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Introduction

The generic package described here is intended)to  provide the basic complex
mathematical routines from which portable)reusable applications can be
built. This International Standard serves a broad class of applications with
reasonable ease of use, while demanding’implementations|that are of high
quality, capable of validation, and also practical given the gtate of the art.

The specification included ingthis International Standard |s presented as a
compilable Ada specification(in’' Annex A, with explanatory fext in numbered
clauses in the main body‘f text. The explanatory text is| normative, with
the exception of the following items:

— notes (undér'the heading Notes associated with someof the functions);
and

— notes (labeled as such) presented at the end of any humbered clause.

Théyword “may” as used in this International Standard cqnsistently means
fis allowed to” (or “are allowed to”). It is used only to express permission,
as in the commonly occurring phrase “an implementation njay”; other words
(such as “can,” “could” or “might”) are used to express ral];)ility, possibility,
capacity or consequentiality.
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Information technology —
Programming languages —

Generic package of complex elementary functions for Ada

1 Scope

This Internptional Standard defines the specification of a generic package of complex elementary functions called

GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS. It does not provide the body of the package.

This Internptional Standard specifies certain basic complex mathematical routines from which pogtable, reusable

applicationg can be built. This International Standard serves a broad class of applications with reason

wble ease of use,

while demanding implementations that are of high quality, capable of validation,‘and also practical given the state of

the art.

This Internptional Standard is applicable to programming environments conforming to ISO/IEC 8

relevant to phe revised standard ISO/IEC 8652:1995.

2 Nornpative references

52:1987 and is

The followihg standards contain provisions which, thréugh reference in this text, constitute provisions|of this Interna-

tional Standlard. At the time of publication, the editions indicated were valid. All standards are sub,

ect to revision,

and parties fto agreements based on this Internatiohal Standard are encouraged to investigate the possibility of applying
the most recent editions of the standards indicated below. Members of IEC and ISO maintain registlers of currently

valid Internjational Standards.

ISO/IEC 8652, Information technology)— Programming languages — Ada.

ISO/IEC 11430, Information gechnology — Programming languages — Generic package of elementa

Ada.

ISO/IEC 11729, Informution technology — Programming languages — Generic package of primitive fu

ISO/IEC 1B813,~Taformation technology — Programming languages — Generic packages of real a

declaration$ and-basic operations for Ada (including vector and matric types).

ry functions for

nctions for Ada.

vd complex type

3 Subprograms provided

The following twenty mathematical functions are provided:

SQRT LOG EXP Mook !
SIN cos TAN CcoT
ARCSIN  ARCCOS ARCTAN  ARCCOT
SINH COSH TANH COTH

ARCSINH ARCCOSH ARCTANH ARCCOTH

These are the square root (SQRT), logarithm (LOG) and exponential (EXP) function and the exponentiation operator
(#*); the trigonometric functions for sine (SIN), cosine (COS), tangent (TAN) and cotangent (COT) and their inverses
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(ARCSIN, ARCCOS, ARCTAN and ARCCOT); and the hyperbolic functions for sine (SINH), cosine (COSH), tangent (TANH),
and cotangent (COTH) together with their inverses (ARCSINH, ARCCOSH, ARCTANH, and ARCCOTH). These are the same
functions by the same names that are in the package GENERIC_ELEMENTARY_FUNCTIONS definied in ISO/IEC 11430.

Several variations are provided for the exponentiation operator and the exponential function. All functions have one or
more formal parameters of type COMPLEX or IMAGINARY and return a value of type COMPLEX. COMPLEX and IMAGINARY

are generic formal parameters of the generic package GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS.

4 Instantiations

This Internatiopal Standard describes a generic package, GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS;-wh

must instantiat
ters and many g
parameters to I

a) a floatin

eneric formal subprograms with defaults. At instantiation, the user must specify, as the ge
e associated with REAL, COMPLEX and IMAGINARY respectively,

F-point, type,

b) a privatd composite type containing real and imaginary components of the)type specified by a), (
International[Standard, the real and imaginary components of the compositedype are referred to simpl
nents.)

¢) a private
Types suitable
its generic actu
of the package
1t is merely an
subprogram ge
exported by thd

Depending on t
constraint for ¢
can be omitted
are visible at t
optionally be u

In addition to t
be used just like
point type and
as a replaceme)

type of the same base type as a) that is interpreted as the pure imaginary form of b).
for b) and c) are exported by the package obtained by instantiating, with the type specifi

GENERIC_COMPLEX_TYPES is not a prerequisite for using GENERIC_COMPLEX_ELEMENTARY
option that the user might find convenient to pursue.) In addition the user may specif]
neric formal parameters as generic ac¢tiral parameters, or for convenience, all these subpi
instantiation of GENERIC_COMPLEX, TYPES described above.

he implementation, the user;may or may not be allowed to specify a generic actual type haj
he first generic actual parameter (see clause 5). The generic actual parameters for the s
if functions having names and profiles matching those of the corresponding generic formal
he place of the instantiation. An instantiation of GENERIC_COMPLEX_TYPES, as described
bed to obtain subprograms that satisfy these requirements.

he body of tlie*generic package itself, implementers may provide (non-generic) library packa,
instantiations of the generic package in which the first generic actual parameter is a predefin
the remainder are related to the first in appropriate ways. In particular, the name of a pac
ntfor“an instantiation of GENERIC _COMPLEX _ ELEMENTARY FUNCTIONS for the predeﬁned

shall be COMPLEX

b to obtain a computational capability. The generic package has three required genéericforn

ch the user
nal parame-
heric actual

Within this

as compo-

ed by a) as

bl parameter, the generic package GENERIC_COMPLEX_TYPES defined in ISO/IEC 13813. (Ipstantiation
JFUNCTIONS;

y the many
ograms are

ing a range
ibprograms
parameters
above, can

bes that can
ed floating-
kage serving
type FLOAT
ak it exports.

Similarly, the names of packages serving as replacements for mstantlatlons of GENERIC COMPLEX ELEMENTARY FUNC-

TIONS for the

SHORT_COMPLEX_ELEMENTARY_FUNCTIONS, etc.,

predefined types LONG_FLOAT, SHORT_FLOAT, etc.,
respectively and REAL shall be systematically replaced in

shall be LONG_COMPLEX_ELEMENTARY_

FUNCTIONS,
the profiles

of the functions that they export by LONG_FLOAT, SHORT_FLOAT, etc. Implementers are responsible for ensuring that
a composite type called COMPLEX containing a pair of components of types FLOAT, LONG_FLOAT, SHORT_FLOAT, etc.,
respectively, are available. For example, each of the non-generic library packages could be prefixed by an appropriate

context clause,

such as:

with COMPLEX_TYPES;
package COMPLEX_ELEMENTARY_FUNCTIONS is ...

The packages COMPLEX_TYPES, LONG_COMPLEX_TYPES, etc.,

implementation, yet are an option the implementer might find convenient to pursue.

2

described in ISO/IEC 13813, are not a prerequisite for
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5 Implementations

Portable implementations of GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS are strongly encouraged. However, implemen-
tations are not required to be portable. In particular, an implementation of this International Standard in Ada may use
pragma INTERFACE or other pragmas, unchecked conversion, machine-code insertions or other machine-dependent
techniques as desired. On the other hand, to the extent that generic packages (e.g. GENERIC_ELEMENTARY_FUNCTIONS
defined in ISO/IEC 11430 and GENERIC_PRIMITIVE_FUNCTIONS defined in ISO/TEC 11729) become widely available,
portable implementations of GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS should not be particularly difficult to con-
struct. In particular, it is possible to achieve the accuracy required by this International Standard, when specified, by
appropriate use of the package GENERIC_ELEMENTARY_FUNCTIONS.

mum value for
An implemen-
o be used, but

An implem
SYSTEM. MAX
tation 1s als
only when
limits and
MENTARY_FU
assumption
effect, this

entation is allowed to limit the precision it supports (by stating an assumed maxi
_DIGITS), since portable implementations would not, in general, be possible othepwise.
o allowed to make other reasonable assumptions about the environment in whichut is
hecessary in order to match algorithms to hardware characteristics in an econamical mgnner. All such
jssumptions shall be clearly documented. By convention, an implementatiémof GENERIQ_COMPLEX_ELE-
NCTIONS is said not to conform to this International Standard in any enwirenment in whiich its limits or
are not satisfied, and this International Standard does not define its behavior in that epvironment. In
onvention delimits the portability of implementations.

with REAL shall
ction, then the

g

bntation is allowed to impose a restriction that the generic adtual parameter associated
range constraint that reduces the range of allowable values: If it does impose this restr
hall be documented, and the effects of violating the restriction shall be one of the followir

An implem
not have a
restriction g

a)

b) CONS
PLEX_ELE

Compilation of a unit containing an instantiation of GENERIC_COMPLEX_ELEMENTARY_FUNCTIONE is rejected.

TRAINT_ERROR or PROGRAM_ERROR is raised during the elaboration of an instantiation o
[MENTARY_FUNCTIONS.

f GENERIC_CONM-

if an implementation does not impose)the restriction, then it must not allow such a r
led with the user’s actual type, to interfere with the internal computations of the function
of the argument and the result &re’within the range of the type, then the implementation
hall not raise an exception (su¢h as CONSTRAINT_ERROR).

Conversely,
when inclu
components
result and s

inge constraint,
s; that is, if the
shall return the

Any of the
EMENTARY_]

restrictions discussed abové may in fact be inherited from implementations of the packa
FUNCTIONS defined in \ISO/IEC 11430, GENERIC_PRIMITIVE_FUNCTIONS defined in ISO

GENERIC_CQMPLEX_TYPES defified in ISO/IEC 13813, if used. The dependence of an implementation o

restrictions

An 1mplem

should be documented.

entation shall function properly in a tasking environment. Apart from the obvious res

es GENERIC_EL-
IEC 11729 and
h such inherited

riction that an

implement4
functions, 1
use of such

tion of GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS shall avoid declaring variables that afe global to the
o special constraints are imposed on implementations. Nothing in this International Standard requires the
global variables.

Some hardware and their accompanying Ada implementations have the capability of representing and discriminating
between positively and negatively signed zeros as a means, e.g., of preserving the sign of an infinitesimal quantity
that has underflowed to zero. This International Standard allows implementations of GENERIC_COMPLEX_ELEMENTA-
RY_FUNCTIONS to exploit that capability, when available, so as to exhibit continuity in the results of some functions
as certain limits are approached. At the same time, it accommodates implementations in which that capability is
unavailable. Because a definition of what comprises the capability of representing and distinguishing signed zeros is
beyond the scope of this International Standard, implementations are allowed the freedom not to exploit the capability,
even when available. An implementation shall exercise its choice consistently, either exploiting signed-zero behavior
everywhere or nowhere in this package. The signs of zero results prescribed by this International Standard apply only
to implementations that exploit signed zeros; an implementation that does not exploit signed zeros may give any sign
to a zero result. In addition an implementation shall document its behavior with respect to signed zeros. In this
International Standard, unless otherwise qualified, zero means any of (+£0.0, +0.0) and one means either of (1.0,
40.0).
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6 Exceptions

The ARGUMENT_ERROR exception is raised by a function in the generic package when an argument of the function violates
one or more of the conditions given in the function’s domain definition (see clause 9). Note that these conditions are
related only to the mathematical definition of the function and are therefore implementation independent.

The ARGUMENT _ERROR exception is declared as a renaming of the exception of the same name declared in the package EL-
EMENTARY_FUNCTIONS_EXCEPTIONS defined in ISO/IEC 11430. This exception distinguishes neither between different
kinds of argument errors, nor between different functions, nor between different instantiations of GENERIC_COMPLEX_EL-
EMENTARY_FUNCTIONS, nor between instantiations of GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS and those of GENER-
IC_ELEMENTARY[FUNCTIONS:

Besides ARGUMENT_ERROR, the only exceptions allowed during a call to a function in GENERIC_COMPLEX| ELEMENTA-
RY_FUNCTIONS 3re predefined exceptions, as follows:

a) Virtually| any predefined exception is possible during the evaluation of an argument)of a function in GENER-
IC_COMPLEX_ELEMENTARY_FUNCTIONS. For example, NUMERIC_ERROR, CONSTRAINT_ERROR or even PROGRAM_ERROR
could be raisqd if an argument has an undefined value; and CONSTRAINT_ERROR will.be raised when the|value of an
argument (or|component of an argument) lies outside the range of the user’s generic’actual type REAL. Additionally
STORAGE_ERRPR could be raised, e.g. if insufficient storage is available to perform the call. All these exdeptions are
raised before phe body of the function is entered and therefore have no bearingon implementations of GENERIC_COM-
PLEX_ELEMENTARY_FUNCTIONS.

b) Also, CONSTRAINT_ERROR will be raised when a function in GENERTC_COMPLEX_ELEMENTARY_FUNCTIONS attempts
to construct 4 complex return value with a component outside the range of the user’s generic actual typ¢ associated
with REAL. The exception raised for this reason shall be propagated to the caller of the function.

¢) Whenevef the arguments of a function are such that a’component of a result permitted by the accuracy require-
ments would exceed REAL'SAFE_LARGE in absolute, value, as formalized below in clause 12, an implementation may
raise, and shgll then propagate to the caller, the exception specified by Ada for signaling overflow.

d) Whenevgr the arguments of a function-are such that the corresponding mathematical function is ipfinite (i.e.,

has an infinife component), an implementation shall raise and propagate to the caller the exception gpecified by
Ada for signdling division by zero.

e) Once exefution of a functioh has begun, an implementation may propagate STORAGE_ERROR to the ¢aller of the
function, but|only to signal the.unexpected exhaustion of storage. Similarly, once execution of a function| has begun,
an implementfation may pfopagate PROGRAM_ERROR to the caller of the function, but only to signal errdrs made by
the user of GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS.

No exception if allowéd during a call to a function in GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS excepl those per-
mitted by the foregeing rules. In particular, for arguments for which all components of results satisfying the accuracy
requirements remain less than or equal to REAL'SAFE_LARGE in absolute value in both real and imaginary parts, a
function shall locally handle an overflow occurring during the computation of an intermediate result, if such an overflow
is possible, and shall not propagate an exception signaling that overflow to the caller of the function.

The only exceptions allowed during an instantiation of GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS, including the ex-
ecution of the optional sequence of statements in the body of the instance, are CONSTRAINT_ERROR, STORAGE_ERROR
and PROGRAM_ERROR, and then only for the following reasons. The raising of CONSTRAINT_ERROR during instantiation
is only allowed when the implementation imposes the restriction that the generic actual type associated with REAL
shall not have a range constraint, and the user violates that restriction (it may, in fact, be an inescapable consequence
of the violation). The raising of PROGRAM_ERROR during instantiation is only allowed for the purpose of signaling errors
made by the user violating some restriction or limitation of the implementation. The raising of STORAGE_ERROR during
instantiation is only allowed for the purpose of signaling the exhaustion of storage.

NOTE — In ISO/IEC 8652:1995, the exception specified for signaling overflow is CONSTRAINT _ERROR.

4
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7 Arguments outside the range of safe numbers

The ISO/IEC 8652:1987 fails to define the result safe interval of any basic or predefined operation of a real subtype
when the absolute value of one of its operands exceeds the largest safe number of the operand subtype. (The failure
to define a result in this case occurs because no safe interval is defined for the operand in question.) In order to
avoid imposing requirements that would, consequently, be more stringent than those of Ada itself, this International
Standard likewise does not define the result of a contained function when the absolute value of a component of one
of its arguments exceeds REAL'SAFE_LARGE. All of the accuracy requirements and other provisions of the following
clauses are understood to be implicitly qualified by the assumption that both components of function arguments are
less than or equal to REAL'SAFE_LARGE in absolute value.

8 Method of specification of functions

One of the[functions has three overloaded forms. For each form of each function covered by this International Standard,
the functidn is specified by its parameter and result type profile, a defining equation, the applicable|branch cuts, the
domain of {ts argument(s), its range, and the accuracy required of its implementation. The meaning of| and conventions
applicable|to, these specifications are described below.

The specification of each function has a heading called Definition. This is ' meant to convey the required behavior of
the functign. The definition is not necessarily an appropriate implementation for the function. The|definition is one
of the mathematically correct definitions of the function but algebrai¢ simplifications or transformations may not be
correct. Transformations may cause the sign of the result to be wrorg or cause a gratuitous singularitly. The definition
is based on exact computation whereas an implementation must‘take into account the accuracy reqyirements.

9 Bramch cut and domain definitions

The specification of each function covered by thisdnternational Standard includes headings of Branch |cut and Domain.
The branch cuts or slits are specified to warn the' user of discontinuity in the function or one of its dérivatives. Under
the headilg Domain, a characterization of'the argument values is given for which the function i§ mathematically
defined. The portion of the complex plane over which the function is defined is expressed by inequalities or other
conditions| which the arguments must satisfy to be valid. The phrase “mathematically unbounded” in a domain
definition |ndicates that all representable values of the argument are valid, i.e., that the domain is the entire complex
plane. WHenever the arguments fail to satisfy all the conditions, the implementation shall raise ARGUNENT_ERROR. The
implementation shall not raiée 'ARGUMENT_ERROR if all the domain conditions are satisfied.

Inability tp deliver a result for valid arguments because the result overflows, for example, shall not rajse ARGUMENT_ER-

ROR, but ghall be tréated in the same way that Ada defines for its predefined floating-point operdtions (see clause
12).

10 Range definitions

The usual mathematical meaning of the “range” of a function is the set of values into which the function maps the
values in its domain. Many of the functions covered by this International Standard are mathematically multivalued,
in the sense that a given argument value can be mapped by the function into many different result values. By means
of range restrictions, this International Standard imposes a uniqueness requirement on the results of multivalued
functions, thereby reducing them to single-valued functions.

The range of each function is shown under the heading Range in the specifications. The range definition is expressed
by inequalities or other conditions that shall be satisfied by the components of the returned result. An implementation
shall not exceed a limit of a range component when that limit is a safe number of REAL (like 0.0 or 1.0). On the other
hand, when a range component limit is not a safe number of REAL (like 7), an implementation is allowed to exceed
the range component limit, but it is not allowed to exceed the safe number of REAL next beyond the range component
limit in the direction away from the interior of the range component; this is in general the best that can be expected

5
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from a portable implementation. Effectively, therefore, range definitions have the added effect of imposing accuracy
requirements on implementations above and beyond those presented under the heading Accuracy in the specifications

(see clause 11).

The phrase “mathematically unbounded” in a range definition indicates that the range of values of the function is not
bounded by its mathematical definition.

11 Accuracy requirements

Because they ar
package can, at

The accuracy r{
quirements of ty

stated under th
range definitiong

number of REAL|

subject to all of
In that case, the
for the function

The first kind o
on the relative ¢
by the rules in

mathematical rdsult is finite and nonzero. For some functions, the relative error bound is stated as a bo

“relative box ery
each component
computed resuld]

relative box errd

relative box errd

while the relatiy

E-implemented on digital computers with only 1inite precision, the runctions provided in 1
best, only approximate the corresponding mathematically defined functions.

bo kinds are stated under the heading Accuracy in the specifications. Additionally, range
e heading Range impose requirements that constrain the values implemeritations may yj
are another source of accuracy requirements (the precise meaning of a-range limit that if
as an accuracy requirement, is discussed above in clause 10). Every“result yielded by a
the function’s applicable accuracy requirements, except in the one_case described in clause
result will satisfy a small absolute error requirement in lieu of the‘other accuracy requireme

f accuracy requirement used under the heading Aceurgcy in the specifications is a sepa
rror in the components of the computed value of the function, which shall hold (except
lauses 12 and 13) for all arguments satisfying the)¢onditions in the domain definition, pr

. For a given function f, having an exagt result f(z), the relative box error in the comp
F(z) at the argument z is defined as

r in real part of result
O lre(F(2)) ~ re(f()]
max(|re(f(2))l, [im(f(2))I)

I in imaginary part-of result

_im(F() - im(f)
max(| re(f(2))], |im(f(2))])

e coinponent error is defined as

his generic

quirements contained in this International Standard define the latitude that implementations are
allowed in approximating the intended precise mathematical result with floating-point computations. A

Ccuracy re-
definitions
eld, so the
not a safe
function is
13, below.
nts defined

ate bound
1s provided
bviding the
und on the

or” in each component, while for others it'is.stated as a bound on the “relative component error” in

bnents of a

relative compon

relative compon

ent error i1n real part ot result

_ |re(F(2)) — re(f(2))]
|re(f(2))|

ent error in imaginary part of result

_ [Im(F(2)) — im(f(2))|
|im(f(2))|

providing the denominators are finite and nonzero. The relative box error in a component of the result is not defined
when the mathematical result is zero or either of its components are infinite. The relative component error in a
component of the result is not defined when that component of the mathematical result is infinite or zero.

6


https://iecnorm.com/api/?name=3d651256670b0c6d65fb9940e74a72a6

© ISO/IEC ISO/IEC 13814:1998(E)

The second kind of accuracy requirement used under the heading Accuracy in the specifications is a stipulation,
in the form of an equality, that the implementation shall deliver “prescribed results” for certain special arguments.
It is used for two purposes: to define a component of the computed result to be zero when the relative error is
undefined, i.e., when the mathematical result has a zero component, and to strengthen the accuracy requirements at
special argument values. When a component of such a prescribed result is a safe number of REAL (like 0.0 or 1.0), an
implementation shall deliver a result having that safe number as its component. On the other hand, when a component
of a prescribed result is not a safe number of REAL (like m or 7/2), an implementation may deliver a result in which the
component has any value in the surrounding safe interval. Prescribed results take precedence over maximum relative
error requirements but never contravene them. The real and imaginary parts may have any combination of the two
kinds of accuracy requirement.

Range defiilitions, under the heading Range in the specifications, are an additional source of accuragy requirements, as
stated above in clause 10. As an accuracy requirement, a range definition (other than “mathematicajly unbounded”)
has the eff¢ct of eliminating some of the values permitted by the maximum relative error requirements, i.e., those
outside the|range.

12 Ovdrflow

Floating-p¢int hardware is typically incapable of representing numbers’ywhose absolute valug¢ exceeds some

implementation-defined maximum. For the type REAL, that maximumWwill be at least REAL'SAFE|LARGE. For the

functions defined by this International Standard, whenever the maximum error requirements permit a result with a

component| whose absolute value is greater than REAL'SAFE_LARGE(the’implementation may
— yield any result permitted by the maximum relative error requirements, or

— rais¢ the exception specified by Ada for signaling overflow.

In additior], some of the functions are allowed to signal overflow for certain arguments for which nefther component
of the result can overflow. This freedom is granted;in the following specific cases:

a) for BXP, when reX > log, REAL'SAFExLARGE;

b) for $IN, when imX > log, REAL"SAFE_LARGE + log, 2.0;

¢) for d0S, when imX > log, REAL'SAFE_LARGE + log, 2.0;

d) for $INH, when reX > log, REAL'SAFE_LARGE + log, 2.0;

e) for qOSH, when‘reX > log, REAL'SAFE_LARGE + log, 2.0.
Permission| to signal overflow in these cases recognizes the difficulty of avoiding overflow in the computation of inter-

mediate repults,and allows the same latitude as specified in the package GENERIC_ELEMENTARY_FUNCTIONS defined in

ISO IEC 11 4-20-F 1L 43 EYD _C TN dcacu
oo Trorrear Tt tron ST o e CooIrT

An implementation shall raise the exception specified by Ada for signaling division by zero in the following specific
cases:

a) LOG(X) when X is zero;

b) LEFT ** RIGHT (clause 14.5) when LEFT is zero and re RIGHT < 0.0;
¢) LEFT ** RIGHT (clause 14.6) when LEFT is zero and RIGHT < 0.0;
d) LEFT ** RIGHT (clause 14.7) when LEFT = 0.0 and re RIGHT < 0.0;

e) COT(X) when X is zero;
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f) ARCTAN(X) when X is £i;

g) ARCCOT(X) when X is +i;

h) COTH(X) when X is zero;

i) ARCTANH(X) when X is either one or negative one; and

3)

In these cases, t}‘n nnrroapr\nr‘ing mathematical functions have o nnmpr\nnnf that 1g infinite

ARCCOTH(X) when X is either one or negative one.

OTES

1 The rule concq
for which either cd
arguments must 1
REAL'SAFE_LARGE

reasonable amoun

rning overflow permits an implementation to raise an exception, instead of deliverifigya result, fox
mponent of the mathematical result is close to but does not exceed REAL'SAFE_LARGE in absclute
ecessarily be very close to an argument for which the component of the mathematical result d
in absolute value. In general, this is the best that can be expected from a portable implementa

of effort.

arguments
75\1“ o QIII‘]'I

a:ue. sucia

oes exceed
ion with a

2 The rule is mg
set of possible res
maximum, the im

tivated by the behavior prescribed in ISO/IEC 8652:1987 for the prédefined operations. That if
ults of a predefined operation includes a number whose absoluté«value exceeds the implementat
blementation is allowed to raise the exception specified for signaling overflow instead of delivering]

, when the
ton-defined
a result.

3

In ISO/IEC 8§52:1995, the exception specified for signaling overflow is’CONSTRAINT_ERROR.

13 Underflpw

than some

Floating-point h
implementation-
functions defined

hrdware is typically incapable of represéiting nonzero numbers whose absolute value is less

by this International Standard, whenever the maximum relative error requirements pern{

Hefined minimum. For the type REAL, that minimum will be at most REAL'SAFE_SMALIL.

For the
it a result

with a component whose absolute value is less-tlian REAL'SAFE_SMALL and a prescribed result is not stip
implementation fnay yield a result in whichr that component is

1lated, the

any value

a)

b) any nonze
the maximum

permitted by the maximum relative error requirements;

ro value less than‘or equal to REAL'SAFE_SMALL in magnitude (and having the correct s
relative errorirequirements permit values with either sign); or

gn, unless

Z€ero.

c)

NOTES

1  Whenever part b) or c) of this rule takes effect for a component of the result, the maximum relative error requirements for
that component are, in general, unachievable and are waived.

2 The rule permits an implementation to deliver a result violating the maximum relative error requirements for arguments for
which a component of the mathematical result equals or slightly exceeds REAL'SAFE_SMALL in absolute value. Such arguments
must necessarily be very close to an argument for which that component of the mathematical result is less than REAL'SAFE_SMALL
in absolute value. In general, this is the best that can be expected from a portable implementation with a reasonable amount
of effort.

3 The rule is motivated by the behavior prescribed in ISO/IEC 8652:1987 for predefined operations. That is, when the set
of possible results of a predefined operation includes a nonzero number whose absolute value is less than the implementation-
defined minimum, the implementation is allowed to yield zero or any nonzero number having the correct sign and an absolute
value less than or equal to that minimum. An exception is never raised in this case.
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14 [ PR o S RN
14 QpeECiiiCariol

The equations on the right side of the & are mathematical definitions and are not meant to specify how the functions
should be implemented. Although some definitions are well known, other definitions are critical to specify the required
function, for example the difference in the definition of ARCTAN vs. ARCCOT and ARCTANH vs. ARCCOTH in order to get the
required values along the branch cut. Yet other definitions provide a basis for accuracy analysis and overflow threshold
determination, as in EXP, SIN, COS, TAN, COT, SINH, COSH, TANH and COTH. The mathematical functions | |, arg, re
and im denote the modulus (absolute value) argument (angle in [—m,7]), real part and imaginary part respectively.
The branch cuts are informational as they may be derived from the definition, domain and range. Branch cuts are

important to implementers and users of the specification because branch cuts identify where a function is not analytic.

Under the feading Defintlion in each of the following specilications, the semantics of an Ada call to tije function being
defined is provided by a mathematical definition in the form of an approximation. The left-hand‘side (the function
call) is set |n the fixed-width font used throughout this International Standard for program fragmentsf The right-hand
side is to bl interpreted as an exact mathematical formula; as such, it and similar mathematical formulas throughout
this Internptional Standard employ standard mathematical symbols, notation and fonts (except for variable names
and some feal literals, which are set in the fixed-width “program-fragment” font). The degree to which the function
call on the [left-hand side is allowed to approximate the value of the formula on the right-hand side is, ¢f course, spelled
out under phe heading Accuracy, as discussed in clause 11.

14.1 SQRT — Square root
14.1.1 I)eclaration

function [SQRT (X : COMPLEX) return COMPLEX;

14.1.2 Definition

SQRT (XY~ VX = /[X] - e*(ere®)/2

14.1.3 Branch cut

Negative rpal axis

14.1.4 IDomain

Mathematfcally unbounded

14.1.5 Range

Real part An mo{-}un, |mgg|nary parf maﬂnnmnhpn"y unbounded

TOITICE

14.1.6 Accuracy
a) Maximum relative component error = 6.0 - REAL'BASE'EPSILON
b) The sign of the real part of the result is positive.
c) The sign of the imaginary part of the result is the same as the sign of the imaginary part of X.
d) When X is zero, the result is zero.

e) When X is negative one, the result is +i except that implementations exploiting signed zeros shall conform to
case c) above (see clause 5).
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R

.
14.2 LOG — Natural logarithm

14.2.1 Declaration

function LOG (X : COMPLEX) return COMPLEX;

14.2.2 Definit

ion

LOG(X) o~ log X = ln‘r_nr)c !Y! +iargX

@© ISO/IEC

14.2.3 Branch cut

Negative real axis

14.2.4 Domain

Mathematically ynbounded

14.2.5 Range

Real part mathematically unbounded, imaginary part in [, 7]

14.2.6 Accurjcy

a) Maximum
b) Maximum

¢) The sign d

relative box error of real part = 13.0“REAL'BASE'EPSILON

relative box error of imaginary part = 4.0 - REAL'BASE'EPSILON

d) When X is one, the result is zero.

NOTE — Clause

14.3 EXP —

| 2 applies when'X is zero.

Expenential function, complex argument

14.3.1 Declaration

f the imaginary part of the-result is the same as the sign of the imaginary part of X.

function EXP (X : COMPLEX) return COMPLEX;

14.3.2 Definition

EXP(X) ~ e = €™ . cos(imX) + i e™* - sin(imX)

14.3.3 Branch cut

None

10
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14.3.4 Domain

Mathematically unbounded

14.3.5 Range

Mathematically unbounded

14.3.6 Accuracy

a) Maximum relative component error = 7.0 - REAL'BASE'EPSILON when |imX| is less than ¢r equal to some
documented implementation-dependent threshold, which shall not be less than

REAL' MACHINE_RADIXLREAL ' HACHIHE_HAHTISSA/?J

For largpr values of |imX|, degraded accuracy is allowed. An implementation shall document its hehavior for large
|imX|.

b) Whn X is zero, the result is one; in this case the sign of the imaginary part-of the result is the same as the sign
of the ithaginary part of X.

NOTE — ¢lause 12 applies when reX > log, REAL'SAFE_LARGE, approximately.

14.4 EYP — Exponential function, imaginary argument
14.4.1 Declaration

function|EXP (X : IMAGINARY) return COMPLEX;

14.4.2 DPefinition

EXP(X) ~ €' = cos(imX) + i sin(imX)

14.4.3 Branch cut

None

14.4.4 DPomain

Mathematically unbounded

14.4.5 ange

Real part in [—1, 1], imaginary part in [—1, 1]

14.4.6 Accuracy

a) Maximum relative component error = 2.0 - REAL'BASE'EPSILON when |X| is less than or equal to some docu-
mented implementation-dependent threshold, which shall not be less than

REAL'MACHINE RADIXI_REAL'HACHIHE_HMITISSA/Z_]

For larger values of |X|, degraded accuracy is allowed. An implementation shall document its behavior for large |X.

b) When X is zero, the result is one; in this case the sign of the imaginary part of the result is the same as the sign
of X.

11
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14.5 "*x" — Exponentiation operator, complex to complex power arguments

14.5.1 Declaration

function "*x"

14.5.2 Defini

(LEFT, RIGHT : COMPLEX) return COMPLEX;

tion

LEET %% RIGHT o<1 rppTRIGHT _ RIGHT-log, LEFT

ISO/IEC

14.5.3 Branch cut

LEFT along nega

ive real axis

14.5.4 Domajn

re RIGHT # 0.0 when LEFT is zero

14.5.5 Range

Mathematically

14.5.6 Accur

unbounded

pcy

a) Maximun) relative box error is the error bound that results from an implementation using function

International

b) When RI

Btandard and from the package GENERIC_ELEMENTARY_FUNCTIONS defined in ISO/IEC 114

EHT is zero and LEFT is nonzerd)-the result is one.

¢) When LERT is zero and re RIGHT > 0..0, the result is zero.

d) When RI

EHT is one, the result\is' LEFT.

e) When LEHT is one, theresult is one.

NOTES

1 EXP(RIGHT*L(

G(LEFT)) is an allowed implementation, but note the accuracy requirements.

5 from this

30.

2 clause 12 applies when LEFT is zero and re RIGHT < 0.0 .

14.6 "xx" — Exponentiation operator, complex to real power arguments

14.6.1 Declaration

function ''**"

(LEFT : COMPLEX; RIGHT : REAL) return COMPLEX;

14.6.2 Definition

12

LEFT *% RIGHT ~ LEFTPIGHT — RIGHT log, LEFT
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14.6.3 Branch cut

LEFT along

negative real axis

14.6.4 Domain

RIGHT # 0.0 when LEFT is zero

14.6.5 R

Mathemat

14.6.6 A

a) May
Internat

b) Wh
¢) Wh
d) Wh

e) Wh

NOTES
1 EXP(RI

2 clause 1

14.7 "+
14.7.1 1
function

ange

ISO/IEC 13814:1998(E)

cally unbounded

L ccuracy

bn LEFT is nonzero and RIGHT = 0.0, the result is one.
bn LEFT is zero and RIGHT > 0.0, the result is zero.
en RIGHT = 1.0, the result is LEFT.

bn LEFT is one, the result is one.

EHT*LOG (LEFT) ) is an allowed implethentation, but note the accuracy requirements.

2 applies when LEFT is zero, and-RIGHT < 0.0.

x'"" — Exponentiation operator, real to complex power arguments
Declaration
"sx" (LEFT : REAL; RIGHT : COMPLEX) return COMPLEX;

14.7.2

Definition

limum relative box error is the error bound that results from an implementation using fuj
onal Standard and from the package GENERIC_ELEMENTARY_FUNCTIGNS defined in ISO/IE

hctions from this

C 11430.

LEFT ** RIGHT ~ LEFTM®T — {6

14.7.3 Branch cut

None

14.7.4 Domain

re RIGHT # 0.0 when LEFT = 0.0

RIGHT log, LEFT , when LEFT >= 0.0
eMCHT (108 (~LEFT)+iT)  when LEFT < 0.0

13
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14.7.5 Range

Mathematically unbounded

14.7.6 Accuracy

a) Maximum relative box error is the error bound that results from an implementation using functions from this
International Standard and from the package GENERIC_ELEMENTARY_FUNCTIONS defined in ISO/IEC 11430.

b) When LEFT # 0.0 and RIGHT is zero, the result is one.
¢) When LEFT = 0.0 and reRIGHT > 0.0, the result is zero.
d) When RIGHT is one, the result is the complex value having LEFT as the real part and 0¢0,a5 the imagipary part.

e) When LEFT = 1.0, the result is one.

NOTES

1 EXP(RIGHT*LOQ(LEFT)) when LEFT >= 0.0 and EXP(RIGHT*(LOG(-LEFT)¥ir)) when LEFT < 0.0 is an allowed fimplemen-
tation, but note thle accuracy requirements.

2 clause 12 appligs when LEFT = 0.0 and reRIGHT < 0.0 .

14.8 SIN — {[[rigonometric sine function
14.8.1 Declarption

function SIN (K : COMPLEX) return COMPLEX;

14.8.2 Definitflion

SIN(X) ~ sinX = sin(reX) - cosh(imX) + i cos(reX) - sinh(imX)

14.8.3 Branch cut

None

14.8.4 Domain

Mathematically unbounded

14.8.5 Range

Mathematically unbounded

14
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14.8.6 Accuracy

a) Maximum relative component error = 11.0 - REAL'BASE'EPSILON when | re X| is less than or equal to some
documented implementation-dependent threshold, which shall not be less than

REAL'MACHINE RADIX[REAL 'MACHINE_MANTISSA/2]

For larger values of |reX|, degraded accuracy is allowed. An implementation shall document its behavior for large
|reX|.

b) Whent-is-serer the sesult s zero: |

erotheresult-is 2 e same as the sign
of the cprresponding component of X.

NOTE — flause 12 applies when im X > log, REAL' SAFE_LARGE + log, 2.0, approximately.

14.9 C0S — Trigonometric cosine function
14.9.1 DPeclaration

function| COS (X : COMPLEX) return COMPLEX;

14.9.2 Pefinition

COS(X) ~ cos X = cos(reX) - cosh(imX) — i sin(reX) - sinh(imX)

14.9.3 PBranch cut

None

14.9.4 |[Domain

Mathemaltically unbounded

14.9.5 [Range

Mathemajticallyutibounded

14.9.6 Accuracy

a) Maximum relative component error = 11.0 - REAL'BASE'EPSILON when |reX| is less than or equal to some
documented implementation-dependent threshold, which shall not be less than

REAL' MACHINE_RADIXI_EEAL 'MACHINE_MANTISSA /2]

For larger values of |reX|, degraded accuracy is allowed. An implementation shall document its behavior for large
|re X|.

b) When X is zero, the result is one; in this case the sign of the imaginary part of the result is negative when the
sign of re X is the same as the sign of imX, and positive otherwise.

NOTE — clause 12 applies when im X > log, REAL' SAFE_LARGE + log, 2.0, approximately.

15
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14.10 TAN — Trigonometric tangent function
14.10.1 Declaration

function TAN (X : COMPLEX) return COMPLEX;

14.10.2 Definition

© ISO/IEC

A ETAY L ETAY
SHITIC A ] = COS(IC A )

TAN(X) ~ tanX =

L N 1L N
SIHIIITA J= COSIHIL A J

cos(re X)? + sinh(im X)?

14.10.3 Branth cut

None

14.10.4 Domain

Mathematically inbounded

14.10.5 Range

Mathematically inbounded

14.10.6 Accuracy

* cos(re X)? + sinh(im X)?2

a) Maximun] relative component error = 350~ REAL'BASE'EPSILON when |reX| is less than or equal to some

documented ithplementation-dependent threshold, which shall not be less than

REAL 1 MACHINE RADIX"REAL ' HACHI“E_HA“TISSA/2J

For larger valyes of |reX|, degraded accuracy is allowed. An implementation shall document its behavior for large

| re X|.

b) The sign ¢f the imagiiary part of the result is the same as the sign of the imaginary part of X.

¢) When X ig zerd, the result is zero; in this case the sign of the real part of the result is the same as {he sign of

the real part of X+

14.11 COT — Trigonometric cotangent function
14.11.1 Declaration

function COT (X : COMPLEX) return COMPLEX;

14.11.2 Definition

COT(X) ~ cotX = sin(re X) - cos(re X)

sinh(imX) - cosh(im X)

16

sin(re X)2 + sinh(imX)2 *

sin(re X)? + sinh(im X)?2
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14.11.3 Branch cut

None

14.11.4 Domain

Mathematically unbounded

14.11.5 [Range

Mathematjcally unbounded

14.11.6 [Accuracy

a) Magximum relative component error = 35.0 - REAL'BASE'EPSILON wher lreX| is less than
documehted implementation-dependent threshold, which shall not be less-than

REAL'MACHINE RADIXLREAL'HACHIHE_HAHTISSA/ZJ

For larger values of |reX|, degraded accuracy is allowed. An iniplementation shall document its &
|re X|.

b) Th¢ sign of the imaginary part of the result is the ‘same as the sign of the imaginary part of ]

NOTE — ¢lause 12 applies when X is zero.

14.12 ARCSIN — Inverse trigonometric sine function
14.12.1 |Declaration

function| ARCSIN (X : COMPLEX) return COMPLEX;

14.12.2 | Definition

ARCSIN(X) ~ arcsinX = —i log,(i X+ V1 —X?)

14.12.3 Branch cut

Real axis outside the open interval (—1.0, 1.0)

14.12.4 Domain

Mathematically unbounded

14.12.5 Range

Imaginary part mathematically unbounded, real part in [—7/2, 7/2]

r equal to some

ehavior for large

17
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10 0 <
14.0

Accur

acy
relative component error = 14.0 - REAL'BASE'EPSILON

f the real part of the result is the same as the sign of the real part of X.

The sign of the imaginary part of the result is the same as the sign of the imaginary part of X.

zero, the result is zero.

ane tho woonlt 3o o

/9
7

© ISO/IEC

14.
a) Maximum
b) The sign o
c)
d) When X is
e) When Xis
f) When X is

NOTE — = /2 and
slightly; see clausd
implementation m

the reauirements
the requirements.

14.13 ARCCOS

negative one, the result is —7/2 .

—7 /2 are not safe numbers of REAL. Accordingly, an implementation may exceed the range limit
10 for a precise statement of the requirements. Similarly, when accuracy requirement e) or f)

— Inverse trigonometric cosine function

14.13.1 Declaration

function ARCCO

14.13.2 Defin

14.13.3 Brang

Real axis outside

14.13.4 Domg

Mathematically

14.13.5 Rang

5 (X : COMPLEX) return COMPLEX;
jtion

ARCCOS(X) ~ arccos X =i log,(X+1i V/1— X?)
h cut

the open interval (—1.0,(1 ,0)

in

nbounded

\1

Imaginary part mathematically unbounded real part in [0 0_x]

5, but only
applies, an

hy approximate the prescribed result, but only within narrow limits; see clause 116t a precise statement of

14.13.6 Accuracy

Maximum

a)

relative component error = 14.0 - REAL'BASE'EPSILON

b) The sign of the imaginary part of the result is the opposite of the sign of the imaginary part of X, unless the

imaginary part
¢)
d) When X is

e) When Xis

18

of the result is zero and the implementation does not exploit signed zeros.

The sign of the real part of the result is positive.

one, the result is zero.

zero, the result is 7/2 .
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f) When X is negative one, the result is 7 .

NOTE — 7/2 and = are not safe numbers of REAL. Accordingly, an implementation may exceed the range limits, but only
slightly; see clause 10 for a precise statement of the requirements. Similarly, when accuracy requirement e) or f) applies, an
implementation may approximate the prescribed result, but only within narrow limits; see clause 11 for a precise statement of

the requirements.

14.14 ARCTAN — Inverse trigonometric tangent function

14.14.1

Declaration

function

14.14.2

14.14.3

Imaginary]

14.14.4

Mathematffically unbounded

ARCTAN (X : COMPLEX) return COMPLEX;

Definition

ARCTAN(X) =~ arctanX = —%(loge(l +1i X)—log. (1 <4i X))

Branch cut

axis outside the open interval (—1i, i)

Domain

14.14.5 [Range
Imaginary] part mathematically unbounded, real part in [—7/2, 7/2]
14.14.6 |Accuracy
a) Makimum relative commponent error = 14.0 - REAL'BASE'EPSILON
b) Th¢ sign of theyreal part of the result is the same as the sign of the real part of X.
¢) Thg sign ef-the imaginary part of the result is the same as the sign of the imaginary part of ¥.
d) WHen¥is zero, the result is zero.
NOTES
1 —=/2 and 7/2 are not safe numbers of REAL. Accordingly, an implementation may exceed the range limits, but only slightly;

see clause 10 for a precise statement of the requirements.

2 clause 12 applies when X is +i.

14.15 ARCCOT — Inverse trigonometric cotangent function

14.15.1

function

Declaration

ARCCOT (X : COMPLEX) return COMPLEX;

ISO/IEC 13814:1998(E)
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14.15.2 Definition

X—1

i
ARCCOT(X) ~ arccotX = —log, ——
x) 2 B X+1i

14.15.3 Branch cut

Imaginary axis in the closed interval [—1, i]

14.15.4 Domgd

Mathematically

14.15.5 Rang

Imaginary part 1

14.15.6 Accu

a) Maximum

b) The sign
imaginary par

¢) The sign 4

d)

NOTES

1 7 and 7/2 are

clause 10 for a pre
approximate the j

2

14.16 SINH A

When X i

clause 12 appl]

© ISO/IEC

in

wnbounded

e

hathematically unbounded, real part in [0.0 , 7]

racy
relative component error = 14.0 - REAL'BASE'EPSILON

f the imaginary part of the result is the oppositéyof the sign of the imaginary part of X,
of the result is zero and the implementationdoés not exploit signed zeros.

f the real part of the result is positive.

zero, the result is 7/2 .

not safe numbers of REAL™ Accordingly, an implementation may exceed the range limits, but only s

rescribed result, but only within narrow limits; see clause 11 for a precise statement of the requir

es when X i§/21.

—/Hyperbolic sine function

unless the

lightly; see

cise statement of thé requirements. Similarly, when accuracy requirement d) applies, an implementation may

ements.

14.16.1 Declaration

function SINH

(X : COMPLEX) return COMPLEX;

14.16.2 Definition

14.16.3 Bran

None
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14.16.4 Domain

Mathematically unbounded

14.16.5 Range

Mathematically unbounded

14.16.6 |Accuracy

a) Maximum relative component error = 11.0 - REAL'BASE'EPSILON when |imX| is less than ¢r equal to some
documefted implementation-dependent threshold, which shall not be less than

REAL'MACHINE RADIX[REAL "MACHINE_MANTISSA/2|

For larger values of |imX|, degraded accuracy is allowed. An implementation'shall document its Rehavior for large
[imX|.

b) When X is zero, the result is zero; in this case the sign of each(component of the result is the|same as the sign
of the cprresponding component of X.

NOTE — ¢lause 12 applies when reX > log, REAL'SAFE_LARGE +Jog, 2.0, approximately.

14.17 ¢0SH — Hyperbolic cosine functien
14.17.1 |Declaration

function|COSH (X : COMPLEX) retuxrn’ COMPLEX;

14.17.2 |Definition

COSH(X) ~ cosh X = cosh(reX) - cos(imX) + i sinh(reX) - sin(imX)

14.17.3 ~Bramch cut

None

14.17.4 Domain

Mathematically unbounded

14.17.5 Range

Mathematically unbounded
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14.17.6 Accuracy

a) Maximum relative component error = 11.0 - REAL'BASE'EPSILON when |imX| is less than or equal to some
documented implementation-dependent threshold, which shall not be less than

REAL 'MACHINE RADIXI_R.EAL'HACHIHE_HAIITISSA/QJ

For larger values of |imX|, degraded accuracy is allowed. An implementation shall document its behavior for large
|imX|.

b) When X is zero, the result is one; in this case the sign of the imaginary part of the result is positive when the
signs of the real and imaginary parts of X agree and negative otherwise.

NOTE — clause 12 applies when reX > log, REAL' SAFE_LARGE + log, 2.0, approximately.

14.18 TANH +— Hyperbolic tangent function
14.18.1 Declgration

function TANH [(X : COMPLEX) return COMPLEX;
14.18.2 Definition

sinh(re X) - cosh(re X) N sin(im X) - cos(im X)
sinh(re X)? 4+ cos(imX)? sinh(re X)? + cos(im X)?2

TANH(X) ~ tanhX =

14.18.3 Brankh cut

None

14.18.4 Domain

Mathematically hnbounded

14.18.5 Range

Mathematically hnbounded

14.18.6 Accu acy

a) Maximum relative component error = 35.0 - REAL'BASE'EPSILON when |imX| is less than or equal to some
documented implementation-dependent threshold, which shall not be less than

REAL'MACHINE RADIX'_REAL'HACHIHE_HMITISSA/QJ

For larger values of |imX|, degraded accuracy is allowed. An implementation shall document its behavior for large
|imX|.

b) The sign of the real part of the result is the same as the sign of the real part of X.

c) When X is zero, the result is zero; in this case the sign of the imaginary part of the result is the same as the
sign of the imaginary part of X.
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14.19 COTH — Hyperbolic cotangent function
14.19.1 Declaration

function COTH (X : COMPLEX) return COMPLEX;
14.19.2 Definition

..,  Sinh(reX)-cosh(reX) . sin(imX)-cos(imX)
777 sinh(reX)? 4+ sin(imX)2  ~ sinh(reX)? + sin(imX)?

COTHLY)
COTIICEY

14.19.3 |[Branch cut

None

14.19.4 |Domain

Mathematjcally unbounded

14.19.5 [Range

Mathematjically unbounded

14.19.6 |Accuracy

a) Maximum relative component error = 350 - REAL'BASE'EPSILON when |imX| is less than ¢r equal to some
documehted implementation-dependent threshold, which shall not be less than

REAL' MACHINE_RADIX”'E“' "MACHINE_MANTISSA /2]

For larger values of |imX|, degraded accuracy is allowed. An implementation shall document its hehavior for large
|imX|.

b) Thg¢ sign of the real‘part of the result is the same as the sign of the real part of X.

NOTE — ¢lause 12 appliés when X is zero.

14.20 ARCSINH — Inverse hyperbolic sine function

14.20.1 Declaration

function ARCSINH (X : COMPLEX) return COMPLEX;

14.20.2 Definition

ARCSINH(X) ~ arcsinh X = log, (X + V1 + X?)

14.20.3 Branch cut

Imaginary axis outside the open interval (—1i, i)
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14.20.4 Domain
Mathematically unbounded
14.20.5 Range
Real part mathematically unbounded, imaginary part in [—7/2, 7/2]
14.20.6 Accuracy
a) Maximum relative component error = 14.0 - REAL'BASE'EPSILON
b) The sign pf the real part of the result is the same as the sign of the real part of X.
¢) The sign ¢f the imaginary part of the result is the same as the sign of the imaginary parf of X.
d) When X i$ zero, the result is zero.
NOTE — —n/2 and /2 are not safe numbers of REAL. Accordingly, an implementation may ‘éxceed the range limifs, but only
slightly; see claus¢ 10 for a precise statement of the requirements.
14.21 ARCCOBH — Inverse hyperbolic cosine function
14.21.1 Declaration
function ARCCOSH (X : COMPLEX) return COMPLEX;
14.21.2 Definition
ARCCOSH(X) = arecoshX = log, (X + VX —1-VX+1)
14.21.3 Branch cut
Real axis less thian or equal 1.0
14.21.4 Dompin
Mathematically junbounded
14.21.5 Range
Real part >= 0.0 and imaginary part in [, 7]
14.21.6 Accuracy
a) Maximum relative component error = 14.0 - REAL'BASE'EPSILON
b) The sign of the imaginary part of the result is the same as the sign of the imaginary part of X.
¢) When X is one, the result is zero; in this case the sign of the real part of the result is positive.
NOTE — —m and 7 are not safe numbers of REAL. Accordingly, an implementation may exceed the range limits, but only

slightly; see clause 10 for a precise statement of the requirements.
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14.22 ARCTANH — Inverse hyperbolic tangent function
14.22.1 Declaration

function ARCTANH (X : COMPLEX) return COMPLEX;

14.22.2 Definition

ARCTANH(X) o~ arctanh X — %(]ngzﬂ + x) — lngc(] — X))

14.22.3 [Branch cut

Real axis qutside the open interval (—1.0, 1.0)

14.22.4 |Domain

Mathematjcally unbounded

14.22.5 [Range

Real part mathematically unbounded, imaginary part in [—a/2; /2]

14.22.6 [Accuracy
a) Maximum relative component error = 14.0’- REAL'BASE'EPSILON

b) Th¢q sign of the real part of the result-is the same as the sign of the real part of X.

c) Thesign of the imaginary part of the result is the same as the sign of the imaginary part of X|

d) When X is zero, the resilils zero.

NOTES

1 —n/2 apd 7/2_are-not safe numbers of REAL. Accordingly, an implementation may exceed the range limits
see clause 10 for a,precise statement of the requirements.

2 clause 12-applies when X is either one or negative one

14.23 ARCCOTH — Inverse hyperbolic cotangent function
14.23.1 Declaration

function ARCCOTH (X : COMPLEX) return COMPLEX;
14.23.2 Definition

1 X+1
ARCCOTH(X) = arccothX = 3 log, i_i:_l

but only slightly;
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14.23.3 Branch cut

Real axis in the closed interval [—1.0, 1.0]

14.23.4 Domain

Mathematically unbounded

14.23.5 Range

Real part matheatically unbounded, imaginary part in [0.0, ]

14.23.6 Accuracy
a) Maximum relative component error = 14.0 - REAL'BASE'EPSILON
b) The sign ¢f the real part of the result is the same as the sign of the real part\of\X.
¢) The sign qf the imaginary part of the result is positive.

d) When X if zero, the result is iw/2 .

NOTES

1 7 and 7/2 arenot safe numbers of REAL. Accordingly, an implementation may exceed the range limits, but only s

lightly; see

clause 10 for a precise statement of the requirements. Similarly, when accuracy requirement d) applies, an implemenftation may

approximate the grescribed result, but only within narrow limits; see clause 11 for a precise statement of the requir

2 clause 12 applles when X is either one or negative one.

ements.
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Annex A
(normative)
Ada specification for GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS

with ELEMENTARY_FUNCTIONS_EXCEPTIONS;

generic

type REAE—s disito 0
type JOMPLEX is private;
type IMAGINARY is private;

with flunction RE (X : COMPLEX) return REAL is <>;

with flunction IM (X : COMPLEX) return REAL is <>;

with flunction IM (X : IMAGINARY) return REAL is <>;

with grocedure SET_RE (X : in out COMPLEX; RE : REAL) is <>;

with grocedure SET_IM (X : in out COMPLEX; IM : REAL) is <>;

with flunction COMPOSE_FROM_CARTESIAN (RE, IM : REAL) return COMPLEX is <>;
with flunction MODULUS (X : COMPLEX) return REAL is <>;

with flunction "-" (RIGHT : COMPLEX) return COMPLEX is <>

with flunction "+" (LEFT, RIGHT : COMPLEX) return COMPLEX is <>;

with flunction "-' (LEFT, RIGHT : COMPLEX) return COMPLEX is <>;

with flunction '"*" (LEFT, RIGHT : COMPLEX) return“COMPLEX is <>;

with function "/'" (LEFT, RIGHT : COMPLEX) return COMPLEX is <>;

with flunction "+'" (LEFT : REAL; RIGHT : COMPLEX) return COMPLEX is <>;
with flunction "-'" (LEFT : REAL; RIGHT : COMPLEX) return COMPLEX is <>;
with flunction "-" (LEFT : COMPLEX; RIGHT : REAL) return COMPLEX is <>;
with flunction "*" (LEFT : REAL; RIGHT/: COMPLEX) return COMPLEX is <>;
with flunction "/'" (LEFT : COMPLEX; RIGHT : REAL) return COMPLEX is <>;

package GENERIC_COMPLEX_ELEMENTARYFUNCTIONS is

function SQRT (X : COMPLEX) return COMPLEX;

functijon LOG (X : GOMPLEX) return COMPLEX;

functijon EXP (X :( COMPLEX) return COMPLEX;

function EXP (X\.) IMAGINARY) return COMPLEX;

functjon "**" (LEFT, RIGHT : COMPLEX) return COMPLEX;
functjon "**“ (LEFT : COMPLEX; RIGHT : REAL) return COMPLEX;
functijon, !'**" (LEFT : REAL; RIGHT : COMPLEX) return COMPLEX;
function SIN (X : COMPLEX) return COMPLEX;

function COS (X : COMPLEX) return COMPLEX;

function TAN (X : COMPLEX) return COMPLEX;

function COT (X : COMPLEX) return COMPLEX;

function ARCSIN (X : COMPLEX) return COMPLEX;
function ARCCOS (X : COMPLEX) return COMPLEX;
function ARCTAN (X : COMPLEX) return COMPLEX;
function ARCCOT (X : COMPLEX) return COMPLEX;

function SINH (X : COMPLEX) return COMPLEX;
function COSH (X : COMPLEX) return COMPLEX;
function TANH (X : COMPLEX) return COMPLEX;
function COTH (X : COMPLEX) return COMPLEX;
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function
function
function
function

ARGUMENT

ARCSINH (X : COMPLEX) return COMPLEX;
ARCCOSH (X : COMPLEX) return COMPLEX;
ARCTANH (X : COMPLEX) return COMPLEX;
ARCCOTH (X : COMPLEX) return COMPLEX;

_ERROR :

exception renames ELEMENTARY_FUNCTIONS_EXCEPTIONS.ARGUMENT_ERROR;

end GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS;
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B.1 Int

Annex B
(informative)
Rationale

roduction and motivation

ISO/IEC 13814:1998(E)

This International Standard is the fourth in a series of secondary standards for mathematical packages for Ada 83, the

first three being ISO/IEC 11430 [12], ISO/IEC 11729 [13] and ISO/IEC 13813 [1
to the functi i T T
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lication areas depend on the use of complex arithmetic and the complex elementary fun

transforms are used, for example, in conjunction with radar, sonar and electro-optical se
bes complex arithmetic in fluid-flow problems, including the analysis of"wélocity fields

tory

abilities have been incorporated into the Numefits’Annex of Ada 95 [11]. Originally, the A
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rkaging consideratiouns

bmplex type is defined.elsewhere (e.g., by an instantiation of GENERIC_COMPLEX_TYPESor b
ENERIC_COMPLEX_ELEMENTARY_FUNCTIONS must be generic, so that it can “import” the co
parameter and ‘tesult profiles of the functions it defines. It is also necessary to import t
n the definition’of the complex type (i.e., for its components), as well as the pure-imagin
f that floating-point type. The generic formal parameters for these imported types are
TMAGINARY, respectively; they define a generic formal private type, a generic formal flo
r generic formal private type. The order of the parameters is REAL, COMPLEX, and IMAGI
n. 6f’GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS will be as follows:

bmplex analogs of the real elementary functions defined in the generic package GENERIC.ED)

q

ses and airfoils; and a/c circuit analysis is classically modeled in termslof complex expone

ational Standard was developed concurrently with ISO/IEC€)13813, several years after the
b series. The bulk of the design work was performed by-tlie SIGAda Numerics Working Grg
umerics Rapporteur Group; contributions were alse indde by the Ada-Europe Numerics
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called COMPLEX,
pting-point type
NARY. A typical

with GENERIC_COMPLEX_TYPES;
with GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS;
procedure APPLICATION is

type REAL is digits ...;

)

package COMPLEX_TYPES is new GENERIC_COMPLEX_TYPES (REAL);
use COMPLEX_TYPES;
package COMPLEX_ELEMENTARY_FUNCTIONS is
new GENERIC_COMPLEX_ELEMENTARY_FUNCTIONS (REAL, COMPLEX, IMAGINARY);
use COMPLEX_ELEMENTARY_FUNCTIONS;

begin

end APPLICATION;
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