—

GUIDE TO

THE EXPRESSION
OF UNCERTAINTY
IN MEASUREMENT

S

CORRECTED AND REPRINTED, 1995

BIPM  International Bureau of Weights and
Measures

IEC International Electrotechnical Commission

IFCC  International Federation of Clinical Chemistry

ISO  International Organization for
Standardization

IUPAC  International Union of Pure and
Applied Chemistry

IUPAP  International Union of Pure and
Applied Physics

OIML  International Organization of Legal
Metrology



https://iecnorm.com/api/?name=350e4d09405084c3da67f81ed21f4434

BIPM

IEC

IFCC

ISO

IUPAC

IUPAP

OIML

Bureau inffernational des poids et mesures
Pavillon de Breteuil
F-92312 pévres Cedex

France

Internatichal Electrotechnical Commission

3, rue de|Varembé \O
Case postale 131

CH-1211|Genéve 20 oF
Switzerlahd \\

Internatiohal Federation of Clinical Chemisfry
Technical Secretariat :

Centre dy Médicament

Universitq de Nancy 1 O
30, rue Lonnois C)
F-54000 Nancy

France @Q
Internatiohal Orga @;n for Standardization
1, rue de Vorem%é
Case posfale

CH-1211

G 20
Switzerla 16\

International Union of Pure and Applied Chemistry
Bank Court Chambers

2-3 Pound Way

Templars Square, Cowley

Oxford OX4 3YF

United Kingdom

International Union of Pure and Applied Physics
Secretariat

Vittens gata 11

5-421 65 V. Frolunda

Sweden

International Organization of Legal Metrology
11, rue Turgot

F-75009 Paris

France

® IS0,

1995



https://iecnorm.com/api/?name=350e4d09405084c3da67f81ed21f4434

This Guide establishes general rules for evaludting
and expressing uncertainty in measurement
are intended to be applicable to a broad
spectrum of measurements, The basis of the
is Recommendation 1 (CI-1981) of the Comit
International des Poids et Mesures (CIPM) a
Recommendation INC-1 (1980) of the Workin|
Group on the Statement of Uncertainties.
Working Group was convened by the Bureal
Intermnational des Poids et Mesures (BIPM) in
response to a request of the CIPM. The CIPM
Recommendation is the only recommendatipn
concerning the expression of uncertainty in
measurement adopted by an intergovernmgntal
organization.

This Guide was prepared by a joint working gloup
consisting of experts norninated by the BIPM, fhe
International Electrotechnical Commission (IE[C),
the International Crganization for Standardizdtion
(1S0), and the International Organization of
Metrology (OIML).
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Foreword

Foreword

In 1977, rgcognizing the lack of international consensus on
the expresdion of uncertainty in measurement, the world’s

highest au
des Poids

hority in metrology, the Comité International
et Mesures (CIPM), requested the Bureau

Internatiorjal des Poids et Mesures (BIPM) to address the

problem

n conjunction with the national standards

laboratorids and to make a recommendation.

The BIPM

prepared a detailed questionnaire covering the

issues invqlved and distributed it to 32 national metrology
laboram:js known to have an interest in the subject (and,

for info

early 1979

ation, to five international organizations). By

[1]." Almdst all believed that it was important to arrive
an interngtionally accepted procedure for expr g

measurem¢nt uncertainty and for combining individual

uncertainty

However,
be used.

purpose of

procedure
attended

laboratorids. This Worki
Uncertaintjes devel
Expressio]

approved

it in 1986

The task

components into a single total snéertainty.
la consensus was not apparent,oe\)&fe method to
The BIPM then convencd@eﬂing for the
arriving at a uniform and generally acceptable
for the specificati
0

by experts fr

uncertainty; it was
national standards

*Group on the Statement of
ecommendation INC-1 (1980),
of E ental Uncertainties [2]. The CIPM
cé/gbmmendation in 1981 [3] and reaffirmed
AN

s\&malional Union of Pure and Applied
responses were received from 21 laboratories @ (IUPAP)

D
O
N

Responsibility was assigned to the I chnical
Group on Metrology (TAG 4) because one of i
to coordinate the developmient of guide

measurement topics that z@of common intere|
and the six organizatj hat participate with I
work of TAG \ e International Electrg
Commission ( , the partner of ISO in W
standardization;” the CIPM and the Int
Organi iQ of Legal Metrology (OIML),
wor @?ﬂ metrology organizations; the Int

of Pure and Applied Chemistry (IUPAC

the two international unions that
chemistry and physics; and the International Fed
Clinical Chemistry (IFCC).

TAG 4 in turn established Working (
(ISO/TAG 4/WG 3) composed of experts nom
the BIPM, IEC, ISO, and OIML and appoint
Chairman of TAG 4. It was assigned the follow
of reference:

To develop a guidance document based up
recommendation of the BIPM Working Grd
the Statement of Uncertainties which provide
on the expression of measurement uncertair

Advisory
s tasks is
ines on
5t to ISO
5O in the
technical
borldwide
brnational
the two
brnational
) and the

Physics
represent
bration of

iroup 3
inated by
bd by the
ing terms

bn the
up on
b rules
ty for

it vl Sardizarl iibration. ial

of developing a detailed guide based on the

Working Group Recommendation (which is a brief outline

rather than a detailed prescription) was referred by the
CIPM to the International Organization for Standardization
(I1SO), since ISO could better reflect the needs arising
from the broad interests of industry and commerce.

1) See the bi

bliography on page 94 ef seq.

accreditation, and metrology services;

The purpose of such guidance is
- to promote full
uncertainty statements are arrived at;

information on

ratory

how

~ 1o provide a basis for the international

comparison of measurement results.
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0 Introduction

0.1  WHen reporting the result of a measurement of a
physical quantity, it is obligatory that some quantitative
indication|of the quality of the result be given so that those
who use [it can assess its reliability. Without such an
indication|, measurement results cannot be compared,
either amgng themselves or with reference values given in
a specifichtion or standard. It is therefore necessary that
there be § readily implemented, easily understood, and
generally pccepted procedure for characterizing the quality
of a result of a measurement, that is, for evaluating and
expressing its uncertainty.

0.2 The concept of uncertainty as a quantifiable
attribute i relatively new in the history of measurement,
although ¢rror and error analysis have lofigbeen a part of
the practite of measurement sciencé or” metrology. It is
now widdly recognized that, when <all of the known or
suspected| components of erroryhave been evaluated and
the appropriate corrections\have been applied, there still
remains an uncertainty,about the correctness of the stated
result, that is, a d;mbt about how well the result of the
measurenfent represents the value of the quantity being
measured

0 Introduction

evaluating and expressifig/ uncertainty be| uniform
throughout the world 6 that measurements perfformed in
different countries eaf/be easily compared.

0.4 The idéaDmethod for evaluating and expfessing the
uncertainty-0f the result of a measurement shoyld be:

~\ niversal: the method should be applicfible to all
kinds of measurements and to all typep of input
data used in measurements.

The actual quantity used to express uncertainty phould be:

— internally consistent: it should be directly derivable
from the components that contribute to Jit, as well
as independent of how these compdnents are
grouped and of the decompositio of the
components into subcomponents;

- transferable: it should be possible to uge directly
the uncertainty evaluated for one rgsult as a
component in evaluating the uncertainty jof another
measurement in which the first result is|used.

Further, in many industrial and commercial apjplications,

0.3  Just as the nearly universal use of the International
System of Units (SI) has brought coherence to all
scientific and technological measurements, a worldwide
consensus on the evaluation and expression of uncertainty
in measurement would permit the significance of a vast
spectrum of measurement results in science, engineering,
commerce, industry, and regulation to be readily
understood and properly interpreted. In this era of the

global marketplace, it is imperative that the method for

as—welas T thearcas—oftheatthand—safety—it is often
necessary to provide an interval about the measurement
result that may be expected to encompass a large fraction
of the distribution of values that could reasonably be
attributed to the quantity subject to measurement. Thus the
ideal method for evaluating and expressing uncertainty in
measurement should be capable of readily providing such
an interval, in particular, one with a coverage probability
or level of confidence that corresponds in a realistic way
with that required.

vii
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0.5  The approach upon which this guidance document
is based is that outlined in Recommendation INC-1 (1980)
[2] of the Working Group on the Statement of
Uncertainties, which was convened by the BIPM in
response to a request of the CIPM (see Foreword). This
approach, the justification of which is discussed in annex
E, meets all of the requirements outlined above. This is
not the case for most other methods in current use.
Recommendation INC-1 (1980) was approved and
reaffirmed by the CIPM in its own Recommendations
1 (CI-1981) [3] and 1 (CI-1986) [4]; the English

0.7 Recommendation INC-1 (1980)

Expression of experimental uncertainties

1. The uncertainty in the result of a measurement
generally consists of several components which
may be grouped into two categories according to
the way in which their numerical value is
estimated:

A. those which are evaluated by statistical

methods,
B. those which are evaluated by other means.

translationy of these CIPM Recommendations are
reproduced in annex A (see A.2 and A.3, respectively).
Because R¢commendation INC-1 (1980) is the foundation
upon which this document rests, the English translation is
reproduced in 0.7 and the French text, which is
authoritatiye, is reproduced in A.1.

0.6 A shccinct summary of the procedure specified in
this guidapce document for evaluating and expressing
uncertainty| in measurement is given in clause 8 and a
number of| examples are presented in detail in annex H.
Other annpxes deal with general terms in metrology
(annex B);|basic statistical terms and concepts (annex C);
“true” valyie, error, and uncertainty (annex D); practical
suggestion$ for evaluating uncertainty components (annex

G); the principal mathematical symbols used through e

the document (annex J); and bibliographical refergnces

(annex K).[An alphabetical index concludes lheéﬁ'é]mem.
b\

C}\c\)‘*‘
o&
Q
Q§

O
D
&S

There is not always a simple corr hatldence
between the classification into categ@s A or B
and the previously used (@@ﬁcaﬂon into
“random” and “systematic” uncertainties. Thp term
“systematic uncertainty” ﬁ

should be avoided. O

e misleading and

of the uncertainty ghould
plete list of the compopnents,

Any detailed r
consist of a

specifying\% each the method used to obthin its
numerigalvalue.

Qhe components in category A are charactrized
the estimated variances s? (or the estijmated

\Q “standard deviations” 5;) and the numbpr of
F); degreefs of freedom and levels of confidence (annez(\Q

degrees of freedom v. Where appropriat¢, the
covariances should be given.

3. The components in category B should be

characterized by quantities 7, which mjy be
considered as approximations to the correspgnding
variances, the existence of which is assumed. The
quantities uf may be treated like variances apd the
quantities u; like standard deviations. Where
appropriate, the covariances should be treatgd in a

similar way.

4. The combined uncertainty should be
characterized by the numerical value obtairjed by
applying the usual method for the combinatjon of

variances. The combined uncertainty and its
components should be expressed in the form of
“standard deviations.”

5. If, for particular applications, it is necessary to
multiply the combined uncertainty by a factor to
obtain an overall uncertainty, the multiplying factor
used must always be stated.

viii
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1 Scope

GUIDE TO THE
EXPRESSION OF UNCERTAINTY

1.1 This Guide establishes general rules for evaluating
and expresping uncertainty in measurement that can be
followed at| various levels of accuracy and in many fields
- from the phop floor to fundamental research. Therefore,
the principles of this Guide are intended to be applicable
to a broad| spectrum of measurements, including those
required fof:

- maintaining quality control and quality assurance&}l
production; Q\

- complying with and enforcing laws and x@jlations;

- conducting basic research, and ap%‘f\@besearch and

devglopment, in science and engineering;

— calilprating  standards *instruments  and

perfprming tests lhro anational measurement
syst¢m in order t&' eve traceability to national

stanflards;
- dew:loping,Onaimaining, and comparing
inlcnali@ and national physical reference

stanflards; including reference materials.

IN-MEASUREMENT

1 Scope

0
O
NS
@OSb
O
N\
C)O\)
N4

1.3  This G is also applicable to evaluating and
expressing
design a@ theoretical analysis of experiments, mgthods of

me ient, and complex components and [systems.

uncertainty associated with the cqnceptual

gealise a measurement result and its uncertainty may be
sgc nceptual and based entirely on hypothetical flata, the

SOV term “result of a measurement” as used in thiis Guide

should be interpreted in this broader context.

1.4  This Guide provides general rules for eyaluating
and expressing uncertainty in measurement ragher than
detailed, technology-specific instructions. Furthef, it does
not discuss how the uncertainty of a particular
measurement result, once evaluated, may be [used for
different purposes, for example, to draw conclusigns about
the compatibility of that result with other similar results,
to establish tolerance limits in a manufacturing prjocess, or
to decide if a certain course of action may be safely

undertaken. It may therefore be necessary to| develop

particular standards based on this Guide that dea| with the

1.2 This Guide is primarily concerned with the
expression of uncertainty in the measurement of a well-
defined physical quantity — the measurand - that can be
characterized by an essentially unique value. If the
phenomenon of interest can be represented only as a
distribution of values or is dependent on one or more
parameters, such as time, then the measurands required
for its description are the set of quantities describing that
distribution or that dependence.

problems peculiar to specific fields of measurement or
with the various uses of quantitative expressions of
uncertainty. These standards may be simplified versions of
this Guide but should include the detail that is appropriate
to the
measurements and uses addressed.

level of accuracy and complexity of the

NOTE - There may be situations in which the concept of
uncertainty of measurement is believed not to be fully
applicable. such as when the precision of a test method is

determined (see reference |5]. for example).
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2 Definitions

2.1 Gg¢neral metrological terms

The definjtion of a number of general metrological terms
relevant tp this Guide, such as “measurable quantity,”
“measurapd,” and “error of measurement,” are given in
annex B These definitions are taken from the
Internatiopal vocabulary of basic and general terms in
metrology| (abbreviated VIM) [6]. In addition, annex C
gives the flefinitions of a number of basic statistical terms
taken maifly from International Standard ISO 3534-1 [7].
When ong of these metrological or statistical terms (or a
closely refated term) is first used in the text, starting with
clause 3, [it is printed in boldface and the number of the
subclause|in which it is defined is given in parentheses.

Because df its importance to this Guide, the deﬁnitionx\@\
the gengral
measurement

metrological term “unceﬁair@of
is given both in annex B and 2.& . The
definition§ of the most important terms spe\ﬁ)'lc to this
Guide ar¢ given in 2.3.1 to 2.3.6. 1 of these
subclause§ and in annexes B and C, t of parentheses
around cdrtain words of some terms means that these

»

words mfy be omitted if

O

.

ertainty”

is unlikely to cause
confusion

2.2 THhe term ¢
The concgpt Ob@enainly is discussed further in clause

3 and annex\@/.

QO

Se)

adjectives refers both to the general conc@%f Yncertainty
and to any or all quantitative meas eg'\of that concept.
When a specific measure is @ ded, propriate

R4
\
2.2.3 The formal deﬂmtﬁﬁ of the term “uncgrtainty of

measurement” devel for use in this Guide jand in the
current VIM [6] entry 3.9) is as followq:

adjectives are used.

uncertai of measurement)

parameter, assomated with the resujt of a

% remem that characterizes the disperdion of the
es that could reasonably be attributgd to the
\\ measurand

NOTES

1 The parameter may be, for example, a standard deviation (or
a given multiple of it), or the half-width of an interal having a
stated level of confidence.

2 Uncertainty of measurement comprises, in geheral, many
components. Some of these components may be evdluated from
the statistical distribution of the results of series of mpasurements
and can be characterized by experimental standard deviations.
The other components, which also can be charjcterized by
standard deviations, are evaluated from assumed| probability

distributions based on experience or other informatjon.

3 Itis understood that the result of the measuremept is the best
estimate of the value of the measurand, and that all jcomponents
of uncertainty, including those arising from systenjatic effects,

such as components associated with corrections agd reference

2.2.1 The word “uncertainty” means doubt, and thus in
its broadest sense “uncertainty of measurement” means
doubt about the validity of the result of a measurement.
Because of the lack of different words for this general
concep! of uncertainty and the specific quantities that
provide quantitative measures of the concept, for example,
the standard deviation, it is necessary to use the word

“uncertainty” in these two different senses.

2.2.2 In this Guide, the word “uncertainty” without

standards, contribute to the dispersion.

2.2.4 The definition of uncertainty of measurement given
in 2.2.3 is an operational one that focuses on the
measurement result and its evaluated uncertainty.
However, it is not inconsistent with other concepts of

uncertainty of measurement, such as
- a measure of the possible error in the estimated
value of the measurand as provided by the result of

a measurement;
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2 Definitions

— an estimate characterizing the range of values
within which the true value of a measurand lies
(VIM, first edition, 1984, entry 3.09).

Although these two traditional concepts are valid as ideals,
they focus on unknowable quantities: the “error” of the
result of a measurement and the “true value” of the
measurand (in  contrast to its estimated value),
respectively.  Nevertheless, ~whichever concept  of
uncertainty is adopted, an uncertainty component is always
evaluated ysi i ion.
(See also E|5.)

2.3 Terms specific to this Guide

In general| terms that are specific to this Guide are
defined in fhe text when first introduced. However, the
definitions pf the most important of these terms are given
here for eajy reference.

NOTE - |[Further discussion related to these terms may be found
as followp: for 2.3.2, see 3.3.3and 4.2; for 2.3.3, see 3.3.3 and
4.3: for 4.3.4, see clause 5 and equations (10) and (13); and for
2.3.5 and 2.3.6, see clause 6.

2.3.1 standard uncertainty

2.3.4 combined standard uncertainty

standard uncertainty of the result of a measurement when
that result is obtained from the values of a number of
other quantities, equal to the positive square root of a sum
of terms, the terms being the variances or covariances of
these other quantities weighted according to how the
measurement result varies with changes in these quantities

2.3.5 expanded uncertainty
i interval about the result of a

measurement that may be expected to enco a large
fraction of the distribution of values that repsonably
be attributed to the measurand ‘.

NOTES @O_)

'3

1 The fraction may be view% he coverage propability or
level of confidence of the ir@al.

2 To associatea s evel of confidence with the interval
defined by the e
assumptions r ng the probability distribution chjracterized
by the rﬁg}s\:r&mem result and its combined| standard
uncer in@ The level of confidence that may be atfributed to
thi rval can be known only to the extent to Which such

Qumpli{ms may be justified.

uncertainty requires explicit pr implicit

uncertainty|of the result of a measurement expressed as a g\\) 3 Expanded uncertainty is termed overall uncdreainty in

standard dqviation 7y paragraph 5 of Recommendation INC-1 (1980).

&
2.3.2 Type A evaluation (of uncertainty) $
method of| evaluation of uncertainty by the SJA ical
analysis of|series of observations \O

2.3.3 Type B evaluation (of uncertaini

method of jevaluation of uncertainty .by-means other than
the statistigal analysis of series c@bsewations

N

2.3.6 coverage factor
numerical factor used as a multiplier of the ¢ombined
standard uncertainty in order to obtain an g¢xpanded
uncertainty

NOTE - A coverage factor, k, is typically in the rafgge 2 to 3.
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3 Basic concepts

Additional discussion of basic concepts may be found in
annex D,
error, and|uncertainty and includes graphical illustrations

which focuses on the ideas of “true” value,

of these cpncepts; and in annex E, which explores the
motivatior| and statistical basis for Recommendation INC-1
(1980) upgn which this Guide rests. Annex J is a glossary
of the pringipal mathematical symbols used throughout the
Guide.

3.1 Mdasurement

3.1.1 The objective of a measurement (B.2.5) is to
determine [the value (B.2.2) of the measurand (B.2.9),
that is, the value of the particular quantity (B.2.1,

note 1) to pe measured. A measurement therefore begms(\Q) determined on the basis of series of observation

with an apfpropriate specification of the measurand,
method offmeasurement (B.2.7), and the measu&@ent

procedure|(B.2.8).
QO

NOTE -|The term “true value” (see annex D t used in this
Guide fqr the reasons given in D.3.5; &erms “value of a
measurafd” (or of a quantity) and “true value of a measurand”™

(or of a fuantity) are viewed as e@ﬂlem.

3.1.2 In general, the r &Q a measurement (B.2.11)
is only an| approxim or estimate (C.2.26) of the
and thus is complete only when

value of tHe mea
accompani¢d %atemenl of the uncertainty (B.2.18)

of that esti r@

%)

bar is to be determined to micrometre accur@OR s specification
should include the temperature and pre ure at which the length
is defined. Thus the measurand sh be specified as, for
example, the length of the bar at (@9 °C and 101 325 Pa (plus
kuch as the
However, if the length is to be

any other defining paramele% med necessary,

way the bar is to be suppc
determined to only millimetre accuracy, its specifichtion would

not require a definj perature or pressure or a viilue for any
other defining p@\cler

NOTE - B\\nplete definition of the measurand can|give rise to
a component of uncertainty sufficiently large that|it must be
ir&d in the evaluation of the uncertainty of the mpasurement
qu t(see D.1.1, D.3.4, and D.6.2).

‘QI 4 In many cases, the result of a measufement is
obtained
under repeatability conditions (B.2.15, note 1}.

3.1.5 Variations in repeated observations are agsumed to
arise because influence quantities (B.2.10) that fan affect
the measurement result are not held completely |constant.

3.1.6 The mathematical model of the measurefnent that
transforms the set of repeated observations |into the
measurement result is of critical importance bgcause, in
addition to the observations, it generally includgs various
influence quantities that are inexactly known. Thjis lack of
knowledge contributes to the uncertainty | of the

measurement result, as do the variations of the| repeated

3.1.3 In practice, the required specification or definition
of the measurand is dictated by the required accuracy of
measurement (B.2.14). The measurand should be defined
with sufficient completeness with respect to the required
accuracy so that for all practical purposes associated with
the measurement its value is unique. It is in this sense that
the expression “value of the measurand” is used in this
Guide.

EXAMPLE - I the length of a nominally one-metre long steel

ohservations and any uncertainty associated hwith the

mathematical model itself.

3.1.7 This Guide treats the measurand as a scalar (a
single quantity). Extension to a set of related measurands
determined simultancously in the same measurement
requires replacing the scalar measurand and its variance
(C.2.11, C.2.20, C.3.2) by a vector measurand and
covariance matrix (C.3.5). Such a replacement is
considered in this Guide only in the examples (see H.2,

H.3, and H .4).
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3.2 Errors, effects, and corrections

3.2.1 In general, a measurement has imperfections that
give rise to an error (B.2.19) in the measurement result.
Traditionally, an error is viewed as having two
components, namely, a random (B.2.21) component and
a systematic (B.2.22) component.

NOTE - Error is an idealized concept and errors cannot be
known exactly.

3.2.2 Random error presumably arises from unpredictable

3.2.4 It is assumed that the result of a measurement has
been corrected for all recognized significant systematic
effects and that every effort has been made to identify
such effects.

EXAMPLE - A correction due to the finite impedance of a
voltmeter used to determine the potential difference (the
measurand) across a high-impedance resistor is applied to
reduce the systematic effect on the result of the measurement
arising from the loading effect of the voltmeter. However, the
values of the impedances of the voltmeter and resistor, which
are used to estimate the value of the correction and which are

quantities. The effects of such variations, hereafter termed
random effects, give rise to variations in repeated
observation of the measurand. Although it is not possible
to compenspte for the random error of a measurement
usually be reduced by increasing the number
of observatipns; its expectation or expected value (C.2.9,

result, it ¢

C.3.1) is zdro.
NOTES

1 The gxperimental standard deviation of the arithmetic mean
or average of a series of observations (see 4.2.3) is not the
random efror of the mean, although it is so designated in some
publicatidns. It is instead a measure of the uncertainty of the
mean due|to random effects. The exact value of the error in the

mean ariging from these effects cannot be known.

2 In thif Guide, great care is taken to distinguish between the
terms “erfror” and “uncertainty.” They are not synonyms, but
represent| completely different concepts; they should. not be
confused [with one another or misused.

3.2.3 Syst¢matic error, like random errof; cannot be
eliminated But it too can often be reduded. If a systematic
error arise from a recognized effect of an influence
quantity or] a measurement resull, hereafter termed a
systematic ¢ffect, the effect éan be quantified and, if it is
significant |n size relative:to'the required accuracy of the
measuremeft, a correction (B.2.23) or correction factor
(B.2.24) can be apphed to compensate for the effect. It is
assumed thjt,dfter correction, the expectation or expected

obtained from other measurements, are themselves pncertain.
These uncertainties are used to evaluate the component of the
uncertainty of the potential difference determinatign arising
from the correction and thus from the systematic effect due to
the finite impedance of the voltmeter,

NOTES

1 Often, measuring ingtruments and systems are afljusted or
calibrated using measyremeént standards and reference materials
to eliminate systematic effects; however, the unfertainties
associated with'these standards and materials must sti|l be taken
into accoun.

2 The case where a correction for a known fignificant
systepiatic effect is not applied is discussed in the nofe to 6.3.1
and in F.2.4.5.

3.3 Uncertainty

3.3.1 The uncertainty of the result of a meagurement
reflects the lack of exact knowledge of the valjye of the
measurand (see 2.2). The result of a measurement after
correction for recognized systematic effects is still only an
of the
uncertainty arising from random effects aryd from

estimate of the value of the measurand becau

imperfect correction of the result for systematic effects.

NOTE - The result of a measurement (after correftion) can
unknowably be very close to the value of the measyrand (and
hence have a negligible error) even though it may hgve a large
uncertainty. Thus the uncertainty of the result of a mejasurement

should not be confused with the remaining unknown ferror.

Vaiue Df the-error nnmng from a c:.-:ir-!mmu' effect 1s zero

NOTE - The uncertainty of a correction applied to a
measurement result to compensate for a systematic effect is not
the systematic error, often termed bias, in the measurement
result due to the effect as it is sometimes called. It is instead a
measure of the wncertainty of the result due to incomplete
knowledge of the required value of the correction. The error
arising from imperfect compensation of a systematic effect
cannot be exactly known. The terms “error” and “uncertainty”
should be used properly and care taken to distinguish between
them.

3.3.2 In practice, there are many possible sources of
uncertainty in a measurement, including:
a) incomplete definition of the measurand;
b) imperfect realization of the definition of the
measurand;
c¢) nonrepresentative sampling - the sample measured
may not represent the defined measurand;
d) inadequate knowledge of the effects of
environmental conditions on the measurement or



https://iecnorm.com/api/?name=350e4d09405084c3da67f81ed21f4434

3 Basic Concepts

Expression of Uncertainty: 1993 (E)

imperfect measurement of environmental
conditions;

e) personal bias in reading analogue instruments;

f) finite instrument resolution or discrimination
threshold;

g) inexact values of measurement standards and
reference materials;

h) inexact values of constants and other parameters
obtained from external sources and used in the
data-reduction algorithm;

B

components resulting from the two types of evaluation.
Both types of evaluation are based on probability
distributions (C.2.3), and the uncertainty components
resulting from either type are quantified by variances or
standard deviations.

3.3.5 The estimated variance u® characterizing an

uncertainty component obtained from a Type A evaluation
is calculated from series of repeated observations and is
the familiar statistically estimated variance s (see 4.2).
The estimated standard deviation (C.2.12, C.2.21,

mgasurement method and procedure;
j) vafiations in repeated observations of the
m¢asurand under apparently identical conditions.

These soyrces are not necessarily independent, and some
of sourcef a) to i) may contribute to source j). Of course,
an unrecpgnized systematic effect cannot be taken into
account i the evaluation of the uncertainty of the result of
a measur¢ment but contributes to its error.

3.3.3 Rdcommendation INC-1 (1980) of the Working
the Statement of Uncertainties groups

Group ¢n
uncertainfy components into two categories based on their
method off evaluation, “A” and “B” (see 0.7, 2.3.2, and
2.3.3). These categories apply to uncertainty and are not

substitutgs for the words “random™ and “systematic.” The!

uncertainfy of a correction for a known systematic effect
may in spme cases be obtained by a Type A evaluation
while in pther cases by a Type B evaluation,.as"may the
uncertainfy characterizing a random effect,

NOTE|- In some publications uncertainty components are
categofized as “random” and “sxstsmé’ﬁé" and are associated
with efrors arising from random-effects and known systematic
effects| respectively. Such-eatggorization of components of
uncertginty can be amhj\g'heﬁs when generally applied. For
example, a “randomi®>component of uncertainty in one
measugement my‘fbecnme a “systematic” component of
uncertjinty in<enother measurement in which the result of the
first measurement is used as an input datum. Categorizing the
methods “af/evaluating uncertainty components rather than the

C.3.3) u, the positive square root of u?, is thu$ « = s and
for convenience is sometimes called a @pe f standard
uncertainty. For an uncertainty compenent obtpined from
a Type B evaluation, the estilﬁé&ﬂ variaice u? is
evaluated using available knowledge (see 4.3), and the
estimated standard deviatj.qm}ﬁs sometimes called a Type

B standard uncertainty.

Thus a Type A standard uncertainty is obtaifed from a
probability density function (C.2.5) derivefl from an
observed frequency distribution (C.2.18), while a Type
B stapdard uncertainty is obtained from ap assumed
proBability density function based on the degr¢e of belief
{h&t an event will occur [often called |subjective
probability (C.2.1)]. Both approaches employ fecognized
interpretations of probability.

NOTE - A Type B evaluation of an uncertainty domponent is
usually based on a pool of comparatively reliabld information
(see 4.3.1).

3.3.6 The standard uncertainty of the rgsult of a
measurement, when that result is obtained fromnj the values
of a number of other quantities, is termed| combined
standard uncertainty and denoted by u, . It is the estimated
standard deviation associated with the result ahd is equal
to the positive square root of the combined variance
obtained from all variance and covariange (C.3.4)
components, however evaluated, using what i termed in

this Guide the law of propagation of uncerfainty (see

components themselves avoids such ambiguity. At the same
time, it does not preclude collecting individual components that
have been evaluated by the two different methods into designated
groups to be used for a particular purpose (see 3.4.3).

3.3.4 The purpose of the Type A and Type B
classification is to indicate the two different ways of
evaluating uncertainty components and is for convenience
of discussion only; the classification is not meant to
indicate that there is any difference in the nature of the

clause J).

3.3.7 To meet the needs of some industrial and
commercial applications, as well as requirements in the
areas of health and safety, an expanded uncertainty U is
obtained by multiplying the combined standard uncertainty
u, by a coverage factor k. The intended purpose of U is to
provide an interval about the result of a measurement that
may be expected to encompass a large fraction of the
distribution of values that could reasonably be attributed
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to the measurand. The choice of the factor k, which is
usually in the range 2 to 3, is based on the coverage
probability or level of confidence required of the interval
(see clause 6).

NOTE - The coverage factor k is always to be stated, so that the
standard uncertainty of the measured quantity can be recovered
for use in calculating the combined standard uncertainty of other
measurement results that may depend on that quantity.

3.4 Practical considerations

NOTE - Such an analysis may be facilitated by gathering those
components that contribute to the variability and those that do
not into two separate and appropriately labelled groups.

3.4.4 In some cases, the uncertainty of a correction for
a systematic effect need not be included in the evaluation
of the uncertainty of a measurement result. Although the
uncertainty has been evaluated, it may be ignored if its
contribution to the combined standard uncertainty of the
measurement result is insignificant. If the value of the
correction itself is insignificant relative to the combined

3.4.1 If 4l of the quantities on which the result of a
measuremdnt depends are varied, its uncertainty can be
evaluated by statistical means. However, because this is
rarely pogsible in practice due to limited time and
resources, | the uncertainty of a measurement result is
usually evaluated using a mathematical model of the
measurem¢nt and the law of propagation of uncertainty.
Thus implicit in this Guide is the assumption that a
measurem¢nt can be modelled mathematically to the
degree irhposed by the required accuracy of the
measurement.

3.4.2 Bedause the
incomplet¢, all relevant quantities should be varied to the
fullest prpcticable extent so that the evaluation of

mathematical model may be

uncertainty can be based as much as possible on observed-

data. Whdnever feasible, the use of empirical models, of
the measufement founded on long-term quantitatiyedata,
and the usg of check standards and control charts that can
indicate if a measurement is under sla[isﬁ\baf control,
should be|part of the effort to obtain relfable evaluations
of uncertajnty. The mathematical model should always be
revised when the observed data\inéluding the result of
independent determinations. (of “the same measurand,
demonstrdte that the model isincomplete. A well-designed

experimerft can greaty facilitate reliable evaluations of
uncertainty and j§ ah important part of the art of
measurermfent.

3.4.3 In lorder—to—decide—fa—measurement—system—is

STandard Uncertainty, 1T 100 may be {gnored ]

3.4.5 It often occurs in practice, especially’in the domain
of legal metrology, that a device igytested through a
comparison with a measurement - standard |and the
uncertainties associated with (the standard |and the
comparison procedure arésmegligible relative to the
required accuracy of the test. An example is th¢ use of a
set of well-calibrated standards of mass to| test the
accuracy of a compmercial scale. In such cases| because
the components“of uncertainty are small enoygh to be
ignored, tlie)measurement may be viewed as defermining
the erret of the device under test. (See also F.2.4.2.)

3.4.6 The estimate of the value of a measurand] provided
by the result of a measurement is sometimes expressed in
terms of the adopted value of a measuremeny standard
rather than in terms of the relevant unif of the
International System of Units (SI). In such |cases the
magnitude of the ascribable| to the
measurement rtesult may be significantly smpller than
when that result is expressed in the relevant S] unit. (In
effect, the measurand has been redefined to be the ratio of
the value of the quantity to be measured to tHe adopted
value of the standard.)

uncertainty

EXAMPLE - A high-quality Zener voltage standard|is calibrated
by comparison with a Josephson effect voltage refrence based
on the conventional value of the Josephsqn constant
recommended for international use by the CIPM. [The relative
combined standard uncertainty u.(Vg)/Vs (see 5.1.6) of the

functioning properly, the experimentally observed
variability of its output values, as measured by their
observed standard deviation, is often compared with the
predicted standard deviation obtained by combining the
various uncertainty components that characterize the
measurement. In such cases, only those components
{(whether obtained from Type A or Type B evaluations)
that could contribute to the experimentally observed
variability of these output values should be considered.

calibrated potential difference Vg of the Zener standard is
2%107% when V; is reported in terms of the conventional value,
but u,(Vs)/ Vs is 41077 when Vg is reported in terms of the SI
unit of potential difference, the volt (V), because of the
additional uncertainty associated with the SI value of the
Josephson constant.

3.4.7 Blunders in recording or analysing data can
introduce a significant unknown error in the result of a
measurement. Large blunders can usually be identified by
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a proper review of the data; small ones could be masked
by, or even appear as, random variations. Measures of
uncertainty are not intended to account for such mistakes.

3.4.8 Although this Guide provides a framework for
assessing uncertainty, it cannot substitute for critical
thinking, intellectual honesty, and professional skill. The

evaluation of uncertainty is neither a routine task nor a
purely mathematical one; it depends on detailed knowledge
of the nature of the measurand and of the measurement.
The quality and utility of the uncertainty quoted for the
result of a measurement therefore ultimately depend on the
understanding, critical analysis, and integrity of those who
contribute to the assignment of its value.
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Additional guidance on evaluating uncertainty components,
mainly of § practical nature, may be found in annex F.

4.1 Mddelling the measurement

4.1.1 In most cases a measurand Y is not measured
directly, byit is determined from N other quantities X, , X,
, ..., X, through a functional relationship f:

Y= O Xy « oK) s (1)

NOTES
1 For conomy of notation, in this Guide the same symbol is

used fof the physical quantity (the measurand) and for the

%)

quantities, including corrections and corr fhctors for
systematic effects, thereby leading~to “a complicated
functional relationship f that may be writfen down
explicitly. Further, f may be ,dé@mined experiimentally
(see 5.1.4) or exist only \& algorithm that| must be
evaluated numerically. eég

Guide is to be int
particular as that ion which contains every [quantity,
including all c@ections and correction factors| that can
contribute é%igniﬁcant component of uncertairty to the

measg@em result.
4

, if data indicate that f does not mjodel the

nction f as it appedrs in this
ed in this broader cqntext, in

s\Qealsuremf:nt to the degree imposed by the| required

random pariable (see 4.2.1) that represents the possible outcome (2, accuracy of the measurement result, additional input

of an obfservation of that quantity. When it is stated that X; his)
a particjilar probability distribution, the symbol is used inithe
latter sefise; it is assumed that the physical quantity it [f&hn be
charactefrized by an essentially unique value (see K@nd 3.1.3).

2 In a|series of observations, the kth ohse\@'value of X; is
denoted by X, ,: hence if R denotes the @iance of a resistor,
the kth pbserved value of the rcsis&nde.is denoted by R.

3 The|estimate of X; (strict@eaking. of its expectation) is

denoted|by x;. @

EXAMHLE - If tential difference V is applied to the

terminals of ¢ nperature-dependent resistor that has a

resistanfe the defined temperature f, and a linear

temperafure Coefficient of resistance @, the power P (the

quantities must be included in f to elimjnate the
inadequacy (see 3.4.2). This may require introflucing an
input quantity to reflect incomplete knowlegige of a
phenomenon that affects the measurand. In the ekample of
4.1.1, additional input quantities might be needed to

lIslribmion
across the resistor, a possible nonlinear tefnperature

account for a known nonuniform temperature d

coefficient of resistance, or a possible dependence of
resistance on barometric pressure.

NOTE - Nonetheless, equation (1) may be as elgmentary as
Y=X -X.
comparison of two determinations of the same quanity X.

This expression models, for expmple, the

measurand) dissipated by the resistor at the temperature f
depends on V, Ry, &, and t according to

P = f(V,Ry, a.1) = V2[Ry[1 + a(t - 1y)]

NOTE - Other methods of measuring P would be modelled
by different mathematical expressions.

4.1.2 The input quantities X, X,, . .
the output quantity Y depends may themselves be viewed
as measurands and may themselves depend on other

., Xy upon which

4.1.3 The set of input quantities X;, X,, . . ., Xy may

be categorized as:

- quantities whose values and uncertainties are
directly determined in the current measurement.
These values and uncertainties may be obtained
from, for example, a single observation, repeated
observations, or judgement based on experience,
and may involve the determination of corrections to
instrument readings and corrections for influence
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quantities, such as ambient temperature, barometric
pressure, and humidity;

- quantities whose values and uncertainties are

brought into the measurement from external
sources, such as quantities associated with
calibrated measurement standards, certified

reference materials, and reference data obtained
from handbooks.

4.1.4 An estimate of the measurand Y, denoted by vy, is

4.2 Type
uncertainty

A evaluation of standard

the best available estimate of the
expectation or expected value u, of a quantity ¢ that varies
randomly [a random variable (C.2.2)], and for which n
independent observations g, have been obtained under the
same conditions of measurement (see B.2.15), is the
arithmetic mean or average g (C.2.19) of the n
observations:

4.2.1 In most cases,

obtained frpm equation (1) using input estimates x;, x,, .

, Xy for| the values of the N quantities X, X,, . . .,
Xy. Thus the outpur estimate y, which is the result of the
measuremefit, is given by

=f(x|,x2,...,xN) .(2)

NOTE -|In some cases the estimate y may be obtained from

) n 1
y=§= 21 = ;Ef(xl.k'xi,k' A

:Iw

That is,
of n indgpendent determinations Y, of Y, each determination

is taken as the arithmetic mean or average (see 4.2.1)

having the same uncertainty and each being based on a complete
set of obderved values of the ¥ input quantities X; obtained at the
same timge. This way of averaging, rather than y =f()_£,, )_(2, .
)_(N} where )_( = (B, X; k)/n is the arithmetic mean of the
mdwldual observations X; ,, may be preferable when f i
function of the input quantities X, X;, . .
proaches are identical if fis a linear funcuanN e X

and H.4). \O

N-

| N
4.1.5 The|estimated standard dewatﬁm ssociated with
the output

estimate or measurement result y, termed
combined randard uncertaint denoted by u.(y), is

nonlinea
the two
(see H.2

}‘9

&D}the observations, which estimates the variance

Q

. (3)

Thus, for an input quantity X; "E}%ted from n
independent repeated observations(ﬁ, the arithmetic
mean )?‘- obtained from equatio is used as fhe input
estimate x; in equation (2) @Termme the meapurement
result y; that is, x; = &l‘hose input estimjates not
evaluated from repeK servations must be objained by

other methods, as those indicated in th second

category of 4 @)

4.2.2 qmmdual observations ¢, differ |[in value
becg@uf random variations in the influence gpantities,

dom effects (see 3.2.2). The experimental|variance
a?* of the

probability distribution of g, is given by

s(g) = —— Y (g, - 77 (@
n-1 4

This estimate of variance and its positive sqyare root
s(q,), termed the experimental standard deviation
(B.2.17), characterize the variability of the fpbserved
values g,, or more specifically, their dispersipn about
their mean g.

determined| from the ted standard deviation
associated pvith each i stimate x;, termed standard . .
: ¢ 4.2.3 The best estimate of 0%(q) = o/n , the vdriance of
uncertainty| and den by u(x;) (see 3.3.5 and 3.3.6). =
the mean, is given by
2
4.1.6 Eaclr t estimate x; and its associated standard Sy 5°(q,)

. (5)

uncertainty u(x;) are obtained from a distribution of
possible values of the input quantity X;. This probability
distribution may be frequency based, that is, based on a
series of observations X, , of X;, or it may be an a priori
distribution. Type A evaiuauons of standard uncertainty
components are founded on frequency distributions while
Type B evaluations are founded on a priori distributions.
It must be recognized that in both cases the distributions
are models that are used to represent the state of our

knowledge.

LS

The experimental variance of the mean s(g) and the
experimental standard deviation of the mean s(q)
(B.2.17, note 2), equal to the positive square root of
s%(q), quantify how well g estimates the expectation H, of
g, and either may be used as a measure of the uncertainty
of q.

Thus, for an input quantity X; determined from n
independent repeated observations X;,, the standard

10
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)_{;- is u(x;) = s{)_([-),
with s2(X,) calculated according to equation (5). For
Hz(.l.';-] = 53{)?,-) and wu(x;) = 5(}_(;') are
sometimes called a Type A variance and a Type A

uncertainty u(x;) of its estimate x; =
convenience,

standard uncertainty, respectively.

NOTES

1 The number of observations n should be large enough to
ensure that ¢ provides a reliable estimate of the expectation g,
of the random variable ¢ and that s%(g) provides a reliable
estimate of the variance ¢%(g) = ¢%/n (see 4.3.2, note). The

(C.2.25) of the desired statistics (C.2.23). In such cases,
the observations should be analysed by statistical methods
specially designed to treat a series of correlated,
randomly-varying measurements.

NOTE - Such
measurements of frequency standards. However, it is possible

specialized methods are wused to treat

that as one goes from short-term measurements to long-term
measurements of other metrological quantities, the assumption
of uncorrelated random variations may no longer be valid and
the specialized methods could be used to treat these
measurements as well. (See reference [9], for example, for a

31

ility distribution of ¢ is a normal distribution (see
4.3.4), the difference is taken into account through the f-
distributign (see G.3.2).

2 Although the variance 53(6) is the more fundamental
quantity, [the standard deviation s(g) is more convenient in
practice Wecause it has the same dimension as ¢ and a more
easily cofhprehended value than that of the variance.

4.2.4 For
statistical dontrol,
variance s% (or a pooled experimental standard deviation
sp,) that chjxacterizcs the measurement may be available.

a well-characterized measurement under

a combined or pooled estimate of

In such cdses, when the value of a measurand ¢ is

determined| from n independent observations, the

experimentyl variance of the arithmetic mean ¢ of th&o

observatio;r is estimated better by s2/n than by s’
and the stapdard uncertainty is u = s,/V/n. (Secsx% the
note to H.3.6.) \O

O
£ quantity X; is
fitted to experimental

4.2.5 Often an estimate x; of an i
obtained frpm a curve that has bee
data by the method of leas
variances apd resulting standar
parameters|characterizi e curve and of any predicted

points can jsually b@mlated by well-known statistical
procedures (seech)%k d reference [8]).

4.2.6 The d&‘ees of freedom (C.2.31) v, of u(x;) (see

ares. The estimated
ncertainties of the fitted

detailed discussion of the Allan variance.) ‘-b

4.2.8 The discussion of Type A evaludiion of [standard

uncertainty in 4.2.1 to 4.2.7 i t mean| to be
exhaustive; there are many ﬁmlons som¢ rather
complex, that can be treate statlstlcal methods. An

important example is th
based on the metho
uncertainties ans
random vana

f calibration desigps, often
east squares, to evaluate the
rom both short- and Ipng-term
1n the results of comparfsons of
material aré@ s of unknown values, such gs gauge
blocks dards of mass, with reference starjdards of
kno Iues In such comparatively simple mea[uremem

situations, components of uncertainty can freqyently be
P y q y

sﬁé)alualted by the statistical analysis of data obtaified from

designs consisting of nested sequences of measurgments of
the measurand for a number of different valugs of the
quantities upon which it depends - a so-called arfalysis of
variance (see H.5).

NOTE - At lower levels of the calibration chajn, where
reference standards are often assumed to be exacfly known
because they have been calibrated by a national dr primary
standards laboratory, the uncertainty of a calibration fresult may
be a single Type A standard uncertainty evaluated from the
pooled experimental standard deviation that characerizes the
measurement.

4.3 Type B
uncertainty

evaluation of stpndard

G.3), equal to n -1 in the simple case where x; = X; and
u(x;) = s(X;) are independent
observations as in 4.2.1 and 4.2.3, should always be given

calculated from n
when Type A evaluations of uncertainty components are
documented.

4.2.7 If the random variations in the observations of an
input quantity are correlated, for example, in time, the
mean and experimental standard deviation of the mean as
given in 4.2.1 and 4.2.3 may be inappropriate estimators

4.3.1 For an estimate x; of an input quantity X; that has
not been obtained from repeated observations, the
associated estimated variance uz(x,-) or the standard
uncertainty u#(x;) is evaluated by scientific judgement
based on all of the available information on the possible
variability of X;. The pool of information may include
- previous measurement data,
- experience with or general knowledge of the
behaviour and properties of relevant materials and

11
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instruments;
- manufacturer’s specifications;
- data provided in calibration and other certificates;

- uncertainties assigned to reference data taken from
handbooks.

For convenience, uz(xf-) and u(x;) evaluated in this way
are sometimes called a Type B variance and a Type B
standard uncertainty, respectively.

NOTE - When x; is obtained from an a priori distribution, the

combined standard uncertainty of a measurement result is
calculated (see clause 5).

4.3.4 The quoted uncertainty of x; is not necessarily given
as a multiple of a standard deviation as in 4.3.3. Instead,
one may find it stated that the quoted uncertainty defines
an interval having a 90, 95, or 99 percent level of
confidence (see 6.2.2). Unless otherwise indicated, one
may assume that a normal distribution (C.2.14) was used
to calculate the quoted uncertainty, and recover the
standard uncertainty of x; by dividing the quoted

PV TN W
RS oot

associa
simplicigy, uz(x,-) and u(x;) are used throughout this Guide.

4.3.2 Th¢ proper use of the pool of available information
for a Typ¢ B evaluation of standard uncertainty calls for
insight baged on experience and general knowledge, and
is a skill fhat can be learned with practice. It should be
recognized that a Type B evaluation of standard
uncertainty can be as reliable as a Type A evaluation,
especially |in a measurement situation where a Type A
evaluation|is based on a comparatively small number of
statistically independent observations.

NOTE - If the probability distribution of ¢ in note 1 t04,2.3 is
normal, | then o[s(g)]/a(q), the standard deviation of s(g)
relative |to @(g), is approximately [2(n -1)]™%. Thus, taking
o[s(g)] fas the uncertainty of s(g), for n =

relative [uncertainty in s(g) is 24 percent, while for n =

observations it is 10 percent. (Additional values are gi in
table E.] in annex E.) Q\

s -

4.3.3 If the estimate x; is taken from a .manufacturer’s

specificatign, calibration certificate, &Sf@nok, or other
source anfl its quoted uncertainty stated to be a

viation, the standard
ted value divided by the
riance uz(xl-) is the square

particular multiple of a s{andar

uncertainty #(x;) is simply i}
multiplier,|and the estima a

of that qudtient. Q‘

EXAMPLE - Ase Qrat'mn certificate states that the mass of a

stainless|ste Iqus standard mg of nominal value one kilogram
is 1 000 OB&S g and that “the uncertainty of this value is 240

10 observations the 7]

uncertainty by the appropriate factor fon"igc normal

distribution. The factors corresponding t above three
levels of confidence are 1,64 1,96%3;1 2,54 (see also
table G.1 in annex G). o))

NOTE - There would be no @?r such an assumption if the

uncertainty had been in accordance | with the

recommendations of Guide regarding the rpporting of

uncertainty, which\x%;a that the coverage factor usgd is always
)

to be given (se

EXAMPBE\\—A calibration certificate states that thie resistance

of as standard resistor Ry of nominal value teph ohms is

1 742 Q + 129 pQ at 23 °C and that ‘fthe quoted
certainty of 129 pQ defines an interval having a level of

&. confidence of 99 percent.” The standard uncertdinty of the
= (129 1Q)/2,5B = 50 uQ,
which corresponds to a relative standard uncertainty §(Rs)/Rs of
5,0%107° (see 5.1.6). The estimated variance is 1 (Rg) = (50
pQ)? =2,5%107 Q2.

resistor may be taken as u(Rg)

4.3.5 Consider the case where, based on the| available
information, one can state that “there is a |fifty-fifty
chance that the value of the input quantity X; lies in the
interval @_ to a,” (in other words, the probabil1ity that X;
lies within this interval is 0,5 or 50 percent). Iff it can be
assumed that the distribution of possible values of X; is
approximately normal, then the best estimate x;|of X; can
be taken to be the midpoint of the interval. Further, if the
half-width of the interval is denoted by a = (a| -a )/2,
1,48a, because for p normal

one can take u(x;) =

pg at the three standard deviation level.” The standard
uncertainty of the mass standard is then simply u(mg) = (240
pg)/3 =80 pug. This corresponds to a relative standard
uncertainty u(mg)/mg of 80x107° (see 5.1.6). The estimated
variance is u*(mg) = (80 pg)? = 6,410 g2,

NOTE -
the individual components from which the quoted uncertainty has

In many cases little or no information is provided about

been obtained. This is generally unimportant for expressing
uncertainty according to the practices of this Guide since all
standard uncertainties are treated in the same way when the

distribution with expectation g and standard deviation o
the interval u + o /1,48 encompasses approximately 50
percent of the distribution.

EXAMPLE - A machinist determining the dimensions of a part
estimates that its length lies, with probability 0,5, in the interval
10,07 mm 1o 10,15 mm, and reports that [ = (10,11 + 0.04)
mm, meaning that + 0,04 mm defines an interval having a level
of confidence of 50 percent. Then @ = 0.04 mm, and if one
assumes a normal distribution for the possible values of [, the
standard uncertainty of the length is w(/) = 1,48 X 0.04 mm =

12
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0.06 mm and the estimated variance is w’({) =

(1.48% 0,04 mm)? = 3,5x107 mm*,

4.3.6 Consider a case similar to that of 4.3.5 but where,
based on the available information, one can state that
“there is about a two out of three chance that the value of
X; lies in the interval a_ to a.” (in other words, the
probability that X; lies within this interval is about 0,67).
One can then reasonably take u(x;) = a, because for a
normal distribution with expectation p and standard

deviation g—he—intervalu——o—encompasses—about—683

this symmetric rectangular distribution of possible values of
ay(Cu) of half-width @ = 0,40%10°6 °C™! is then, from
equation (7), u(ay) = (0,40%x107% °CH?/3 = 53,3x10°P
°C2, and the standard uncertainty is w(a,,) = (0,40x10°°
°C-h)VT =0,23%10% °C"),

2 A manufacturer’s specifications for a digital voltmeter state
that “between one and two years after the instrument is
calibrated, its accuracy on the 1 V range is 14 x107° times the
reading plus 2x107® times the range.” Consider that the
instrument is used 20 months after calibration to measure on its
1 V range a potential difference V, and the arithmetic mean of

percent of fhe distribution.

NOTE -[It would give the value of u(x;) considerably more
significafice than is obviously warranted if one were to use the
actual nprmal deviate 0,96742 corresponding to probability
p = 2/3 | that is, if one were to write u(x) = a/0,96742 =
1,033a.

4.3.7 In dther cases it may be possible to estimate only
bounds (ufjper and lower limits) for X;, in particular, to
state that ‘{the probability that the value of X; lies within
the interval a_ to a, for all practical purposes is equal to
one and th¢ probability that X; lies outside this interval is
essentially [zero.” If there is no specific knowledge about
the possible values of X, within the interval, one can only

assume thdt it is equally probable for X; to lie anywhere @,

within it (af uniform or rectangular distribution of possible>
values - sde 4.4.5 and figure 2a). Then x;, the expc:r@én
or expectefl value of X;, is the midpoint of the *i%\t!:rval,
x = (a.+ a,)/2, with associated variance *

u}(x) = (a, - a-)z/@’\\c’ ... (6)

If the diffgrence between the bo , a, - a_, is denoted
by 2a, thep equation (6) be@@s

:@% a*/3 .. (D

NOTE 4 When @ponem of uncertainty determined in this
manner | co l@))l es significantly to the uncertainty of a
u

measure|

a number of independent repeated observations of.V |s found to
be V=0928571V with a Type A sta% ncertainty
(V) =12 uV. One can obtain the st rd

associated with the manufacturer’s spe@ tions fromfi a Type B
s

ncertainty

evaluation by assuming that the
symmetric bounds to an add‘uiéQOrrection to Y, AV, of

expectation equal to zero @th equal probabilily of lying
anywhere within the bounds*-The half-width a of the|symmetric
rectangular distribu@f possible values of AV is then
a = (14x107%) 571 V) + (2x107%)x(1 V] = 15V,
and from equ ), iX(AV) =75 pV2and u(AV)| = 8,7 uV.
The esti e\a the value of the measurand V, for simplicity
denoted @ the same symbol V, is given by V = vV + AV =
0 71 V. One can obtain the combined standard pincertainty

Q this estimate by combining the 12 pV Type A standard
&uncertaimy of V with the 8,7 pV Type B standard ungertainty of

d accuracy provides

AV. The general method for combining standard [incertainty
components is given in clause 5, with this particulpr example
treated in 5.1.5.

4.3.8 In4.3.7 the upper and lower bounds a, gnd a_ for
the input quantity X; may not be symmetric with fespect to
its best estimate x,; more specifically, if the lower bound
is written as a_=x; - b_ and the upper

a, =x; +b,, then b_ # b,. Since in thi
(assumed to be the expectation of X;) is not at the centre

ound as
case X;

of the interval a_ to a, the probability distribution of X;
cannot be uniform throughout the interval. However, there
may not be enough information available to dhoose an
appropriate distribution; different models will lead to

further evaluation.

EXAMPLES

sult, it is prudent to obtain additional data for its g ; ;
P different expressions for the variance. In the apsence of
such information the simplest approximation is
3 b,+ b)Y (a,-a) .
1 A handbook gives the value of the coefficient of linear u(x;) = = (B

thermal expansion of pure copper at 20 °C, a(Cu), as 16,52
%1078 °C~! and simply states that “the error in this value
should not exceed 0,40x10°® °C™".” Based on this limited
information, it is not unreasonable to assume that the value of
ay(Cu) lies with equal probability in the interval
16,12x10%°C”' 1o 16,92x107® °C™', and that it is very
unlikely that a,(Cu) lies outside this interval. The variance of

12 12

which is the variance of a rectangular distribution with full
width b, + b_. (Asymmetric distributions are also
discussed in F.2.4.4 and G.5.3.)

EXAMPLE - If in example 1 of 4.3.7 the value of the
coefficient is given in the handbook as a,(Cu) = 16,52X
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1078 °C"! and it is stated that “the smallest possible value is
16,40 %1076 °C! and the largest possible value is 16,92 x 107
°C1” then b_=0,12x10%°C"!, b, = 0,40x10° °C"!,
and, from equation (8), u(a5) = 0,15x107 °C~!.

NOTES

I In many practical measurement situations where the bounds
are asymmetric, it may be appropriate to apply a correction to
the estimate x; of magnitude {b+—b_),/2 so that the new
estimate x; of X; is at the midpoint of the bounds:
x! = (a_ + a,)/2. This reduces the situation to the case of
4.3.7, with new values b) = b’ = (b, + b)/[2 = (a, - a)/2

percent limits, and X, can be assumed to be approximately
normally distributed rather than there being no specific
knowledge about X; between the bounds as in 4.3.7, then
uz(.r,-) = a’/9. By comparison, the variance of a symmetric
rectangular distribution of half-width a is a*/3 [equation (7)]
and that of a symmetric triangular distribution of half width a is
32/6 [equation (9b)]. The magnitudes of the variances of the
three distributions are surprisingly similar in view of the large
differences in the amount of information required to justify
them.

2 The trapezoidal distribution is equivalent to the convolution

=a.

2 Basg¢d on the principle of maximum entropy, the probability
density [function in the asymmetric case may be shown to be
p(X;) 44 exp[-A(X; - x)], with A = [bexp(ib) +
boexp(-2b,)]"' and A = {exp[A(b_ + b,)] - 1}/
{b_exp[fib_ + b,)] + b.}. This leads to the variance u*(x;) =
bb_~|by -b)fA forb, >b_, A >0andforb, <b_,
A<0.

4.3.9 In 4.3.7, because there was no specific knowledge
about the possible values of X; within its estimated bounds
a_ to a,,| one could only assume that it was equally
probable for X; to take any value within those bounds,
with zero |probability of being outside them. Such step
iscontinuities in a probability distribution are
often unphysical. In many cases it is more realistic (o
expect that values near the bounds are less likely tian
those near| the midpoint. It is then reasonable to seplace
the symm¢tric rectangular distribution with acsymmetric
trapezoida| distribution having equal sloping sides (an
isosceles tfapezoid), a base of width g.q;afd_ =2a,and a
top of width 2af, where 0 < f.=1. As f—1 this
trapezoidal distribution app_;’@\.‘iﬁhes the rectangular
distributiop of 4.3.7, whil;’e-f@r«" L =0 it is a triangular
distributiop (see 4.4.6 and figure 2b). Assuming such a
trapezoidal distribution>for X, one finds that the
expectatiop of X; is.xX; = (a_+ a+)/2 and its associated
variance if

function

oftwoTec " If-width a;
equal to the mean half-width of the trapezoid, gy, =X
the other with a half-width a, equal to the mSaA"f;"\’i}rid h of one of
the triangular portions of the trapezoid; a; = a(1 | B)/2. The
variance of the distribution is > = a2/@)F a}/3. Th¢ convolved
distribution can be interpreted ja$Ca rectangular distribution
whose width 24, has itself an™incertainty represgnted by a
rectangular distribution of wﬂtﬁ?az and models the fact that the
bounds on an input quantity are not exactly known. [But even if
a, is as large as 30percent of a;, u exceeds a;/V'3 by less than
5 percent. )

4.3.10 , [Dis important not to “double-count” yincertainty
components. If a component of uncertainty arisipng from a
pani%:uT'm effect is obtained from a Type B evaluation, it
Qﬁ)uld be included as an independent comgponent of
‘uncertainty in the calculation of the combined standard
uncertainty of the measurement result only to the extent
that the effect does not contribute to the |observed
variability of the observations. This is be¢ause the
uncertainty due to that portion of the effect that
contributes to the observed variability is already included
in the component of uncertainty obtained [from the
statistical analysis of the observations.

4.3.11  The discussion of Type B evaluation off standard
uncertainty in 4.3.3 to 4.3.9 is meant only to be
indicative. Further, evaluations of uncertainty ghould be
based on quantitative data to the maximum exten| possible,
as emphasized in 3.4.1 and 3.4.2.

u(x) = g*(1 + %) /6 (92)
which becomes for the triangular distribution, g = 0,

u¥(x;) = a*/6 ... (9b)

NOTES

1 For a normal distribution with expectation g and standard
deviation o, the interval u + 30 encompasses approximately
99,73 percent of the distribution. Thus, if the upper and lower
bounds a, and a_ define 99,73 percent limits rather than 100

4.4 Graphical illustration of evaluating
standard uncertainty

4.4.1 Figure 1 represents the estimation of the value of
an input quantity X; and the evaluation of the uncertainty
of that estimate from the unknown distribution of possible
measured values of X;, or probability distribution of X,
that is sampled by means of repeated observations.

4.4.2 In figure la it is assumed that the input quantity X,

14
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1)/°C™"
p(1) |

0,3

(b)

Number of observations

Figure 1. Graphical illustration of evaluating the standard uncertainty
of an input quantity from repeated observations
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is a temperature / and that its unknown distribution is a
normal distribution with expectation g = 100 °C and
standard deviation o = 1,5 °C. Its probability density
function (see C.2.14) is then

p(t) = exp| - (1 - )2 /207

oy2n

NOTE - The definition of a probability density function p(z)
requires that the relation fp(z)dz =1 is satisfied.

4.4.3 Fig
observatigns 7, of the temperature ¢ that are assumed to
have been] taken randomly from the distribution of figure
la. To dbtain the histogram, the 20 observations or
samples, Wwhose values are given in table 1, are grouped
into interyals 1 °C wide. (Preparation of a histogram is, of
course, not required for the statistical analysis of the
data.)

1 of the n =20
observatiqns calculated according to equation (3) is

= 100,1#45 °C = 100,14 °C and is assumed to be the
best estirhate of the expectation g, of 7 based on the
available fata. The experimental standard deviation s(z,)
calculated| s(t,) = 1,489 °C

The arithmetic mean or average

from equation (4) is

= 1,49 °C, and the experimental standard deviation of s\fm

the mean |s(7) calculated from equatlon (5), which is g%\
standard yncertainty u(t) of the mean 7, is u(:) = §(¢
s(4)/V2p = 0,333°C = 0,33 °C. (For \@hher
calculatiofis, it is likely that all of the dlgt\@would be

retained.) \&
N

Table 1 | Twenty repeated obse&étions of the temperature ¢ grouped in 1°C intervals

NOTE - Although the data in table 1 are not implausible
considering the widespread use of high-resolution digital
electronic thermometers, they are for illustrative purposes and
should not necessarily be interpreted as describing a real
measurement,

4.4.4 Figure 2 represents the estimation of the value of
an input quantity X; and the evaluation of the uncertainty
of that estimate from an a priori distribution of possible
values of X, or probability distribution of X, based on all
of the available information. For both cases shown, the
ature I8

4.4.5 For the case illustrated in figur % it
that little information is available ab%t.t e inpjt quantity

s assumed
¢ and that all one can do is suppose-that 7 is ddscribed by
probability distribution
pper bound a, |= 104 °C,
a)/2 =4 °C (see 4.3.7).
function of 1 is then

a symmetric, rectangular a pri
of lower bound a_ = 96

and thus half-width a= (a, -
The probability d

@O 1/2a, a_ <t <a,

O (1) = 0, otherwise

AQ?hcaled in 4.3.7, the best estimate of ¢ is its
ectation p, = (a, + a)/2 =100 °C, whi¢h follows
m C.3.1. The standard uncertainty of this ¢stimate is
u( p,) = a/V'3 = 2,3 °C, which follows from [C.3.2 [see
equation (7)].

4.4.6 For the case illustrated in figure 2b, it {s assumed
that the available information concerning ¢ is lpss limited

N
Interval 7, SC)Q ) Temperature

Y s @ 470 0 e

94, 5 95.5 —
{) 96,5 —

gﬁ% 97.5 96.90

97.5 98,5 98,18; 98,25

98,5 99,5 98,61; 99,03; 99,49

99,5 100,5 99,56; 99,74; 99,89; 100,07; 100,33; 100,42

100,5 101,5 100,68; 100,95; 101,11; 101,20

101,5 102,5 101,57; 101,84; 102,36

102,5 103,5 102,72

103,5 104,5 —

104,5 105,5 —
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p(t)yeC |

bt a et a =
0,125 |- - ; fa)
i ! ; a

0,100 |— : :
0,075 |- : 5

1/2a 0 L e
0,050 |- : -
0,025 1 i ool

| | : et ; : ; G i : I | AQ(b
0,000 ; A &)

o ! 95 / 100 \ 1%3\ %
i A
e
—al\3 ]
M,— a3 &
pOICT |
0.250 |- -
0,200 |—
(b)

0,150 |-

1/a
0,100 |-
0,050 |- @*Q

OQ*
0,000 C LY
\ 9 t°C

Figure 2. Graphical illustration of evaluating the standard uncertainty
of an input quantity from an a priori distribution
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and that ¢ can be described by a symmetric, triangular «
priori probability distribution of the same lower bound
a_ =96 °C, the same upper bounda, = 104 °C, and thus
the same half-width @ = (a, - @.)/2 = 4 °C as in 4.4.5
(see 4.3.9). The probability density function of ¢ is then

p(t) = (t-a)fa*, a <t <(a,+a)f2

p(t) =@, -1/a*, (a,+a)/2 <t <a,
p(t) =0, otherwise

As  indipated—ir—4-3-0—+the—expectation—o

i = (a,  a.)/2 = 100 °C, which follows from C.3.1.

The standard uncertainty of this estimate is
u( p,) = a/\/g = 1,6 °C, which follows from C.3.2 [see
equation (9b)].

The above value, u(y,) = 1,6 °C, may be compared with
u(p,) =23 °C obtained in 4.4.5 from a rectangular
distribution of the same 8 °C width; with ¢ = 1,5 °C of
the normal distribution of figure la whose -2,580 to
+2,580 width, which encompasses 99 percent of the

distribution, is nearly 8 °C; and with u(t) = 0,33 °C
T o ebservattensasstmpd to have
been taken randomly from the same normeb btribution.
N
-
o))

18
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5 Determining combined standard uncertainty

5.1 Unfkorrelated input quantities

This subclpuse treats the case where all input quantities
are indepgndent (C.3.7). The case where two or more
input quanfities are related, that is, are interdependent or
correlated| (C.2.8), is discussed in 5.2.

5.1.1 Th
estimate of the measurand Y and thus the result of the

standard uncertainty of y, where y is the

measuremgnt, is obtained by appropriately combining the
standard uhcertainties of the input estimates x;, X,, . . . ,
xy (see 4.]). This combined standard uncertainty of the
estimate y|is denoted by u.(y).

NOTE 4 For reasons similar to those given in the note to 4.3.1,
the sympols #.(y) and ul(y) are used in all cases. \\'Q
5.1.2 Th¢ combined standard uncertainty u(y} @ the
positive sfjuare root of the combined variaese u3(y),
which is J‘ A

2 ‘\C\)L‘
“%u‘ )
i=1
O

where f i the functi(%§gn)in equation (1). Each u(x;)

iven by

... (10)

N
wly) = Y [:—f

is a standard uncertat evaluated as described in 4.2

@) input estimates x;, X, . .

expression for #2(y), equation (10). When @ ibution of
each X; is symmetric about its mean, the niestimpoftant terms
of next highest order to be added to t&g@ms of egjiation (10)

are

PR ©
N N §
O B P O T
2,21 2 lax,.ax, &'3_):‘5;? TREAVEE B

See H.1 for an e: %of a situation where the confribution of

higher-order
2

5.1.3 @mial derivatives df/dx; are equal [to 3f/dX;
eval at X; = x; (see note 1 below). These dgrivatives,
tefi called sensitivity coefficients, describe [how the
put estimate y varies with changes in the valjies of the

to u2(y) needs to be considered.

., Xy. In particular, the change
in y produced by a small change Ax; in input estimate x;
is given by (Ay); = (3f/dx;)(Ax;). If this ¢hange is
generated by the standard uncertainty of the egtimate x;,
the corresponding variation in y is (3f/ax;)u(x;). The
combined variance u2(y) can therefore be vigwed as a
sum of terms, each of which represents the |estimated
variance associated with the output estimate y geperated by
the estimated variance associated with each inpl.Tt estimate
x;. This suggests writing equation (10) as

N N

(Type A ¢valuati as in 4.3 (Type B evaluation). The uf(y) = E [c,-u(x‘-}]z - E Ha;()’) .. (11a)
combined| st uncertainty #(y) is an estimated i=1 : i=1

standard devigsion and characterizes the dispersion of the where

values that could Teasonmably be auribued 10 twe

measurand Y (see 2.2.3). ¢, =offox, , uly) = |c;lulx;) ... (11b)
Equation (10) and its counterpart for correlated input NOTES

quantities, equation (13), both of which are based on a
first-order Taylor series approximation of Y = f(X;, X;,
..., Xy), express what is termed in this Guide the law
of propagation of uncertainty (see E.3.1 and E.3.2).

NOTE - When the nonlinearity of f is significant, higher-order
terms in the Taylor series expansion must be included in the

1 Strictly speaking, the partial derivatives are af/dx; = 3f/ X,
evaluated at the expectations of the X;. However, in practice, the
partial derivatives are estimated by

of _ of
x; 0K,

19
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2 The combined standard uncertainty u.( y) may be calculated
numerically by replacing c;u(x;) in equation (11a) with
z = Lifey, . .
2

X+ ulxg), <Xy

=JOxg e vy X l(x);

s Xl

That is, u;( y) is evaluated numerically by calculating the change
in y due to a change in x; of +u(x;) and of ~u(x;). The value of
u;(y) may then be taken as |Z| and the value of the
corresponding sensitivity coefficient ¢; as Z/u(x,).

EXAMPLE - For the example of 4.1.1, using the same symbol

EXAMPLE - From example 2 of 4.3.7, the estimate of the
value of the measurand V is V = V + AV, where V =
0,928 571 V, u(V) = 12 pV, the additive correction AV = 0,
and u(AV) = 8,7 pV. Since aV/aV = 1 and aV/3(AV) = 1, the
combined variance associated with V is given by

u2(V) = uX(V) + u¥(AV)

= (12 pV)? + 8,7 pv)?

219x 10712 v2

and the combined standard uncertainty is «.(V) = 15 pV, which
corresponds to a relative combined standard uncertainty u(V )/ V
of 16 x10°® (see 5.1.6). This is an example of the case where
i pantities on

for botH the quantity and its estimate for simplicity of notation,

¢ % 8P/aV = 2V/Ryll + a(t- 1)) = 2PV
¢, % PR, = -V2/RI[1 + a(t - 1,)] = -P/R,
¢ F 0P/da = -Vt - 1)) [Ry[1 + a(t - 1)

= =P(t- 1) /11 + a(t- 1,)]

T

¢ F PJat = -V2a/Ry[1 + a(t - 1))
= ~Paf[l+ a(t - t)]
and
2
wip) = | 2Ly » ;’7? WA (Ry)

+

2 2
P12,y + | 2P| 2
aa]a (e) { Br’“ (t)

[}

[}

ui(P) + u3(P) + ui(P) + ul(P) A\Q
5.1.4 Instead of being calculated from e\gnction i
sensitivity [coefficients df/dx; are some{;@ts determined
experimentfally: one measures the change’in ¥ produced by
a change in a particular X; whiletholding the remaining
ities constant. I @casc the knowledge of
the functipn f (or a po ircf’of it when only several
sensitivity |coefficient so determined) is accordingly

reduced toan emp:é' ica) first-order Taylor series expansion

based on the red sensitivity coefficients.

which it depends, with coefficients ¢; = +1, llows from
equation(10) thatif ¥ = ¢, X; + ¢, X, + @ cyLyandif the
constants ¢; = +1 or ~1, then u2(y) =%,, 2(x)

5.1.6 If Y is of the form Y:wgref'x;’? 7 X,\f” and the
exponents p; are known @snive or negative| numbers
having negligible u%f_amnes the combined |variance,

equation (10), can t@, pressed as

‘@{y}/y]2 2 [pu(x;)/x, 2

- (12)
Thi%@of the same form as equation (11a) buf with the

$m ined variance u%(y) expressed as a relative kombined
ariance [u(y)/y]* and the estimated variante u2(x;)

[, /(I + ey u B + [e; @) + [c4u(r)’~\\§\ associated with each input estimate express¢d as an

estimated relative variance [u(x‘-)/xf-]z. [The relative
combined standard uncertainty is u/y)/|y|| and the
relative standard uncertainty of each input e§timate is
u(x)/|%], |y| # 0and |x;| # 0.]

NOTES

1 When Y has this form, its transformation to a lingar function
of variables (see 5.1.5) is readily achieved py
X; = X;o(1 + &), for then the following approximpte relation
results: (¥ - ¥))/¥; = 2%, p,6. On the other |hand, the
logarithmic transformation Z = InY and W, = InX, |eads to an
exact linearization in terms of the new variables: £ = Inc +

W,

setting

5.1.5 If ded
about nominal values X, , of the input quantities X;, then,
to first order (which is wusually an adequate
approximation), Y=Yy+ 66 + 6 + ...+ cydy
where Yo = f(X,0, X305 - - - Xyo)y ¢ = (3f/0X,)

evaluated at X; = X, and §; = X - X; o. Thus, for the
purposes of an analysis of uncertainty, a measurand is
usually approximated by a linear function of its variables
by transforming its input quantities from X; to &; (see
E.3.1).

2 If each p; is either +1 or -1,
[ 0)/y)2 = B [u(x)/x;)?, which shows that for this special
case the relative combined variance associated with the estimate

equation (12) becomes

y is simply equal to the sum of the estimated relative variances
associated with the input estimates x;.

5.2 Correlated input quantities

5.2.1 Equation (10) and those derived from it such as
equations (11) and (12) are valid only if the input
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quantities
variables,

X, are independent or uncorrelated (the random
not the physical quantities that are assumed to

be invariants - see 4.1.1, note 1). If some of the X; are
significantly correlated, the correlations must be taken into

account.

5.2.2 When the input quantities are correlated,

the

appropriate expression for the combined variance u(y)

associated

with the result of a measurement is

(16) reduces to
Al 3
ul(y) = ):c,-um] [): fu(x}]
i=1

The combined standard uncertainty u.(y) is thus simply a linear
sum of terms representing the variation of the output estimate y
generated by the standard uncertainty of each input estimate x;
(see 5.1.3). [This linear sum should not be confused with the
general law of error propagation although it has a similar form;
standard uncertainties are not errors (see E.3.2).]

L

D’z

ui(y) H(x!, ;) EXANPLE - Ten resi z resistance
i=] f=1 8 R; = 1000 Q, are calibrated with a negligi certainty of
N 2 comparison in terms of the same 100 rd resistor
o af | 2 13 R characterized by a standard uncertainty u(Rg) = 100 mQ
— | u(x;) . (13) s S
i=1 X as given in its calibration cer@ate The r¢sistors are
N-1 N connected in series with wir ving negligible resistance
af af : ; ; ;
+2 E oy u(x; ,xj) in order to obtain a reference resistance R, [of nominal
=1 jeiv1 0% O value 10 kQ. Thus R »S(R,) = 42, R;. Sincg r(x;, x;) =
) r(Ri, R) = +1 h resistor pair (see F.1.2|3, example
where x:' and x; are the estimates of X; and X; and 2), the equati this note applies. Since for efch resistor
u(x; (%; x;) is the estimated covariance associated (Rs) (see

J"j

with x; angl x;. The degree of correlation between Xx; and x;

is charact¢

(C.3.6)

where r(xf,

rized by the estimated correlation coefficient

ucx; , j)

r(x;,x) = ‘—u(xf-)u(xj}

. (14) s\\}

x) =r(x, x),and -1 < r(x;, %) < Jd\\f

the estimdtes x; and x; are independent, r(x;, J)

QQ

combined
sta uncertainty of R, H(Ry) = ZPL u(Rg) =
{Qx(lm} mQ) =1 Q. The result u(R.) =[B!P, #*(Rs)]*
0,32 Q obtained from equation (10) is incorgect because
it does not take into account that all of the calibfated values
of the ten resistors are correlated.

affdx; = R,=1, and wu(x) = u(R) =
F,lé. nexample 2), that equation yields for

2 The estimated variances uztx) and estimated |covariances

u(x;, X;

matrix with elements ;. The diagonal elements ;; g

x;) may be considered as the elements of a covariance
df the matrix

a change n one does not imply an expected l'@'lgc i thc are the variances u2(x;), while the off-diagonal flements U
other. (§ee C.2.8, C.3.6, and C. 3\1‘ or further (i=]) are the covariances u(x;, X;) = u(x;, x,). If two input
discussior].) C)\\ estimates are uncorrelated, their assomated covarignce and the
. corresponding elements u; and u;; of the covariancp matrix are
In terms|of correlation coef ts, which are more 0. If the input estimates are all uncorrelated, all| of the off-
readily inferpreted than co ces, the covariance term diagonal elements are zero and the covariancg¢ matrix is
of equatiqn (13) may bgf en as diagonal. (See also C.3.5.)
N-1 NQQJ:BJF 3 F(.)l' the purposes of numerical evaluation, equatjon (16) may
E@ ] 3 u(.x )u(x Yl x } . (15) be written as
Q/ ul(y) = EZZZr(x,.x)
Equation T3y Them becomes,; withr tie—aitof equation Ees
(11b), where Z, is given in 5.1.3, note 2.
g(y) Zczuz(x) 4 If the X; of the special form considered in 5.1.6 are
correlated, then the terms
. (16)
N-1
2 EI E] cGuxu(x)rix; , x;) 22};% [pu(x) [x ) pju(x) /517 (x;, ;)
i=1 j=i+ L4
NOTES must be added to the right-hand side of equation (12).

1 For the very special case where all of the input estimates are

correlated with correlation coefficients r(x, , _,) = +1, equation

5.2.3 Consider two arithmetic means g and 7 that
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estimate the expectations p, and p, of two randomly
varying quantities ¢ and r, and let ¢ and r be calculated
from n independent pairs of simultaneous observations of
q and r made under the same conditions of measurement
(see B.2.15). Then the covariance (see C.3.4) of g and r
is estimated by

1 7 " ”
5(q,7) = ———= Y (g-q)(ry=71)

(17
n(n-1) i (=

where g, and r, are the individual observations of the
quantities §yand 7, ar i
observatiofs according to equation (3). If in fact the
observatiofs are uncorrelated, the calculated covariance is
expected t¢ be near 0.

Thus the
quantities X; and X; that are estimated by the means X; and
X; determjined from independent pairs of repeated
simultaneopis observations is given by u(x;,x;) =
s(X;, X;), pith s(X;, X;) calculated according to equation
(17). Thiq application of equation (17) is a Type A
evaluation
coefficient|of _Xi a_nd X; isL obtained from equation (14):
r(x;, %) ={r(X;, X) = s(X;, X)/s(X)s(X,).

pstimated covariance of two correlated input

of covariance. The estimated correlation

NOTE -| Examples where it is necessary to use covariances as
calculatdd from equation (17) are given in H.2 and H.4.

5.2.4 Thefe may be significant correlation bctwee\®w0
input quanfities if the same measuring instrument, physical
aving a
standard uncertainty is \&d in their
determinatjon. For example, if a cel

measuremgnt standard, or reference datum
significant
in thermometer is

oQS\
Q%
%

used to determine a temperature correction required in the
estimation of the value of input quantity X;, and the same
thermometer is used to determine a similar temperature
correction required in the estimation of input quantity X,
the two input quantities could be significantly correlated,
However, if X; and X; in this example are redefined to be
the uncorrected quantities and the quantities that define the
calibration curve for the thermometer are included as
additional input quantities with independent standard
uncertainties, the correlation between X; and X, is
further

discussion.) Q)(b
N

5.2.5 Correlations between input wtities dannot be
ignored if present and signi t. The 4gssociated
covariances should be evaﬁ@experimcmally f feasible
by varying the correla iput quantities (sge C.3.6,
note 3), or by using ool of available inforgnation on
the correlated variability of the quantities in| question
(Type B eval\ n of covariance). Insight pased on

experienceékd general knowledge (see 4.3.1 ahd 4.3.2)

is esp required when estimating the degree of
cor n between input quantities arising from the
ects of common influences, such as | ambient
s\Ya‘nl:)f‘.rauurn?., barometric  pressure, and humidity.

Fortunately, in many cases, the effects of such ipfluences
have negligible interdependence and the affecfed input
quantities can be assumed to be uncorrelated. Hqwever, if
they cannot to be wuncorreldted, the
correlations themselves can be avoided if the|common
influences are introduced as additional independent input
quantities as indicated in 5.2.4.

be assumed
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6 Determining expanded uncertainty

6.1 Intr¢oduction

6.1.1 Recommendation INC-1 (1980) of the Working
Group on the Statement of Uncertainties on which this
Guide is | based (see the Introduction), and
Recommendptions 1 (CI-1981) and 1 (CI-1986) of the
CIPM apprqving and reaffirming INC-1 (1980) (see A2
and A.3), 4dvocate the use of the combined standard
uncertainty |u(y) as the parameter for expressing
quantitatively the uncertainty of the result of a
measurement. Indeed, in the second of its
recommenddtions, the CIPM has requested that what is
now termed|combined standard uncertainty #.(y) be used
“by all partitipants in giving the results of all international

comparisong or other work done under the auspices of the;

CIPM and Comités Consultatifs.”

6.1.2 Althgugh «(y) can be universally used, 10)express
the uncertdinty of a measurement resull;- in some
commercial| industrial, and regulatory applications, and
when health| and safety are concerned, it is often necessary
to give a measure of uncertaintythat defines an interval
about the theasurement result tifat may be expected to
encompass fa large fraction of the distribution of values
that could rpasonably be atiributed to the measurand. The
existence df this.feqdirement was recognized by the
Working [Grodp) and led to paragraph 5 of
Recommengiatioh INC-1 (1980). It is also reflected in

U= ku(y) ). (18)
The result of a measurement isCtheén convgniently
expressed as ¥ =y + U, which isjatérpreted to mgan that
the best estimate of the value attributable to the mepsurand
Yisy, and thaty - U to y~+"U is an interval that|may be
expected to encompass@ large fraction of the distfibution
of values that couldreasonably be attributed to Y. Puch an
interval is also expressed as y - U < Y <y + U.

6.2.2 THKe terms confidence interval (C.2.27, [C.2.28)
and eonfidence level (C.2.29) have specific definftions in
statistics and are only applicable to the interval defined by
t/”when certain conditions are met, including |that all
components of uncertainty that contribute to «I{ y) be

obtained from Type A evaluations. Thus, in thi§ Guide,
the word “confidence” is not used to modify the word
“interval” when referring to the interval defined by Uy
and the term “confidence level” is not used in copnection
with that interval but rather the term “level of
confidence.” More specifically, U is interpfeted as
defining an interval about the measurement repult that
encompasses a large fraction p of the prpbability
distribution characterized by that result and its cpmbined
standard uncertainty, and p is the coverage probqbility or
level of confidence of the interval.

6.2.3 Whenever practicable, the level of confjdence p

Recommendation 1 (CI-1986) of the CIPM.

6.2 Expanded uncertainty

6.2.1 The additional measure of uncertainty that meets
the requirement of providing an interval of the kind
indicated in 6.1.2 is termed expanded uncertainty and is
denoted by U. The expanded uncertainty U is obtained by
multiplying the combined standard uncertainty u.(y) by a
coverage factor k:

associated with the interval defined by U should be
estimated and stated. It should be recognized that
multiplying #.(y) by a constant provides no new
information but presents the previously available
information in a different form. However, it should also
be recognized that in most cases the level of confidence p
(especially for values of p near 1) is rather uncertain, not
only because of limited knowledge of the probability
distribution characterized by y and u(y) (particularly in
the extreme portions), but also because of the uncertainty
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of u(y) itself (see note 2 to 2.3.5, 6.3.2, and annex G,
especially G.6.6).

NOTE - For preferred ways of stating the result of a
measurement when the measure of uncertainty is u.(y) and when
it is U, see 7.2.2 and 7.2.4, respectively.

6.3 Choosing a coverage factor

6.3.1 The value of the coverage factor k is chosen on the
basis of the level of confidence required of the interval
y - Utoy + U. In general, k will be in the range 2 to 3.

equivalently, for a given value of k, one would like to be
able to state unequivocally the level of confidence
associated with that interval. However, this is not easy to
do in practice because it requires extensive knowledge of
the probability distribution characterized by the
measurement result its combined standard
uncertainty u(y). Although these parameters are of
critical importance, they are by themselves insufficient for
the purpose of establishing intervals having exactly known
levels of confidence.

y and

However| for special applications k may be outside this
range. Extensive experience with and full knowledge of
o which a measurement result will be put can

he selection of a proper value of k.

the uses
facilitate

NOTE |- Occasionally, one may find that a known correction b
for a sylstematic effect has not been applied to the reported result
of a mpasurement, but instead an attempt is made to take the
effect ifito account by enlarging the “uncertainty " assigned to the
result. | This should be avoided; only in
tances should corrections for known

very special
significant

circum
systemjtic effects not be applied to the result of a measurement
(see F.P.4.5 for a specific case and how to treat it). Evaluating
the undertainty of a measurement result should not be confused
with aspigning a safety limit to some quantity.

6.3.2 Idgally, one would like to be able to choose a

specific vplue of the coverage factor k that would provP@

an intervl Y =y + U =y + kuy) correspondi a
particular|level of confidence p, such as 95 or QQ&rccnt;
xO

Q

6.3.3 Recommendation INC-1 (1980) d
how the relation between k and p sho;@ae tablished.
This problem is discussed in annc%}. and ¢ preferred
method for its approximate SOII&% is presenfed in G.4
and summarized in G.6.4. Ho\@ver, a simpler|
discussed in G.6.6, is @;adequats in mgasurement
situations where the @a ility distribution chpracterized
by y and u(y) is ximately normal and tHe effective
degrees of freedom' of u,(y) is of significant gize. When
this is the which frequently occurs in prictice, one
can assum@)that taking k& = 2 produces an interval having
ale f confidence of approximately 95 parcent, and
Ith ing k = 3 produces an interval having
fidence of approximately 99 percent.

ot specify

approach,

a level of

NOTE - A method for estimating the effective| degrees of
freedom of u.(y) is given in G.4. Table G.2 of 4nnex G can
then be used to help decide if this solution is apprppriate for a

particular measurement (see G.6.6).
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7.1 General guidance

7.1.1 In general, as one moves up the measurement
hierarchy, | more details are required on how a
measuremejnt result and its uncertainty were obtained.

Nevertheleps, at any level of this hierarchy, including
commercial and regulatory activities in the marketplace,
engineering work in industry, lower-echelon calibration
facilities, ipdustrial research and development, academic
research, |ndustrial primary standards and calibration
laboratoriep, and the national standards laboratories and
the BIPM [ all of the information necessary for the re-
evaluation |of the measurement should be available to
others whd may have need of it. The primary difference

of the necefsary information may be made available in t .
form of puplished calibration and test system reportsy;test
specificatidns, calibration and test certificates, i s’.t%ction
manuals, ifternational standards, national {L ds, and

local regulfitions. C).\\Q

7.1.2 Wh¢n the details of a me 'mem, including how
the uncertdinty of the result valuated, are provided
by referrinfg to published ents, as is often the case
when calibfation resul é;cported on a certificate, it is

imperative | that th;@) blications be kept up-to-date so

that they afe ¢ nt with the measurement procedure

actually in u@

7.1.4 Although in practice the amount ﬁg‘?brmation
necessary to document a measurement result ddpends on

its intended use, the basic princip
remains unchanged: when reparting the res
measurement and its uncertaint
the side of providing too mq@ information rathef than too
little. For example, o

what is| required
It of a

t is preferable|to err on

ould

a) describe ¢ \y the methods used to calgulate the
measur@nt result and its uncertainty |from the

experimental observations and input data

ist all uncertainty components and document fully
ow they were evaluated;

b
N

‘\\} c) present the data analysis in such a way that each of
is that at the lower levels of the hierarchical chain, morQ(\Q

its important steps can be readily followefd and the
calculation of the reported
independently repeated if necessary;

result |can be

d) give all corrections and constants usefl in the
analysis and their sources.

A test of the foregoing list is to ask oneself|“Have I
provided enough information in a sufficiently cleqr manner
that my result can be updated in the futurg¢ if new

information or data become available?”

7.2 Specific guidance

7.1.3 Numerous measurements are made every day in
industry and commerce without any explicit report of
uncertainty. However, many performed with
instruments subject to periodic calibration or legal

are

inspection. If the instruments are known to be in
conformance with their specifications or with the existing
normative documents that apply, the uncertainties of their
indications may be inferred from these specifications or
from these normative documents.

7.2.1 When reporting the result of a measurerpent, and
when-the mm&f—m&eﬁaﬁkyﬁ-ﬁe-eembrﬁel standard

uncertainty u.(y), one should

a) give a full description of how the measurand Y is
defined;

b) give the estimate y of the measurand Y and its
combined standard uncertainty «(y); the units of
y and u.(y) should always be given;

c) include the relative combined standard uncertainty
u(y)/yl, | | #0, when appropriate:
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d) give the information outlined in 7.2.7 or refer to a

pub

lished document that contains it.

If it is deemed useful for the intended users of the

measurement result, for example,
calculations

to aid in future

of coverage factors or to assist in

understanding the measurement, one may indicate

- the

estimated effective degrees of freedom v, (see

G.4);

—- the

Type A and Type B combined standard

uncertainties u,.,(y) and u.5( y) and their estimated

eff
G.

7.2.2 Wh
preferable
in one of

7.2.3 When reporting the result of a measurement, and

when the measure of uncertainty is the
uncertainty U = ku(y), one should

expanded

a) give a full description of how the measurand V is

defined;

b) state the result of the measurement as Y=y + U

and give the units of y and U;

¢) include the relative expanded uncertainty U/|y],

| v| #0, when appropriate;

d) give the value of k used to obtain U [o

r, for the

tive degrees of freedom v, and vyp (see
.1, note 3).

bn the measure of uncertainty is u(y), it is
fo state the numerical result of the measurement
the following four ways in order to prevent

misundersfanding. (The quantity whose value is being

reported i
mass Mg;
brevity if
reporting t

1) “ms
unc
2) “md
parg

stan
cory

3) “myq
in
con|

unit

4) “md

assumed to be a nominally 100 g standard of
the words in parentheses may be omitted for
u, is defined elsewhere in the document
he result.)

= 100,021 47 g with (a combined standard
ertainty) 4, = 0,35 mg.”

= 100,021 47(35) g, where the number in
tntheses is the numerical value of (the combined
dard uncertainty) referred to the
esponding last digits of the quoted resulty’]

i,

= 100,021 47(0,000 35) g, where_the number
parentheses is the numerical “alue of (the
bined standard uncertainty)w%gﬁpressed in the
of the quoted result.”

= (100,021 47 + 0,000 35) g, where the

number following the symbol + is the numerical

valy
not

NOT

je of (the contbined standard uncertainty) u, and
a confidercé interval.”

pos

interv

may

[E - The™ + format should be avoided whenever
iblechecause it has traditionally been used to indicate an

be confused with expanded uncertainty (see 7.2.4).

Further, although the purpose of the caveat in 4) is to

prev

ent such confusion, writing ¥ = y + u.(y) mightstill be

misunderstood to imply, especially if the caveat is

accidentally omitted, that an expanded uncertainty with

k=

Y =

1 is intended and that the interval y - u(y) <
y + u(y) has a specified level of confidence p,

namely, that associated with the normal distribution (see

G.1.3). As indicated in 6.3.2 and annex G, interpreting

uly

) in this way is usually difficult to justify.

[eporting the result.)

convenience of the user of the result,gi
and u(y)l;

e both k

e) give the approximate level of confidence gssociated

with the interval y + U ahgli state ho
determined;

f) give the informatiogohtlined in 7.2.7 or
published document that contains it.

7.2.4 When the measure of uncertainty is
preferable, for mlaximum clarity, to state the
result of the measurement as in the following
(The wofds in parentheses may be omitted for
Uac and k are defined elsewhere in the

“mg = (100,021 47 + 0,000 79) g, where th
following the symbol + is the numerical va
expanded uncertainty) U = ku,, with U d
from (a combined standard uncertainty) u, 3
and (a coverage factor) k& = 2,26 based ¢{

v it was

refer to a

U, it is
humerical
example.
brevity if
Hocument

e number
ue of (an
btermined
0,35 mg
bn the 1-

distribution for v = 9 degrees of freedom, afgd defines

an interval estimated to have a level of conf
95 percent.”

7.2.5 If a measurement determines simultaneo
than one measurand, that is, if it provides twq
output estimates y; (see H.2, H.3, and H.4),
addition to giving y; and u (y;), give the covariar

idence of

1sly more
or more
then, in
ce maltrix
) of the

elements u(y;,y;) or the elements r(y,,y

preferably both).

2) (and

7.2.6 The numerical values of the estimate y and its

standard uncertainty u.(y) or expanded unce

rtainty U

should not be given with an excessive number of digits. It

usually suffices to quote u.(y) and U [as well as the
standard uncertainties «(x;) of the input estimates x;] to at
most two significant digits, although in some cases it may

be necessary to retain additional digits to avoid

round-off
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7 Reporting uncertainty

errors in subsequent calculations.

In reporting final results, it may sometimes be appropriate
to round uncertainties up rather than to the nearest digit.
For example, u(y) = 10,47 mQ might be rounded up to
11 mQ. However, common sense should prevail and a
value such as u(x;) = 28,05 kHz should be rounded down
10 28 kHz. Output and input estimates should be rounded
to be consistent with their uncertainties; for example, if
y = 10,057 62 Q with u(y) =27 mQ, y should be
rounded to 10,058 Q. Correlation coefficients should be

c)

d)

correlation coefficients (preferably both) associated
with all input estimates that are correlated, and the
methods used to obtain them,;

give the degrees of freedom for the standard
uncertainty of each input estimate and how it was
obtained;

give the functional relationship Y = f(X), X;,
..., Xy) and, when they are deemed useful, the

partial derivatives or sensitivity coefficients f/dx;.

However, any such coefficients determined

given with three-digit accuracy if their absolute values are

near unity.

7.2.7 In th¢ detailed report that describes how the result
of a measurpment and its uncertainty were obtained, one
should follow the recommendations of 7.1.4 and thus
a) give
standard uncertainty  u(x;)
desctliption of how they were obtained;

the value of each input estimate x; and its
together with a

b) give| the estimated covariances or estimated

experimentally should be given. Q)(b
NOTE - Since the functional relamq%ip A

extremely complex or may net@ ‘explicitly
as a computer program, it may wot always bg possible

may be
but only

to give fand its deri\rativK e functionf mgy then be
described in generalqﬁa’ or the program us¢d may be
cited by an apprepriate reference. In such cses, it is
important ch@q‘: clear how the estimate] y of the
measuraj nd its combined standard upcertainty
uly obtained.
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8 Summary of procedure for evaluating and expressing
uncertainty

I Expre¢s mathematically the relationship between the

measurang
depends:
contain e
correction|
componery
(see 4.1.1

2 Detern
either on

| Y and the input quantities X; on which ¥
V' = f(X,, X;, . .., Xy). The function f should
very quantity, including all corrections and

factors, that can contribute a significant
t of uncertainty to the result of the measurement
and 4.1.2).

line x;, the estimated value of input quanti -
the basis of the statistical analysis of*s%ies of

observations or by other means (see 4.1.3), %0

3 Evaluale the standard uncertain
estimate X

statistical

uncertainty is evaluated
evaluation
obtained bl other

evaluated

S’of each input
;. For an input estimate, obtained from the
hnalysis of series o rvations, the standard

scribed in 4.2 (Type A
tainty). For an input estimate

. the standard uncertainty u(x;) is
d in 4.3 (Type B evaluation of

of standard

as d

standard m%@lf)}).

The steps to be followed for evaluating and expressing the
uncertainty of the result of a measurement as presented in
this Guide may be summarized as follows:

\ eir covariances (see 7.2.5, H.2, H.3, and H.

\‘S\Q)

>
N
P
R4
O\)\

&
\
6 Determi
the measu
and cofariances associated with the input est

de
Q’m ltaneously more than one output quantity

ent result y from the standard ur

combined standard uncertainly u ( y) of

certainties
mates, as

d in clause 5. If the measurement dletermines

calculate

H).

7 If it is necessary to give an expanded unceytainty U,

whose purpose is to provide an interval y - U
that may be expected to encompass a large frac
distribution of values that could reasonably be
to the measurand ¥, multiply the combined
uncertainty u.(y) by a coverage factor k, typic
range 2 to 3, to obtain U = ku.(y). Select k or

toy + U
ion of the
attributed

standard
hlly in the
the basis

of the level of confidence required of the intervall (see 6.2,

6.3, and especially annex G, which discusses th{
of a value of k that produces an interval having
confidence close to a specified value).

selection
a level of

4 Evaluate the covariances associated with any input

estimates that are correlated (see 5.2).

5 Calculate the result of the measurement, that is, the
estimate y of the measurand V, from the functional
relationship f using for the input quantities X; the estimates
X; obtained in step 2 (see 4.1.4).

8 Report the result of the measurement y together with

its combined standard uncertainty u.(y) or

expanded

uncertainty U as discussed in 7.2.1 and 7.2.3: use one of
the formats recommended in 7.2.2 and 7.2.4. Describe, as
outlined also in clause 7, how y and wu.(y) or U were

obtained.
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Annex A

Recommendations of Working Group and CIPM

0
O
NS
K

A.1 Recommendation INC-1 (1980)

The Working Group on the Statement of Uncertainties (see
Foreword) was convened in October 1980 by the Bureau
International des Poids et Mesures (BIPM) in response to a \6

follows [2]:

Expres$ion des incertitudes expérimentales
Recommandation INC-1 (1980)

1. L’icertitude d’un résultat de mesure comp @
généralement plusieurs composantes qui pepvent
étre groupées en deux catégories Q;a res la
utilisée  pour estimet)’\\&lr valeur

méthode
numérifjue:

A. gelles qui sont éva]u@’aide de méthodes
Ltatistiques, C)

B. telles qui @1» évaluées par d’autres
noyens.

Il n’y

il pE@Ours une correspondance simple

entre 1g ement dans les catégories A ou B et le

request of the Comité International des Poids et Mesu
(CIPM). It prepared a detailed report for consideration
CIPM that concluded with Recommendation INC-1 (
The English translation of this Recommendation i n
of this Guide and the French text, which is al{l\h'q' ative, is as

@he
G0 121
in0.7

<< o
g\\§\ 2. Les composantes de la catégorie A
(%) caractérisées par les variances estimées s? (pu les

\\g\ « écarts-types » estimés s;) et les nombres|v; de
degrés de liberté. Le cas échéant, les covarjances

sont

estimées doivent étre données.

3. Les composantes de la catégorie B deyraient
étre caractérisées par des termes u? qui pyissent
étre considérés comme des approximations des
ladmet
fraités

variances  correspondantes dont on

I’existence. Les termes a? peuvent étre
comme des variances et les termes ¥; comnpe des
écarts-types. Le cas échéant, les covarjances

doivent étre traitées de fagon analogue.

4. L’incertitude composée devrait étre caraclérisée

caractére «aléatoire» ou «systématique» utilisé

antérieurement pour classer les incertitudes.
L’expression  «incertitude systématique»  est
susceptible de conduire 4 des erreurs

d’interprétation; elle doit étre évitée.

Toute description détaillée de I’incertitude devrait
comprendre une liste compléte de ses composantes
et indiquer pour chacune la méthode utilisée pour
lui attribuer une valeur numérique.

par la valeur obtenue en appliquant la méthode
usuelle de combinaison des variances. L’incertitude
composée ainsi que ses composantes devraient étre
exprimées sous la forme d’« écart-types ».

5. Si pour des utilisations particuliéres on est
amené a multiplier par un facteur l'incertitude
composée afin d’obtenir une incertitude globale, la
valeur numérique de ce facteur doit toujours étre
donnée.
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A.2 Recommendation 1 (CI-1981) A.3 Recommendation 1 (CI-1986)

The CIPM reviewed the report submitted to it by the
Working Group on the Statement of Uncertainties and
adopted the following recommendation at its 70th meeting

The CIPM further considered the matter of the expression
of uncertainties at its 75th meeting held in October 1986
and adopted the following recommendation [4]:

held in October 1981 [3]:

Recommendation 1 (CI-1981)
Expression of experimental uncertainties

Recommendation 1 (CI-1986)
Expression of uncertainties in work
carried out under the auspices of the CIPM

The Cémité International des Poids et Mesures

considgring
- the need to find an agreed way of
Xpressing measurement uncertainty in
etrology,
— [he effort that has been devoted to this by
any organizations over many years,
— [the encouraging progress made in finding an
cceptable solution, which has resulted from
the discussions of the Working Group on the
Expression of Uncertainties which met at
BIPM in 1980,

recognjzes

~ [that the proposals of the Working Group
might form the basis of an eventual
pgreement on the expression of
uncertainties,

recomiends

— [hat the proposals of the Working:Group be
iffused widely; :

- |hat BIPM attempt to apply the principles
herein to internatiqna‘_lt,éomparisons carried
ut under its auspices’in the years to come;

- fhat other .nterested organizations be
ncouraged' (T examine and test these
roposals:and let their comments be known
0 BIPM:;

- [hatvafter two or three years BIPM report

The Comité International des Poids et-Mesures,

considering the adoption by thg-’.WBrking Group
on the Statement of _Umcertainties of
Recommendation INC-1 (1980Yand the adopfion by
the CIPM of Recommendation 1 (CI-1981),

considering thab.certain members of Cpmités
Consultatifs -mady” want clarification of this
Recommendation for the purposes of work that
falls udndeér their purview, especially for
interpational comparisons,

“recognizes that paragraph 5 of Recommendation

"INC-1 (1980) relating to particular applicptions,

especially those having commercial significapce, is
now being considered by a working group [of the
International ~ Standards  Organization |[(ISO)
common to the ISO, OIML and IEC, with the
concurrence and cooperation of the CIPM,

requests that paragraph 4 of Recommendation
INC-1 (1980) should be applied by all parti¢ipants
in giving the results of all internftional
comparisons or other work done under the ayspices
of the CIPM and the Comités Consultatifs apd that
the combined uncertainty of type A and fype B
uncertainties in terms of one standard deyiation
should be given.

back on the application of these proposals.
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Annex B

General metrological terms

B.1 Soufce of definitions

The definit

ions of the general metrological terms relevant

to this Guidp that are given here have been taken from the

Internation
metrology
published

StandardizaLion (ISO), in

organizatio
nominated

Internationgl des

4l vocabulary of basic and general terms in
(abbreviated VIM), second edition [6],
by the Organization
the name of
s that supported its development
the experts who prepared it: the Bureau
Poids et (BIPM), the

International for
the seven

and

Mesures

Internationgl Electrotechnical Commission (IEC), the
International Federation of Clinical Chemistry (IFCC),

ISO, the
Chemistry

Applied Fhysics

International Union of Pure and Applied
IUPAC), the International Union of Pure and

(IUPAP), and the Internationah

Organizatiqn of Legal Metrology (OIML). The ¥iM
should be the first source consulted for the definitions of

terms not i

NOTE -

annex (,

“uncerta

B.2 Del

As in clau
parenthese

hcluded either here or in the text,

Some basic statistical terms and-cehcepts are given in
“true , valde,” “error,”
nty" are further discussed_ifhannex D.

while the terms and

initions.

e 2,,_’?11"&13 definitions that follow, the use of
b «around certain words of some terms means

NOTES

1 The term quantity may refer to a quantity\ina general sense

[see examples a)] or to a particular ql@!ﬂﬁﬁy [see examples b)].

EXAMPLES

a) quantities in a genéral sense: length, tirhe, mass,

temperature, electrical resistance,

concentration;
b) particulaf quantities:
- length"GPa given rod

- electrical resistance of a given specimen of W

-{ samount-of-substance concentration of ethanol
sample of wine.

\2 " Quantities that can be placed in order of magnituf

amount-offsubstance

ire
ina given

He relative

to one another are called quantities of the same kind.

3 Quantities of the same kind may be grouped to,
categories of quantities, for example:

- work, heat, energy

- thickness, circumference, wavelength.

4 Symbols for quantities are given in 1SO 31.

B.2.2 value (of a quantity) [ VIM 1.18]

rether into

magnitude of a particular quantity generally expjressed as

a unit of measurement multiplied by a number

EXAMPLES
a) length of a rod: 534 m or p34 cm;
b) mass of a body: 0,152 kg or [I52g;

that the words may be omitted 1f this 1s unlikely to cause

confusion.

The terms

in boldface in some notes are additional

metrological terms defined in those notes, either explicitly

or implicitly (see reference [6]).

B.2.1 (measurable) quantity [VIM 1.1]
attribute of a phenomenon, body or substance that may be

distinguish

ed qualitatively and determined quantitatively

¢) amount of substance of a
sample of water (H,0):

NOTES

1 The value of a quantity may be positive, negativ

0,012 mol or 12 mmol.

€ or Zero.

2 The value of a quantity may be expressed in more than one

way.

3 The values of quantities of dimension one are generally

expressed as pure numbers.
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4 A quantity that cannot be expressed as a unit of
measurement multiplied by a number may be expressed by

B.2.6 principle of measurement [VIM 2.3)
scientific basis of a measurement

reference to a conventional reference scale or to a measurement

procedure or to both.

B.2.3 true value (of a quantity) [VIM 1.19]
value consistent with the definition of a given particular
quantity

NOTES

I This is a value that would be obtained by a perfect
measurement.

EXAMPLES

a) the thermoelectric effect applied to the measurement of
temperature;

b) the Josephson effect applied to the measurement of electric
potential difference;

c¢) the Doppler effect applied to the measurement of velocity;

d) the Raman effect applied to the measurement of the wave
number of molecular vibrations.

2 True values are by nature indeterminate.

3 Thq indefinite article “a,” rather than the definite article
“the,” |s used in conjunction with “true value™ because there
may be|l many values consistent with the definition of a given

particullr quantity.

Guide Comment: See annex D, in particular D.3.5, for
the reasonfs why the term “true value” is not used in this

Guide and why the terms “true value of a measurand” (or
of a quaftity) and “value of a measurand” (or of a
quantity) gre viewed as equivalent.

B.2.4 conjventional true value (of a quantity) [VIM
1.20]

sometimed by convention, as having an uncerlairg%\@

appropriate for a given purpose @
EXAMRLES \4

a) at g4 given location, the value assigned 13\93 quantity

realized|by a reference standard may be take

true valfe; < )

b) the fODATA (1986) recomme:ﬁed’valuc for the Avogadro

a conventional

constanf: 6,022 136 7x10% mgT™)

O

NOTES .

1 “Copventional t alue™ is sometimes called assigned

value, pest es@ of the value, conventional value or
referenfe valﬁ) ‘Reference value,"” in this sense, should not be

reference value” in the sense used in the Note to

B.2.7 method of measurement [ VIM @
logical sequence of operations, descr%{i}eneri cally, used
in the performance of measuremerft)

B.2.8 meérement procedure [VIM 2.5]

@en method
value attrjbuted to a particular quantity and accepted, Q

B.2.9 measurand [VIM 2.6]
particular quantity subject to measurement

NOTE - Methods of measure\’g@ may be qualifigd in various
ways such as:
- substitution niethod

- different'a@ﬂthod
- null m@d

' .

perations, described specifically, uspd in the
ance of particular measurements accofding to a

NOTE - A measurement procedure is usually reforded in a
document that is sometimes itself called a “neasurement
procedure” (or a measurement method) and ig usually in
sufficient detail to enable an operator to carry out a fieasurement
without additional information.

EXAMPLE - vapour pressure of a given sample [of water at
20 °C.

NOTE - The specification of a measurand nfay require
statements about quantities such as time, tempgrature and
pressure.

confused @

[VIM]

2 Frequently, a number of results of measurements of a
quantity is used to establish a conventional true value.

Guide Comment: See the Guide Comment to B.2.3.

B.2.5 measurement [ VIM 2.1]
set of operations having the object of determining a value
of a quantity

NOTE - The operations may be performed automatically.

B.2.10
quantity that is not the measurand but that affects the
result of the measurement

influence quantity [ VIM 2.7]

EXAMPLES
a) temperature of a micrometer used 1o measure length;

b) frequency in the measurement of the amplitude of an

alternating electric potential difference;

¢) bilirubin concentration in the measurement of haemoglobin
concentration in a sample of human blood plasma.
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Guide Comment: The definition of influence quantity is
understood to include values associated with measurement
standards, reference materials, and reference data upon
which the result of a measurement may depend, as well as
phenomena such as short-term measuring instrument
fluctuations and quantities such as ambient temperature,
barometric pressure, and humidity.

B.2.11
value attributed to a measurand, obtained by measurement

result of a measurement [ VIM 3.1]

- the same location
~ repetition over a short period of time.

3 Repeatability may be expressed quantitatively in terms of the
dispersion characteristics of the results.

B.2.16 reproducibility (of results of measurements)
[VIM 3.7]

closeness of the agreement between the results of
measurements of the same measurand carried out under
changed conditions of measurement

NOTES

1 Wheh a result is given, it should be made clear whether it
refers to
- fhe indication
- the uncorrected result
- the corrected result

and whefher several values are averaged.

2 A cpmplete statement of the result of a measurement

includes|information about the uncertainty of measurement.

B.2.12
result of a
error

fincorrected result [VIM 3.3]
measurement before correction for systematic

B.2.13  ¢orrected result [VIM 3.4]
result of 4 measurement after correction for systematic

error
B.2.14  ficcuracy of measurement [ VIM 3.5]4\@
closeness [of the agreement between the result of a

measuremgnt and a true value of the meas&(a.nd

o

NOTES
1 “Acfuracy” is a qualitative C@L’
2 Thefterm precision shof@ be used for “accuracy.”

Guide Corhment: See@ﬁide Comment to B.2.3.

B.2.15

repe@ity (of results of measurements)
[VIM 3.6]

&

s\\}\'\(he dispersion characteristics of the results.

Q

NOTES q('b
1 A valid statement of reproducibility reqo@speciﬁcation of
the conditions changed. Cb .

'6@“&:

2 The changed conditions may
- principle of measurem y
- method of measur: t

~a

ndard

- observer
- measuring

- referen

- loca'\%

- itions of use
Q time.
?{:pwducibility may be expressed quantitativelyfin terins of

4  Results are here usually understood to be corrected results.

B.2.17 experimental standard deviation [ V{IM 3.8]

for a series of n measurements of the same mpasurand,
the quantity s(q,) characterizing the dispersiqn of the
results and given by the formula:

g, being the result of the kth measurement and g|being the

arithmetic mean of the n results considered

wlic  ~f
Mﬁeﬁeﬂi—w@ﬂ—ﬁw—l‘eﬁu.m O

successive measurements of the same measurand carried

closeness

out under the same conditions of measurement

NOTES

1 These conditions are called repeatability conditions.

2 Repeatability conditions include:
- the same measurement procedure
- the same observer
- the same measuring instrument, used under the same

conditions

NUTES

1 Considering the series of n values as a sample of a
distribution, ¢ is an unbiased estimate of the mean Mg, and
sz(qk) is an unbiased estimate of the variance o2, of that
distribution.

2 The expression s(g,)/V'n is an estimate of the standard

deviation of the distribution of g and is called the experimental
standard deviation of the mean.

3 “Experimental standard deviation of the mean” is sometimes
incorrectly called standard error of the mean.
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Guide Comment: Some of the symbols used in the VIM
have been changed in order to achieve consistency with
the notation used in 4.2 of this Guide.

B.2.18 uncertainty (of measurement) [ VIM 3.9]
parameter, associated with the result of a measurement,
that characterizes the dispersion of the values that could
reasonably be attributed to the measurand

NOTES

I The parameter may be, for example, a standard deviation (or

NOTE - Since a true value cannot be determined, in practice a
conventional true value is used (see [VIM] 1.19 [B.2.3] and
1.20 [B.2.4)).

Guide Comment: See the Guide Comment to B.2.3.

B.2.21 random error [VIM 3.13]

result of a measurement minus the mean that would result
from an infinite number of measurements of the same
measurand carried out under repeatability conditions

NOTES

stated lepel of confidence.

2 Uncpriainty of measurement comprises, in general, many
compongnts. Some of these components may be evaluated from
the statigtical distribution of the results of series of measurements
and can|be characterized by experimental standard deviations.
The other components, which can also be characterized by
deviations, are evaluated from assumed probability
distributfions based on experience or other information.

3 Itisjunderstood that the result of the measurement is the best
estimate|of the value of the measurand, and that all components
of uncentainty, including those arising from systematic effects,
such as [components associated with corrections and reference
standards, contribute to the dispersion.

Guide Comment: It is pointed out in the VIM that this ‘\\}
definition ind the notes are identical to those in this Gma:w@

(see 2.2.3). @

¥
B.2.19  prror (of measurement) [VIM 3.1
result of |a measurement minus a true\{v::hue of the
measurand C)\\C)
NOTES .

1 Sinde a true value canno etermined, in practice a

convent{onal true value is used (see [VIM] 1.19 [B.2.3] and

1.20 [B2.4]). @

2  Whgn it is ne y to distinguish “error” from “relative
error,” [the fi is sometimes called absolute error of

measurg his should not be confused with absolute value

of erroy, ch is the modulus of the error.

1 Random error is equal to error minus s_vstem%i. error,

2 Because only a finite number of measur, @?scz n be made.
it is possible to determine only an estinqbb,n " randgm error.

Guide Comment: See the Guidg@mmem to B|2.22.

N\
B.2.22  systematic erro@QIM 3.14]
mean that would res@lty from an infinite nyimber of
measurements of tlw\ me measurand carried put under
repeatability %@10115 minus a true valug¢ of the
measurand g\\

NO
ystematic error is equal to error minus randonj error,
\\2 Like true value, systematic error and its causef cannot be

completely known.

3 For a measuring instrument, see “bias™ ([VIM]| 5.25).

Guide Comment: The error of the result of a megsurement
(see B.2.19) may often be considered as arisifjg from a
number of random and systematic effects that ¢ontribute
individual components of error to the error of ghe result.
Also see the Guide Comment to B.2.19 and to B.2.3.

B.2.23  correction [VIM 3.15]
value added algebraically to the uncorrected rpsult of a
measurement to compensate for systematic errof

NOTES

1 The correction is equal to the negative of thf estimated

Guide Comment: If the result of a measurement depends
on the values of quantities other than the measurand, the
errors of the measured values of these quantities contribute
to the error of the result of the measurement. Also see the
Guide Comment to B.2.22 and to B.2.3.

B.2.20 relative error [VIM 3.12]
error of measurement divided by a true value of the
measurand

suslematic arear
5

2 Since the systematic error cannot be known perfectly, the
compensation cannot be complete.

B.2.24  correction factor [VIM 3.16]

numerical factor by which the uncorrected result of a
measurement is multiplied to compensate for systematic
error

NOTE - Since the systematic error cannot be known perfectly,
the compensation cannot be complete.
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Annex C

Basic statistical terms and concepts

C.1 Source of definitions

The definitjons of the basic statistical terms given in this
annex are faken from International Standard ISO 3534-1
[7]. This phould be the first source consulted for the
definitions [of terms not included here. Some of these
terms and their underlying concepts are elaborated upon
in C.3 f¢llowing the presentation of their formal
definitions [in C.2 in order to facilitate further the use of
this Guidd. However, C.3, which also includes the
definitions of some related terms, is not based directly on
ISO 3534-].

C.2 Definitions

As in clause 2 and annex B, the use of parentheses around,
certain wofds of some terms means that the words may be
omitted if fhis is unlikely to cause confusion.

Terms C.2.1 to C.2.14 are defined in térms of the
properties pf populations. The definitions 66 terms C.2.15
to C.2.31| are related to a set of( ngervations (see
reference |71]).

C.2.1 prdbability [ISO 3584:1, 1.1]
A real number in the stalé O to 1 attached to a random
event.

NOTE { It cdn pe related to a long-run relative frequency of
occurrehe@dito a degree of belief that an event will occur. For

a high degreeof betief e probabitity fsmear—-

2 The probability of an event A is denoted by Pr(A) or P(A).

Guide Comment: The symbol Pr(A) iSpused in this Guide
in place of the symbol P,(A) used in ¥50 3534-1.

C.2.3 probability distributien (of a random (variable)
[1SO 3534-1, 1.3]
A function giving thg-gp,ré:bability that a random)| variable
takes any given value or belongs to a given set df values.

NOTE - The probability on the whole set of valpes of the
random variable equals 1.

C.%4 Gistribution function [I1SO 3534-1, 1.4]

Aunction giving, for every value x, the probability that

the random variable X be less than or equal to A:
F(x) = Pr(X <x)

C.2.5 probability density function (for a cpntinuous
random variable) [I1SO 3534-1, 1.5]
The derivative (when it exists) of the distribution/ function:

f(x) = dF(x)/dx
NOTE - f(x)dx is the “probability element™:

f(x)dx = Pr(x <X <x+dx)

C.2.6 probability mass function [ISO 3534-1} 1.6]
A function giving, for each value x; of a discrefe random
variable X, the probability p; that the randonm variable

C.2.2 random variable; variate [1SO 3534-1, 1.2]

A variable that may take any of the values of a specified
set of values and with which is associated a probability
distribution ([1SO 3534-1] 1.3 [C.2.3]).

NOTES

1 A random variable that may take only isolated values is said
to be “discrete.” A random variable which may take any value
within a finite or infinite interval is said to be “continuous.”

equals x;:
p; = Pr(X = x;)

C.2.7 parameter [ISO 3534-1, 1.12]
A quantity used in describing the probability distribution
of a random variable.

C.2.8 correlation [1SO 3534-1, 1.13]
The relationship between two or several random variables
within a distribution of two or more random variables.
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NOTE - Most statistical measures of correlation measure only
the degree of linear relationship.

C.2.9 expectation (of a random variable or of a
probability distribution); expected value; mean [ISO
3534-1, 1.18]

I For a discrete random variable X taking the values
x; with the probabilities p;, the expectation, if it exists,
is

p= EX) =Y px,

C.2.14 normal distribution;
distribution [1SO 3534-1, 1.37]
The probability distribution of a continuous random
variable X, the probability density function of which is

:

NOTE - u is the expectation and ¢ is the standard deviation of
the normal distribution.

Laplace-Gauss

|

a2

sk
2

X=u

[_

a

fx) =

exp

for —o0 < x <+ 00,

the sufn being extended over all the values x; which
can be|taken by X.

2 Fol
probab

a continuous random variable X having the
ility density function f(x), the expectation, if it
exists, |is

B EX) = [xf(odx

the infegral being extended over the interval(s) of

variati¢n of X.

C.2.10
A random

centred random variable [1SO 3534-1, 1.21]
variable the expectation of which equals zero.

NOTE A
the corr

If the random variable X has an expectation equal to p,
psponding centred random variable is (X - u).

C.2.11
probability
The expeg
variable (|

variance (of a random variable or of s@
distribution) [1SO 3534-1, 1.22] N\
tation of the square of the cemredi dom
SO 3534-1] 1.21 [C.2.10)): xO

o? = V(X) = E{[X - 561&3&‘

C.2.12 Itandard deviation (of @ random variable or of
a probability distribution) [IS@ 34-1, 1.23]
The positiye square root&@é variance:

=y VX)
C.2.13 (ent %omenl” of order g [ISO 3534-1,
128 | &

C.2.15 characteristic [ISO 3534-1, 2@%
A property which helps to identify or differéntia

items of a given population. o) ’
NOTE - The characteristic m%@e either quan

variables) or qualitative (b@\}butes),

C.2.16 populati 0 3534-1, 2.3]
The totality of it@\\mder consideration.

e between

fitative (by

probability
bd to define

NOTE - \{Q case of a random variable, the
disrr.-'but'@ ([ISO 3534-1] 1.3 [C.2.3]) is consider
th

QQQ.I‘? frequency [ISO 3534-1, 2.11]
“Phe number of occurrences of a given type of ey
number of observations falling into a specified

ulation of that variable.

ent or the
Class.

C.2.18 frequency distribution [ISO 3534-1
The empirical relationship between the val
characteristic and their frequencies or thei
frequencies.

2.15]
les of a
relative

NOTE - The distribution may be graphically pres
histogram ([1SO 3534-1] 2.17). bar chart ([1SO 35]
cumulative frequency polygon ([1SO 3534-1]2.19),
way table ([1SO 3534-1] 2.22).

ented as a
4-1]2.18),

T asafwo-

C.2.19 arithmetic mean; average [1SO 3534-1, 2.26]
The sum of values divided by the number of values.

NOTES

In a univariate distribution, the expectation of the qth
power of the centred random variable (X - p):
EN(X-wmw9]

NOTE - The central moment of order 2 is the variance (|1SO
3534-1] 1.22 [C.2.11]) of the random variable X.

1) I, in the definition of the moments, the quantities X, X - a, Y,
Y - b, etc. are replaced by their absolute values, i.e. |X|, |X - a|,
[Y[|. |Y - b, etc., other moments called “absolute moments” are
defined.

I The term “mean” is used generally when referring to a
population parameter and the term “average” when referring to
the result of a calculation on the data obtained in a sample.

2 The average of a simple random sample taken from a
population is an unbiased estimator of the mean of this
population. However. other estimators, such as the geometric or

harmonic mean, or the median or mode, are sometimes used.

C.2.20  variance [ISO 3534-1, 2.33]
A measure of dispersion, which is the sum of the squared
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deviations of observations from their average divided by
one less than the number of observations.

EXAMPLE - For n observations x, x,, . . .

T=(1/mY x

, X, with average

the variance is
1 1 =2
8 =

NOTES

1 The sample variance is an unbiased estimator of the

population from which this sample is taken.

NOTE - A result of this operation may be expressed as a single
value (point estimate; see [ISO 3534-1]2.51 [C.2.26]) or as an
interval estimate (see [ISO 3534-1] 2.57 [C.2.27] and 2.58
[C.2.28]).

C.2.25 estimator [ISO 3534-1, 2.50]
A statistic used to estimate a population parameter.

C.2.26 estimate [ISO 3534-1, 2.51]
The value of an estimator obtained as—a—result of an

populatipn variance.

2 The| variance is n/(n - 1) times the central moment of
order 2 [see note to [1SO 3534-1] 2.39).

Guide Comment: The variance defined here is more
appropriatgly designated the “sample estimate of the
population| variance.” The variance of a sample is usually
defined to |be the central moment of order 2 of the sample
(see C.2.1B and C.2.22),

C.2.21 ptandard deviation [ISO 3534-1, 2.34]
The positiye square root of the variance.

NOTE A The sample standard deviation is a biased estimator of
the popylation standard deviation.

C.2.22
In a distribution of a single characteristic, the ari} ic
mean of the gqth power of the difference betwgen the
observed Values and their average x: \O

L g T
& -F G

where # is|the number of obs@ns‘

NOTE - The central momentof order 1 is equal to zero.

C.2.23

tatistic 3534-1, 2.45]
A function| of the sample random variables.

NOTE - @

iabloe o oleo

&& different values from sample to sample.

Central moment of order g [1SO 3534-1, 2.3?$\

estimation.
Q)‘b

C.2.27 two-sided confidence intesl'gh [ISQ 3534-1,

2.57] o))

When T, and 7, are two functi f the observed values
such that, € being a pomlag‘g@arameter to be gstimated,
the probability Pr(7, < T;) is at least|equal to
(1 - &) [where (1 s a fixed number, pogitive and
less than 1], the i al between 7| and 7, is a fwo-sided
(1 - a) conﬁ@e interval for 6.

NOTése O
1 limits 7 and 7, of the confidence interval afe statistics
ISO 3534-1] 2.45 [C.2.23]) and as such will generflly assume

N\

2 In a long series of samples, the relative frequengy of cases
where the true value of the population parameter & is povered by

the confidence interval is greater than or equal to (I - &).

C.2.28
2.58]

When T is a function of the observed values su¢h that, @
being a population parameter to be es{imIthed, the
probability Pr(T = @) [or the probability Pr(T|< )] is
at least equal to (1 - @) [where (Il - &) i a fixed

one-sided confidence interval [ISQ 3534-1,

number, positive and less than 1], the interval |from the
smallest possible value of @ up to T (or the intefval from
T up to the largest possible value of 8) is a pne-sided
(1 - @) confidence interval for 6.

a random variable and as such it assumes different values from
sample to sample. The value of the statistic obtained by using
the observed values in this function may be used in a statistical
test or as an estimate of a population parameter, such as a mean
or a standard deviation.

C.2.24  estimation [1SO 3534-1, 2.49]

The operation of assigning, from the observations in a
sample, numerical values to the parameters of a
distribution chosen as the statistical model of the

NOTES

1 The limit T of the confidence interval is a statistic ([ISO
3534-1] 2.45 [C.2.23]) and as such will generally assume
different values from sample to sample.

2 See note 2 of [I1SO 3534-1] 2.57 [C.2.27).

C.2.29 confidence coefficient; confidence level [ISO
3534-1, 2.59]

The value (1 - @) of the probability associated with a
confidence interval or a statistical coverage interval. (See
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[1SO 3534-1] 2.57 [C.2.27], 2.58 [C.2.28], and 2.61
(C.2.30].)

NOTE - (1 - «) is often expressed as a percentage.

C.2.30 statistical coverage interval [1SO 3534-1, 2.61]
An interval for which it can be stated with a given level
of confidence that it contains at least a specified
proportion of the population.

NOTES

o¥(z) = I(z - 1,)*p(z) dz

where y, is the expectation of z. The variance o*(z) may
be estimated by

1

2 =
s<(z;) —

n
Y (z;-7)*, where 7 =
i=1

and the z; are n independent observations of z.

1 WhefT Dot TS are dermed vy Starsies, He mervar 15
two-sidell. When one of the two limits is not finite or consists of
the bourfdary of the variable, the interval is one-sided.

2 Alsd called “statistical tolerance interval.” This term should
not be fsed because it may cause confusion with “tolerance
interval’| which is defined in ISO 3534-2.

C.2.31 {legrees of freedom [ISO 3534-1, 2.85]
In general| the number of terms in a sum minus the
number of|constraints on the terms of the sum.

C.3 Elgboration of terms and concepts

C.3.1 Expectation

The expedtation of a function g(z) over a probability

density fufction p(z) of the random variable z is deﬁne@

b
Y \@
E[g(z)] = Ig(z)p(z)dz N\
xO
where, frgm the definition of p(z), \j‘sz = 1. The

expectatiof of the random variable z,'dénoted by p,, and
which is also termed the expect lue or the mean of z,

is given by O

@)
K, = EQN\= sz(z)dz
&

It is estimfated statiStically by z, the arithmetic mean or

average o r&i)ﬁtpcndem observations z; of the random
variable z| the  probability density function of which is

NOTES
1 The factor n - 1 in the expression for 5%(z,) (B.ij.:s from the
correlation between z; and 7z and reflects the thqt there are

only n - 1 independent items in the sel%’\z ;

2 If the expectation g, of z is kno%, the variarjce may be
estimated by .
S

s¥(z) = {i‘}(a - )

C) i=1

The variance of \drithmetic mean or averape of the
observations, @er than the variance of the {ndividual

observations,\.is the proper measure of the unceftainty of
a measurement result. The variance of a variabl¢ z should
be Ily distinguished from the variance of [the mean

e variance of the arithmetic mean of a sg¢ries of n
dependent observations z; of z is given by| 0%(z) =
oz(zf)/n and is estimated by the experimental viriance of
the mean

L
[
—
I
—
1
[
L
—_—
’-N
—
|
—_—
[ ja
—
_'N
I
(1]
(=]

C.3.3 Standard deviation

The standard deviation is the positive square r¢ot of the
variance. Whereas a Type A standard unceftainty is
obtained by taking the square root of the sfatistically
evaluated variance, it is often more convenignt when
determining a Type B standard uncertainty to ¢valuate a
nonstatistical equivalent standard deviation firsf and then

to obtain the equivalent variance by squaring th¢ standard

p(z):

C.3.2 Variance

The variance of a random variable is the expectation of its
quadratic deviation about its expectation. Thus the
variance of random variable z with probability density
function p(z) is given by

deviation.
C.3.4 Covariance

The covariance of two random variables is a measure of
their mutual dependence. The covariance of random
variables y and z is defined by

cov(y,z) = cov(z,y) = E{[y-E(»]lz-E(2)]}
which leads to

38


https://iecnorm.com/api/?name=350e4d09405084c3da67f81ed21f4434

Expression of Uncertainty: 1993 (E)

Annex C: Basic statistical terms and concepts

cov(z,Vy)

o

j J_vzp( y,2)dydz - pyp,

cov(y, 2)

- ) (z - p)p(y, 2)dydz

where p(y, z) is the joint probability density function of
the two variables y and z. The covariance cov(y, z) [also
denoted by u(y, z)] may be estimated by s(y;, z;) obtained
from n independent pairs of simultaneous observations y;
and z; of y and g,

coefficients are generally more useful than covariances.

2 For multivariate probability distributions, the correlation
coefficient matrix is usually given in place of the covariance
matrix. Since p(y.y) =1 and r(y;,y;) =1, the diagonal

elements of this matrix are unity.

3 If the input estimates x; and x; are correlated (see 5.2.2) and
if a change & in x; produces a change & in x;, then the
correlation coefficient associated with x; and x; is estimated

approximately by

r(x;, x) = u(x)é/u{x)d

1

S(VpZ,'] = — ()’,—f)(z,-"z)
n-113
where
?=liv‘ and ZzizZ;'
’ i n i

NOTE - The estimated covariance of the two means y and Z is
given by §(¥.2) = s(y;, z)/n-

C.3.5 Covdriance matrix

For a multijvariate probability distribution, the matrix V
with elemer]ts equal to the variances and covariances of
the variablgs is termed the covariance matrix. The
diagonal elefnents, v(z, z) = oX(z) ors(z;, z;) = s,
are the varidnces, while the off-diagonal elements, v(y, z)
or s(y;, z;)| are the covariances.

)
C.3.6 Corielation coefficient K\
O
The correldtion coefficient is a measure c relative

mutual depgndence of two variables, eg»:)sts o the ratio of
their covarifinces to the positive square of the product
of their varjances. Thus

@Cv),z)

p(z.y) = = U

W a(y)o(2)

ply,z) {

with estimdtes %

2 Z;) s(Y;,2;
r(y,-.z,-}—ﬁg/v) Pt o S

This relation can serve as a basis for estimatingscgrrelation
coefficients experimentally. It can also be use@??
approximate change in one input estimate ghq
another if their correlation coefficient i&g\vn.

¢ulate the
a dhange in

C.3.7 Independence GQ

Two random variables a Q ncally independenf if their
joint probability d1% on is the product pf their
individual probal:n@ istributions.

NOTE - If¢ twé” random variables are independgnt, their

covari%c@ld correlation coefficient are zero, but thed converse

is cessarily true.

=]

%\lss The t-distribution; Student’s distributio

@ The r-distribution or Student’s distribution | is the

probability distribution of a continuous random viriable

] N

where I' is the gamma function and v >[0. The

whose probability density function is

Ny
war

—oo < < +00

—

12

p(L,v) =

expectation of the f-distribution is zero and its vgriance is
v/(v— 2) for v> 2. As v—= oo, the ¢ diftribution
approaches a normal distribution with p =0 apd o =1
(see C 2 14)

\/_g(y!,,yj]s(zpzl_) Syt
The correlation coefficient is a pure number such that
-l <p< +lor-1 =r(y,z) = +1

NOTES

1 Because p and r are pure numbers in the range -1 to +1
inclusive, while covariances are usually quantities with

inconvenient physical dimensions and magnitudes, correlation

The probability distribution of the variable (z - 1)/ 5(2)
is the f-distribution if the random variable z is normally
distributed with expectation p,, where 7 is the arithmetic
mean of n independent observations z; of z, s(z;) is the
experimental standard deviation of the n observations, and
s(Z) = s(z;)/V'n is the experimental standard deviation of
the mean z with v = n - 1 degrees of freedom.
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Annex D

“True” value, error, and uncertainty

The term [true value (B.2.3) has traditionally been used in
publicatigns on uncertainty but not in this Guide for the
reasons presented in this annex. Because the terms
and “uncertainty” are frequently
misunder§tood, this annex also provides additional

]

“measurapd,” “error,’

discussion of the ideas underlying them to supplement the

discussion given in clause 3. Two figures are presented to
illustrate why the concept of uncertainty adopted in this
Guide is Yased on the measurement result and its evaluated
uncertainfy rather than on the unknowable quantities
“true” vajue and error.

D.1 The measurand

measurandl cannot be specified by a value but onl @l a
of a quantity. However, in prin¢iple, a
cannot be complerely described\@ithouz an

infinite atpount of information. Thus, to extent that it

introduces into the uncertainty of the result of
a measurgment a component certainty that may or
may not bie significant rclal‘qg the accuracy required of
the measurement. Q.®

D.1.2 Commonl @ definiiion of a measurand specifies
i i tes and conditions.

EXAM lx - The velocity of sound in drv air of composition

that is an approximation of the measura@b
N

D.3 The “true” value a@?ﬁ'the dorrected
value 6@
N

D.3.1 The result of th asurement of the realized
quantity is corrccl%no’yr the difference be{ween that
quantity and the rand in order to predidt what the
measurement @% would have been if the realized
quantity h d\(li?)facl fully satisfied the definifion of the
measurand,) The result of the measurement of the realized
quantity. is also corrected for all other fecognized
siQi cant systematic effects. Although the fina] corrected

ult is sometimes viewed as the best estimjate of the

first step in making a measurement is to Q “true” value of the measurand, in reality thk result is
measurand - the quantity to be measured; h@

simply the best estimate of the value of the quantity
intended to be measured.

D.3.2 As an example, suppose that the measufand is the
thickness of a given sheet of material at g specified
temperature. The specimen is brought to a t¢gmperature
near the specified temperature and its thickness at a
particular place is measured with a micronjeter. The
thickness of the material at that place and tefnperature,
under the pressure applied by the micromefer, is the
realized quantity.

D.3.3 The temperature of the material at the time of the
measurement and the applied pressure are determined. The

(mole fraction) N, = 0,7808, 0, = 0,2095. Ar = 0,009 35,
and CO, = 0,000 35 at the temperature T = 273,15 K and
pressure p = 101 325 Pa.

D.2 The realized quantity

D.2.1 Ideally, the quantity realized for measurement
would be fully consistent with the definition of the
measurand. Often, however, such a quantity cannot be
realized and the measurement is performed on a quantity

uncorrected result of the measurement of the realized
quantity is then corrected by taking into account the
calibration curve of the micrometer, the departure of the
temperature of the specimen from the specified
temperature, and the slight compression of the specimen

under the applied pressure.

D.3.4 The corrected result may be called the best estimate
of the “true” value, “true” in the sense that it is the value
of a quantity that is believed to satisfy fully the definition
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of the measurand; but had the micrometer been applied to
a different part of the sheet of material, the realized
quantity would have been different with a different “true”
value. However, that “true” value would be consistent
with the definition of the measurand because the latter did
not specify that the thickness was to be determined at a
particular place on the sheet. Thus in this case, because of
an incomplete definition of the measurand, the “true”
value has an uncertainty that can be evaluated from

measurements made at different places on the sheet. At

some level—every—measurand—has such an “intrinsic”

unnecessary - the “true” value of the measurand (or
quantity) is simply the value of the measurand (or
quantity). In addition, as indicated in the discussion above,
a unique “true” value is only an idealized concept.

D.4 Error

A corrected measurement result is not the value of the
measurand - that is, it is in error — because of imperfect
measurement of the realized quantity due to random
variations of the observations (random effects), inadequate

uncertainty|that can in principle be estimated in some way.
This is the jminimum uncertainty with which a measurand
can be detdrmined, and every measurement that achieves
such an urjcertainty may be viewed as the best possible
measuremeht of the measurand. To obtain a value of the
quantity in|question having a smaller uncertainty requires
that the measurand be more completely defined.

NOTES

1 In the example, the measurand’s specification leaves many
other mhatters in doubt that might conceivably affect the
thicknes4: the barometric pressure, the humidity, the attitude of
the shee{ in the gravitational field, the way it is supported, etc.

2 Althpugh a measurand should be defined in sufficient detail
that any| uncertainty arising from its incomplete definition is

negligible in comparison with the required accuracy of thg(\Q

measurefnent, it must be recognized that this may not alway Beo
practicatple. The definition may, for example, be inc te
because |it does not specify parameters that may h@! been
assumed|, unjustifiably, to have negligible effect; Q&@‘nay imply
conditiofis that can never be fully met and\khose imperfect
realizatipn is difficult to take into acco \Egg instance, in the
example| of D.1.2, the velocity of sou:gnplies infinite plane
waves off vanishingly small ampli .To the extent that the
measurefnent does not meet conditions, diffraction and
nonlinedr effects need t(@gsidered,

3 Inadequate speci@a& on of the measurand can lead to
discrepanciesyéc%@the results of measurements of ostensibly

T

the sam¢ qua arried out in different laboratories.

NS

S

defermination ceffects, and
incomplete knowledge of certain physical phqgaena (also
systematic effects). Neither the value:hqgthe realized
quantity nor the value of the me firand can|ever be
known exactly; all that can be wn is their ¢stimated
values. In the example above’t&neasured thigkness of
the sheet may be in error@at is, may differ [from the
value of the measur (the thickness of thg sheet),
because each of the

an unknown e#a the measurement result:
a) sligh[s\ erences between the indicatiofs of the
icfometer when it is repeatedly appligd to the

e realized quantity;

\ﬁ imperfect calibration of the micrometer;

owing may combine to dontribute

c) imperfect measurement of the temperatufe and of
the applied pressure;
d) incomplete knowledge of the effects of
temperature, barometric pressure, and humidity on
the specimen or the micrometer or both.

D.5 Uncertainty

D.5.1 Whereas the exact values of the contributjons to the
error of a result of a measurement are unknown and
unknowable, the uncertainties associated with the random
and systematic effects that give rise to the errpr can be
evaluated. But, even if the evaluated uncertajnties are
small, there is still no guarantee that the e::[)r in the

measurement result is smali; for in the determirjation of a

correction or in the assessment of incomplete kjowledge,

D.3.5 The term “true value of a measurand” or of a
quantity (often truncated to “true value”) is avoided in this
Guide because the word “true” is viewed as redundant.
“Measurand” (see B.2.9) means “particular quantity
subject to measurement,” hence “value of a measurand”
means
measurement.” Since “particular quantity” is generally
understood to mean a definite or specified quantity (see
B.2.1, note 1), the adjective “true” in “true value of a

“value of a particular quantity subject to

measurand” (or in “true value of a quantity”) is

a systematic effect may have been overlooked because it
is unrecognized. Thus the uncertainty of a result of a
measurement is not necessarily an indication of the
likelihood that the measurement result is near the value of
the measurand; it is simply an estimate of the likelihood
of nearness to the best value that is consistent with
presently available knowledge.

D.5.2 Uncertainty of measurement is thus an expression
of the fact that, for a given measurand and a given result
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of measurement of it, there is not one value but an infinite
number of values dispersed about the result that are
consistent with all of the observations and data and one’s
knowledge of the physical world, and that with varying
degrees of credibility can be attributed to the measurand.

D.5.3 It is fortunate that in many practical measurement
situations, much of the discussion of this annex does not
apply. Examples are when the measurand is adequately
well defined; when standards or instruments are calibrated
using well-known reference standards that are traceable to

from the estimated values of the input quantities and the
combined standard uncertainty of that result from the
standard uncertainties of those estimated values. Only if
there is a sound basis for believing that all of this has
been done properly, with no significant systematic effects
having been overlooked, can one assume that the
measurement result is a reliable estimate of the value of
the measurand and that its combined standard uncertainty
is a reliable measure of its possible error.

NOTES

national stpndards; and when the uncertainties of the
calibration |corrections are insignificant compared to the
uncertaintigs arising from
indications |of instruments, or from a limited number of
observatiorfs (see E.4.3). Nevertheless, incomplete
knowledge [of influence quantities and their effects can
often contfibute significantly to the uncertainty of the

random effects on the

result of a measurement.

D.6 Grgphical representation

D.6.1 Figyre D.1 depicts some of the ideas discussed in
clause 3 of|this Guide and in this annex. It illustrates why
the focus of this Guide is uncertainty and not error. The
exact error|of a result of a measurement is, in general,
unknown afnd unknowable. All one can do is estimate the

1 In figure D.la, the observations are shown q,sba histogram
for illustrative purposes (see 4.4.3 and ﬁgurc@@

2 The correction for an error is equa o the negafive of the
estimate of the error. Thus in figure [@ nd in figpre D.2 as

well, an arrow that illustrates t}@@ction for an error is equal

in length but points in the opp e direction to the prrow that
would have illustrated the @ itself, and vice versg. The text

of the figure makes I@p if a particular arrow iljustrates a
correction or an erl:\,

D.6.2 Fig D.2 depicts some of the same ideas
illustr Qin figure D.1 but in a different way. Moreover,
it a picts the idea that there can be many yalues of

‘$\measurand if the definition of the measpirand is
incomplete (entry g of the figure). The uncertainfy arising

recognized jsystematic effects, together with their stan
uncertaintigs (estimated standard deviations), eit from
unknown jrobability distributions that are s@ﬁed by
means of rgpeated observations, or from
priori distfibutions based on the

jective or a
of available
informatior]; and then calculate &’measuremenl result

C)O

O s
D
\@O

variance is evaluated from measurements of [multiple
realizations of the measurand, using the same|method,
instruments, etc. (see D.3.4).

NOTE - In the column headed “Variance” the variances are
understood to be the variances 1%( y) defined in equatjon (11) in
5.1.3; hence they add linearly as shown.
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Concepts based on observable quantities
Uncorrected arithmetic Corrected arithmetic
(a) mean of observations mean of observations
I |
gk The corrected mean is

Sthndard uncertainty of the
uncgrrected mean due to the
dispgrsion of the observations
(for illystrative purposes, shown

measurand and the result
the measurement

,_[_

I the estimated value of the

of

]

i

i

i

[

|

|

i

i
festet

Correction for all recognlzed
systematic effects

b A0

mean

|
|
|
|
here as an interval) ll
|
|
|
|
|

LoQ?Japplied correction
| \

rCombinrad standard rb
uncertainty of the g@ded

{ It comprises ncertam:
of the unco( ed mean due

I

|

: to the Q,fb sion of the olpser-
| vations'and the uncertainty

I

|

Yy

A1)

ol

{
(d

(b)

xpectation) with un wn
stapdard deviation (i ted =
Hy edge of darkér ghading)

Ideal concepts based on unknowable\ ntltles

I
|
|
|
|
|
|
|

I
Unknown distribution \§\ i Unknown distribution
(here assumed to be b\ : of the entire population
pproximately a normal \(\Q of possible corrected
distribution) of the $\' observations
entire population of X%
bssible uncorrected X\

observations

Unknown error in the
corrected mean due to the
unknown “random” error in
Unknown error due to all  : the uncorrected mean and
recognized systematic effects : .\ known error in the

applied correction

Unknown population me&)

L1 s

|
I
|
|
. |
Unkno random” error ,_..:
in the-uncorrected mean | | ‘'« | Remaining unknown err

: : in the corrected mean

or

of the observations
N 5

due to an unrecognizeq

systematic effect

Unknown
VALUE OF
MEASURAND

Figure D.1. Graphical illustration of value, error, and uncertainty
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Quantity Value Variance
(not to scale) (not to scale)

increasing value

2 Uncorrectec NN
observations

]
L

=

2

(single observation)

ke

b) Uncorrected arithmetic I —
freat uf ubam vattons T l T s
: (arlthmelztu: mean)‘-b
’f | 1 QQ
N
c) (orrection for all " : @—1
recognized systematic L, \6@ :
dffects ) !
o’
N4 !
d) Result of measurement O |—_|I
\ : (does not include varfance
Q | due to incomplete d¢finition
do : of measurand)
N ' '
e) Remaining error @\0 < : E
= |
(§nknowable) \"Q : | Ir
N\ : : .
Q‘\Q : :
f) Malue of measurand xO ': I : ;
(ynknowable) \\(\}7 ; : I
@) | l
. 1 !
| [
g) Values of meascﬁﬁj : —
ue to incor@{e e | o
finition 2~ : |
(Lnkno(.) : :
I |
N : :
| 1
h) Final result of I ; ;
measurement ! f

Figure D.2. Graphical illustration of values, error, and uncertainty
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Annex E

Motivation and basis for Recommendation INC-1 (1980)

This annex|gives a brief discussion of both the motivation
and statisti¢al basis for Recommendation INC-1 (1980) of
the Working Group on the Statement of Uncertainties
upon whicl this Guide rests. For further discussion, see
references [1, 2, 11, 12].

E.1 “Sgfe,” “random,” and “systematic”

E.1.1 Thid Guide presents a widely applicable method for
evaluating pnd expressing uncertainty in measurement. It
provides 4 realistic rather than a “safe” value of
uncertainty| based on the concept that there is no inherent
difference between an uncertainty component arising from
a random ¢ffect and one arising from a correction for a
systematic | effect (see 3.2.2 and 3.2.3). The metho
stands, thefefore, in contrast to certain older methods&at
have the fdllowing two ideas in common. A\Q

E.1.2 Thelfirst idea is that the uncertainty re 69(1 should
be “safe” meamng@l%@ must never
err on the|side of being too small ct, because the
evaluation [of the uncertainty of easurement result is
ﬁeralely large.

br “conservative,’

problematif, it was often mad

E.1.3 The|second idea i
to uncertginty we

t the influences that give rise
ways recognizable as either
“random” jor “s tic” with the two being of different

natures; the ainties associated with each were to be

combined in\their own way and were to be reported

uncertainty of that estimate must be i@ fpr if the
uncertainty is to err, it is not normall %g}sible lo decide
in which direction it should é‘f “safelly.” An
understatement of uncertainties, t cause too mjuch trust
to be placed in the val @poned, with spmetimes
embarrassing or eve ugfgastrous consequefices. A
deliberate overStater@ f uncertainiies could lso have
undesirable rep ions. It could cause psers of
measuring cqt@lem to purchase instruments| that are
more expensive than they need, or it could cayse costly
prodt&o be discarded unnecessarily or the sqrvices of
a CQ tion laboratory to be rejected.

N

‘@.z.z That is not to say that those using a megsurement

result could not apply their own multiplicative faftor to its
stated uncertainty in order to obtain an pxpanded
uncertainty that defines an interval having a specified level
of confidence and that satisfies their own neeji
certain  circumstances that institutions providing
measurement results could not routinely apply a flactor that
teels the
needs of a particular class of users of theif results.

, nor in

provides a similar expanded uncertainty that

However, such factors (always to be stated)|must be
applied to the uncertainty as determined by 4 realistic
method, and only after the uncertainty has|been so
determined, so that the interval defined by the jexpanded

uncertainty has the level of confidence requirefl and the

operation may be easily reversed.

separately (or when a single number was required,
combined in some specified way). In fact, the method of
combining uncertainties was often designed to satisfy the
safety requirement.

E.2 Justification for realistic uncertainty
evaluations

E.2.1 When the value of a measurand is reported, the
best estimate of its value and the best evaluation of the

E.2.3 Those engaged in measurement often must
incorporate in their analyses the results of measurements
made by others, with each of these other results
possessing an uncertainty of its own. In evaluating the
uncertainty of their own measurement result they need to
have a best value, not a “safe” value, of the uncertainty
of each of the results incorporated from elsewhere.
Additionally, there must be a logical and simple way in

which these imported uncertainties can be combined with
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the uncertainties of their own observations to give the
uncertainty of their own result. Recommendation INC-1
(1980) provides such a way.

E.3 Justification for treating all uncertainty
components identically

The focus of the discussion of this subclause is a simple
example that illustrates how this Guide treats uncertainty
components arising from random effects and from

corrections for systematic effects in exactly the same way

2
U?=i[il 01'2

i=1 w;‘
N-1 N = AB3)
- af of
+ 2 Y Y 500
g J'§I awl' awj £k

In this expression, o = E[(w; - )] is the variance of
w, and p; = v(w;, wj)/(a% 0%)* is the correlation

coefficient of w, and W, where u(w,-,wj) =

E[(w; = p)(w; - p;)] is the covariance of w; and W;.

in the evaluation of the uncertainty of the result of a
measuremept. It thus exemplifies the viewpoint adopted in
this Guide and cited in E.1.1, namely, that all components
of uncertaifty are of the same nature and are to be treated
identically,| The starting point of the discussion is a
simplified flerivation of the mathematical expression for
the propagation of standard deviations, termed in this
Guide thaﬂa

aw of propagation of uncertainty.

E.3.1 Let [the output quantity z = f(wy, Wy, . . ., Wy)
depend on|N input quantities wy, w;,
each w; if described by an appropriate probability
distributior]. Expansion of f about the expectations of the
w;, E(w;)
small devigtions of z about , in terms of small deviations

. » Wy, where

4., in a first-order Taylor series yields for

of w; abouf 1, $\‘9
spy =35 L= AYQE D
z ot aw.. | i O * *

i \E\

where all hfigher-order terms are assu c)bva negligible
and w, =|f(py, 1, The square of the

v syt Y
deviation z|- w, is then given @

O

. 2
;L(w,.ﬁp;.)] ... (E.2a)
i=1 W,

(z- )
O
S

which may b@.ﬂten as
AN

NOTES (b

1 oland o? are, respectively, the central ts|of order 2
(see C.2.13 and C.2.22) of the probabili dﬁhribulinns of z and
w;. A probability distribution may be(ﬁ?plctely chpracterized
by its expectation, variance, and }é@cﬁorder central moments.

2 Equation (13) in 5.2.2 @%\er with equation (1l5)], which
is used to calculate combined standard uncertainty, {s identical
to equation (E.3) ex&t equation (13) is expressgd in terms
of estimates o \ variances, standard deviafions, and
correlation c\ nts.
X
E.3.2 tl@ traditional terminology, equation|(E.3) is

»

ofte?@led the “general law of error propagafion,” an
ag&e ation that is better applied to an expressipn of the

@'m Az = XN_ (3f/dw)Aw,, where Az is the ¢hange in

z due to (small) changes Aw; in the w; [see [equation
(E.8)]. In fact, it is appropriate to call equation [ E.3) the
law of propagation of uncertainty as is done in this Guide
because it shows how the uncertainties of fhe input
quantities w;, taken equal to the standard deviati¢ns of the
probability distributions of the w;, combine to|give the
uncertainty of the output quantity z if that unceftainty is
taken equal to the standard deviation of the pfobability

distribution of z.

E.3.3 Equation (E.3) also applies to the propajgation of
multiples of standard deviations, for if each |standard
deviation ¢; is replaced by a multiple ko;, with [the same
k for each o;, the standard deviation of the outpuf quantity

2
N
(z-p)P =Y [%‘ W, - )?
i=1 i

... (E.2b)
N-1 N
b Of e woe,
2:};:1;1 F‘EW(W" H) (W = 1)

The expectation of the squared deviation (z - p,)? is the
variance of z, that is, E[(z - p)}] = o?

;» and thus
equation (E.2b) leads to

#——feplaced—by—ko—Hewever—itdoesnotapply to the
propagation of confidence intervals. If each o, is replaced
with a quantity &; that defines an interval corresponding to
a given level of confidence p, the resulting quantity for z,
d,, will not define an interval corresponding to the same
value of p unless all of the w; are described by normal
distributions. No such assumptions regarding the normality
of the probability distributions of the quantities w; are
implied in equation (E.3). More specifically, if in
equation (10) in 5.1.2 each standard uncertainty u(x;) is
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evaluated from independent repeated observations and
multiplied by the r-factor appropriate for its degrees of
freedom for a particular value of p (say p = 95 percent),
the uncertainty of the estimate y will not define an interval
corresponding to that value of p (see G.3 and G.4).

NOTE - The requirement of normality when propagating
confidence intervals using equation (E.3) may be one of the
reasons for the historic separation of the components of
uncertainty derived from repeated observations, which were
assumed to be normally distributed, from those that were

where s%(q,) is the experimental variance of the
observations g, calculated according to equation (4) in
4.2.2, and s*(q,)/n = s*(q) is the experimental variance
of the mean ¢ [equation (5) in 4.2.3].

E.3.5 In the traditional terminology, the third term on the
right-hand side of equation (E.6) is called a “random”
contribution to the estimated variance u*(z) because it
normally decreases as the number of observations n
while the first are called
“systematic” contributions because they do noi depend

increases, two terms

evaluated ﬂ'imp‘ly a5 UppeT artower—botdss

E.3.4 Consider the following example: z depends on only
one input quantity w, z = f(w), where w is estimated by
averaging n [values w, of w; these n values are obtained
from n indeendent repeated observations g, of a random
variable ¢; gnd w, and g, are related by

we = @+ P, . (E4)

Here « is a fonstant “systematic” offset or shift common
to each obsefvation, and B is a common scale factor. The
offset and the scale factor, although fixed during the
the observations, are to be
characterizedl by a priori probability distributions, with &
and B the
distributiony.

course of assumed

best estimates of the expectations of these

The best estimate of w is the arithmetic mean or aﬁe@ge
w obtained from o)
\

_E{a@?g)

The quantity z is then estimate @$ = fla, B, q1, 42,
..., q,) 4nd the esti ) of its variance o%(z) is
obtained frpm equan@ 3). If for simplicity it is
v®) that the best estimate of z is

the estimate #*(z) can be readily
m equation (E.5) that

. (E.5)

= _E'ﬂ)i =

assumed thft z =
z = f(w) =|w,
found. Notip

on n. Osb
Of more significance, in some lradlnondi\on>eat ents of
measurement uncertainty, equation ) is q;lstioned
between unceftainties
arising from systematic effec% d those arisirjg from
random effects. In particular,
obtained from a priori bility distributions with those
obtained from freq ‘based distributions is degrecated

because no distinction is mad

combining variances

because the co of probability is considerefl to be
applicable orﬂg(\ro events that can be repeated [a large
number times under essentially the same conditions,
wilh@mbabilityp of an event (0 < p < 1) indicating
lh% tive frequency with which the event will gccur.

@In contrast to this frequency-based point of yiew of

> probability, an equally valid viewpoint is that prqbability

is a measure of the degree of belief that an event will
occur [13, 14]. For example, suppose one has a clance of
winning a small sum of money D and one is a|rational
bettor. One’s degree of belief in event A occurring is
p = 0,5 if one is indifferent to these two betting fhoices:
(1) receiving D if event A occurs but nothing if it loes not
occur; (2) receiving D if event A does not ogcur but
(1980)
such a

nothing if it does occur. Recommendation INC-
upon which this Guide rests implicitly adopts
viewpoint of probability since it views expression
equation (E.6) as the appropriate way to calcylate the
of a

such as

combined standard uncertainty of a resul

n

]

of _, o _
b

o A q andf E
da d n

1
o q o q ’

nig 9g,
denoting the estimated variances of « and 8 by u*(a) and
u*(B), respectively, and assuming that the individual
observations are uncorrelated, one finds from equation
(E.3)

(Qt

u¥(z) = u¥a) + gruX(p) + p* . (E.6)

S

E.3.6 There are three distinct advantages to adopting an
interpretation of probability based on degree of belief, the
standard deviation (standard uncertainty), and the law of
propagation of uncertainty [equation (E.3)] as the basis for
evaluating and expressing uncertainty in measurement, as
has been done in this Guide:

a) the law of propagation of uncertainty allows the
combined standard uncertainty of one result to be readily
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incorporated in the evaluation of the combined standard
uncertainty of another result in which the first is used,;

b) the combined standard uncertainty can serve as the
basis for calculating intervals that correspond in a realistic
way to their required levels of confidence; and

¢) it is unnecessary to classify components as
“random” or “systematic” (or in any other manner) when
evaluating uncertainty because all components of

uncertainty are treated in the same way.

E.4 Standard deviations as measures of
uncertainty

E.4.1 Equation (E.3) requires that no matter how the
uncertainty of the estimate of an input quantity is
obtained, it must be evaluated as a standard uncertainty,
that is, as an estimated standard deviation. If some “safe”
alternative is evaluated instead, it cannot be used in
equation (E.3). In particular, if the
bound” (the largest conceivable deviation from the

“maximum error

Benefit ) is because such

categorizgtion is frequently a source of confusion; an

highly advantageous
uncertainfy component is not either “random” or
“systematlic.” Its nature is conditioned by the use made of
the correpponding quantity, or more formally, by the
context iy which the quantity appears in the mathematical
model thft describes the measurement. Thus, when its
corresponding quantity is used in a different context, a
“random’| component may become a

componeijt, and vice versa.

“systematic”

E.3.7 Fof the reason given in ¢) above, Recommendation
INC-1 (1980) does not classify components of uncertainty

as either frandom” or “systematic.” In fact, as far as P@

calculation of the combined standard uncertaint a
measuremjent result is concerned, there is no&bed to
classify ufcertainty components and thus no&@ need for
any classificational scheme. Nonetheless, e convenient
labels can|sometimes be helpful in th¢ cothmunication and
discussion} of ideas, Recommendation INC-1 (1980) does
provide a[scheme for classify@c two distinct methods
by which Juncertainty comp@yz ts may be evaluated, “A”
and “B” (see 0.7, 2.3‘2@;«1 2.319Y,

Classifyirg t %’.thods used to evaluate uncertainty
componer|t 1ds the principal problem associated with

pnmtiup best estimate) is nngd_i,n_gq_uu_bg_L( E.3), the
resulting uncertainty will have an i]]—deﬁn@b aning and
will be unusable by anyone wishing to '%)rporate it into

subsequent calculations of the uﬂ@naimies of other
quantities (see E.3.3).
6®
N

rtainty of an input quantity
analysis of the refults of an
eated observations, a probability

E.4.2 When the standar
cannot be evaluated
adequate number
distribution mus{ be adopted based on knowlefige that is
much less ¢ ive than might be desirable. |That does
not, howe@sﬁ' make the distribution invalid or ynreal; like
all ability distributions it is an expressign of what

kr@v dge exists.

s\% 4.3 Evaluations based on repeated observatipns are not

necessarily superior to those obtained by other means.
Consider s(c_}}, the experimental standard devidtion of the
mean of n independent observations g, of 4 normally
distributed random variable ¢ [see equation (5) in 4.2.3].

The quantity s(q) is a statistic (see C.2.23) thal estimates
o(q), the standard deviation of the probability distribution
of g, that is, the standard deviation of the distfibution of
the values of ¢ that would be obtained if the mdasurement
were repeated an infinite number of times. Thie variance
a*[s(q)] of 5(q) is given, approximately, by

a’[s(q)] = oX(q)/2v . (E.T)

where v = n - 1 is the degrees of freedom of| s(¢) (see

classifying the components themselves, namely, (he
dependence of the classification of a component on how
the corresponding quantity is used. However, classifying
the methods rather than the components does not preclude
gathering the individual components evaluated by the two
methods into specific groups for a particular purpose in a
given measurement, for example, when comparing the
experimentally observed and theoretically predicted
variability of the output values of a complex measurement

system (see 3.4.3).

G.3.3). Thus the relative standard deviation of s(q),
which is given by the ratio o[s(¢)]/o(g) and which can
be taken as a measure of the relative uncertainty of s(g),
is approximately [2(n - 1)]"". This “uncertainty of the
uncertainty” of g, which arises from the purely statistical
reason of limited sampling, can be surprisingly large; for

= 10 observations it is 24 percent. This and other
which shows that the
standard deviation of a statistically estimated standard

values are given in table E.I,

deviation is not negligible for practical values of n. One
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Table E.1 - o[s(g)]/o(g), the standard deviation of the
experimental standard deviation of the mean g of n
independent observations of a normally distributed
random variable g, relative to the standard deviation of
that mean®

and treating it in the same manner as any other standard
uncertainty of an input quantity.

EXAMPLE - The specification of a particular measurement
procedure requires that a certain input quantity be calculated
from a specific power-series expansion whose higher-order terms

@The values| given have been calculated from the exact expression for
ols(g)1/o( § ), not the approximate expression [2(n - 1)]™*,

may therdfore conclude that Type A evaluations of
standard ufcertainty are not necessarily more reliable than
Type B |evaluations, and that in many practical
measuremgnt situations where the number of observations
is limited, the components obtained from Type
evaluationy may be better known than the compo@ts
obtained ffom Type A evaluations. Q\Q
xO
ncertainties
uiar method of
meters characterizing

E.4.4 It Has been argued that, whereas t
associated|with the application of a
measurem¢nt are statistical p
there a
whose

random yariables, tances of a “truly

systematic| effect” rtamty must be treated
differently|. An exampl an offscl having an unknown
fixed valug that is t Q‘me for every determination by the
method due to bossible imperfection in the very
principle p @nethod itself or one of its underlying
assumptiops %ul if the possibility of such an offset is

Frbier oF dheervaliont ols (a)] /g @) are inexactly known. The systematic effect due to not being able

" to treat these terms exactly leads to an unknown fixed offset that

cannot be experimentally sampled by repetitions of the

(percent) procedure. Thus the uncertainty associated with the effect cannot

2 76 be evaluated and included in the uncertainty of the final

3 59 measurement result if a frequency-based interpretation of

4 42 probability is strictly followed. However, mterpre probability

5 36 on the basis of degree of belief alld'\% incertainty

characterizing the effect to be evaluate: an a priori

10 25 probability distribution (derived from(ﬁyvallable knowledge

20 16 concerning the inexactly known ter d to be inclfided in the

30 13 calculation of the combined~\ dard uncertainty of the
50 10 measurement result like an uncertainty.

E.5 A comp
uncertainty ()

&

us of this Guide is on the medsurement

n of two views of

E.5.1 The

result its evaluated uncertainty rather than on the
u ble quantities “true” value and error (§ee annex

y taking the operational views that the r¢sult of a

sQ}easuremem is simply the value attribute¢ to the

measurand and that the uncertainty of that rgsult is a
measure of the dispersion of the values that could
reasonably be attributed to the measurand, this|Guide in
effect uncouples the often confusing connectior} between

uncertainty and the unknowable quantities “trjie” value
and error.

E.5.2 This connection may be understood by ingerpreting
the derivation of equation (E.3), the law of proppgation of
uncertainty, from the standpoint of “true” value pnd error.
In this case g is viewed as the unknown, unidue “true”

value of input quantity w; and each w; is assufned to be
related to its “true” value y; by w; = p; + ¢,
The expectation of the

here ¢ is
robability

the error in w;.

acknowledged to exist and its magnitude is believed to be
possibly significant, then it can be described by a
probability distribution, however “simply constructed,
based on the knowledge that led to the conclusion that it
could exist and be significant. Thus, if one considers
probability to be a measure of the degree of belief than an
event will occur, the contribution of such a systematic
effect can be included in the combined standard
uncertainty of a measurement result by evaluating it as a

standard uncertainty of an a priori probability distribution

(&) =0,
= 2. Equation (E.1) becomes then

I T e e foooale o o
IS TOOTIo U e ac o Ty

with variance E(e?)

N
g=Y 2, ... (ES)

»

where e, = z - g, is the error in z and g, is the “true
value of z. If one then takes the expectation of the square
of ,, one obtains an equation identical in form to equation
(E.3) but in which 02 =

Py = v(E; 5})/(0303)’* is the correlation coefficient of ¢

E(e}) is the variance of & and
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and g;, where u(g;, ) = E(g;¢) is the covariance of ¢
and g;. The variances and correlation coefficients are thus
associated with the errors of the input quantities rather
than with the input quantities themselves.

NOTE - It is assumed that probability is viewed as a measure of
the degree of belief that an event will occur, implying that a
systematic error may be treated in the same way as a random
error and that & represents either kind.

E.5.3 In practice, the difference in point of view does not
lead to g—difference in the numerical value of the

deviations ; to obtain the combined standard uncertainty
of the measurement result are identical and will yield the
same numerical value for that uncertainty. Again, it makes
no difference in the calculations if a standard uncertainty
is viewed as a measure of the dispersion of the probability
distribution of an input quantity or as a measure of the
dispersion of the probability distribution of the error of
that quantity.

NOTE - If the assumption of the note of E.5.2 had not been
made, then the discussion of this subclause would not apply

measuremgnt result or of the uncertainty assigned to that
result.

es and the

uncertainties of those estimates were obtained

unless all of the estimates of the input quantit]
I@Qam statistical

analysis of repeated observations, that\ frqm Type A

evaluations.

First, in |
input quar
z from th
calculatio
most likel
the best ef

both cases, the best available estimates of the
tities w; are used to obtain the best estimate of
e function f; it makes no difference in the
ns if the best estimates are viewed as the values
y to be attributed to the quantities in question or
timates of their “true” values.

Second, bgcause &; = w; - ;, and because the y; represent

unique, fi
variances
identical.
uncertaint]

ked values and hence have no uncertainty, the
and standard deviations of the ¢ and w; are
This means that in both cases, the standard
es used as the estimates of the standard

o}
(o)
<
E.5.4 While the approach b &don “true” value
yields the same numerical@ults as the approad
this Guide (provide
E.5.2 is made)
eliminates the sion between error and ul

the assumption of t}
Guide’s concept of u

and error
h taken in
e note of
ncertainty
ncertainty

(see annex DQ\Indecd, this Guide's operational
wherei h@focus is on the observed (or estim
of tity and the observed (or estimated) vaj
IQ value, makes any mention of erroj

pproach,
ed) value
iability of

entirely

N
.\@

&

&\Drmeccssary .
<
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Annex F

Practical guidance on evaluating uncertainty components

This annex |gives additional suggestions for evaluating
uncertainty ¢omponents, mainly of a practical nature, that
are intended to complement the suggestions already given
in clause 4.

F.1 Components evaluated from repeated
observatipns: Type A evaluation of standard
uncertainty

F.1.1 Ranflomness and repeated observations

F.1.1.1 Uncertainties determined from

observationk are often contrasted with those evaluated by

repeated

other meany as being “objective,” “statistically rigorous, s(\® first and second halves of the period agd

etc. That ificorrectly implies that they can be evalu$
merely by [the application of statistical formulae @t
observatiorfs and that their evaluation does not resmre the
application|of some judgement. \L‘
‘\\C)

F.1.1.2 It must first be asked, “To gdat extent are the
repeated olpservations completﬁﬁ!epcndem repetitions
of the meajurement procedufé?™If all of the observations
ngle sample%d if sampling is part of the
t proce cause the measurand is the

are on a
measurem
property of a m (as opposed to the property of a
given spedi the material), then the observations

have not bken ¥hdependently repeated; an evaluation of a

Similarly, if a barometer has to be read @(?muld in
principle be read for each repetition of the. measpirement
(preferably after disturbing it and al
equilibrium), for there may )

g it to rfeturn to
both in
e barometric pressure

(Za variation
indication and in reading, eve
is constant.

F.1.1.3 Secon \\Must be asked whether all of the
influences tha & assumed to be random replly are
random. Are the means and variances of their distfibutions
constantg or is there perhaps a drift in the valge of an
un ed influence quantity during the pgriod of
r n.ged observations? If there is a sufficient mymber of
“gbservations, the arithmetic means of the resulfs of the
their
experimental standard deviations may be calculpted and
the two means compared with each other in order to judge
whether the difference between them is stgtistically
significant and thus if there is an effect varying with time.
F.1.1.4 * in the
laboratory (electric-supply voltage and frequendy, water

If the values of “common services

pressure and temperature, nitrogen pressure, etc.) are
there is strongly
nonrandom element in their variations that cpnnot be
overlooked.

influence quantities, normally a

F.1.1.5 If the least significant figure of |a digital

component of variance arising from possible differences
among samples must be added to the observed variance of
the repeated observations made on the single sample.

If zeroing an instrument is part of the measurement
procedure, the instrument ought to be rezeroed as part of
every repetition, even if there is negligible drift during the
period in which observations are made, for there is
potentially a statistically determinable uncertainty

attributable to zeroing.

indication varies continually during an observation due to
sometimes difficult not to select
unknowingly personally preferred values of that digit. It

“noise,” it 1is

is better to arrange some means of freezing the indication
at an arbitrary instant and recording the frozen result.

F.1.2 Correlations

Much of the discussion in this subclause is also applicable
to Type B evaluations of standard uncertainty.

51


https://iecnorm.com/api/?name=350e4d09405084c3da67f81ed21f4434

Annex F: Practical guidance on evaluating uncertainty components

Expression of Uncertainty: 1993 (E)

F.1.2.1 The covariance associated with the estimates of
two input quantities X; and X; may be taken to be zero or
treated as insignificant if

a) X; and X; are uncorrelated (the random variables,
not the physical quantities that are assumed to be
invariants - see 4.1.1, note 1), for example,
because they have been repeatedly but not
simultaneously measured in different independent
experiments or because they represent resultant
quantities of different evaluations that have been

independently _ar if
made indep .

2

wx) = 3 | 2 [ uxgy

...(F.1
= | 9q, (F:1)

with a similar expression for az(xz]. The estimated
covariance associated with x; and x, is given by

b) either of the quantities X; or X; can be treated as a
constant, or if

c) there is insufficient information to evaluate the
covariance associated with the estimates of X;
and X;.

NOTEP

1 On the other hand, in certain cases, such as the reference-
resistafce example of note 1 to 5.2.2, it is apparent that the
input fuantities are fully correlated and that the standard
uncertdinties of their estimates combine linearly.

2 Different experiments may not be independent if, for
example, the same instrument is used in each (see F.1.2.3).

F.1.2.2
simultanepusly observed input quantities are correlai

may be determined by means of equation (17) in @3.
For example, if the frequency of an & Hlator
uncomperfsated or poorly compensated for temperature is
an input duantity, if ambient Icmperaturei{ﬁ an input
quantity, pnd if they are observed sj !
may be a yignificant correlation reve A

covariancg¢ of the frequency
ambient t¢mperature, C)

eously, there
by the calculated
he oscillator and the

.

t quantities are often correlated

F.1.2.3
because fhe s@ hysical measurement standard,
measuring in((g ent, reference datum, or even

In practice

Whether or not two repeatedly and \Q

L
aF 3G
W(x, . x,) = — B(qy)  :uu (F2)
1% !z; 3q, 94, {
Ber €rms 1or WhiC q; # 0 and

3G/dg, # 0 for a given [ contribute ¢ sum, the
covariance is zero if no variable is onj to both F

and G. qcb :
%]

ient r(x,, x,) associated
with the two estimates® and x, is deternjined from

u(x; , x,) [equation é@] and equation (14) in5.2.2, with

The estimated correlation coc

u(xy) calculated equation (F.1) and u(f,) from a
similar expre i@ [See also equation (H.9) if H.2.3.] It
is also possiblé for the estimated covariance| associated
with cDinput estimates to have both al statistical
co nt [see equation (17) in 5.2.3] and a fomponent
{ ng as discussed in this subclause.

EXAMPLES

I A standard resistor Ry is used in the same megsurement to
determine both a current / and a temperature 7. The current is
determined by measuring, with a digital voltmeter, [the potential
difference across the terminals of the standard: the temperature
is determined by measuring, with a resistance br dge and the
standard, the resistance R,(1) of a calibrated resistive temperature
sensor whose temperature-resistance relation ir{ the range
15°C =1 =30°C is t =aR(1) - t,, where d and 1, are
known constants. Thus the current is determined through the
relation [ = Vs/Rg and the temperature through [the relation
t=aP*(t)R} - to, where f(1) is the measured rafio R(1)/Rs
provided by the bridge.

Since only the quantity R is common to the expressfon for / and
t, equation (F.2) yields for the covariance of 7 and|r

measuremzﬁ thod having a significant uncertainty is
used in tE ITatiom of theiT values, Without 1055 of
generality, suppose two input quantities X, and X,
estimated by x; and x, depend on a set of uncorrelated
variables Q,, @), ..., Q;. Thus X, = F(Qy, Oy, .
e @Q)ad X, = G(Q,, 0,, . . ., Q,), although some
of these variables may actually appear only in one function
and not in the other. If u%(q,) is the estimated variance
associated with the estimate g, of Q,, then the estimated
variance associated with x, is, from equation (10) in
5132,

AL ot
R dRq

u(l,r) W (Ry)

Ve

R¢

(2ap%(1)Rg ) u(Ry)

20(r+
= - _(I_‘{"_) H:(Rﬂ)

Ry

(For simplicity of notation, in this example the same symbol is
used for both the input quantity and its estimate.)
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To obtain the numerical value of the covariance, one substitutes
into this expression the numerical values of the measured
quantities / and ¢, and the values of Rg and u(Rg) given in the
standard resistor’s calibration certificate. The unit of u(/,r) is
clearly A+°C since the dimension of the relative variance
[u(Rs)/Rs)? is one (that is, the latter is a so-called dimensionless
quantity).

Further, let a quantity P be related to the input quantities I and
thy P = C‘O.‘E,n"(}'"ﬂ + t), where C; and T;, are known constants
with negligible uncertainties [¥%(Co) = 0, w*(Ty) = 0].
Equation (13) in 5.2.2 then yields for the variance of P in terms

of the vafiances of 7 and 7 and their covariance
uf(P) _ 4;12(;) _ g ) w(t)
= I’ HTo+1t)  (Ty+1)?

The varignees u”(1) and (1) are obtained by the application of
(10) of 5.1.2 to the relations /= Vi/Rg and
JRE - t,. The results are

equation
= af(q

W/ o= HE(VS)/V;:’ + uz(Rg)/Rsz

WA]) = 40+ 1) uX (BB + 4t + 1) uP(R) /RS

where fof simplicity it is assumed that the uncertainties of the
constants|f, and a are also negligible. These expressions can be
readily e}aluated since #*(Vg) and w*(f) may be determined,
respectively, from the repeated readings of the voltmeter and of
nce bridge. Of course, any uncertaintiesinherent in the

ts themselves and in the measurement procedure\(\@

the resisti
instrumer

employed must also be taken into account when w’(Vs) a

2 1
u=( p) arg determined. .
2
2 In th¢ example of note 1 t0 5.2.2, let the caiibr@n of each
resistor He represented by R; = e;Rg, with u sSﬁe standard

uncertaingy of the measured ratio &; as ob @ from repeated
observatipns. Further, let ¢; = 1 for cachéslstor, and let u(e;)
be essen
u(a). Th
u*(Rg) a
(14)in 5
(i # j)i

ibration so that u(e;) =

ially the same for each c
bn equations (F.1) and ield ’*(R;) = Riu*(a) +
hd u(R;, R;) = uE(RQ') is implies through equation
2.2 that the cnr@q’nn coefficient of any two resistors

5 -1
ule)

M(RS]I/RS

~

O
(R @)é_ ry= 1+
2

N

correlation coefficients are equal to +1 and the uncertainty

of each calibrated item is the same as that of the standard.
F.1.2.4 The need to introduce the covariance u(x;, x;)
can be bypassed if the original set of input quantities
X, X%, .
[see equation (1) in 4.1] is redefined in such a way as to
include as additional independent input quantities those
quantities @, that are common to two or more of the
original X;. (It may be necessary to perform additional
measurements to establish fully the relationship between

. ., Xy upon which the measurand Y depends

| fmpations it
her than
similar

f i
may be more convenient to retain covarianc
to increase the number of input quaI}lit\ . A
process can be carried out on the ob d covar
simultaneous repeated absewatior@[ﬁ?ﬂquation (17) in
5.2.3], but the identification o appropriate additional
input quantities is often ad @ and nonphysical.,

ances of

EXAMPLE - If, in le 1 of the previous subdlause, the
expressions for @) in terms of Rg are introducdd into the
expression fo\ e result is

o P

_ CoVs
RS [Ty + aBX(1)Rs - 1]

\and the correlation between I and ¢ is avoided at the ¢xpense of
replacing the input quantities / and r with the quantities Vs, Rs,
and . Since these quantities are uncorrelated, the vagjiance of P

can be obtained from equation (10) in 5.1.2.

F.2 Components evaluated by other means:
Type B evaluation of standard uncertginty

F.2.1 The need for Type B evaluations

If a measurement laboratory had limitless tjme and

resources, it could conduct an exhaustive {tatistical
investigation of every conceivable cause of ung
for example, by using many different makes and

instruments, different methods of measurement,

ertainty,
kinds of
different
applications of the method, and different approjimations

Since u(Rs)[Rs = 107, if u(e) = 100x10°%, r; = 0.5: if
u(a) = 10x10°°,  r, = 0,990; i w(a) = 1x107,
1.000. Thus as u(a) = 0, r;, = | and u(R;) = u(Ry).

and

f =

NOTE - In general, in comparison calibrations such as this
example, the estimated values of the calibrated items are
correlated, with the degree of correlation depending upon
the ratio of the uncertainty of the comparison to the
uncertainty of the reference standard. When, as often occurs
in practice, the uncertainty of the comparison is negligible
with respect to the uncertainty of the standard, the

theoretical models of the measurement. The
uncertainties associated with all of these causes could then

in its
be evaluated by the statistical analysis of series of
observations and the uncertainty of each cause would be
statistically evaluated standard
all of the uncertainty
components would be obtained from Type A evaluations.
Since such an investigation is not an economic practicality,
many uncertainty components must be evaluated by
whatever other means is practical.

characterized by a

deviation. In other words,
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F.2.2 Mathematically determinate distributions

F.2.2.1 The resolution of a digital indication

One source of uncertainty of a digital instrument is the
resolution of its indicating device. For example, even if
the repeated indications were all identical, the uncertainty
of the measurement attributable to repeatability would not
be zero, for there is a range of input signals to the
instrument spanning a known interval that would give the
same indication. If the resolution of the indicating device

empirical determination of the uncertainty by increasing
the most important input quantity to the calculation (there
is frequently one that is proportional to the magnitude of
the output quantity) by small increments until the output
quantity changes; the smallest change in the output
quantity that can be obtained by such means may be taken
as a measure of the uncertainty; if it is dx, the variance is
u? = (6x)2/12 and u = 0,296x.

NOTE - One may check the uncertainty evaluation by

comparing the result of the computation carried out on the

is Ox, the| value of the stimulus that produces a given
indication [X can lie with equal probability anywhere in the
interval X] - 6x/2 to X + &x/2. The stimulus is thus
described |by a rectangular probability distribution (see
4.3.7 and 4.4.5) of width 5x with variance u? = (8x)%/12,
implying 3 standard uncertainty of # = 0,298x for any
indication

Thus a wgighing instrument with an indicating device
whose smallest significant digit is 1 g has a variance due
to the resplution of the device of u? = (1/12) g and a
standard upcertainty of u = (1/V12) g = 0,29 g.

F.2.2.2 [Hysteresis

limited word-length machine with the result(g the same

computation carried out on a machine with a@)

word length. QS\
*

F.2.3 Imported input values 6@

icantly larger

N\
F.2.3.1 An imported va@%r an input quanfity is one
that has not been e @)led in the course of a given
measurement but h en obtained elsewhere as|the result
of an independ @alualion. Frequently such anj imported
value is acc %‘licd by some kind of statemen} about its
uncertaintysFor example, the uncertainty may bf given as
a st deviation, a multiple of a standard deyiation, or
t tealf-width of an interval having a stated level of

fidence. Alternatively, upper and lower bounds may be

Certain kipds of hysteresis can cause a similar kind of @, given, or no information may be provided pbout the

uncertainty. The indication of an instrument may differ by
a fixed pnd known amount according to whgther
successive| readings are rising or falling. Thc\}s\?udent

operator tdkes note of the direction of succe;.s‘@ readings

and makes| the appropriate correction. Butthe direction of

the hysterpsis is not always obsew@. there may be
hidden ofcillations within theqinstrument about an
equilibriufn point so that th ication depends on the
direction ffrom which that I@m is finally approached. If
the range pf possible
variance

gs from that cause is dx, the
= (8x)2/12, and the standard
uncertainty due steresis is u = 0,293x.

ﬂgﬁ:-precision arithmetic

is agai

F.2.2.3

uncertainty. In the latter case those who use [the value
must employ their own knowledge about the likely
magnitude of the uncertainty, given the nature of the
quantity, the reliability of the source, the unfertainties
obtained in practice for such quantities, etc.

NOTE - The discussion of the uncertainty of impprted input
quantities is included in this subclause on Type B eyaluation of
standard uncertainty for convenience; the uncertainfy of such a
quantity could be composed of components obtained from Type
A evaluations or components obtained from both Type A and
Type B evaluations. Since it is unnecessary to|distinguish

between components evaluated by the two differentfmethods in

order to calculate a combined standard unceriinty, it is

The rounding or truncation of numbers arising in
automated data reduction by computer can also be a
source of uncertainty, Consider, for example, a computer
with a word length of 16 bits. If, in the course of
computation, a number having this word length is
subtracted from another from which it differs only in the
16th bit, only one significant bit remains. Such events can
occur in the evaluation of “ill-conditioned” algorithms,
and they can be difficult to predict. One may obtain an

unnecessary to know the composition of the uncertainty of an

imported quantity.

FF.2.3.2 Some calibration laboratories have adopted the
practice of expressing “uncertainty” in the form of upper
and lower limits that define an interval having a
“minimum” level of confidence, for example, “at least”
95 percent. This may be viewed as an example of a so-
called “safe” uncertainty (see E.l.2), and it cannot be
converted to a standard uncertainty without a knowledge
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of how it was calculated. If sufficient information is given
it may be recalculated in accordance with the rules of this
Guide: otherwise an independent assessment of the
uncertainty must be made by whatever means are
available.

F.2.3.3 Some uncertainties simply as

maximum bounds within which all values of the quantity

are given

are said to lie. It is a common practice to assume that all
values within those bounds are equally probable (a
but
should not be assumed if there is reason to

distribution) such a

rectangular prﬁhahi!hy
distribution
values within but close to the bounds are less
likely than|those nearer the centre of the bounds. A
rectangular [distribution of half-width @ has a variance of
a%/3; a normal distribution for which a is the half-width
of an interval having a level of confidence of 99,73

percent has

expect that

a variance of a%/9. It may be prudent to adopt
a compronjise between those values, for example, by
triangular distribution for which the variance
4.3.9 and 4.4.6).

assuming a
is a*/6 (seq

F.2.4 Meakured input values
F.2.4.1 Single observation, calibrated instruments

If an inpuf estimate has been obtained from a single
observatiory
calibrated

uncertainty

with a particular instrument that has be
hgainst a standard of small uncertaint @‘é
of the estimate is mainly one of rcpeaﬁbﬂny
The varian

e of repeated measurements by t strument

may have |been obtained on an earli \Cg casion, not
the reading but
may be possible to
variance to be applicable to the input value in

no such infor

necessarily|at precisely the same valu

near enough to be useful, and
assume the
question. If idn is available, an estimate

must be rpade based e nature of the measuring

apparatus pr inst the known variances of other
instrument @r construction, etc.
F.2.4.2 . verified instruments

R

2

determined by comparison with a reference instrument
whose maximum allowed uncertainty is usually specified
in the standard. This uncertainty is then a component of
the uncertainty of the verified instrument.

If nothing is known about the characteristic error curve of
the verified instrument it must be assumed that there is an
equal probability that the error has any value within the
that probability
distribution. However, certain types of instruments have

permitted limits, is, a rectangular

characteristic curves such that the errors are, for example,

likely always to be positive in part of the measu¥ing range
and negative in other parts. Sometimes suqb formation
can be deduced from a study of the w%{'(}f standard.

o)

F.2.4.3 Controlled quantltwsée

Measurements are fre ue{@ made under c¢ntrolled

reference conditions t @/

during the cours

e assumed to remain [constant

series of measuremefits. For
ecimens
led by a

e temperature of the bath may be rheasured

example, meas nts may be performed on sf

in a stirred cﬁ( th whose temperature is contro

thermos
at t g of each measurement on a specimen, put if the
lQrature of the bath is cycling, the instgntaneous
perature of the specimen may not be the temperature
indicated by the thermometer in the bath. The cdlculation
of the temperature fluctuations of the specimen pased on
heat-transfer theory, and of their variance, is bgyond the
scope of this Guide, but it must start from a Known or
assumed temperature cycle for the bath. That ¢
be observed by a fine thermocouple and a temiperature
recorder, but failing that, an approximation of if may be
deduced from a knowledge of the nature of the gontrols.

cle may

F.2.4.4 Asymmetric distributions of possiblp values

There are occasions when all possible values of 4 quantity
lie to one side of a single limiting value. For fexample,

the fixed wvertical height| & (the

when measuring

Not all measuring instruments are accompanied by a
Most
to a written

calibration certificate or a calibration curve.

instruments, however, are constructed
standard and verified, either by the manufacturer or by an
independent authority, to conform to that standard.
Usually the standard contains metrological requirements,
often in the form of “maximum permissible errors,” to
which the instrument is required to conform. The

compliance of the instrument with these requirements is

measurand) of a column of liquid in a manometer, the axis
of the height-measuring device may deviate from
verticality by a small angle f. The distance ! determined
by the device will always be larger than h; no values less
than h are possible. This is because A is equal to the
hfcosB, and all values of
cosf3 are less than one; no values greater than one are

projection [cos 3, implying [ =

possible. This so-called “cosine error” can also occur in
such a way that the projection 4'cos of a measurand A’
is equal to the observed distance /, that is, ! = h'cosf, and
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the observed distance is always /ess than the measurand.

If a new variable 6 =1 - cosf is introduced, the two
different situations are, assuming f# = Oor é << 1 as is

usually the case in practice,
h=1(1-96) ... (F.3a)

B o=1(1+6) ... (E.3b)

Here ?, the best estimate of [, is the arithmetic mean or
average of n independent repeated observations /, of [ with

probability density functions are then

1
) = exp(-6/a?) . ..(F5
P(O) = —=exp /o?) (F.52)
in one dimension
1
p(d) = ?exp(—d/oz) ... (F.5b)

in two dimensions

where

estimated| variance uz(f) [see equations (3) and (5) in
4.2]. Thys it follows from equations (F.3a) and (F.3b)
that to objtain an estimate of 4 or &' requires an estimate
of the cofrection factor &, while to obtain the combined
standard fincertainty of the estimate of & or A" requires
uz(é), the estimated variance of J. More specifically,
applicatiop of equation (10) in 5.1.2 to equations (F.3a)
and (F.3Y) yields for u2(h) and u2(h') (- and + signs,
respectively)

u = 1 FoPudl) + 1 uX) . ..(F.4a)

= uX(1) + 1 uX6) ... (F.4b)
To obtair] estimates of the expected value of § and the
variance ¢f J, assume that the axis of the device used to
measure [he height of the column of liquid in

manometdr is constrained to be fixed in a vertical e
and that the distribution of the values of the e of
inclinatiof B about its expected value of zch\'Qa normal
distributiqn with variance o?. Although B.gan have both
positive and negative values, § = 1 - is positive for
all values| of f. If the misalignment~of the axis of the
device is pssumed to be uncon éd, the orientation of
the axis cqn vary over a so@t{@gle since it is capable of
misalignment in azimuthtas. Well, but f is then always a

positive apgle.
XX

In the fons ed or one-dimensional case, the
probabili )@ment p(B)dp(C.2.5, note) is proportional

pr{a} dé = 1 0y
09

Equations (F.5a) and (F.5b), whiclnshow that the most
probable value of the correction zg)l both casps is zero,
give in the one-dimensional\tase E(8) =|o?/2 and
var(8) = ¢*/2 for the ex@«)ﬂon and the varifance of &:
and in the two-dimensional case E(S) = o and var(é) =
o*. Equations (F. .3b), and (F.4b) become then

O
\\(bh = 11 - (@/2)u*(p))

. . (F.6a)
& © h'o= 1L+ @d/2)uXP)] .| . (F.6b)

% L
\%‘C hy=uX(hy =u*(1)+(@d/2)! u*(B) |. . (F.60)

where d is the dimensionality (d = 1 or 2) and #(f) is the
standard uncertainty of the angle S, taken to He the best
estimate of the standard deviation o of an assunfed normal
distribution and to be evaluated from all of the ifformation
concerning the measurement [Type B
evaluation). This is an example of a case fvhere the
estimate of the value of a measurand depenfds on the
uncertainty of an input quantity.

available

Although equations (F.6a) to (F.6c) are spec|fic to the
normal distribution, the analysis can be cgrried out
assuming other distributions for B. For example, if one
assumes for f a symmetric rectangular distribjation with
upper and lower bounds of +p, and -p, il the one-

to [exp(-p /2P The Unconsiraimed oF TWo-
dimensional case, the probability element is proportional
to [exp(-B?/20%)IsinB dB. The probability density
functions p(é) in the two cases are the expressions
required to determine the expectation and variance of &
for use in equations (F.3) and (F.4). They may readily be
obtained from these probability elements because the angle
B may be assumed small, and hence & = 1 -cos 8 and sinf
may be expanded to lowest order in fB. This yields

6 = /2, sinf = B =25, and dB = d6/y26. The

dimensional case and +f; and zero in the two-
dimensional case, E(J) = B%/6 and var(6) = B3 /45 in one
dimension; and E(J) = ﬁé/él and var(d) = ﬂ3/48 in two
dimensions.

NOTE - This is a situation where the expansion of the function
Y=fX,X5 ..., Xy) in a first-order Taylor series to obtain
ul(y), equation (10) in 5.1.2, is inadequate because of the
nonlinearity of f: cosf # cos B (see note 2 to 5.1.2, and

H.2.4). Although the analysis can be carried out entirely in
terms of B, introducing the variable & simplifies the problem.
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Another example of a situation where all possible values
of a quantity lie to one side of a single limiting value is
the determination by titration of the concentration of a
component in a solution where the end point is indicated
by the triggering of a signal; the amount of reagent added
is always more than that necessary to trigger the signal; it
is never less. The excess titrated beyond the limit point is
a required variable in the data reduction, and the
procedure in this (and in similar) cases is to assume an
appropriate probability distribution for the excess and to
use it to obtain the expected valne of the excess and i

variance.

EXAMPIE - If a rectangular distribution of lower bound zero
and uppdr bound C; is assumed for the excess z, then the
expected [value of the excess is Cy/2 with associated variance
C3/12. 1f the probability density function of the excess is taken
as that of b normal distributionwith 0 = z < oo, thatis, p(z) =
(V7 2|) 'exp(-z%/20?), then the expected value is 0 V2 / 1t
with varignce o*(1 - 2/n).

from a

F.2.4.5 Uncertainty when corrections

calibration|curve are not applied

The note tp 6.3.1 discusses the case where a known
correction p for a significant systematic effect is not
applied to tije reported result of a measurement but instead

is taken irto account by enlarging the “uncertainly’{{'(\ obtained from

assigned to|the result. An example is replacement 0@1
expanded yncertainty U with U + b, where UA an
expanded urcertainty obtained under the assumption & = 0.
This practice is sometimes followed in situafigas where all
of the follpwing conditions apply: t asurand Y is
defined ovef a range of values of a parameter ¢, as in the
case of a cplibration curve for
and b also| depend on f;

“uncertainty” is to be gi

perature sensor; U
nly a single value of
for all estimates y(r) of the
measurand pver the 1 of possible values of ¢. In such
situations tlje res he measurement is often reported

as ¥(t) =3{1;£j max T Omax], Where the subscript
c

“max” indi that the maximum value of U and the

A comparatively simple approach to this problem that is
consistent with the principles of this Guide is as follows:

Compute a single mean correction b from

_ fh
Bom ot J b(t) dt
1y

... (F.7a)

L=
where t; and #, define the range of interest of the
parameter f, arld take the best estimate of ¥(7) to be
y'(r) = y(t) + b, where y(t) is the best uncorrected
—Fhre—vartanee—assoctated—witthe mean
correction b over the range of interest is gi‘ogly

L a oN
B~ = L[b{:)@@d:

not taking into account the\gﬁqccnainty of the actual
determination of the cor;i ion b(t). The mean [variance

.| (E.7b)

of the correction b(¢ to its actual determifation is
given by C.)\\

"1
210 = wllb(o)lde . .|. (E.7
<;ég%1 =7 L [b()] (F.70)
wh [b(2)] is the variance of the correctipn b(1).

Similarly, the mean variance of y(f) arising from all
§0urccs of uncertainty other than the correctiony b(¢) is

wly(n)] = .| (F.7d)

fzz
= | D

where wu?[y(t)] is the variance of y(£) dug to all
uncertainty sources other than b(#). The single [value of
standard uncertainty to be used for all dstimates
y'(r) = y(t) + b of the measurand Y(¢) is then thq positive

square root of

ul(y') = W[ y(n0] + u?[b(0)] + u*(b) . .|. (F.7e)

An expanded uncertainty U may be obtajned by

maximum value of the known correction b over the range
of values of 1 are used.

Although this Guide recommends that corrections be
applied to measurement results for known significant
systematic effects, this may not always be feasible in such
a situation because of the unacceptable expense that would
be incurred in calculating and applying an individual
correction, and in calculating and using an individual
uncertainty, for each value of y(1).

mtttphrg by —amappropriately—ehosen—overage
factor &k, U =ku y'), yielding ¥Y(t) =y'(t) + U=
y(t) + b + U. However, the use of the same average
correction for all values of r rather than the correction
appropriate for each value of ¢ must be recognized and a
clear statement given as to what U represents.

F.2.5 Uncertainty of the method of measurement

F.2.5.1 Perhaps the most difficult uncertainty
component to evaluate is that associated with the method
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of measurement, especially if the application of that
method has been shown to give results with less variability
than those of any other that is known. But it is likely that
there are other methods, some of them as yet unknown or
in some way impractical, that would give systematically
different results of apparently equal validity. This implies
an a priori probability distribution, not a distribution from
which samples can be readily drawn and treated
statistically. Thus, even though the uncertainty of the
method may be the dominant one, the only information
often available for evaluating its standard uncertainty is

sensitive to, or adversely affected by, sample selection
(that is, the particular unknown being calibrated), sample
the effects of various environmental
influence quantities because the unknown and standard
respond in generally the same (and often predictable) way
to such variables.

treatment, or

F.2.6.2
sampling and specimen treatment play a much larger role.

In some practical measurement situations,
This is often the case for the chemical analysis of natural

materials. Unlike man-made materials. which may have

one’s exis{ing knowledge of the physical world. (See also
E.4.4.)

NOTE 4
either in| the same laboratory or in different laboratories, or by
the same method in different laboratories, can often provide
information about the uncertainty attributable to a

Determining the same measurand by different methods,

valuablg
particuldr method. In general, the exchange of measurement
standards or reference materials between laboratories for
indepenflent measurement is a useful way of assessing the
reliabilify of evaluations of uncertainty and of identifying
previougly unrecognized systematic effects.

F.2.6 Ungertainty of the sample

F.2.6.1
unknown
characterigtics in order to calibrate the unknow\‘g\
Examples [include end gauges, certain thcrmomclcrng\ls
resistors, and high purity materials.@ ost

such caseq, the measurement methods are n&Ospccially
O

o
>

QO
Q.
O

3
N

Many measurements involve comparing an
pbject with a known standard having similar

of masses

uired for
often very
. leads| to two

proven homogeneity to a level beyond th%.)
the measurement, natural materials 4arg

This
additional uncertainty components.@'alualion qf the first
requires determining how ad ly the samplE selected

represents the parent matﬁqék)eing analysed. Evaluation
ermining the extent to|which the

of the second requires det
secondary (unan constituents influgnce the

measurement and how adequately they are treafed by the
ethod.
S

F.Z.% In some cases careful design of the efxperiment
m ake it possible to evaluate statistically the
@seﬂainty due to the sample (see H.5 and [H.5.3.2).
sually, however, especially when the dffects of
environmental influence quantities on the sgmple are
significant, the skill and knowledge of the analyfst derived
from experience and all of the currently
information are required for evaluating the uncgrtainty.

inhomogeneous. inhomogenei

measurement

available
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Annex G

Degrees of freedom and levels of confidence

G.1 Introduction

G.1.1 This annex addresses the general question of
obtaining from the estimate y of the measurand Y, and
from the combined standard uncertainty u(y) of that
estimate, an| expanded uncertainty U, = k,u(y) that
definesan intprvaly - U, = Y <y + U, that has a high,
specified covprage probability or level of confidence p. It
thus deals with the issue of determining the coverage
factor k, that|produces an interval about the measurement
result y thal may be expected to encompass a large,
specified fradtion p of the distribution of values that could
reasonably b attributed to the measurand Y (see clause
6).

G.1.2 In mpst practical measurement situations, thesCy

of intervals having specified levels @
indeed, the estimation of most individdal

calculation
confidence -
uncertainty domponents in such situations - is a.x\'@st only
approximate| Even the experimental standar, viation of
the mean of as many as 30 repeated rvations of a
quantity despribed by a normal distribution has itself an
uncertainty ¢f about 13 percent &&blc E.l in annex E).

In most casgs it does not makg“sense to try to distinguish
between, fdr example interval having a level of
confidence ¢f 95 pe (one chance in 20 that the value
ies outside the interval) and either a

of the measpr
94 percent (&pcrcem interval (1 chance in 17 and 25,

\\}\Level of confidence p Coverage factor k,
% (percent)
68,27 1
90 1,645
95 1,960
95,45 2
99 2,576
99,73 3

confidence p requires detailed knowledg%o.lf the
probability distribution characterized by tt}e\glasu"ement
result and its combined standard unceng@y: For example,
for a quantity z described by a no distributign with
expectation g, and standard deviation o, the valut of kp
that produces an interval u, €, o that encompasfes the

fraction p of the distritglﬁpn, and thus has a cqverage

probability or level confidence p, can be [readily
calculated. Some ples are given in table G.1

N\
Table G.1 - Qsﬁuc of the coverage factor k, that pfoduces
an int having level of confidence p assuing a

noer stribution
AN

NOTE - By contrast, if z is described by a rgctangular
probability distribution with expectation g, and | standard
deviation o = a/V3, where a is the half-widi} of the
distribution, the level of confidence p is 57,74 pdrcent for
k, = 1; 95 percent for k, = 1,65; 99 percent for k, = |1,71; and
100 percent for k, = V'3 = 1,73. The rectangular d{stribution

l! that it is

is “narrower” than the normal distribution in the sens

respectively). Obtaining justifiable intervals with levels of
confidence of 99 percent (1 chance in 100) and higher is
especially difficult, even if it is assumed that no systematic
effects have been overlooked, because so little information
is generally available about the most extreme portions or
“tails” of the probability distributions of the input

quantities.

G.1.3 To obtain the value of the coverage factor k, that
produces an interval corresponding to a specified level of

of finite extent and has no “tails.”

G.1.4 If the probability distributions of the input
., Xy upon which the measurand Y
depends are known [their expectations, variances, and
higher (see C.2.13 and C.2.22) if the
distributions are not normal distributions], and if ¥ is a
linear function of the input quantities, ¥ = ¢, X; + ;X5 +
... + cyXy, then the probability distribution of ¥ may

quantities X, X, . .

moments

59


https://iecnorm.com/api/?name=350e4d09405084c3da67f81ed21f4434

Annex G: Degrees of freedom and levels of confidence

Expression of Uncertainty: 1993 (E)

be obtained by convolving the individual probability
distributions [10]. Values of k,
corresponding to specified levels of confidence p may then
be calculated from the resulting convolved distribution.

that produce intervals

G.1.5 If the functional relationship between ¥ and its
input quantities is nonlinear and a first-order Taylor series
expansion of the relationship is not an acceptable
approximation (see 5.1.2 and 5.1.5), then the probability
distribution of ¥ cannot be obtained by convolving the
distributions of the input quantities. In such cases, other

(equivalent to each input estimate x;
contributing a comparable uncertainty to the uncertainty of
the estimate y of the measurand Y); and that the closer the
distributions of the X; are to being normal, the fewer X,
are required to yield a normal distribution for Y.

in practice

EXAMPLE - The rectangular distribution (see 4.3.7 and 4.4.5)
is an extreme example of a non-normal distribution, but the
convolution of even as few as three such distributions of equal
width is approximately normal. If the half-width of each of the
three rectangular distributions is @ so that the variance of each
is @*/3, the variance of the convolved distribution is o = a’.

analytical or numerical methods are required.

G.1.6 In
the probgbility distributions of input quantities are usually
estimateq, because it is unrealistic to expect that the level
of confidence to be associated with a given interval can be
known with a great deal of exactness, and because of the
complexity of convolving probability distributions, such
convolutjons are rarely, if ever, implemented when

practice, because the parameters characterizing

intervals |having specified levels of confidence need to be
calculatedl. Instead, approximations are used that take
advantagf of the Central Limit Theorem.

G.2 Central Limit Theorem

G21If| Y=cX; + X + ...+ cyXy = IV, c.XQ
and all the X; are characterized by normal distribut'o’ﬁg,\

then the fesulting convolved distribution of ¥ WIII@é be
normal. However, even if the distributions of’rﬂe X; are
not normnal, the distribution of Y often be
approximjated by a normal distributi ecause of the
Central Limit Theorem. This ihe&.}l states that the
distributipn of ¥ will be approximately normal with
expectatipn E(Y) = 2V ¢
2¥_c?ot(X;), where %gg)is the expectation of X; and
o%(X;) is|the varian ., if the X; are independent and

o(Y) is fuch 1 an any single component ¢2 o%(X,)
from a n¢gn dzsmbuted X..

and variance o%(Y) =

The 95 percent and 99 percent intervals e convolved

distribution are defined by 1,937¢ and a,| respectively,
while the corresponding intervals for a uf:\mal disfribution with

the same standard deviation o are d 'by 1,96(c and 2,576¢

(see table G.1) [10]. 6@
NOTES

S
I For every interv g?a level of confidence j
about 91,7 perce
larger than th \kspondlng value for the distribytion resulting
from the
distributi \nS

O

t follows from the Central Limit Theodem that the

greater than
value of k for a normal distribution is

ution of any number and size df rectangular

ability distribution of the arithmetic mean g of n
\\ observations g, of a random variable ¢ with expedtation By and
finite standard deviation ¢ approaches a normal dis{ribution with
mean i, and standard deviation ¢/Vn asn — oo,

be the probability distribution of g.

Whatever may

G.2.3 A practical consequence of the Central Limit
Theorem is that when it can be establishgd that its
requirements are approximately met, in partiqular, if the
combined standard uncertainty #.(y) is not doninated by
a standard uncertainty component obtained froth a Type A
evaluation based on just a few observation§, or by a
standard uncertainty component obtained fron} a Type B
evaluation based on an assumed rectangular dfistribution,
a reasonable first approximation to calcylating an
expanded uncertainty U, = kyu(y) that ptovides an
interval with level of confidence p is to use foj k, a value
from the normal distribution. The values most{commonly

G.2.2 Tbémd—hTmﬁﬂTan?m‘fs‘srgnTﬁmm

it shows the very important role played by the variances
of the probability distributions of the input quantities,
compared with that played by the higher moments of the
distributions, in determining the form of the resulting
convolved distribution of Y. Further, it implies that the
convolved distribution converges towards the normal
distribution as the number of input quantities contributing
to o*(Y) increases; that the convergence will be more
rapid the closer the values of c20%(X;) are to each other

used for this purpose are given in table G.1.

G.3 The
freedom

t-distribution and degrees of

G.3.1 To obtain a better approximation than simply using
a value of k, from the normal distribution as in G.2.3, it
must be recognized that the calculation of an interval
having a specified level of confidence requires, not the
distribution of the variable [Y - E(Y)]/o(Y), but the
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distribution of the variable (y - ¥)/u.(y). This is because
in practice, all that is usually available are y, the estimate
= BN _cix;, where x; is the
estimate of X;; and the combined variance associated with

uX(y), evaluated from u2(y) = XV c?u*(x;), where
u(x;) is the standard uncertainty (estimated standard

deviation) of the estimate x;.

of Y as obtained from y

NOTE - Strictly speaking, in the expression (y - Y)/uc(y}, ¥
should read E(Y). For simplicity, such a distinction has only
been made in a few places in this Guide. In general, the same

defines an intervaly - U,toy + U, conveniently written
as Y=y + U, that may be expected to encompass a
fraction p of the distribution of values that could
reasonably be attributed to Y, and p is the coverage
probability or level of confidence of the interval.

G.3.3 The degrees of freedom v is equal ton - 1 for a
single quantity estimated by the arithmetic mean of n
independent observations, as in G.3.2. If n independent
observations are used to determine both the slope and

333t
LIIVT

symbol [has been used for the physical quantity, the random
variablg that represents that quantity, and the expectation of that
variablel (see 4.1.1, notes).

G.3.2 If 7 is a normally distributed random variable with
expectatioh g, and standard deviation o, and z is the
arithmetic/mean of n independent observations z, of z with
s(z) the|experimental standard deviation of z [see
equations ((3) and (5) in 4.2], then the distribution of the

variable [ = (Z-p,)/s(z) is the t-distribution or
Student’s|distribution (C.3.8) with v = n - | degrees of
freedom.

Consequently, if the measurand Y is simply a single
normally |distributed quantity X, Y =X; and if X is
estimated |by the arithmetic mean X of n independent
repeated dbservations X, of X, with experimental stand
deviation pf the mean s(}_f), then the best estimate o@ is
X the experimental standard deviaiion’@ that
estimate [is u () = S( (X). Then 1= (E\@ )/s(Z) =
(X X)/X) =(y- Y)/u (y)is dlsmbube@.accordmg to
the r-distr{bution with C)\\C)

y = X ang

t squares,
the degrees of freedom of their respe standard
uncertainties is v=n - 2. For a leas!p@ares fit of m
parameters to n data points, the de 6@ of freedom of the
standard uncertainty of each par. is v=nl-m. (See
reference [15] for a further\éscusswn of degrees of
freedom.) \}

G.3.4 Selected v \g(,af 1,(v) for different vilues of v
and various valvé} are given in table G.2 pt the end
of this anne v - oo the r-distribution apprgaches the
ution and £,(v) = (1 + 21v}"‘kp where in
this ession k, is the coverage factor requireq to obtain
an rval with level of confidence p for a| normally
@tributed variable. Thus the value of 7,(c0) inftable G.2
or a given p equals the value of k, in table G.1 for the
same p.

normal di

NOTE - Often, the t-distribution is tabulated in quantiles; that
is, values of the quantile ;. , are given, where 1 [- « denotes
the cumulative probability and the relation

1-a-= Jfl'“f(:, v)dt

-

0,975 and

Pr[-¢ (V) t @(v}] = . (G.1a) defines the quantile, where f is the probability dengity function
or of t. Thus £, and ¢, _, are related by p = 1 - 2a. Fpr example,
the value of the quantile g5, for which 1 - & 1
Pr[_tp( =(y= Qﬁ()’) = (V)] = . (G.1b) e = 0,025, is the same as £,(v) for p = 0,95.
@ G.4 Effective degrees of freedom
which can b ten as :
\Q/ G.4.1 In general, the r-distribution will not dgscribe the
Prly - 1,y r="t=71, =Gt distribution of the variable (y - ¥)/u(y) if uZ(y) is the

In these expressions, Pr[ | means “probability of” and the
t-factor Ip{v} is the value of ¢ for a given value of the
parameter v - the degrees of freedom (see G.3.3) - such
that the fraction p of the  distribution is encompassed by
the interval —rp(v) to +tp(v). Thus the expanded
uncertainty

U, = ku(y) = t,(v)u(y) . (G.1d)

sum of two or more estimated variance components

u¥(y) = ctu(x;) (see 5.1.3), even if each x; is the estimate
of a normally distributed input quantity X;. However, the
distribution of that variable may be approximated by a
t-distribution with an effective degrees of freedom veg
obtained from the Welch-Satterthwaite formula [16, 17, 18]

wl(y) Moty
=9

Vet =1 Y S
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or
4
L) ... (G.2b)
eff N 4
E Ui (y}
=t Y
with
N
Vet < YV . (G.2¢)
i=1
where u%( =
uncertainty| U, = k, uc(y} (Verp) () then provides an
interval Y|=y + UP havmg an approximate level of

confidence [p.

NOTES
1 If the value of v obtained from equation (G.2b) is not an
integer, |which will usually be the case in practice, the

correspopding value of
interpolafion or by truncating

t, may be found from table G.2 by
vy to the next lower integer.

2 If an| input estimate x; is itself obtained from two or more

other egtimates, then the value of v, to be used with
ui(y) = [c2u?(x)] in the denominator of equation (G.2b) is the
effective| degrees of freedom calculated from an expression

equivalent to equation (G.2b).

3 Depgnding upon the needs of the potential users of a

measuretpent result, it may be useful, in addition to v, 1@

calculate]and report also values for vy, and vggp, comp

from equation (G.2b) treating separately the s&@dard
uncertairfties obtained from Type A and Type B ev ions. If
the contiibutions to k2(y) of the Type A and T Q standard
uncertairties alone are denoted, re‘;ptcllvcl
uﬁa{y). he various quantities are reIdte(@

u(y) = ud(y) ’%%(v)
w(y) “m@ , 4B(y)

Veif 2@1:;(;\ Verrn

EXAMPLE - Cendier that ¥ = f(X,, X,, X3) = bX, X, X; and
that the pstj Xj, X3, X3 of the normally distributed input
quantitiep ’1§/X2

ula(y) and

, Xy are the arithmetic means of n; = 10,

Thus
4
- L - 19,0
0.25* L 0.57*  0,82°
10-1  5-1  15-1

The value of 1, for p = 95 percentand v = 19 is, from table
G.2, 195(19) = 2,09, hence the relative expanded uncertainty
for this level of confidence is Uqgs = 2,09 (1,03 percent) =
2,2 percent. It may then be stated that Y=y + Uy =
y(1 £ 0,022) (y to be determined from y = bx;x,x;), or
that 0,978y =

=y 022}', and that the level ofconf'dence

ely 95
e
P

percent.

G.4.2 In practice, u.(y) dependsons
u(x;) of input estimates of both
normally distributed input qu
obtained from both fr
probability distribution:

Type B evaluations@

fes, and the
y-based and

d ungertainties
rmally 4nd non-
(x;) are
i priori

at is, from both Type A and
similar statement applies to the

estimate y and in@ estimates x; upon which y |depends.

Nevertheless

=(y - Yyuw(y) can be approximated by the

probability distribution of the| function

I-

distrigén if it is expanded in a Taylor series [about its
1

€X on.

In essence, this is what is achieved, in the

@est order approximation, by the Welch-Sattprthwaite

rmula, equation (G.2a) or equation (G.2b).

The question arises as to the degrees of freedom|to assign

to a standard uncertainty obtained from a

Type B

evaluation when v, is calculated from equation (G.2b).

Since the appropriate definition of degrees of

freedom

recognizes that v as it appears in the r-distribytion is a

measure of the uncertainty of the variance s*(z)

J equation

(E.7) in E4.3 may be used to define the d¢grees of

freedom v,

1 "“l(x;') 1

2 u(x)] 2

Au(x;)
uix;)

(G.3)

The quantity in large brackets is the relative uncefrtainty of
u(x;); for a Type B evaluation of standard uncertpinty it is

n; = 5.
respectively, with relative standard uncertainties u(x,)/x,

and ny =15 independent repeated observations,
=0,25
percent, #(x;)/x, = 0,57 percent, and u(x;)/x; = 0,82 percent.
Inthis casec; = df/aX; = ¥/X; (to be evaluated at x,, x,, Xy - see
5.1.3, note 1), [u(0)/yP? = T 1u(x)/x)® = (1,03 percent)®

(see note 2 to 5.1.6), and equation (G.2b) becomes

L) /¥
i [ulx; )/A ]4

W
i

Vert

i=1

a subjective quantity whose value is obtained by scientific

judgement based on the pool of available information.

EXAMPLE - Consider that one's knowledge of how input
estimate x; was determined and how its standard uncertainty
1(x;) was evaluated leads one to judge that the value of u(x;) is
reliable to about 25 percent. This may be taken to mean that the
relative uncertainty is mt(_r,.)/u(x,-) = 0,25, and thus from
equation (G.3), v, = (0,25)%/2 = 8. If instead one had judged
the value of u(x;) to be reliable to only about 50 percent, then
v; = 2. (See also table E.1 in annex E.)
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G.4.3 In the discussion in 4.3 and 4.4 of Type B
evaluation of standard uncertainty from an a priori
probability distribution, it was implicitly assumed that the
value of u(x,) resulting from such an evaluation is exactly
known. For example, when u(x;) is obtained from a
rectangular probability distribution of assumed half-width
a=(a, -a)f2as in 4.3.7 and 4.4.5, u(x;) = alVv3 is
viewed as a constant with no uncertainty because a, and
a_, and thus a, are so viewed (but see 4.3.9, note 2).
This implies through equation (G.3) that v;—> o or

where v, is calculated from equation (G.2b) and the
calculation includes all uncertainty components.

In most cases, the value of Uys from equation (G.5) will
be larger than the value of Uys from equation (G.4), if it
is assumed that in evaluating equation (G.5), all Type B
variances are obtained from a priori rectangular
distributions with half-widths that are the same as the
bounds a; used to compute u? of equation (G.4). This may
be understood by recognizing that, although fo5(vegr) Will
in _maost cases be

1/v.—0, br‘nmzmﬂ‘rfﬁcmmmg‘miw
(G.2b). Further, assuming that v, = oo is not necessarily

unrealistic; [it is common practice to choose a_ and a . in
such a way fthat the probability of the quantity in question
lying outside the interval a_ to a, is extremely small.

G.5 Other considerations

G.5.1 An found in the literature on
measuremeft uncertainty and often used to obtain an
uncertainty |that is intended to provide an interval with a

95 percent evel of confidence may be written as

expression

Uss = Ltgs(vi)s?+ 34’1 ... (G.4)

Here fos(Vfg) is taken from the f-distribution for veg

degrees of freedom and p =95 percent; vy is the\‘g\

effective d¢grees of freedom calculated from the We.@:—
Satterthwaite formula [equation (G.2b)] takiiQ\Qnto
account only those standard uncertainty compa,@ls s; that
have beep evaluated statistically f repeated
observations in the current measure@; 52 = Ec%s%;
¢; = of/ax; and u? = Tuk(y) = ¢Xa?/3) accounts for
all other cpmponents of unce , where +g; and -g;
are the assymed exactly kno@ per and lower bounds of
.X} relative Jto its best es@hre X; (that is, X -4 = X} <
X; + aj). O

NOTE 4 A c@em based on repeated observations made

n

outside th t measurement is treated in the same way as

any [)[herh\mpnm’m included in . Hence, in order to make a

factors are close to 2; and in equation
multiplied by #3(ver) = 4 while in equ
multiplied by 3. Although the two expressions yi
values of Usg and Uss for u* <
much as 13 percent smaller t

in general, equation (G.
provides an interval havj

1d equal

, Uys wjll be as

s if u? >> k2. Thus

ds an uncertajnty that

a smaller level of cqnfidence

than the interval pri\%ed by the expanded uncertainty
calculated from c@ ion (G.5).

NOTES ¢ N

1 IntheYimits #?/s? - o and v —~ o, Uys = 1,]32u while
@ ,960u. In this case, Uys provides an interpal having
\\0 ly a 91,7 percent level of confidence, while Uss prvides a 95
\} percent interval, This case is approximated in practicg when the
components obtained from estimates of upper and lower bounds

are dominant, large in number, and have [alues of
u}(y) = c}a}/J that are of comparable size.

2 For a normal distribution, the coverage factor & =
V3 = 1,732 provides an interval with a level of jconfidence
p = 91,673... percent. This value of p is robust in thg sense that
it is, in comparison with that of any other value| optimally
independent of small deviations of the input quanfities from
normality.

G.5.3 Occasionally an input quantity X; is distributed
asymmetrically - deviations about its expected| value of
one sign are more probable than deviations of th¢ opposite
sign (see 4.3.8). Although this makes no differepce in the
evaluation of the standard uncertainty u(x;) of thi estimate

meaningful comparison between equation (G.4) and equation
(G.5) of the following subclause, it is assumed that such
components, if present, are negligible.

G.5.2 If an expanded uncertainty that provides an interval
with a 95 percent level of confidence is evaluated
according to the methods recommended in G.3 and G.4,
the resulting expression in place of equation (G.4) is

2]]!2

Uys = I95("-:“)[52 tu ... (G.5)

x; of X;, and thus in the evaluation of u.(y), it may affect
the calculation of U.

It is usually convenient to give a symmetric interval,
Y=y U, unless the interval is such that there is a cost
differential between deviations of one sign over the other.
If the asymmetry of X; causes only a small asymmetry in
the probability distribution characterized by the
result y and its combined
uncertainty #.(y), the probability lost on one side by

measurement standard
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quoting a symmetric interval is compensated by the
probability gained on the other side. The alternative is to
give an interval that is symmetric in probability (and thus
asymmetric in U): the probability that Y lies below the
lower limit y - U_ is equal to the probability that Y lies
above the upper limity + U,. But in order to quote such
limits, more information than simply the estimates y and
u,(y) [and hence more information than simply the
estimates x; and u(x;) of each input quantity X;] is needed.

G.5.4 The evaluation of the expanded uncertainty U,

estimate is based and the number of independent quantities
determined from those observations (see G.3.3). For a
component obtained from a Type B evaluation, v, is
obtained from the judged reliability of the value of that
component [see G.4.2 and equation (G.3)].

G.6.4 Thus the following is a summary of the preferred
method  of expanded uncertainty

Up = kpuc(y) intended to provide an interval ¥ =y + Up

calculating an

that has an approximate level of confidence p:

given herg¢ in terms of u(y), v, and the factor 7,(v)
from the ridistribution is only an approximation, and it has
its limitations. The distribution of (y - Y}/uc(y) is given
by the #-distribution only if the distribution of ¥ is normal,
the eslimafe y and its combined standard uncertainty #.(y)
are indepgndent, and if the distribution of u%(y) is a y*
distributign. The introduction of v, equation (G.2b),
deals only with the latter problem, and provides an
approximdtely x? distribution for u(y); the other part of
the problpm, arising from the non-normality of the
distributign of Y, requires the consideration of higher
moments {n addition to the variance.

G.6 Summary and conclusions

having a level of confidence p close to a specified le

can only Be found if there is extensive knowledge e
probability distribution of each input quantity andﬁf these
distributioms are combined to obtain the distrfb@ion of the
output qugntity. The input estimates x; eir standard
uncertaintes u(x;) by themselves areQ}}dequate for this

purpose. @ .

omputations required to
tions are seldom justified by
the extent|and reliabi of the available information, an
approximdtion t istribution of the output quantity is
acceptable] @ﬂse of the Central Limit Theorem, it is
usually qufficient to assume that the probability

G.6.2 Bedause the extensi
combine grobability di

QO

G.6.1 Th¢ coverage factor k, that provides an interval o,

T)Obtain y and % y) as described 1n cia&s)ds 4 and 5.

2) Compute v, from the W&%ﬁanenhwaite
formula, equation (G.2b) {reaq}d here| for easy
reference):

|- (G.2b)

If u(x;) i tained from a Type A ¢valuation,
determi \i- as outlined in G.3.3. If u(x,) if obtained
fm?a ype B evaluation and it can be [reated as
tly known, which is often the case in| practice,

\\ . —> o otherwise, estimate v; from equatidn (G.3).

3) Obtain the 7-factor 7,(v.y) for the desired level of
confidence p from table G.2. If v, is not gn integer,
either interpolate or truncate v, to the next lower
integer.

4) Take kp = 1,(Ver) and calculate Up = kpac{y).

G.6.5 In certain situations, which should not joccur too
frequently in practice, the conditions requirdd by the
Central Limit Theorem may not be well mef and the
approach of G.6.4 may lead to an unacceptable gesult. For
example, if u#.(y) is dominated by a component of
uncertainty evaluated from a rectangular djstribution
whose bounds are assumed to be exactly knpwn, it is

possible [if 7,(v.) > V/3] that y + U, and y|- U,, the

distribution of (y - ¥)/u.(y) is the ¢-distribution and take
k, = 1,(vr), with the r-factor based on an effective
degrees of freedom v, of u.(y) obtained from the Welch-
Satterthwaite formula, equation (G.2b).

G.6.3 To obtain v, from equation (G.2b) requires the
degrees of freedom v, for each standard uncertainty
component. For a component obtained from a Type A
evaluation, v; is obtained from the number of independent
repeated observations upon which the corresponding input

upper and lower limits of the interval defined by U, could
lie outside the bounds of the probability distribution of the
output quantity Y. Such cases must be dealt with on an
individual basis but are often amenable to an approximate
analytic treatment (involving, for example, the convolution
of a normal distribution with a rectangular distribution

[10).

G.6.6 For many practical measurements in a broad range
of fields, the following conditions prevail:
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- the estimate y of the measurand Y is obtained from
estimates x; of a significant number of input quantities
X; that are describable by well-behaved probability
distributions, such as the normal and rectangular
distributions;

- the standard uncertainties u(x;) of these estimates,
which may be obtained from either Type A or Type B
evaluations, contribute comparable amounts to the
combined standard u(y) of the
measurement result y;

uncertainty

the following:

- adoptk = 2 and assume that U = 2u,(y) defines an
interval having a level of confidence of
approximately 95 percent;

or, for more critical applications,

- adopt k = 3 and assume that U = 3u.(y) defines an
interval having a level of confidence of
approximately 99 percent.

Although this approach should be suitable for many

- the linTa:_app.mx.imaLi.Qu_im.in:d_hy_thlm of
propagation of uncertainty is adequate (see 5.1.2 and

E.3.1);

- the uncertainty of u.(y) is reasonably small because its
effectiv¢ degrees of freedom v, has a significant
magnitude, say greater than 10.

Under thesg circumstances, the probability distribution
characterizgd by the measurement result and its combined
standard unjcertainty can be assumed to be normal because
of the Centfral Limit Theorem; and #.(y) can be taken as
a reasonably reliable estimate of the standard deviation of
that normal distribution because of the significant size of
Ve Then, |based on the discussion given in this annex,
including that emphasizing the approximate nature of the
uncertainty| evaluation process and the impracticality of
trying to
confidence |that differ by one or two percent, one ma@o

¥

practical measurements, its applicability to
measurement will depend on how close & —%
o5 (Vegr) OF k = 3 must be 0 Zog(vegr); that'ts, on
the level of confidence of the d

percent, respectively. Aithou@ or vy = 11, k[=2 and
k = 3 underestimate fgs(1 lfﬂd t9e(11) by only
and 4 percent, respe (see table G.2), this|may not
be acceptable in s e \cases. Further, for all valyes of Vert
somewhat Iar@ an 13, k =3 produces an| interval
having a levél of confidence larger than 99 percgnt. (See
table GQ ich also shows that for v, — oo the levels
of c?@ence of the intervals produced by k = 2 gnd k = 3
5,45 and 99,73 percent, respectively). [Fhus, in
ctice, the size of v, and what is requirefl of the

istinguish between intervals having levels oﬁ(\g expanded uncertainty will determine whether this ppproach

can be used.

65


https://iecnorm.com/api/?name=350e4d09405084c3da67f81ed21f4434

Annex G: Degrees of freedom and levels of confidence Expression of Uncertainty: 1993 (E)

Table G.2 - Value of rp(v) from the ¢-distribution for degrees of freedom v that defines an interval
~1,(v) to +1,(v) that encompasses the fraction p of the distribution

Degrees of Fraction p in percent
freedom
v 68,27 90 95 95,45@ 99 99,73@®
1 1,84 6,31 12,71 13,97 63,66 235,80
2 1,32 2,92 4,30 4,53 9,92 19,21
3 1,20 2,35 3,18 3,31 5,84 9,22
4 1,14 2,13 2,78 2,87 4,60 6,620,
5 111 2,02 2,57 2,65 4,03 K@
6 1,09 1,94 2,45 2,52 371 | OP4%0
7 1,08 1,89 2,36 2,43 3.50 . OF 4.3
8 1,07 1,86 2,31 2,37 3,860 4,28
9 1,06 1,83 2,26 2,32 5 4,09
10 1,05 1,81 2,23 2,28 C>\\ 3,17 3,96
11 1,05 1,80 2,20 2,25\\% 3,11 3,85
12 1,04 1,78 2,18 e 3,05 3,76
13 1,04 1,77 216 P02 3,01 3,69
14 1,04 1,76 2,14 § 2,20 2,98 3,64
15 1,03 1,75 2,18, 2,18 2,95 3,59
2\
16 1,03 1,75 N2,12 2,17 2,92 3,54
17 1,03 1,74 ﬁ\@ 2,11 2,16 2,90 3,51
18 1,03 1739 2,10 2,15 2,88 3,48
19 1,03 ‘\@S 2,09 2,14 2,86 3,45
20 1,03 | 17 2,09 2,13 2,85 3,42
25 IE;’OQ 1,71 2,06 2,11 2,79 3,33
30 0 1,70 2,04 2,09 2,75 3,97
35 <§‘1,01 1,70 2,03 2,07 2,72 323
40 < 101 1,68 2,02 2,06 2,70 3,20
{g,o 1,01 1,68 2,01 2,06 2,69 3,18
50 1,01 1,68 2,01 2,05 2,68 3,16
100 1,005 1,660 1,984 2,025 2,626 3,077
o 1,000 1,645 1,960 2,000 2,576 3,000

@For a quantity z described by a normal distribution with expectation 4, and standard deviation o, the
interval p, + ko encompasses p = 68,27, 95,45, and 99,73 percent of the distribution for k¥ = 1, 2, and
3, respectively.
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Annex H

Examples

This annex |gives six examples, H.1 to H.6, which are
worked out [in considerable detail in order to illustrate the
basic principles presented in this Guide for evaluating and
expressing yncertainty in measurement. Together with the
examples ircluded in the main text and in some of the
other annexks, they should enable the users of this Guide
to put these| principles into practice in their own work.

Because th¢ examples are for illustrative purposes, they
have by necpssity been simplified. Moreover, because they
and the nufnerical data used in them have been chosen
mainly to dgmonstrate the principles of this Guide, neither
they nor the data should necessarily be interpreted as

describing teal measurements. While the data are used as ‘\ I« is the length of the standard at 20 °C as gi
s

given, in ofder to prevent rounding errors, more digits ari
retained i intermediate calculations than are usu
shown. Thps the stated result of a calculation in{oLving
several qupntities may differ slightly fron'g\g}e result
implied by [the numerical values given in lhgg for these

quantities. C)\\

It is pointpd out in earlier porti s ‘of this Guide that
classifying| the methods use @eva]uale components of
uncertainty as Type A or {;’

it is not rgquired for etermination of the combined
incertai @ or expanded uncertainty of a

B is for convenience only;

standard

ecause all uncertainty components,

e evaluated, are treated in the same way

measuremegnt T
however t

o)
evaluation. Q@
N
H.1.1 The measurement problem O_)Cb

The length of a nominally 50
by comparing it with a n standard of the same
nominal length. The direCt putput of the comparispn of the
two end gauges is th?%cfferencc d in their lengths:

X sii\csm + af) - Ig(1 + agby)
where
O

d gauge is defermined

. (H.1)

@ measurand, that is, the length at 20 {C of the
gauge being calibrated;

pen in its
calibration certificate;

« and ag are the coefficients of thermal etpansion,
respectively, of the gauge being calibrated and the
standard;

6 and 6 are the deviations in temperature |from the

20 °C reference temperature, respectively, of the

gauge and the standard.

H.1.2 Mathematical model

From equation (H.1), the measurand is given b

=

(1 + agbs) + d
(1 + )

(see 3.3.4,5.1.2Z, and E.3.7). Thus, M the exampies; the
method used to evaluate a particular component of
uncertainty is not specifically identified as to its type.
However, it will be clear from the discussion whether a
component is obtained from a Type A or a Type B
evaluation.

H.1 End-gauge calibration

This example demonstrates that even an apparently simple
measurement may involve subtle aspects of uncertainty

.(H.2)

=£S+d+!s(a:585—a6)+...

If the difference in temperature between the end gauge
being calibrated and the standard is written  as
50 = 0 - O, and the difference in their thermal expansion

coefficients as da = @ - ag, equation (H.2) becomes

| =fds,d, e, 0, da, 80)
. (H.3)

= Ig+ d - [[5a-0 + ag56]
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The differences 66 and é«, but not their uncertainties, are
estimated to be zero; and 8, ag, 60, and 0 are assumed
to be uncorrelated. (If the measurand were expressed in
terms of the variables 0, 65, «, and «g, it would be
necessary to include the correlation between fand 6, and
between « and ag.)

It thus follows from equation (H.3) that the estimate of
the value of the measurand / may be obtained from the
simple expression Ig + d, where I is the length of the
standard at 20 °C as given in its calibration certificate and

it was obtained using a coverage factor of k = 3. The
standard uncertainty is then

u(lg) = (0,075pm)/3 = 25nm

H.1.3.2 Uncertainty of the measured difference in
lengths, u(d)

The pooled experimental standard deviation characterizing
the comparison of / and [ was determined from the
variability of 25 independent repeated observations of the

d is estijated by d, the arithmetic mean of n =35
independeft repeated observations. The combined standard
uncertainty #.(/) of [ is obtained by applying equation (10)
in 5.1.2 tq equation (H.3), as discussed below.

NOTE 1 In this and the other examples, for simplicity of
notation), the same symbol is used for a quantity and its estimate.

H.1.3 Contributory variances

The pertinent aspects of this example as discussed in this
and the following subclauses are summarized in table H.1.

Since it is assumed that 8 = 0 and 80 = 0, the application
of equatiop (10) in 5.1.2 to equation (H.3) yields

u(l) = cdul(ls) + cju(d) + c2 u*(ag)

s and was
found to be 13 nm. In the comparison Q_E_'_: i example,
five repeated observations were taken,~Thel standard
uncertainty associated with the arithinietic meah of these
readings is then (see 4.2.4)

qocr =} 3
UITITTCTILE O ICITEUIS O 1

u(d) = s(d) = @3um)/\5 = 5,8 nm

According to the calibration certificate of the cpmparator
used to compare Jwith g, its uncertainty “due fo random
errors” is +@;0tpm at a level of confiderice of 95
percent and‘is based on 6 replicate measurements: thus the
standard uncertainty, using the r-factor r¢5(5) ¥ 2,57 for
v=61=5 degrees of freedom (see annex| G, table
G.2), is

u(d;) = (0,01 pm)/2,57 = 3,9nm

expansion

) - ) .. (HAY The uncertainty of the comparator “due to dystematic
+cou™(0) + cju’(da) + cou*(86) errors” is given in the certificate as 0,02 pm at {he “three
T8
with sigma level.” The standard uncertainty from this cause
may therefore be taken to be
cd = dffdly =1-(0a'0+ agdl) = 1
{ = /s & u(dy) = (0,02um) /3 = 6,7 nm
c|=0ffad =1
¢, = offaag = ~1,66-0 Thf: total cox?trlbutlon is obtained from the sym of the
b b estimated variances:
cd = af/af0 = «lba =0 -
4=/ XN u*(d) = u¥(d)+u*(d)) + u’(dy) = 931jm>
Cod = Of 085 =150 .
Cod = aﬁa&é = ~lgag u(d) = 9,7nm
d thus
o H.1.3.3 Uncertainty of the thermal
uX(l) = u™(lg) + u¥(d) coefficient, u(ag)
. (H.5)

+ 13 02 u’(dar) + 12 cBu’(30)
H.1.3.1 Uncertainty of the calibration of the
standard, u(lg)

The calibration certificate gives as the expanded
uncertainty of the standard U = 0,075 pm and states that

The coefficient of thermal expansion of the standard end
gauge is given as ag=11,5%10%°C"' with an
uncertainty represented by a rectangular distribution with
bounds +2x107® °C~!. The standard uncertainty is then
[see equation (7) in 4.3.7]

u(ag) = (2x10° °C™ /3 = 1,2x10° °C"!
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Table H.1 - Summary of standard uncertainty components

Standard Source of Value of c; = u(l) = Degrees
uncertainty uncertainty standard af/ox, | c;|ulx;) of
component uncertainty ! freedom

u(x;) u(x;) (nm)
u(ls) Calibration of standard end gauge 25 nm 1 25 18
u(d) Measured difference between end gauges 9,7 nm 1 9,7 25,6
u(d) repeated observations 5,8 nm 24
u(d,) random effects of comparator 3,9 nm C;b 5
&)
u(d,) systematic effects of comparator 6,7 nm Q:)'\ 8
S
u(as) Thermal expansion coefficient of standard 12510799 0 b@ 0
end gauge 3
P
\J
u(0) Temperature of test bed 0,41 °C , C}J 0
B 4
u(@) mean temperature of bed 0,2 \“</
u(4) cyclic variation of temperature of (k . 8
room O
~
u(da) Difference in expansion coefficients of Q@x 1652 -l 0 2,9 50
d
end gauges o \\\
u(d6) Difference in temperatures of end gau%@ 0,029 °C -lgag 16,6 2
X
g
.\Q)@ u*(l) = Tuk(l) = 1002 nm*
OA ull) = |32 nm
b\
LoE ver(D) = |16

oY

Since cq 4 3f/dats = 1550 = 0_as-dhdicated in H.1.3, this

uncertainty| contributes nothi the uncertainty of [ in
first ordeg. It does, ever, have a second-order
contributidn that is di ed in H.1.7.

O

is reported as having a standard uncertainty its¢lf due to
the uncertainty in the mean temperature of the tgst bed of

u(0) = 0,2 °C

U-shaped

H.1.3.4 Unc y of the deviation of the while the cyclic variation in time produces a

temperatl.T' e end gauge, u(0) (arcsine) distribution of temperatures resulting in a
standard uncertainty of

The temperature of the test bed is reported as

(19,9 + 0,5) °C; the temperature at the time of the
individual observations was not recorded. The stated
maximum offset, 4 = 0,5 °C, is said to represent the
amplitude of an approximately cyclical variation of the
temperature under a thermostatic system, not the
uncertainty of the mean temperature. The value of the
mean temperature deviation

6 =19,9°C-20°C = -0,1°C

u(4) = (0,5 °C)/y2 =035 °C

The temperature deviation & may be taken equal to £_5', and
the standard uncertainty of 8 is obtained from

u(0) = u*0) + u¥(4) = 0,165 °C?
which gives

u(@) = 0,41 °C
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Since ¢, = 9f/30 = -Igda = 0 as indicated in H.1.3, this
uncertainty also contributes nothing to the uncertainty of
[ in first order; but it does have a second-order
contribution that is discussed in H.1.7.

H.1.3.5 Uncertainty of the difference in expansion
coefficients, u(da)

The estimated bounds on the variability of da are
+1x107® °C"!| with an equal probability of a having
any value within those bounds. The standard uncertainty

H.1.2), the length [ of the unknown end gauge at 20 °C
is 50,000 838 mm. Following 7.2.2, the final result of the
measurement may be stated as:

[ =50,000 838 mm  with standard
uncertainty #. = 32 nm. The corresponding relative

a combined

combined standard uncertainty is /I = 6,4x107.
H.1.6 Expanded uncertainty

Suppose that one is required to obtain an expanded

is

u(de) = (1x107°°C™) /{3 =0,58x1070°C"!

H.1.3.6 Pncertainty of the difference in temperatures
of the gaulges, u(80)

The standard and the test gauge are expected to be at the
same temp¢rature, but the temperature difference could lie
with equal|probability anywhere in the estimated interval
-0,05 °C fo +0,05 °C. The standard uncertainty is

i(66) = (0,05 °C)/\f— = 0,029 °C
H.1.4 Combined standard uncertainty

The combined standard uncertainty wu (/) is calculated
from cqualijon (H.5). The individual terms are collecle@

and substi @
N
O (H.62)
(0,05 m)*(- 0,1 °C)*(0,58 x\@&" gty
(0,05 m)*(11,5 x 1076 °C5L%(0,029 °C)?

15 nm)? + (9,7 nm) @ .
O

ted into this expression to obtain

u(l) = (25 nm)* + (9,7 nm)>

+

+

uncertainty Uyg = koot (1) that provides an i rB.r)\lal having

a level of confidence of approximately % ergent. The

procedure to use is that summarize 'rr%ﬁ.at and the

required degrees of freedom are i&!ed in thble H.1.

These were obtained as followség
\

1) Uncertainty of the @brarion of the
u(lg) [H.1.3.1]. Qa]ibralion certificate §
the effective es of freedom of the
standard u inty from which the quoted
uncertaiégy\tvas obtained is v (lg) = 18.

srandard
tates that
tombined
expanded

2) U@%aimy of the me_c_uured difference in lenpths, u(d)
.1.3.2]. Although d was obtained from fiv¢ repeated

g\\} observations, because H(E) was obtained from a
pooled experimental standard deviation baspd on 25
observations, the degrees of freedom of] u(c_f} is
v(E} =25 - 1 = 24 (see H.3.6, note). The degrees of
freedom of u(d,), the uncertainty due tg random
effects on the comparator, vid)=6-1=35
because d; was obtained from six |repeated

The 40,02 pm uncertainty for
systematic effects on the comparator may bq assumed

is

measurements.

= ... (H.6b) to be reliable to 25 percent, and thus the degrees of
42,9 nm)? + (16 6Am)? freedom from equation (G.3) in G.4.2 is p(d,) = 8
é’ (see the example of G.4.2). The effective degrees of
= 1p02 nm? = : : :
O reedom of wu(d), v(d), is then obtaiped from
or C)% equation (G.2b) in G.4.1:
u(l) = 32 nm ... (H.6 =
NS tH.Bc) e )+ )
Vet = =
The dominant component of uncertainty is obviously that ¢ u'(d) | u(d,) " u*(d,)
of the standard, u(l) = 25 nm. V(E) v(d,) v(d,)
H.1.5 Final result N (9.7 nm)* 956
5.8mm)* | 3.90m)* | (6,7nm)*
The calibration certificate for the standard end gauge gives 74 3 g

ls = 50,000 623 mm as its length at 20 °C. The arithmetic
mean d of the five repeated observations of the difference
in lengths between the unknown end gauge and the
standard gauge is 215 nm. Thus, since [ = g + d (see

3) Uncertainty of the difference in expansion coefficients,
w(de) [H.1.3.5]. The estimated bounds of

+1x107% °C™! on the variability of 8z are deemed to
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be reliable to 10 percent. This gives, from equation
(G.3) in G.4.2, v(da) = 50.

4) Uncertainty of the difference in temperatures of the
gauges, u(66) [H.1.3.6]. The estimated interval
-0,05 °C to +0,05 °C for the temperature difference
80 is believed to be reliable only to 50 percent, which
from equation (G.3) in G.4.2 gives v(38 ) = 2.

The calculation of v, (/) from equation (G.2b) in G.4.1
proceeds in exactly the same way as for the calculation of

for v = 16 degrees of freedom, and defines an interval
estimated to have a level of confidence of 99 percent.
The corresponding relative expanded uncertainty is
U/l =1,9%10°,

H.1.7 Second-order terms

The note to 5.1.2 points out that equation (10), which is
used in this example to obtain the combined standard
uncertainty #(l), must be augmented when the
nonlinearity of the function Y = f(X;, X;, . . ., X)isso

vy(d) in 2) above. Thus from equations (H.6b) and
(H.6¢) and the values for v given in 1) through 4),

Verr (1) =
(32 nm)*
@5nm)f* _ (9,7nm)*  29nm)* | (16,6 nm)*
18 25,6 50 2

=116,7

To obtain th¢ required expanded uncertainty, this value is
first truncated to the next lower integer, vy ({) = 16. It
then follows| from table G.2 in annex G that f49(16) =
2,92, and hence Ugg = tgo(16)u (1) = 2,92X(32 nm) =
93 nm. Following 7.2.4, the final result of the
measuremen{ may be stated as:

[ = (50,0p0 838 + 0,000 093) mm, where the numb&ﬁ\

following the symbol + is the numerical value
expanded uncertainty U = ku,, with U determined
from a cqmbined standard uncertainty u. .32 nm and

.

a coverage factor k = 2,92 based orlct)hbgdistribution
>
>

O
D
&S

2

significant that the higher-order terms in the Taylo} series
expansion cannot be neglected. Such is th Qﬁ? in this
example, and therefore the evaluation of u () as prpsented
up to this point is not complete. Appti ion to efjuation
(H.3) of the expression given in ote to 5.1.7 yields
in fact two distinct non-neglté_h@a%:(md—order t¢rms to

be added to equation (H.5 ese terms, which arise
from the quadratic ternyin-the expression of the npte, are

\

:§a2@§3\(6) + 1§ u(ag)u*(50)
N\
but only the &t of these terms contributes signifficantly

to u(l bQ
s\f\s\}g@ u(@) =

(0,05m) (0,58 x 107 °C ') (0,1 °C)

11,7 nm

]

I u(erg) u(d6) = (0,05m) (1,2 X 107%°C ") (0,0p9 °C)

1,7 nm

The second-order terms increase u.(/) from 32 nm to
34 nm.
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H.2 Simultaneous resistance and reactance
measurement

This example demonstrates the treatment of multiple
measurands or output quantities determined simultaneously
in the same measurement and the correlation of their
estimates. It considers only the random variations of the
observations; in actual practice, the uncertainties of
corrections for systematic effects would also contribute to
the uncertainty of the measurement results. The data are
analysed in two different ways with each yielding

obtained from equation (14) in 5.2.2 using values of
S(V 1) s(V q&) and s(l ¢) calculated from equation
(17) in 5.2.3. The results are included in table H.2, where
it should be recalled that r(x;,x;) =r(x;,x) and

r(x;, x;) =
H.2.3 Results: approach 1

Approach 1 is summarized in Table H.3.

The values of the three measurands R X, and Z are

essentially the same numerical values.

H.2.1 The measurement problem

The resisfance R and the reactance X of a circuit element
are detefmined by measuring the amplitude V of a
sinusoidally-alternating potential difference across its
terminals| the amplitude / of the alternating current
passing through it, and the phase-shift angle ¢ of the
alternating potential difference relative to the alternating
current. Thus the three input quantities are V, I, and ¢
and the three output quantities — the measurands - are the
three impedance components R, X, and Z. Since
Z% = R? |+ X2, there are only two independent output
quantities|.

N
H.2.2 Mathematical model and data $
N

The meagurands are related to the input quanhnes by
Ohm’s law: \O

N~

Q)

N
nq&;.@l;

Consider | that five indep@n sets of simultaneous
observatigns of the threeyinput quantities V, I, and ¢ are
obtained yinder smuIQ.:%ditions (see B.2.15), resulting
in the datg given i le H.2. The arithmetic means of the

ée experimental standard deviations of

those meqns culated from equations (3) and (5) in 4.2

R=—cos¢p; X = - (H.7)

~l=
-ql-r:

observatigns

Ub:u;llhd fl\llll :hhr_ll:}' 5. 7} uslng
the mean values V, I, and ¢ of table H.2 , I, and ¢.
The standard uncertainties of R, X, obtained

from equation (16) in 5.2.2 since %pomted out above,
the input quantities V, I, and %B correlafed. As an
example, consider Z = V/I tifying V with Xy, I with
x,, and f with Z = V/I, @on (16) in 5.2.9 yields for
the combined stand @Cenamty of Z

¢ . (H.8a)
QQ _l] ‘Aﬁ_‘; uWVyu(yr(v,1)
I 1
g a(V) {u(n‘
_(H.8b)
“(17) “D 7,7y
I
or
2 7Y = u VY« uT
us (Z) = u (V) +uz(l) . (H.8¢)

-2u (Vyu (I)r(V,I)

where u{l_/) = s(?), u(f) = s(}'), and the subsdript “r” in
the last expression
uncertainty. Substitution of the appropriate vhlues from

indicates that u is [a relative

are also given. The means are taken as the best estimates
of the expected values of the input quantities, and the
experimental standard deviations are the standard

uncertainties of those means.

Because the means i’, F. and r?ﬁ are obtained from
simultaneous observations, they are correlated and the
correlations must be taken into account in the evaluation
of the standard uncertainties of the measurands R, X, and
Z. The required correlation coefficients are readily

table H.Z mto equation (H.8a) then gives u.(Z) =
0,236 Q.

Because the three measurands or output quantities depend
on the same input quantities, they too are correlated. The
elements of the covariance matrix that describes this
correlation may be written in general as

N N
Uy Yom) E}Z% y”'uu)u(x)r(x,.x) .. (H.9)
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Table H.2 - Values of the input quantities V, I, and ¢ obtained from five sets of simultaneous observations

Set number Input quantities
k v 1 ¢

(V) (mA) (rad)

1 5,007 19,663 1,0456

2 4,994 19,639 1,0438

3 5,005 19,640 1,0468

4 4,990 19,685 1,0428

5 4,999 19,678 1,0433
Arithmetic V = 14,9990 1=19,6610 ¢ = 1,044 46

mean
Expefimental s(V) = 0,0032 s(I) = 0,0095 s(¢) = 0:000°75
standard deviation
of [mean

Correlation coefficients

r(v,I)
r(V, ¢)
r(l, ¢)

1]

1}

-0,36
0,86
-0,65

where y, =|fi(x;, x5, . . ., xy) and y, =f,(x;, X%, .

., Xy). Eqypation (H.9) is a generalization of equation
(F.2) in F}1.2.3 when the g, in that expression are:
The estimated correlation coefficients of -the
output qantities are by  r(y.P) =
u(y;, ) /uf y)u(y,), as indicated in equatif)(14) in
5.2.2. It shpuld be recognized that the diagﬁnal elements
of the covariance matrix, u(y,y,) = ¥°(y,), are the
estimated variances of the output quantities y, (see 5.2.2,
note 2) and| that for m = [, equaifon (H.9) is identical to
equation (1¢) in 5.2.2.

correlated.
given

To apply efjuation (H(9) 10 this example, the following
identificatidns are madg:

Since the data have been obtained as five |sets of
observations of the three input quantities V, I, andl ¢, it is
possible to compute a value for R, X, and Z from|each set
of input data, and then take the arithmetic mean of the
five individual values to obtain the best estimates|of R, X,
and Z. The experimental standard deviation of each mean
(which is its combined standard uncertainty)|is then
calculated from the five individual values in the upual way
[equation (5) in 4.2.3]; and the estimated covarfances of
the three means are calculated by applying equation (17)
in 5.2.3 directly to the five individual values from which
each mean is obtained. There are no differencgs in the
output values, standard uncertainties,
covariances provided by the two approaches except for

and ¢stimated

y FR x, = % u(x;) = s(x;) second-order effects @cidted with replacing tefms such
y & as V/I and cos ¢ by V/I and cosd.

y, =X X, = 1 N =3

¥, =2 oy = ,5 To demonstrate this approach, table H.4 gives the values

The results of the calculations of R, X, and Z and of their
estimated variances and correlation coefficients are given
in table H.3.

H.2.4 Results: approach 2

Approach 2 is summarized in table H.4.

of R, X and Z calculated from each of the five sets of
The arithmetic standard
uncertainties, and estimated correlation coefficients are
then directly computed from these individual values. The
numerical results obtained in this way are negligibly
differeni from the results given in table H.3.

observations. means,

In the terminology of the note to 4.1.4, approach 2 is an
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Table H.3 - Calculated values of the output quantities R, X, and Z: approach 1

Measurand Relationship between Value of estimate Combined standard
index estimate of measurand ¥y, which is the uncertainty #.(y,)
! y; and input estimates x; result of measurement of result of measurement
1 ¥, =R = (V/I)cos ¢ ¥y =R =127,732Q u(R) = 0,071 Q
u(R)/R = 0,06x 102
2 y, =X = (V/I)sing y, =X = 219,847 Q U (X) = 0,295 Q
u(X)/X =0,13x102
3 y3=Z =Vl Y3 = Z = 254,260 Q u(Z) = 0,236
u(2)/z = 0@( 012
S
Correlation coefficients r(y,, y,,) oo.)
r(y1,y2) =r(R,X) = -0,588 CQ\S\O
r(yi,y3) =r(R,Z) = -0,485 Q,C)
r(y;,33) = r(X,Z) = 0,993 (_\\\
%\1
\\
O

N
O

N
Table H.4 - Calculated values of the output quantities R, Xﬁ(a}d Z: approach 2

J
Set number \\\,Q Individual values of measurands
. Q‘
k R = (V/[)&&qb X = (V[I)sing Z=V/I
Q) (Q) (Q)
1 ~\\C\)Jﬁ?,67 220,32 254,64
2 O~ 127,89 219,79 254,29
3 ‘. 127,51 220,64 254,84
4 @ 127,71 218,97 253,49
5 9 127,88 219,51 254,04
Afjithmetic meét\&’ y, =R = 127,732 ¥, = X =219,847 ys = Z = 254,60
a}xpmrim fital s(R) = 0,071 s(X) = 0,295 s(Z) = 036
stapdar viation
afincan

Correlation coefficients r(y;, y,,)

r(y1, %) = r(R,X) = -0,588
r(y;,¥3) = r(R,Z) = -0,485
r(y2,y3) = (X, Z) = 0,993
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example of obtaining the estimate y from Y =
(X2.,Y,)/ n, while approach 1 is an example of obtaining
y from y =f()‘(1, )?2, C .}?N). As pointed out in that
note, in general, the two approaches will give identical
results if f is a linear function of its input quantities
(provided that the experimentally observed correlation
coefficients are taken into account when implementing
approach 1). If f is not a linear function, then the results
of approach 1 will differ from those of approach 2
depending on the degree of nonlinearity and the estimated
variances ardcovartances of the X —This maybe—scen

If the data of table H.2 are reinterpreted in this manner so
that approach 2 is inappropriate, and if correlations among
the quantities V, I, and ¢ are assumed to be absent, then
the observed correlation coefficients have no significance
and should be set equal to zero. If this is done in table
H.2, equation (H.9) reduces to the equivalent of equation
(F.2) in F.1.2.3, namely,

X 3y, Ay, 3

i=1 0x; Ox; e

Uy ¥p) = ... (H.11)

from the expression

-fxl.x,,....X
y =1 2 W ... (H.10)

N 2 "
+%E;E _af__ w(X; X))+ ...

where the [second term on the right-hand side is the
second-orddr term in the Taylor series expansion of f in
terms of thq
approach [P is preferred because it avoids the
approximatjon y =f(5€’1, }_(2, 5 o % }_(N) and better reflects

the measurg¢ment procedure used - the data were in fact

}r(f- (see also 5.1.2, note). In the present case

collected in| sets.

_ A~
On the oth¢r hand, approach 2 would be inappropriate 1@

the data of|table H.2 represented n; = 5 observatio

the potenfial difference V, followed by -3 =5

obsewatiogs of the current /, and then followe@/ ny =5
S

observations of the phase ¢, and would.b@h’hpossible if
n, # n, # ns. (It is in fact poor measirgment procedure

..

to carry ojt the measurements this way since the
potential djfference across a impedance and the
current thrpugh it are direct@elated.)

&
C)%O
NS

that the correlation coefﬁci%ngb}f table H.2 are gero

and its application to the data of table H.2 I?Bdls to the
changes in table H.3 shown in table H.S. QO‘)
N

P

Table H.5 - Changes in table H¥nder the assjimption

Combine @&d uncertainty
It of ent
u( y,)f(\){\ measuremen

\\c'o\ﬁc(m - 0,195 Q

$ O u(R)/R =0,15%1072

%

Q\)‘ u(X) = 0,201 Q
» u(X)/X =0,09%1072

N

u(Z) = 0,204 Q

u(Z)/Z = 0,08x107

Correlation coefficients r(y;, ¥,,)

r(y;,y) =r(R,X) = 0,056
r(y1,y3) =r(R,Z) =0,527
r(y,,y;) =r(X,Z) = 0,878
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H.3 Calibration of a thermometer

This example illustrates the use of the method of least
squares to obtain a linear calibration curve and how the
parameters of the fit, the intercept and slope, and their
estimated variances and covariance, are used to obtain
from the curve the value and standard uncertainty of a
predicted correction.

H.3.1 The measurement problem

A thermpmeter is calibrated by comparing n = 11
temperatue readings t, of the thermometer, each having
negligiblg uncertainty, with corresponding known
reference | temperatures 7z , in the temperature range
21 °C to 7 °C to obtain the corrections b, =ty , - I, to
the readings. The measured corrections b, and measured
temperatufes 7, are the input quantities of the evaluation.
A linear dalibration curve

b(t) =y, +y,(t- 1) . (H.12)

is fitted t¢ the measured corrections and temperatures by
the methad of least squares. The parameters y, and y,,
which arq respectively the intercept and slope of the
calibration} curve, are the two measurands or output
quantities|to be determined. The temperature ¢, is*a
conveniently chosen exact reference temperature; it-is‘not
an indepepdent parameter to be determined by the' least-
Once y, and y, are found, along-with their
estimated |variances and covariance, equ@ﬁpn (H.12) can

squares fif.

be used tq predict the value and stafidard uncertainty of
the correction to be applied to the thermometer for any
value ¢ of the temperature.

H.3.2 Legst-squargs-fitting

Based on|the \method of least squares and under the
assumptiops\nade in H.3.1 above, the output quantities v,

y.— (26") L 5G)(X %) ... (H.13a)
y1=”zb"9“'(§ o2 O) . (H.13b)
2 2
s2(y,) =2 ge" . (H.13¢)
s2y) =n S (H.13d)
Y2 5 i .
6
r(yys ¥p) = &% . (H.13e)
yn¥ 6‘3
2 2 [b - b)) . (H.13f)
n-2
D=n} 8: &L 6,
. (H.13g)

=n(E0, - 6)* =n ¥ (1, - 1)

x_vhere all“sums are from k=1 to n, 6} =1, -1,
6 (26)/n, and 1= (Tt)/n; (b, - b(r,)] is the
difference between the measured or observed cofrection b,

\dt the temperature , and the correction b(#,) predicted by

the fitted curve b(r) = y; + y,(r - 1) at t,. The variance
s? is a measure of the overall uncertainty of the| fit, where
the factor n - 2 reflects the fact that bedause two
parameters, y, and y,, are determined Wy the n
observations, the degrees of freedom of s2 is|v =n - 2

(see G.3.3).

H.3.3 Calculation of results

The data to be fitted are given in the second|and third
columns of table H.6. Taking 1, = 20 °C as thq reference
temperature, application of equations (H.13a) tp (H.13g)
yields

: . y—HH22E syD—650629 °C
and y, and their estimated variances and covariance are
obtained by minimizing the sum ¥z = 0,002 18 s(y2) = 0,000 67
r(y;, y) = -0,930 s =0,0035 °C

n
§ = Y 1=y - nt - 1))

k=1
This leads to the following equations for y,, y,, their
experimental variances s%*(y,) and s%(y,), and their
estimated correlation coefficient 7(y,,y,) = s(y,, )/
s(y)s(y,), where s(y,, y,) is their estimated covariance:

The fact that the slope y, is more than three times larger
than its standard uncertainty provides some indication that
a calibration curve and not a fixed average correction is
required,

The calibration curve may then be written as
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Table H.6 - Data used to obtain a linear calibration curve for a thermometer by the method of least squares

Reading Thermometer Observed Predicted Difference between observed and
number reading correction correction predicted correction

k I by =ty I b(t) b, - b(t)

(C) C) (°C) (°C)

1 21,521 -0,171 -0,1679 -0,0031

2 22,012 -0,169 -0,1668 -0,0022

3 22,512 -0,166 -0,1657 -0,0003

4 23,003 -0,159 -0,1646 +0,0056

5 23,507 -0,164 -0,1635 -0,0005

6 23,999 -0,165 -0,1625 -0,0025.

T 24,513 -0,156 -0,1614 +0,0054"

8 25,002 -0,157 -0,1603 +040Q933

9 25,503 -0,159 -0,1592 fﬁiUOOZ

10 26,010 -0,161 -0,1581 <0,0029

11 26,511 -0,160 -0,1570 -0,0030

b()|= -0,1712(29) °C (H.14) that one requires (h&/thermometer correction| and its

+ 0,002 18(67)(z - 20 °C)

where the fjumbers in parentheses are the numerical values
of the standard uncertainties referred to the corresponding
last digits ¢f the quoted results for the intercept and slope

(see 7.2.2)
correction
value b(1,)

column of]
differences

bk = b(tk)'
check the

(see referer

H.3.4 Ung

The expres

the predict

by applyi
equation (

This equation gives the predicted value of the
b(1) at any temperature ¢, and in particular the
at t = 1,. These values are given in the fourth®
the table while the last column gives;the
between the measured and predicted values,
An analysis of these differences, can-be used to
balidity of the linear model; formial tests exist
hce [8]), but are not considered in this example.

ertainty of a predictéd value

sion for the-Combined standard uncertainty of
bd value @fa‘correction can be readily obtained
hg thetaw of propagation of uncertainty,

69i05.2.2, to equation (H.12). Noting that

and

uncertainty at £ =30 °C, which is outside the tethperature
range in which\the thermometer was actually cflibrated.
Substituting = 30 °C in equation (H.14) gives

b(30 °C) = -0,1494 °C

while equation (H.15) becomes
u2[b(30 °C)] = (0,0029 °C)? + (10 °C)*(0,400 67)*
+2(10 °C)(0,0029 °C) (0,000 67)(-0,930)

= 17,1 x1076 °C?
or

u [b(30 °C)] = 0,0041 °C
Thus the correction at 30 °C is -0,1494 °(, with a

combined standard uncertainty of u, = 0,0041 °C, and
with u, having v = n - 2 = 9 degrees of freedofn.

H.3.5 Elimination of the correlation between |the slope
and intercept

b(t) = f(y

S 3 | S Loaa PTAE TR
1+ .27 oTINT wLITTOTE w7 CAW AV (22 pa=

u(y,) = s(y,), one obtains

ul[b(1)]

= ul(y,) + (1 - 1)2ul(y,)
+ 2(0 = 1) uCy D u(y,)r(y, » ¥;)

e (H13)

The estimated variance u2[b(1)] is a minimum at f,;, =
o — u(yriy ,¥>)/u(y,), which in the present case is

tmin

= 24,0085 °C.

As an example of the use of equation (H.15), consider

Equation (H.13e) for the correlation coefficient r(y,,y;)
implies that if £, is so chosen that Xj_ 6, =
Yho(t - 1) =0, then r(y,,y;) =0 and y, and y, will
be uncorrelated, thereby simplifying the computation of
the standard uncertainty of a predicted correction. Since
%6, =0 when ty=1=(Z,4)/n, and 1=
24,0085 °C inthe present case, repeating the least-squares
fit with 1, = 1 =24,0085 °C would lead to values of y,
and y, that are uncorrelated. (The temperature 1 is also
the temperature at which u*[b(#)] is a minimum - see

Tl
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H.3.4.) However, repeating the fit is unnecessary because
it can be shown that

H.3.6 Other considerations

The least-squares method can be used to fit higher-order

b(t) =y," +y,(t-1) ... (H.16a) curves to data points, and is also applicable to cases where
the individual data points have uncertainties. Standard
W2[b(1)] = uz(y{} i ?)zul(yz) . (H.16b) texts on the subject sbould be consullled for details [8].
However, the following examples illustrate two cases
r(y/,y,) =0 ... (H.16¢) where the measured corrections b, are not assumed to be
exactly known.
where
; -~ : 1) Let each ¢, have negligible uncertainty, let each of the
IR U n values g ; be obtained from a series ofryy repeated
T o=ty-s(y)r(y ) /5(y,) readings, and let the pooled estimate of v cg for such
readings based on a large amount o a"h obtajned over
£(r0) = s2() - r’ (. 3] several months be s2. Then the csli&d variange of each
_ N ] o try is sifm =uf and ep%@observed qorrection
and in writing equation (H.16b), the substitutions b, = g 4 - 1, has the same a&a:d uncertainty &,. Under
u(y{).= S and uyer=.s0g) ave Deen wide [see these circumstances (and under the assumption fhat there
eqmation; (ML-4531. is no reason to belie\gﬁ the linear model is ipcorrect),
Application of these relations to the results given in H.3.3 u{z} replaces s* in@\atlons CR 120 and .1 3d.
yields NOTE - Q\ﬁi%?ed estimate of variance s} based on [V series of
independent” observations of the same random )ariable is
b(r) =]-0,1625(11) . (H.173) obtainéd from
10,002 18(67) (7 - 24,0085 °C) \\Q §20
2 _ =l
u2(b(0)] F 0,001y o (H_”bz(\@‘\\\’ * &,
+ (1 - 24,0085 °C)*(0,000 67)> X .
. @ where s? is the experimental variance of the ith geries of n;
That these [expressions give the same results as cqh\lions independent repeated observations [equation (4) in[4.2.2] and
(H.14) anfl (H.15) can be checked by I‘e}@ling the has degrees of freedom v; = n; - 1. The degrees of freedom of
calculation|of 5(30 °C) and 1 [b(30 °C)]. @b'substitution 5 is_" = 2. The e’fpe_“me“'a' variance f{:/” ('f“‘d the
of ¢ = 30 9C into equations (H.17a) @% 17b) yields experar‘nemal standard devlfit!(m sp;’\/E) of.thc arithnetic mean
. of m independent observations characterized by the pooled
b(30 °C) = _O@lg‘l °oC estimate of variance 3§ also has v degrees of freedofn.
u [b(30 °C Q,!),{)()ci] = 2) Suppose that each r, has negligible uncertainfty, that a
é' correction ¢ is applied to each of the n values|ty ,, and
which are jdentical @E results obtained in H.3.4. The that each correction has the same standard uncerftainty u,.
estimated govari between two predicted corrections Then the standard uncertainty of each b, = rg , - 1, is
b(t,) and E(r\ ay be obtained from equation (H.9) in also u,, and s*(y,) is replaced by s%(y,) + u? &Tld s2(y))
H.2.3. st
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of Uncertainty: 1993 (E)

Annex H: Examples

H.4 Measurement of Activity

This example is similar to example H.2, the simultaneous

measurement of resistance and reactance, in that the data
can be analysed in two different ways but each yields

essentially t

correlations

H.4.1 The

water
counting ag

sources con

Source

Source (

Source

assumed that the number of counts obtained for each blank
may be used as representative of the background counting

rate during the measurements of the standard and sample
in the same cycle. The data are given in table H.7, where

he same numerical result. The first approach Is, tg, I are the times from the reference time 1 = 0
illustrates once again the need to take the observed to the midpoint of the dead-time-corrected
between input quantities into account. counting intervals 7, = 60 min for the
i standard, blank, and sample vials,
m ; g
measurement proble respectively; although #z is given for
Thié titkhow jon—(222Rn) activity concentration in completeness, it is not needed in the
sample is determined by liquid-scintillation analysis; Q(b
ain on-in-water standard sample havin .
i S} Azadon:in i i mp ) bg Cs, Cy, C, are the number of counts m@lrdei in the
a known adtivity concentration. The unknown activity D —— . ting  |ntervals
ncentratiop is obtained by measuring three countin ;
0 10’ _ tain Y m g BILRS Ty = 60 min for thesstandard, blgnk, and
isting of approximately 5 g of water and 12 g sample vials, respestively
of organic emulsion scintillator in vials of volume 22 mL: ’ \p)
o The observed counts ma(ye expressed as
k) a standard consisting of a mass mg of
the standard solution with a known CO%B+3ASTDmSe-AIs |(H.182)
activity concentration; \%
G, = Cy+ed,Tyme ™ . |(H.18b
b) a matched blank water sample containing Q o= ™ il ( )
no radioactive material, used to obtain Whe%Q
the background counting rate; &, s the liquid scintillation detection efficipncy for
- ‘ ‘\\} 222Rp for a given source composition, asfumed to
¢) the sample consisting of an aliquot of %) ; o
. s oNON be independent of the activity level;
mass m, Wwith unknown activity>
Concentratiorn. X2 Ag is the activity concentration of the standgrd at the
3 reference time 7 = 0;

Six cycles pf measurement of the three coun@ sources
W ma'de irf the order sta.nc.lard.— blank - s ; and each A, is the measurand and is defined as the pnknown
dead-time-dorrected counting interval Z;-for each source activity concentration of the sample at the feference
during all| six cycles is 60 minutes. Although the time £ =0
background counting rate c be assumed to be
constant over the entire cou interval (65 hours), it is mg is the mass of the standard solution;
Table H.7|- Counli@ for determining the activity concentration of an unknown sample
S
Cyclg (_; Standard Blank Sample
k \@ IS CS C'B I.r (1X
(min) (counts) (min) (counts) {min) {counts)
1 243,74 15 380 305,56 4054 367,37 41432
2 984,53 14 978 1046,10 3922 1107,66 38 706
3 1723,87 14 394 1785,43 4200 1846,99 35 860
4 2463,17 13 254 252473 3830 2586,28 32 238
5 3217,56 12516 3279,12 3956 3340,68 29 640
6 3956,83 11 058 4018,38 3980 4079,94 26 356
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Expression of Uncertainty: 1993 (E)

m

X

is the mass of the sample aliquot;

A is the decay constant for **’Rn: A = (In 2)/T,, =
1,258 94 % 107* min"! (T, = 5505,8 min).

Equations (H.18a) and (H.18b) indicate that neither the
six individual values of Cg nor of C, given in table H.7
can be averaged directly because of the exponential decay
of the activity of the standard and sample, and slight
variations in background counts from one cycle to
another. Instead, one must deal with the decay-corrected
and bac - i

The arithmetic means ﬁs, R,, and 13 and their
experimental standard deviations J(Es), s(Ex}, and s(f_i),
are calculated in the usual way [equations (3) and (5) in
4.2]. The correlation coefficient r(§x, !_i’s} is calculated

from equation (17) in 5.2.3 and equation (14) in 5.2.2.

Because of the comparatively small variability of the
values of R, and of Rg, the ratio of means Ex;‘[_es and the
standard uncertainty u(ﬁxfﬁs) of this ratio are,
respectively, very nearly the same as the mean ratio R and
its experimental standard deviation s(ﬁ) as given in the

defined ag the number of counts divided by T, = 60 min).
This suggests combining equations (H.18a) and (H.18b)
to obtain| the following expression for the unknown
concentrafion in terms of the known quantities:

Ax =f(A5)mS!mx! Cs; CX‘ CB’ IS,II,J}

mg (C, - Cp) etk

T W w el .. (H.19)
m.! (CS = CB)E s
= As -TE _..__Cx _ CB etl=1s)
m, CS_ B
where [C,- Cg)e** and (Cg- Cp)e*'s are,

respectively, the background-corrected counts of the

sample angl the standard at the reference time 7 = 0 and for

the time [nterval T, = 60 min. Alternatively, one miy

simply wrjte

Ax =f(AS ’mS’mx’RS'Rx)

~. . (H.20)

ca s &

m, RS

where th¢ background-correeted and decay-corrected
counting rates R, and Rg are given by

Dot be accounted for separately.

last column of table H.8 [see H.2.4 and equatfon (H.10)
therein]. However, in calculating the stagdard yncertainty
u(ﬁxﬂ_i‘s), the correlation between R, afd Rs as
represented by the correlation coefficient 7(R |, Rs) must
be taken into account using eqbation (16) in 5/2.2. [That
equation yields for the relativé)éstimated variande of Ex /ES
the last three terms of equation (H.22b).]

It should be recogitized that the respective experimental
standard deviatiods of R, and of Rg, VGK(R,) and
V6 s(Rs), indicate a variability in these quantifies that is
two tothreé times larger than the variability jmplied by
the‘Ho"l'sson statistics of the counting process; the latter is
inclded in the observed variability of the counts and need

H.4.3 Calculation of final results

To obtain the unknown activity concentration |4, and its
combined standard uncertainty u(A,) from| equation
(H.20) requires A5, m,, and mg and thei standard
uncertainties. These are given as

Ag = 0,1368 Bq/g

u(Ag) =0,0018 Bq/g; u(Ag)/As = 1,3241072

—_—

H.4.2 Analysis of data

Table H.8 summarizes the values of the background-
corrected and decay-corrected counting rates Rg and R,
calculated from equations (H.21a) and (H.21b) using the
data of table H.7 and A = 1,258 94 x 10™* min! as given
earlier. It should be noted that the ratio R = R, /R is most
simply calculated from the expression

[(CX . CB)/(CS = CB}] eAlix=15)

R, =€, - Cp)/Tyle*s . .. (H.21a) mg = 5,0192 g
‘ u(mg) = 0,005 g; u(mg)/mg =0,10x1073
Ry = [(Cs - Cy)/Tyle's ... (H.21b)
m, = 50571 g
(= O, 0010 uunz)fmz

Other possible sources of uncertainty are evaluated to be
negligible:

~- standard uncertainties of the decay times, u(fg ;) and
““;.;;)l

- standard uncertainty of the decay constant of 22Rn,
u(A) = 1x1077 min'. (The significant quantity is the
decay factor exp[A(f, - f5)], which varies from
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Table H.8 - Calculation of decay-corrected and background-corrected counting rates

R,/Rs = 3,167
u(R,/Rs) = 0,045

u(R,/Rs)/(R,/Rs) = 1,42%1072

CYCIB R.t RS IX = fs R = Rx/RS

k (min™!) (min™1) (min)

1 652,46 194,65 123,63 3,3520

2 666,48 208,58 123,13 3,1953

3 665,80 211,08 123,12 3,1543

4 655,68 214,17 123,11 3,0615

5 651,87 213,92 123,12 3,0473

6 623,31 194,13 123,11 3,2107
R, = 652,60 Rs = 206,09 R =3,170
s(R,) = 6,42 s(Rg) = 3,79 s(R) = 0,046

s(R)/R, = 0,98x 1072 s(Rs)/Rs = 1,84x1072 S(R)/R 2744 X102

Correlation coefficient

r(R,,Rs) = 0,646

1,015 63 for cycles k = 4 and 6 to 1,015 70 for cycle
k = 1. [The standard uncertainty of these values is
u=1,2x107%);

- uncertainty associated with the possible dependencétof
the detdction efficiency of the scintillation cousiter on
the soufce used (standard, blank, and samplg);

- uncertajnty of the correction for couutter-dead-time and
of the |correction for the dependence of counting
efficienpy on activity level.

H.4.3.1 Resultst approach 1

I&ffﬂx) _ u*(Ag) N u*(mg) . u*(m,)

2 2 2 2
A AS Mg mx

uXR,) uX(Ry)
ROOR
(R )u(Ry)
R, R

| (H.22b)
-2r(R,, Ry)

where, as noted in H.4.2, the last three tefms give
Ez(ﬁxﬂ—?s)/(}_i’xfﬁs)z, the estimated relative vdriance of
R, /Rs. Consistent with the discussion of H.2.4, the results
in table 8 show that R is not exactly equal to R HES; and
that the standard uncertainty u(l_i’xfﬁs) of I_?xﬁs is not
exactly equal to the standard uncertainty s{ﬁ) of R.

Substitution of the values of the relevant quanfities into

As indicated earlier, A, and (A4, ) may be obtamned in two
different ways from equation (H.20). In the first
approach, A, is calculated using the arithmetic means EI
and ES, which leads to

Mg

A = Ag—> _* = 0,4300Bq/g ... (H.222)

m=u1| =

My

Application of equation (16) in 5.2.2 to this expression
yields for the combined variance u¥(4,)

equations (H.Z2Za) and (H.ZZD) yields

u(A,)

1,93%x1072
A

i

x

u(A;)

0,0083 Bq/g
The result of the measurement may then be stated as:

A, =0,4300 Bq/g with a combined standard

uncertainty of u, = 0,0083 Bq/g.
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