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FLOATING-POINT ARITHMETIC

FOREWORD

The International Electrotechnical Commission (IEC) is a worldwide organization for standardization comprising
all national electrotechnical committees (IEC National Committees). The object of IEC is to promote
international co-operation on all questions concerning standardization in the electrical and electronic fields. To
this end and in addition to other activities, IEC publishes International Standards, Technical Specifications,
Technical Reports, Publicly Available Specifications (PAS) and Guides (hereafter referred to as “IEC
Publication(s)”). Their preparation is entrusted to technical commitiees; any IEC National Committee_inferested
in the subject dealt with may participate in this preparatory work. International, governmental\apd non-
govgrnmental organizations liaising with the IEC also participate in this preparation.

IEEHE Standards documents are developed within IEEE Societies and Standards Coordinating-Committegs of the
IEEE Standards Association (IEEE-SA) Standards Board. IEEE develops its standards through a copsensus
devdglopment process, which brings together volunteers representing varied viewpoints afnd, interests to [achieve
the final product. Volunteers are not necessarily members of IEEE and serve without compensation. Wh|le IEEE
admi|nisters the process and establishes rules to promote fairness in the consensus development procegs, |IEEE
doeqd not independently evaluate, test, or verify the accuracy of any of the (information containefd in its
stanfards. Use of IEEE Standards documents is wholly voluntary. /[EEE documénts are made available| for use
subjgct to important notices and legal disclaimers (see http://standards.ieee org/ipr/disclaimers.html fpr more
inforfnation).

IEC [collaborates closely with IEEE in accordance with conditions determined by agreement between |the two
organizations.

The |[formal decisions of IEC on technical matters express, as nearly as possible, an international cons¢nsus of
opinjon on the relevant subjects since each technical commiftee has representation from all interesfed IEC
Natipnal Committees. The formal decisions of IEEE on technical matters, once consensus within IEEE Societies
and |Standards Coordinating Committees has been reached). is determined by a balanced ballot of mpterially
intelested parties who indicate interest in reviewing ‘the" proposed standard. Final approval of tHe IEEE
standards document is given by the IEEE Standards Agsociation (IEEE-SA) Standards Board.

IECJIEEE Publications have the form of recommeéndations for international use and are accepted|by IEC
Natipnal Committees/IEEE Societies in that sense. While all reasonable efforts are made to ensure that the
techpical content of IEC/IEEE Publications is_accurate, IEC or IEEE cannot be held responsible for thg¢ way in
whidh they are used or for any misinterpretation by any end user.

In ofder to promote international uniformity, IEC National Committees undertake to apply IEC Publications
(including IEC/IEEE Publications) transparently to the maximum extent possible in their national and fegional
publjcations. Any divergence between any IEC/IEEE Publication and the corresponding national or fegional
publjcation shall be clearly indicated in the latter.

IEC [and IEEE do not provide_any attestation of conformity. Independent certification bodies provide copformity
assgssment services and, in.some areas, access to IEC marks of conformity. IEC and IEEE are not responsible
for gny services carried qut)by independent certification bodies.

All 4sers should ensure-that they have the latest edition of this publication.

No ljability shall-attach to IEC or IEEE or their directors, employees, servants or agents including infdividual
expgrts and members of technical committees and IEC National Committees, or volunteers of IEEE Societies
and [the Standards Coordinating Committees of the IEEE Standards Association (IEEE-SA) Standardq Board,
for gny persenal injury, property damage or other damage of any nature whatsoever, whether direct or |ndirect,
or f@r gosts (including legal fees) and expenses arising out of the publication, use of, or reliance upon, this
IECJIEEE Publication or any other IEC or IEEE Publications.

Attention is drawn to the normative references cited in this publication. Use of the referenced publications is
indispensable for the correct application of this publication.

Attention is drawn to the possibility that implementation of this IEC/IEEE Publication may require use of
material covered by patent rights. By publication of this standard, no position is taken with respect to the
existence or validity of any patent rights in connection therewith. IEC or IEEE shall not be held responsible for
identifying Essential Patent Claims for which a license may be required, for conducting inquiries into the legal
validity or scope of Patent Claims or determining whether any licensing terms or conditions provided in
connection with submission of a Letter of Assurance, if any, or in any licensing agreements are reasonable or
non-discriminatory. Users of this standard are expressly advised that determination of the validity of any patent
rights, and the risk of infringement of such rights, is entirely their own responsibility.

Published by IEC under license from IEEE. @ 2019 IEEE. All rights reserved
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International Standard ISO/IEC 60559/IEEE Std 754 has been processed through ISO/IEC
subcommittee 25: Interconnection of information technology equipment, of ISO/IEC joint
technical committee 1: Information technology, under the IEC/IEEE Dual Logo Agreement.

The text of this standard is based on the following documents:

IEEE Std FDIS Report on voting
754 (2019) JTC1-SC25/2933/FDIS JTC1-SC25/2936/RVD

Full information on the voting for the approval of this standard can be found in the report on
voting indicated in the above table.

The IHC Technical Committee and IEEE Technical Committee have decided that the'cdntents
of this|publication will remain unchanged until the stability date indicated on the IEC/wegb site
under ['http://webstore.iec.ch" in the data related to the specific publication. At-this date, the
publication will be

* redonfirmed,

* withdrawn,

* reglaced by a revised edition, or
+ amended.

Published by IEC under license from IEEE. @ 2019 IEEE. All rights reserved
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Abstract: This standard specifies interchange and arithmetic formats and methods for binary and
decimal floating-point arithmetic in computer programming environments. This standard specifies
exception conditions and their default handling. An implementation of a floating-point system
conforming to this standard may be realized entirely in software, entirely in hardware, or in any
combination of software and hardware. For operations specified in the normative part of this
standard, numerical results and exceptions are uniquely determined by the values of the input
data, sequence of operations, and destination formats, all under user control.

Keywords: arithmetic, binary, computer, decimal, exponent, floating-point, format, IEEE 754™,
interchange, NaN, number, rounding, significand, subnormal.

Published by IEC under license from IEEE. & 2019 IEEE. All rights reserved



https://iecnorm.com/api/?name=d3dbaed586fdba13c476fd57dccd29fb

ISO/IEC 60559:2020(E)
IEEE Std 754-2019
—10-

IEEE Introduction

This introduction is not part of IEEE Std 754-2019, IEEE Standard for Floating-Point Arithmetic.

This standard is a product of the Floating-Point Working Group of, and sponsored by, the Microprocessor
Standards Committee of the IEEE Computer Society.

This standard provides a discipline for performing floating-point computation that yields results
independent of whether the processing is done in hardware, software, or a combination of the two. For
operations specified in the normative part of this standard, numerical results and exceptions are uniquely
determined by the values of the input data, the operation. and the destination, all under user control.

This jstandard defines a family of commercially feasible ways for systems to perform binary and.decimial
floating-point arithmetic. Among the desiderata that guided the formulation of this standard weéte:

a) Facilitate movement of existing programs from diverse computers to those that‘adhere t¢ this
standard as well as among those that adhere to this standard.

b) Enhance the capabilities and safety available to users and programmérs who, although not
expert in numerical methods, might well be attempting to produce numerically sophistigated
programs.

¢) Encourage experts to develop and distribute robust and efficient numerical programs that are
portable, by way of minor editing and recompilation, onto any_computer that conforms tq this
standard and possesses adequate capacity. Together with language controls it should be possible to
write programs that produce identical results on all conforming systems.

d) Provide direct support for
— execution-time diagnosis of anomalies
— smoother handling of exceptions
— interval arithmetic at a reasonable,_cost.
e) Provide for development of
— common elementary functions;such as exp or cos
— high precision (multiword) arithmetic
— coupled numerical and symbolic algebraic computation.
f) Enable rather than préclude further refinements and extensions.

In pjogramming environments, ‘this standard is also intended to form the basis for a dialog betweeh the
numgrical community and-programming language designers. It is hoped that language-defined methods for
the gontrol of expression-evaluation and exceptions might be defined in coming years, so that it will be
possible to write programs that produce identical results on all conforming systems. However, [it is
recognized that utility and safety in languages are sometimes antagonists, as are efficiency and portability.

Thergfore, dt-iS” hoped that language designers will look on the full set of operation, precision,| and
exception\ controls described here as a guide to providing the programmer with the ability to portably
contyol ‘€xpressions and exceptions. It is also hoped that designers will be guided by this standafd to
provide eXTensions 1 @ COMmpiclety portabic way-

Informative annexes provide additional information — Annex A lists bibliographical resources, Annex B
suggests programming environment features for debugging support, and Annex C lists all references to the
operations of the standard.

Published by IEC under license from IEEE. & 2019 IEEE. All rights reserved
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Fl

oating-Point Arithmetic

1.Q

1.1

This
cond

1.2

This
resul
comy
cond
impl

1.3
This

Jverview

Scope

standard specifies formats and operations for floating-poit arithmetic in computer systems. Exce
tions are defined and handling of these conditions is spe€ified.

Purpose

standard provides a method for computation with floating-point numbers that will yield the
whether the processing is done in hardwate, software, or a combination of the two. The results ¢
utation will be identical, independent of implementation, given the same input data. Errors, and
tions, in the mathematical processing will be reported in a consistent manner regardles
pPmentation.

nclusions

standard specifies:
— Formats for bindary and decimal floating-point data, for computation and data interchange.

— Addition,Ssubtraction, multiplication, division, fused multiply add, square root, compare
other epérations.

— Conversions between integer and floating-point formats.
— »Conversions between different floating-point formats.

btion

bame
f the
eITor
s of

and

"\ Conversions between floating-point formats and external representations as character sequen

— Floating-point exceptions and their handling, including data that are not numbers (NaNs).

1.4 Exclusions

This

standard does not specify:

— Formats of integers.

— Interpretation of the sign and significand fields of NaNs.

Published by IEC under license from IEEE. & 2019 IEEE. All rights reserved
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1.5 Programming environment considerations

This standard specifies floating-point arithmetic in two radices, 2 and 10. A programming environment
may conform to this standard in one radix or in both.

This standard does not define all aspects of a conforming programming environment. Such behavior should
be defined by a programming language definition supporting this standard, if available, and otherwise by a
particular implementation. Some programming language specifications might permit some behaviors to be
defined by the implementation.

Language-defined behavior should be defined by a programming language standard supporting this
standard. Then all 1mp1ementat10ns conformrng both to this ﬂoatrng pornt standard and to that language
Angu ] 1ages
inte ed to reproduce results exactly on all platforms are expected to specrfy behavror more trghtly thgn do
standards for languages intended to maximize performance on every platform.

Becapse this standard requires facilities that are not currently available in common. pregramming
langyages, the standards for such languages might not be able to fully conform to this standard if thel are
no Ignger being revised. If the language can be extended by a function library or-class or package to
provide a conforming environment, then that extension should define all the language-defined behayiors
that would normally be defined by a language standard.

Implementation-defined behavior is defined by a specific implementationnof a specific programming
envionment conforming to this standard. Implementations define behaviors not specified by this stadard
nor Hy any relevant programming language standard or programming language extension.

Conformance to this standard is a property of a specific implementation of a specific programming
envijonment, rather than of a language specification.

Howpver a language standard could also be said to conformito this standard if it were constructed sq that
every conforming implementation of that language also cohfermed automatically to this standard.

1.6 Word usage

In this standard three words are used to differentiate between different levels of requirements and

optignality, as follows:

— may indicates a course of action)permissible within the limits of the standard with no implied
preference (“may” means “ig\permitted to”)

— shall indicates mandatory\tequirements strictly to be followed in order to conform to the stadard
and from which no deyiation is permitted (“shall” means “is required to”)

— should indicates that among several possibilities, one is recommended as particularly suifable,
without mentioning or excluding others; or that a certain course of action is preferred but not
necessarily required; or that (in the negative form) a certain course of action is deprecated byt not
prohibited.({'should” means “is recommended to”).

Further:

— might indicates the possibility of a situation that could occur, with no implication of the
likelihood of that situation (“might” means “could possibly”)

seefollovwed by a numberisa cross-reference-to-the-clause or-subelause of this standard 1den iﬁed
J

by that number

— NOTE introduces text that is informative (that is, is not a requirement of this standard).

Published by IEC under license from IEEE. & 2019 IEEE. All rights reserved
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2. Definitions, abbreviations, and acronyms

2.1 Definitions
For the purposes of this standard, the following terms and definitions apply.

applicable attribute: The value of an attribute governing a particular instance of execution of a
computational operation of this standard. Languages specify how the applicable attribute is determined.

arithmetic format: A floating-point format that can be used to represent floating-point operands or results
for the operations of this standard.

attri I.lt\,. All ;lll}l};b;t Pﬂlulll\zt\zl tU Uyulat;uuo Uf th;O otuuduld, VVh;\ah a uosuLl lllisht otat;uauy Dk/t in a
progfamming language by specifying a constant value. The term attribute might refer to the parametgr (as
in “rpunding-direction attribute”) or its value (as in “roundTowardZero attribute”).

basi¢ format: One of five floating-point representations, three binary and two decimal, whos€ encodlings
are specified by this standard, and which can be used for arithmetic. One or more of the~basic formpts is
impl¢mented in any conforming implementation.

bias¢d exponent: The sum of the exponent and a constant (bias) chosen to make the biased exponent’s
rang¢ non-negative.

binafy floating-point number: A floating-point number with radix two.

block: A language-defined syntactic unit for which a user can specify attributes. Language standards thight
provide means for users to specify attributes for blocks of varying\scopes, even as large as an dntire
progfam and as small as a single operation.

canopical encoding: A preferred encoding of a floating-peint/representation in a format. “Candnical
encofling” also applies to declets, significands of finite numbers, infinities, and NaNs, especially in de¢imal
formpts.

cohoprt: The set of all floating-point representations thiab represent a given floating-point number in a given
floatjng-point format. In this context —0 and +0 are‘considered distinct and are in different cohorts.

computational operation: An operation that prtoduces floating-point results or that might signal floating-
poin{ exceptions. Computational operations.produce results in floating-point or other destination fomats
by rqunding them to fit if necessary.

correct rounding: This standard’s method of converting an infinitely precise result to a floating-point
number, as determined by the applicable rounding direction. A floating-point number so obtained is sgid to
be cqrrectly rounded.

decimal floating-point number: A floating-point number with radix ten.

declgt: An encoding ©f,three decimal digits into ten bits using the densely packed decimal encqding
scheime. Computatiénal operations accept all 1024 possible declets in operands. Most computational
opergtions produce enly the 1000 canonical declets.

denormalized\number: See: subnormal number.

intermediate calculations in destinations beyond the user’s control this standard defines the result of an
operation in terms of that destination’s format and the operands’ values.

dynamic mode: An optional method of dynamically setting attributes by means of operations of this
standard to set, test, save, and restore them.

exception: An event that occurs when an operation on some particular operands has no outcome suitable
for every reasonable application. That operation might signal an exception by invoking default exception
handling or alternate exception handling. Exception handling might signal further exceptions. Recognize
that event, exception, and signal are defined in diverse ways in different programming environments.
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exponent: The component of a finite floating-point representation that signifies the integer power to which
the radix is raised in determining the value of that floating-point representation. The exponent e is used
when the significand is regarded as an integer digit and fraction field, and the exponent ¢ is used when the
significand is regarded as an integer; e=¢+p— 1 where p is the precision of the format in digits.

extendable precision format: A format with precision and range that are defined under user control.

extended precision format: A format that extends a supported basic format by providing wider precision
and range.

external character sequence: A representation of a floating-point datum as a sequence of characters,
including the character sequences in floating-point literals in program text.

flag:

floatfng-point datum: A floating-point number or non-number (NaN) that is representable in a~flogting-
poin{ format. In this standard, a floating-point datum is not always distinguished from its repreSentatipn or
encofling.

floatjng-point number: A finite or infinite number that is representable in a floatingtpoint formht. A
floating-point datum that is not a NaN. All floating-point numbers, including zersyand infinitieq, are
signgd.

floating-point operation: An operation where an operand or result is a floating-point datum.

floatjng-point representation: An unencoded member of a floating-point)format, representing a finite
number, a signed infinity, a quiet NaN, or a signaling NaN. A representation of a finite number has three
components: a sign, an exponent, and a significand; its numericalkvalue is the signed product ¢f its
significand and its radix raised to the power of its exponent.

format: A set of representations of numerical values and symbals) perhaps accompanied by an encodifg.

fusedMultiplyAdd: The operation fusedMultiplyAdd(x, 9. z) computes (xxy)+z as if with unbounded
rang¢ and precision, rounding only once to the destination.format.

geneyic operation: An operation of this standard thatan take operands of various formats, for which the
formpts of the results might depend on the formats of the operands.

hompgeneous operation: An operation of this)standard that takes operands and returns results all ip the
samd format.

implpmentation-defined: Behavior defined by a specific implementation of a specific programming
envionment conforming to this standard.

integer format: A format not defined in this standard that represents a subset of the integers and pethaps
additional values representing infinities, NaNs, or negative zeros.

interchange format: A format that has a specific fixed-width encoding defined in this standard.
langhage-defined: Behavior defined by a programming language standard supporting this standard.

NaNE not a number>—a symbolic floating-point datum. There are two kinds of NaN representations: |quiet
and gignaling.(Most operations propagate quiet NaNs without signaling exceptions, and signal the inyvalid
opergtion exception when given a signaling NaN operand.

narrpwer/wider format: If the set of floating-point numbers of one format is a proper subset of anpther
formbt_the first is called narrower and the second wider. The wider format micht have greater precision,

range, or (usually) both.

non-computational operation: An operation that is not computational.

normal number: For a particular format, a finite non-zero floating-point number with magnitude greater
than or equal to a minimum b“"" value, where b is the radix. Normal numbers can use the full precision
available in a format. In this standard, zero is neither normal nor subnormal.

not a number: See: NaN.

operation: this standard defines required and recommended operations which operate on zero or more
operands and produce results or side effects, such as changes in dynamic modes or flags or control flow, or
both. In this standard, operations are written as named functions; in a specific programming environment
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they might be represented by operators, or by families of format-specific functions, or by operations or
functions whose names might differ from those in this standard.

payload: The information, which might be diagnostic, contained in a NaN.

precision: The maximum number p of significant digits that can be represented in a format, or the number
of digits to which a result is rounded.

preferred exponent: For the result of a decimal operation, the value of the exponent g which best reflects
the quanta of the operands when the result is exact.

preferredWidth method: A method used by a programming language to determine the destination formats
for generic operations and functions. Some preferredWidth methods take advantage of the extra range and
preciQinn of wide formats without rPr}niring the pragram to he written with PYp]ir‘if conversions

quarjtum: The quantum of a finite floating-point representation is the value of a unit in the last positipn of
its significand. This is equal to the radix raised to the exponent ¢, which is used when the significand is
regaided as an integer.

quief operation: An operation that never signals any floating-point exception.

radix: The base for the representation of binary or decimal floating-point numbers, two-or ten.

t: The floating-point representation or encoding that is delivered to the destinafion.

signgl: When an operation on some particular operands has no outcome-suitable for every reasonable
application, that operation might signal one or more exceptions by inyeking the default handling pr, if

signifficand: A component of a finite floating-point number containing’its significant digits. The signifjcand
can be thought of as an integer, a fraction, or some other fixed“point form, by choosing an appropriate
expopent offset. A decimal or subnormal binary significandanvalso contain leading zeros, which arf not
significant.

status flag: A variable that can take two states, raised orlowered. When raised, a status flag might convey
addifional system-dependent information, possibly~ifiaccessible to some users. The operations of this
standard, when exceptional, can as a side effect raise-some of the following status flags: inexact, underflow,
overflow, divideByZero, and invalid operation,

subnormal number: In a particular format;a non-zero floating-point number with magnitude less than the
magnitude of that format’s smallest normal number. A subnormal number does not use the full precfision
availpble to normal numbers of the same format.

rted format: A floating-pointformat provided in the programming environment and implemented in
rmance with the requirements of this standard. Thus, a programming environment might pr¢vide
mord formats than it supperts, as only those implemented in accordance with the standard are said fo be
suppprted. Also, an integer format is said to be supported if conversions between that format and suppprted
float|ng-point formats ‘are provided in conformance with this standard.

trailing significand field: A component of an encoded binary or decimal floating-point format contajining
all the significand\digits except the leading digit. In these formats, the biased exponent or combination|field
encofles or implies the leading significand digit.

user] Amy-person, hardware, or program not itself specified by this standard, having access tol and
contjolling those operations of the programming environment specified in this standard.

width of an operation: The format of the destination of an operation specified by this standard; it will be
one of the supported formats provided by an implementation in conformance to this standard.

2.2 Abbreviations and acronyms

LSB least significant bit
MSB  most significant bit
NaN  not a number
gNaN quiet NaN

sNaN  signaling NaN
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3. Floating-point formats
3.1 Overview

3.1.1 Formats

This clause defines floating-point formats, which are used to represent a finite subset of real numbers (see
3.2). Formats are characterized by their radix, precision, and exponent range, and each format can represent
a unique set of floating-point data (see 3.3).

. . .
rma p_be pported pme orm -th ne M4 pe

opergnds or results for the operations described in later clauses of this standard.

Specific fixed-width encodings for binary and decimal formats are defined in this clause for asubsét ¢f the
formpts (see 3.4 and 3.5). These interchange formats are identified by their size (see 3.6) and'¢an bejused
for the exchange of floating-point data between implementations.

Five [basic formats are defined in this clause:

— Three binary formats, with encodings in lengths of 32, 64, and 128 bits.
— Two decimal formats, with encodings in lengths of 64 and 128 bits.

Additional arithmetic formats are recommended for extending these basi¢_formats (see 3.7).

The ghoice of which of this standard’s formats to support is languagé-defined or, if the relevant language
standard is silent or defers to the implementation, implementationsdefined. The names used for formgts in
this dtandard are not necessarily those used in programming enyirgnments.

3.1.2 Conformance

A conforming implementation of any supported format shall provide means to initialize that formaj and
shall{provide conversions between that format and all other supported formats.

A cgnforming implementation of a supported“arithmetic format shall provide all the operations of this
standard defined in Clause 5, for that format.

A copforming implementation of a supported interchange format shall provide means to read and writ¢ that
formpt using a specific encoding défined in this clause, for that format.

A programming environment conforms to this standard, in a particular radix, by implementing one or more
of the basic formats of thatradix as both a supported arithmetic format and a supported interchange fofmat.
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3.2 Specification levels

Floating-point arithmetic is a systematic approximation of real arithmetic, as illustrated in Table 3.1.
Floating-point arithmetic can only represent a finite subset of the continuum of real numbers. Consequently
certain properties of real arithmetic, such as associativity of addition, do not always hold for floating-point
arithmetic.

Table 3.1—Relationships between different specification levels for a particular format

Level 1 {—oo... 0 ...+0} Extended real numbers.
many-to-one | rounding 1 projection (except for NaN)
Levgl 2 {—o... =0} U {+0 ... +o0} U NaN Floating-point data—an

algebraically closed system

onefto-many | representation specification 1 many-to-one

Levgl 3 (sign, exponent, significand) U {—o, +o0} U qNaN U | Representations of floating-
sNaN point data’

onefto-many | | encoding for representations of floating-point data | T mafiy-to-one

Levgl 4 0111000... Bit, strings.

The mathematical structure underpinning the arithmetic in this standard 15 the extended reals, that is, th

of re
(see

float

numi

The 1

An ¢
repreg
retro

3.3

This
enco
3.5, 4

The
follo

hl numbers together with positive and negative infinity. For,a given format, the process of rous
Clause 4) maps an extended real number to a floating-podint number included in that form
ng-point datum, which can be a signed zero, finite non-zere/number, signed infinity, or a NaN (1
er), can be mapped to one or more representations of.floating-point data in a format.

epresentations of floating-point data in a format consist of:

— triples (sign, exponent, significand); in radix. b, the floating-point number represented by a tri
(_1).\'ign X bexponent X Sl'gniﬁcand

— +o0, —00

— gNaN (quiet), sNaN (signaling),

icoding maps a representation of a-floating-point datum to a bit string. An encoding might map

sentations of floating-point datato more than one bit string. A NaN encoding should be used to
kpective diagnostic informatien (see 6.2).

Sets of floating-point data

subclause specifies the sets of floating-point data representable within all floating-point formats
Hings for speeific representations of floating-point data in interchange formats are defined in 3.4
nd the parameters for interchange formats are defined in 3.6.

set, of finite floating-point numbers representable within a particular format is determined b)
ving/integer parameters:

ble is

ome
Store

; the
| and

U the

— b =theradix, 2 or 10
— p = the number of digits in the significand (precision)

— emax = the maximum exponent e

— emin = the minimum exponent e

emin shall be 1 —emax for all formats.

The values of these parameters for each basic format are given in Table 3.2, in which each format is
identified by its radix and the number of bits in its encoding. Constraints on these parameters for extended
and extendable precision formats are given in 3.7.

Within each format, the following floating-point data shall be represented:
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— Signed zero and non-zero floating-point numbers of the form (—1)*x b *xm, where

— sisOorl.
— e s any integer emin <e<emax.
— m is a number represented by a digit string of the form
do*d,d;...d,-; where d;is an integer digit 0<d;<b (therefore 0<m<b).

— Two infinities, +oo and —oo.
— Two NaNs, qNaN (quiet) and sNaN (signaling).

These are the only floating-point data represented.
In the foregoing description, the significand m is viewed in a scientific form, with the radix point
immediately following the first digit. It is also convenient for some purposes to view the significand ps an
integer; in which case the finite floating-point numbers are described thus:
— Signed zero and non-zero floating-point numbers of the form (—1)*xb?xc, where

— sisOor 1.

— g is any integer emin<q+p — 1 <emax.

— ¢ is a number represented by a digit string of the form

dod,d;...d,—; where d; is an integer digit 0<d;<b (c is therefore andnteger with 0<c<b?).

This [view of the significand as an integer ¢, with its corresponding exponentyg, describes exactly the pame
set off zero and non-zero floating-point numbers as the view in scientifieyform. (For finite floating-point
numbers, e=g+p—1 and m=cxb'*.)

The
float

signi
mag

For 4
form|
such
reprg
with

ng-point numbers for a format with magnitude less than b*" are called subnormal because

mag}itudes lie between zero and the smallest normal .mdgnitude. They always have fewer than p

itude b x b,

as division by zero, but not in othérs (see 6.3). Binary interchange formats have just
sentation each for +0 and —0, but decimal formats have many. In this standard, 0 and o are w
ut a sign when the sign is not impottant.

Table 3.2—Parameters defining basic format floating-point numbers

mallest positive normal floating-point number is b“"" and the largest is b “x(b—b'?). The nonfzero

their

icant digits. Every finite floating-point number js «an* integral multiple of the smallest subndrmal

floating-point number that has the value zero, ‘the sign s provides extra information. Although all
hts have distinct representations for +0 and. <0, the sign of a zero is significant in some circumstahces,

one
Fitten

Binary format (b=2) Decimal format (»=10)

parameter

binary32

binary64

binary128

decimal64

decimal 128

, digits

24

53

113

16

34

emax

+127

+1023

+16383

+384

+6144
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Each floating-point number has just one encoding in a binary interchange format. To make the encoding
unique, in terms of the parameters in 3.3, the value of the significand m is maximized by decreasing e until
either e=emin or m>1. After this process is done, if e=emin and 0<m<1, the floating-point number is

subn

ormal. Subnormal numbers (and zero) are encoded with a reserved biased exponent value.

Representations of floating-point data in the binary interchange formats are uniquely encoded in & bits in
the following three fields ordered as shown in Figure 3.1:

a) 1-bitsign S
b) w-bit biased exponent E= e+ bias

The yalues of k, p, ¢, w, and bias for binary interchange formats are listed'in Table 3.5 (see 3.6).

The fange of the encoding’s biased exponent E shall include:

The

inferfed from the constituent fields as follows:

In bi

NOTE<#Where £ is either 64 or a multiple of 32 and > 128, for these encodings all of the followin|

true

b) IfE=2"-1and T=0, thensand v = (—1)5x (+o0).

Y (—p - 1)-bit wrailing signiticand ficid digit SWing 1 —d: dz...d, 1, the feading bit of the Sigmiil
dy, s implicitly encoded in the biased exponent .

1bit MSB. whbits LsSB MSB t = p—1 bits LSB
S E T
(sign)| (biased exponent) (trailing significand field)
E E . d d

Figure 3.1—Binary interchange floating-point format

— every integer between 1 and 2"—2, inclusive, to encéde hormal numbers
— the reserved value 0 to encode £0 and subnormal tumbers
— the reserved value 2¥—1 to encode +oo and NaNs:

Fepresentation 7 of the floating-point datum, and value v of the floating-point datum representeq

1) If £ =2"—1 and T#0, then r is gNaN or sNaN and v is NaN regardless of S and then d,
exclusively distinguish between gNaN and sNaN (see 6.2.1).

) If 1<SE<2"-2, then r is((S)E—bias), (1+2177x T));
the value of the corresponding floating-point number is v = (—=1)% x 2574 x (1+2"7x T);
thus normal numbersshave an implicit leading significand bit of 1.

) If E=0 and T#0, then r is (S, emin, (0+2'7x T));
the value of the-corresponding floating-point number is v = (=1)% x 2" x (0+2'7x T);
thus subnornial numbers have an implicit leading significand bit of 0.

) If E=0~dand 7=0, then r is (S, emin, 0) and v = (—1)%x (+0) (signed zero, see 6.3).

hary interehange formats, all number and NaN encodings are canonical.

band,

, are

shall

o are

m;: roundO) rounds to the nearest inteaer):
A4 o 7

k=1+w+t=w+p = 32xceiling((p + round(4 x log,(p + round(4 xlog,(p)) — 13)) — 13)/32)

w=k—t—1 = k—p = round(4 xlog,(k)) — 13

t=k-w-1=p—1 = k—round(4xlog,(k)) + 12
p= k—-w = t+1 = k—round(4xlogy(k))+ 13
emax = bias = 2"V-1
emin = 1 —emax = 2 -2V,
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3.5 Decimal interchange format encodings

3.5.1 Cohorts

Unlike in a binary floating-point format, in a decimal floating-point format a number might have multiple
representations. The set of representations a floating-point number maps to is called the floating-point
number’s cohort; the members of a cohort are distinct representations of the same floating-point number.
For example, if ¢ is a multiple of 10 and ¢ is less than its maximum allowed value, then (s, ¢, ¢) and (s,
q+1, c/10) are two representations for the same floating-point number and are members of the same
cohort.

While_numerically, P{l]]ﬂ] different members of a cohort can be diqfingnithd by _the dp{‘imq]-qpp{‘iﬁc
operdtions (see 5.3.2, 5.5.2, and 5.7.3). The cohorts of different floating-point numbers might [have
diffefent numbers of members. If a finite non-zero number’s representation has n decimal digits|from its
mostfsignificant non-zero digit to its least significant non-zero digit, the representation’s cohoft)will hgve at
most{p —n+1 members where p is the number of digits of precision in the format.

For dxample, a one-digit floating-point number might have up to p different representations while a ptdigit
floatjng-point number with no trailing zeros has only one representation. (An n-digif floating-point number
might have fewer than p —n+1 members in its cohort if it is near the extremes(of the format’s exppnent
rang¢.) A zero has a much larger cohort: the cohort of +0 contains a represedtation for each exponept, as
does|the cohort of —0.

For flecimal arithmetic, besides specifying a numerical result, the atithmetic operations also selgct a
memper of the result’s cohort according to 5.2. Decimal applications can make use of the additjonal
inforination cohorts convey.

3.5.2 Encodings

Reprpsentations of floating-point data in the decimal, interchange formats are encoded in & bits ih the
follopving three fields, whose detailed layouts and cafionical (preferred) encodings are described below|.

1) 1-bit sign S.
b) A w+5 bit combination field G encoding classification and, if the encoded datum is a finite
number, the exponent ¢ and four significand bits (1 or 3 of which are implied). The bjased

exponent £ is a w+2 bit quantity g+bias, where the value of the first two bits of the bjased
exponent taken together is gither 0, 1, or 2.

) A t-bit trailing significand field 7 that contains J x 10 bits and contains the bulk of the signifi¢and.
When this field is ¢ombined with the leading significand bits from the combination field, the
format encodes a-fotal of p =3 xJ+1 decimal digits.

1bit\MSB_w+5 bits LSB MSB t = Jx 10 bits LsB
S G T
(Sign)| (combination field) (trailing significand field)
G G

w+a decimal encoding: J declets give 3xJ = p — 1 digits
binary encoding: t bits give values from 0 through 2'-1

[ ERCREEREE P L PP

Figure 3.2—Decimal interchange floating-point formats
The values of k, p, t, w, and bias for decimal interchange formats are listed in Table 3.6 (see 3.6).

The representation r of the floating-point datum, and value v of the floating-point datum represented, are
inferred from the constituent fields as follows:

a) If Gy through G,are 11111, then v is NaN regardless of S. Furthermore, if Gs is 1, then 7 is sNaN;
otherwise r is qNaN. The remaining bits of G are ignored, and T is the payload, which can be used
to distinguish various NaNs.

The payload is encoded similarly to finite numbers described below, with G treated as though all
bits were zero. The payload corresponds to the significand of finite numbers, interpreted as an
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b)

integer with a maximum value of 10¢*)—1, and the exponent field is ignored (it is treated as if it
were zero). A NaN is in its preferred (canonical) encoding if the bits G, through G4 are zero and
the encoding of the payload is canonical.

If Go through Gy are 11110 then  and v = (—1)5x (+o0). The values of the remaining bits in G, and
T, are ignored. The two canonical encodings of infinity have bits Gs through G4 =0, and T=0.
For finite numbers, 7 is (S, E—bias, C) and v = (=1)5x 10 E?4)x C where C is the concatenation
of the leading significand digit or bits from the combination field G and the trailing significand
field 7, and where the biased exponent £ is encoded in the combination field. The encoding within
these fields depends on whether the implementation uses the decimal or the binary encoding for
the significand.

1) __Ifthe implemen‘mtinn nses the decimal em‘nding for the qigniﬁ(‘and then the least Qigni icant

NOT[E—Where £ is a positive multiple of 32, for these encodings all of the following are true:

w bits of the exponent are Gs through G,.s. The most significant two bits of the¢ bjased
exponent and the decimal digit string dy di...d,-1 of the significand are formed from.bits G,
through G, and T as follows:

i)  When the most significant five bits of G are 110xx or 1110x, the leading significand|digit
do is 8+ G4, a value 8 or 9, and the leading biased exponent bits are 2Gy+G5 , a valud 0, 1,
or 2.

i) When the most significant five bits of G are Oxxxx or 10xxx, th€ leading significand|digit
dy is 4G>,+2G5+ Gy, a value in the range 0 through 7, and the deading biased exponentt bits
are 2Go+ G, a value 0, 1, or 2. Consequently if 7 is 0 and-the 'most significant five bjits of
G are 00000, 01000, or 10000, then v = (—1)%x (+0).

The p—1=3xJ decimal digits d,...d, | are encoded by 7% which contains J declets encoded in
densely packed decimal.

A canonical significand has only canonical déclets, as shown in Tables 3.3 and| 3.4.
Computational operations accept all 1024 possible declets in operands. Except for duiet-
computational operations (see 5.5), computational operations produce only the (1000
canonical declets.

2) Alternatively, if the implementation uses.the binary encoding for the significand, then:

i) If Gy and G, together are one of\00, 01, or 10, then the biased exponent E is formed [from
Gy through G, and the significand is formed from bits G, through the end df the
encoding (including 7).

ii) If Go and G, together*are 11 and G, and G; together are one of 00, 01, or 10, theh the
biased exponent E-is-formed from G through G, and the significand is formdd by
prefixing the 4,bits:(8 + G,,+4) to T.

The maximum wvalue of the binary-encoded significand is the same as that of the
corresponding.decimal-encoded significand; that is, 10¢**Y—1 (or 10¢*/—1 when T is|used
as the payload of a NaN). If the value exceeds the maximum, the significand ¢ is|non-
canonical and the value used for ¢ is zero.

Computational operations generally produce only canonical significands, and always accept|non-
canonical significands in operands.

k=1+5+w+t = 32xceiling((p +2)/9)
o= L 6 = Lll6+4
t= k-w—-6 = 15xk/16 —10
p= 3xt/10+1 = 9xk/32 -2
emax = 3x20D
emin = 1 — emax
bias = emax +p — 2.
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Decoding densely packed decimal: Table 3.3 decodes a declet, with 10 bits b, to b, into 3 decimal
digits dg), d@), d@. The first column is in binary and an “x” denotes a “don’t care” bit. Thus all 1024
possible 10-bit patterns shall be accepted and mapped into 1000 possible 3-digit combinations with some
redundancy.

Table 3.3—Decoding 10-bit densely packed decimal to 3 decimal digits

Encd
4 bit:

be)» ba), bs), ba), by d do do)
0xxxX 4b) + 2ba) + by 4b) + 2bw) + b 4b(7) + 2b) + b
100xx bo + 2byy + by | 4bg + 2bu + bes 8 + b,
101xx 4+ 2bg + bo) 8 + bs) 4bgs) + 2bis + by
110xx 8 +bp 4b) + 2bw) + bys) 4b) + 2ba) + b
11100 8 + b, 8 + bes 4bg) +2bu % be)
11101 8 + by, b, + 2by + bs) &7 be)
11110 4+ 2bg + be) 8 + bs) 8 + by,
11111 8 + b, 8 + bes 8 + b,

ding densely packed decimal: Table 3.4 encodes 3 decimial digits dg), dp), and dg), each h
which can be expressed by a second subscript dg,:3), 3,63, and dgage:s), where bit 0 is the

ving
most

significant and bit 3 the least significant, into a declet, With” 10 bits b to be). Most computational

oper

itions generate only the 1000 canonical 10-bit patterns:defined by Table 3.4.

Table 3.4—Encoding 3 decimal digits'to 10-bit densely packed decimal

dao, deoy, deo by, bay, b ba), by, bes) b ba), by, bo)

000 dais de.is 0 di.is)

001 dnlis) deis) 1 0,0, dga3)
010 da,i) di,12), deg) 1 0,1, day
011 dai 1,0, des) 1 1, 1,da3
100 diaa), das) dars) 1 1,0, das
101 dei2), das) 0, 1, des) 1 1, 1, das
110 da.i2), das) 0,0, des) 1 1, 1, da3
111 0,0, daus 1, 1, des 1 1, 1,da3

The 24 non-canonical patterns of the form 01x11x111x, 10x11x111x, or 11x11x111x (where an “x

[T}

denotes a “don’t care” bit) are not generated in the result of a computational operation. However, as listed
in Table 3.3, these 24 bit patterns do map to values in the range 0 through 999. The bit pattern in a NaN
trailing significand field can affect how the NaN is propagated (see 6.2).

Published by IEC under license from IEEE. & 2019 IEEE. All rights reserved



https://iecnorm.com/api/?name=d3dbaed586fdba13c476fd57dccd29fb

ISO/IEC 60559:2020(E)
IEEE Std 754-2019

3.6 Interchange format parameters

23—

Interchange formats support the exchange of floating-point data between implementations. In each radix,
the precision and range of an interchange format is defined by its size; interchange of a floating-point
datum of a given size is therefore always exact with no possibility of overflow or underflow.

This standard defines binary interchange formats of widths 16, 32, 64, and 128 bits, and in general for any
multiple of 32 bits of at least 128 bits. Decimal interchange formats are defined for any multiple of 32 bits

of at least 32 bits.

The parameters p and emax for every interchange format width are shown in Table 3.5 for binary
interchange formats and in Table 3.6 for decimal interchange formats. The encodings for the interchange
formats are as described in 3.4 and 3.5.2; the encoding parameters for each interchange format width are

also shown in Tables 3.5 and 3.6.

Table 3.5—Binary interchange format parameters

Parameter binary16 | binary32 | binary64 | binary128 binary{k} (k> 128
k, sforage width in bits 16 32 64 128 multiple of 32
P, precision in bits 11 24 53 113 -2 round(4 x log, (k)) 1 13
emdx, maximum exponent e 15 127 1023 16383 pk=p-1) _ 4
Encoding parameters
biad, E—e 15 127 1023 16383 emax
sigi] bit 1 1 1 1 1
w, dxponent field width in bits 5 8 11 15 round(4 x log, (k)) 13
t, trjiling significand field width in 10 23 52 112 k—w-1
bits
k, storage width in bits 16 32 64 128 l+w+t

In T4ble 3.5, round() rounds to the nearest.integer.

For gxample, binary256 would have p.=.237 and emax = 262143.

Table 3.6=Decimal interchange format parameters

Parameter decimal32 decimal64 decimal 128 decimal{k} (k> 32
k, stprage width in bits 32 64 128 multiple of 32
P, ptecision in digi{s 7 16 34 9xk/32 -2
emaj 96 384 6144 3 x p (k/16+3)

Encoding parameters

biasl £ 101 398 6176 emax+p -2
sign bit 1 1 1 1
w+5, combination field width in bits 11 13 17 k/16+9
t, trailing significand field width in bits 20 50 110 15%xk/16-10
k, storage width in bits 32 64 128 I+5+w+t

For example, decimal256 would have p = 70 and emax = 1572864.
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NOTE—This standard defines the representation of individual data as conceptual Level 4 entities.
Applications exchanging data between different implementations must communicate certain parameters
that describe the formats and layout of the data. Besides issues such as byte order which affect all data
interchange, certain implementation options allowed by this standard must also be considered:

— for binary formats, how signaling NaNs are distinguished from quiet NaNs
— for decimal formats, whether binary or decimal encoding is used.

This standard does not define how these parameters are to be communicated.

Published by IEC under license from IEEE. & 2019 IEEE. All rights reserved



https://iecnorm.com/api/?name=d3dbaed586fdba13c476fd57dccd29fb

ISO/IEC

IEEE Std 754-2019

60559:2020(E)
—25_

3.7 Extended and extendable precisions

Extended and extendable precision formats are recommended for extending the precisions used for
arithmetic beyond the basic formats. Specifically:

— An extended precision format is an arithmetic format that extends a supported basic format with

both wider precision and wider range.

— An extendable precision format is an arithmetic format with a precision and range that are

defined under user control.

These formats are characterized by the parameters b, p, and emax, which may match those of an
interchange format and shall:

Enco
repre
enco
NaN
enco

Lang
Lang

— provide all the representations of floating-point data defined in terms of those parameters.i
and 3.3

— provide all the operations of this standard, as defined in Clause 5, for that format.

dings in these formats should be fixed width and may match those of an interchainge format.
sentation of a floating-point number has a unique canonical encoding and,may have non-cang
lings. Each NaN in these formats has a payload, which might encode diagnostic information.
payload has a canonical encoding and may have non-canonical encodings. All other aspec
Hings for these formats are implementation defined.

uage standards should define mechanisms supporting extendable precision for each supported 1
uage standards supporting extendable precision shall permit users to specify p and emax. Lang

h 3.2

Fach
nical
FEach
ts of

hdix.
uage

standards shall also allow the specification of an extendable preeision by specifying p alone; in this| case
emax shall be defined by the language standard to be at least\LO0O xp when p is > 237 bits in a bjnary
formpt or p is > 51 digits in a decimal format.
Language standards or implementations should suppott~an extended precision format that extendf the
widept basic format that is supported in that radix. Tablé 3.7 specifies the minimum precision and exppnent
rangg¢ of the extended precision format for each basic‘format.
Table 3.7—Extended format'parameters for floating-point numbers
Extended formats associated with:
Parameter binary32 binary64 binary128 decimal64 decimal 128
p digits > 32 64 128 22 40
emax > 1023 16383 65535 6144 24576

NOTIE 1—For exteided formats, the minimum exponent range is that of the next wider basic format, if
there]is one, whidé@.the minimum precision is intermediate between a given basic format and the next Wider

basid

NOT|
allow

format.

E 2-~For interchange of binary floating-point data, the width £ in bits of the smallest format tha|
the’encoding of a significand of at least p bits is given by:

will

the nearest integer and p > 113; for smaller values of p, see Table 3.5.

¢ = 32 xcetling((p + round(4 xlog,(p + round(4 xlog,(p)) — 13)) — 13)/32), where round() rounds to

For interchange of decimal floating-point data, the width k in bits of the smallest format that will allow the
encoding of a significand of at least p digits is given by:

k =32xceiling((p + 2)/9), where p > 1.

In both cases the chosen format might have a larger precision (see 3.4 and 3.5.2).

NOTE 3—For binary formats, the precision p should be at least 3, as some numerical properties do not

hold

for lower precisions.

Similarly, emax should be at least 2 to support the operations listed in 9.2.
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4. Attributes and rounding

4.1 Attribute specification

An attribute is logically associated with a program block to modify its numerical and exception semantics.
A user can specify a constant value for an attribute parameter.

Some attributes have the effect of an implicit parameter to most individual operations of this standard,
language standards shall specify

— rounding-direction attributes (see 4.3)

and gtroufdspecify

— alternate exception handling attributes (see Clause 8).
Othe} attributes change the mapping of language expressions into operations of this standard; landuage
standards that permit more than one such mapping should provide support for:
— preferredWidth attributes (see 10.3)

— value-changing optimization attributes (see 10.4)

— reproducibility attributes (see Clause 11).

For gttribute specification, the implementation shall provide language-defined means, such as conjpiler
directives, to specify a constant value for the attribute parameter for the.opérations in a block; the scope of

the aftribute value is the block with which it is associated. Language standards shall provide for constant
specification of the default and each specific value of the attribute:

4.2 Dynamic modes for attributes

Attriputes in this standard shall be supported with the constant specification of 4.1. Particularly to support
debupging, language standards should also support dyframic-mode specification of attributes.

With| dynamic-mode specification, a user can specify that the attribute parameter assumes the valud of a
dynamic-mode variable whose value might not“be known until program execution. This standard dogs not
specify the underlying implementation mechanisms for constant attributes or dynamic modes.

For dynamic-mode specification, thesimplementation shall provide language-defined means to specify that
the aftribute parameter assumes thé\value of a dynamic-mode variable for the operations within the gcope
of thg dynamic-mode specification in a block. The implementation initializes a dynamic-mode varialjle to
the default value for the dynaniic mode. Within its language-defined (dynamic) scope, changes to the yalue
of a dlynamic-mode variable:are under the control of the user via the operations in 9.3.1 and 9.3.2.

The following aspects (0fydynamic-mode variables are language-defined; language standards may expljcitly
defeq the definitions te implementations:
— The precedence of static attribute specifications and dynamic-mode assignments.

— The-effect of changing the value of the dynamic-mode variable in an asynchronous event, sufh as
in another thread or signal handler.

—\Whether the value of the dynamic-mode variable can be determined by non-programmatic mgans,
such as a debugger.

NOTE—A constant value for an attribute can be specified and meet the requirements of 4.1 by a dynamic
mode specification with appropriate scope of that constant value.
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4.3 Rounding-direction attributes

Rounding takes a number regarded as infinitely precise and, if necessary, modifies it to fit in the
destination’s format while signaling the inexact exception, underflow, or overflow when appropriate (see
Clause 7). Except where stated otherwise, every operation shall be performed as if it first produced an
intermediate result correct to infinite precision and with unbounded range, and then rounded that result
according to one of the attributes in this clause.

Except where stated otherwise, the rounding-direction attribute affects all computational operations that
might be inexact. Inexact numeric floating-point results always have the same sign as the unrounded result.

The rounding-direction attribute affects the signs of exact zero sums (see 6.3), and also affects the

thres

olds bevond which overflow (see 7.4) and underflow (see 7.5) are signaled

Impl
attrily
Opet
with
integ
attrih

NaN:

4.3.1
In th

b emax

desti

4.3.2

Thre
roun

ementations supporting both decimal and binary formats shall provide separate rounding=dirg
utes for binary and decimal, the binary rounding direction and the decimal rounding “direq
ations returning results in a floating-point format shall use the rounding-direction attribute’assod
the radix of the results. Operations converting from an operand in a floating-point fornyat to a res
er format or to an external character sequence (see 5.8 and 5.12) shall use the’Motunding-dirg
ute associated with the radix of the operand.

5 are not rounded (but see 6.2.3).

Rounding-direction attributes to nearest

e following two rounding-direction attributes, an infinitely precise result with magnitude at
(b—"%b"?) shall round to oo with no change in sign; here emax and p are determined b
hation format (see 3.3). With:

— roundTiesToEven, the floating-point number nearest to the infinitely precise result sh
delivered; if the two nearest floating-point htimbers bracketing an unrepresentable infi
precise result are equally near, the one withCan even least significant digit shall be delivers
that is not possible, the one larger in magnitude shall be delivered (this can happen for one
precision, possible with convertToDecimalCharacter for example, as when rounding 9.5 tq
digit in which case both 9 and 1x 10\lave odd significands)

— roundTiesToAway, the floating-point number nearest to the infinitely precise result sh.
delivered; if the two nearest floating-point numbers bracketing an unrepresentable infi
precise result are equally near, the one with larger magnitude shall be delivered.

Directed rounding attributes

b other user-seleetable rounding-direction attributes are defined, the directed rounding attri
I TowardPositive, reundTowardNegative, and roundTowardZero. With:

— roundTowardPositive, the result shall be the format’s floating-point number (possibly +o) ¢
to and no less than the infinitely precise result

— roundTowardNegative, the result shall be the format’s floating-point number (possibly —oo) cl
to-and no greater than the infinitely precise result
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in magnitude than the infinitely precise result.

eater
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4.3.3 Rounding attribute requirements

An implementation of this standard shall provide roundTiesToEven and the three directed rounding
attributes. A decimal format implementation of this standard shall provide roundTiesToAway as a user-
selectable rounding-direction attribute. The rounding attribute roundTiesToAway is not required for a
binary format implementation.

The roundTiesToEven rounding-direction attribute shall be the default rounding-direction attribute for
results in binary formats. The default rounding-direction attribute for results in decimal formats is
language-defined, but should be roundTiesToEven.
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5. Operations

5.1 Overview

All conforming implementations of this standard shall provide the operations listed in this clause for all
supported arithmetic formats, except as stated below. Unless otherwise specified, each of the computational
operations specified by this standard that returns a numeric result shall be performed as if it first produced
an intermediate result correct to infinite precision and with unbounded range, and then rounded that
intermediate result, if necessary, to fit in the destination’s format (see Clause 4 and Clause 7). Clause 6
augments the following specifications to cover +0, +oo, and NaN. Clause 7 describes default exception
handling.

In thys standard, operations are written as named functions; in a specific programming environment
might be denoted by operators, or by families of format-specific functions, or by operations_oi~fung
whode names might differ from those in this standard.

Operptions are broadly classified into four groups according to the kinds of results and_exceptions
prodyice:

Operptions in the first three groups are referred to collectively as “computational operations”.

Operptions are also classified in two ways according.fe the relationship between the result format an
opergnd formats:

Language standards might permit_other kinds of operations and combinations of operations in express
By their expression evaluation- rules, language standards specify when and how such operations
expr¢ssions are mapped into the operations of this standard. Operations (except re-encoding operation|
not have to accept operands or produce results of differing encodings.

Except as specified.otherwise in 5.5, operation results shall be canonical.

In th¢ operationdescriptions that follow, operand and result formats are indicated by:

General-computational operations produce floating-point or integer gesults, round all rg
according to Clause 4, and might signal the floating-point exceptions éf"Clause 7.

Quiet-computational operations produce floating-point results and,\do not signal floating-|
exceptions.

Signaling-computational operations produce no floating-point results and might signal flog
point exceptions; comparisons are signaling-computational operations.

Non-computational operations do not produce floating3point results and do not signal flo3
point exceptions.

homogeneous operations, in which thefloating-point operands and floating-point result are
the same format

operands.

source to represent homogeneous floating-point operand formats
Sourcel, source2, source3 to represent non-homogeneous floating-point operand formats

they
tions

they

sults
point
ting-

ting-

 the

i1l of

— formatOf operations, which_indicate the format of the result, independent of the formats gf the

ions.
and
5) do

— IMT 10 TCPITSCNT (MEZEr Operand fOITars

boolean to represent a value of false or true (for example, 0 or 1)

enum to represent one of a small set of enumerated values

sourceFormat to represent a destination format that is the same as the source format
integralFormat to represent a format that contains integral values

logBFormat to represent an integralFormat for the destination of the logB operation and the
exponent operand of the scaleB operation

decimalCharacterSequence to represent a decimal character sequence
hexCharacterSequence to represent a hexadecimal-significand character sequence

scale
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— conversionSpecification to represent a language dependent conversion specification
— decimal to represent a supported decimal floating-point format

— decimalEncoding to represent a decimal floating-point format encoded in decimal
— binaryEncoding to represent a decimal floating-point format encoded in binary

— exceptionGroup to represent a set of exceptions as a set of booleans

— flags to represent a set of status flags

— binaryRoundingDirection to represent the rounding direction for binary

— decimalRoundingDirection to represent the rounding direction for decimal

— modeGroup to represent dynamically-specifiable modes

— void to indicate that an operation has no explicit operand or has no explicit result; the operapd or
result might be implicit.

formprOf indicates that the name of the operation specifies the floating-point destination formiat, which
might be different from the floating-point operands’ formats. There are formatOf yeérsions of fhese
opergtions for every supported arithmetic format.

intFqrmatOf indicates that the name of the operation specifies the integer destination\format.

In the operation descriptions that follow, languages define which of their types¢Correspond to operands and
resulfs. Languages with both signed and unsigned integer types should support'both signed and unsigned
int aind intFormatOf operands and results.

5.2 Decimal exponent calculation

As discussed in 3.5, a floating-point number might have nmwiltiple representations in a decimal fofmat.
Thergfore, decimal arithmetic involves not only computing the proper numerical result but also selefting
the ppoper member of that floating-point number’s cohott.

Except for the quantize operation, the value of a flpatihg-point result (and hence its cohort) is determined
by tle operation and the operands’ values; it is never dependent on the representation or encoding pf an
opergnd.

The [selection of a particular representation for a floating-point result is dependent on the operjinds’
reprgsentations, as described below, butis.ot affected by their encoding.

For g1l computational operations ex¢ept where stated otherwise, if the result is inexact the cohort member
of legst possible exponent is used te get the maximum number of significant digits. If the result is exact, the
coholt member is selected based on the preferred exponent for a result of that operation, a function df the
expopents of the inputs. Thus for finite x, depending on the representation of zero, 0 +x might resulf in a
diffefent member of x’§ cohort. If the result’s cohort does not include a member with the prefprred
expohent, the member'with the exponent closest to the preferred exponent is used.

For quantize and)roundTolntegralExact, a finite result has the preferred exponent, whether or nqt the
resulf is exact.

In the operation descriptions that follow, Q(x) is the exponent ¢ of the representation of a finite flogting-
poin nymber x. If x is infinite, Q(x) is +oo.
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5.3

Homogeneous general-computational operations

5.3.1 General operations

Implementations shall provide the following homogeneous general-computational operations for all
supported arithmetic formats:

NOTJE—The minNum and maxNum operations of the 2008 version of the standard have been replace

the r

— sourceFormat roundTolntegralTiesToEven(source)
sourceFormat roundTolntegralTiesToAway(source)
sourceFormat roundTolIntegralTowardZero(source)
sourceFormat roundTolIntegralTowardPositive(source)

your LCI'_'UI mal 1 UulldTUIll‘lcgl leUWdl dr{cgaﬁvcpuui ce)
See 5.9 for details.
The preferred exponent is max(Q(source), 0).
— sourceFormat roundTolntegralExact(source)
See 5.9 for details.
The preferred exponent is max(Q(source), 0), even when the inexact exception s signaled.

— sourceFormat nextUp(source)
sourceFormat nextDown(source)

the negative number of least magnitude in x’s format, nextUp(x)is —0. nextUp(z0) is the po
number of least magnitude in x’s format. nextUp(+w) iS)*oo, and nextUp(—w) is the
negative number largest in magnitude. When x is a NaN, then the result is according tq
nextUp(x) is quiet except for signaling NaNs.
The preferred exponent is the least possible.
nextDown(x) is —nextUp(—x).

— sourceFormat remainder(source, source)
When y#0, the remainder r=remainder(x, y) is defined for finite x and y regardless o
rounding-direction attribute by the“mathematical relation r=x—yxn , where n is the in

nearest the exact number x/y; whenever |n—x/y| = %, then n is even. Thus, the remaind
always exact. If ¥=0, its sign shall be that of x. remainder(x, o) is x for finite x.

The preferred exponent ismin(Q(x), Q(»)).

bcommended operatjiens-of 9.6.

nextUp(x) is the least floating-point number in the format of x that-ecompares greater than x. If x is

)itiVe
finite
6.2.

f the
teger
er is

| by
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5.3.2 Decimal operations

Implementations supporting decimal formats shall provide the following homogeneous general-
computational operation for all supported decimal arithmetic formats:

— sourceFormat quantize(source, source)

For finite decimal operands x and y of the same format, quantize(x, y) is a floating-point number
in the same format that has, if possible, the same numerical value as x and the same quantum as .
If the exponent is being increased, rounding according to the applicable rounding-direction
attribute might occur: the result is a different floating-point representation and the inexact
exception is signaled if the result does not have the same numerical value as x. If the exponent is
being decreased and the significand of the resnlt wonld have more than p digits the invalid
Operatlon exception is 51gnaled and the result is a NaN. If one or both operands are NaN, the fules
in 6.2 are followed. Otherwise if only one operand is infinite then the invalid operatiop-exeeption
is signaled and the result is a NaN. If both operands are infinite then the result is canohieal o with
the sign of x. quantize does not signal underflow or overflow.

The preferred exponent is Q(y).

Implgmentations supporting decimal formats should provide the following hémogeneous gerferal-
compputational operation for all supported decimal arithmetic formats:

— sourceFormat quantum(source)

If x is a finite number, the operation quantum(x) is the number represented by (0, ¢, 1) wherf g is
the exponent of x. If x is infinite, quantum(x) is +oo with no ¢xeeption.

The preferred exponent is Q(x).

5.3.3 logBFormat operations

Implgmentations shall provide the following general-computational operations for all supported flogting-
poin{ formats available for arithmetic.

For ¢ach supported arithmetic format, languages\define an associated logBFormat to contain the infegral
valugs of logB(x). The logBFormat shall have@nough range to include all integers between £2 x (emaj +p)
inclusive, which includes the scale factors for scaling between the finite numbers of largest and smfllest
magitude.

— sourceFormat scaleB(source, logBFormat)

scaleB(x, N) is xxb" for jintegral values N. The result is computed as if the exact product [were
formed and then rounided to the destination format, subject to the applicable rounding-direction
attribute. When lggBFormat is a floating-point format, the behavior of scaleB is language-defined
when the second_operand is non-integral. For non-zero values of N, scaleB(+0, N) returns +{ and
scaleB(2o0, N).returns +oo. For zero values of &, scaleB(x, N) returns x.
The preferted exponent is Q(x) + V.

— logBForxmat logB(source)

logB(x) is the exponent e of x, a signed integral value, determined as though x were repres¢nted
with infinite range and minimum exponent. Thus 1 < scaleB(x, —logB(x)) < b when x is popitive
and finite. logB(1) is +0.
When logBFormat is a floating-point format, logB(NaN) is a NaN, logB(«) is +o, and logB(0) is
—oo and signals the divideByZero exception. When JlogBFormat is an integer format, then

logB(NaN), logB(«), and logB(0) return language-defined values outside the range
+2 X (emax+p — 1) and signal the invalid operation exception.

The preferred exponent is 0.

NOTE—For positive finite x, the value of logB(x) is floor(log,(x)) in a binary format, and is
floor(logio (x)) in a decimal format.
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5.4 formatOf general-computational operations

5.4.1 Arithmetic operations

Implementations shall provide the following formatOf general-computational operations, for destinations
of all supported arithmetic formats, and, for each destination format, for operands of all supported

arithmetic formats with the same radix as the destination format.
— formatOf-addition(sourcel, sourcel)
The operation addition(x, y) computes x+y.
The preferred exponent is min(Q(x)., O(v)).

— formatOf-subtraction(sourcel, source2)
The operation subtraction(x, y) computes x—y.
The preferred exponent is min(Q(x), Q(»)).
— formatOf-multiplication(sourcel, source2)
The operation multiplication(x, y) computes x x y.
The preferred exponent is Q(x)+Q(y).
— formatOf-division(sourcel, source2)
The operation division(x, y) computes x/y.
The preferred exponent is Q(x) — Q(»).
— formatOf-squareRoot(sourcel)

The operation squareRoot(x) computes Vx. It has a positive sign for all operands >0, excep
squareRoot(—0) shall be —0.

The preferred exponent is floor(Q(x)/2).
— formatOf-fusedMultiplyAdd(sourcel, source2, source3))
The operation fusedMultiplyAdd(x, y, 2) computes (x*y)+z as if with unbounded rangg

precision, rounding only once to the destination format. An underflow, overflow, or in
exception (see Clause 7) can only arise due to the rounding of the exact value (xxy)+z. Th

multiplication operation followed by an addition operation.
The preferred exponent is.min(Q(x) +Q(y), Q(2)).
— formatOf-convertFromInt(int)

It shall be possible,to: convert from all supported signed and unsigned integer formats
supported arithmetie formats. Integral values are converted exactly from integer forma
floating-point-formats whenever the value is representable in both formats. If the converted
is not exactly representable in the destination format, the result is determined according t
applicable‘rounding-direction attribute, and an inexact or floating-point overflow exception :
as speeified in Clause 7, just as with arithmetic operations. The signs of integer zero
preserved. Integer zeros without signs are converted to +0.

Thé preferred exponent is 0.

t that

and
pxact
us at

most one exception is signaled per fused operation invocation. fusedMultiplyAdd differs fijom a

o all
ts to
alue
the
rises
are
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Implementations shall provide the following intFormatOf general-computational operations for
destinations of all supported integer formats and for operands of all supported arithmetic formats.

— intFormatOf-convertTolntegerTiesToEven(source)
intFormatOf-convertTolnteger TowardZero(source)
intFormatOf-convertTolntegerTowardPositive(source)
intFormatOf-convertTolntegerTowardNegative(source)
intFormatOf-convertTolntegerTiesToAway(source)

See 5.8 for details.
— intFormatOf-convertTolntegerExactTiesToEven(source)
intFormatOf-convertTolntegerExactTowardZero(source)
. g2 N
T LC]
intFormatOf-convertTolntegerExactTowardNegative(source)
intFormatOf-convertTolntegerExactTiesToAway(source)

See 5.8 for details.

NOTJE—Implementations might provide some of the operations in this subclause, and th¢-¢onvertFopmat
opergtions in 5.4.2, as sequences of one or more of a subset of the operations in subclause 5.4 when fhose
sequences produce the correct numerical value, quantum, and exception results.

5.4.2 Conversion operations for floating-point formats and decimal character sequences

Implementations shall provide the following formatOf conversion operations from all supported flogting-
poin{ formats to all supported floating-point formats, as well as conversions to and from decimal character
seque¢nces. Some format conversion operations produce results in‘a’different radix than the operands.

— formatOf-convertFormat(source)

If the conversion is to a format in a different radixyor to a narrower precision in the same radix, the
result shall be rounded as specified in Clause, 4" Conversion to a format with the same radik but
wider precision and range is always exact.

For inexact conversions from binary-{o decimal formats, the preferred exponent is the [least
possible. For exact conversions fronm\binhary to decimal formats, the preferred exponent is 0.
For conversions between decimal formats, the preferred exponent is Q(source).

NOTE—A formatOf-convertFormat operation with identical source and destination formatp is a
canonicalizing operation-that signals the invalid operation exception for signaling NaN operpnds,
unlike the copy operation/(5.5.1).

— formatOf-convertEromDecimalCharacter(decimalCharacterSequence)

See 5.12 for ,details. The preferred exponent is Q(decimalCharacterSequence), which if the
exponent value-g of the last digit in the significand of the decimalCharacterSequence.

— decimalGharacterSequence convertToDecimalCharacter(source, conversionSpecification)

See 5(12*for details. The conversionSpecification specifies the precision and formatting off the
degimalCharacterSequence result.

5.4.3-€Conversionmoperations forbimary formmats

Implementations shall provide the following formatOf conversion operations to and from all supported
binary floating-point formats.
— formatOf-convertFromHexCharacter(hexCharacterSequence)
See 5.12 for details.
— hexCharacterSequence convertToHexCharacter(source, conversionSpecification)

See 5.12 for details. The conversionSpecification specifies the precision and formatting of the
hexCharacterSequence result.
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5.5 Quiet-computational operations

5.5.1 Sign bit operations

Implementations shall provide the following homogeneous quiet-computational sign bit operations for all
supported arithmetic interchange formats; they only affect the sign bit. The operations treat floating-point
numbers and NaNs alike, and signal no exception. These operations may propagate non-canonical
encodings.

— sourceFormat copy(source)

This
For
copyj

For 1

For A

The
inter

standard does not specify encodings for non-interchange forfats.

hll supported non-interchange formats, the implementation shall provide copy, negate, abs
Sign operations that match the sign bit operations above. at the representation level (see 3.2 and 3

umeric x,

a NaN, the results of the operations have the same representation as x (qQNaN or sNaN).

operations for non-interchange formats should follow the specification for sign bit operation|
hange formats if the-eéncoding permits.

sourceFormat negate(source)
he

L Ay
OIS OUTCEY

copy(x) copies a floating-point operand x to a destination in the same format, with no Chanl
the sign bit.

negate(x) copies a floating-point operand x to a destination in the same format, reversing thd
bit. negate(x) is not the same as subtraction(0,x) (see 6.3).

abs(x) copies a floating-point operand x to a destination in the same format{ setting the sign
0 (positive).

sourceFormat copySign(source, source)

copySign(x, y) copies a floating-point operand x to a destination’in the same format as x, but
the sign bit of y.

copy(x) has the same representation as x, with no change of sign
negate(x) has the same representation(as x, but with the opposite sign
abs(x) has the same representation, as x, but with the sign 0 (positive)

copySign(x, y) has the samg representation as x, but with the sign of y if y is numeric and
unspecified sign if y is a NaN.

pe to

sign

bit to

with

and
3):

with

5 for
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5.5.2 Decimal re-encoding operations

For each supported decimal interchange format, the implementation shall provide the following operations
to convert between the decimal format and the two encodings for that format (see 3.5.2). These operations
enable portable programs that are independent of the implementation’s encoding for decimal formats to
access data represented with either encoding. If the significand encoding of the result format is the same as
the significand encoding of the operand format, then these operations should be copy operations. These
operations may propagate non-canonical encodings; if the significand encoding of the result format is
different from the significand encoding of the operand format, then the result should be canonical.

— decimalEncoding encodeDecimal(decimal)
Encodes the value of the operand using decimal encoding.
— decimal decodeDecimal(decimalEncoding)

Decodes the decimal-encoded operand.

— binaryEncoding encodeBinary(decimal)

Encodes the value of the operand using the binary encoding.
— decimal decodeBinary(binaryEncoding)

Decodes the binary-encoded operand.
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5.6 Signaling-computational operations

5.6.1 Comparisons

Implementations shall provide the following comparison operations, for all supported floating-point
operands of the same radix in arithmetic formats:

— boolean compareQuietEqual(sourcel, source?)
boolean compareQuietNotEqual(sourcel, source?2)
boolean compareSignalingEqual(sourcel, source2)
boolean compareSignalingGreater(sourcel, source?)
_bUU'f'EerUﬂTp'aTESigﬂa'ﬁT[geTEﬂiclEqualpuurccl, SOUTCE. ")
boolean compareSignalingLess(sourcel, source2)
boolean compareSignalingLessEqual(sourcel, source?)
boolean compareSignalingNotEqual(sourcel, source2)
boolean compareSignalingNotGreater(sourcel, source2)
boolean compareSignalingLessUnordered(sourcel, source?)
boolean compareSignalingNotLess(sourcel, source2)
boolean compareSignalingGreaterUnordered(sourcel, source2)
boolean compareQuietGreater(sourcel, source?)
boolean compareQuietGreaterEqual(sourcel, source?)
boolean compareQuietLess(sourcel, source?)
boolean compareQuietLessEqual(sourcel, source?)
boolean compareQuietUnordered(sourcel, source?2)
boolean compareQuietNotGreater(sourcel, source2)
boolean compareQuietLessUnordered(sourcel, soutce?)
boolean compareQuietNotLess(sourcel, source?)
boolean compareQuietGreaterUnordered(sourcel, source?)
boolean compareQuietOrdered(sourcel, source?).

See §.11 for details.

5.7 Non-computational operations

5.7.1 Conformance predicates

Implgmentations shall provide thefollowing non-computational operations, true if and only if the indigated
condjtions are true:

— boolean is754version1985(void)

is754versiond985() is true if and only if this programming environment conforms to the 1985
version‘of-the standard.
— boelean is754version2008(void)

is754version2008() is true if and only if this programming environment conforms to the 2008
version of the standard.

— boolean is754version2019(void)

is754version2019() is true if and only if this programming environment conforms to this
standard.

Implementations should make these predicates available at translation time (if applicable) in cases where
their values can be determined at that point.
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5.7.2 General operations

Implementations shall provide the following non-computational operations for all supported arithmetic
formats and should provide them for all supported interchange formats. They are never exceptional, even
for signaling NaNss.

— enum class(source)

class(x) tells which of the following ten classes x falls into:
signalingNaN
quictNaN
negativelnfinity
negativeNormal
negativeSubnormal
negativeZero
positiveZero
positiveSubnormal
positiveNormal
positivelnfinity.

— boolean isSignMinus(source)

isSignMinus(x) is true if and only if x has negative sign. isSignMinus-dpplies to zeros and NaNs
as well.

— boolean isNormal(source)
isNormal(x) is true if and only if x is normal (not zero, subndrmal, infinite, or NaN).
— boolean isFinite(source)
isFinite(x) is true if and only if x is zero, subnormal of\normal (not infinite or NaN).
— boolean isZero(source)
isZero(x) is true if and only if x is +0.
— boolean isSubnormal(source)
isSubnormal(x) is true if and only if x is\subnormal.
— boolean isInfinite(source)
isInfinite(x) is true if and only if x iS'infinite.
— boolean isNaN(source)
isNaN(x) is true if and onlyif x is a NaN.
— Doolean isSignaling(source)
isSignaling(x) is trueuf and only if x is a signaling NaN.
— boolean isCanonical(source)

isCanonical(x)”is true if and only if x is a finite number, infinity, or NaN that is canofical.
Implementations should extend isCanonical(x) to formats that are not interchange formdts in
waysappropriate to those formats, which might, or might not, have finite numbers, infiniti¢s, or
NaNs that are non-canonical.

— enum radix(source)
radix(x) is the radix b of the format of x, that is, two or ten.

— boolean totalOrder(source, source)
totalOrder(x, y) is defined in 5.10.

— boolean totalOrderMag(source, source)
totalOrderMag(x, y) is totalOrder(abs(x), abs(y)).

Implementations should make these predicates available at translation time (if applicable) in cases where
their values can be determined at that point.
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5.7.3 Decimal operation

Implementations supporting decimal formats shall provide the following non-computational operation for
all supported decimal arithmetic formats:

— boolean sameQuantum(source, source)

For numerical decimal operands x and y of the same format, sameQuantum(x, y) is true if the
exponents of x and y are the same, that is, Q(x) = Q(y), and false otherwise. sameQuantum(NaN,
NaN) and sameQuantum(co, ©) are true; if exactly one operand is infinite or exactly one operand
is a NaN, sameQuantum is false. sameQuantum signals no exception, even if an argument is a

signaling NaN.

5.7.4

Impl
flags|

The

testSavedFlags operation. in-the same program; this standard does not require support for any other us

5.8

Impl
signg
integ

Operations on subsets of flags

pmentations shall provide the following non-computational operations that act upon_multiple
collectively; these operations do not signal exceptions:
— void lowerFlags(exceptionGroup)

Lowers (clears) the flags corresponding to the exceptions specified~in-the exceptionG
operand, which can represent any subset of the exceptions.

— void raiseFlags(exceptionGroup)

Raises (sets) the flags corresponding to the exceptions specifigd-n the exceptionGroup opé
which can represent any subset of the exceptions.

— boolean testFlags(exceptionGroup)

Queries whether any of the flags corresponding to thelexceptions specified in the exceptionQ
operand, which can represent any subset of the excepfions, are raised.

— boolean testSavedFlags(flags, exceptionGroup)

Queries whether any of the flags in the flags @perand corresponding to the exceptions specifi
the exceptionGroup operand, which can represent any subset of the exceptions, are raised.

— void restoreFlags(flags, exceptionGroup)

Restores the flags corresponding.fo~the exceptions specified in the exceptionGroup ope
which can represent any subset, of the exceptions, to their state represented in the flags operan

— flags saveAllFlags(void)
Returns a representation-of.the state of all status flags.

return value of the saye€AllFlags operation is for use as the first operand to a restoreFla

Details of conversions from floating-point to integer formats

pmentations)shall provide conversion operations from all supported arithmetic formats to all supp
d and wnsigned integer formats. Integral values are converted exactly from floating-point forma
er formats whenever the value is representable in both formats.

Con

tatus

roup

rand,
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ed in

rand,

d.

bS  Or

h
L.

brted
ts to

the

ersion to integpr shall round as QpP(‘iﬁPd in Clanse 4: the rmmding direction is indicated b

operation name.

When a NaN or infinite operand cannot be represented in the destination format and this cannot otherwise
be indicated, the invalid operation exception shall be signaled. When a numeric operand would convert to
an integer outside the range of the destination format, the invalid operation exception shall be signaled if
this situation cannot otherwise be indicated.

When the value of the conversion operation’s result differs from its operand value, yet is representable in
the destination format, some conversion operations are specified below to signal the inexact exception and
others to not signal the inexact exception.
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A language standard that permits implicit conversions or expressions involving mixed types should require
that these be implemented with the inexact-signaling conversion operations below.

The operations for conversion from floating-point to a specific signed or unsigned integer format without
signaling the inexact exception are:

— intFormatOf-convertTolntegerTiesToEven(source)

The
if ing

——imormarOf~convertTolnteger FowardPositivesonree)

perations for conversion from floating-point to a specific signed or unsighed integer format, sign
xact, are:

— intFormatOf-convertTolntegerExactTiesToEven(source)

convertTolntegerTiesToEven(x) rounds x to the nearest integral value, with halfway cases

rounded to even.
intFormatOf-convertTolntegerTowardZero(source)
convertToIntegerTowardZero(x) rounds x to an integral value toward zero.

convertTolntegerTowardPositive(x) rounds x to an integral value toward positive infinity;
intFormatOf-convertTolnteger TowardNegative(source)
convertToIntegerTowardNegative(x) rounds x to an integral value toward negative) infinity.
intFormatOf-convertTolntegerTiesToAway(source)

convertTolntegerTiesToAway(x) rounds x to the nearest integral value]ywith halfway
rounded away from zero.

convertToIlntegerExactTiesToEven(x) rounds x to the sgarest integral value, with halfway
rounded to even.

intFormatOf-convertTolntegerExactTowardZero(source)
convertTolntegerExactTowardZero(x) rounds.xyto an integral value toward zero.
intFormatOf-convertTolntegerExactTowardPositive(source)
convertTolntegerExactTowardPositive(s) rounds x to an integral value toward positive infj
intFormatOf-convertTolntegerExactTowardNegative(source)
convertTolntegerExactTowardNegative(x) rounds x to an integral value toward neg
infinity.
intFormatOf-convertTolntegerExactTiesToAway(source)

convertTolntegerExactTiesToAway(x) rounds x to the nearest integral value, with halfway
rounded away from zero.

Cases

aling

Cases

nity.

ative

Cascs
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5.9 Details of operations to round a floating-point datum to integral value

Several operations round a floating-point number to an integral-valued floating-point number in the same
format.

The rounding is analogous to that specified in Clause 4, but the rounding chooses only from among those
floating-point numbers of integral values in the format. These operations convert zero operands to zero
results of the same sign, and infinite operands to infinite results of the same sign.

For the following operations, the rounding direction is specified by the operation name and does not
depend on a rounding-direction attribute. These operations shall not signal any exception except for

signaling NaN input.
—sourcel ormar round 1 i;"itﬁgi alTiesT i;EVEn(SOMI’C@)

For
oper:
oper

roundTolntegralTiesToEven(x) rounds x to the nearest integral value, with halfway
rounding to even.

sourceFormat roundTolIntegralTowardZero(source)

roundTolntegralTowardZero(x) rounds x to an integral value toward zero.

— sourceFormat roundTolntegralTowardPositive(source)
roundTolIntegralTowardPositive(x) rounds x to an integral value towartd positive infinity.
— sourceFormat roundTolntegralTowardNegative(source)
roundTolntegralTowardNegative(x) rounds x to an integral value-toward negative infinity.
— sourceFormat roundTolntegralTiesToAway(source)

roundTolntegralTiesToAway(x) rounds x to the nearest-integral value, with halfway
rounding away from zero.

he following operation, the rounding direction is the ‘applicable rounding-direction attribute.
ition signals the invalid operation exception for, a\signaling NaN operand, and for a numgd
nd, signals the inexact exception if the result does,not have the same numerical value as x.

— sourceFormat roundTolntegralExact(sotiree)

roundTolntegralExact(x) rounds x toan integral value according to the applicable roun
direction attribute.

Cascs

Casecs

This
rical

ling-
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5.10 Details of totalOrder predicate

For each supported arithmetic format, an implementation shall provide the following predicate that defines
an ordering among all operands in a particular format:

— boolean totalOrder(source, source)
totalOrder(x, y) imposes a total ordering on canonical members of the format of x and y:
a) Ifx<y, totalOrder(x, y) is true.
b) Ifx>y, totalOrder(x, y) is false.
c) Ifx=y:
—l—)—tofalC; dcn( O, f G) io troe:
2) totalOrder(+0, —0) is false.
3) Ifxand y represent the same floating-point datum:

i) Ifx and y have negative sign,
totalOrder(x, y) is true if and only if the exponent of x > the exponent,ofy

ii) otherwise,
totalOrder(x, y) is true if and only if the exponent of x < the exponént of y.

1) Ifxand y are unordered numerically because x or y is a NaN:

1) totalOrder(—NaN, y) is true where —NaN represents a NaN @with negative sign bit and } is a
floating-point number.

2) totalOrder(x, —NaN) is false where —NaN represents a-NaN with negative sign bit and f is a
floating-point number.

3) totalOrder(x, +NaN) is true where +NaN represents a NaN with positive sign bit and k is a
floating-point number.

4) totalOrder(+NaN, y) is false where +NaN.tepresents a NaN with positive sign bit and p is a
floating-point number.

5) Ifxand y are both NaNs, then totalOrder reflects a total ordering based on:
i) negative sign orders below pgsitive sign
ii) signaling orders below quietfor +NaN, reverse for —-NaN
iii) otherwise, the order of:NaNs is implementation-defined.

Neitlle):r signaling NaNs nor quiet. NalNs signal an exception. For canonical x and y, totalOrder(x, y) and
totalOrder(y, x) are both true if(x and y are bitwise identical.

Unsigned NaNs, as may occi, i non-interchange formats, should order like NaNs with positive sign Hit.

NOT[E— totalOrder does not impose a total ordering on all encodings in a format. In particular, it[does
not distinguish among-different encodings of the same floating-point representation, as when one or|both
encoflings are non<caronical.
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5.11

Details of comparison predicates

For every supported arithmetic format, it shall be possible to compare one floating-point datum to another
in that format (see 5.6.1). Additionally, it shall be possible to compare one floating-point datum to another
in a different format as long as the operands’ formats have the same radix.

Four mutually exclusive relations are possible: less than, equal, greater than, and unordered; unordered
arises when at least one operand is a NaN. Every NaN shall compare unordered with everything, including
itself. Comparisons shall ignore the sign of zero (so +0 = —0). Infinite operands of the same sign shall
compare equal.

Language standards shall define the comparison predicates in Tables 5.1 and 5.2. These predicates deliver

cated

Invalid operation is the only exception that a comparison predicate can signal. All predicates signdl the
invallid operation exception on signaling NaN operands. The predicates named Quiet-shall not signal any
exception, unless an operand is a signaling NaN. The predicates named Signaling shall signal the inyalid
operation exception on quiet NaN operands.
For the common mathematical symbols = # > > < <, many language standards.d¢fine notations that dp not
explicitly indicate signaling or quiet. In Table 5.1, those notations aré_represented by their conpmon
mathematical symbols. Language standards should map their notations”for the symbols = and # tp the
Quie} predicates in Table 5.1, and their notations for the symbols > < < to the Signaling predicates in
Tablg 5.1.
Tahle 5.1—Required predicates and negations, recommended for common math symhols
njath predicate math negation
symbol true relations symbol true relations
= compareQuietEqual #, NOT = compareQuietNotEqual
equal less than, greater than, unordered
> compareSignalingGreater NOT > compareSignalingNotGreater
greater than less than, equal, unordered
> compareSignalingGreaterEqual NOT > compareSignalingLessUnorderad
equal, greater than less than, unordered
< compareSignalingLess NOT < compareSignalingNotLess
less than equal, greater than, unordered
< compareSignalingLessEqual NOT £ | compareSignalingGreaterUnordefed
less than, equal greater than, unordered
NOTJE—When NaNs are present, operands have the unordered relation, so trichotomy does not apply| For
exanjple, NOT (X <Y) is not logically equivalent to (X >Y). The Signaling predicates in Table 5.1 dignal
the ipvalid operation exception on quiet NaN operands to warn of potential incorrect behavior of programs

written assuming trichotomy.
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Table 5.2—Other required predicates and negations

predicate negation

true relations true relations

compareSignalingEqual
equal

compareSignalingNotEqual

less than, greater than, unordered

compareQuietGreater
greater than

compareQuietNotGreater
less than, equal, unordered

compareQuietLessUnordered
less than, unordered

compareQuietGreaterEqual
equal, greater than

compareQuietLess compareQuietNotLess
less than equal, greater than, unordered

compareQuietLessEqual
less than, equal

compareQuietGreaterUnordered
greater than, unofdered

compareQuietUnordered compareQuietOrdered
unordered less than, equal, greater than

5.1 Details of conversion between floating-point-data and external character
sequences

This|clause specifies conversions between supported formats and external character sequences. Obgerve
that ¢onversions between supported formats of different radices are correctly rounded and set excepgions
corrdctly as described in 5.4.2, subject to limits statedyn 5.12.2 below.

Implgmentations shall provide conversions between each supported binary format and external de¢imal
chargcter sequences such that, under roundTiesToEven, conversion from the supported format to external
decithal character sequence and back recovers the original floating-point representation, except that a
signdling NaN might be converted to a quiet NaN. See 5.12.1 and 5.12.2 for details.

Implgmentations shall provide exact:eonversions from each supported decimal format to external de¢imal
chargcter sequences, and shall_provide conversions back that recover the original floating-point
reprgsentation, except that assignaling NaN might be converted to a quiet NaN. See 5.12.1 and 5.12]2 for
details.

Implementations shall(provide exact conversions from each supported binary format to external character
sequences representing numbers with hexadecimal digits for the significand, and shall provide converfions
back|that recovet the original floating-point representation, except that a signaling NaN might be convprted
to a quiet NaN, See 5.12.1 and 5.12.3 for details.

This|clau§e primarily discusses conversions during program execution; there is one special considerption
applicables to program translation separate from program execution: translation-time conversion of
constants—m progrant text—fromextermat-character STqUCICTs to Duyyuftud fuuuata, mrthe-abseneeof-other
specification in the program text, shall use this standard’s default rounding direction and language-defined
exception handling. An implementation might also provide means to permit constants to be translated at
execution time with the attributes in effect at execution time and exceptions generated at execution time.

Issues of character codes (ASCII, Unicode, etc.) are not defined by this standard.
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5.12.1 External character sequences representing zeros, infinities, and NaNs

The conversions (described in 5.4.2) from supported formats to external character sequences and back that
recover the original floating-point representation, shall recover zeros, infinities, and quiet NaNs, as well as
non-zero finite numbers. In particular, signs of zeros and infinities are preserved.

Conversion of an infinity in a supported format to an external character sequence shall produce a language-
defined one of “inf” or “infinity” or a sequence that is equivalent except for case (e.g., “Infinity” or “INF”),
with a preceding minus sign if the input is negative. Whether the conversion produces a preceding plus
sign if the input is positive is language-defined.

Conversion of external character sequences “inf” and “infinity” (regardless of case) with an optional
precl ] a ati i a all produce an infini vith the same sion as the

Conyersion of a quiet NaN in a supported format to an external character sequence shall\prodyce a
langyage-defined one of “nan” or a sequence that is equivalent except for case (e.g., “NaN”), with an
optignal preceding sign. (This standard does not interpret the sign of a NaN.)

Conyersion of a signaling NaN in a supported format to an external character sequence should prodjice a
langyage-defined one of “snan” or “nan” or a sequence that is equivalent except for ease, with an opxonal
precgding sign. If the conversion of a signaling NaN produces “nan” or a sequence-that is equivalent except
for cise, with an optional preceding sign, then the invalid operation exception\should be signaled.

Conyersion of external character sequences “nan” (regardless of case) wifhyan optional preceding signf to a
suppprted floating-point format shall produce a quiet NaN.

Conyersion of an external character sequence “snan” (regardless<of case) with an optional preceding [sign,
to a pupported format should either produce a signaling NaN ©r)else produce a quiet NaN and signgl the
invallid operation exception.

Language standards should provide an optional conversion of NaNs in a supported format to extprnal
chargcter sequences which appends to the basic NaN>character sequences a suffix that can represent the
payldad (see 6.2). The form and interpretation of:the payload suffix is language-defined. The language
standard shall require that any such optional eutput sequences be accepted as input in conversign of
external character sequences to supported forniats.

5.12|2 External decimal character.sequences representing finite numbers

exteral decimal character sequernces (see 5.4.2). For finite numbers, these operations can be thought jof as
paratpeterized by the source format, the number of significant digits in the result (if specified), and whither
the quantum is preserved (for decimal formats). Observe that specifying the number of significant digits
and gpecifying quantuin jpreservation are mutually incompatible. The means of specifying the numbgr of
significant digits and of specifying quantum preservation are language-defined and are typically embgdied
in th¢ conversionSpecification of 5.4.2.

An Eplementation shall provide joperations that convert from all supported floating-point formafs to

An ifnplementation shall also provide operations that convert external decimal character sequences fo all
suppprted formats. These operations can be thought of as parameterized by the result format.

Within\the limits stated in this clause, conversions in both directions shall preserve the value of a number
unless rounding is necessary and shall preserve its sign. If rounding is necessary, they shall use correct
rounding and shall correctly signal the inexact and other exceptions.

All conversions from external character sequences to supported decimal formats shall preserve the
quantum (see 5.4.2) unless rounding is necessary. At least one conversion from each supported decimal
format shall preserve the quantum as well as the value and sign.

If a conversion to an external character sequence requires an exponent but the exponent is not of sufficient
width to avoid overflow or underflow (see 7.4 and 7.5), the overflow or underflow should be indicated to
the user by appropriate language-defined character sequences.

Published by IEC under license from IEEE. & 2019 IEEE. All rights reserved



https://iecnorm.com/api/?name=d3dbaed586fdba13c476fd57dccd29fb

ISO/IEC 60559:2020(E)
IEEE Std 754-2019
—46 —

For the purposes of discussing the limits on correctly rounded conversion, define the following quantities:
— for binary16, Pmin (binaryl6) =5
— for binary32, Pmin(binary32) =9
— for binary64, Pmin (binary64) = 17
— for binary128, Pmin (binary128) = 36

— for all other binary formats bf, Pmin(bf) = 1+ceiling(p *logio(2)), where p is the number of
significant bits in bf’

— M =max(Pmin(bf)) for all supported binary formats bf

— for decimal32, Pmin(decimal32) =7

— for decimal64, Pmin(decimal64) =16

— for decimal 128, Pmin(decimal 128) = 34

— for all other decimal formats df, Pmin (df’) is the number of significant digits in df.

Conyersions to and from supported decimal formats shall be correctly rounded regardless-of how many
digit$ are requested or given.

Therg might be an implementation-defined limit on the number of significant digits that can be convprted
with [correct rounding to and from supported binary formats. That limit, H, shall be-such that H > M+ and
it shquld be that H is unbounded.

For g1l supported binary formats the conversion operations shall support-correctly rounded conversiops to
or frpm external character sequences for all significant digit count§ from 1 through H (that is, fgr all
expr¢ssible counts if H is unbounded).

Conyersions from supported binary formats to external character sequences for which more thin H
significant digits are specified shall pad with trailing zeros.

Conyersion from a character sequence of more than Hfsignificant digits or larger in exponent range|than
the destination binary format first shall be correctly?;rounded to H digits according to the appligable
roundling direction and shall signal exceptions as<though narrowing from a wider format and thefp the
resulfing character sequence of H digits shalkbe converted with correct rounding according t¢ the
applikcable rounding direction.

NOT[E 1—As a consequence of the foregging, the following are true:

— Conversions to or from decimal formats are correctly rounded.

— For binary formats, all €onversions of H significant digits or fewer round correctly according to
the applicable rounding direction; conversions of greater than H significant digits might ncur
additional rounding 0f the order of 10™™ < 10 units in the last place.

— Intervals are respected, in the sense that directed-rounding constraints are honored even when
more than H ‘significant digits are given: the directed rounding error has the correct sign {n all
cases, andinever exceeds 1 + 1/1000 units in the last place in magnitude.

— Convetsions are monotonic; increasing the value of a supported floating-point number doef not
deerease its value after conversion to an external character sequence, and increasing the valpe of
an external character sequence does not decrease its value after conversion to a supported flodting-
point number.

— Conversions from a supported binary format bf to an external character sequence and back again
results in a copy of the original number so long as there are at least Pmin(bf’) significant digits
specified and the rounding-direction attributes in effect during the two conversions are round to
nearest rounding-direction attributes.

— Conversions from a supported decimal format df to an external character sequence and back again
results in a canonical copy of the original number so long as the conversion to the external
character sequence is one that preserves the quantum.

— Conversions from a supported decimal format df to an external character sequence and back again
recovers the value (but not necessarily the quantum) of the original number so long as there are at
least Pmin (df’) significant digits specified.

Published by IEC under license from IEEE. & 2019 IEEE. All rights reserved



https://iecnorm.com/api/?name=d3dbaed586fdba13c476fd57dccd29fb

ISO/IEC 60559:2020(E)
IEEE Std 754-2019 - 47 —

— All implementations exchange equivalent decimal sequences: two decimal character sequences are

equivalent if they represent the same value (and quantum, for decimal formats); if two imple-
mentations support a given format they convert any floating-point representation in that format to
equivalent decimal character sequences when the same number of digits is specified and (for
binary formats) the specified number of digits is no greater than H (for both implementations), or
(for decimal formats) when the quantum-preserving conversion is specified.

Similarly, any two implementations convert equivalent decimal sequences to the same floating-
point number (with the same quantum, for decimal formats) when the number of significant digits

and the result format are supported on both implementations.

NOTE 2—H should be as large as practical, noting that “practical” might well include “unbounded” on

man

systems becanse any H at least as large as the number of digits required for the longest exact de
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sentation is effectively as good as unbounded. The length of the longest exact decimal represent]
5 than twelve thousand digits for binary128.

uage standards should provide conversions between all supported binary ~fermats and ext
ecimal-significand character sequences. External hexadecimal-significand~character sequence]
numbers shall be described by the following grammar, which defines a hexSequence:

pign [+-]

Higit [0123456789]

nexDigit [0123456789abcdefABCDEF]

hexExplindicator [Pp]

nexIndicator "0" [Xx]

hexSignificand ( {hexDigit}* "." {hexDigit}+ | {hexDigit}+ "." | {hexDigit}+ )
lecExponent {hexExplndicator} {sign}? {digit}+

nexSequence {sign}? {hexIndicator} {hexSignificand} {decExponent}

e cach line is a name followed by a rule in which ‘[...]” selects one of the terminal characters
een the brackets, “{...}” refers to an earlier named rule, ‘(... |...|...)" indicates a choice of one of

alterpatives, straight double quotes enclose a temminal character, ‘?” indicates that there shall be eith
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hce or one instance of the preceding item,*’ indicates that there shall be zero or more instances d
ding item, and ‘+’ indicates that there Shall be one or more instances of the preceding item.

hexSignificand is interpreted as a hexadecimal constant in which each hexDigit represents a val
ange 0 through 15 with the letters ‘a’ through ‘f’ representing 10 through 15, regardless of
in the hexSignificand, the (fitst (leftmost) character is the most significant. If present, the p
es the start of a hexadecimal“fractional part; if the period is to the right of all hexadecimal digif
gnificand is an integer.\The decExponent is interpreted as an optionally-signed integer express
hal following the hexExpIndicator, again with the most significant digit first.

balue of a hexSegitence is the value of the hexSignificand multiplied by two raised to the power d
of the decExponent, negated if there is a leading ‘—’ sign. The hexIndicator and the hexExpIndi
no effecton‘the value.

h converting to hexadecimal-significand character sequences in the absence of an explicit pred
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ernal
5 for

isted
three
b N0
f the

Lie in
case.
eriod
s the
ed in

f the
cator

ision
mber
ision

speclﬁcation, enough hexadecimal characters shall be used to represent the binary floating-point nu
1

y».YConversions to hexadecimal-significand character sequences with an explicit pred

specification, and conversions from hexadecimal-significand character sequences to supported binary
formats, are correctly rounded according to the applicable binary rounding-direction attribute, and signal
all exceptions appropriately.

NOTE—The external hexadecimal-significand character sequences described here follow those specified
for finite numbers in ISO/IEC 9899:2018(E) Programming languages—C (C17), in:

6.4.4.2 floating constants

7.21.6.1 fprintf (conversion specifiers ‘a’ and ‘A’)
7.21.6.2 fscanf (conversion specifier ‘a’)

7.22.1.3 strtod.
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6. Infinity, NaNs, and sign bit

6.1 Infinity arithmetic

The behavior of infinity in floating-point arithmetic is derived from the limiting cases of real arithmetic
with operands of arbitrarily large magnitude, when such a limit exists. Infinities shall be interpreted in the
affine sense, that is: —oo < {every finite number} < +oo.

Operations on infinite operands are usually exact and therefore signal no exceptions, including, among
others,

— _addition(eo, x), addition(x, «). subtraction(w, x). or subtraction(x, «). for finite x

— multiplication(oo, x) or multiplication(x, «) for finite or infinite x # 0
— division(o, x) or division(x, o) for finite x

— squareRoot(+x)

— remainder(x, o) for finite normal x

— conversion of an infinity into the same infinity in another format.

The ¢xceptions that do pertain to infinities are signaled only when

— oo is an invalid operand (see 7.2)
— oo is created from finite operands by overflow (see 7.4) or division,by zero (see 7.3)
— remainder(subnormal, ) signals underflow.

6.2 Dperations with NaNs

Twol different kinds of NaN, signaling and quiet, shall’be supported in all floating-point operafions.
Signaling NaNs afford representations for uninitialized variables and arithmetic-like enhancements {such
as complex-affine infinities or extremely wide range).that are not in the scope of this standard. Quiet NaNs
should, by means left to the implementer’s discretion, afford retrospective diagnostic information inhdrited
from|invalid or unavailable data and results. To-facilitate propagation of diagnostic information contained
in NgNs, as much of that information as possible should be preserved in NaN results of operations.

Undg¢r default exception handling, any eperation signaling an invalid operation exception and for whiich a
float|ng-point result is to be delivered; except as stated otherwise, shall deliver a quiet NaN. For |non-
defaylt treatment, see 8.

Signhling NaNs shall be reserved operands that signal the invalid operation exception (see 7.2) for ¢very
genefal-computational andssignaling-computational operation except for the conversions described in p.12.

Every general-computational and quiet-computational operation involving one or more input NaNs, [none
of thpm signaling, shall signal no exception, except fusedMultiplyAdd might signal the invalid operation
exception (see 7.2).\For an operation with quiet NaN inputs, except as stated otherwise, if a floating-point
resulf is to be delivered the result shall be a canonical quiet NaN. Recognize that format convergions,
including cenversions between supported formats and external representations as character sequepces,
might be ‘unable to deliver the same NaN. Quiet NaNs signal exceptions on some operations that dp not
deliver.d floating-point result; these operations, namely comparison and conversion to a format that hyis no
NaNSs;are discussed in 5.0, 5.3, and 7.2.

6.2.1 NaN encodings in binary interchange formats

All binary NaN bit strings have the sign bit S set to 0 or 1 and all the bits of the biased exponent field E set
to 1 (see 3.4). A quiet NaN bit string should be encoded with the first bit (d;) of the trailing significand
field 7 being 1. A signaling NaN bit string should be encoded with the first bit of the trailing significand
field being 0. If the first bit of the trailing significand field is 0, some other bit of the trailing significand
field must be non-zero to distinguish the NaN from infinity. In the preferred encoding just described, a
signaling NaN shall be quieted by setting d; to 1, leaving the remaining bits of 7 unchanged. Bits d. ds ...
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d, of the trailing significand field contain the encoding of the payload, which might be diagnostic
information (see 6.2).

6.2.2 NaN encodings in decimal interchange formats

A decimal signaling NaN shall be quieted by clearing Gs and leaving the values of the digits d; through

dp-1

of the trailing significand field unchanged (see 3.5).

For decimal formats, the payload is the trailing significand field, as defined in 3.5.

6.2.3 NaN propagation
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6.3 The sign bit

When either an input or result is a NaN, this standard does not interpret the sign of a NaN. However,
operations on bit strings—copy, negate, abs, copySign—specify the sign bit of a NaN result, sometimes
based upon the sign bit of a NaN operand. The logical predicates totalOrder and isSignMinus are also
affected by the sign bit of a NaN operand. For all other operations, this standard does not specify the sign
bit of a NaN result, even when there is only one input NaN, or when the NaN is produced from an invalid
operation.

When neither the inputs nor result are NaN, the sign of a product or quotient is the exclusive OR of the
operands’ signs; the sign of a sum, or of a difference x —y regarded as a sum x+(—y), differs from at most
one of the addends’ signs; and the sign of the result of conversions, the quantize operation, the roundTo-
Fand.

Kcept
—0.

rules
abovp for a sum of operands. When the exact result of (axbd)+c is. hon-zero yet the resullt of
fusedMultiplyAdd is zero because of rounding, the zero result takes the sigmof'the exact result.

Except that squareRoot(—0) shall be —0, every numeric squareRoot result’shall have a positive sign.
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7. Exceptions and default exception handling

7.1 Overview: exceptions and flags

This clause specifies five kinds of exceptions that shall be signaled when they arise; the signal invokes
default or alternate handling for the signaled exception. For each kind of exception the implementation
shall provide a corresponding status flag.

This clause also specifies default non-stop exception handling for exception signals, which is to deliver a
default result, continue execution, and raise the corresponding status flag (except in the case of exact
underflow, see 7.5). Clause 8 specifies alternate exception handling attributes for those signals; a language
standard—Tmghtspecitythat-somreof-thoseattributes—betmpternented—amd-themrdefmemreamrs—forusqrs  to
enable them. Default or alternate exception handling for one exception might also signal other excepfions
(see pverflow and underflow, 7.4 and 7.5). Therefore, a status flag might be raised by default, by, altefnate
exception handling, or by explicit user action (see 5.7.4).

With| default exception handling, a raised status flag usually indicates that the corresponding exceptior was
signgled and handled by default. Exceptions are handled without raising status flag§ only in the cape of
exac] underflow and status flags are raised without an exception being signaled only_at the user’s request.
Status flags shall be lowered only at the user’s request. The user shall be able to ‘test and to alter the gtatus
flags|individually or collectively, and shall further be able to save and restore.alkat one time (see 5.7.4).

A prpgram that does not inherit status flags from another source begins-execution with all status [flags
lowefed. Language standards should specify defaults in the absence ‘ef’any explicit user specificdtion,
govelning:

— Whether any particular flag exists (in the sense of being testable by non-programmatic means|such
as debuggers) outside of scopes in which a programéxplicitly sets or tests that flag.

— When a flag has scope greater than within <an invoked function, whether and wheh an
asynchronous event, such as raising or lowering the flag in another thread or signal harjdler,
affects the flag tested within that invoked-function; this includes events arising from explicit
asynchronicity in the program and also eyents arising from asynchronicity introduced by language
or implementation.

— When a flag has scope greater than\within an invoked function, whether that flag’s state cqn be
determined by non-programmati€ means (such as a debugger) within that invoked function.

— Whether flags raised in invoked functions raise flags in invoking functions.
— Whether flags raised in invoking functions raise flags in invoked functions.

—  Whether to allow, and if so the means, to specify that flags shall be persistent in the absenge of
any explicit program statement otherwise:

— The flagssstanding at the beginning of execution of a particular function are inherited from an
outer environment, typically an invoking function.

— Onteturn from or termination of an invoked function, the flags standing in an invgking
fanction are the flags that were standing in the invoked function at the time of retufn or
termination.

An invocatlon of any operation requlred by this standard 51gnals at most one exceptlon additfional
excej
exception. Default exceptlon handhng for overflow (see 74) 51gnals the inexact exceptlon Default
exception handling for underflow (see 7.5) signals the inexact exception if the default result is inexact.
Default exception handling for invalid (see 7.2) due to a signaling NaN operand may signal another invalid
operation exception for comparisons by way of unordered-signaling predicates.

An invocation of the restoreFlags or raiseFlags operation (see 5.7.4) might raise any combination of
status flags. An invocation of any other operation required by this standard, when all exceptions are
handled by default, might raise at most two status flags, overflow with inexact (see 7.4) or underflow with
inexact (see 7.5).

For the computational operations defined in this standard, exceptions are defined below to be signaled if
and only if certain conditions arise. Thus, these operations shall be computed in a way that avoids user-
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observable signals of the exceptions for other conditions, even if the operation is implemented in software
using other exception-signaling operations. Operations not specified by this standard, such as complex
arithmetic or certain transcendental functions, should signal exceptions according to the definitions below
for operations defined in this standard, but that might not always be economical. The signaling of
exceptions for operations not specified in this standard is language-defined.

NOTE—Redundant signals of an exception by the implementation of an operation are not detectable by
the user under default exception handling. Such redundant signals might be detectable by the user under
the recordException attribute for (recommended) alternate exception handling (see 8.2), and, in the case of
unordered-signaling predicates with a signaling NaN operand, under other alternate exception handling
attributes if sub-exceptions (see 8.1) are supported.

7.2 |Invalid operation

The nvalid operation exception is signaled if and only if there is no usefully definable result. In these ¢ases
the operands are invalid for the operation to be performed.

For gperations producing results in floating-point format, the default result of an operation that signals the
invallid operation exception shall be a quiet NaN that should provide some diagnosti¢nformation (see{6.2).
Thesp operations are:

}) any general-computational operation on a signaling NaN (see 6.2),\exCept for some convergions
(see 5.12)

b) multiplication: multiplication(0, c) or multiplication(co, 0)

) fusedMultiplyAdd: fusedMultiplyAdd(0, o, ¢) or fusedMultiplyAdd(o, 0, ¢) unless c is a jquiet

NaN; if ¢ is a quiet NaN then it is implementation defined whether the invalid operation exception
is signaled

1) addition or subtraction or fusedMultiplyAdd: magnitude subtraction of infinities, such as:
addition(+oo, —0)

) division: division(0, 0) or division(oo, o)

) remainder: remainder(x, y), when y is zer6 or x is infinite and neither is a NaN

b) squareRoot if the operand is less thafi‘zero

h) quantize when the result does net fit in the destination format or when one operand is finit¢ and

the other is infinite

For gperations producing no result.in-floating-point format, the operations that signal the invalid operption
exception are:

) any signaling-computational operation on a signaling NaN (see 6.2); then, under default exception
handling, the operation is evaluated with quiet NaNs in place of the signaling NaN operanlds to
determine the_result, which for unordered-signaling comparisons might signal another injvalid
operation.exeeption

] conversion of a floating-point number to an integer format, when the source is a NaN, infinify, or
a value-that would convert to an integer outside the range of the result format under the appli¢able
rounding attribute
k) S{comparison by way of unordered-signaling predicates listed in Table 5.2, when the operands are

I 1
uriorucrcu

1) logB(NaN), logB(x), or logB(0), when logBFormat is an integer format (see 5.3.3).
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7.3 Division by zero

The divideByZero exception shall be signaled if and only if an exact infinite result is defined for an
operation on finite operands. The default result of divideByZero shall be an o correctly signed according
to the operation:

— For division, when the divisor is zero and the dividend is a finite non-zero number, the sign of the
infinity is the exclusive OR of the operands’ signs (see 6.3).
— For logB(0) when logBFormat is a floating-point format, the sign of the infinity is minus (—o).

7.4 Overflow

The pverflow exception shall be signaled if and only if the destination format’s largest finite numfjer is
exceg¢ded in magnitude by what would have been the rounded floating-point result (see Clause4) wete the
expopent range unbounded. The default result shall be determined by the rounding-direction’ attribut¢ and
the sjgn of the intermediate result as follows:

1) roundTiesToEven and roundTiesToAway carry all overflows to oo with'-the sign of the
intermediate result.

b) roundTowardZero carries all overflows to the format’s largest finite number with the sign df the
intermediate result.

) roundTowardNegative carries positive overflows to the format’s-largest finite number, and cqrries

negative overflows to —o.
1) roundTowardPositive carries negative overflows to the format’s most negative finite number, and
carries positive overflows to +oo.

In addition, under default exception handling for overflow, the’overflow flag shall be raised and the ingxact
exception shall be signaled.

7.5 Underflow

The yinderflow exception shall be signaled wheni-a tiny non-zero result is detected. For binary formatg, this
shall|be either:

1) after rounding—when a non-z&€to result computed as though the exponent range were unbounded

would lie strictly between &5, or
b) before rounding—whenfi a'non-zero result computed as though both the exponent range an{l the
precision were unbounded would lie strictly between + b,

The jmplementer shall chioose how tininess is detected, but shall detect tininess in the same way fgr all
opergtions in radix twa, ijiicluding conversion operations under a binary rounding attribute.

For decimal formadts, tininess is detected before rounding—when a non-zero result computed as thbugh
both [the exponent.range and the precision were unbounded would lie strictly between & b ",

The [defaultiexception handling for underflow shall always deliver a rounded result. The methodl for
detedting, tininess does not affect the rounded result delivered, which might be zero, subnormal, or + 5{"".

In ad L‘liliUll, uIldCI dcfauh CKbCpLiUIl ‘lld[ldii[lg fUl uuduﬁuw, lf LilC IUUlldCd ICDUIL ib iIlC)&dbL—lhdl iS, lt
differs from what would have been computed were both exponent range and precision unbounded—the
underflow flag shall be raised and the inexact (see 7.6) exception shall be signaled. If the rounded result is
exact, no flag is raised and no inexact exception is signaled. This is the only case in this standard of an
exception signal receiving default handling that does not raise the corresponding flag. Such an underflow
signal has no observable effect under default handling.
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7.6 Inexact

Except as specified otherwise (e.g., 5.8 and 5.9), an operation delivering a numerical result that signals no
other exception shall signal inexact if its rounded result differs from what would have been computed were
both exponent range and precision unbounded. The rounded result shall be delivered to the destination.

NOTE—Default exception handling for overflow raises the overflow flag and signals inexact. When the
rounded result is not an exact subnormal, default exception handling for underflow raises the underflow
flag and signals inexact. When all of these exceptions are handled by default, the inexact flag is always
raised when either the overflow or underflow flag is raised.
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8. Alternate exception handling attributes

8.1 Overview

Language standards should define, and require implementations to provide, means for the user to associate
alternate exception handling attributes with blocks (see 4.1). Alternate exception handlers specify lists of
exceptions and actions to be taken for each listed exception if it is signaled. Language standards should
define exception lists containing any subset of the exceptions listed in Clause 7: invalid operation, divide-
ByZero, overflow, underflow, or inexact. Language standards should also define exception lists
containing:

allExceptions: all five exceptions listed in Clause 7, or

Lang
parti
8.3)

attrih

Chan

8.2

Asso)
exce
Impl

ging an exception handling attribute does not signal any exception.

Resuming alternate exception handling attributes

any subset of sub-exceptions —sub-cases of the exceptions in Clause 7 (e.g., the sub-casés df the
invalid operation exception in 7.2); the action for a listed sub-exception is taken if and-only {f the
operation is a specified case for the sub-exception; the sub-exception names are language-defined.

uage standards should define all the alternate exception handling attributes of(this clause] In
ular, language standards should define at least one delayed alternate exception handling attributq (see
for each of the five exceptions listed in Clause 7. The syntax and scope for{such specificatiohs of
ute values are language-defined.

ciating a resuming alternate exception handling attribute with a block means: handling the implied
ptions according to the resuming attribute specified, and.fesiming execution of the associated bjlock.
bmentations should support these resuming attributes:

default (raise flag)

Provide the default exception handling (see Clause 7) in the associated block despite alternate
exception handling that might be in effect in*wider scope.

raiseNoFlag
Provide the default exception handling (see Clause 7) without raising the corresponding §tatus
flag.

mayRaiseFlag

—

Provide the default exception handling (see Clause 7), except languages define whether a flag
raised. Languages may defer to implementations for performance.

S

recordException

Provide the default exception handling (see Clause 7) and record the corresponding exception
whenever Clause 7 specifies raising a flag. Recording an exception means storing a descriptipn of
the exception, including language-defined details which might include the current operatior} and
operandsy and the location of the exception. Language standards define operations to cophvert
exeeption descriptions to and from character sequences, and to inspect, save, and restore exception
descriptions.

substitute(x)

Specifiable for any exception: replace the default result of such an exceptional operation with a
variable or expression x. The timing and scope in which x is evaluated is language-defined.

substituteXor(x)

Specifiable for any exception arising from multiplication or division operations: like substitute(x),
but replace the default result of such an exceptional operation with |x| and, if x| is not a NaN,
obtaining the sign bit from the XOR of the signs of the operands.

abruptUnderflow

When underflow is signaled because a tiny non-zero result is detected, replace the default result
with a zero of the same sign or a minimum normal rounded result of the same sign, raise the
underflow flag, and signal the inexact exception. When roundTiesToEven, roundTiesToAway, or
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the roundTowardZero attribute is applicable, the rounded result magnitude shall be zero. When
the roundTowardPositive attribute is applicable, the rounded result magnitude shall be the
minimum normal magnitude for positive tiny results, and zero for negative tiny results. When the
roundTowardNegative attribute is applicable, the rounded result magnitude shall be the minimum
normal magnitude for negative tiny results, and zero for positive tiny results. This attribute has no
effect on the interpretation of subnormal operands.

For the augmented arithmetic operations (9.5), which return two results (x operation y and its
error, where operation is +, —, or x), if underflow is signaled because x operation y rounded using
roundTiesTowardZero would signal underflow, both results are zero with the sign of x operation
y. If underflow is signaled because the error (x operation y—roundTiesTowardZero(x operation y))
is non-zero and lies strictly between +b ", the default error result is replaced with a zero with the
Sign of (X operation y—Tound I ies T owardZero(x Operation y)). 11ese cases 1aise the underiow flag
and signal the inexact exception.

8.3 Immediate and delayed alternate exception handling attributes

Asso¢iating alternate exception handling with a block means: handling the indicated exeg€ption(s) according
to th¢ attribute specified. If the indicated exception is signaled then, depending on(the exception anfl the
exception handling attribute, the execution of the associated block might be abandoned immediate]y or
might continue with default handling. In the latter case the exception handlingds delayed and takes place
when| the associated block terminates normally. Delayed exception handling\is fully deterministic, while
immgddiate exception handling licenses but does not require an implementation to trade deterministh for
performance, because intermediate results being computed within ¢the™associated block might ngt be
deterpinistic.

Langhage standards should define, and require implementationste‘provide, these attributes:

— Immediate alternate exception handler block associated with a block: if the indicated exception is
signaled, abandon execution of the associated block as soon as possible and execute the hahdler
block, then continue execution where execution‘would have continued after normal terminatipn of
the associated block, according to the semantics of the language.

— Delayed alternate exception handler block“associated with a block: if the indicated exceptipn is
signaled, handle it by default until the*associated block terminates normally, then executp the
handler block, then continue execution where execution would have continued after ngrmal
termination of the associated block, according to the semantics of the language.

— Immediate transfer associatéd-with a block: if the indicated exception is signaled, transfer cqntrol
as soon as possible; no return’is possible.

— Delayed transfer associated with a block: if the indicated exception is signaled, handle fit by
default until the associated block terminates normally, then transfer control; no return is possiple.

Immgdiate alternate exception handling for underflow shall be invoked when underflow is sigraled,
whether the default result would be exact or inexact. Delayed alternate exception handling for undegflow
shall | be invoked «nly for underflow signals corresponding to inexact default results for which the
undegflow flag would be raised.

NOTE 1—Delayed alternate exception handling for an exception listed in Clause 7 (but not|sub-
exceptions) )can be implemented by testing status flags. However implemented, the status| flag
corrgsponding to the indicated exception should be saved prior to the beginning of the associated block and
then UWClCd. AL th Clld Uf th dbbUL«idLUd 'UiULk, LilC CUITCIIU Stdius ﬁdg b‘llULlid bC deCd, dlld L‘llC plCVi usly
saved status flag should be restored. The recently saved status flag should then be tested to determine
whether to execute the handler block or transfer control.

NOTE 2—Immediate alternate exception handling for an exception can be implemented by traps or, for
exceptions listed in Clause 7 other than underflow, by testing status flags after each operation or at the end
of the associated block. Thus for exceptions listed in Clause 7 other than underflow, immediate exception
handling can be implemented with the same mechanism as delayed exception handling, if no better
implementation mechanism is available. No matter how implemented, if the indicated exception is not
signaled in the associated block, then the corresponding status flag should not be changed. If the indicated
exception is signaled in the associated block, causing execution of the handler block or transfer of control,
then the state of the corresponding status flag might not be deterministic.
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NOTE 3—A transfer is a language-specific idiom for non-resumable control transfer. Language standards
might offer several transfer idioms such as:
— break: Abandon the associated block and continue execution where execution would continue
after normal termination of the associated block, according to the semantics of the language.

— throw exceptionName: Causes an exceptionName not to be handled locally, but rather signaled
to the next handling in scope, perhaps the function that invoked the current subprogram, according
to the semantics of that language. The invoker might handle exceptionName by default or by
alternate handling such as signaling exceptionName to the next higher invoking subprograms.

— goto label: Jump; the label might be local or global according to the semantics of the language.
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9. Recommended operations

Clause 5 completely specifies the operations required for all supported arithmetic formats.

This clause specifies additional operations that are recommended. In a specific programming environment,
these operations might be represented in operator notation or in function notation. The function names used
in a specific programming environment might differ from the names of the corresponding mathematical
functions or from the names of this standard’s corresponding operations.

9.1 Conforming language- and implementation-defined operations

For g > =point
opergtions, not otherwise defined in this document, that conform to this standard by meeting\alll the
requirements of this clause. In particular, language standards should define, to be implemented accofding
to this clause, as many of the operations of 9.2 through 9.7 as are appropriate to the language.

9.2 Additional mathematical operations

Language standards should define, to be implemented according to this subclause, as many of the
operations in Table 9.1 as is appropriate to the language. As with other operdtions of this standard, the
namgs of the operations in Table 9.1 do not necessarily correspond to the names that any particular
progfamming language would use.

In thiis subclause the domain of an operation is that subset of the affinely extended reals for which the
corrgsponding mathematical function is well defined.

A copforming operation shall return results correctly rounded)for the applicable rounding direction fgr all
opergnds in its domain.

Operption results shall be canonical.

Except as specified here, operations signal all appropriate exceptions according to Clause 7. An operjation
that feturns a floating-point result shall return a;quiet NaN as a result if there is a signaling NaN amonf the
opergtion’s operands. An operation that retutns a floating-point result shall return a quiet NaN as a regult if
there|is a quiet NaN among the operation [Syoperands, except in the cases stated otherwise in this subclguse.

1— invalid operation: For all operations, signaling NaN operands shall signal the invalid operption
exception.

Outside its domain_an operation shall return a quiet NaN and signal the invalid operation
exception.

1— divideByZero{ An operation that has a simple pole for some finite floating-point operand |shall
signal the divideByZero exception and return an infinity by default.

1 inexact{Operations should signal the inexact exception if the result is inexact. Operations should
not signal the inexact exception if the result is exact.

Othel_exCeptions are shown in Table 9.1
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Table 9.1— Additional mathematical operations

Operation Function Domain Other exceptions; see also 9.2.1
exp e’
expml e*—1
exp2 2%
exp2ml 21 [—o0, +o0] overflow; underflow
expl0 10*
APIGIIII 19){ 1
log loge(x) P )
log2 log:(x) 0.4 | 320 invald operaton
log10 logio(x) )
logp1 loge(1+x) -
log2p1 loga(1+x) [1, +oo] x= —1: §11V1d.eByZero3 .
oo l001 logro(1+x) x <—1: invalid opération; underflow
ogllp 0gi1o Ry
hlypot(x, y) V(2 +)?) [—o0, +o0] %X [—o0, +0] | overflow; Underflow
x < 0tinvalid operation;
rSqrt 1Nx [0, +ec] x is £0: divideByZero
. _ Xx)< —1: invalid operation; overflow;
conjpound(x, ) (1+x) [-1, +0] X Z underflow
n = 0: invalid operation;
Un _ x <0 and n even: invalid operation;
rpotn(x, 1) * [oo, T0I¥Z n = —1: overflow, underflow
x =0 and n <0: divideByZero
plown(x, n) x" [=o0, too] X Z overflow; underflow
J)ow(x, y) XV [—o0, +o0] %X [—o0, +o0] | overflow; underflow
powr(x, y) XY [0, +oo] X [—oo, 0] | overflow; underflow

See dontinuation overleaffot circular and hyperbolic trigonometric operations.
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Table 9.1— Additional mathematical operations (continued)

Operation Function Domain Other exceptions; see also 9.2.1
sin sin(x) (—o0, +00) |x| = oo: invalid operation; underflow
cos cos(x) (—o0, +00) | x| = oo: invalid operation
tan tan(x) (—o0, +00) | x| = co: invalid operation; underflow
sinPi sin(7 X x) (o0, +o0) |x| = oo: invalid operation; underflow
cosPi cOS(T X X) (=0, +o0) |x] = co: invalid operation
tanPi tan( <) (09| 0 05 ot mcger  dideydero
asin asin(x) [-1, +1] |x| > 1: invalid operation;undérflow
acos acos(x) [-1, +1] |x| > 1: invalid operation
atan atan(x) [0, +0] underflow
atan2(y, x) see 9.2.1 [0, +o0] X [—o0, +oo] | underflow
asinPi asin(x)/m [-1, +1] |x| > 1:invalid operation; underflow
acosPi acos(x)/n [-1, +1] |x] >\1x invalid operation
atanPi atan(x)/m [—o0, +0] underflow
atan2Pi(y, x) see 9.2.1 [0, +o0] X [—o0, 00} | underflow
sinh sinh(x) [—o0, +oa] overflow; underflow
cosh cosh(x) [0, 0] overflow
tanh tanh(x) [0, +o0] underflow
asinh asinh(x) [0, +o0] underflow
acosh acosh(x) [+1, +o0] x < 1: invalid operation
underflow;
atanh atanh(x) [-1, +1] |x| = 1: divideByZero;
|x| > 1: invalid operation
Interpal notation istused for the domain: a value adjacent to a bracket is included in the domain and a yalue
adjadent to a parenthesis is not. Z is the set of integers.
The potation-A™* B in the domain denotes the set of ordered pairs of elements (a, b) where a is an elgment
of Aland b is an element of B.
The pperations sin, ¢g 0, asil ps, atan, and n2 measure angles in radian inPi,

cosPi, tanPi, asinPi, acosPi, atanPi, and atan2Pi measure angles in half-revolutions.

For operations f defined by even mathematical functions, f(—x) is f(x) for all rounding attributes for their
entire domain and range. For operations f defined by odd mathematical functions, f(—x) is —f(x) for
roundTiesToEven, roundTiesToAway, and roundTowardZero for their entire domain and range.
atan2(y, x) and atan2Pi(y, x) are odd in their first operand. hypot(x, y) is even in both operands.

NOTE—Non-interchange formats with very large precision relative to exponent range might signal
additional exceptions not listed in Table 9.1. For instance, log might signal underflow and tan might signal
overflow.

Published by IEC under license from IEEE. & 2019 IEEE. All rights reserved



https://iecnorm.com/api/?name=d3dbaed586fdba13c476fd57dccd29fb

ISO/IEC 60559:2020(E)
IEEE Std 754-2019 -61-

9.2.1 Special values

For the operations sin, tan, sinPi, tanPi, asin, atan, asinPi, atanPi, sinh, tanh, asinh, atanh, expml,
exp2ml, exp10ml, logpl1, log2p1, and log10p1, f(+0) is +0 and f(—0) is —0 with no exception.

For the operations cos, cosPi, cosh, exp, exp2, and exp10, f(+0) is +1 with no exception.

sinPi(+n) is +0 and sinPi(—n) is —0 for positive integers n. This implies, under roundTiesToEven,
roundTiesToAway, and roundTowardZero, that sinPi(—x) and —sinPi(x) are the same number (or both
NaN) for all x. cosPi(n + ) is +0 for any integer » when n + 'z is representable. This implies that
cosPi(—x) and cosPi(x) are the same number (or both NaN) for all x, in all rounding directions.

For integer n> 0:

anPi(2 xn+0.5) 1s +oo and signals the divideByZero exception
anPi(2 xn+1) is —0

anPi(2 xn+1.5) is —oo and signals the divideByZero exception
anPi(2 xn+2) is +0

For ipteger n< 0:

anPi(2 xn—0.5) is —oo and signals the divideByZero exception
anPi(2xn—1)is +0

anPi(2 xn—1.5) is +oo and signals the divideByZero exception
anPi(2xn—2)is -0

This|implies, under roundTiesToEven, roundTiesToAway, and roundTowardZero, that tanPi(—x) and
—tanPi(x) are the same number (or both NaN) for all x.

acos(1), acosPi(1), and acosh(1) are +0.

atan{+o0) is +1/2 rounded and thus should signal the inexact exception.

atanp(y, x) is the angle subtended at the origin by the peint (x, y) and the positive x-axis; that angle i also
the argument or phase or imaginary part of the logafithm of the complex number x+iy. The unroynded
rang¢ of atan2 is [, +7].

For y with positive sign bit, the general cases>0f atan2(y, x) for finite non-zero numeric x are corfectly
roungled from the following expressions:

tan2(y, x) for finite x>0 is atan(|)/x]), which could signal the underflow exception
tan2(y, x) for finite x<0 is © — atan(|y/x|).

The $pecial cases of atan2(y, x)nyolving 0 and o are constants which should signal the inexact exception
wher] the result is non-zero, but they signal no other exception:
tan2(£0, —0) is £n

tan2(£0, +0) is £0

tan2(+0, x) is £ for x<0

tan2(+0, x) is %0 for x>0

tan2(y, £0) is>m/2 for y<0

tan2(y, £0) is +n/2 for y>0

tan2(¥y;—oo) is +n for finite y>0

tan2(£y, +oo) is 0 for finite y>0

tan2(+o, x) is +n/2 for finite x

atan2(+oo, —o0) 1s £31/4

atan2(do0, +0) is £m/4.

For some formats under some rounding attributes the rounded magnitude range of atan (atan2) might
exceed the unrounded magnitude of /2 (m). A programmer must then take care to properly handle any
anomalous manifold jump that might occur under the inverse operation.

atanPi(+o) is £ with no exception.

atan2Pi(y, x) is the angle subtended at the origin by the point (x, y) and the positive x-axis. The range of
atan2Piis [—1, +1].
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For y with positive sign bit, the general cases of atan2Pi(y, x) for finite non-zero numeric x are correctly
rounded from the following expressions:

atan2Pi(y, x) for finite x>0 is atan(] y/x|)/x, which could signal the underflow exception

atan2Pi(y, x) for finite x<0 is 1— atan(| y/x|)/x.

The special cases of atan2Pi(y, x) involving 0 and co are exact constants that signal no exception:
atan2Pi(+0, —0) is =1
atan2Pi(+0, +0) is +0
atan2Pi(+0, x) is 1 for x<0
atan2Pi(+0, x) is 0 for x>0
atan2Pi(y, £0) is =% for y<0
atan2Pi(y, £0) is +% for y>0
tan2Pi(+y, —) is £1 for finite y>0
tan2Pi(xy, +oo) is £0 for finite y>0
tan2Pi(+o0, x) is £Y% for finite x
tan2Pi(xo00, —o0) is %
tan2Pi(+o0, +00) is £%.

sinh(toc) and asinh(£o) are +oo with no exception. cosh(+o0) and acosh(+w0) are Foo with no exception.
tanh{+c0) is £1 with no exception. atanh(£1) is +oo and signals the divideByZere_exception.

For fhe operations exp, exp2, and expl0, f(+w) is +oo and f(—o) is +0\with no exception. Fof the
opergtions expml, exp2ml, and exp10ml, f'(+o0) is +oo and f'(—0) is —1 with' no exception.

For the operations log, log2, log10, logpl, log2p1, and log10p1, f (+eo)*is +oo with no exception. Fdr the
opergtions log, log2, and logl10, /' (+0) is — and signals the divideByZero exception, and f (1) is +0] For
the operations logp1, log2p1, and logl0p1, /(—1) is —oo and signals the divideByZero exception.

For the hypot operation, hypot(+0, £0) is +0, hypot(+co, qNaN) is +oo, and hypot(qNaN, o) is +oo.
rSqrit(+oo) is +0 with no exception. rSqrt(+0) is +oo and signals the divideByZero exception.

For the compound, rootn, and pown operations;@1s a finite integral value in integralFormat. When
integjalFormat is a floating-point format, the behavior of these operations is language-defined whep the
secold operand is non-integral or infinite.

For the compound operation:

ompound (x, 0) is 1 for x>—1 or qaiet NaN

ompound (—1, n) is +oo and signals the divideByZero exception for n<0
ompound (—1, n) is +0 for #>0

ompound (£0, n) is 1

ompound (+o0, 1) is +od:fot n>0

ompound (+o0, 1) is™0 for n<0

ompound (x, n) i§ gNaN and signals the invalid operation exception for x<—1
ompound (qNaN; n) is qNaN for n#0.

For the rootn ppetation:

Footn (£0,) is +oo and signals the divideByZero exception for odd n<0
Footn(£0, 1) is +oo and signals the divideByZero exception for even n<0
ro0tn(£0, n) is +0 for even n>0

Footn (—l—n) n) 1s 0 forodd x>0

rootn (+oo, 1) is +oo for n>0

rootn (—oo, n) is —oo for odd n>0

rootn (—o, 1) is qNaN and signals the invalid operation exception for even n>0
rootn (+oo, n) is +0 for n<0

rootn (—oo, n) is —0 for odd n<0

rootn (—o, 1) is qNaN and signals the invalid operation exception for even n<0.

NOTE—rootn (-0, 2) differs from squareRoot(—0) because they have different consistency
considerations.
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For the pown operation:
pown (x, 0) is 1 if x is not a signaling NaN
pown (£0, n) is =00 and signals the divideByZero exception for odd n<0
pown (0, n) is +oo and signals the divideByZero exception for even n<0
pown (£0, n) is +0 for even n>0
pown (0, n) is 0 for odd n>0
pown (+o0, 1) is +oo for n>0
pown (—, n) is —oo for odd n>0
pown (—x, n) is +oo for even n>0
pown (+o, ) is +0 for n<0
pown (—, ) is —0 for odd n<0
na . )1 A

—a ar—ayreR—-<)
S 7

For the pow operation:

pow (x, £0) is 1 if x is not a signaling NaN

bow (0, y) is +oo and signals the divideByZero exception for y an odd integer <0
how (+0, —o0) is +oo with no exception

pow (0, +o0) is +0 with no exception

pow (£0, y) is £0 for finite y>0 an odd integer

bow (—1, £o0) is 1 with no exception

bow (+1, y) is 1 for any y (even a quiet NaN)

bow (x, +o0) is +0 for —1<x<1

Dow (x, +o0) is +oo for x<—1 or for 1 <x (including +o0)

how (x, —o0) is +oo for —1 <x<1

Dow (x, —o0) is +0 for x<—1 or for 1 <x (including +o)

how (+oo, y) is +0 for a number y <0

how (+0, y) is +oo for a number y > 0

pow (—oo, ) is —0 for finite y <0 an odd integer

how (—0, y) is —oo for finite y > 0 an odd integer

how (—o, y) is +0 for finite y <0 and not an odd integer

how (—o, ) is +oo for finite y > 0 and not an odd. integer

bow (£0, y) is +oo and signals the divideByZeto exception for finite y<0 and not an odd integer
bow(+0, ) is +0 for finite y>0 and not antédd integer

bow(x, ) signals the invalid operation exception for finite x<0 and finite non-integer y.

OTE—To support special cases that could occur in decimal floating-point numbers but not in bipary
oating-point numbers when x.i§ negative and y is not an odd integer, language standards might
dlefine another power operation; powd, whose specification expands the last five rules above as:

howd (—o, y) is +0 for finite y <0 an even integer

bowd (—oo, y) is +oo for finite y > 0 an even integer

powd (+0, y) is +ooand signals the divideByZero exception for finite y<0 and not an odd integer
powd (—0, ) is %o and signals the divideByZero exception for finite y<0 an even integer

powd (+0, 3)is+0 for finite >0 and not an odd integer

powd(—0,7),1s +0 for finite y>0 an even integer

powd (=13.7) is +1 for finite non-integer y whose simplest form is m/n with m even and n odd
bowd (1, y) is —1 for finite non-integer y whose simplest form is m/n with both m and n odd
powd(—1, y) is qNaN and signals the invalid operation exception for finite non-integer y whose
stmptestformr s 777 withr reven

powd(x, y) is powd (—1, y) X powd (abs(x), y) for finite non-integer y and negative x (including —O0,
finite negative x, and —o0).

For the powr operation:
powr (x, £0) is 1 for finite x>0
powr (£0, y) is +oo and signals the divideByZero exception for finite y<0
powr (£0, —o0) is +o0
powr (0, y) is +0 for y>0
powr (+1, y) is 1 for finite y
powr (x, y) signals the invalid operation exception for x<0
powr (+0, +0) signals the invalid operation exception
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powr (+oo, £0) signals the invalid operation exception
powr (+1, +o0) signals the invalid operation exception
powr (x, gNaN) is qNaN for x>0

powr (qNaN, y) is qNaN.

NOTE—This standard defines several operations to raise x to a given power:
pown(x, n) accepts integral powers n only, for any x
pow(x, y) behaves the same as pown(x, n) when y contains a value which is equal to an integral n
powr(x, y) is defined by considering exp(y % log(x)), and thus its domain excludes negative x.

9.2.2 Preferred exponents

The J)referred exponent for operations in sub-clause 9.2 is 0, except for the following:

R(hypot(x, y)) is min(Q(x), Q(»))
R(rSqrt(x)) is —floor(Q(x)/2)
D(compound(x, n)) is floor(n x min(0, Q(x)))
D(rootn(x, n)) is floor(Q(x)/n)

R(pow(x, y)) is floor(y x Q(x))

D(pown(x, n)) is floor(n X Q(x))

D(powr(x, y)) is floor(y x Q(x)).
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9.3 Dynamic mode operations

9.3.1 Operations on individual dynamic modes

Language standards that define dynamic mode specification (see 4.2) for binary or decimal rounding
directions shall define corresponding non-computational operations to get and set the applicable value of
each specified dynamic mode rounding direction. The applicable value of the rounding direction might
have been set by a constant attribute specification or a dynamic-mode assignment, according to the scoping
rules of the language. The effect of these operations, if used outside the static scope of a dynamic
specification for a rounding direction, is language-defined (and may be unspecified).

Lan

Lang

Lang
oper

9.3.2

Lang
oper:

modd
oper
not r

uagc b‘lalll.‘lal(.‘lb ‘llla‘t L‘lUﬁllC L‘l_yllalllib lllUdC leC\/iﬁba‘LiUll fUl 1Uillcl.l_)’ 1uuudiug L‘lilC\/tiUll b‘lldil L‘lUﬁllC.
— binaryRoundingDirection getBinaryRoundingDirection(void)

— void setBinaryRoundingDirection(binaryRoundingDirection).

uage standards that define dynamic mode specification for decimal rounding direction-shall defin
— decimalRoundingDirection getDecimalRoundingDirection(void)

— void setDecimalRoundingDirection(decimalRoundingDirection).

uage standards that define dynamic mode specification for other attributes shall define correspor
tions to get and set those dynamic modes.

Operations on all dynamic modes

tions for all dynamic-specifiable modes collectively:
—  modeGroup saveModes(void)
Saves the values of all dynamic-specifiable nigdes as a group.
— void restoreModes(modeGroup)
Restores the values of all dynamic-speeifiable modes as a group.
— void defaultModes(void)
Sets all dynamic-specifiable modes to default values.
Group represents the set of\dynamically-specifiable modes. The return values of the saveM

tion are for use as operands_o6f the restoreModes operation in the same program; this standard
pquire support for any other use.

v

L.

ding

uage standards that define dynamic mode specification shall define the following non-computational

odes
does
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9.4 Reduction operations

Language standards should define the following reduction operations for all supported arithmetic formats.
Unlike the other operations in this standard, these operate on vectors of operands in one format and return a
result in the same format. Implementations may associate in any order or evaluate in any wider format.

The vector length operand shall have integral values in a language-defined format, integralFormat. If
integralFormat is a floating-point format, it shall have a precision at least as large as sourceFormat and
have the same radix. The behavior of these operations is language-defined when the vector length operand
is non-integral or negative.

Numerical results and exceptional behavior, including the invalid operation exception and its sub-
exceptions, mignt differ due to the precision of intermediates and e order of evatuation. However,|only
one [exception is signaled per reduction operation invocation; exceptions are not signaledfor)|each
exceptional intermediate operand or result. All reduction operations signal the invalid operatioh ‘gXception
if any operand is a signaling NaN. Once an invalid operation condition is signaled, due to signaling NaN,
co—op, or 0 x oo, processing of vector elements may stop.

Undgr default exception handling, inexact is also signaled when these operations sighal-overflow or ingxact
undefflow. Otherwise whether the inexact exception is signaled is not specified.

Prefgrred exponents and cohort members of results are not specified for these\operations.
Language standards should define the following sum reductions:

— sourceFormat sum(source vector, integralFormat)
sum(p, n) is an implementation-defined approximation t@ -1, n pi, where p is a vector of length n.

— sourceFormat dot(source vector, source vector, integralFormat)
dot(p, g, n) is an implementation-defined approximiation to Y s-1.» (pixq:), where p and ¢ are
vectors of length 7.

— sourceFormat sumSquare(source vector, integralFormat)
sumSquare(p, ) is an implementation-defined approximation to Y -1,» p2, where p is a vecfor of
length n.

— sourceFormat sumAbs(source vector,SintegralFormat)
sumAbs(p, n) is an implementation-defined approximation to Y -1, |pi, where p is a vectpr of
length n.

For qum and dot, if any operand elemdent is a NaN a quiet NaN is returned. A product of o x 0 signals the
invallid operation exception. A sum of infinities of different signs signals the invalid operation excegjtion.
Othefwise, a sum of infinities of the same sign returns that infinity and does not signal any exception.
Othefwise, sums are complited with no avoidable intermediate exception conditions in the calculatiof and
the flnal result is determined from that intermediate result. If the final result overflows, signal overflgw. If
the final result undexflows, signal underflow.

For sumSquare{and sumAbs, if any operand element is an infinity, +oo is returned. Otherwise, if any
opergnd elemént) is a NaN a quiet NaN is returned. Otherwise, sums are computed with no avoiglable
interediat&exception conditions in the calculation and the final result is determined from that. If the|final
resulf overflows, signal overflow. If the final result underflows, signal underflow.

IAY 1t % 41
WO U T CXCCPTIon:

“Zh P £ 1 41 1 2 s " 1 .
CA e CCtO oSt O poranaG 15200 TR ota—varaC1s

Language standards should define the following scaled product reduction operations:

— (sourceFormat, integralFormat) scaledProd(source vector, integralFormat)
scaledProd(p, n) returns {pr, sf} so that scaleB(pr, sf) is an implementation-defined
approximation to [ -1, p;, where p is a vector of length n.

— (sourceFormat, integralFormat) scaledProdSum(source vector, source vector, integralFormat)
scaledProdSum(p, g, n) returns {pr, sf} so that scaleB(pr, sf) is an implementation-defined
approximation to [[i=1,» (pi+¢:), where p and ¢ are vectors of length 7.
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— (sourceFormat, integralFormat) scaledProdDiff(source vector, source vector, integralFormat)
scaledProdDiff(p, g, n) returns {pr, sf} so that scaleB(pr, sf) is an implementation-defined
approximation to [[-1,» (pi—¢:), where p and q are vectors of length 7.

The vector operands and the scaled product member of the result shall be of the same format. The vector
length operand and the scale factor member of the result shall have integral values and should be of the
same language-defined format, integralFormat.

For scaledProd, scaledProdSum, and scaledProdDiff, if any operand element is a NaN a quiet NaN is
returned. A product of cox 0 signals the invalid operation exception. A sum of infinities of different signs
(or a difference of infinities of like signs) signals the invalid operation exception. Otherwise, if there are
infinities in the product, an infinity is returned and the invalid operation exception is not signaled.
Oth\/ VV;D\/, if tll\ll\( dalrv ZUIVUd ill t}l\/ PJUdu\/t, a ZUIVU iD 1utu1u\4d aud th\/ luval;d Ul}\tlat;ull L/A\/\tt}t;ull .D nOt

signgled.

In the absence of any of the above, the scaled result, pr, shall not be affected by overflow orunderflow.
Thesp operations should not signal the divideByZero exception, even if implemented with .logB. If the
scale] factor is too large in magnitude to be represented exactly in the format of sf, then‘these operdtions
shall| signal the invalid operation exception and by default return quiet NaN for pry-and also for|sf if
integyalFormat is a floating-point format. When the vector length operand is zero{_pr is 1 and sf s +0
withgut exception.
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9.5 Augmented arithmetic operations

Language standards should define for binary formats, to be implemented according to 9.1, this clause’s
operations as is appropriate to the language. These homogeneous operations produce a pair of
sourceFormat results denoted (sourceFormat, sourceFormat). This standard recommends only the
operations for binary formats because the requirements to address augmenting decimal format arithmetic
are not yet determined.

This standard specifies a single rounding direction to be used in the operations in this subclause, defined as
roundTiesTowardZero: the floating-point number nearest to the infinitely precise result shall be delivered;
if the two nearest floating-point numbers bracketing an unrepresentable infinitely precise result are equally

g ) g n;
detefmined by the destination format (see 3.3). Thus, roundTiesTowardZero carries all overflows(sc¢ 7.4)
to o with the sign of the intermediate result. An infinitely precise result with magnitudeequpl to
bem*k(b—Y2b ") shall round to " x(b—b"'?) with no change in sign.

In the specification in this subclause, roundTiesTowardZero(x operation y) denotes theinfinitely precise
resulf of x operation y rounded using roundTiesTowardZero, where operation is +, —,-0r'%-

— (sourceFormat, sourceFormat) augmentedAddition(source, source)

The operation augmentedAddition(x, y) computes both the infinitely'précise sum x +y rounded to
sourceFormat using roundTiesTowardZero and the error in rounding the sum when the rounded
x+y is finite. If roundTiesTowardZero(x +y) is a finite number, augmentedAddition produces
roundTiesTowardZero(x +y) and x+y—roundTiesTowardZero(x+y), where if x+y—roundTies-
TowardZero(x+y) equals zero, it is returned with the signf of foundTiesTowardZero(x + y).

This operation’s exceptional behavior is the same _jas that of addition (see 5.4.1) fising
roundTiesTowardZero, with the following additional specifications. The operation propagates a
NaN as both results if any input is a NaN (see 6:2.3). If roundTiesTowardZero(x +y) is infjinite,
both produced results are the result of roundTiesTowardZero(x +y) and the operation signal like
addition(x,y) using roundTiesTowardZero~ If the operation signals the invalid opefation
exception, it produces the same quiet NaN“for both outputs. If x+y—roundTiesTowardZero(x+y)
is non-zero and lies strictly betweens®b“"", the underflow exception shall be signaled. Under
default exception handling, the operation signals inexact only when roundTiesTowardZero(jx+y)
overflows; the operation’s subnormal and zero results are exact.

— (sourceFormat, sourceFoimat) augmentedSubtraction(source, source)

The operation augmentedSubtraction(x, y) computes both the infinitely precise difference| x—y
rounded to sourceFermat using roundTiesTowardZero and the error in rounding the diffefence
when the roumded x—y is finite. If roundTiesTowardZero(x—y) is a finite number,
augmentedSubtraction produces roundTiesTowardZero(x—y) and x—y—roundTiesToyard-
Zero(x—y),\where if x—y—roundTiesTowardZero(x—y) equals zero, it is returned with the sign of
roundTiesFowardZero(x—y).

This (operation’s exceptional behavior is the same as that of subtraction (see 5.4.1) fising
rounidTiesTowardZero, with the following additional specifications. The operation propagdtes a
NaN as both results if any input is a NaN (see 6.2.3). If roundTiesTowardZero(x—y) is inffinite,
both produced results are the result of roundTiesTowardZero(x—y) and the operation signalg like
subtraction(x,y) using roundTiesTowardZero. If the operation signals the invalid operation
exception, it produces the same quiet NaN for both outputs. If x—y—roundTiesTowardZero(x—Yy)
is non-zero and lies strictly between +b“", the underflow exception shall be signaled. Under
default exception handling, the operation signals inexact only when roundTiesTowardZero(x—Yy)
overflows; the operation’s subnormal and zero results are exact.
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