among samples must

pbbserved variance of the repeated observations made on the single sample.

roing an instrument is part of the measurement-procedure, the instrument ought to be rezeroe
'y repetition, even if there is negligible driftcduring the period in which observations are made,
ntially a statistically determinable uncertainty attributable to zeroing.

ilarly, if a barometer has to be read;\it should in principle be read for each repetition of the m
ferably after disturbing it and allowing it to return to equilibrium), for there may be a varia
cation and in reading, even if the barometric pressure is constant.

1.3 Second, it must be asked whether all of the influences that are assumed to be rando

ran

om. Are the means_and-‘variances of their distributions constant, or is there perhaps a drift in

an Winmeasured influence quantity during the period of repeated observations? If there is a suffic
of dbservations, the arithmetic means of the results of the first and second halves of the perid
expgrimental standard deviations may be calculated and the two means compared with each othe

judge whethercthe difference between them is statistically significant and thus if there is an effect
timg.
F.1[1.4 If the values of “common services” in the laboratory (electric-supply voltage and frequ

f

b evaluated
ney can be
Llation does

hdependent
if sampling
osed to the
y repeated;
be added to

d as part of
for there is

basurement
ion both in

m really are
he value of
ent number
d and their
Fin order to
arying with

ency, water

pregsuré and temperature, nitrogen pressure, etc.) are influence quantities, there is normally

a strongly

non

F.1.

random element in their variations that cannot be overlooked.

1.5

If the least significant figure of a digital indication varies continually during an observation due to

“noise”, it is sometimes difficult not to select unknowingly personally preferred values of that digit. It is better to
arrange some means of freezing the indication at an arbitrary instant and recording the frozen result.
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F.1.2 Correlations
Much of the discussion in this subclause is also applicable to Type B evaluations of standard uncertainty.

F.1.21 The covariance associated with the estimates of two input quantities .X; and X may be taken to be
zero or treated as insignificant if

a) X; and X; are uncorrelated (the random variables, not the physical quantities that are assumed to be
mvanants — see 4.1.1, Note 1), for example, because they have been repeatedly but not simultaneously
measured in different mdependent experiments or because they represent resultant quantities of different
evaluations that have been made independently, or if

b) either ¢f the quantities .X; or X; can be treated as a constant, or if
c) there ig insufficient information to evaluate the covariance associated with the estimates of X;and X;.

NOTE 1 Dn the other hand, in certain cases, such as the reference-resistance example of Note 1 to 5.2.2,|it is
apparent tha the input quantities are fully correlated and that the standard uncertainties of their estimates combine lingarly.

NOTE 2  Different experiments may not be independent if, for example, the same instrument is used in each |see
F.1.2.3).

F.1.2.2 Whether or not two repeatedly and simultaneously observed input quantities are correlated jnay
be determined by means of Equation (17) in 5.2.3. For example,Gif the frequency of an oscillator
uncompengated or poorly compensated for temperature is an input quantity, if ambient temperature is als¢ an
input quantijty, and if they are observed simultaneously, there may,be-a significant correlation revealed by| the
calculated govariance of the frequency of the oscillator and the ambient temperature.

F.1.2.3 In practice, input quantities are often correlated because the same physical measurement
standard, measuring instrument, reference datum, or “‘even measurement method having a significant
uncertainty|is used in the estimation of their values. Without loss of generality, suppose two input quantjties
X; and X, estimated by x; and x, depend on a set of uncorrelated variables Q4, O,, ..., O;. Thus
X1=F(0Qq, 0o, ..., Q;) and X5 = G(04, Oy, ..., O;),calthough some of these variables may actually appear pnly
in one function and not in the other. If uz(ql) is\the estimated variance associated with the estimate ¢; of O,
then the esfimated variance associated with.xyis, from Equation (10) in 5.1.2,

2
L
oF
uz(x1 =Z[—] uz(ql) (F1)
with a simil@r expression for u2(x2). The estimated covariance associated with x4 and x, is given by

L

oF G "2
u(xg, ) =Y e u(q F-2)
( )= ;‘aq; dq, ()

Because ofly,those terms for which dF/dq;#0 and 9G/dq;# 0 for a given [ contribute to the sum,|the
covariance jis\Zefo if no variable is common to both £ and G.

The estimated correlation coefficient (x4, x,) associated with the two estimates x4 and x, is determined from
u(xq, x5) [Equation (F.2)] and Equation (14) in 5.2.2, with u(x4) calculated from Equation (F.1) and u(x,) from a
similar expression. [See also Equation (H.9) in H.2.3.] It is also possible for the estimated covariance
associated with two input estimates to have both a statistical component [see Equation (17) in 5.2.3] and a
component arising as discussed in this subclause.

EXAMPLE 1 A standard resistor Rg is used in the same measurement to determine both a current 7 and a temperature .
The current is determined by measuring, with a digital voltmeter, the potential difference across the terminals of the
standard; the temperature is determined by measuring, with a resistance bridge and the standard, the resistance R(¢) of a
callbrated resistive temperature sensor whose temperature-resistance relation in the range 15°C <r<30°C is
t=aR} ( )—to, where a and ¢, are known constants Thus the current is determined through the relation 7= VS/RS and the
temperature through the relation ¢ = a,B (¢ )RS tg, where f(¢) is the measured ratio Ry(t)/Rg provided by the bridge.
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Since only the quantity Rg is common to the expression for 7 and ¢, Equation (F.2) yields for the covariance of 7 and ¢

(For simplicity of notation, in this example the same symbol is used for both the input quantity and its estimate.)

To obtain the numerical value of the covariance, one substitutes into this expression the numerical values of the measured
quantities 7 and ¢, and the values of Rg and u(Rs) given in the standard resistor's calibration certificate. The unit of u(Z, ) is
clearly A-°C since the dimension of the relative variance [u(Rg)/Rg]? is one (that is, the latter is a so-called dimensionless

quantity).

Furt]
with

varignces of 7 and ¢ and their covariance

The
t =

whe|
can

voltn
me3g

EXAMPLE 2

u(a[
resig
u2(1
coef

Sing
as i

NOT
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of th
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F.1]

her, let a quantity P be related to the input quantities / and ¢ by P = Cy/2/(T + 1), where Cy and Tj are kna
negligible uncertainties [12(Cg) =~ 0, u%(Ty) =~ 0]. Equation (13) in 5.2.2 then yields for the variance of P 'in

u?(P)

PZ

u?(1)

u([, t) N uz(t)
12

) To+1) (1, +1)?

-4

variances u2(I) and u2(¢) are obtained by the application of Equation (10) of 5.1:2-to the relations I
ﬁz(t)R% —tg. The results are

w?(1)/17 =u?(Vs)/V§ +u®(Rs)/ RS
u? ()= 4(t +10)° u? (B)/ 8%+ 4(t-+10) u? (Rs)/ R

re for simplicity it is assumed that the uncertainties of the constants-#; and « are also negligible. These
be readily evaluated since u%(Vs) and u%(3) may be determined, respectively, from the repeated red
heter and of the resistance bridge. Of course, any uncertainties” inherent in the instruments themselvd
surement procedures employed must also be taken into acéount when u2(Vs) and #%(f3) are determined.

In the example of Note 1 to 5.2.2, let the\galibration of each resistor be represented by R
the standard uncertainty of the measured ratio ¢; as.obtained from repeated observations. Further, let of
tor, and let u(¢;) be essentially the same for eagh<calibration so that u(¢;) = u(«). Then Equations (F.1) a
R;) = R3u?(e)+u®(Rg) and u(R;, R;)=u’(Rg)"This implies through Equation (14) in 5.2.2 that th
ficient of any two resistors (i #) is

S

u(Rs)/Rs
e u(Rg)/Rg = 1074, if u(cr) = 100 x 1076, 7= 0,5; if u(e) =10 x 1076, r; = 0,990; and if u(a) = 1 x 1076, Fij 3
) — 0, r; — 1, and u(Ry) - u(Rs).

-1

=r; =1+

r(Ri'RJ) ij—

E In general; in-Comparison calibrations such as this example, the estimated values of the calibra
blated, with the 'degree of correlation depending upon the ratio of the uncertainty of the comparison to th
e reference standard. When, as often occurs in practice, the uncertainty of the comparison is negligible w
incertainty~of the standard, the correlation coefficients are equal to +1 and the uncertainty of each calil
tame as that of the standard.

2.4

The need to introduce the covariance u(x;, xj) can be bypassed if the original 3

lvn constants
terms of the

= Vs/Rs and

expressions
dings of the
s and in the

= al‘RS, with
=~ 1 for each
nd (F.2) yield
b correlation

1,000. Thus

ed items are
e uncertainty
th respect to
rated item is

et of input

qua

way as to inclu

2 = AN L
de as additional independent input quantities those quantities O, that are commo

d in such a
n to two or

more of the original X,. (It may be necessary to perform additional measurements to establish fully the
relationship between Q; and the affected X;.) Nonetheless, in some situations it may be more convenient to
retain covariances rather than to increase the number of input quantities. A similar process can be carried out
on the observed covariances of simultaneous repeated observations [see Equation (17) in 5.2.3], but the
identification of the appropriate additional input quantities is often ad hoc and nonphysical.
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EXAMPLE If, in Example 1 of F.1.2.3, the expressions for 7 and ¢ in terms of Rg are introduced into the expression
for P, the result is

2
CoV
P s
R%[Toﬂlﬂz(f)R%—fo}

and the correlation between 7 and ¢ is avoided at the expense of replacing the input quantities 7 and ¢ with the quantities 7,
Rg, and S. Since these quantities are uncorrelated, the variance of P can be obtained from Equation (10) in 5.1.2.

F.2 Components evaluated by other means: Type B evaluation of standard
uncertainty

F.2.1 The need for Type B evaluations

If a measurement laboratory had limitless time and resources, it could conduct an exhaustive statistical
investigatioh of every conceivable cause of uncertainty, for example, by using many different makes and kjnds
of instrumegnts, different methods of measurement, different applications of the method, and diffgrent
approximatfjons in its theoretical models of the measurement. The uncertainties agsociated with all of these
causes could then be evaluated by the statistical analysis of series of observations and the uncertainty of
each causq would be characterized by a statistically evaluated standard deviation. In other words, all of the
uncertainty|components would be obtained from Type A evaluations. Since\such an investigation is nof an
economic practicality, many uncertainty components must be evaluated by whatever other means is practi¢al.

F.2.2 Mathematically determinate distributions

F.2.2.1 The resolution of a digital indication

One sourcq of uncertainty of a digital instrument is the resolution of its indicating device. For example, even if
the repeatdd indications were all identical, the uncerfainty of the measurement attributable to repeatability
would not be zero, for there is a range of input signals to the instrument spanning a known interval that wpuld
give the same indication. If the resolution of the-indicating device is éx, the value of the stimulus that prodyces
a given indication X can lie with equal probability anywhere in the interval X — dx/2 to X + dx/2. The stimulds is
thus descriped by a rectangular probability”distribution (see 4.3.7 and 4.4.5) of width dox with varignce
u? = (8x)2/1R, implying a standard uncertaifity of « = 0,293x for any indication.

Thus a weighing instrument with an indicating device whose smallest significant digit is 1 g has a variance |due
to the resol(lition of the device ofw? = (1/12) g2 and a standard uncertainty of u = (1 /\/ﬁ) g=0,29g.

F.2.2.2 Hysteresis

Certain kindls of hysteresis can cause a similar kind of uncertainty. The indication of an instrument may differ
by a fixed pnd kmown amount according to whether successive readings are rising or falling. The prugent
operator takes note of the direction of successive readings and makes the appropriate correction. But| the
direction of| the“hysteresis is not always observable: there may be hidden oscillations within the instrument
about an equilibrium point so that the indication depends on the direction from which that point is finally
approached. If the range of possible readings from that cause is 8x, the variance is again 12 = (6x)2/12, and
the standard uncertainty due to hysteresis is u = 0,299x.

F.2.2.3 Finite-precision arithmetic

The rounding or truncation of numbers arising in automated data reduction by computer can also be a source
of uncertainty. Consider, for example, a computer with a word length of 16 bits. If, in the course of
computation, a number having this word length is subtracted from another from which it differs only in the
16th bit, only one significant bit remains. Such events can occur in the evaluation of “ill-conditioned”
algorithms, and they can be difficult to predict. One may obtain an empirical determination of the uncertainty
by increasing the most important input quantity to the calculation (there is frequently one that is proportional to
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the magnitude of the output quantity) by small increments until the output quantity changes; the smallest
change in the output quantity that can be obtained by such means may be taken as a measure of the
uncertainty; if it is dx, the variance is «2 = (8x)2/12 and u = 0,295x.

NOTE One may check the uncertainty evaluation by comparing the result of the computation carried out on the
limited word-length machine with the result of the same computation carried out on a machine with a significantly larger
word length.

F.2.3 Imported input values

F.2.

theif own knowledge about the likely magnitude of the uncertainty, given the nature of the quantity, the
religbility of the source, the uncertainties obtained in practice for such quantities, eté’

unng¢cessary to distinguish between components evaluated by the two different methods in order to calculat¢ a combined

F.23. ibrati i i ing inty” in the form of
e, “at least”
95 percent. This may be viewed as an example of a se=called “safe” uncertainty (see E.1.2), and |t cannot be
conyerted to a standard uncertainty without a knowledge of how it was calculated. If sufficient information is
givgn, it may be recalculated in accordance with' the rules of this Guide; otherwise an ipdependent

F.23.3 Some uncertainties are given simply as maximum bounds within which all values of the quantity
are|said to lie. It is a common practice toi@ssume that all values within those bounds are equally [probable (a
rectangular probability distribution), but Such a distribution should not be assumed if there is reasgn to expect
that| values within but close to the“bounds are less likely than those nearer the centre of the| bounds. A
rectangular distribution of half-width @ has a variance of «2/3; a normal distribution for which « is the half-width
of ah interval having a level of ¢onfidence of 99,73 percent has a variance of ¢2/9. It may be prudént to adopt
a cgmpromise between those values, for example, by assuming a triangular distribution for which the variance
is af/6 (see 4.3.9 and 4:4.6).

F.2[4 Measured. input values

F.24.1 Sihgle observation, calibrated instruments

If an |nput est|mate has been obtained from a single observatlon with a part|cular mstrument that has been
cali ) : one of fepeatability.
The variance of repeated measurements by the mstrument may have been obtalned on an earlier occasion,

not necessarily at precisely the same value of the reading but near enough to be useful, and it may be
possible to assume the variance to be applicable to the input value in question. If no such information is
available, an estimate must be made based on the nature of the measuring apparatus or instrument, the
known variances of other instruments of similar construction, etc.

F.2.4.2 Single observation, verified instruments

Not all measuring instruments are accompanied by a calibration certificate or a calibration curve. Most
instruments, however, are constructed to a written standard and verified, either by the manufacturer or by an
independent authority, to conform to that standard. Usually the standard contains metrological requirements,
often in the form of “maximum permissible errors”, to which the instrument is required to conform. The
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compliance of the instrument with these requirements is determined by comparison with a reference
instrument whose maximum allowed uncertainty is usually specified in the standard. This uncertainty is then a
component of the uncertainty of the verified instrument.

If nothing is known about the characteristic error curve of the verified instrument it must be assumed that there
is an equal probability that the error has any value within the permitted limits, that is, a rectangular probability
distribution. However, certain types of instruments have characteristic curves such that the errors are, for
example, likely always to be positive in part of the measuring range and negative in other parts. Sometimes
such information can be deduced from a study of the written standard.

F.2.4.3 Controlled quantities

Measuremgnts are frequently made under controlled reference conditions that are assumed to)remain
constant ddring the course of a series of measurements. For example, measurements may be performed on
specimens |in a stirred oil bath whose temperature is controlled by a thermostat. The temperature of the bath
may be mgasured at the time of each measurement on a specimen, but if the temperature)of the bath is
cycling, the instantaneous temperature of the specimen may not be the temperature indicated by|the
thermometegr in the bath. The calculation of the temperature fluctuations of the_Spécimen based| on
heat-transfgr theory, and of their variance, is beyond the scope of this Guide, but it must start from a knowhn or
assumed temperature cycle for the bath. That cycle may be observed by a fine thermocouple and a
temperature recorder, but failing that, an approximation of it may be deduced from’a knowledge of the nature
of the contrpls.

F.2.44 ymmetric distributions of possible values

There are pccasions when all possible values of a quantity lie. 0 one side of a single limiting value.|For
example, when measuring the fixed vertical height # (the measurand) of a column of liquid in a manometer,
the axis of| the height-measuring device may deviate from. verticality by a small angle S. The distanfe [
determined|by the device will always be larger than &; no yalues less than # are possible. This is because|# is
equal to the projection Icosp, implying / = h/cosf, and alb,values of cos/ are less than one; no values greater
than one arne possible. This so-called “cosine error’ can“also occur in such a way that the projection #’cogp of
a measurand /’ is equal to the observed distance+/; that is, / = A’cosf, and the observed distance is alwWays
less than the measurand.

If a new vdriable 6 =1 — cosf is introduced,-the two different situations are, assuming f=0 or § <1 gs is
usually the case in practice,

h=l_(‘ _5) (H.3a)

W=1(+0) (F.3b)

Here [, the|best estimate of 1, is the arithmetic mean or average of » independent repeated observations /] of /
with estimated variance uz(l) [see Equations (3) and (5) in 4.2]. Thus it follows from Equations (F.3a) jand
(F.3b) that fo obtain~an estimate of # or /4’ requires an estimate of the correction factor &, while to obtain| the
combined gtandard uncertainty of the estimate of 4 or 4’ requires u2(9), the estimated variance of . Nlore
specifically,| application of Equation (10) in 5.1.2 to Equations (F.3a) and (F.3b) yields for ug(h) and ug(h')
(- and + signs, respectivety)

u2 =(136)2u? (1) +7%2(5) (F.4a)
2 (T)+T2%2(5) (F 4b)

To obtain estimates of the expected value of and the variance of 6, assume that the axis of the device used
to measure the height of the column of liquid in the manometer is constrained to be fixed in a vertical plane
and that the distribution of the values of the angle of inclination 4 about its expected value of zero is a normal
distribution with variance 2. Although £ can have both positive and negative values, § = 1 — cosjf is positive
for all values of S. If the misalignment of the axis of the device is assumed to be unconstrained, the orientation
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of the axis can vary over a solid angle since it is capable of misalignment in azimuth as well, but g is then
always a positive angle.

In the constrained or one-dimensional case, the probability element p(5)dfS (C.2.5, note) is proportional to
{exp[-B2/(202)]}dB; in the unconstrained or two-dimensional case, the probability element is proportional to
{exp[-B2/(202)]}sinB dB. The probability density functions p(d) in the two cases are the expressions required
to determine the expectation and variance of ¢ for use in Equations (F.3) and (F.4). They may readily be
obtained from these probability elements because the angle S may be assumed small, and hence
d=1-cosf and sinB may be expanded to lowest order in 3. This yields &~ 2/2, sinﬂ:ﬂ:\/%, and
dg = d5/«/2_5. The probability density functions are then

p(d)= 0\/1% exp(—&/oz) (F.5a)

in one dimension
1
p(8)=—5exp(-6/0?| (F.5b)
o
in two dimensions

whdre

[ p(8)ds=1

Equations (F.5a) and (F.5b), which show that the most pfobable value of the correction ¢ in both cases is zero,
givd in the one-dimensional case E(J) = 02/2 and var(8) = 0#/2 for the expectation and the varian¢e of §; and
in the two-dimensional case E(J) = 62 and var(J) = o Equations (F.3a), (F.3b), and (F.4b) becomk then

n=1[1-(d/2)u*(B)] (F.6a)
h’:l_[1+(d/2)u2(ﬂ)J (F.6b)
ug (h)=ul (W) =u?(I)+(d(2)7 *u*(B) (F.6¢)

whgre d is the dimensionality (¢ = 1 or 2) and u(f) is the standard uncertainty of the angle S, takgn to be the
best estimate of the standard deviation o of an assumed normal distribution and to be evaluateq from all of
the |information avaitable concerning the measurement (Type B evaluation). This is an examplg of a case
whgre the estimate 0f'the value of a measurand depends on the uncertainty of an input quantity.

Although Eduations (F.6a) to (F.6¢c) are specific to the normal distribution, the analysis can be|carried out
asspmingether distributions for S. For example, if one assumes for § a symmetric rectangular distfibution with
upperand lower bounds of +55 and -5 in the one-dimensional case and +/g and zero in the two-flimensional

case; E(§)—/}§ +6—and var(§)—[fé 45—in—ere—dimension:—and u(§)—/}§ H—and—vat (5)—/}3/48 in two
dimensions.
NOTE This is a situation where the expansion of the function Y = f(Xy, X5, ..., Xy) in a first-order Taylor series to

obtain uﬁ(y), Equation (10) in 5.1.2, is inadequate because of the nonlinearity of /: cosf # cosf (see Note to 5.1.2, and
H.2.4). Although the analysis can be carried out entirely in terms of f, introducing the variable ¢ simplifies the problem.

Another example of a situation where all possible values of a quantity lie to one side of a single limiting value
is the determination by titration of the concentration of a component in a solution where the end point is
indicated by the triggering of a signal; the amount of reagent added is always more than that necessary to
trigger the signal; it is never less. The excess titrated beyond the limit point is a required variable in the data
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reduction, and the procedure in this (and in similar) cases is to assume an appropriate probability distribution
for the excess and to use it to obtain the expected value of the excess and its variance.

EXAMPLE If a rectangular distribution of lower bound zero and upper bound Cj is assumed for the excess z, then
the expected value of the excess is Cy/2 with associated variance Cg /12 . If the probability density function of the excess
is taken as that of a normal distribution with 0 < z < oo, that is, p(z)= (0'\/rc/2)‘1 exp[—zz/(20'2)] , then the expected value

is o+/2/7 with variance o2(1 - 2/x).

F.245 U

ncertainty when corrections from a calibration curve are not applied

The note t
applied to

“uncertainty
where U is

in situations
parameter 1
a single val
values of ¢,
where the

correction 4

Although th
systematic
that would
individual u

A comparafively simple approach to this problem that is cofsistent with the principles of this Guide is

follows:
Compute a

b =—]
%)

where ¢4 a

y'(t) = y(1);
correction 1

W2 (5

not taking into account the uncertainty of the actual determination of the correction 5(¢). The mean variand

the correcti

uz[b(

hn expanded uncertainty obtained under the assumption 5 = 0. This practice is sometimes follo

0.3.1 dISCUSSES the case where a Known correction b for a significant systematic effect 9
the reported result of a measurement but instead is taken into account by enlarging
" assigned to the result. An example is replacement of an expanded uncertainty U with” U

where all of the following conditions apply: the measurand Y is defined over a range’6f values
, as in the case of a calibration curve for a temperature sensor; U and b also depend on ¢; and
ue of “uncertainty” is to be given for all estimates y(¢) of the measurand over the range of poss
In such situations the result of the measurement is often reported as Y(#)=y(¢) + [Upax *+ by
subscript “max” indicates that the maximum value of U and the maximum value of the kn
over the range of values of ¢ are used.

is Guide recommends that corrections be applied to measureément results for known signifi
pffects, this may not always be feasible in such a situation because of the unacceptable exps
be incurred in calculating and applying an individual correction, and in calculating and using
hcertainty, for each value of y(¢).

single mean correction b from

1
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—t»] 14

nd 7, define the range of interest of the parameter 7, and take the best estimate of Y(r) td
b, where y(t) is the best\uncorrected estimate of Y(¢). The variance associated with the m
over the range of interest’is given by
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where 12[b(1)] is the variance of the correction b(¢). Similarly, the mean variance of y(¢) arising from all sources
of uncertainty other than the correction 4(¢) is obtained from

u?[(1)]

1

23
fp =1y

2]

(F

J. [y(t)]dt

7d)

where u2[y(¢)] is the variance of y(¢) due to all uncertainty sources other than b(z). The single value of standard
uncertainty to be used for all estimates y’(t) = y(¢)+ b of the measurand Y(¢) is then the positive square root of

2
c

(»)

u

(F

=2 p(0)]+ 2 [b(1)]+ 2 (5)

.7e)
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An expanded uncertainty U may be obtained by multiplying u.(y") by an appropriately chosen coverage factor %,
U =kug(y"), yielding Y(¢)=y(1)*U = y(¢)+b £U. However, the use of the same average correction for all
values of ¢ rather than the correction appropriate for each value of  must be recognized and a clear statement
given as to what U represents.

F.2

F.2.

.5 Uncertainty of the method of measurement

5.1

Perhaps the most difficult uncertainty component to evaluate is that associated with the method of

measurement, especially if the application of that method has been shown to give results with less variability
than those of any other that is known. But it is likely that there are other methods, some of them as yet

unk
vali
dra

only

lity. This implies an a priori probability distribution, not a distribution from which samples-ca
vn and treated statistically. Thus, even though the uncertainty of the method may be the domin

physical world. (See also E.4.4.)
NOTE Determining the same measurand by different methods, either in the same “laboratory of
labofratories, or by the same method in different laboratories, can often provide valuable.information about th

attri

labo)
iden|

F.2

F.2]
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F.2,
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ratories for independent measurement is a useful way of assessing the reliahility-of evaluations of unce
tifying previously unrecognized systematic effects.

6 Uncertainty of the sample

6.1 Many measurements involve comparing an unknewn object with a known standard ha
Facteristics in order to calibrate the unknown. Examples.nclude end gauges, certain thermome)
ses, resistors, and high purity materials. In most such cases, the measurement metho
beially sensitive to, or adversely affected by, sample selection (that is, the particular unk
brated), sample treatment, or the effects of warious environmental influence quantities b,
hown and standard respond in generally the same (and often predictable) way to such variable

ently equal
be readily
bnt one, the

information often available for evaluating its standard uncertainty is one's existing knowl¢dge of the

in different
e uncertainty

putable to a particular method. In general, the exchange of measurement standards or reference matefials between

tainty and of

ving similar
ters, sets of
ds are not
hown being
ccause the

b.

6.2 In some practical measurementisituations, sampling and specimen treatment play a
have proven homogeneity to a level beyond that required for the measurement, natural

h very inhomogeneous. This inhemogeneity leads to two additional uncertainty components.
first requires determining hew- adequately the sample selected represents the parent m

Jysed. Evaluation of the, second requires determining the extent to which the secondary (U

stituents influence the measurement and how adequately they are treated by the measurement

6.3 In some cases, careful design of the experiment may make it possible to evaluate sta

ronmental influence quantities on the sample are significant, the skill and knowledge of

uch larger

This is often the case for the chemiecal analysis of natural materials. Unlike man-made matdrials, which

aterials are

aluation of
erial being
nanalysed)
method.

istically the

brtainty due to(the sample (see H.5 and H.5.3.2). Usually, however, especially when the effects of

the analyst

derived from <experience and all of the currently available information are required for evgluating the
uncgrtaintys
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G.1 Intro

Annex G

Degrees of freedom and levels of confidence

duction

G.1.1 Thi
from the ¢
defines an
It thus ded
measuremse
values that

G.1.2 In
confidence
only appro
observation
Table E.1 in

In most cas
confidence
either a 94
with levels

that no sysfematic effects have been overlooked, because solittle information is generally available about

most extren

G.1.3 To
level of cg
measuremse
normal dist
U, % k,o th
confidence

5 annex addresses the general question of obtaining from the estimate y of the measurand ¥,
bmbined standard uncertainty u(y) of that estimate, an expanded uncertainty Up=kpuc(y)
nterval y — U,<Y<y+U, that has a high, specified coverage probability or level of cenfidend
Is with the issue of determining the coverage factor kp that produces an interval-about
nt result y that may be expected to encompass a large, specified fraction p of the/distributio
could reasonably be attributed to the measurand Y (see Clause 6).

most practical measurement situations, the calculation of intervals having specified level
— indeed, the estimation of most individual uncertainty components in_such situations — is at

s of a quantity described by a normal distribution has itself an uncertainty of about 13 percent
Annex E).

es, it does not make sense to try to distinguish between, for.example, an interval having a lev
of 95 percent (one chance in 20 that the value of thesneasurand Y lies outside the interval)
percent or 96 percent interval (1 chance in 17 and 25,)respectively). Obtaining justifiable inter

ne portions or “tails” of the probability distributions of the input quantities.

obtain the value of the coverage factor %, “that produces an interval corresponding to a spec
nfidence p requires detailed knowledge of the probability distribution characterized by
nt result and its combined standard uncertainty. For example, for a quantity z described |
fibution with expectation . and.standard deviation o, the value of &, that produces an intg

p, can be readily calculated.,"Some examples are given in Table G.1.

[Fable G.1 — Value of the coverage factor &
that produces an interval having level of confidence p
assuming a normal distribution

and
that
ep.
the
h of

5 of
best

Kimate. Even the experimental standard deviation of the mean, 6fJas many as 30 repeated

see

p| of
and
vals

bf confidence of 99 percent (1 chance in 100) and higher is especially difficult, even if it is assumed

the

fied
the
y a
rval

t encompasses the fraction p;of the distribution, and thus has a coverage probability or level of

NOTE

Level of confidence p Coverage factor ,
(percent)

68,27 1
90 1,645
95 1,960

95,45 2
99 2,576

99,73 3

By contrast, if z is described by a rectangular probability distribution with expectation x, and standard deviation

= a/\/_ where a is the half-width of the distribution, the level of confidence p is 57,74 percent for k, = 1; 95 percent for
k =1,65; 99 percent for k,=1,71; and 100 percent for &, > J3 =1,73; the rectangular distribution is “narrower” than the
normal distribution in the sense that it is of finite extent and has no “tails”.
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G.1.4 |If the probability distributions of the input quantities X, X, ..., Xy upon which the measurand Y
depends are known [their expectations, variances, and higher moments (see C.2.13 and C.2.22) if the
distributions are not normal distributions], and if Y is a linear function of the input quantities,
Y=cqXy +coXs + ...+ cy Xy, then the probability distribution of Y may be obtained by convolving the individual
probability distributions [10]. Values of kp that produce intervals corresponding to specified levels of
confidence p may then be calculated from the resulting convolved distribution.

G.1.5 If the functional relationship between Y and its input quantities is nonlinear and a first-order Taylor
series expansion of the relationship is not an acceptable approximation (see 5.1.2 and 5.1.5), then the
probability distribution of Y cannot be obtained by convolving the distributions of the input quantities. In such

cas

GA1
usu
inte
dist
con
The

G.2

G.2
ther
are
Cer
exp
and
24
G.2
vari
mor
imp
qua
¢24
unc
X a

os _ather analytical or numerical methods are required

6 In practice, because the parameters characterizing the probability distributions of input'qy
blly estimates, because it is unrealistic to expect that the level of confidence to be associated
r'val can be known with a great deal of exactness, and because of the complexity of corivolving
ibutions, such convolutions are rarely, if ever, implemented when intervals having specifie
fidence need to be calculated. Instead, approximations are used that take advantage of the C
orem.

Central Limit Theorem
1 If Y =ciXqy+cpXp+..+cyXy =2 c;X; and all the X aré characterized by normal d
the resulting convolved distribution of Y will also be normal:However, even if the distributio

tral Limit Theorem. This theorem states that the distribution of Y will be approximately
sctation E(Y) =21, ¢;E(X;) and variance o2(Y)=2.", c20?(X;), where E(X;) is the expeg
0'2(Xl.) is the variance of X, if the X; are independent and o2(Y) is much larger than any single
'2(Xl.) from a non-normally distributed X;.

2 The Central Limit Theorem is significant because it shows the very important role plg
hnces of the probability distributionsof the input quantities, compared with that played by
hents of the distributions, in determining the form of the resulting convolved distribution of }

htities contributing to o2(¥)-increases; that the convergence will be more rapid the closer th
'2(Xl~) are to each other—(equivalent in practice to each input estimate x; contributing a
ertainty to the uncertainty of the estimate y of the measurand Y); and that the closer the distriby
Fe to being normal; the fewer X; are required to yield a normal distribution for Y.

E

the gonvolution ©f-even as few as three such distributions of equal width is approximately normal. If the half-
of tHe three réctangular distributions is « so that the variance of each is 4¢2/3, the variance of the convolved

o2

respectively, while the corresponding intervals for a normal distribution with the same standard deviation o a
1,960¢‘and 2,576 0 (see Table G.1) [10].

MPLE The'rectangular distribution (see 4.3.7 and 4.4.5) is an extreme example of a non-normal dis

a?. The>95 percent and 99 percent intervals of the convolved distribution are defined by 1,937¢

antities are
vith a given

probability
d levels of
entral Limit

istributions,
ns of the X;

not normal, the distribution of Y may often be approximated by a normal distribution because of the

normal with
tation of X;
component

yed by the
the higher
. Further, it

ies that the convolved distribution converges towards the normal distribution as the number of input

e values of
Comparable
tions of the

tribution, but
vidth of each
Histribution is
and 2,379,
e defined by

NOTE 1

For every interval with a level of confidence p greater than about 91,7 percent, the value of k,

for a normal

distribution is larger than the corresponding value for the distribution resulting from the convolution of any number and size
of rectangular distributions.

NOTE 2 It follows from the Central Limit Theorem that the probability distribution of the arithmetic mean ¢ of n
observations g, of a random variable ¢ with expectation yx, and finite standard deviation o approaches a normal
distribution with mean x, and standard deviation o-/\/; as n — oo, whatever may be the probability distribution of g.

G.2.3 A practical consequence of the Central Limit Theorem is that when it can be established that its
requirements are approximately met, in particular, if the combined standard uncertainty u.(y) is not dominated
by a standard uncertainty component obtained from a Type A evaluation based on just a few observations, or
by a standard uncertainty component obtained from a Type B evaluation based on an assumed rectangular
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distribution, a reasonable first approximation to calculating an expanded uncertainty Up = kpuc(y) that provides
an interval with level of confidence p is to use for k, a value from the normal distribution. The values most
commonly used for this purpose are given in Table G.1.

G.3 The s-distribution and degrees of freedom

G.3.1 To obtain a better approximation than simply using a value of kp from the normal distribution as in
G.2.3, it must be recognized that the calculation of an interval having a specified level of confidence requires,
not the distribution of the variable [Y - E(Y)]/o(Y), but the distribution of the variable (y — Y)/uq(y). This is
because in(practice, all that is usually available are y, the estimate of ¥ as obtained from y = Z, 1C; Xj rLere
x; is the| estimate of X; and the combined variance associated with y, C(y), evaluated
from ug(y)—EN1c2u (x;), where u(x;) is the standard uncertainty (estimated standard deviation) of|the
estimate x;.

NOTE $trictly speaking, in the expression (y — Y)/u(y), Y should read E(Y). For simplicity, such-a distinction has|only
been made ih a few places in this Guide. In general, the same symbol has been used for the physical"quantity, the random
variable that[represents that quantity, and the expectation of that variable (see 4.1.1, notes).

G.3.2 If z|is a normally distributed random variable with expectation . and standard deviation o, and |z is
the arithmelic mean of » independent observations z, of z with s(z) the experimental standard deviation ¢f z
[see Equatipns (3) and (5) in 4.2], then the distribution of the variable 1 =(%- u.)/s(z) is the t-distribution or
Student's distribution (C.3.8) with v =n — 1 degrees of freedom.

Consequently, if the measurand Y is simply a single normally distributed quantity X, ¥ =X; and if X is estimated
by the arithmetic mean X of » independent repeated obseryations X, of X, with experimental standard
deviation of the mean s(X), then the best estimate of Y is »="X and the experimental standard deviation of

that estimafe is uc(y)=s(X). Then 1 =(Z - 11.)/s(Z) = (X £:X)/s(X) = (y~)/ug(») is distributed according to
the ¢-distribption with

Pr[—tl (v) <t < tp(v)] =p (G1a)
or

Pri—=1)(v) < (y=Y)/uc (¥) < 1,(v) }&p (G 1b)
which can he rewritten as

Pr[y—tp(v)uc(y)<Y< y+tp(v)uc(y)J=p (d.1¢)

In these eXpressions, Pr[\ls means “probability of” and the ¢factor ¢ (v) is the value of ¢ for a given valug of
the paramgter v — the-degrees of freedom (see G.3.3) — such fhat the fraction p of the ¢ distribution is
encompassed by the.interval —tp(v) to +tp(v). Thus the expanded uncertainty

b ol y) = 1,(v)uc(v) (& 1d)

defines an interval y — U, to y + U, conveniently written as Y=y £ U,, that may be expected to encompass a
fraction p of the distribution of values that could reasonably be attributed to Y, and p is the coverage probability
or level of confidence of the interval.

=~

G.3.3 The degrees of freedom v is equal to n — 1 for a single quantity estimated by the arithmetic mean of
n independent observations, as in G.3.2. If n independent observations are used to determine both the slope
and intercept of a straight line by the method of least squares, the degrees of freedom of their respective
standard uncertainties is v=n — 2. For a least-squares fit of m parameters to n data points, the degrees of
freedom of the standard uncertainty of each parameter is v=n—-m. (See Reference [15] for a further
discussion of degrees of freedom.)
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G.3.4 Selected values of ¢ (v) for different values of v and various values of p are given in Table G.2 at the
end of this annex. As v — oo the t-distribution approaches the normal distribution and ¢ (v) = (1 + 2/v)1/2k
where in this expression % is the coverage factor required to obtain an interval with level o? confidence p for a
normally distributed vanaﬁle. Thus the value of tp(oo) in Table G.2 for a given p equals the value of kp
Table G.1 for the same p.

NOTE Often, the t-distribution is tabulated in quantiles; that is, values of the quantile ¢, _ , are given, where 1 - o
denotes the cumulative probability and the relation

1q_
1—a=j“"fzvdz

defi:Les the quantile, where fis the probability density function of ¢. Thus 7, and ¢y -, are related by p F 1-2a. For
example, the value of the quantile ¢ 975, for which 1 — a = 0,975 and o = 0,025, is the same as tp(v) for p=0/95.

G.4 Effective degrees of freedom

G.4|1 In general, the #distribution will not describe the dlstr|but|on of the variablety — Y)/u.(y) if g(y) is the
sum of two or more estimated variance components u? (y)—c u (x) (see.5:1.3), even if eagh x; is the
estimate of a normally distributed input quantity X.. However the distribution of that varialjle may be
appjoximated by a rdistribution with an effective degrees of \freedom v obtained| from the
Welch-Satterthwaite formula [16], [17], [18]

N o4
-y 4 () (G.2a)
Veff i=1 Vi
or
4
_ Yc (»)
T ) (G.2b)
1
with
N
Veff S Z"i (G.20c)

whdre ug(y Zl qus (y) (see 5.1.3). The expanded uncertainty U, = k,uc(y) = 1,(vesr) uc(v) then provides an
intefval Y=y + U, havingan approximate level of confidence p.

NOTE 1 If the yalue of ve obtained from Equation (G.2b) is not an integer, which will usually be the casg in practice,
the gorresponding-value of 1, may be found from Table G.2 by interpolation or by truncating v to the next lower integer.

NOTE 2 -Slf'an |nput estimate x; is itself obtained from two or more other estimates, then the value of v; to pe used with
uf’( ) = [c2u2(x )] in the denominator of Equation (G.2b) is the effective degrees of freedom calculated from an
expression equivalent to Equation (G.2b).

NOTE 3  Depending upon the needs of the potential users of a measurement result, it may be useful, in addition to vg,
to calculate and report also values for vega and vegg, computed from Equation (G.2b) treatlng separately the standard
uncertainties obtained from Type A and Type B evaluatlons If the contrlbutlons to uc(y) of the Type A and Type B
standard uncertainties alone are denoted, respectively, by ucA(y) and ucB(y) the various quantities are related by

ud(y)=ula(y)+uds(y)
ug(v) _ucaly) , uca(»)
Veff VeffA VeffB
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EXAMPLE
input quanti

observations,
u(x3)/x3 = 0,82 percent.

Consider that Y= f(Xq, Xo, X3) = bX1XoX3 and that the estimates x4, xp, x3 of the normally distrib
ties X, X, X3 are the arithmetic means of ny=10, n,=5, and n3=15 independent repe
respectively, with relative standard uncertainties u(xq)/xq = 0,25 percent, u(x,)/x, = 0,57 percent,

In this case, c¢;=9df/oX;=Y/X; (to be evaluated at xq, x5, x3 — see 5.1.3, Not

[uc(y)/y]2 = z ?:1 [u(x,-)/x,—]2 =(1,03 percent)2 (see Note 2 to 5.1.6), and Equation (G.2b) becomes

uted
ated
and
e 1),

4
|:”c y)/)’]
Z [u (xi)/xi]
i1 Vi
Thus
1,03*
Veff = 7} 7} 7 =190
9,25 0,57 0,82
0-1 5-1 15-1
The value of|z, for p = 95 percent and v = 19 is, from Table G.2, #95(19) = 2,09; hence the relative expanded uncertaint
this level of ponfidence is Ugs = 2,09 x (1,03 percent) = 2,2 percent. It may then be stated that Y=p+ Ugs=y(1£0
(v to be detgrmined from y = bxqxox3), or that 0,978y < Y < 1,022y, and that the level of confiden¢erto be associated
the interval i$ approximately 95 percent.
G.4.2 In practice, u.(y) depends on standard uncertainties u(x;) of input estimates of both normally
non-normally distributed input quantities, and the u(x;) are obtained from both‘frequency-based and a g

probability distributions (that is, from both Type A and Type B evaluations):A similar statement applies tg

estimate y
function ¢ =

expectation|

Welch-Sattg

The questiq
evaluation
recognizes
Equation (B

and input estimates x; upon which y depends. Nevertheless; the probability distribution of
(v = Y)/ug(y) can be approximated by the ¢-distribution if it;is-expanded in a Taylor series abou
In essence, this is what is achieved, in the lowest order approximation, by
erthwaite formula, Equation (G.2a) or Equation (G.2b).

n arises as to the degrees of freedom to assign to a standard uncertainty obtained from a Tyy
vhen v is calculated from Equation (G.2b). Since the appropriate definition of degrees of free
that v as it appears in the #-distributionss.'a measure of the uncertainty of the variance s
.7) in E.4.3 may be used to define the degrees of freedom v,,

M1

Au (xl»)

N -

The quanti
uncertainty
available in

EXAMPLE
(x;) was e

u i Vi
that the rel%

judged the vi

—~~

Rkl

2 [u(x,)] 2

y in large brackets is the relative uncertainty of u(x;); for a Type B evaluation of stan
it is a subjective quantity whose value is obtained by scientific judgement based on the po
formation.

u(x;)

Considerthat one's knowledge of how input estimate x; was determined and how its standard uncert

ive uncertainty is Au(x;)/u(x;) = 0,25, and thus from Equation (G.3), v; = (0,25)72/2 = 8. If instead one
lue of u(x;) to be reliable to only about 50 percent, then v; = 2. (See also Table E.1 in Annex E.)

G.43 In

y for

p22)

with

and
riori
the
the
t its
the

e B
jom

Az,

5.3)

ard
| of

hinty

luated leads‘one to judge that the value of u(x;) is reliable to about 25 percent. This may be taken to mean

had

he "discussion in 43 and 44 of Type B evaluation of standard uncertainty from an a p

riori

probability distribution, it was implicitly assumed that the value of u(x;) resulting from such an evaluation is
exactly known. For example, when u(x;) is obtained from a rectangular probability distribution of assumed
half-width a = (a, —a_)/2 as in 4.3.7 and 4.4.5, u(x;)= a/\/§ is viewed as a constant with no uncertainty
because a, and a_, and thus q, are so viewed (but see 4.3.9, Note 2). This implies through Equation (G.3) that
v; = oo or 1/v; — 0, but it causes no difficulty in evaluating Equation (G.2b). Further, assuming that v; — oo is
not necessarily unrealistic; it is common practice to choose a_ and a, in such a way that the probability of the
quantity in question lying outside the interval a_ to a, is extremely small.

74

© ISO/IEC 2008 — All rights reserved


https://iecnorm.com/api/?name=47be3fa2d8eea166e8734a012eeac3b8

ISO/IEC GUIDE 98-3:2008(E)

G.5 Other considerations

G.5.1 An expression found in the literature on measurement uncertainty and often used to obtain an
uncertainty that is intended to provide an interval with a 95 percent level of confidence may be written as

2]1/2 (G.4)

Usgs Z[fgs(véff)sz +3u

Here 195(v'efr) is taken from the z-distribution for v/, degrees of freedom and p = 95 percent; vy is the
effective degrees of freedom calculated from the Welch-Satterthwaite formula [Equation (G.2b)] taking into

account nnl\/ thase standard llnr‘prtalnt\/ companents S that have bheen evaluated thehr‘nll\/ fr repeated

obs
acc
low

NOT

way
and

G.5
acc

whdg

N C; 8
punts for all other components of uncertainty, where +g; and -a; are the assumed exactly know
br bounds ofX relative to its best estimate X; (thatis, x —a; < X <x;+a).

g
E A component based on repeated observations made outside the current measurément is treateg
as any other component included in x2. Hence, in order to make a meaningful comparison between E
Equation (G.5) of the following subclause, it is assumed that such components, if present, are negligible.

brvations in the current measurement; s2 = 2 2. ¢;=0dflox;; and uz—Zu (»)= 2

2 If an expanded uncertainty that provides an interval with a 95 pereent’level of confidence i
brding to the methods recommended in G.3 and G.4, the resulting expression in place of Equat

1/2
Ugs =f95(Veff)(S +”2)

re veg is calculated from Equation (G.2b) and the calculatién includes all uncertainty componen

M 2( 2/3)

N upper and

in the same
fuation (G.4)

S evaluated

on (G.4)is
(G.5)

ts.

In most cases, the value of Ugg from Equation (G.5) will be’larger than the value of U’gs from Equation (G.4), if

it is
dist
may
bott
mul
as I
pro
unc

NOT
havi
prag
havg

NOT

p =
inde}

G.5

assumed that in evaluating Equation (G.5), all \Type B variances are obtained from a priori
ibutions with half-widths that are the same as‘the bounds a; used to compute »2 of Equation
be understood by recognizing that, although“gs(v'ss) will in most cases be somewhat larger tf
factors are close to 2; and in Equation (G.5) 2 is multiplied by ¢ (veff) 4 while in Equat|c
iplied by 3. Although the two expressions yield equal values of U95 and Ugs for u? < 52,
huch as 13 percent smaller than Ugg if u2 > s2. Thus in general, Equation (G.4) yields an unc
ides an interval having a smaller level of confidence than the interval provided by the
ertainty calculated from Equation (G.5).

E1 In the limits «2/s? — so’and veg — oo, U'gs — 1,732u while Ugs — 1,960u. In this case, U'ys provids
hg only a 91,7 percent level of confidence, while Ugs provides a 95 percent interval. This case is apg
tice when the components obtained from estimates of upper and lower bounds are dominant, large in
 values of u* (y)— c2a /3 that are of comparable size.

E 2 For_,anormal distribution, the coverage factor & =3 =1,732 provides an interval with a level g
p1,673... percent. This value of p is robust in the sense that it is, in comparison with that of any other va
pendentof small deviations of the input quantities from normality.

3.\ Occasionally an input quantity X; is distributed asymmetrically — deviations about its exp|

rectangular

(G.4). This
an 1g5(Veff),
n(G.4)itis
/95 Will be
ertainty that

expanded

bs an interval
roximated in
number, and

f confidence
ue, optimally

pcted value

of one sign are more probable than deviations of the opposite sign (See 4.3.8). Althougn this

makes no

difference in the evaluation of the standard uncertainty u(x;) of the estimate x; of X, and thus in the evaluation
of u.(y), it may affect the calculation of U.

It is usually convenient to give a symmetric interval, Y=y + U, unless the interval is such that there is a cost
differential between deviations of one sign over the other. If the asymmetry of X; causes only a small
asymmetry in the probability distribution characterized by the measurement result y and its combined standard
uncertainty u.(y), the probability lost on one side by quoting a symmetric interval is compensated by the
probability gained on the other side. The alternative is to give an interval that is symmetric in probability (and
thus asymmetric in U): the probability that Y lies below the lower limit y — U_ is equal to the probability that
Y lies above the upper limit y + U,. But in order to quote such limits, more information than simply the
estimates y and u.(y) [and hence more information than simply the estimates x; and u(x;) of each input quantity
X is needed.
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G.5.4 The evaluation of the expanded uncertainty U, given here in terms of u.(y), ves, and the factor ’p(Veff)
from the r-distribution is only an approximation, and it has its limitations. The distribution of (y — Y)/u.(y) is
given by the ¢distribution only if the distribution of Y is normal the estimate y and its combined standard
uncertainty u.(y) are independent, and if the distribution of « ( ) is a x2 distribution. The introduction of veff,
Equation (G.2b), deals only with the latter problem, and prowdes an approximately 2 distribution for uc(y)
the other part of the problem, arising from the non-normality of the distribution of Y, requires the consideration

of higher moments in addition to the variance.

G.6 Sum

mary and conclusions

G.6.1 Thg
level can o
if these dis
their stand3g

G.6.2 Beg
by the exts
quantity is
probability
effective de

G.6.3 To
component
independer
independer
Type B evs

coverage factor &, that provides an interval having a level of confidence p close to a_spec
ly be found if there is extensive knowledge of the probability distribution of each input quantity
ributions are combined to obtain the distribution of the output quantity. The input estimates x;
rd uncertainties u(x;) by themselves are inadequate for this purpose.

ause the extensive computations required to combine probability distributions'are seldom just
nt and reliability of the available information, an approximation to the distribution of the o\
acceptable. Because of the Central Limit Theorem, it is usually sufficient to assume that
Histribution of (y — Y)/u.(y) is the #-distribution and take &, =t (veff ),, With the ¢-factor based o
grees of freedom v of u(y) obtained from the Welch- Satferthwalte formula, Equation (G.2b).

obtain ve from Equation (G.2b) requires the degrees of freedom v, for each standard uncertz
For a component obtained from a Type A evaluatiori; v; is obtained from the numbe

t quantities determined from those observations (see\G.3.3). For a component obtained fro
luation, v; is obtained from the judged reliability of/thie value of that component [see G.4.2

fied
and
and

fied
tput
the
an

inty
I of

t repeated observations upon which the corresponding/input estimate is based and the numbgr of

m a
and

Equation (G.3)].
G.6.4 Thus the following is a summary of the preferfed method of calculating an expanded uncertginty
U,= kpuc(y intended to provide an interval Y=y + U, that has an approximate level of confidence p:
1) Obtain|y and u.(y) as described in Clauses 4 and 5.
2) Complte v from the Welch-Satterthwaite formula, Equation (G.2b) (repeated here for easy reference)
4
u
vepr = — ng ) (J2b)
z“z (y)
=1 i
If u(x;) s obtainedfrom a Type A evaluation, determine v; as outlined in G.3.3. If u(x;) is obtained frgm a
Type H evaluatieniand it can be treated as exactly known, which is often the case in practice, v, 3 oo;
otherw|se, estimate v; from Equation (G.3).
3) Obtain|the +factor ’p(Veﬁ) for the desired level of confidence p from Table G.2. If vy is not an integer,
either interpotateortrurcate v tothe Trextfower nteger:
4) Take ky, = tp(veff) and calculate U,= kpuc(y).
G.6.5 In certain situations, which should not occur too frequently in practice, the conditions required by the

Central Limit Theorem may not be well met and the approach of G.6.4 may lead to an unacceptable result.
For example, if u(y) is dominated by a component of uncertainty evaluated from a rectangular distribution
whose bounds are assumed to be exactly known, it is possible [if ¢ (veﬁ > f] that y + U, and y - Uy, the
upper and lower limits of the interval defined by Uy, could lie outside the bounds of the probab|llty d|str|but|on
of the output quantity Y. Such cases must be dealt with on an individual basis but are often amenable to an
approximate analytic treatment (involving, for example, the convolution of a normal distribution with a
rectangular distribution [10]).
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G.6.6 For many practical measurements in a broad range of fields, the following conditions prevail:

the estimate y of the measurand Y is obtained from estimates x; of a significant number of input quantities

X, that are describable by well-behaved probability distributions, such as the normal and
distributions;

rectangular

the standard uncertainties u(x;) of these estimates, which may be obtained from either Type A or Type B
evaluations, contribute comparable amounts to the combined standard uncertainty u.(y) of the

measurement result y;

the linear approximation implied by the law of propagation of uncertainty is adequate (see 5.1.2 and

Ung
con
can
the

app|
bety

or, f

Alth

E.3.1);

the uncertainty of u.(y) is reasonably small because its effective degrees of freedom v} has
magnitude, say greater than 10.

er these circumstances, the probability distribution characterized by the measurement re

b significant

sult and its

bined standard uncertainty can be assumed to be normal because of the Central Limit Theore
be taken as a reasonably reliable estimate of the standard deviation of that'normal distributio
significant size of vy Then, based on the discussion given in this annéx/including that emp
roximate nature of the uncertainty evaluation process and the Jimpracticality of trying to
veen intervals having levels of confidence that differ by one or two,pércent, one may do the foll

adopt k=2 and assume that U = 2u(y) defines an interval hiaving a level of confidence of ap
95 percent;

or more critical applications,

adopt £ = 3 and assume that U = 3u,(y) defines.an interval having a level of confidence of ap
99 percent.

ough this approach should be suitable for many practical measurements, its applicability to ar

me

surement will depend on how close k52 must be to fg5(ve) OF k=3 must be to 1gg(vef); tha

cloge the level of confidence of the interval defined by U= 2u(y) or U= 3u,(y) must be to 93
99 percent, respectively. Although ferv¢= 11, k=2 and k = 3 underestimate 7g5(11) and #g9(11) by
10 percent and 4 percent, respectively (see Table G.2), this may not be acceptable in some cas
for all values of vy somewhat\larger than 13, k= 3 produces an interval having a level of confid
than 99 percent. (See Table G.2, which also shows that for v — o the levels of confidence of

pro

Veff

uced by k=2 and k=3 are 95,45 percent and 99,73 percent, respectively). Thus, in practice

;and u(y)

n:[E)ecause of
asizing the

distinguish
bwing:

proximately

proximately

y particular
is, on how
percent or
only about
es. Further,
ence larger
he intervals
the size of

Bnd what is requiréd)of the expanded uncertainty will determine whether this approach can be yised.
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Table G.2 — Value of 7 (v) from the r-distribution for degrees of freedom v that defines
an interval —tp(v) o +tp(v) that encompasses the fraction p of the distribution

Df? g::jismOf Fraction p in percent
v 68,272 90 95 95,452) 99 99,732)
1 1,84 6,31 12,71 13,97 63,66 235,80
2 1,32 2,92 4,30 4,53 9,92 19,21
3 1,20 2,35 3,18 3,31 5,84 9,22
4 1,14 2,13 2,78 2,87 4,60 6,62
5 1,11 2,02 2,57 2,65 4,03 5,51
6 1,09 1,94 2,45 2,52 3,71 4790
7 1,08 1,89 2,36 2,43 3,50 4,53
8 1,07 1,86 2,31 2,37 3,36 4,28
9 1,06 1,83 2,26 2,32 3,25 4,09
10 1,05 1,81 2,23 2,28 317 3,96
11 1,05 1,80 2,20 2,25 3,1 3,85
12 1,04 1,78 2,18 2,23 3,05 3,76
13 1,04 1,77 2,16 2,21 3,01 3,69
14 1,04 1,76 2,14 2,20 2,98 3,64
15 1,03 1,75 2043 2,18 2,95 3,59
16 1,03 1,75 2,12 217 2,92 3,54
17 1,03 1,74 2,1 2,16 2,90 3,51
18 1,03 173 2,10 2,15 2,88 3,48
19 1,03 1,73 2,09 2,14 2,86 3,45
20 1,03 1,72 2,09 2,13 2,85 3,42
25 1,02 1,71 2,06 2,1 2,79 3,33
30 1,02 1,70 2,04 2,09 2,75 3,27
35 1,01 1,70 2,03 2,07 2,72 3,23
40 1,01 1,68 2,02 2,06 2,70 3,20
50 1,01 1,68 2,01 2,05 2,68 3,16
100 1,005 1,660 1,984 2,025 2,626 3,077
) 1,000 1,645 1,960 2,000 2,576 3,000

a) For a quantity z described by a normal distribution with expectation x, and standard deviation o, the interval
MU, T ko encompasses p = 68,27 percent, 95,45 percent and 99,73 percent of the distribution for k=1, 2 and 3,

respectively.
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Annex H

Examples

This annex gives six examples, H.1 to H.6, which are worked out in considerable detail in order to illustrate the
basic principles presented in this Guide for evaluating and expressing uncertainty in measurement. Together
with the examples included in the main text and in some of the other annexes, they should enable the users of

this

Begc
bec
this
Wh
cald
diffd

Itis
unc
conq
con
the
as i
a Ty

H.1

Thig
unc

H.1

The

(Guide to put these Inrinr*ilnlpc into pmr‘fir‘p in their own work

ause the examples are for illustrative purposes, they have by necessity been simplified
huse they and the numerical data used in them have been chosen mainly to demonstrate the

Guide, neither they nor the data should necessarily be interpreted as describing real med
le the data are used as given, in order to prevent rounding errors, more digits are rétained in i

Moreover,
brinciples of
surements.
htermediate

ulations than are usually shown. Thus the stated result of a calculation involying’ several quantities may

r slightly from the result implied by the numerical values given in the text for. these quantities.

pointed out in earlier portions of this Guide that classifying the methods-used to evaluate cor

nponents of

brtainty as Type A or Type B is for convenience only; it is not required for the determination of the

bined standard uncertainty or expanded uncertainty of a measurement result because all
ponents, however they are evaluated, are treated in the same ‘way (see 3.3.4, 5.1.2, and E.3

uncertainty
7). Thus, in

examples, the method used to evaluate a particular component of uncertainty is not specifica
D its type. However, it will be clear from the discussion whether a component is obtained from
pe B evaluation.

End-gauge calibration

example demonstrates that even an apparently simple measurement may involve subtle
brtainty evaluation.

.1 The measurement problem

length of a nominally 50 mni-end gauge is determined by comparing it with a known standard

nonpinal length. The direct output of the comparison of the two end gauges is the difference d in the

d:l(1+a9)_18(1+a898)

ly identified
B Type A or

aspects of

pf the same
ir lengths:

(H.1)

where
/ is the measurand, that is, the length at 20 °C of the end gauge being calibrated;
I is the length of the standard at 20 °C as given in its calibration certificate;
o and ag are the coefficients of thermal expansion, respectively, of the gauge being calibrated and the
standard;
6and 65 are the deviations in temperature from the 20 °C reference temperature, respectively, of the

gauge and the standard.
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H.1.2 Mat

hematical model

From Equation (H.1), the measurand is given by

/
s

1+ ag0g)+d

=lqg+d+1 Og —af)+ ...
(1+0(9) st +S(aSS 0()+

(H.2)

If the difference in temperature between the end gauge being calibrated and the standard is written as
80 =6 - 65, and the difference in their thermal expansion coefficients as déa = o - ag, Equation (H.2)

becomes

I=r

The differe
assumed td

would be ng¢cessary to include the correlation between 8 and 8, and between « and «g.)

It thus follo

simple expilession /g +d, where [g is the length of the standard at 20 °C as given 'iVits calibration certifi

and d is eqg

standard uncertainty (/) of / is obtained by applying Equation (10) in 5.1.2t0.Equation (H.3), as discug

S,d,as,e,aa,69)=ls+d—ls(60{'6+053'69) (

nces 66 and d¢, but not their uncertainties, are estimated to be zero; and 8¢, ag, 86,-and 6
be uncorrelated. (If the measurand were expressed in terms of the variables 6, 5, &, and a

vs from Equation (H.3) that the estimate of the value of the measurand / may-be obtained from

timated by d, the arithmetic mean of » =5 independent repeated ‘observations. The comb

H.3)

are
o, it

the
Cate
ned
sed

below.
NOTE In this and the other examples, for simplicity of notation, the same symbol is used for a quantity anf its
estimate.
H.1.3 Contributory variances
The pertingnt aspects of this example as discussed in this and the following subclauses are summarized in
Table H.1.
Since it is assumed that da = 0 and 68 = 0, the application of Equation (10) in 5.1.2 to Equation (H.3) yield$

ug (l) + c%uz(ls)ﬁ-cguz(d)-i-cisuz (0!3)+cguz(é’)+c§au2(8a)+c§9u2(89) (H.4)
with

csg =9 /als =1—(8a-6’+as 83) =1

ca’ = af/ad = 1

C“S = f/aas = —1383 =0

cyg =0f/06 ==lgdar =0

Coar = f/88a =—1349

Cs9 = 8f/86¢9 = —lSaS
and thus

uZ (1) = u?(Ig) +u?(d) +136%u> (de) + 13 0§ u>(56) (H.5)
80 © ISO/IEC 2008 — Al rights reserved


https://iecnorm.com/api/?name=47be3fa2d8eea166e8734a012eeac3b8

ISO/IEC GUIDE 98-3:2008(E)

H.1.3.1 Uncertainty of the calibration of the standard, u(/g)

The calibration certificate gives as the expanded uncertainty of the standard U = 0,075 ym and states that it
was obtained using a coverage factor of £ = 3. The standard uncertainty is then

u(lg)=(0,075 um)/3 =25 nm

H.1.3.2 Uncertainty of the measured difference in lengths, u(d)

The pooled experimental standard deviation characterizing the comparison of / and /5 was determined from

the
gau
The

Acd]

randlom errors” is £0,01 um at a level of confidence of 95 percent and is based.on 6 replicate mea

thus
Ann

The
sign

The

or

H.A

The
unc
ther

variability of 25 independent repeafed observations of the difference in lengths of two st
ges and was found to be 13 nm. In the comparison of this example, five repeated observations
standard uncertainty associated with the arithmetic mean of these readings is then (see4.2.4)

u(d)=s(d)=(13 nm)/+/5=5,8 nm
prding to the calibration certificate of the comparator used to compare / with /g, its uncerta

the standard uncertainty, using the #factor 1g5(5)=2,57 for v=6 —1=5 degrees of fre
ex G, Table G.2), is

u(dy)=(0,01ym)/2,57 =3,9 nm

na level”. The standard uncertainty from this cause maytherefore be taken to be

u(dy)=(0,02um)/3=6,7 nm

total contribution is obtained from the sum of‘the estimated variances:

uz(d)=u2(d)+u2(d1)+u2(d2)=93nm2

u(d)=9,7nm

3.3 Uncertainty of‘the thermal expansion coefficient, u(og)
coefficient of thermal expansion of the standard end gauge is given as ag=11,5x 1076 °

[see Equatien (7) in 4.3.7]

u(ds)=(2x107° ¢ ™) VB =12x107° oC”"

hndard end
were taken.

nty “due to
surements;
edom (see

uncertainty of the comparator “due to systematic errors” is_given in the certificate as 0,02 um @t the “three

C-1 with an

brtainty represented by a rectangular distribution with bounds +2 x 1076 °C~1. The standard umcertainty is

Since Cog =df/dag =-1g06 =0 as indicated in H.1.3, this uncertainty contributes nothing to the

of /

in first order. It does, however, have a second-order contribution that is discussed in H.1.7.

uncertainty
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Table H.1 — Summary of standard uncertainty components

Standard Value of Degrees of
uncertainty Source of uncertainty standard c; = of10x; u;(1) = le;lu(x;) freedom
component uncertainty

u(x;) u(x;) (nm)
u(ls) Calibration of standard end 25 nm 1 25 18
gauge
u(d) Measured difference 9,7 nm 1 9,7 25,6
betweaen -and gougnc
1 (47 ) repeated observations 5,8 nm 24
ufdq) random effects of 3,9 nm 5
comparator
ufdo) systematic effects of 6,7 nm 8
comparator
u(ag) Thermal expansion 1,2x 1076 °C™1 0 0
coefficient of standard end
gauge
u(6) Temperature of test bed 0,41 °C 0 0
1 (5) mean temperature of bed 0,2 °C
4(A) cyclic variation of 0,35°C
temperature of room
u(da) Difference in expansion 0,58 x 1076 °C~1 -ls0 2,9 50
coefficients of end gauges
u(d9) Difference in temperatures of | 0,029 °C -lsag 16,6 2
end gauges
u2(l)=" u?(1)=1002 nm?
ug(l)=32pm
veff(l) = 16
H.1.3.4 Upncertainty of the deviation of the temperature of the end gauge, u(09)
The temperature of the testbed is reported as (19,9 + 0,5) °C; the temperature at the time of the indivigual
observations was not recorded. The stated maximum offset, 4= 0,5 °C, is said to represent the amplitude of
an approximately cyclical variation of the temperature under a thermostatic system, not the uncertainty of| the
mean tempgrature~The value of the mean temperature deviation
6 =19|92C—20°C=-0,1°C

is reported as having a standard uncertainty itself due to the uncertainty in the mean temperature of the test

bed of

u(6)=0,2°C

while the cyclic variation in time produces a U-shaped (arcsine) distribution of temperatures resulting in a
standard uncertainty of

u(4)=(0,5°C)/¥2=0,35°C
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The temperature deviation 8 may be taken equal to &, and the standard uncertainty of ¢ is obtained from

u?(0)=u?(8)+u*(4)=0,165°C?

which gives

u(6)=0,41°C

Since cy=0f/06 = —Igda = 0 as indicated in H.1.3, this uncertainty also contributes nothing to the uncertainty
of /in first order; but it does have a second-order contribution that is discussed in H.1.7.

H.1

The
valu

H.1
The

cou
unc

H.1

The
and

or

The

3.5 Uncertainty of the difference in expansion coefficients, u(5¢)

estimated bounds on the variability of Sorare £1 x 1076 °C~1, with an equal probability, of Sor
e within those bounds. The standard uncertainty is

u(8a)=(1x107° «c ™) V3 = 0,58 x 1076 C !

3.6 Uncertainty of the difference in temperature of the gauges, u(68)

standard and the test gauge are expected to be at the same tempégrature, but the temperatur
d lie with equal probability anywhere in the estimated intefval —-0,05 °C to +0,05 °C. Th
priainty is

u(86) = (0,05 °C)/\/3=0,029 °C

.4 Combined standard uncertainty

combined standard uncertainty u.(/) is calculated from Equation (H.5). The individual terms 4
substituted into this expression to obtain

2
uZ (1) =(25nm)* +(9,7 nm)* + (0,05 m)? (-0,1°C)* (0,58 x 10® °c )" +

2
(0,05 m)? (115 x4076 °Cc~")" (0,029 °C)*

=(25 nm)2 +(9)7 nm)2 +(29 nm)2 +(16,6 nm)2 =1002 nm?

ug (1) = 32hm

domrinant component of uncertainty is obviously that of the standard, u(/g) = 25 nm.

having any

b difference
e standard

re collected

(H.6a)

(H.6b)

(H.6c)

H.A1

5 Finatresult

The calibration certificate for the standard end gauge gives /g = 50,000 623 mm as its length at 20 °C. The
arithmetic mean d of the five repeated observations of the difference in lengths between the unknown end
gauge and the standard gauge is 215 nm. Thus, since / =/g+d (see H.1.2), the length / of the unknown end
gauge at 20 °C is 50,000 838 mm. Following 7.2.2, the final result of the measurement may be stated as:

/=50,000 838 mm with a combined standard uncertainty u,=32nm. The corresponding relative

combined standard uncertainty is u.// = 6,4 x 1077,
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H.1.6 Expanded uncertainty

Suppose that one is required to obtain an expanded uncertainty Ugg = kggu(/) that provides an interval having
a level of confidence of approximately 99 percent. The procedure to use is that summarized in G.6.4, and the
required degrees of freedom are indicated in Table H.1. These were obtained as follows:

1) Uncertainty of the calibration of the standard, u(lg) [H.1.3.1]. The calibration certificate states that the
effective degrees of freedom of the combined standard uncertainty from which the quoted expanded
uncertainty was obtained is vgg(/g) = 18.

2)

of freeq
dy was
compa

Equatipn (G.3) in G.4.2 is v(d,) = 8 (see the example of G.4.2). The effective degrees;of freedom of

Veff(d ) ,

3) Uncert,
+1 % 1(

4) Uncer,
-0,05 1
from E

The calculation of ve(/) from Equation (G.2b)in G.4.1 proceeds in exactly the same way as for the calculg

of Veff(d) in

Veff (l)

lom of u(d1), the uncertainty due to random effects on the comparator, is v(d1) =6- 1 = bbecd
obtained from six repeated measurements. The £0,02 um uncertainty for systematic effects on
rator may be assumed to be reliable to 25 percent, and thus the degreescof-freedom from

s then obtained from Equation (G.2b) in G.4.1:

[P (@) @)+ (a)] (9.7 nm)’ )
()= u4(c7)+u4(d1)+u4(d2) ) (5,8 nm)* +(3,9 nm)* +(6,7 nm)* "0
o(d) " (d) () 24 5 g

hinty of the difference in expansion coeficients, #{(dc) [H.1.3.5]. The estimated bounds

hinty of the difference in temperatures of (the gauges, u(66) [H.1.3.6]. The estimated inte
C to +0,05 °C for the temperature difference 66 is believed to be reliable only to 50 percent, w|
puation (G.3) in G.4.2 gives v(86) = 2

P) above. Thus from Equations (H.6b) and (H.6¢) and the values for v given in 1) through 4),

4
_ (32.0m) _ 167
(25 nm)* L (o7 )’ (29 nm)* , (166 nm)*
18 2506 50 2

To obtain t
It then f
2,92 x (321

e required‘expanded uncertainty, this value is first truncated to the next lower integer, vg(/) 5
llows from Table G.2 in AnnexG that 199(16)=2,92, and hence Ugg = tg9(16)u,
m) =.93*nm. Following 7.2.4, the final result of the measurement may be stated as:

five
dsed
ees
use
the

i(d),

of

=6 °C~1 on the variability of 8o are deemed ta)be reliable to 10 percent. This gives, from
Equation (G.3) in G.4.2, v(dax) =

rval
hich

tion

16.
1=

1= (50

000838 + 0,000 093) mm, where the number following the symbol + is the numerical value o

f an

expanded uncertainty U = ku,, with U determined from a combined standard uncertainty u, = 32 nm and a
coverage factor k£ = 2,92 based on the ¢-distribution for v = 16 degrees of freedom, and defines an interval
estimated to have a level of confidence of 99 percent. The corresponding relative expanded uncertainty is

Ull=1

9% 1076,
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H.1.7 Second-order terms

The note to 5.1.2 points out that Equation (10), which is used in this example to obtain the combined standard
uncertainty u(/), must be augmented when the nonlinearity of the function Y = f(X;, X5, ..., Xy) is so significant
that the higher-order terms in the Taylor series expansion cannot be neglected. Such is the case in this
example, and therefore the evaluation of u.(/) as presented up to this point is not complete. Application to
Equation (H.3) of the expression given in the note to 5.1.2 vyields in fact two distinct non-negligible
second-order terms to be added to Equation (H.5). These terms, which arise from the quadratic term in the
expression of the note, are

].—2\ 112(317\ 112(9\4—]2 112(17.—\\112(81‘7\
= \ 7 A = A \ 7

bu

—

pnly the first of these terms contributes significantly to u(/):

Isu(8a)u(6) = (0,05m)(0,58x107° °C™")(0,41°C) =11,7 nm
Isu(ers)u(86) = (0,05 m)(1,2x107° °C™"}(0,029 °C) = 1,7 nm

The second-order terms increase u(/) from 32 nm to 34 nm.

H.2 Simultaneous resistance and reactance measurement

This example demonstrates the treatment of multiplé, measurands or output quantities |determined
simpltaneously in the same measurement and the correlation of their estimates. It considers only the random
variptions of the observations; in actual practice, the.uncertainties of corrections for systematic effects would
alsq contribute to the uncertainty of the measurementresults. The data are analysed in two differegt ways with
each yielding essentially the same numerical values.

H.21 The measurement problem

The resistance R and the reactance X of a circuit element are determined by measuring the ampljtude V of a
sinysoidally-alternating potential .difference across its terminals, the amplitude 7 of the alternafing current
paspging through it, and the phasé-shift angle ¢ of the alternating potential difference relative to thg alternating
current. Thus the three input/quantities are ¥, I, and ¢ and the three output quantities — the measurands —
are [the three impedance components R, X, and Z. Since Z2 = RZ + X2, there are only two indepenjdent output
quantities.

H.2.2 Mathematical model and data

Thel measurands are related to the input quantities by Ohm's law:

12 V. Vv
RE—cos¢g;, X=—sing, Z=— H.7
7 ¢ 7 ¢ 7 (H.7)

Consider that five independent sets of simultaneous observations of the three input quantities V, 7, and ¢ are
obtained under similar conditions (see B.2.15), resulting in the data given in Table H.2. The arithmetic means
of the observations and the experimental standard deviations of those means calculated from Equations (3)
and (5) in 4.2 are also given. The means are taken as the best estimates of the expected values of the input
quantities, and the experimental standard deviations are the standard uncertainties of those means.

Because the means V, I, and ¢ are obtained from simultaneous observations, they are correlated and the
correlations must be taken into account in the evaluation of the standard uncertainties of the measurands R, X,
and Z. The required correlation coefficients are readily obtained from Equation (14) in 5.2.2 using values of
s(V, 1), s(V,9), and s(I, ¢) calculated from Equation (17) in 5.2.3. The results are included in Table H.2,
where it should be recalled that »(x;, xj) = r(xj, x;) and r(x;, x;) = 1.

© ISO/IEC 2008 — Al rights reserved 85


https://iecnorm.com/api/?name=47be3fa2d8eea166e8734a012eeac3b8

ISO/IEC GUIDE 98-3:2008(E)

Table H.2 — Values of the input quantities V, I, and ¢ obtained from five sets
of simultaneous observations

Set number Input quantities
k 14 I ¢
V) (mA) (rad)
1 5,007 19,663 1,045 6
2 4,994 19,639 1,043 8
3 5.005 19.640 1,046 8
4 4,990 19,685 1,042 8
5 4,999 19,678 1,043 3
Arithmetic mean V =4,999 0 7 =19,6610 ¢ =1,044 46
Exg:\mfor:a;fs::g;ﬁrd s(7) =0,0032 | s(T)=00095 | s(3)=0,00075
Correlation coefficients
r(V, 1) =-0,36
r(V,$) = 0,86
r(I,¢) =-0,65

H.2.3 Redults: approach 1

Approach 1|is summarized in Table H.3.
The values|of the three measurands R, X, and Z are obtained from the relations given in Equation (H.7) uping
the mean vyalues V, I,and ¢ of Table H.2 for V,.[, and ¢. The standard uncertainties of R, X, and Z|are

obtained frpom Equation (16) in 5.2.2 since, asZpointed out above, the input quantities 7, I, and ¢ |are

correlated. |As an example, consider Z =V H. Identifying ¥ with xq, 7 with x,, and f with Z=J/I,

Equation (1) in 5.2.2 yields for the combinéd-standard uncertainty of Z

a7 () a{) o

222[”(;)]2+22[@T—222{"(1/_17)""(;)}(17, 7) (H.8b)

2 \ 2
uc,r(Z}—ur \I

<

Ju(T)r(V,T) (H.8a)

or

I
T

et e {H.8c)

~—
g
-
1~
~—

where u(V)=s(V), u(I)=s(I), and the subscript “r’ in the last expression indicates that u is a relative
uncertainty. Substitution of the appropriate values from Table H.2 into Equation (H.8a) then gives
us(Z) = 0,236 Q.

Because the three measurands or output quantities depend on the same input quantities, they too are
correlated. The elements of the covariance matrix that describes this correlation may be written in general as

u(yi vm) Zzayl aym (i )u (e ) (w0 x )

l1j1

(H.9)
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where y; = fi(x4, X, ..., xy) and y, =f, (x4, X5, ..., x)). Equation (H.9) is a generalization of Equation (F.2) in
F.1.2.3 when the g, in that expression are correlated. The estimated correlation coefficients of the output
quantities are given by r(y; y,,) = ul, y,)u(y)u(y,), as indicated in Equation (14) in 5.2.2. It should be
recognized that the diagonal elements of the covariance matrix, u(y;, y;) = u2(y)), are the estimated variances
of the output quantities y, (see 5.2.2, Note 2) and that for m = [, Equation (H.9) is identical to Equation (16) in
5.2.2.

To apply Equation (H.9) to this example, the following identifications are made:

y1 =R X1 =I7 u(xi)=s(xl~)
T5 =X 5 Z N=3
y3 =2 X3 =9

The results of the calculations of R, X, and Z and of their estimated variances and correfation coefficients are
givgn in Table H.3.

Table H.3 — Calculated values of the output quantities R, X, and_Z: approach 1

Measurand Relationship between Value of estimate y;, which Combined sfandard
index estimate of measurand y, is the result uncertainty u.()1) of result
I and input estimates x; of measurement of measurgment

ug(R) = 0,071 Q

1 y4=R=(VIT)cos¢ 1 =R=327,732Q u(R)IR = 0,04 x 1072
o 7 u(X) = 0,25 Q

2 ya=X=(VII)sing ¥2=X=219,847 Q ug(X)X = 0,19 x 1072
o - u(Z) = 0,286 Q

3 y3=2Z=VIT y3=7=254,260 Q ug(2)/Z = 0,09 x 1072

Correlation coefficients r(y;, v,,)
71, y2) = r(R, X) =-0,588
r(v1, y3) = r(R, Z) = -0,485
r(v2, y3)=r(X, 2)= 0,993

H.2.4 Results: approach 2
Approach 2 is summarized in Table H.4.

Singe the data’have been obtained as five sets of observations of the three input quantities ¥, I)and ¢, it is
posgible to.compute a value for R, X, and Z from each set of input data, and then take the arithmgtic mean of
the [five jndividual values to obtain the best estimates of R, X, and Z. The experimental standard deviation of
each mean (which is |ts comblned standard uncertamty) is then calculated from the five individupl values in
the a ) alculated by
applylng Equatlon (_) in 5 2.3 directly to the five |nd|V|duaI values from which each mean is obtalned There
are no differences in the output values, standard uncertainties, and estimated covariances provided by the two
approaches except for second-order effects associated with replacing terms such as ¥/7 and cos¢ by V/I
and cosg.

To demonstrate this approach, Table H.4 gives the values of R, X and Z calculated from each of the five sets
of observations. The arithmetic means, standard uncertainties, and estimated correlation coefficients are then
directly computed from these individual values. The numerical results obtained in this way are negligibly
different from the results given in Table H.3.
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Table H.4 — Calculated values of the output quantities R, X, and Z: approach 2

In the tern

Y=( §=1

in that notg, in general, the two approaches will give identical results if f is a linear function of its i

quantities (|

implementing approach 1). If f'is not a linear function, then the results of approach 1 will differ from thos

Set number Individual values of measurands
k R=(VII)cos¢ X=(VI)sing Z=VI
(Q) (Q) (Q)
1 127,67 220,32 254,64
2 127,89 219,79 254,29
3 127,51 220,64 254,84
[4) 27,71 218,97 253,49
5 127,88 219,51 254,04
Arithmetic mean y1=R=127,732 | y,=X =219,847 | y5=7=254,260
Experimental standard | - 7 _ ) 474 s(X)=0,295 $(Z) = 0,236
deviation of mean
Correlation coefficients (v}, v,,,)
r(y1, ¥2)=r(R, X)=-0,588
r(y1, v3)=r(R, Z) =-0,485
r(y2 v3)=r(X,Z)= 0,993

hinology of the Note to 4.1.4, approach 2 is an example of obtaining the estimate y f
Yk) n, while approach 1 is an example of obtaining%y ffom y = £ (X4, X5, ..., Xy). As pointed

provided that the experimentally observed correlation coefficients are taken into account w

rom
out
hput
hen
e of

approach 2|depending on the degree of nonlinearity and the estimated variances and covariances of the X..
This may bg seen from the expression
o _ TLARRPY-: r o
y=1 (X0 KXo Xy )+ 22D —mu( Xy, X )+ (H-10)
2414 0X0X ;
i=1 j=1 L
where the $econd term on the right-hand side is the second-order term in the Taylor series expansion|of f
in terms of fthe X; (see also 5=1\2, note). In the present case, approach 2 is preferred because it avoids{ the

approximat
fact collectq

On the ot
observation

on y=f()?1,)?2,...,
d in sets.

X ) and better reflects the measurement procedure used — the data we

ner hand,) approach 2 would be inappropriate if the data of Table H.2 represented ;4
s of the potential difference 7, followed by n, = 5 observations of the current 7, and then follo

ein

wed

by ny =5 olpsepvations of the phase ¢, and would be |mp033|ble if ny # ng # ng. (Itis in fact poor measurement
procedure o nce
and the current through it are dlrectly related.)

If the data of Table H.2 are reinterpreted in this manner so that approach 2 is inappropriate, and if correlations
among the quantities 7, I, and ¢ are assumed to be absent, then the observed correlation coefficients have no
significance and should be set equal to zero. If this is done in Table H.2, Equation (H.9) reduces to the
equivalent of Equation (F.2) in F.1.2.3, namely,

u?(x;) (H.11)

Nayl aym
v 3202
i1 9% 0x;

and its application to the data of Table H.2 leads to the changes in Table H.3 shown in Table H.5.

88 © ISO/IEC 2008 — Al rights reserved


https://iecnorm.com/api/?name=47be3fa2d8eea166e8734a012eeac3b8

ISO/IEC GUIDE 98-3:2008(E)

Table H.5 — Changes in Table H.3 under the assumption
that the correlation coefficients of Table H.2 are zero

Combined standard uncertainty u.(y;) of result of measurement

us(R) = 0,195 Q
ue(R)R = 0,15 x 1072

ue(X) = 0,201 Q
ue(X)/X = 0,09 x 1072

H.3

This

1(Z) = 0,204
us(Z)/Z = 0,08 x 1072

Correlation coefficients r(y;, v,,)

r(y1, y2) = r(R, X) = 0,056
r(y1, y3) = r(R, 2) = 0,527
r(yo, ¥3) = r(X, Z) = 0,878

Calibration of a thermometer

example illustrates the use of the method of least squares-to obtain a linear calibration curve 4§

nd how the

parameters of the fit, the intercept and slope, and their~éstimated variances and covariance, @re used to

obt3

H.3

A th
neg
to 2

is fifted to the measured) corrections and temperatures by the method of least squares. The param

Y2,
qua
not
thei
unc

in from the curve the value and standard uncertainty of a predicted correction.

.1 The measurement problem

ermometer is calibrated by comparing-n = 11 temperature readings ¢, of the thermometer, ¢
igible uncertainty, with corresponding known reference temperatures tg , in the temperature

b(t)=yq+ya(t—tg)

which are respectively the intercept and slope of the calibration curve, are the two measuran
htities to be «determined. The temperature ¢ is a conveniently chosen exact reference temp
an independent parameter to be determined by the least-squares fit. Once y, and y, are found
 estimated variances and covariance, Equation (H.12) can be used to predict the value ar
ertainty of the correction to be applied to the thermometer for any value ¢ of the temperature.

ach having
ange 21 °C

7 °C to obtain the corrections b= tg , — ¢ to the readings. The measured corrections b, angl measured
temperatures ¢, are the input quantities of the evaluation. A linear calibration curve

(H.12)

pters y4 and

Is or output

rature; it is
, along with
d standard

H.3

.2 Least-squares fitting

Based on the method of least squares and under the assumptions made in H.3.1 above, the output quantities

4

nd y, and their estimated variances and covariance are obtained by minimizing the sum

n
S =Z[bk - y1-y2(t —fo)]2
k=1
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This leads to the following equations for y4, y,, their experimental variances s2(y1) and s2(y2), and their
estimated correlation coefficient »(y4, y5) = s(y1, ¥2)/s(y1)s(v9), where s(y4, y) is their estimated covariance:

() (X0F)- (e on) (o)

yq= 5 (H.13a)
nY b6, —(>b 6
D
2 2
2 S Zek
—— H.13c
s (1 5 ( )
2 52
s (y2 =n— (H.13d)
O
r(y1,y2)=——,—Z > (H-13¢)
nZé’k
o Xlo o))
st =4 (H]13f)
n—2
p=nY02-(36,) =13 (6, -8)" = Ty H.13
=n} 08 —(20:)" =n2 (0 -0)" =nD (1 ~7) (H.139)
where all sims are from k=1 to n, 6, =1, — to,.6 =(26’k)/n, and 7 = (Ztk)/n; [b; — b(1)] is the differgnce
between the measured or observed correction b; at the temperature ¢, and the correction b(¢,) predicted by the
fitted curve|b(r) = yq + yo(t — 1p) at ;. The variance s2 is a measure of the overall uncertainty of the fit, where

the factor n
the degrees

H.3.3 Cal

The data t
reference tg

— 2 reflects the fact that because two parameters, y; and y,, are determined by the n observati
of freedom of s2is v=n'- 2 (see G.3.3).

culation of results

b be fitted\‘are given in the second and third columns of Table H.6. Taking 7;=20 °C as
mperature, application of Equations (H.13a) to (H.13q) yields

y1=-

bNS,

the

D171 2 °C s(v4)=0,0029°C

y2 =0,
r(y1, y2)=-0,930

00218 s(y2) =0,000 67

s=0,0035°C

The fact that the slope y, is more than three times larger than its standard uncertainty provides some
indication that a calibration curve and not a fixed average correction is required.

90

© ISO/IEC 2008 — All rights reserved


https://iecnorm.com/api/?name=47be3fa2d8eea166e8734a012eeac3b8

ISO/IEC GUIDE 98-3:2008(E)

Table H.6 — Data used to obtain a linear calibration curve for a thermometer by the method
of least squares

The

whdg
corf

predlicted value of the correction b(z) at' any temperature ¢, and in particular the value b5(z;) at 1

valu

measured and predicted values, by b(#;). An analysis of these differences can be used to check

of th

H.3

The
obt3
that

Reading Thermometer Observed Predicted Difference between observed
number reading correction correction and predicted correction

k I by=1r k—l b(;) by — b(1)

(°C) (°C) (°C) (°C)

1 21,521 -0,171 -0,167 9 -0,003 1

2 22,012 -0,169 -0,166 8 -0,002 2

3 22,512 -0,166 -0,1657 -0,000 3

4 23,003 -0,159 -0,164 6 +0,005 6

5 23,507 -0,164 -0,163 5 -0,000’5

6 23,999 -0,165 -0,162 5 -0)002 5

7 24,513 -0,156 -0,1614 +0,005 4

8 25,002 -0,157 -0,160 3 +0,003 3

9 25,503 -0,159 -0,159 2 +0,000 2

10 26,010 -0,161 -0,158 1 -0,002 9

11 26,511 -0,160 -0,157'0 -0,003 0

calibration curve may then be written as
b(t)=-0,1712(29) °C+0,002 18(67)( — 20 °C)

re the numbers in parentheses are the, numerical values of the standard uncertainties refg
esponding last digits of the quoted results for the intercept and slope (see 7.2.2). This equatiq

es are given in the fourth column’ of the table while the last column gives the differences b

e linear model; formal tests.exist (see Reference [8]), but are not considered in this example.

.4 Uncertainty of)a predicted value

ined by applying the law of propagation of uncertainty, Equation (16) in 5.2.2, to Equation (H
b(t) = f(¥47 o) and writing u(y4) = s(y4) and u(y,) = s(y,), one obtains

(H.14)

rred to the
n gives the
=t,. These
etween the
the validity

expression fer'the combined standard uncertainty of the predicted value of a correction cap be readily

[12). Noting

1[2|—h(f\—|:112(‘)11\—‘-(’—”\\21[2(17'\\4‘9(’—”\\1[(174\1[(‘A\V(‘A 17n\
CL YV /] \7 17 \ " N \ Vi \ 7 \7 &/ V17 <)

(H.15)

The

frmin

\% 1

2

estimated variance u¢ [b(t)] is a minimum at ¢, = 1o — u(y4)7(y1, ¥2)/u(y,), which in the present case is

= 24,008 5 °C.

As an example of the use of Equation (H.15), consider that one requires the thermometer correction and its
uncertainty at =30 °C, which is outside the temperature range in which the thermometer was actually
calibrated. Substituting ¢ = 30 °C in Equation (H.14) gives

b(30°C) = 0,149 4 °C
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while Equat

u2[5(30°C)] = (0,002 9 °C)?

or

ion (H.15) becomes

+(10°C)? (0,000 67)% +2(10 °C)(0,002 9 °C)(0,000 67)(-0,930)
=17,1x 1078 °c2

ug[5(30°C)]=0,004 1°C

Thus the correction at 30 °C is —0,149 4 °C, with a combined standard uncertainty of u, = 0,004 1 °C, and with

u having v E7 = 2=9degrees of freedomn.
H.3.5 Elimination of the correlation between the slope and intercept
Equation (H.13e) for the correlation coefficient r(y4,y,) implies that if zy is s00 chosen [that
Z,’; 16, :ZZ:1 (ty —t9) =0, then r(y4, y2)=0 and y; and y, will be uncorrelated, thereby simplifying| the
computatlo of the standard uncertainty of a predicted correction. Since Z,ﬁ’=1 6, =0 when
to=1 = Jay g and 7 =24,0085°C in the present case, repeating thie;least-squares fit with
tg=1 = 24 008 5 °C would lead to values of y; and y, that are uncorrelated. (The temperature 7 is alsd the
temperaturg at which #2[b(¢)] is a minimum — see H.3.4.) However, repeating the fit is unnecessary becduse
it can be shiown that

b(t)=pi+ya(t—7) (H.16a)

, —\2

uZ[b({)]=u? (35)+(1=7)"u? (3y) (H.16b)

(1 02) =0 (H.J6c)
where

Yi=y{+r2(t ~10)

T =tgps(v1)r(v,92)/s(v2)

2/ 2 2

sS(vi)=s (M)D—V (71 m)}
and in wriling Equation(H.16b), the substitutions u(y’y) =s(y4) and u(y,)=s(y,) have been made [see
Equation (H.15)].
Application [of these-relations to the results given in H.3.3 yields

b(t) = 0,162 5(11) +0,002 18(67)(r — 24,008 5 °C) (H.17a)

u2[b(1)]= (0,001 1) + (- 24,008 5 °C) (0,000 67)° (H.17b)

That these expressions give the same results as Equations (H.14) and (H.15) can be checked by repeating
the calculation of 5(30 °C) and u[6(30 °C)]. The substitution of =30 °C into Equations (H.17a) and (H.17b)

yields

b(30°C)=-0,149 4 °C

ug[5(30°C)]=0,004 1°C
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which are identical to the results obtained in H.3.4. The estimated covariance between two predicted
corrections b(z4) and b(t,) may be obtained from Equation (H.9) in H.2.3.

H.3.6 Other considerations

The least-squares method can be used to fit higher-order curves to data points, and is also applicable to
cases where the individual data points have uncertainties. Standard texts on the subject should be consulted
for details [8]. However, the following examples illustrate two cases where the measured corrections b, are not
assumed to be exactly known.

1) Lot ch hao hla arta lat Annln aof thao b 4 ha ohbhiained fro erleS Of
=St—ECach Lk Aave ||\.au||3|u|\.a ullU\.ollulllLy, ret-each—oOr—the——VvardesS LR T 9T Optaea—om—aS m

repeated readings, and let the pooled estlmate of variance for such readings based on a Iarg e amount of
data obtained over several months be s2. Then the estimated variance of each IR, j-I8Ysp Z Jm =u3 and
each observed correction b, = g , — ¢, has the same standard uncertainty u,. Under these C|r cumstances
(and under the assumption that there is no reason to believe that the linear model is ingorrect), u%
replaces s2 in Equations (H.13c) and (H.13d).

NOTE A pooled estimate of variance sg based on N series of independent observations of the game random
variable is obtained from

where 9 is the experimental variance of the ith series of; |ndependent repeated observations [Equation (4) in
4. 2 4.2.2] and has degrees of freedom v; = n; — 1. The degrees)offreedom of 9p isv= Z, Z1v;. The experimgntal variance
Sp 2 Im (and the experimental standard deV|at|on s /\/_) of the arithmetic mean of m independent |observations
characterlzed by the pooled estimate of variance s also has v degrees of freedom.

2) |Suppose that each 7 has negligible uncertainty, that a correction ¢, is applied to each of the n values 1y 4,
and that each correction has the same“standard uncertalnty Uy Then the standard uncerta hty of each
by=1IR 1t is alsou,, and s (y1) issreplaced by s (y1)+ua and s (y1) is replaced by s (y )+u§.

H.4 Measurement of activity

Thig example is similar_to.example H.2, the simultaneous measurement of resistance and reactgnce, in that
the data can be analysed in two different ways but each yields essentially the same numerical resplt. The first
appfoach illustrates_ once again the need to take the observed correlations between input quantities into
accpunt.

H.41 The.measurement problem

scintillation
1e unknown
act|V|ty concentratlon is obtamed by measunng three countmg sources conS|st|ng of apprOX|mater 59 of
water and 12 g of organic emulsion scintillator in vials of volume 22 ml:

Source (a) a standard consisting of a mass mg of the standard solution with a known activity
concentration;

Source (b) a matched blank water sample containing no radioactive material, used to obtain the
background counting rate;

Source (c) the sample consisting of an aliquot of mass m, with unknown activity concentration.
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Six cycles of measurement of the three counting sources are made in the order standard — blank — sample;
and each dead-time-corrected counting interval T, for each source during all six cycles is 60 minutes.
Although the background counting rate cannot be assumed to be constant over the entire counting interval
(65 hours), it is assumed that the number of counts obtained for each blank may be used as representative of
the background counting rate during the measurements of the standard and sample in the same cycle. The
data are given in Table H.7, where

tg, IRy Ly are the times from the reference time =0 to the midpoint of the dead-time-corrected
counting intervals 7, =60 min for the standard, blank, and sample vials, respectively;
although g is given for completeness, it is not needed in the analysis;
Cs, Cg| C, are the number of counts recorded in the dead-time-corrected counting intervals Ty = 60[min
for the standard, blank, and sample vials, respectively.
The observed counts may be expressed as
CS =(B +€A8Tomse_ﬂts (H 83)
C,=dg+ed,Tym e M (H.18b)
where
£ is the liquid scintillation detection efficiency for 222Rn)for a given source composifion,
assumed to be independent of the activity level;
Ag is the activity concentration of the standard at the)reference time ¢ = 0;
A, is the measurand and is defined as the unknown activity concentration of the sample af the
reference time ¢ = 0;
mg is the mass of the standard solutian;
m, is the mass of the sample aliquot;
A is the decay constant for22?Rn: A= (In 2)/T;,, = 1,258 94 x 107 min™1 (T, = 5 505,8 mip).
Table H.7 — Counting data for determining the activity concentration
of an unknown sample
Cycle Standard Blank Sample
k Is CS B CB Iy Cx
(min) (counts) (min) (counts) (min) (counts)
1 243,74 15 380 305,56 4 054 367,37 41 432
2 984 53 14 978 104610 3922 1107 66 38 706
3 1723,87 14 394 178543 4 200 1 846,99 35 860
4 2 463,17 13 254 252473 3830 2 586,28 32 238
5 3 217,56 12 516 3 279,12 3 956 3 340,68 29 640
6 3 956,83 11 058 4 018,38 3980 4 079,94 26 356
94 © ISO/IEC 2008 — All rights reserved
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Equations (H.18a) and (H.18b) indicate that neither the six individual values of Cg nor of C, given in Table H.7
can be averaged directly because of the exponential decay of the activity of the standard and sample, and
slight variations in background counts from one cycle to another. Instead, one must deal with the
decay-corrected and background-corrected counts (or counting rates defined as the number of counts divided
by Ty = 60 min). This suggests combining Equations (H.18a) and (H.18b) to obtain the following expression for
the unknown concentration in terms of the known quantities:

Ax = f(AS’ mg, my, CS’ Cx’ CB’ g, ty, ;L)

mg (C, —Cg)e™

m, (Co—Co)e?!s
TS B

(H.19)

ms Cx=Cp Alr-1s)
m, Cg—Cp

where (C, - CB)eﬂfx and (Cq - CB)eﬂ’S are, respectively, the background-corrected counts of the sample and
the [standard at the reference time =0 and for the time interval T = 60 min. Alternatively, one may simply
write

mg R
Ax=f(AS’mS’mx’RSst)=AS_SR_x (HZO)
my Kg

whgre the background-corrected and decay-corrected counting rates R, and Rg are given by

R, =[(C,-Cg)/Tp |e™ (H.21a)

Rg =[(Cs - Cg)/Ty Je™'s (H.21b)

.42 Analysis of data

Table H.8 summarizes the values of the background-corrected and decay-corrected counting ratep Rq and R,
calqulated from Equations (H.21a) and-(H.21b) using the data of Table H.7 and A= 1,258 94 x 1074 min~! as
givgn earlier. It should be noted that.the ratio R = R, /Rg is most simply calculated from the expression

[(C, - Ca)/(Cs - Cg) [e245S)

Thel arithmetic means Rg, R, and R, and their experimental standard deviations s(Rg), s(R,), and s(R), are
calqulated in the usual‘way [Equations (3) and (5) in 4.2]. The correlation coefficient »(R, Rg) is cal¢ulated from
Equation (17) in 5:.2.3"and Equation (14) in 5.2.2.

Begause of thecomparatively small variability of the values of R, and of Rg, the ratio of means Ex /ES and
the |standard uncertainty u(ﬁx/ﬁs) of this ratio are, respectively, very nearly the same as the mgan ratio R
and| its ‘experimental standard deviation s(R) as given in the last column of Table H.8 [see| H.2.4 and
Equation (H.10) therein]. However, in calculating the standard uncertainty u(R./Rs), the correlatipn between
R, and Rg as represented by the correlation coefficient »(R,, Rg) must be taken into account using
Equation (16) in 5.2.2. [That equation yields for the relative estimated variance of EX/ES the last three terms

of Equation (H.22b).]

It should be recognized that the respective experimental standard deviations of R. and of Rg, \/Es(ﬁx) and
Jgs(ﬁs), indicate a variability in these quantities that is two to three times larger than the variability implied by
the Poisson statistics of the counting process; the latter is included in the observed variability of the counts
and need not be accounted for separately.
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