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Foreword

ISO (the International Organization for Standardization) and IEC (the International Electrotechnical Commission) form the
specialized system for worldwide standardization. National bodies that are members of ISO or IEC participate in the
development of International Standards through technical committees established by the respective organization to deal with
particular fields of technical activity. ISO and IEC technical committees collaborate in fields of mutual interest. Other
international organizations, governmental and non-governmental, in liaison with ISO and IEC, also take part in the work. In
the field of information technology, ISO and IEC have established a joint technical committee, ISO/IEC JTC 1.
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Introduction

This International Standard specifies the syntax, type system and semantics of the Z notation, as used in formal
specification.

A specification of a system should aid understanding of that system, assisting development and maintenance of the
system. Specifications need express only abstract properties, unlike implementations such as detailed algorithms,
physical circuits, etc. Specifications may be loose, allowing refinement to many different implementations. Such
abstract and loose specifications can be written in Z notation.

A specification written in 7Z notation models the specified system: it names the components of the system and
expresses the constraints between those components. The meaning of a Z specification—its semangict—is defined
as the set fof interpretations (values for the named components) that are consistent with the conigbraiints.

7 uses mafhematical notation, hence specifications written in Z are said to be formal: the méaning is captured
by the forfn of the mathematics used, independent of the names chosen. This formal basisyenables njathematical
reasoning,| and hence proofs that desired properties are consequences of the specification. The goundness of
inference fules used in such reasoning should be proven relative to the semantics of ‘the Z notation.

This Interhational Standard establishes precise syntax and semantics for a systém of notation for mathematics,
providing p basis on which further mathematics can be formalized.

Particular|characteristics of Z include:

e its exfensible toolkit of mathematical notation;
e its sclhema notation for specifying structures in the system{and for structuring the specification|itself; and

e its ddgcidable type system, which allows some well-formedness checks on a specification to be performed
autonpatically.

Examples [of the kinds of systems that have been-gpecified in Z include:

e  safety] critical systems, such as railway signalling, medical devices, and nuclear power systems;
e  security systems, such as transactién ‘processing systems, and communications; and

e generdl systems, such as pregramming languages and floating point processors.
Standard ¥ will also be appropriate for use in:
e formallizing the semantics of other notations, especially in standards documents.

This is the first ISO standard for the Z notation. Much has already been published about Z. Mos{ uses of the
Z notatio) haye“heen based on the examples in the book “Specification Case Studies” edited by Hayes [2][3].
Early defifitions’of the notatlon were made by Sufrm [14] and by ng et al [8]. Splvey s doctoral thesis showed
that the spmaftics be defin ]. His book
“The Z Notation—A Reference Manual” [12] [13] is the most complete deﬁnltlon of the notatlon prior to this
International Standard. Differences between Z as defined here and as defined in [13] are discussed in [15]. This
International Standard addresses issues that have been resolved in different ways by different users, and hence

encourages interchange of specifications between diverse tools. It also aims to be a complete formal definition of
Z.

vi ©ISO/IEC 2002—All rights reserved
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Information technology—
Z, formal specification notation—
Syntax, type system and semantics

1 Sco

The followfing are within the scope of this International Standard:

e the syntax of the Z notation;

e the type system of the Z notation;

e the sqmantics of the Z notation;

e a toolkit of widely used mathematical operators;

o I¥TEX| [10] and e-mail mark-ups of the Z notation.
The followfing are outside the scope of this International Standard:

e any njethod of using Z, though an informative annex (E) describes one widely-used convention,

2 Nornmative references

The followfing normative documents contain provisions which, through reference in this text, constitu
of this Intlernational Standard. For dated réferences, subsequent amendments to, or revisions of,

publicatio

to investigate the possibility of applying the most recent editions of the normative documents indi

For undat

IEC mainfain registers of curréntly valid International Standards.

ISO/IEC
Architect

ISO/IEC
Suppleme

ISO/IEC

pe

hs do not apply. However, pafties to agreements based on this International Standard ard

bd references, the latest*edition of the normative document referred to applies. Members

| 0646-1:2000, Information technology— Universal Multiple-Octet Coded Character Set (U(
re and BasiccMultilingual Plane, with amendment 1, with its amendments and corrigenda

|0646-2:2001, Information technology— Universal Multiple-Octet Coded Character Set (U(
tary Planes

e provisions
hny of these
encouraged
ated below.
of ISO and

'S)—Part 1:

'S)—Part 2:
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3 Terms and definitions

For the purposes of this International Standard, the following terms and definitions apply. [talicized terms in

definitions

3.1
binding

are themselves defined in this list.

finite function from names to values

©@ISO/IEC
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3.2
capture
cause a reference expression to refer to a different declaration from that intended

3.3
carrier set
set of all values in a type

3.4
constraint
property that—is-either-trae-orfalse

3.5
environnjent
function ffom names to information used in type inference

3.6
interpretption
function fjom global names of a section to values in the semantic universe

3.7
metalanguage
language ysed for defining another language

3.8
metavaripble
name dengting an arbitrary phrase of a particular syntactic cldss

3.9
model
interpretajion that makes the defining constraints of the corresponding section be true

3.10
schema
set of bindings

3.11
scope of p declaration
part of a dpecification in which &.reference expression whose name is the same as a particular declaration refers
to that deflaration

3.12
scope rules
rules detegmining the ‘scope of a declaration

3.13
semantic| universe

set Of all ARt lraea—oreaxzidio cantatiana for botl o oo Bart P Bart e
Hrafrie—vartes—proviathgfepresenratiohsTorpothoh—genereahagenere—~-——varaes

3.14
signature
function from names to types

3.15
type universe
set of all type values, providing representations for all Z types

3.16
Z core language
Z notation defined by this International Standard excepting the notation of the mathematical toolkit

2 ©ISO/IEC 2002—All rights reserved
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3.17
ZF set theory
Zermelo-Fraenkel set theory

4 Metalanguages

The metalanguages are the notations used to define the syntax, type system and semantics of Z.

4.1 Syntactic metalanguage

The syntaftic metalanguage used is the subset of the standard ISO/IEC 14977:1996 [7] summarised in Table 1,
with modifications so that the mathematical symbols of Z can be presented in a more comprehénsifjle way.

Table 1 — Syntactic metalanguage

ymbol Definition

defines a non-terminal on the left in terms of the syntax on the right.
separates alternatives.

s separates notations to be concatenated.

— separates notation on the left from notationto be excepted on the right.
{1 7} delimit notation to be repeated zero or niore times.
[ 1 delimit optional notation.

) are grouping brackets (parentheses].

(I delimit a terminal symbol.

;) terminates a definition.

1 7 delimit informal definition of‘\notation.

(* *)| delimit commentary.

— N

+

The infix ¢perators | and , have precedence such that parentheses are needed when concatenating hlternations,
but not wlen alternating between concatenations. The exception notation is always used with parenthpses, making
its precedgnce irrelevant. Whitespace separates tokens of the syntactic metalanguage; it is otherwisg¢ ignored.

EXANIPLE The lexis of a NUMERAL«boken, and its informal reading, are as follows.

NUMERAL = NUMERAL , DECIMAL
| DEGIMAL

The npn-terminal symbol NUMERAL stands for a maximal sequence of one or more decimal digit charadters (without
intervéning white\Space).

The changdes to~ISO/TEC 14977:1996 allow use of mathematical symbols in the names of non-terminals, and are
formally defiied”as follows.

Meta identifier character 7 all cases jrom 1S5O/IEC 14977:1996 7

| ;(7 | J); | ;[; | )]J | J{) | J}) | )QJ | )|>J | :<<; | )>>;

| )]PJ)' 7:)| )7;| 7|)| )&)l ;\)l )/)l )';l 7;7| 7_)| R
I

I

)?7 | J|_7| 7V7| ).7| ;3)' )<:>;| ;:>)| )\/;' }/\Jl R
)€7| 7[;' 7><7| 7A)| ,,u’l 79}' ;87| 7>>)| )87

’

NOTE This anticipates a future version of ISO/IEC 14977:1996 permitting use of the characters of ISO/IEC
10646 [5][6].

The following standard metalanguage characters have been overloaded as Meta identifier characters: ’=’,
e, o, o, 2y, 02, 21, 2, ?)? and ?; . Uses of them as Meta identifiers are with the common

©ISO/IEC 2002—All rights reserved 3


https://iecnorm.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

ISO/IEC 13568:2002(E) 4 Metalanguages

suffix -tok, e.g. (-tok, which may be viewed as a postfix metalanguage operator. Uses of them as meta-operators
are further distinguished by preceding and following these uses with space.

A further change to ISO/IEC 14977:1996 is the use of multiple fonts: metalanguage characters and non-terminals
are in typewriter, those non-terminals that correspond to Z tokens appear as those Z tokens normally appear,
typically in Roman, and comments are in italic.

The syntactic metalanguage is used in defining Z characters, lexis, concrete syntax and annotated syntax (clauses
6, 7, 8 and 10).

4.2 Mathematical metalanguage

4.2.1 Iptroduction

Logic and| ZF set theory are the basis for the semantics of Z. In this section the specific notatigns used are
described.| The notations used here are deliberately similar in appearance to those of Z dtself, but gre grounded
only on the logic and set theory developed by the wider mathematical community.

The math¢matical metalanguage is used in type inference rules and in semantic pelations (clauses 13 and 15).

4.2.2 Harentheses

The formd of proposition and expression are given below. Where there €ofifd be any ambiguity in [the parsing,
usually pgrentheses have been used to clarify, but in any other case the precedence conventions of Z itself are
intended tp be used.

The use of parentheses is given in tabular form in Table 2, where)p stands for any proposition and |e stands for
any expregsion.

Table 2 — Parenthéses in metalanguage

INotation Definition

() p
(le) e

The same [brackets symbols are used-atound pairs and tuple extensions (Table 12), but those cannot be omitted
in this way.

4.2.3 Hropositions
4.2.3.1 |Introduction

The value|of a metalanguage proposition is either true or false. The values true and false are distinct. In this
Internatiohal Standard, no proposition of the metalanguage is both true and false; that is, this mletatheory is
consistent| Furthérmore, every proposition is either true or false, even where it is not possible to say] which; that
is, the logic i8,two-valued.

4.2.3.2 "Propositional connectives

The propositional connectives of negation, conjunction and disjunction are used. In Table 3 and later, p, ps, etc,
represent arbitrary propositions.

Conjunction is also sometimes indicated by writing propositions on successive lines, as a vertical list.
4.2.3.3 Quantifiers

Existential, universal and unique-existential quantifiers are used. In Tables 4 and 5 and later, i, iz, etc, represent
arbitrary names, e, es, etc, represent arbitrary expressions, and ... represents zero or more repetitions of the
surrounding formulae; in these tables, the propositions can contain references to the names, but the expressions
cannot.

4 ©ISO/IEC 2002—All rights reserved
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Table 3 — Propositional connectives in metalanguage

Notation Name Definition

-p negation true iff p is false

p1 A D2 conjunction true iff p; and po are both true

p1V po disjunction false iff p; and po are both false

Table 4 — Quantifiers in metalanguage

Notatiopn Name Definition

Ji4 :e;]...; ip e, p | existential quantification there exist (3) values of 4; in sé€t\ef, |., i, in set
en (i1 : €15 ..; i @ e,) such that (e) p is true

Vi :eg;|...; i, e, @ p | universal quantification for all (V) values of @ifiset e, ..., 4, in set e,
(i1 : €15 -5 i @ €p), IS true that (e) p is true

3, @ : e} ...; in e, @ p | unique existential quantification | there exists exactly one (3, ) configurdtion of val-
ues 71 in set( €)} ..., i, in set e, (i1 :ler; ..o} in :
en) such«tat (e) p is true

Certain aljbreviations in the writing of quantifications are permitted; as given in Table 5. Some of thej

involve lesger abbreviations.

' expansions

Table 5 — Abbreviations in quantifications in metalanguage
INotation Definition
Yoy l2y eeey iy & € 1€ 12,y lp @ €
E Z.17’L‘27...,Z." . e | pP1 ® P2 | i17i2,...,in Leepy A P2
M i1, 2,y in €| P1 @ Do Y iy, gy e in s e ® (2 p1) VDo
3, i io, e in e | prepy 3y 01,02, 0 € @ D1 A P

4.2.3.4 [Conditional expression

The condifional expression allows the choice between two alternative values according to the truth o

given proposition, as defined/in Table 6.

Table 6 — Conditional expression in metalanguage

r falsity of a

INotation Definition

if prthen e; else e

either p is true and e; is the value. or p is false and eo is the value

4.2.4 Sets

4.2.4.1 Introduction

The notation used here is based on ZF set theory, as described in for example [1], and the presentation here is
guided by the order given there. In that theory there are only sets. Members of sets can be only other sets. The
word “element” may be used loosely when referring to set members treated as atomic, without regard to their
set nature. If metalanguage operations are applied to inappropriate arguments, they produce unspecified results

rather than being undefined.

©ISO/IEC 2002—All rights reserved
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4.2.4.2 The universe

The universe, U, denotes a world of sets, providing semantic values for Z expressions. U is big enough to contain
the set NAME from which Z names are drawn, and an infinite set. Also, U is closed under formation of powersets
and products. The formation of a suitable U comprising models of sets and tuples, as needed to model Z, is
well-known in ZF set theory and is assumed in this International Standard. A Z binding is modelled by a ZF
set of pairs of NAME and value. A Z generic is modelled by a ZF set of pairs (a function) from sets (the generic
arguments) to a value (the instantiated generic).

4.2.4.3 Propositions about sets and elements

The simplpst propositions about sets are the relationships of membership, non-membership, subsét pnd equality
between s¢ts or their elements, as detailed in Table 7.

Table 7 — Propositions about sets in metalanguage
Notation Name Definition
e1 € e membership true iff e; is a member of set ey
e1 & ey non-membership e € e
e1 C eg subset Vi:e ®i€ey
e1 = eg equality for e; and e; considered as<sets, e; C es A eg C e

4.2.4.4 |Basic set operations

ZF set thdory constructs its repertoire of set operations starting with the axiom of empty set, then ghowing how
to build up sets using the axioms of pairing and of union, and how to trim them back with the axi¢m of subset
or separatjon.

For the pyrposes of this mathematical metalanguageithe simplest form of set comprehension is defined directly
using the faxiom of separation in Table 8. The existence of a universal set U is assumed. Other [forms of set
comprehension are defined in terms of the simplest form, using rules in which ¢ is any name distinc} from those
already infuse. Also defined in Table 8 are ngtations for empty set, finite set extensions, unions, intergections and
differenced.

Table 8“— Basic set operations in metalanguage
Notatiop Name Definition
{i:e|p set comprehension | subset of elements i of e such that p, by axiom of|separation
{t1:e1; |5 in: e, ® e} set comprehension | {i: U |3 i1 : €15 ...} i : €, 07 =¢}
{ir : e1; |.; in : e, [\ e} | set comprehension | {i : U |3 i1 : €15 ...; in: ey |poi=e}
%] empty set {i: U] false}
{} empty set {i: U] false}
{e} singleton set {i:U]|i=¢e}
e U ey HHioH e
{e1,e9,...,en} set extension {e1} U{ea,...,en}
e1Ney intersection {iie1]i€ e}
e\ e difference {iier]id e}

4.2.4.5 Powersets

The axiom of powers asserts the existence of a powerset, which is the set of all subsets of a set. The set of all
finite subsets is a subset of the powerset. It is the smallest set containing the empty set and all singleton subsets
of e and closed under the operation of forming the union with singleton subsets of e. Their forms are given in
Table 9.

6 ©ISO/IEC 2002—All rights reserved
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Table 9 — Powerset in metalanguage
Notation | Name Definition
Pe set of all subsets {i:U]iCe}
Fe set of all finite subsets | {i; : U |Viy : PPe | @€ i A (Vig:ipoVig:eoigU{is} €Ein) @iy Ein}

4.2.5 Natural numbers

Natural numbers are not primitive in ZF set theory, but there are several well established ways of representing
them. Th¢ choice of coding is irrelevant here and so is not specified. There are notations to measuresthe cardinality
of a finite [set, to define addition of natural numbers and to form the set of natural numbers hetweeh two stated
natural nymbers, as given in Table 10.

Table 10 — Operations on natural numbers in metalanguage
INotation Definition
di + e sum of natural numbers e; and es
#e cardinality of finite set e
di .. e set of natural numbers between e; and ey inclusive

4.2.6 Names

Names ard needed for this International Standard. There are s€yeral ways of representing names in ZF set theory.
The choic¢ of coding is irrelevant here and so is not specified, Only one operation is needed on nafes; it is an
infix operdtion with highest precedence, and is defined in*Table 11.

Table 11 — Decorations of names in metalanguage
INotation Definition
i| decor T the name that\is like ¢ but with the extra stroke *

4.2.7 Tluples and Cartesian/products

Tuples andl Cartesian products are not primitive in ZF set theory, but there are various ways in whigch they may
be represepited within that theery, such as the well-known encoding given by Kuratowski [1]. The chojce of coding
is irrelevaipt here and so is ot Specified. In this International Standard, the syntactic context of the nletalanguage
expression| denoting a yalue always determines whether or not that value is to be interpreted as an|encoding of
a tuple. Tlherefore tliere*is never any possibility of accidental confusion between the encoding used |to represent
the tuple nd any. 6ther value that is not a tuple.

In this mathematical metalanguage, tuples and Cartesian products with more than two components ar¢ interpreted
as nested pinary tuples and products, unlike in Z.

The syntactic forms are given in Table 12.

The brackets delimiting a pair or tuple extension written with commas shall not be omitted—they are not grouping
parentheses.

4.2.8 Function comprehensions
Table 13 defines the notation for A, which is a form of comprehension convenient when defining functions.

4.2.9 Relations

A relation is defined to be a set of pairs. There are several operations involving relations, which are given
equivalences in Table 14. A proposition about relations is given in Table 15.

©ISO/IEC 2002—All rights reserved 7
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Table 12 — Tuples and Cartesian products in metalanguage

Notation Name Definition
(€1, €2) pair
€1 — e maplet (e1,e2)
first e first(e1, ea) = €1
second e second(ey, e2) = eo
e1 X e 1 ier; 2 ex @ (ig,0)f
(e1,e2,..) en) tuple extension (e1, (€2, ...y €n)) where n > 2
e1 X ey X e, | Cartesian product e X (e2 X ... X ey) where n > 2
el e
eTn iterated product ex..xe where there are n > 2 occurtences of e
Table 13 — Function comprehensions inx metalanguage
INotation Definition

i:e1 0 e {i:e10i— e}

iiel|pees {i:e1|peirsee}

i1:€e1; ...; e, @€ {i1 1 e1; ooy Bien ® (i1, ..y i) — €}

iier; . dnie, | pee {iv 1 e1; sh ten | po(in, .. in)— e}

Table 14 — Relations in metalanguage
Notation Name Definition
id e identity function Ai:eej
dom e domdin {i:eefirst i}
e1 < ey demain restriction {i:ex] firsti € e}
e <4 ey domain subtraction {i:ex|firsti¢ e}
er( ez ) relational image {i: e | first i € ey ® second i}
€19 ey relational composition | {4 : e1; 2 : e ] second 1) = first iy e first iy — second iy}
e1D ey relational overriding ((dom ez) 9 er) U eg
Table 15 — Proposition about relations in metalanguage

Notation Name Definition
€1~ ey compatible relations (dom e3) < e = (dom e1) < ey
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A function is a particular form of relation, where each domain element has only one corresponding range element.

Table 16 shows the various forms of function that are identified, each being a set of functions.
Table 16 — Functions in metalanguage

Notation Name Definition

€1 + eg functions {iy :P(e1 X €2) |V da, i3 : i1 | first ia = first i3 ® second iz = second i3}

e — e T

e 4 ey finite functions | {i:F (e1 x e2) | i € €1 + ea}
4.2.10.1| Application
A functior] can be juxtaposed with an argument to produce a result, using the notation. 6fTable 17. Metalanguage
notations |ntroduced above that match the e; ey pattern, such as dom e, are not applications in thik sense.

Table 17 — Application in metalanguage
Notatiopn Name Definition
€1 ey application if there exists a unique~es such that e; +— e3 is in ef, then the
value of e; e; is es, Gtherwise each e; e; has a fixed byt unknown
value
4.2.11 [Sequences
A sequencg is a particular form of function, where thé\domain elements are all the natural numbers ffom 1 to the
length of fhe sequence.
Table 18 & Sequences in metalanguage

Notation Name Definition

(e1y ..., eh) sequence {1—ep,.,n— ey}
4.2.12 [Disjointness
A labelled| family of setsqis disjoint when any distinct pair yields sets with no members in common.

Table 19 — Disjointness in metalanguage

Notation Name Definition

d@sjoynt r]inrﬁnh’anq \7’91 eo - dom ¢ = coepe e (Neeo =
4.3 Transformation metalanguage

Transformation rules map parse trees of phrases to other parse trees. Each transformation rule is written in the
following form.

©@ISO/IEC
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EXAMPLE 1 The syntactic transformation rule for a schema definition paragraph, and an informal reading of it,
are as follows.

SCHi t END =—> AX [i == ¢] END

A schema definition paragraph is formed from a box token SCH, a name i, a schema text ¢, and an END token. An
equivalent axiomatic description paragraph is that which would be written textually as a box token AX, a [ token, the
original name ¢, a == token, the original schema text ¢, a | token, and an END token.

EXAMPLE 2 The semantic transformation rule for a schema hiding expression, and an informal reading of it, are
as follows.

(e g Plo]) \ (t1y.ein) = T iy :carrier (0 44); ...; in @ carrier (o in) @€

A sch¢ma with signature o from which some names are hidden is semantically equivalent to the scherha existential
quantification of the hidden names from the schema. Each name is declared with the set that)is-the carfier set of the
type df the name in the signature of the schema.

The phrade templates are patterns; they are not specific sentences and they are not” written in the syntactic
metalangyage. These patterns are written in a notation based on the concreté_and annotated syptaxes, with
metavariables appearing in place of syntactically well-formed phrases. The metavariables are definpd in Tables
20 and 21 |(the phrases being defined in clauses 7 and 8, and the operator words in 7.4.4). Where seyeral phrases
of the sanje syntactic classes have to be distinguished, these metavariables are given distinct numerif subscripts.
The letterp x, m, =, » are used as metavariables for such numeric subséripts. The patterns can be Wfiewed either
as using the non-terminal symbols of the Z lexis with the -tok suffixes'omitted from mathematical syymbols, or as

using the fnathematical rendering with the box tokens in place 6f paragraph outlines.

Table 20 — Metavariables for phrases

Symbol Definition
q denotes an ExpressionList phrase (a for list argument).
ly denotes a list of digits within a NUMERAL token.
denotes a digitrwithin a NUMERAL token.
D denotes a Paragraph phrase.
d denotes.aDeclaration phrase.
g denotés ah Expression phrase.
7 denotes a free type’s NAME token.
g denotes an injection’s NAME token (g for ingection).
A denotes an element’s NAME token (h for helement).
i} j denote NAME tokens or DeclName or RefName phrases (i for identifier).
i denotes a Predicate phrase.
S denotes a Section phrase.
4 denotes a SchemaText phrase (¢ for text).
, VW, T,y denote distinct names for new local declarations.
p: denotes a Specification sentence.
T denotes a Type phrase.
o denotes a Signature phrase.
+ denotes a STROKE token.
* denotes a { STROKE } phrase.
denotes elision of repetitions of surrounding phrases, the total number of
repetitions depending on syntax.

The applicability of a transformation rule can be guarded by a condition written above the = symbol. Local
definitions can be associated with a transformation rule by appending a where clause, in which later definitions
can refer to earlier definitions.

10
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Table 21 — Metavariables for operator words
Symbol Definition
el denotes an EL token.
elp denotes an ELP token.
er denotes an ER token.
ere denotes an ERE token.
erep denotes an EREP token.
erp denotes an ERP token.
ds denotes an ES token.
dss denotes an ES token or SS token.
i denotes an I token.
ip denotes an IP token or € token or = token.
lh denotes an L token.
l denotes an LP token.
Host denotes a POST token.
Hostp denotes a POSTP token.
Hre denotes a PRE token.
Yyrep denotes a PREP token.
qr denotes an SR token.
qre denotes an SRE token.
qrep denotes an SREP token.
qrp denotes an SRP token.
qs denotes an SS token.

The transformation rule metalanguage is used in definihg characterisation rules, syntactic transformation rules,
type infer¢nce rules, and semantic transformation.zules (clauses 9, 12, 13 and 14).

4.4 Type inference rule metalanguage

Each type|inference rule is written in the(following form.

type $ubsequents

(side-condition)
typp sequent

wherg local-declaration
anld ...

This can e read asfif-the type subsequents are valid, and the side-condition is true, then the type sequent is
valid, in the context/of the zero-or-more local-declarations. The side-condition is optional; if omittpd, the type
inference tfule is equivalent to one with a true side-condition.

The annotfated’syntax (see 10.2) establishes notation for writing types as Type phrases and for writir]g signatures
as Signature phrases. The g operator allows annotations such as types to be associated with other phrases.
Determining whether a type sequent is valid or not involves manipulation of types and signatures. This requires
viewing types and signatures as values, and having a mathematical notation to do the manipulation. Signatures
are viewed as functions from names to type values. Type is used to denote the set of type values as well as the set
of type phrases, the appropriate interpretation being distinguished by context of use. Similarly, NAME is also used
to denote a set of name values. These values all lie within the type universe. A type’s NAME has a corresponding
type value in the type universe whereas a type’s carrier set is in the semantic universe.

Type values are formed from just finite sets and ordered pairs, so the mathematical metalanguage introduced in
4.2 suffices for their manipulation.

Details of which names are in scope are kept in environments. The various kinds of environment are defined in

©ISO/IEC 2002—All rights reserved 11
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Table 22, and metavariables for environments are defined in Table 23.

Table 22 — Environments

Symbol Definition

TypeEnv denotes type environments, where TypeEnv == NAME -+ Type. Type en-
vironments associate names with types. They are like signatures, but are
used in different contexts.

JectTypeEnv denotes Section-type eNvirONIMeIts, WIere SectlypeEnv == NAME |-+
(NAME x Type). Section-type environments associate names of declaratipns
with the name of the ancestral section that originally declared-the najme
paired with its type.

JectEnv denotes section environments, where SectEnv == NAME %“SectTypeEpv.
Section environments associate section names with_section-type envirpn-
ments.

Table 23 — Metavariables for environments

Symbol Definition

X denotes a type environment, 3 : T§peEnv.

I denotes a section-type environment, I' : SectTypeEnv.

A denotes a section environment)yA : SectEnv.

Variables pver the type universe are defined in Table<24; and a relation on types is defined in Table

Table 24 —Variables over type universe

Symbol

Definition

denotes-a type, « : Type.

denotes-a signature, § : Signature, which may be a type environment
defiotés a section-type environment, v : SectTypeEnv.

denotes a section environment, ¢ : SectEnv.

Table 25 — Type relations

S$ymbol

Definition

eperic_type T

asserts that 7 is a generic type.

Type sequents are written using a F symbol superscripted with a mnemonic letter to distinguish the syntax of

the phrase appearing to its right (Table 26).

NOTE 1 These superscripts are the same as the superscripts used on the [ ]| semantic brackets in the semantic
relations below (Table 29).

The annotated phrases to the right of - in type sequents are phrase templates written using the same metavariables

as the syntactic transformation rules (Table 20).

12
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Table 26 — Type sequents

Symbol Definition
F oz a type sequent asserting that specification z is well-typed.
AF s3sT a type sequent asserting that, in the context of section environment A,

section s has section-type environment I'.

Y Dso a type sequent asserting that, in the context of type environment X, the
paragraph D has signature o.

¥ p a type sequent asserting that, in the context of type environment’:, fhe
predicate p is well-typed.

Y HE esr a type sequent asserting that, in the context of type enwironment 3, fhe
expression e has type 7.

EXANIPLE The type inference rule for a schema conjunction expressions-and its informal reading, arf as follows.

. . r = P[B.]
XFH e8sn X oes 8T T, = P[B.]
5] E (2 8 i) A (ea 8 72) 8 Ty B = B

73 = P[B, U B2]

In a sfhema conjunction expression e, A e, expressions e, and e, shall be schemas, and their signafjures shall be
compdtible. The type of the whole expression is that ef the schema whose signature is the union of those ¢f expressions
e, and e,.

type values, so that the set union,cah be computed, and the resulting signature is implicitly mapped back to
syntactic phrase. These mappings are not made explicit as they would make the type inference riiles harder to

qad, e.g. [ [6.] U [B:] ]

This metaJanguage is used in defining type inference rules (clause 13).

NOTE 2 The metavariables 8, and (.-in‘this example denote syntactic phrases. These are mapped implicitly
t
a

—

4.5 Semantic relationymetalanguage
Most semgntic relations are-equations written in the following form.
[phrase template] = semantics

Where the definition is only partial, the equality notation is not appropriate, and instead a lower bounfl is specified
on the senpantics.

semantics C [ pe, o€, |
The phrase templates use the same metavariables as used by the syntactic transformation rules (Table 20).
Symbols concerned with the domains of the semantic definitions are listed in Tables 27 and 28.

The meaning of a phrase template is given by a semantic relation from the Z phrase in terms of operations of ZF
set theory on the semantic universe. There are different semantic relations for each syntactic notation, written
using the conventional [ | semantic brackets, but here superscripted with a mnemonic letter to distinguish the
syntax of phrase appearing within them (Table 29).

NOTE The superscripts are the same as those used on the F of type sequents in the type inference rules above
(Table 26).

©ISO/IEC 2002—All rights reserved 13
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Table 27 — Semantic universe
Symbol Definition
\W denotes the world of semantic values for Z expressions that are not generic,
where W : PU.
Model denotes models, where Model == NAME + U. Models associate names of
declarations with semantic values. They are applied only to names in their
doranin rs = I 1 o ad

JectionModels

O eSSt v CCe— Dy W oI Uy poatitooT

denotes functions from sections’ names to their sets of modelS) where
SectionModels == NAME + P Model.

Table 28 — Variables over semantic universe
Symbol Definition
M denotes a model, M : Model.
T denotes a section’s name and its set of miodels, T : SectionModels.
i denotes a binding semantic value, ¢ : NAME + W.

denotes a generic semantic value, U\ W.
P, x,y denote non-generic semantic valdes,vw : W; z : W; ¢y : W.

Table 29 — Semantic relations

Symbol Definition

denotes the meaning of specification z, where [ z |© € SectionModels. The
meaning of a specification is the function from its sections’ names to tHeir
sets of models.

denotes the meaning of section s, where [ s ]° € SectionModels |+
SectionModels. The meaning of a section is given by the extension| of
a/SectionModels function with an extra maplet corresponding to the giyen
section.

lD1” denotes the meaning of paragraph D, where [ D |” € Model < Model.
The meaning of a paragraph relates a model to that model extended pc-

cording to that paragraph.
p ] denotes the meaning of predicate p, where [ p [|© € P Model. The meaning

of a predicate is the set of all models in which that predicate is true.

denotes the meaning of expression e, where [ e |° € Model — W. The
meaning of an expression is a function returning the semantic value of the
expression in the given model.

denotes the meaning of type 7, where [ 7 |” € Model + P U. The meaning
of a type is the semantic value of its carrier set, as determined from the
given model.
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EXAMPLE The semantic relation for a conjunction predicate, and its informal reading, are as follows. The con-
junction predicate p, A p, is true if and only if p, and p, are true.

[[pl A P2 ]]7) = [[p1 ]]Pﬂ[[p2 ]]P

In terms of the semantic universe, it is true in those models in which both p, and p, are true, and is false otherwise.

Within the semantic relations, the idioms listed in Table 30 occur frequently.

Table 30 — Semantic idioms
|
iom Description
e "M denotes the value of expression e in model M
Mot denotes the model M giving semantic values for more globalldeclarati¢pns
overridden by the binding ¢ giving the semantic values pf\locally declated
names
Semantic felation metalanguage is used in defining semantic relations (clause\l).

5 Cor
5.1 Pk

iformance

jases of the definition

The definftion of the Z notation is divided into a sequencelof phases, as illustrated in Figure 1.

represents
specificati
these are §

NOTH
inforn

NOTH

vertic

5.2 Cq

a phase from a representation of a Z specification at its source to another representat
n at its target. The phase is named at theJef/margin. Some phases detect errors in the
hown drawn off to the right-hand side.

1 Figure 1 shows the order in which th€phases are applied, and where errors are detected; it d
ation flows.

2 The arrows are analogous to(total and partial function arrows in the Z mathematical toolk
lly.

nformance requirements

5.2.1

pecification conformance

For a Z splecification to e¢onform to this International Standard, no errors shall be detected by any d

shown in

be valid

igure 1. Inwerds, for a Z specification to conform to this International Standard, its forni
rk-up of aysequence of Z characters, that can be lexed as a valid sequence of tokens, that c

as a sentefice of the concrete syntax, and that is well-typed according to the type inference system.

NOT

The presence of sections that have no models does not affect the conformance of their specific

Each arrow
on of the Z
pecification;

oes not show

t, but drawn

f the phases
al text shall
hn be parsed

htion.

5.2.2 Mark-up conformance

A mark-up for Z based on BTEX [10] conforms to this International Standard if and only if it follows the rules
given for TEX mark-up in A.2.

A mark-up for Z used in e-mail correspondence conforms to this International Standard if and only if it follows
the rules given for e-mail mark-up in A.3.

Mark-up for Z based on any other mark-up language is permitted; it shall be possible to define a functional
mapping from that mark-up to sequences of Z characters.

The ISO/IEC 10646 [5][6] representation may be used directly.

©@ISO/IEC
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source text

mark-up —+ mark-up error

sequence of Z characters

lexing - lexi¢al error

sequence of tokens

parsing — syntlax error
parse tree of concrete syntax sentence

characteriging

characterised parse tree of Cericrete syntax sentence

syntactic fransformation

parse tree“of annotated syntax sentence

type infergnce -+ typg error

fully annotated parse tree of annotated syntax sentence

semantic fransformation

fully annotated parse tree of sentence of subset of annotated syntax

semantic gelatioit

meaning in ZF set theory

Figure 1 — Phases of the definition
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A 7 deductive system conforms to this International Standard if and only if its rules are sound with respect to
the semantics, i.e. if both of the following conditions hold:

all of
[

)

b)

its axioms hold in all models of all Z specifications, i.e. for any axiom p,

p |7 = Model

all of its rules of inference have the property that the intersection of the sets of models of each of the premises

is con

[

All constr
that conje
appearing

The semal
that there
are sound
should ind

5.2.4 N
A 7 secti

Internatio
A 7 sectid
of models

A mathen]

NOTH
the sp|

NOTH

NOTH
those

NOTH
avoid

NOTH
sectiol

5.2.5 S

3 - 4] Jal Ll 1 M N L 1 £ oL 1 PSR N | gL
AIITCT TIT oIrC TITOOCT O CITC CUITCTUSTUTT, LU TOT- ally 1 OrC OT THITCT CTITCCT WITCT U™ U 15 OO C U I1TO

] n.nlp " Clp]”

hints appearing before a conjecture in a specification may be used as premises’in infeq
rture. The documentation of a Z deductive system should clarify whether or'aiot it allow
after a conjecture in a specification to be used as premises in inferences about that conje

1tic relations assigning meanings to Z phrases are defined loosely by~ this International §
is a set of possible conforming semantic relations. A deductive system conforms if and on
with respect to one or more of these semantic relations. The documentation of a Z dedu|
icate the semantic relations to which its rules are sound.

Tathematical toolkit conformance

n whose name is the same as a section of the mathématical toolkit of annex B conf
hal Standard if and only if it defines the same set dofumodels as that section of the mathemal
n whose name is prelude conforms to this International Standard if and only if it defines

s the section in clause 11.

atical toolkit conforms to this standard ifiit defines a conformant section called standard.]

1 The set of models defined by a section within a specification may be found by applying th
kcification to the section’s name.

2 A conforming section of the toolkit may formulate its definitions differently from those in aij

3 A conforming section of fhe toolkit may partition its definitions amongst parent sections th
n annex B.

4 Alternative and additional toolkits are not precluded, but are required to have different sect
ronfusion.

5 Some pames are loosely defined, such as A, and may be further constrained by sections th
hs, but not=by toolkit sections themselves.

upport tool conformance

A strongly

conforming 7 support tool shall recognise at least one conforming mark-up, accepting all d

P15 o P,

ences about
constraints
ture.

tandard, so
y if its rules
Ctive system

rms to this
tical toolkit.
he same set

toolkit.

e meaning of

nex B.

ht differ from

ion names to

ht use toolkit

onforming 7

specifications presented to 1t, and rejecting all non-conforming 7 specifications presented to it. A wea.

kly conform-

ing Z support tool shall never accept a non-conforming Z specification, nor reject a conforming Z specification,
but it may state that it is unable to determine whether or not a Z specification conforms.

NOTE Strong conformance can be summarised as always being right, whereas weak conformance is never being

wrong

EXAMPLE A tool would be weakly conformant if it were to announce its inability to determine the conformance
of a Z specification that used names longer than the tool could handle, but would be non-conformant if it silently

truncated long names.

Certain exceptions to general rules are anticipated and permitted in subsequent clauses, because of, for example,
implementation considerations or for backwards compatibility with pre-existing tools.
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5.3 Structure of this document

characters

The phases in the definition of the Z notation, and the representations of specifications manipulated by those

phases, as

illustrated in Figure 1, are specified in the following clauses and annexes.

Annex A, Mark-ups, specifies two source text representations and corresponding mark-up phases for translating
source text to sequences of Z characters.

Clause 6 s

pecifies the Z characters by their appearances and their names in ISO/IEC 10646.

Clause 7, Lexis, specifies tokens and the lexing phase that translates a sequence of Z characters to a sequence of

tokens.

Clause 8 gpecifies the grammar of the concrete syntax, and hence abstractly specifies the parsing phase that
translates [a sequence of tokens to a parse tree of a concrete syntax sentence.

Clause 9 specifies the characterising phase, during which characteristic tuples are made égplicit in tle parse tree
of a concr¢te syntax sentence.

Clause 10 jspecifies the grammar of the annotated syntax, defining the target language for the syntadtic transfor-
mation phlase.

Clause 11 [specifies the prelude section, providing the initial environment ef.definitions.

Clause 12 [specifies the syntactic transformation phase that translates‘a parse tree of a concrete synpax sentence
to a parse|tree of an equivalent annotated syntax sentence.

Clause 13|[specifies the type inference phase, during which type“annotations are added to the pars¢ tree of the
annotated|syntax sentence, and reference expressions that {efer to generic definitions are translatgd to generic
instantiatipn expressions.

Clause 14 [specifies the semantic transformation phage; during which some annotated parse trees aie translated
to equival¢gnt other annotated parse trees.

Clause 15 [specifies the semantic relation between a sentence of the remaining annotated syntax and|its meaning
in ZF set fheory.

Annex C dluplicates those parts of the definition that fit into an organisation by concrete syntax prgduction.

6 Z characters

6.1 Introduction

A Z charafter is the spiallest unit of information in Z. Z characters are used to build tokens (clause ), which are
in turn the units ofdnformation in the concrete syntax (clause 8). The Z characters are defined by|reference to
ISO/IEC 10646-15Fand ISO/IEC 10646-2 [6]: the appearance, code position and name of each Z dharacter are
listed.

Many 7Z dharficters are not present in the standard 7-bit ASCII encoding [4]. It is possible tolrepresent Z

characters in ASCII, by defining a mark-up, where several ASCII characters are used together to represent
a single Z character. This International Standard defines some ASCII mark-ups in annex A by relation to the
ISO/IEC 10646 representation (henceforth called UCS) defined here. Other mark-ups of Z characters can similarly
be defined by relation to the UCS representation.

18 ©ISO/IEC 2002—All rights reserved
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6.2 Formal definition of Z characters

The reproduction of this clause is permitted on the understanding that this material is public
domain, and on the condition that this International Standard is referenced as the source document.
With the exception of clauses 6.2, 7.2, 8.2, 11 and annex B, all other parts of the text are subject to
the usual copyright rules stated on page ii of this International Standard.

Copyright notice

ZCHAR = DIGIT | LETTER | SPECIAL | SYMBOL ;
DIGIT = DECIMAL
| 7 other UCS chars with Number property but Number, Decimal Digit (@s, s
DECIMAL = :O) | 10 | 299 | J3) | :4) | :5; | 76; | J?) | ;87 | :97
| ? any other UCS characters with Number, Decimal Digit propérty (as supp
LETTER = LATIN | GREEK | OTHERLETTER
| ? any characters of the mathematical toolkit with letter property (as suppor
| 7 any other UCS characters with letter property(fas supported) 7
LATIN = )A) | ;B; | ;C; | 7D7 | ;E; | 7F; | 7G; | ;H; | }I}
| )J}l )K;l 7L7| )M}l )N;l 70)' ;P;l )Q)l )R)
| :S:l JTJl 7U:| ;V)' 7W7| :X:l ;Y:l ;Z;
| )a’ | )b’ I JC) | )d’ I )e) | Jf) I 7g) | )h’ I )Z')
| Jj} | 7k’ | JlJ | lm’ | Jn7 | JO} | 7p7 | 7q’ | 77/-’
| ’g? | )t) | ‘u? | T | R TIN | Y’ | )y; | 1y
GREEK = A | B 0 | N
OTHERLETTER = A | PN | R
SPECIAL = STROKECHAR |)*WORDGLUE | BRACKET | BOXCHAR | NLCHAR | SPACE ;
STROKECHAR = Ol 2N 07
WORDGLUE =000 N N
BRACKET = ;(: | ;); | J[) | :]; | 7{: | ;}: | :<|7 | :|>; | 7<<: | :>>: ;
BOXCHAR = ZEDCHAR | AXCHAR | SCHCHAR | GENCHAR | ENDCHAR ;
SYMBOL J‘J | )&) I )'-J | 7/\) I )\/J | ):>) I J@? | )_|7 I )V} | 737
’X’l,)l’:’l,€)|’:,|’:,|’)|’-’|’.,

pported) ?

rted) ?

fed) 7

J\) | ;[‘) | )8) | 2> | 24

? any characters of the mathematical toolkit with neither letter or
number property (as supported) 7

? any other UCS characters with neither letter or
number property and that are not in SPECIAL (as supported) 7

©ISO/IEC 2002—All rights reserved
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6.3 Additional restrictions and notes

The word supported means available for use in presenting a specification.

characters

The characters enumerated in the formal definition are those used by the Z core language; they shall be supported.
If the mathematical toolkit is supported, then its characters shall be supported. The “other UCS characters” may
also be supported, extending DIGIT, DECIMAL, LETTER or SYMBOL according to their property, but not extending
SPECIAL. Use of characters that are absent from UCS is permitted, but there is no standard way of distinguishing
which of DIGIT, DECIMAL, LETTER or SYMBOL (not SPECIAL) they extend, and specifications using them might not
be interchangeable between tools.

NOTT{I SPACE is a 7Z character that serves to separate two sequences of Z characters that would

mis-le

NOTH
to ma

6.4 Z
641 I

The follow
in annex A

Matl
screeq|

Codq

Char]

NOTH
definit

6.4.2 T
Math

9

For each D
6.4.3 L
6.4.3.1
Math

A

20

ed as a single token.

2 BOXCHAR characters correspond to Z’s distinctive boxes around paragraphs. The NLCHAR cha/
k a hard newline (see 7.5).

character representations
htroduction

ing tables show the Z characters in their mathematical representagion.” (Other representati
\.) The columns give:

1: The representation for rendering the character on a highy'resolution device, such as a
, or on paper (either hand-written, or printed).

position: The encoding of the Z character in UES:

acter name: The name for the character in @,CS.

The code position column is included toiassist location of the characters by users; it is not
ion of the characters.
pecimal digit characters
Code position Character name
0000 0030 DIGHT ZERO
0000 0039 DIGIT NINE

ECIMAL character, UCS defines a corresponding decimal digit value. This is used in 7.3.
etter characters

Latinalphabet characters

| Cade position Character name

otherwise be

acter is used

ns are given

bit-mapped

necessary for

0000 0041 LATIN CAPITAL LETTER A
0000 0054 LATIN CAPITAL LETTER Z
0000 0061 LATIN SMALL LETTER A
0000 007A LATIN SMALL LETTER Z
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6.4.3.2 Greek alphabet characters

The Greek alphabet characters used by the Z core language are those listed here.

Math

Code position

0000 0394
0000 O39E
0000 03B8
0000 O3BB

o000-—02RO

Character name

GREEK CAPITAL LETTER DELTA
GREEK CAPITAL LETTER XI
GREEK SMALL LETTER THETA
GREEK SMALL LETTER LAMBDA

PR CANIATTL TR D NILT

T >

6.4.3.3
The other
Math
A

N
P

\VAVAVAVARLV v} »Aw)

Code position

0001 D538
0000 2115
0000 2119

6.4.4 Special characters

6.4.4.1
Math
!

!
?

6.4.4.2

The chara
ing/loweri

Math

Code position

0000 02B9
0000 0021
0000 OO3F

Code position

0000 2197
0000 2199
0000 2198
0000 2196
0000~QQ5F

Code position

Other Z core language letter characters

Stroke characters

Word glue characters

Bracket characters

I TS OIvIz Y17 JI7 & T 1JIC 1V O

7 core language characters with UCS letter property are those of the prelude (clause”11), ap listed here.

Character name

MATHEMATICAL DOUBLE-STRUCK CAPITAL A
DOUBLE-STRUCK CAPITAL N
DOUBLE-STRUCK CAPITAL P

Character name

MODIFIER LETTER PRIME
EXCLAMATION MARK
QUESTION MARK

cters ° 7, 270 PN\?, and >\ I'may be presented as in-line literals, or they may indicate a rais-
he of the text, and possible size chiange. Such rendering details are not defined here.

Character name

NORTH EAST ARROW
SOUTH WEST ARROW
SOUTH EAST ARROW
NORTH WEST ARROW
LOW LINE

Character name

©ISO/IEC 2002—All rights reserved

0000 0028
0000 0029
0000 0O05B
0000 005D
0000 007B
0000 007D
0000 2989
0000 298A
0000 300A
0000 300B

LEFT PARENTHESIS

RIGHT PARENTHESIS

LEFT SQUARE BRACKET

RIGHT SQUARE BRACKET

LEFT CURLY BRACKET

RIGHT CURLY BRACKET

Z NOTATION LEFT BINDING BRACKET
Z NOTATION RIGHT BINDING BRACKET
LEFT DOUBLE ANGLE BRACKET
RIGHT DOUBLE ANGLE BRACKET
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6.4.4.4 Box characters

Box characters are assembled to form box tokens (see 7.2), which in turn correspond to boxes around paragraphs
(see 8.5). The simple renderings of the characters are suggestive of the boxes around paragraphs. The ENDCHAR
character is used to mark the end of a Paragraph.

NOTE These box characters are not intended to be used for rendering the boxes around paragraphs.

Z character Simple rendering Code position Character name

ZEDCHAR | 0000 2028 LINE SEPARATOR

AXCHAR ! 0000 2577 BOX DRAWINGS LIGHT DOWN
SCHCHAR r 0000 250C BOX DRAWINGS LIGHT DOWN _AND RIGHT
GENCHAR = 0000 2550 BOX DRAWINGS DOUBLE HORIZONTAL
ENDCHAR (new line) 0000 2029 PARAGRAPH SEPARATOR
6.4.4.5 |Other SPECIAL characters

Z charag¢ter Simple rendering Code position Character name

NLCHAR (new line) 0000 000A LINE FEED

SPACE (space) 0000 0020 SPACE
6.4.5 Symbol characters except mathematical toolkit eharacters

Math Code position Character name

| 0000 007C VERTICAL LINE

& 0000 0026 AMPERSAND

F 0000 22A2 RIGHT TACK

A 0000 2227 LOGICAL AND

\Y 0000 2228 LOGICAL OR,

= 0000 21D2 RIGHTWARDS*DOUBLE ARROW

= 0000 21D4 LEFT RIGHT DOUBLE ARROW

- 0000 OO0AC NOT SIGN

A 0000 2200 FORMNAEL

3 0000 2203 THERE EXISTS

X 0000 00D7 MULTIPLICATION SIGN

/ 0000 O02F SOLIDUS

= 0000 003D EQUALS SIGN

€ 0000 2208 ELEMENT OF

: 0000 _003A COLON

; 0000..003B SEMICOLON

, 0000 002C COMMA

. 0000 OO02E FULL STOP

. 0000 2981 Z NOTATION SPQT

\ 0000 29F9 BIG REVERSE SOLIDUS

i 0000 2A21 7Z NOTATION SCHEMA PROJECTION

s 0000 2A1F 7Z NOTATION SCHEMA COMPOSITION

>> 0000 2A20 7Z NOTATION SCHEMA PIPING

+ 0000 002B PLUS SIGN
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The mathematical toolkit (annex B) need not be supported by an implementation. If it is supported, it shall use
the representations given here.

Mathematical toolkit names that use only Z core language characters, or combinations of Z characters defined
here, are not themselves listed here.

6.4.6.1 Section set_toolkit

Math  Code position

Character name

0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0001

HFOCO—DCNINR™Y | |

2194
2192
2260
2209
2205
2286
2282
222A
2229
005C
2296
22C3
22C2
D53D

LEFT RIGHT ARROW
RIGHTWARDS ARROW
NOT EQUAL TO

NOT AN ELEMENT OF
EMPTY SET

SUBSET OF OR EQUAL TO
SUBSET OF

UNION

INTERSECTION

REVERSE SOLIDUS
CIRCLED MINUS

N-ARY UNION

N-ARY INTERSECTION
MATHEMATICAL DOUBLE-STRUCK CAPITAL F

6.4.6.2 |Section relation_toolkit

Math |Code position

0000
0000
0000
0000
0000
0000
0000
0000
0000
0000
0000

P== 1V AV AO>]

21A6
2A3E
2218
25C1
25B7
2A64
2A65
223C
2987
2988
2205

Character name

RIGHTWARDS-ARROW FROM BAR

Z NOTATION RELATIONAL COMPOSITION
RING OPERATOR

WHITE EEFT-POINTING TRIANGLE
WHIFERIGHT-POINTING TRIANGLE

Z NOTATION DOMAIN ANTIRESTRICTION
ZNOTATION RANGE ANTIRESTRICTION
TILDE OPERATOR

Z NOTATION LEFT IMAGE BRACKET

Z NOTATION RIGHT IMAGE BRACKET
CIRCLED PLUS

6.4.6.3 |Section function_toolkit

<
)
=
=

Cade position

Character name

0000
0000
0000
0000
0000
0000
0000
0000

el Ll td

21F8
2914
21A3
2900
21A0
2916
21FB
2915

RIGHTWARDS ARROW WITH VERTICAL STROKE
RIGHTWARDS ARROW WITH TAIL WITH VERTICAL STROKE

RIGHTWARDS ARROW WITH TAIL

RIGHTWARDS TWO-HEADED ARROW WITH VERTICAL STROKE

RIGHTWARDS TWO-HEADED ARROW

RIGHTWARDS TWO-HEADED ARROW WITH TAIL
RIGHTWARDS ARROW WITH DOUBLE VERTICAL STROKE
RIGHTWARDS ARROW WITH TAIL WITH DOUBLE VERTICAL STROKE

©ISO/IEC 2002—All rights reserved
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6.4.6.4 Section number_toolkit

Math  Code position Character name

Z 0000 2124 DOUBLE-STRUCK CAPITAL Z

- 0000 002D HYPHEN-MINUS

— 0000 2212 MINUS SIGN

< 0000 2264 LESS-THAN OR EQUAL TO

< 0000 003C LESS-THAN SIGN

> 0000 2265 GREATER-THAN OR EQUAL TO
> 0000 003k GREATER-THAN SIGN

* 0000 002A ASTERISK

6.4.6.5 |Section sequence_toolkit

Math |Code position Character name

# 0000 0023 NUMBER SIGN

( 0000 3008 LEFT ANGLE BRACKET

) 0000 3009 RIGHT ANGLE BRACKET
- 0000 2040 CHARACTER TIE

0000 21BF UPWARDS HARPOON WITH BARB LEFTWARDS
0000 21BE UPWARDS HARPOON WITH BARB.RIGHTWARDS

_—

6.4.7 Renderings of Z characters

Renderingp of Z characters are called glyphs (following the terminology of UCS). The glyphs used for [Z characters
are devicefdependent: a rendering of a Z character on a scréen is typically different from its renderitlg on a piece
of paper.

A 7 chargcter may also be rendered using different glyphs at different places in a specification, fdr reasons of
emphasis ¢r aesthetics, but such different glyphs\all represent the same Z character. For example, ‘d}, ‘d’, ‘d’ and
‘d’ are all the same Z character. For historigal reasons, the following similar-looking glyphs represenft different Z
characters

(o?

e  Schenha composition ‘" and the mathematical toolkit character relational composition ‘g’ ar¢ different Z

charafters.
e  Schenha projection ‘|’ ahd)the mathematical toolkit character filter ‘|’ are different Z characters.

e  Schenpa hiding ‘\’ and the mathematical toolkit character set minus ‘\’ are different Z charactqrs.

7 Lexgs

7.1 Intraduction

The lexis specifies a function from sequences of Z characters to sequences of tokens. The domain of the function
involves all the Z characters of clause 6. The range of the function involves all the tokens used in clause 8. The
function is partial: sequences of Z characters that do not conform to the lexis are excluded from consideration at
this stage. In each association of a sequence of Z characters with a token, the sequence of Z characters is called
the spelling of the token.

The lexis is composed of two parts: a context-free part followed by a context-sensitive part. The former translates
the stream of Z characters into a stream of DECORWORDs and tokens. The latter classifies each DECORWORD as being
a keyword, an operator token, or a NAME token, taking into account its spelling and the lexical scopes of the
operators (see 7.4.4).
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7.2 Formal definition of context-free lexis

Copyright notice
The reproduction of this clause is permitted on the understanding that this material is public

domain, and on the condition that this International Standard is referenced as the source document.
With the exception of clauses 6.2, 7.2, 8.2, 11 and annex B, all other parts of the text are subject to
the usual copyright rules stated on page ii of this International Standard.

TOKENSTREAM = { SPACE } , { TOKEN , { SPACE } } ;
TOKEN = DECORWORD | NUMERAL | STROKE
| (-tok | )-tok | [-tok | ]-tok | {-tok | }-tok | { | DI (I )
| ZED | AX | GENAX | SCH | GENSCH | END | NL
DECORWORIp = WORD , { STROKE } ;
WORD = WORDPART , { WORDPART }
| ( LETTER | ( DIGIT — DECIMAL ) ) , ALPHASTR ., SA WORDPART }
| SYMBOL , SYMBOLSTR , { WORDPART }
WORDPART = WORDGLUE , ( ALPHASTR | SYMBOLSTR ) ;
ALPHASTR = { LETTER | DIGIT } ;
SYMBOLSTR = { SYMBOL } ;
NUMERAL = NUMERAL , DECIMAL
| DECIMAL
STROKE = STROKECHAR
| »\,’ , DECIMAL , *\V
(-tok = 0
)-tok = )
[-tok = [
|-tok = ]
{-tok =
}-tOk = ’}’ ;
<| < ;<|) ;
D JD} ;
{ o
) - )
ZED = ZEDCHAR ;
AX = AXCHAR ;
SCH SCHCHAR ;
GENAX = AXCHAR , GENCHAR ;
GENSCH = SCHCHAR , GENCHAR ;
END = ENDCHAR ;
NL = NLCHAR ;

©ISO/IEC 2002—All rights reserved
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7.3 Additional lexical restrictions, notes and examples

Words are

EXAMPLE 1

formed from alphanumeric and symbolic parts.

However, ‘z+y’ comprises the three DECORWORDs ‘z’, ‘4’ and ‘y’.

The following strings of Z characters are single DECORWORDs: ‘&+=’, ‘z_+_y’, ‘z+y’, ‘z

7 Lexis

)

+ +
Y, ‘T hyl

EXAMPLE 2 The following strings of Z characters are single DECORWORDs: ‘AS’, ‘AS’, ‘Ix’, ‘4_X’, ‘Ix’. However,
‘34X’ is the keyword token ‘F’, followed by the DECORWORD ‘X .

EXAMPLE 3 The following strings of Z characters are single DECORWORDs: ‘x:€’, ‘z_:_e’, ‘;:.’. However, ‘z:e’ is the

word

‘T

’, followed by the keyword token ‘:’, followed by the DECORWORD ‘e’.

SPACE is 1
necessary
and a NUM
would oth
be lexed al

EXAN
a be i
al2 is
al2i
zlist
z !is
z! lis

The lexis
decimal di
EXAN
Ta? 1S
T1q 1S
a’ is
A multi-d
multiple S

Througho
decimal d
decimal di

EXAN
value

NOTH
STROK

by tyq
relatid

ot itself lexed as part of any token. It can be used freely between tokens. The cases~wh
hre: between two WORDs, which would otherwise be lexed as a single WORD; between-an)al

brwise be lexed as a single DECORWORD; and between two consecutive NUMERALs (which wo
5 a single NUMERAL.

[PLE 4 abc is the DECORWORD ‘abc’.

the DECORWORD ‘a’ followed by the DECORWORD ‘bc’.

the DECORWORD ‘a12’.

the DECORWORD ‘a’ followed by the NUMERAL ‘12’.
he DECORWORD comprising the WORD ‘z’ followed by the STROKE ‘!’.
he DECORWORD ‘z’ followed by the STROKE ‘!’.
the DECORWORD ‘z!” followed by the STROKE ‘!’.

hllows a WORD to include subscript digits; it also allews a DECORWORD to be decorated wi
oits. Trailing subscript decimal digits shall be lexed as strokes, not as part of a WORD.

[PLE 5 1,1 is a DECORWORD comprising the WORD+»x,” and the STROKE ‘;’.
a DECORWORD comprising the WORD ‘z,’” and the;STROKE ‘7’.

. DECORWORD comprising the WORD ‘z;,’ and o strokes.

la, DECORWORD comprising the WORD ‘e’ aifd; no strokes.

git last WORDPART enclosed in a @\, ...\  pair is deprecated, because of the visual am|
TROKE subscript digits.

it subsequent phases of this*International Standard, NUMERALs are considered to comp
gits enumerated in 6.4.2.7Any other decimal digit in a NUMERAL is transformed to the
it that has the same decimal digit value as defined by UCS.

(PLE MATHEMATICAL DOUBLE-STRUCK DIGIT FIVE, code position 0001 D7DD, has
b and so, whenéver it appears in a NUMERAL, is transformed to DIGIT FIVE, code position 0000 (|

1 Although~a parser does not need to know the spelling of particular instances of DECORWC
E etc tokens, subsequent phases of processing do. For example, references to undeclared names
e inferénce rules, and the values of numerals may be determined from the values of their decim
n Hetween instances of tokens and spellings is not explicitly formalized here. The relation betw

of NUM

bre its use is

phabetic WORD
FERAL, which would otherwise be lexed as a single WORD; between a DECORWORD~and a STROKE, which

d otherwise

th subscript

biguity with

ise only the
enumerated

decimal digit
035.

RD, NUMERAL,
are excluded
1 digits. The
fen instances

RALs and their values is formalized for those used as number literal expressions (see 12.2.6.9)

because the

semantic values of number literal expressions appear in models. The relation between other instances of NUMERALS
(those used in tuple selection expressions and those used as operator precedences) and their values is not formalised;
these values accord with the usual decimal convention.

Tools may impose restrictions on the forms of names. Section names that are entirely ASCII, alphanumeric,
capitalized and short are the most likely to be portable between tools.

26
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7.4 Context-sensitive lexis

7.4.1 Introduction

The context-sensitive part of lexis maps each DECORWORD to either a keyword token, an operator token, or a NAME
token. It also strips all SPACEs from the token stream, and forwards all other tokens unchanged.

If a DECORWORD’s spelling is exactly that of a keyword, the DECORWORD is mapped to the corresponding keyword
token. Otherwise, if the DECORWORD’s WORD part’s spelling is that of an operator word, the DECORWORD is mapped
to the relevant operator token. Otherwise, the DECORWORD is mapped to a NAME token.

ed following
ed following

he individual

['he columns

, or for dis-
n; for other

he keyword’s

In the casq v T j j Tar T par i 5C @ Patl
>’ WORDGLUE character, for every ’ /"’ WORDGLUE character in its WORD part, there bhall be acpain
> /> WORDGLUE character, and these shall occur only in nested pairs.
NOTH 1 Operators have a similar restriction applied to the whole operator name (see 12.2'8)) not to {
words|within the operator.
The keywgrds are as listed in the following tables. No other spellings give rise to_keyword tokens. ]
give:
Spelling: The sequence of Z characters representing the rendering of tlie\token on a high resolfition device,
such gs a bit-mapped screen, or on paper (either hand-written, or pfinted).
Tokenh: The token used for that keyword in the concrete syntax:
Tokeh name: A suggested form for reading the keyword/out loud, suitable for use in review
cussinlg specifications over the telephone. In the following, an English language form is give
naturpl languages, other forms may be defined.
NOTE 2 Even where a keyword consists of a single Z character, the token name tends to reflect {
finction rather than the form of the Z character.
7.4.2 Alphabetic keywords
Spelling Token Token name
else else else
false false false
function function  function
generic generic genleric
if if if
leftassoc leftassde’~ left [associative]
let let let
P P powerset
parents parents parents
pre tll. < P.l. A7 [\/Ulldit ;.ULJ.]
relation relation relation
rightassoc  rightassoc right [associative]
section section section
then then then
true true true

©@ISO/IEC

2002—All rights reserved
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7.4.3 Symbolic keywords

7 Lexis

gnised as the

Spelling Token Token name
colon
== == define equal
, ~tok comma
n= n= free equals
| |-tok bar
& & and also [free types]
\ \ hide
/ / rename
. . select | dot
; ; -tok semi[colon]
- - arg[ument]
. . list arg[ument]
= =-tok equals
EXANIPLE 1 = is recognised as the keyword token =-tok; := is recognised a8 'a NAME token; ::= is recd
keyword token.
Spelling Token Token name
F? F7 conjecture
v v for all
° ° spot
3 B exists
3, 3 unique exists
& & equivalent | if and only if
= = implies
Vv \% or
A A and
= = not
€ € in | membler)of | element of
I i project
X X Cross
A A lanibda
M M mu
0 0 theta
g g schema compose
>> > schema pipe
EXAMPEE Jand 1, (3, ~o, 1, Jarc recognised as Reyword LORens; I (3, ~, U, TS

a NAME token.

ecognised as

EXAMPLE 3 ) is recognised as the keyword token; Az is recognised as a NAME token; A z is recognised as the

keyword token followed by a NAME token.

7.4.4 User-defined operators

Fach operator template creates additional keyword-like associations between WORDs and operator tokens. The
scope of these associations is the whole of the section in which the operator template appears (not just from
the operator template onwards), as well as all sections of which that section is an ancestor, excluding section

headers.

28
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NOTE The set of active associations is always a function. This International Standard does not specify how that
function is determined: operator template paragraphs provide the information, yet in their concrete syntax it is
assumed that the function is already known.

The appropriate token for an operator word is as follows.

PREP prefix unary relation
PRE prefix unary function or generic
POSTP postfix unary relation
POST postfix unary function or generic
IP infix binarvy relation
I infix binary function or generic
LP lefp bracket of non-unary relation
L lefp bracket of non-unary function or generic
ELP firpt word preceded by expression of non-unary relation
EL firpt word preceded by expression of non-unary function or generic
ERP right bracket preceded by expression of non-unary relation
ER right bracket preceded by expression of non-unary function or generic
SRP right bracket preceded by list argument of non-unary relation
SR right bracket preceded by list argument of non-unary function or generic
EREP ladt word followed by expression and preceded by expression of tértiary or higher relation
ERE ladt word followed by expression and preceded by expression ofitertiary or higher function of generic
SREP ladt word followed by expression and preceded by list argument of tertiary or higher relatior
SRE ladt word followed by expression and preceded by list arguiment of tertiary or higher functiop or generic
ES middle word preceded by expression of non-unary operator
SS middle word preceded by list argument of non-unary~operator
EXANIPLE 1 The operator template paragraph for the (- + _) operator adds one entry to the mapping.
Spellilng  Token
+ I
EXANIPLE 2 The operator template paragraph for the (_ ( _ |)) operator adds two entries to the mgpping.
Spelllng  Token
( EL
D ER
EXANIPLE 3 (The operator template paragraph for the (disjoint _) operator adds one entry to the mgpping.
Spelling, | Token
disjoiret PREP

EXAMPLE 4 The operator template paragraph for the ({ _ )) operator adds two entries to the mapping.

Spelling  Token

(
)

L
SR

©ISO/IEC 2002—All rights reserved 29
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7.5 Newlines

The Z character NLCHAR is lexed either as a token separator (like the SPACE character) or as the token NL,
depending on its context. A soft newline is a NLCHAR that is lexed as a token separator. A hard newline is a
NLCHAR that is lexed as a NL token.

Tokens are assigned to a newline category, namely BOTH, AFTER, BEFORE or NEITHER, based on whether
that token could start or end a Z phrase.

e BOTH: newlines are soft before and after the token, because it is infix, something else has to appear before
it and_after it

else function generic leftassoc parents relation rightassoc section then
sE ok () & F?,, AV = & x [/ =tok € == : ;-tok ~tok . &\ { >
I| IP EL ELP ERE EREP ES SS SRE SREP

All ngwlines are soft outside of a DeclPart or a Predicate.

=z

OTE Tokens that cannot appear in these contexts are in category BQXH. This includes th¢ box tokens.
Newlines at the very beginning or end of a specification are soft.

e AFTER: newlines are soft after the token, because it is prefix, someéthing else has to appear aftfer it.

—-
=

let pre
tok - -V 3 3, P (—tok {—-tok ( Ao /0
RE PREP L LP

)

e BEF(QRE: newlines are soft before the token, because it is postfix, something else has to appeal before it.

+tok )—tok }—tok |
DST POSTP ER ERP SR SRP

)

e NEITHER: no newlines are soft, because such a token is nofix, nothing else need appear before|or after it.

fgqlse true
NAME NUMERAL STROKE

For each NLCHAR, the newliné gategories of the closest token generated from the preceding Z charadters and the
token gengrated from the fmmediately following Z characters are examined. If either token allows the newline to
be soft in fhat positionsdttis soft, otherwise it is hard (and hence recognised as a NL token).

The operafor template paragraph allows the definition of various mixfix names (see 7.4.4), which are placed in the
appropriafe newline category. Other (ordinary) user declared names are nofix, and so are placed in NEITHER.

Consecutiye NLCHARs are treated the same as a single NLCHAR.

8 Concrete syntax

8.1 Introduction

The concrete syntax defines the syntax of the Z language: every sentence of the Z language is recognised by
this syntax, and all sentences recognised by this syntax are sentences of the Z language. The concrete syntax
is written in terms of the tokens generated by the lexis (clause 7). There are no terminal symbols within this
syntax, so as to establish a formal connection with that lexis. Sequences of tokens that are not recognised by this
syntax are not sentences of the Z language and are thus excluded from consideration by subsequent phases and
so are not given a semantics by this International Standard.
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A parser conforming to this concrete syntax converts a concrete sentence to a parse tree.

The non-terminal symbols of the concrete syntax that are written as mathematical symbols or are entirely
CAPITALIZED or Roman are Z tokens defined in the lexis (claue 7). The other non-terminal symbols are written
in MixedCase and are defined within the concrete syntax.

8.2 Formal definition of concrete syntax

Copyright notice
The reproduction of this clause is permitted on the understanding that this material is public

domfim, and on the condition that this International standard is referenced as the source docjiment.
With the exception of clauses 6.2, 7.2, 8.2, 11 and annex B, all other parts of the text are subjject to
the ysual copyright rules stated on page ii of this International Standard.
Specificgtion = { Section } (* séctyoned spedification *)
| { Paragraph } (* dwonymous spedification *)
Section = ZED , section , NAME , parents , [ NAME , { ,-tok{y NAME } ] , END|,
{ Paragraph } (* inheriting section *)
| ZED , section , NAME , END , { Paragraph ¥ (* bas¢ section *)
Paragraph = ZED , [-tok , NAME , { ,-tok , NAME XY ]-tok , END (* giden types *)
| AX , SchemaText , END (* aziomatic de§cription *)
| SCH , NAME , SchemaText , END (* schema definition *)
| GENAX , [-tok , Formals , |-tok SchemaText , END
(* generic axiomatic description *)
| GENSCH , NAME , [-tok , Formals , |-tok , SchemaText , END
(* generic schema definition *)
| ZED , DeclName , ==“, Expression , END (* horizontal definition *)
| ZED , NAME , [-teK), Formals , ]-tok , == , Expression , END
(* generic horizontal definition *)
| ZED , GenName-, == , Expression , END (* generic operator definition *)
| ZED , Freetype , { & , Freetype } , END (* free types *)
| ZED , K2 ; Predicate , END (* canjecture *)
| ZED (;\[Ftok , Formals , ]-tok , F? , Predicate , END (* generic cdnjecture *)
| ZED ), OperatorTemplate , END (* operator femplate *)
Freetype = NAME , = , Branch , { |-tok , Branch } ; (* [free type *)
Branch = DeclName , [ {( , Expression , )) 1 ; (* element or {njection *)
Formals = NAME  { -tok _ NAME } . (* generic parameters *)
Predicate = Predicate , NL , Predicate (* newline conjunction *)
| Predicate , ;-tok , Predicate (* semicolon conjunction *)
| V , SchemaText , ® , Predicate (* universal quantification *)
| 3 , SchemaText , e , Predicate (* existential quantification *)
| 3, , SchemaText , e , Predicate (* unique existential quantification *)
| Predicate , < , Predicate (* equivalence *)
| Predicate , = , Predicate (* implication *)
| Predicate , V , Predicate (* disjunction *)
| Predicate , A , Predicate (* conjunction *)
| — , Predicate (* negation *)
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| Relation (* relation operator application *)
| Expression (* schema predicate *)
| true (* truth *)
| false (* falsity *)
| (-tok , Predicate , )-tok (* parenthesized predicate *)
Expression = V , SchemaText , e , Expression (* schema universal quantification *)
| 3 , SchemaText , e , Expression (* schema existential quantification *)
| 3, , SchemaText , e , Expression (* schema unique existential quantification *)
| A, SchemaText , e , Expression (* function congtruction *)
| u , SchemaText , e , Expression (* definite description *)
| let , DeclName , == , Expression ,
{ ;-tok , DeclName , == , Expression } ,

e , Expression (* substitution eqpression *)
| Expression , < , Expression 0* schema eqivalence *)
| Expression , = , Expression (* schema implication *)
| Expression , V , Expression (* schema didjunction *)
| Expression , A , Expression (* schema confjunction *)
| — , Expression (* schema pegation *)
| if , Predicate , then , Expression , elsé ,* Expression (* conditional *)
| Expression , § , Expression (* schema conpposition *)
| Expression , >> , Expression (* scherla piping *)
|

Expression , \ , (-tok , DeclNamé/,”{ ,-tok , DeclName } , )-tok
(* schenla hiding *)

| Expression , | , Expression (* schema ptojection *)
| pre , Expression (* schema predondition *)
| Expression , X , Expression , { x , Expression } (* Cartesiar| product *)
| P, Expression (* powerset *)
| Application (* function and generic operator application *)
| Expression , Expression (* application *)
| Expression , STROKE (* schema ddcoration *)
| Expression~J-tok , DeclName , / , DeclName ,

{ ,-tok™, DeclName , / , DeclName } , |-tok (* schema renaming *)
| Expression , . , RefName (* binding kelection *)
| Expression , . , NUMERAL (* tuple kelection *)
| ¢ \JExpression , { STROKE } (* binding congtruction *)
| SRefName (* feference *)
|

RefName , [-tok , Expression , { ,tok , Expression } , ]-tok
(* generic instgntiation *)

| NUMERAL (* numbpr literal *)
| {-tok , [ Expression , { ,-tok , Expression } 1 , }-tok (* set dutension *)
—{-Tok , Schemalext , ® , EXpression , J-TOK (*set comprehension *)
| C ( {-tok , SchemaText , }-tok ) — ( {-tok , }-tok ) )

— ( {-tok , Expression , }-tok )
(* characteristic set comprehension *)
| ( [-tok , SchemaText , ]-tok ) — ( [-tok , Expression , ]-tok )
(* schema construction *)
| { , [ DeclName , == , Expression ,
{ ,-tok , DeclName , == , Expression } ] , ) (* binding extension *)
| (-tok , Expression , -tok , Expression , { ,-tok , Expression } , )-tok
(* tuple extension *)
| (-tok , p , SchemaText , )-tok (* characteristic definite description *)
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| (-tok , Expression , )-tok

ISO/IEC 13568:2002(E)

(* parenthesized expression *)

SchemaText = [ DeclPart ] , [ |-tok , Predicate ] ;
DeclPart = Declaration , { ( ;-tok | NL ) , Declaration } ;
Declaration = DeclName , { ,-tok , DeclName } , : , Expression
| DeclName , == , Expression
| Expression
OperatorTemplate = relation , Template
| function , CategoryTemplate
| generic , CategoryTemplate
CategoryTemplate = PrefixTemplate
| PostfixTemplate
| Prec , Assoc , InfixTemplate
| NofixTemplate
Prec = NUMERAL ;
Assoc = leftassoc
| rightassoc
Template = PrefixTemplate
| PostfixTemplate
| InfixTemplate
| NofixTemplate
PrefixTemplate = (-tok , PrefixName , )-tok
| (-tok , P .2 , )-tok
PostfixT¢mplate = (-tok— PostfixName , )-tok ;
InfixTemplate =&(tok , InfixName , )-tok ;
NofixTemplate = (-tok , NofixName , )-tok ;
DeclName = NAME
| OpName
RefName = NAME
| (-tok , OpName , )-tok
OpName = PrefixName
| PostfixName
| InfixName
| NofixName

©ISO/IEC 2002—All rights reserved
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PrefixName PRE , _
PREP , _
L,{_,EI|,,,88}, (_,ERE|,,, SRE) , _

tp,{_,ESI|, ,S8 %, (_,EREP| ,, , SREP ) , _

PostfixName = _ , POST
| _ , POSTP

|—’EL’{—:ES|73}SS}:(—,ER|77:SR)
[

_,EP,{_,ESI|, ,S %, (_,ERP|,, , SRP)

InfixNamg _, I, _
IP , _
_,EL ,{_,ES],,,8 %}, (_,ERE]|,,, SRE) L&

_,EP,{_,ESI|, ,SS}, (_,EREP| ,, , SRERY , _

—— —
[
.

Nof ixNamd =L,{_,EI|, ,8 %, (_,ERI|,,,SR)
| o ,{_,ESI|,,,8 %}, (C_,ERPI|,, ,(SRP)

GenName = PrefixGenName
| PostfixGenName
| InfixGenName

|

NofixGenName

PrefixGenName PRE , NAME

| L, { NAME , ( ES| SSw) } , NAME , ( ERE | SRE ) , NAME

PostfixG¢nName = NAME , POST
| NAME , EL , {"WAME , ( ES| SS ) } , NAME , ( ER| SR )

InfixGenlJame = NAME , «I s NAME
| NAME~NEL , { NAME , ( ES| SS ) } , NAME , ( ERE | SRE ) , NAMH

NofixGenlJame =L, { NAME , (ES| SS) } , NAME , ( ER| SR ) ;
Relation = PrefixRel

| PostfixRel

| InfixRel

|

NofaisRal

NOTI2X17C

PrefixRel = PREP , Expression
| LP , ExpSep , ( Expression , EREP | ExpressionList , SREP ) , Expression

PostfixRel = Expression , POSTP
| Expression , ELP , ExpSep , ( Expression , ERP | ExpressionList , SRP )
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SR )

s associated
t from those

ical.

InfixRel = Expression , ( € | =-tok | IP ) , Expression ,
{ (€| =tok | IP ) , Expression }
| Expression , ELP , ExpSep ,
( Expression , EREP | ExpressionlList , SREP ) , Expression
NofixRel = LP , ExpSep , ( Expression , ERP | ExpressionList , SRP ) ;
Application = PrefixApp
| PostfixApp
} TnfixApp
| NofixApp
PrefixApj = PRE , Expression
| L , ExpSep , ( Expression , ERE | ExpressionlList , SRE)) , Exprg
PostfixApp = Expression , POST
| Expression , EL , ExpSep , ( Expression , ER\|NExpressionList ,
InfixApp = Expression , I , Expression
| Expression , EL , ExpSep ,
( Expression , ERE | Expressionlist , SRE ) , Expression
NofixApp = L , ExpSep , ( Expression , ER | ExpressionList , SR ) ;
ExpSep = { Expression , ES | ExpréssionlList , SS } ;
ExpressignList = [ Expression , { ,-tok’), Expression } ] ;
8.3 Ugder-defined operators
A templatp can reuse the same words asther templates in the same scope, so long as the same token
with a word by all templates that uée that word. A template’s whole operator name shall be differen
of other tgmplates in the same.séope. All templates in a scope that use the same word shall haye the same
precedencg.
EXANIPLE 1 These two)templates reuse a acceptably.
generic 30 leftassoc (—a_b_)
generic 30 Teftassoc (- a_c_)
EXANIPEE.2 These two templates conflict unacceptably, because the whole operator names are idenf
ftrrctiorr—to—teftassoc = )

g

eneric 20 leftassoc (- d -)

EXAMPLE 3 These two templates conflict unacceptably, because they reuse a and have different precedences.

g
g

eneric 30 leftassoc (_a_b_)
eneric 40 leftassoc (_a - c_)

In the Template rule’s auxiliaries, the name of each of the operator tokens shall not have any STROKEs.

NOTE 1

instance of that operator.

©@ISO/IEC
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All prefix operators are right associative. All postfix operators are left associative. Different associativities shall
not be used at the same precedence level by operator template paragraphs in the same scope.

EXAMPLE 4 These two templates conflict unacceptably, because they have the same precedence but different
associativities.

function 50 leftassoc (- e _)
function 50 rightassoc (= f )

Table 31 defines the relative precedences of the productions of Expression and Predicate. The rows in the

table are

top of the
determinifgg the nesting of applications involving non-associative operators of the same pretédence
defined in
correspon
numeric r

NOTH
their
preced

NOTH
tivity
descri
the re
for all

If rightt associativity was instead assumed, (then the following transformations would be needed.
e1 mfity (e2 infizz e3) = (e1 infizn e2) infize e3
pre (e1 infix e2) = (pre e1) infiz ez

Using
operaf
relatig

NOTH
matic

8.4 Ac

rdered so that the entries with higher precedence (and so that bind more strongly) appes
table than those with lower precedence (that bind more weakly). Associativity has signifid

ix function and generic operator applications have a range of precedences specified numej
ling operator template paragraph. Cartesian product expressions have precedente value §
nge.
2 The order of productions in the Predicate and Expression rules is based roughly on the p

perators. Some productions have the same precedence as their neighboursy and so the separate tah
ences is necessary.

3 One way of parsing nested operator applications at different,user<defined levels of precedencg
is explained by Lalonde and des Rivieres [9]. Lalonde and des Riyieres approach is to “use a gra
es expressions without regard to the precedence [and assodiativity] of the operators”, and then
ulting parse tree to take account of precedence and associatiyity. Assuming the grammar uses leff]
operators, the transformations to take into account precedence and associativity where necessary

e1 infir, (ex infizz es)

e1 infiz (e post)
(pre e) post —> pre (e post)

(e1 infizy e2) infizy e3 ==>
(e1 infix e2) postE=

distinct variants of (the operator tokens PRE|...|SS for relational operators from those for functio
ors allows these ‘transformations to avoid dealing with those notations whose precedences lie
ns and the functions, such as the schema operations.

4 In the'PrefixTemplate rule, the production for powerset enables explicit definition of P, i
1 toolkit~to coexist with the treatment of P as a keyword by the lexis.

r nearer the
ance only in

Explicitly-
ically in the
within that

recedences of
le of operator

and associa-
mmar ... that
to transform
associativity
re as follows.

h and generic
between the

h the mathe-

Iditional syntactic restrictions and notes

STROKE is used in three contexts: within NAMEs, in binding construction expressions, and in schema decoration
expressions. The condition for a STROKE to be considered as part of a NAME was given in 7.3. Other STROKEs are
considered to be parts of binding construction expressions if they can be when interpreted from left to right. The
schema decoration expression interpretation is considered last.

EXAMPLE 1 1In 65’ ' ’, the first ' is part of the NAME S’, the second ' can be part of the binding construction
expression, and the third ' is syntactically part of a schema decoration expression, though that will be rejected by
the type inference rules as only schemas can be decorated, not bindings.

A predicate can be just an expression, yet the same logical operators (A, V, =, =, &, V¥, 3, 3;) can be used
in both expressions and predicates. Where a predicate is expected, and one of these logical operators is used on
expressions, there is an ambiguity: either the whole logical operation is an expression and that expression is used

36 ©ISO/IEC 2002—All rights reserved


https://iecnorm.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

8 Concrete syntax

Table 31 — Operator precedences and associativities

Productions Associativity
binding construction

binding selection, tuple selection
schema renaming

schema decoration

application left
postfix function and generic operator application

ISO/IEC 13568:2002(E)

as a predi
ambiguity

A section
parent sec|

NOTH

in and

Applicatig

implementfations efiparsers, which may require the parentheses in phrases such as f (seq X).

NOTH

powerset, prefix function and generic operator application
Cartesian product, infix function and generic operator application
schema precondition

schema projection left
schema hiding

schema piping

schema composition
conditional

substitution expression
definite description

function construction
relation operator application
negation

conjunction

disjunction

implication right
equivalence

universal, existential and unique existential quantifications
newline conjunction, semicolon conjunction

ate, or the whole logical operation is a predicate involving expressions each used as a prqg
is benign, as both interpretatigns have the same precedence, associativity and meaning.

header shall be parsed invits entirety before bringing the declarations and operator tem
fions into scope.

1 This preventg-surprises when the name of a parent section is the same as the name of an op4d
ther parent.

n expressidns® lack of any keyword token between their juxtaposed expressions is a probl

2, (The juxtaposition of two expressions e, e, is always parsed as the application of function e,

e,, ne

ber'as’ the application of relation e, to argument e, which in some previous dialects of Z, e.g. King]

dicate. This

plates of its

rator defined

bm for some

to argument
et al [8], was

equivalent 10 the relation e, € e;. In Standard 4, membership 1S the normal Torm (canonical represen

tation) of all

relational predicates (see 12.2.10), and juxtaposition is the normal form of all application expressions (see 12.2.11).

NOTE 3 The syntax of conjectures is deliberately simple.

This is so as to be compatible with the syntaxes of

sequents as found in as many different theorem provers as possible, while establishing a common form to enable
interchange.

NOTE 4

Implementations of parsers commonly inspect the next token from the input stream and have to decide

there and then whether that token is another token in an incomplete phrase or whether the current phrase is complete

and the token is starting a new phrase.

implementation of a parser.

©@ISO/IEC
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EXAMPLE 2 At the first comma in the set extension {z,y, z} the z shall be seen to be an expression, yet the
phrase might yet turn out to be the set comprehension {z,y, z : e}.

EXAMPLE 3 At the opening square bracket in the application to a schema construction i [e1; ez] the name %
shall be seen to be an expression, yet the phrase might yet turn out to be the generic instantiation i[e1].

One solution to such problems is to try all possible parses and accept the one that works. Another solution is to
have the lexer lookahead far enough to be able to distinguish which of the alternative cases is present, and to provide
the parser with one of several distinct tokens. Expressions {z, y, 2} and {z,y, 2z : e} can be distinguished by looking
ahead from a comma, over following alternating names (including operator names) and commas, for a : or == token,
and ufing distinct comma tokens depending on whether thaf Is seen or not. Expressions ¢ |e1; €z] and i[e1] can be
distinguished by looking ahead from the open square bracket for the matching closing square brackets|stopping if a
; -tok,|:, == or |-tok token is encountered, and using distinct open square bracket tokens for the matched and stopped
cases.

NOTH 5 An ExpressionList phrase will be regarded as an expression whose value i$-a’sequence [see 12.2.12).
In defining operators that take such ExpressionLists as arguments, it is convenient)to have the pperations of
sequenpce_toolkit (see B.8) in scope.

NOTH 6 The ExpressionList rule is used only in operator applications, not in set extension, tuple extension
and generic instantiation expressions, so that the syntactic transformatiom™in, 12.2.12 is applied only to operator
applicptions.

8.5 Bgx renderings

There are [two different sets of box renderings in widespread use{ as‘illustrated here. Any particular presentation
of a sectioph shall use one set or the other throughout. The middle line shall be omitted when the pgragraph has
no predicgtes, but otherwise shall be retained if the paragraplh has no declarations. The outlines negd be only as
wide as thle text, but are here shown as wide as the page.

8.5.1 Hirst box rendering
The followfing four paragraphs illustrate the first‘of two alternative renderings of box tokens.

An axiomgtic paragraph, involving the AX,/étok and END tokens, shall have this box rendering.

‘ DeqlPart

‘ Prdqdicate
A schema [paragraph, involvifigythe SCH, |-tok and END tokens, shall have this box rendering.

___NANE
DedlPart

Prgdicate |

A generiq axidmatic paragraph, involving the GENAX, |-tok and END tokens, shall have this box rendpring.

[Formals]
[:DeclPart

‘ Predicate

A generic schema paragraph, involving the GENSCH, |-tok and END tokens, shall have this box rendering.

— NAME [Formals)| .
DeclPart

Predicate |
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8.5.2 Second box rendering
The following four paragraphs illustrate the second of two alternative renderings of box tokens.

An axiomatic paragraph, involving the AX, |-tok and END tokens, shall have this box rendering.

‘ DeclPart

‘ Predicate

A schema paragraph, involving the SCH, |-tok and END tokens, shall have this box rendering.

_ NAILE
DeqlPart

Prgdicate

A generic pxiomatic paragraph, involving the GENAX, |-tok and END tokens, shall have.this box renddring.

— [Formals]
DedlPart

Prgdicate

A generic pchema paragraph, involving the GENSCH, |-tok and END\{ekens, shall have this box render|ng.

__ NANE [Formals]
DedqlPart

Prgdicate

9 Characterisation rules

9.1 Introduction

The chargcterisation rules together\miap the parse tree of a concrete syntax sentence to the parge tree of an
equivalent|concrete syntax sentemnce in which all implicit characteristic tuples have been made explidit.

Only concfete trees that are mapped to different trees are given explicit characterisation rules. The ¢haracterisa-
tion rules pre listed in the same order as the corresponding productions of the concrete syntax.

Character]stic tuplesfare calculated from schema texts by the metalanguage function chartuple (seel9.2).

9.2 Characteristic tuple

A charactgristic tuple is computed in two phases: charac, which returns a sequence of expressions, gnd mktuple,
which converts That Sequence into the characteristic tupie.

chartuple t = mbktuple (charac t)

Sequences of expressions are enclosed between metalanguage brackets ( and ), in general {(e,,...,e,). Two se-
quences of expressions are concatenated by the ™ operator.

<617~-~7en>A<en+17~-~7en+m> = <€1a---7en7en+17~-~7en+m>
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NOTH
NOTH

NOTH
nipula
unlike|
repres
are no
notati

9.3 Formal definition of characterisation.rules

9.3.1 K

The value
tuple of ¢

It is semaftically equivalent to the set of pairs representation of that function.

9.3.2 (
The value
of t.

charac (dy; ...; dy | p) = charac (dy; ...; dp)
charac (dy; ...; dy,) = charac d, ™ ... charac d, where n > 1
charac () = (())
charac (iy,..oyin :€) = (i1, in)
charac (i ==e€) = (i)
charac (e *) = (fe*)
mktuple (e) = e

mktuple (€,,....en) = (€1,...,€n) where n > 2

1 In the last case of charac, the type inference rule in 13.2.6.9 ensures that e is a schema.
2 In mktuple, the result is a Z expression, so the brackets in its second equdtion are those of a tu

3 The characteristic tuple operation determines a new phrase fér~iiSe in a larger phrase. It
te semantic values or type values. It is more akin to a transformiation rule in that it operates onf
a transformation rule it does not replace a phrase by an equivdlent phrase. Its definition needs
bnting sequences of phrases and concatenating sequences of phrases. The sequence brackets defj
t suitable, as they manipulate metalanguage sequences. Rather than invent yet more notation, th|
bns for sequences are redefined just for this definition,

unction construction expression

of the function construction expression/\ ¢ o e is the function associating values of the ¢
with corresponding values of e.

Mti®e = {t e (chartuple t,e)}

haracteristic set comprehension expression

of the characteristic set comprehension expression {t} is the set of the values of the charac

{t} = {t e chartuple t}

It is sema.

tically equivalent to the corresponding set comprehension expression in which the characf

ble extension.

Hoes not ma-
phrases, but
uxiliaries for
ned in 4.2.11
E usual Z-like

haracteristic

eristic tuple

eristic tuple

is made explicit

9.3.3 Characteristic definite description expression

The value of the characteristic definite description expression (i t) is the sole value of the characteristic tuple of
schema text t.

(nt) = putechartuplet

It is semantically equivalent to the corresponding definite description expression in which the characteristic tuple
is made explicit.

40
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10.1

Introduction

68:2002(E)

The annotated syntax defines a language that includes all sentences that could be produced by application of the
syntactic transformation rules (clause 12) to sentences of the concrete syntax (clause 8). This language’s set of
sentences would be a subset of that defined by the concrete syntax but for introduction of type annotations and

use of exp

ressions in place of schema texts.

Like the concrete syntax, this annotated syntax is written in terms of the tokens generated by the lexis; there

are no ter

inal symbaols within this syntax The added tx pe annatation notation nses three token

not defined

in the lexi

Some add
introduced
character
names.) |
belongs td
references
with charg
declaratio

There are
syntax sh
precedenc
The prece
and associ

NOTH

NOTH
abstra
tool.

10.2 K
Specifica

Section

Paragrap}

k: GIVEN, GENTYPE, and 3.

tional characters that are presumed to be distinct from the characters used in goncrete
as follows. The constituent words of operators are glued together to form singlé nam
, which belongs to the WORDGLUE character class. (These single names cannet{clash with
for comparing the bindings of two schemas, one schema is decorated usihgythe charactd
the STROKECHAR character class. (Inclusion of a schema so decorated cannot capture
) For defining the semantics of types, the names of given sets and generic parameters a
cters O and # respectively, both of which belong to the STROKECHAR ‘¢haracter class. (Thig
is of the same names making holes in the scopes of the types.)

no parentheses in the annotated syntax as defined here, X A" sentence or phrase of th
uld be thought of as a tree structure of nested formulae/, When presented as linear text,

s of the concrete syntax may be assumed and parentheges may be inserted to override those
lence of the type annotation g operator is then weaker than all other operators, and the

o

htivities of the type notations are analogous to, those of the concrete notations of similar

1 This annotated syntax permits some verificdfion of the syntactic transformation rules to be

2 The annotated syntax is similar to an anhotated tree (abstract syntax) used in a tool, bul
ction effected by the characterization rules and syntactic transformation rules might not be app

ormal definition of annotated syntax

1tion { Section 37 (* sectioned spe

ZED , section , NAME , parents ,
{\Paragraph } , [

ZED”, Ptok , NAME , { ,-tok , NAME } , }tok , END ,
[ ¢ , Signature ]
AX , Expression , END ,
[ , Signature ] (* aziomatic de
GENAX Ptok , NAME , { ,-tok , NAME } , }tok , Expression , END

[ NAME , { ,-tok , NAME } ]
, SectTypeEnv ] ;

, END
(* inheritin,

o
o

(* gid

o
o

B

phrases are
bs using the
any existing
r <, which
hny existing
e decorated
avoids local

e annotated
however, the
precedences.
precedences
ppearance.

performed.

t the level of
opriate for a

ification

%)

B

section

¥)

en types

*)
¥)

cription

>

[ s , Signature ] (* generic aziomatic de

cription

%)

©@ISO/IEC
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ZED , NAME , == , NAME , [ ( , Expression , )) 1 ,
{ |-tok , NAME , [ { , Expression , ) 1 } ,
{& , NAME , == , NAME , [ { , Expression , ) 1 ,
{ |-tok , NAME , [ { , Expression , ) ] } } , END ,

*)
%)

[ s , Signature ] (* free types
| ZED , F? , Predicate , END ,

[ ¢ , Signature ] (* conjecture
| ZED , [-tok , NAME , { ,-tok , NAME } , ]-tok , F? , Predicate , END ,

[ s , Signature ] (* generic conjecture

2002—All rights reserved
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Predicate = Expression , € , Expression (* membership *)
| true (* truth *)
| — , Predicate (* negation *)
| Predicate , A , Predicate (* conjunction *)
| V , Expression , e , Predicate (* universal quantification *)
| 3, , Expression , e , Predicate (* unique existential quantification *)

Expression = NAME ,

[ 3, Type ] (* reference *)
| NAME , [-tok , Expression , { ,-tok , Expression } , ]-tok ,

[ ¢ , Type ] (* genericinstdntiation *)
| {-tok , [ Expression , { ,-tok , Expression } ] , }-tok ,

[ 3, Type ] (* set egutension *)
| {-tok , Expression , e , Expression , }-tok ,

[ s, Type ] (* set comprghension *)
| P, Expression ,

[ 3, Type ] (* powerset *)
| (-tok , Expression , ,tok , Expression , { ok, Expression } ,|)-tok ,

[ s, Type ] (* tuple drtension *)
| Expression , . , NUMERAL ,

[ 3, Type ] (* tuple kelection *)
| ( , NAME , == , Expression ,

{ ,tok , NAME , == , ExpresSioh } , | ,

[ s, Type ] (* binding drtension *)

| 6 , Expression , { STROKE } %

[ s, Type ] (* binding congtruction *)
| Expression , . , NAME ,

[ s, Type ] (* binding kelection *)
| Expression , Expression ,

[ g, Type d (* application *)
| @ , Expressionl-, e , Expression ,

[ s , Type ] (* definite degcription *)
| [tok , NAME/, : , Expression , ]-tok ,

L8\, Type ] (* variable congtruction *)
| [-tok ) “Expression , |-tok , Predicate , ]-tok ,

[ s, Type ] (* schema congtruction *)
| «=V°, Expression ,

[ s , Type ] (* schema pegation *)
| Expression , A , Expression ,

[ 3, Type ] (* schema confjunction *)
| Expression , \ , (-tok , NAME , { -tok , NAME } , )-tok ,

[ o > Tyyu ] (*auhcu a hzdmg *)
| V , Expression , e , Expression ,

[ 3, Type ] (* schema universal quantification *)
| 3, , Expression , e , Expression ,

[ s , Type ] (* schema unique existential quantification *)

| Expression , [-tok , NAME , / , NAME ,
{ ~tok , NAME , / , NAME } , ]-tok ,

[ g8, Type | (* schema renaming *)
| pre , Expression ,
[ g , Type ] (* schema precondition *)
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| Expression , § , Expression ,

[ s, Type ] (* schema composition *)
| Expression , >> , Expression ,
[ s, Type ] (* schema piping *)
| Expression , STROKE ,
[ s, Type ] (* schema decoration *)
SectTypeEnv = [ NAME , : , (-tok , NAME , ,-tok , Type , )-tok ,
{ ;-tok , NAME , : , (-tok , NAME , -tok , Type , )-tok } 1 ;
Type = [-tok , NAME , { -tok , NAME } , ]-tok ,
Type2 , [ ,-tok , Type2 ] [Hgenkric type *)
| Type2
Type2 = GIVEN , NAME (* gqven type *)
| GENTYPE , NAME (*generic paramgter type *)
| P, Type2 (* powefset type *)
| Type2 , X , Type2 , { x , Type2 } (* Cartesian product type *)
| [-tok , Signature , ]-tok (* schgma type *)
Signaturg = [ NAME , : , Type , { ;-tok , NAME ,/; ;" Type } ]

| e (* empty dignature *)

10.3 Notes

NOTH 1 More free types than necessary are permitted by this syntax: as a result of the syntactic tiansformation
in 12.2.3.5, all elements appear before all injections.

NOTH 2 The only signatures that contain geteric types are those in the annotations of generic axiomatjic description
paragraphs.

11 Prelude

Copyright notice

The reproduction™of this clause is permitted on the understanding that this material is|public
domain, and on the ¢ondition that this International Standard is referenced as the source docfiment.
With the exceptientof clauses 6.2, 7.2, 8.2, 11 and annex B, all other parts of the text are subjject to
the ysual copyright rules stated on page ii of this International Standard.

11.1 Introduction

The preluflelis”a Z section. It is an implicit parent of every other section. It assists in defining the meaning
of number Titeral expressions (see 12.2.6.9), and the [ist arguments of operators (see 12.2.12), via syntactic
transformation rules later in this International Standard. The prelude is presented here using the mathematical
lexis.

11.2 Formal definition of prelude
section prelude

The section is called prelude and has no parents.

NOTE 1

generic (P_)
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P has already been introduced in this International Standard (see 8.3), so this operator template is not necessary.
However, it may be a convenient way of introducing to a tool the association of P with the appropriate token and
precedence, especially in preparation for the toolkit’s PP, (see B.3.6). A tool may introduce X here similarly, that
being the only other Z core notation whose precedence lies amongst those of user-defined operators.

[A]

The given type A, pronounced “arithmos”, provides a supply of values for use in specifying number systems.

‘N:

PA

The set off]

nu
nu

0 and 1 ar

functi

o

natural numbers, N, is a subset of A.

hber_literal_0 : N
ber_literal_1 : N

e natural numbers, all uses of which are transformed to references to these déclarations (4

on 30 leftassoc (- + _)

P ((AxA)xA)

vV
v
vV
A
v
vV
v

Addition i
Addition i
injection ¢
natural ny

Addition i

NOTH
the m

,n:NeJp:(C + _)epl=(m,n)
,n:Nem+neN
,n:Nim+l=n+lem=n
:Ne-m+1=0
PN|OewANVy:wey+lecw)ew=N
:Nem+0=m
,n:Nem+(n+1)=m+n+1

5 defined here for natural numbers. ([t71s extended to integers in the mathematical toolki
S a function. The sum of two natiiral numbers is a natural number. The operation of ad
n natural numbers, and produges a result different from 0. There is an induction constr
mbers are either 0 or are forméd by adding 1 to another natural number. 0 is an identity|
5 associative.

2 The definition ofsaddition is equivalent to the following definition, which is written using 1
hthematical toolkit (arid so is unsuitable as the normative definition here).

_ 4+ A XAWA

(NxN)a: + ) e NxN)—=N
An:Nen+1eN—N
disjoint{{0},{n : N e n+1})

ee 12.2.6.9).

b, annex B.)
ding 1 is an
hint that all
of addition.

otation from

Yw':PN|{0}U{n:wen+1} Cwew=N

12 Sy

Vm:Nem+0=m
Vvm,n:Nem+(n+1)=m+n+1

ntactic transformation rules

12.1 Introduction

The syntactic transformation rules together map the parse tree of a concrete syntax sentence to the parse tree of
a semantically equivalent annotated syntax sentence. The resulting annotated parse trees may refer to definitions
of the prelude.

44
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Although exhaustive application of the syntactic transformation rules produces annotated parse trees, individual
syntactic transformation rules can produce a mixture of concrete and annotated notation. Explicit distinction of
the two is not done, as it would be cumbersome and detract from readability.

Only concrete trees that are not in the annotated syntax are given explicit syntactic transformation rules. The
syntactic transformation rules are listed in the same order as the corresponding productions of the concrete
syntax. Where an individual concrete syntax production is expressed using alternations, a separate syntactic
transformation rule is given for each alternative.

All applications of syntactic transformation rules that generate new declarations shall choose the names of those

declaratiops—teobe-—suchthat-they-donot-capture—references—dhring-stbsequent—typecheckinge:
Rules thaff generate type annotations generate annotations with fresh variables each time they-.are“gpplied.
12.2 Formal definition of syntactic transformation rules
12.2.1 Specification

12.2.1.1| Anonymous specification

The anonymous specification D, ... D,, is semantically equivalent to the seetioned specification domprising a
single sectjon containing those paragraphs with the mathematical toolkit of annex B as its parent.

D, .. D, = Mathematical toolkit ZED section Specification parénts standard_toolkit END D, ... D,

In this transformation, Mathematical toolkit denotes the entire gext of annex B. The name given t¢ the section
is not important: it need not be Specification, though it shall'not be prelude or that of any section of the
mathematjcal toolkit.

12.2.2 [Section
12.2.2.1| Base section

The base pection ZED section ¢ END D, ... Dy\is“semantically equivalent to the inheriting section fhat inherits
from no pgrents (bar prelude).

ZED section ¢ END L) ... D,, = ZED section ¢ parents END D, ... D,

12.2.3 [Paragraph
12.2.3.1| Schema definition paragraph

The schenja definition paragraph SCH ¢ ¢ END introduces the global name 7, associating it with the gchema that
is the valde of t.

SCHit END = AX [i == t] END

The paragtapl is semantically equivalent to the axiomatic description paragraph whose sole declaratidn associates
the schema’s name with the expression resulting from syntactic transformation of the schema text.

12.2.3.2 Generic schema definition paragraph

The generic schema definition paragraph GENSCH ¢ [i,,...,4,] ¢ END can be instantiated to produce a schema
definition paragraph.

GENSCH i [iy,...,i,] t END == GENAX [i,,...,4,] [i == t] END

It is semantically equivalent to the generic axiomatic description paragraph with the same generic parameters and
whose sole declaration associates the schema’s name with the expression resulting from syntactic transformation
of the schema text.
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12.2.3.3 Horizontal definition paragraph

The horizontal definition paragraph ZED ¢ == e END introduces the global name ¢, associating with it the value
of e.

ZED i == ¢ END — AX [i == ¢] END
It is semantically equivalent to the axiomatic description paragraph that introduces the same single declaration.

12.2.3.4 Generic horizontal definition paragraph

The gener{c Tiorizontal definition paragraph ZED ¢ ¢y, ..., t] == € END can be instantiated to produce]a horizontal
definition paragraph.

ZED i [iy,...,in) == € END = GENAX [i,,...,ip] [i == e] END

It is semaptically equivalent to the generic axiomatic description paragraph with the‘Same generiq parameters
and that ihtroduces the same single declaration.

12.2.3.5| Free types paragraph

The transformation of free types paragraphs is done in two stages. First{ the branches are permuked to bring
elements tp the front and injections to the rear.

ol gle) TR ] = . |hdglt) ...

Exhaustivg application of this syntactic transformation rule effects a sort.

The seconfl stage requires implicit generic instantiations to-have been filled in, which is done during flypechecking
(see 13.2.3.3). Hence that second stage is delayed untib,after typechecking, where it appears in the form of a
semantic fransformation rule (see 14.2.3.1).

12.2.4 |Operator template

There are|no syntactic transformation rules-for operator template paragraphs; rather, operator teipplate para-
graphs deflermine which syntactic transformation rule to use for each phrase that refers to or applies an operator.

12.2.5 [Predicate

12.2.5.1| Newline conjunetion predicate

The newlihe conjunction predi¢ate p, NL p, is true if and only if both its predicates are true.
p. NLp, = pi AD-

It is semantically €quivalent to the conjunction predicate p, A p..

12.2.5.2| Semicolon conjunction predicate

The semicolom TomjmICtion predicate pr P, 1S true it and onty i botihr its predicates are true:

D1 P2 == D1 ADa
It is semantically equivalent to the conjunction predicate p, A p..
12.2.5.3 Existential quantification predicate

The existential quantification predicate 3 ¢ e p is true if and only if p is true for at least one value of t.
Jtep =— - Vte-p

It is semantically equivalent to p being false for not all values of ¢.
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12.2.5.4 Equivalence predicate

The equivalence predicate p, < p, is true if and only if both p, and p, are true or neither is true.
prep: = (p=p2) A(p2=pa)

It is semantically equivalent to each of p, and p, being true if the other is true.

12.2.5.5 Implication predicate

The implication predicate p, = p, is true if and only if p, is true if p, is true.

P P2 P VD2

It is semaftically equivalent to p, being false disjoined with p, being true.

12.2.5.6| Disjunction predicate

The disjuipction predicate p, V p, is true if and only if at least one of p, and p, is truéy
PiVps = 2 (0pi Aps)

It is semaftically equivalent to not both of p, and p, being false.

12.2.5.7| Schema predicate

The schenja predicate e is true if and only if the binding of the namesiin the signature of schema e|satisfies the
constraintp of that schema.

e = fe€e
It is semantically equivalent to the binding constructed by.6ye being a member of the set denoted by schema e.
12.2.5.8| Falsity predicate

The falsity predicate false is never true.

false =— - true
It is semantically equivalent to the negation-of true.

12.2.5.9| Parenthesized predicate

The parenfhesized predicate (p)us true if and only if p is true.
) =

It is semamtically equivalent to p.

12.2.6 [Expression

12.2.6.1| Schema existential quantification expression

The value|of the schema existential quantification expression 3 t e e is the set of bindings of schema| e restricted
to exclude Tiames that are I tle Signature ol ¢, 10T at least one binding ol the scheia t.

Jtee = - Vie—-e
It is semantically equivalent to the result of applying de Morgan’s law.
12.2.6.2 Substitution expression

The value of the substitution expression leti, == e,; ...; i, == e,, ® e is the value of e when all of its references
to the names have been substituted by the values of the corresponding expressions.

leti, ==¢e,; .;ip==e, 0 = i, ==¢€,; ...; bp =—1, €

It is semantically equivalent to the similar definite description expression.
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12.2.6.3 Schema equivalence expression

The value of the schema equivalence expression e, < e, is that schema whose signature is the union of those of
schemas e, and e,, and whose bindings are those whose relevant restrictions are either both or neither in e, and
€s.

e, e, = (e,=>e)A(es=e))

It is semantically equivalent to the schema conjunction of the schema implication e, = e, with the schema
implication e, = e,.

12.2.6.4| Schema implication expression

The value|of the schema implication expression e, = e, is that schema whose signature is thé union of those of
schemas e and e,, and whose bindings are those whose restriction to the signature of e, Ag i the yalue of e, if
its restrictfion to the signature of e, is in the value of e, .

e, =€, — —e; Ve,
It is semaftically equivalent to the schema disjunction of the schema negation‘# e, with e,.

12.2.6.5| Schema disjunction expression

The value|of the schema disjunction expression e, V e, is that schem#, whose signature is the uniof of those of
schemas e] and e,, and whose bindings are those whose restrictiow to-the signature of e, is in the vplue of e, or
its restrictfion to the signature of e, is in the value of e,.

e, Ve, = (e, A—ey)

It is semanptically equivalent to the schema negation of tlie schema conjunction of the schema negatidns of e, and
€s.

12.2.6.6| Conditional expression

The value|of the conditional expression if jpthen e, elsee, is the value of e, if p is true, and is the yalue of e, if
p is false.

if pthene,els€ey” = pi:{e,e}|pAi=e, VapAi=e,0i

It is semaptically equivalent te-bhe definite description expression whose value is either that of e, ¢r that of e,
such that |f p is true then itlis)e, or if p is false then it is e,.

12.2.6.7| Schema projection expression

The value [of the schetha projection expression e, [ e, is the schema that is like the conjunction e, A ¢4, but whose
signature s restrictéd to just that of schema e,.

e, [ea = {e;e.00e,}

It is semantically equivalent to that set of bindings of names in the signature of e, to values that satisfy the
constraints of both e, and e..

12.2.6.8 Cartesian product expression

The value of the Cartesian product expression e, X ... X e, is the set of all tuples whose components are members
of the corresponding sets that are the values of its expressions.

e X .. Xe, = {i:e; ginien® (i, .in)}

It is semantically equivalent to the set comprehension expression that declares members of the sets and assembles
those members into tuples.
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12.2.6.9 Number literal expression

The value of the multiple-digit number literal expression bc is the number that it denotes.

bc = b+b+b+b+b+
b+b+b+b+b+c

It is semantically equivalent to the sum of ten repetitions of the number literal expression b formed from all but
the last digit, added to that last digit.

v TTaTTeT—tteTa O
1 = number_literal_1
2 = 1+1
3 = 241
4 = 3+1
5 = 4+1
6 = 5+1
7T = 6+1
§ = T7+1
9 = 8+1

The numbler literal expressions 0 and 1 are semantically equivalent to number_literal_0 and number)literal_1 re-
spectively [as defined in section prelude. The remaining digits are defined as being successors of their predecessors,
using the function + as defined in section prelude.

NOTH These syntactic transformations are applied . dnly to NUMERAL tokens that form number literal expressions,
not to| other NUMERAL tokens (those in tuple selectiofiexpressions and operator template paragraphs), gs those other
occurI}nces of NUMERAL do not have semantic valués associated with them.

12.2.6.1 Schema construction expression

The valuefof the schema construction expression [¢] is that schema whose signature is the names dedlared by the
schema tekt t, and whose bindings aré.those that satisfy the constraints in ¢.

] = t
It is semantically equivalent to)the schema resulting from syntactic transformation of the schema tekt ¢.

12.2.6.11 Parenthésized expression

The valuefof the parenthesized expression (e) is the value of expression e.

(e) = e

It is semakticatl—eeguivalent—+
12.2.7 Schema text

There is no separate schema text class in the annotated syntax: all concrete schema texts are transformed to
expressions.

12.2.7.1 Declaration
Each declaration is transformed to an equivalent expression.

A constant declaration is equivalent to a variable declaration in which the variable ranges over a singleton set.

i==e = 1i:{e}
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A comma-separated multiple declaration is equivalent to the schema conjunction of variable construction expres-
sions in which all variables are constrained to be of the same type.

Tyyeninie = [iy:e 8 ] A Alin:e s ay

12.2.7.2 DeclPart

Each declaration part is transformed to an equivalent expression.

dy; ... d, = d,N..Nd,

If NL tokdns have been used in place of any ; s, the same transformation to schema conjunctions applies.
12.2.7.3| SchemaText

Given the[above transformations of Declaration and DeclPart, any DeclPart in a Schem@Text can| be assumed
to be a sirjgle expression.

A SchemafText with non-empty DeclPart and Predicate is equivalent to the schewia constructiop expression
containing that schema text.

elp = [e]|p]

If both DclPart and Predicate are omitted, the schema text is equivalent to the set containing the empty
binding.

= {fr

If just the DeclPart is omitted, the schema text is equivalent to the schema construction expressjon in which
there is a pet containing the empty binding.

|po= [{{]}Ip]

12.2.8 [Name
These synfactic transformation rules-address the concrete syntax productions Dec1Name, RefName, gnd OpName.

All Dec1Npmes and RefNames that are NAMEs (not operator names) are transformed to those underlying NAMEs.
Thus, any|DeclName and RefName nodes in the parse tree are elided.

All operatpr names are trangformed to NAMEs, by removing spaces and replacing each _ by a Z charpcter that is
not accepfable in concreteé NAMEs. The Z character X is used for this purpose here. The resulting NAME is given
the same $TROKEs as tlie component names of the operator, all of which shall have the same STROKES.

Each resulting NAME shall be one for which there is an operator template paragraph in scope.

NOTH “This excludes names made up of words from different operator templates.

EXAMPLE Given the operator templates

generic 30 leftassoc (_a_b_)
generic 40 leftassoc (- c_d )

the following declaration conforms to the syntax but is excluded by this restriction.

XaYdZ==XxYXxZ

In every operator name generated by syntactic transformation, for every ’,’> WORDGLUE character in its WORD
part, there shall be a paired following ™’ WORDGLUE character, for every ’> 7’ WORDGLUE character in its WORD
part, there shall be a paired following ’> "’ WORDGLUE character, and these shall occur only in nested pairs.
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12.2.8.1 PrefixName
pre - = preX
prep - = prepX
In _ess, ..._esSy_o _ere_ = InXess,..Xess,_,XerelX
In _ess, ..._essp_ _sre_ —> I[nMess,..Xess, _,XsreX
Ip _ess, ..._essp_, _erep - = IpMess,...Xess,_,XerepX
O 7 1S PR 1 premp—. o o o tpessT eSS, —StsTepi
12.2.8.2| PostfixName
_post = MNpost
_postp = MNpostp
_el _ess, ..._essy_, _er — NXelXess,..Xéssy),_,Xer
_el _esSy ..._e8Sy_, _sr —> NXelXess,\Xess,,_Xsr
_elp _ess, ..._essp_, _erp — WXelpXegss...Xess,_,Xerp
_elp _ess, ..._ess,_, _srp — WelpKess,...Xess,,_,Xsrp
12.2.8.3| InfixName
om - — MinX
_ip_. = MipNX
_el _essy ... _esspr, _ere - —> NXelXess,..Xess,,_,XereX
_el _ess, ..anes8s, , _sre_ —> NXelXess,..Xess,_,XsrelX
_elp _ess,..>2ess,_o _erep_.  —> NXelpXess,...Xess,_,XerepX
_elp _essor... _essy_o _srep - = NXelpXess,...Xess,_,XsrepX
12.2.8.4| NofixName
In _ess, ..._essp—, —er =—> [nMess,...Xess,,_,Xer
In__ess £S5 ST InXess. . Xess Xsr
Ilp _ess, ..._essp_, _erp = InMess,...Xess,_,Xerp
Ilp _ess, ... _eSSp_, _stp = I[nXess,...Xess,_,Xsrp

12.2.9 Generic name

All generic names are transformed to juxtapositions of NAMEs and generic parameter lists. This causes the generic
operator definition paragraphs in which they appear to become generic horizontal definition paragraphs, and thus
be amenable to further syntactic transformation.

Each resulting NAME shall be one for which there is an operator template paragraph in scope (see 12.2.8).
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12.2.9.1 PrefixGenName

pre i = preX [i]
In i, essy ... in—s €8Sp_p in_y €re i, — I[nNXess,..Xess,_XereX [i,,...,0n—0,ln_1,in]

In i, €88y ... in—n €8Sp_n in_y ST€ &y —> InXess,..Xess,_XsreX [i,, ..., ln—n,in_y,in]

12.2-9.2 PUthiAGUlL}\}O_ﬂlU

i post = WNpost [i]
ir€l iy €88y ... ip_y €8Sp_y ip er =—> WelXess,..Xess,_Xer [i,, 19y, {abn—1,in]

i€l iy €8Sy o Gp_y €8Sp_y iy ST = NXelXess,..Xess,_Xsr [i,, 8, ., in_1,in]

12.2.9.3| InfixGenName

iin i, = XinX [iy,id
iyl iy €8Sy o in_n €8Sp_n in_y ere i, —> NXelXess). Mess,_XereMX [iy,is, .y in_o,in_i in]

11l Gy €885 o Tp_o €8Sp_o In_y STE &, = NXelXeds,..Xess,, _oXsreX i), 00,y in_o,in_1|, in)

12.2.9.4| NofixGenName

In i, €88y ... in—y €SSpxly by er = InXess,..Xess,_,Xer [iy,...,in_1,0n]

In i, €8s, ... in_, E88Sp—, iy, ST = InXess,..Xess,_,Xsr [iy,...,in_1,in]

12.2.10 | Relation operator application
All relatiop operator applications are transformed to annotated membership predicates.
Each relatfion NAME(shall be one for which there is an operator template paragraph in scope (see 12.2.8).

The left-hhind Sides of many of these transformation rules involve ExpSep phrases: they use es mptavariables.
None of thef’ use ss metavariables: in other words, only the Expression ES case of ExpSep is specified, not

the EXpI‘ sTontist—S38—case— Where—thetatter cascoccurs—r = apcuiﬁua‘uiuu, tire EAPchbiuuL. st shall be
transformed by the rule in 12.2.12 to an expression, and thence a transformation analogous to that specified for
the former case can be performed, differing only in that a ss appears in the relation name in place of an es.

12.2.10.1 PrefixRel

prep e =— e € prepX
Ip e, es, ... en_p €Sp_n €y €rep e, —>  (€1,..,€n_n,En_1,6n) € [pXes, .. Mes,,_,NerepX

Ip e, esy ... enz€8y 5 an_ysTEP €y = (€1,.0s€n_s,0n_1,€p) € [pXes, .. Mes, _,MsrepX
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12.2.10.2 PostfixRel

e postp = e € Xpostp
e, elp e, es, ... eny €Sy eperp = (€y,65,...,6n_1,6€,) € NelpXes,..Xes,,_,Xerp

€, elp ey €8s .. €y €Sy Uy STP = (€1,€s, ..., €n_1,ay) € NelpXes,..Xes,, _,Xsrp

12.2.10.] InTixRel

e, ip, e ip, e5 ... = e, ip, (e 8 ay) A(es 8 ;) ip, (€5 8 @)

The chaingd relation e, ip, e, ip, e ... is semantically equivalent to a conjunctien of relational predlicates, with
the constrhint that duplicated expressions be of the same type.

e, =e, = e, €{e,}
e, ip e, —> (61762) € Mip

1p in the gbove transformation is excluded from being € or ={whereas ip,,ip,, ... in the chained relption can be
€ or =.

e, el e, es, ...en o €Sy_5enq , €TEP €, —> (61,627...76,1,276”,1,6”) € XelpMes.,...Xes,, _fXerepX

€, elpf €y €8s oo o €Sp_n Ap_y STEP € =% (€1, €0,y s, Un_1,€,) € NelpXes, ... Xes,, _JXsrepX

12.2.10.4 NofixRel

Ip e, es, ... eney €Sp_y € erp =  (€y,...,n_1,€,) € lpXes, .. Xes,,_,Xerp

Ip e, es, ...@y>; €Sp—y An STD = (€4, .., €n_y,ap) € [pXes,..Xes,_,Xsrp

12.2.11 | Function and generic operator application

All functiqn operator applications are transformed to annotated application expressions.

All generi¢ operator applications are transformed to annotated generic instantiation expressions.

For any particular function or generic operator application, two potential transformations are specified below,
both of which result in the same NAME. That NAME shall be one for which there is an operator template paragraph
in scope (see 12.2.8). Which of the two transformations is appropriate is determined by that operator template’s
category: function or generic respectively.

The left-hand sides of many of these transformation rules involve ExpSep phrases: they use es metavariables.
None of them use ss metavariables: in other words, only the Expression ES case of ExpSep is specified, not
the ExpressionList SS case. Where the latter case occurs in a specification, the ExpressionList shall be
transformed by the rule in 12.2.12 to an expression, and thence a transformation analogous to that specified for
the former case can be performed, differing only in that a ss appears in the function or generic name in place of
an es.
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12.2.11.1 PrefixApp

Function cases

pre e — preMe
Ine, es, ... en_p €Sp_p €y, ere e, =—> InMes,..Xes,_XereX (e,,....,en_s,€n_1,€n)
In e, es, ... €p_p €Sp_p Ap_y STE €, = InMes,..Xes,_XsreX (e,,...,en_0,n_1,€p)
Generic cdses
pre e = preX [e]
In e, es, ... epnn €Sp_p €, €re €, —> InXes,..Nes,_.XereX [e,,...,e,-Gen_1,en
Ine, es, ... ey €Sp_p Ap_y STE €, —> InMes,..Xes,_XsreMX [e,, ..., 80 0, Gn_y, €y
12.2.11.2 PostfixApp
Function dases
e post = MNXpost e
€, €l ey €85 ... €y €Sy, €n er = NelXess. NMes,_,Xer (e,,€s,...,en_1,€p)
e, el e, €8y ... €y €Spy_y ap ST = Welldess..Mes,_,Xsr (e, €s,...,en_1,an)
Generic cdses
e post® = WNpost [e]
e, el ey €8, ... en_y €S, eper = WelXes,..Xes,_,Xer [e,, €, ....,en_1, €n]
e, €l €y €8s ... €y €S,Cy Ay ST = NelXes,..Xes, XS [y, €0, ...y €n_1q, Gp]
12.2.11.34 InfixApp
Function dases
e, in e, = MXinX (e, e,)
elel ex€ss ... en_s €Sy_s €y, ere e, — WNXelXes,..Xes, _,XereX (el,ez,...,en,men,1 en)
el elleses, ... en_yn €Sp_yn Ap_y sTC €, => WelMes,...Xes,_XsreX (e, €s, ..., en_n,An_1|€n)

Generic cases

e, in e, XinX [e,, €,]

e, el ey €85 ... s €Sp—s €p_q ETE € XelXes, ... Xes,, _XereX [61,62, ...,en_z,en_l,en]

L

e, el €5 e85 ... s €Sp_s Gp_, STE €5, XelXes, ... Xes,, _,XsreX [61762,...,en,2,an,1,en]
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12.2.11.4 NofixApp

Function cases

*9 en—la en)

Xesy—XsT (€, vy €y, ap)

In e, es, ... ep_, €Sy_q €y €er InXes, .. Xes,_,Xer (e, ..

Ll

In e, €8y ... €p—y €Sp_1 Gy ST InXes, ...

Generic cases

ISO/IEC 13568:2002(E)

12.2.12

Within an|
sentation

13 Ty
13.1 I

All expres
terms of t
because th
as the firsf
specificati

The type

rules, of w
can be vie
parse tree

Initially, a
rules 12.2.
produces

matched 4

In e, €8y ... €y—q €Sp_, €y €r InXes, .. Xes,_,Xer [e,,...,en_1, €]

Xesy,— XST [eq, .oy €n—1, Q]

Il

In e, es, ... €p—y €Sp_q1 Gy ST InXes, ..

Expression list

€rsenen = {(1,ey),...,(n,en)}

operator application, each expression list is syntactically transformed to the equivalent ej
f a sequence, which is a set of pairs of position and cerresponding component expression.

pe inference rules

htroduction

Sions in Z are typed, allowing some ofsthe logical anomalies that can arise when sets ai
heir properties to be avoided. An example of a Z phrase that is not well-typed is the pre
e second expression of a membership predicate is required to be a set of values, each of th
expression. The check for wellttypedness of a Z specification can be automated, by confo
n given in this clause.

onstraints that shall be satisfied between the various parts of a Z phrase are specified by ty

plicit repre-

e defined in
licate 2 € 3,
e same type
ming to the

pe inference

hich there is one corresponding to each annotated syntax production. The type inference riyiles together

wed as a partial function that maps a parse tree of an annotated syntax sentence to a ful
of an annotated ‘syntax sentence.

1 annotatiéms-are set to variables, and these are all distinct except as set by the syntactic trg
7.1 and«12.2.10.3. A type inference rule’s type sequent is a pattern that when matched aga

y annotated

nsformation
nst a phrase

ubstitutions for its metavariables. Starting with a type sequent for a whole Z specificafion, that is

cainst the pattern in the type inference rule for a sectioned specification. The resulting

for metav.

ubstitutions

itions. The

riables—areused to produce—instantiations—-of the rule’s tuna cubcocuonts and side-con
T o i T

instantiated side-conditions include constraints that determine the environments to be used in typechecking the
type subsequents. There is no need to solve the constraints yet. Instead, type inference rules can be applied to
the generated type subsequents, each application producing zero or more new type subsequents, until no more
type subsequents remain. This produces a tree of deductions, whose leaves correspond to the atomic phrases of
the sentence, namely given types paragraphs, truth predicates, and reference expressions.

There remains a collection of constraints to be solved. There are dependencies between constraints: for example,
a constraint that checks that a name is declared in an environment cannot be solved until that environment has
been determined by other constraints. Unification is a suitable mechanism for solving constraints. A typechecker
shall not impose any additional constraints, such as on the order in which constraints are expected to be solved
[16].
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For a well-typed specification, there shall be no contradictions amongst the constraints, and the solution to the
constraints shall provide values for all of the variables. If there is a contradiction amongst the constraints, there
can be no consistent assignment of annotations, and the specification is not well-typed. If the solution to the
constraints does not provide a value for a variable, there is more than one possible assignment of annotations,
and the specification is not well-typed.

EXAMPLE

In thi

empty == {}

declaration, the tvpe of empiy, Pa, involves an unconstrained varjable

13.2 K
13.2.1
13.2.1.1

{

ormal definition of type inference rules
Specification
Sectioned specification

0, = {prelude-— T
spretuge 8 Lo 6 F si 8Ty v 60 F osne D 0 {p o}

5n (— 67171 ) {i’ﬂfl — anl}

where i,,_| is the name of section s,,_,, and none of the sections s, .., $y-dre named prelude.
Each sectipn is typechecked in an environment formed from preceding sections, and is annotated with an envi-
ronment that it establishes.
NOTH The section-type environment established by the prelude section is as follows.
I'e o (A, (prelude, P(GIVEN A)));
(N, (prelude, P(GIVEN A)));
(number_literal_0, (prelude, (GIVEN A)));
(number_literal_1, (prelude, (GIVEN A)J)§
(M4, (prelude, P(((GIVEN A) x (GIVENM A)) x (GIVEN A))))
If one of the sections s; ... s, is named. prefude, then the same type inference rule applies except that the type
subsequen} for the prelude section is omitted.
13.2.2 [Section
13.2.2.1| Inheriting seetion
1 ¢ dom A
{i1y «ory im} C dom A
~v—, = if i = prelude then {} else A prelude
Yo=7Y—1 UA i, U...UA iy,
Bo = 7o § sSecond
D D ¢
Bo I 21 §0y" - PBns B Dn 8 0w disjoint (dom o, ..., dom o,)
A F ZEDscctionr T T e+ )
parents i, ..., 4, END I'=~,U{j:NAME; 7:Type | j—T€E€ 0, U...U0, ®j+ (i, 7)}

D, so,..D, 380, s By =P, Uo,

ﬁnfl = ﬁnfz Uop—1

Taking the side-conditions in order, this type inference rule ensures that:

a) the name of the section, i, is different from that of any previous section;

b) the names in the parents list are names of known sections;

96
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ction environment of the prelude is included if the section is not itself the prelude;

ction-type environment -y, is formed from those of the parents;

the type environment [, is determined from the section-type environment v,;

signatures are disjoint);

awhich ic camuman totho onsirarninante of o ltinle naranto chall hava gricinatad 1n o oo
H v HrHpre3 - e —
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there is no global redefinition between any pair of paragraphs of the section (the sets of names in their

on ancestral

g) amnan
sectio
parag

h) the a

signaf

and t
exten

NOTH
in the

NOTH
not cg

13.2.3

Generic dq
before the
solved (se
considerat,
batches. H
are made

NOTH
13.2.3.1

The const
the operat]
type and
tuted with
formulate

types.

h, and a name introduced by a paragraph of this section shall not also be introduéed
raph or parent section (all ensured by the combined environment being a function);

inotation of the section is an environment formed from those of its parents extended accg
ures of its paragraphs;

he type environment in which a paragraph is typechecked is formed ftom that of the pai
led with the signatures of the preceding paragraphs of this section,

1 Ancestors need not be immediate parents, and a section cannot_be’amongst its own ancest
parent relation).

2 The name of a section can be the same as the name of asvariable introduced in a declaration
nfused.

(Generic instantiation

clarations can appear only at the paragraph levels "The types of generic declarations shall bd

13.2.6.1 and 13.2.6.2). The constraints_for”each paragraph shall have a unique solution
jon of the constraints of following paragraphs. That is, the constraints shall be solved in pd
[aving determined the types of references to generic declarations, instantiations that were
bxplicit, ready for subsequent semantic relation.

This is why generic instantiafion is defined here, immediately before the type inference rules fo
Generic type instantiation

aints that cannot be'golved until the type of a generic declaration is determined are those
ion of generic type,instantiation. The generic type instantiation meta-function relates a ki
h list of argument types to the type in which each reference to a generic parameter has

the corregponding argument type. Applications of the generic type instantiation meta-
| here as(the juxtaposition of a generic type (parenthesized) with a square-bracketed list

by another

rding to the

ent sections

rs (no cycles

—the two are

determined

constraints arising from the side-conditionsof-the type inference rules for references to generics can be

without any
r-paragraph
left implicit

paragraphs.

that involve
own generic
been substi-
function are
of argument

([

([t4, -

(£, ..., in] GIVEN 4) [ry,...,7n] = GIVEN i
Q1y.eeyin] GENTYPE ig) [Ty, .o, Tn] = Tk
([e1yeosin] P7) [1ey ooy ] = P(([E1y e in] T) [Tasees Tn])
([t1yesin] 70X e X TL) [Tay ooy Tl = ([fay e in] T2) [Tay ooy Ta) X oo X ([Eay ooy 0] To) [Tayeees T
] [ o7l s i, T ]) [Tay ey Tl
= [7 i [inyeeerin] 70 [Tasees Tly oo Gy 2 [y eeeyin] Toy [Tas oo Tal]

13.2.3.2

Carrier set

The meta-function carrier relates a type phrase to an expression phrase denoting the carrier set of that type. It
is used for the calculation of implicit generic actuals, and also later in semantic transformation rules.
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carrier (GIVEN ¢) = QO g P(GIVEN ¢)
carrier (GENTYPE i) = i# s PP(GENTYPE )
carrier (P1) = P(carriert) s PPt
carrier (1, X ... X 7,) = (carrier 7, X ... X carrier 7,) 8 P(1, X ... X 7,)
carrier ([in : Tn; - in 2Tnl]) = in : carrier T,; .. iy carrier T,) 8 Plin  Thg o it Ta

NOTE 1 The expressions are generated with type annotations, to avoid needing to apply type inference again, and
so avoid the potential problem of type names being captured by local declarations.

NOTE 2 But for the GIVEN/GENTYPE distinction, the © and & strokes and the generation of type annotations, each
of thege equations generates an expression that has the same textual appearance as the type.

NOTH 3 There is no equation for generic types because they appear in only the type annotation ©f\géndric axiomatic
paragfaphs, and carrier is never applied there.

13.2.3.3| Implicit instantiation
The value|of a reference expression that refers to a generic definition is an inferredinstantiation of [that generic

definition.

7'/=([z'1,...,in:]-r>) s, vy ap] ,

. . . / . . .
008 [iyy weny GnTy T i [carrier a, g, carrier ap] 8 T

It is semaftically equivalent to the generic instantiation expression whosé generic actuals are the carrier sets of
the types jnferred for the generic parameters. The type 7’ is an instahtiation of the generic type 7. The types
inferred for the generic parameters are o, ..., a,,. They shall all e determinable by comparison of|r with 7/ as
suggested py the condition on the transformation. Cases where.these types cannot be so determined,| because the
generic type is independent of some of the generic parameters,<are not well-typed.

EXANIPLE 1 The paragraph

X]==1

define$ a with type [X]GIVEN A. The paragraph
bl==a

typecljecks, giving the annotated expression a g [X]|GIVEN A GIVEN A. Comparison of the generic fype with the
instanfiated type does not determine a'type for the generic parameter X, and so this specification is n¢t well-typed.

Cases whdre these types are not unique (contain unconstrained variables) are not well-typed.
EXANIPLE 2 The paragraph
gnpty ==

will eqntain the anngtated expression & ¢ [X]P X, Pa, in which the type determined for the generic pgrameter X is
unconptrained, and)so this specification is not well-typed.

13.2.4 [Paragraph
13.2.4.1| Given types paragraph

( HF{, S =7

S F° ZED [is,...,in] END g o \ O = f1 : P(GIVEN 4,); ...; iy : P(GIVEN iy,) )

In a given types paragraph, there shall be no duplication of names. The annotation of the paragraph is a signature
associating the given type names with powerset types.

13.2.4.2 Axiomatic description paragraph
YHE esr
Y F AXe g TEND 8 o

In an axiomatic description paragraph AX e END, the expression e shall be a schema. The annotation of the
paragraph is the signature of that schema.

(r = Plo])
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13.2.4.3 (Generic axiomatic description paragraph

S @ {i, — P(GENTYPE 4,), ..., i ~ P(GENTYPE i)} F e g 7 [ 7 {iﬂg[ﬂ'j" in}=n
T =
D . .
¥ b GENAX [iy,...,in] € 8 TEND 8 o c=Xj:dom Beliy,... i (B7)

In a generic axiomatic description paragraph GENAX [i,, ..., i,] e END, there shall be no duplication of names within
the generic parameters. The expression e is typechecked, in an environment overridden by the generic parameters,
and shall be a schema. The annotation of the paragraph is formed from the signature of that schema, having the
same names but associated with types that are generic.

13.2.4.4| Free types paragraph
#{f17 hllu eeey h1m17 Gi1y -y gl’ﬂ17

fr’a hrn ey hrm,\a grlv ey grnr}
=r4+m;+..+m.+ny+ h ¥+ n,
=X {f1 — ]P’(GIVEN fl)7 O ]P’(GIV SN fr)}

Tia =Poay: . T EPain,
BHeremy .. BE ein 8Tuin,
Trr =Poyr, . Trn, :Parn,.
: . o = f, : P(GIVEN f,);
BH e 8T .. BF en 8Trn, fg y : GIVEN f,; ...; by, : GIVEN f;

fie=hial | him,
g. 1<<€11 8 Ty 1>> |

g, 1 : P(7,, X GIVEN f,);

o Gin, :P(Tyn, X GIVEN f,);
Gin,(€1n, 8 Tan,) &

D . . 5
¥ F[ZED g END 8 & . : P(GIVEN £,);
fro=hey || hym, | hyq t GIVEN fr; ..; Ry, @ GIVEN fp;
grilers 8 Tra)) | gr1 : P(7., X GIVEN f,.);
| 2
Irn.{€rn, & Tymy) 9rn, : P(Trn, X GIVEN f,.)

In a free tyjpes paragraph, the names-of the free types, elements and injections shall all be different. Th¢ expressions
representifg the domains of the\injections are typechecked in an environment overridden by the namg¢s of the free
types, and shall all be setg”” Fhe annotation of the paragraph is the signature whose names are thgse of all the
free types| the elements,%and the injections, each associated with the corresponding type.

13.2.4.5| Conjeeture paragraph
AR D
Y | ZEDA-? p END ¢ o

(0=¢

In a conjecture paragraph ZED 7 p END, the predicate p shall be well-typed. The annotation of the paragraph is
the empty signature.

13.2.4.6 Generic conjecture paragraph

> @ {i, — P(GENTYPE 4,), ..., i,, — P(GENTYPE i,,)} F p ( #{iy, o int=n )
¥ F ZED [iy,...,in) F? p END 8 o o= ¢

In a generic conjecture paragraph ZED [é,,...,i,] F? p END, there shall be no duplication of names within the
generic parameters. The predicate p shall be well-typed in an environment overridden by the generic parameters.
The annotation of the paragraph is the empty signature.
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13.2.5 Predicate
13.2.5.1 Membership predicate
YF esn SF esT

Y F (e 3 T.) € (ex 8 7o)

(7'2:IP’7'1)

In a membership predicate e, € e,, expression e, shall be a set, and expression e, shall be of the same type as
the members of set e,.

13.2.5.2 Truth predicate

¥ F| true
A truth predicate is always well-typed.
13.2.5.3| Negation predicate

b

XH p

Y H|=-p
A negatioh predicate — p is well-typed if and only if predicate p is well-typ€éd.

13.2.5.4| Conjunction predicate
2 Hlp, TF p
S poAps

A conjunclion predicate p, A p, is well-typed if and only if predicates p, and p, are well-typed.
13.2.5.5| Universal quantification predicate

YFlesr T@8F p
X H V(esgr)ep (T

=P[g))
In a univefsal quantification predicate V e e ) expression e shall be a schema, and predicate p shall he well-typed
in the envjronment overridden by the signature of schema e.
13.2.5.6| Unique existential(quantification predicate

S Hlesr TapHEp
N 3, (esr)eyp

™=P[5])
In a unique existential quantification predicate 3, e e p, expression e shall be a schema, and predicate p shall be
well-typed| in the environment overridden by the signature of schema e.
13.2.6 |[Expression

13.2.6.1| Reference expression

In a reference expression, if the name is of the form Ai and no declaration of this name yet appears in the
environment, then the following syntactic transformation is applied.

[i5 0]
This syntactic transformation makes the otherwise undefined name be equivalent to the corresponding schema
construction expression, which is then typechecked.

. Aigdom X
Ai —

Similarly, if the name is of the form =i and no declaration of this name yet appears in the environment, then the
following syntactic transformation is applied.

Zig b))

=i T 0 =00

60 ©ISO/IEC 2002—All rights reserved


https://iecnorm.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

13 Type inference rules ISO/IEC 13568:2002(E)

NOTE 1 The = notation is deliberately not defined in terms of the A notation.
NOTE 2 Type inference could be done without these syntactic transformations, but they are necessary steps in

defining the formal semantics.

NOTE 3 Only occurrences of A and = that are in such reference expressions are so transformed, not others such as
those in the names of declarations.

i € dom X
N ;o 7\ T=if generic_type (X i) then ¥ i, (X ©) [y, ..., ] else ¥ 4

In any otHer reference expression ¢, the name 7 shall be associated with a type in the environment.|If that type
is generic, [the annotation of the whole expression is a pair of both the uninstantiated type (fof the Instantiation
clause to dletermine that this is a reference to a generic definition) and the type instantiatedAvith phew distinct
type variaples (which the context shall constrain to non-generic types). Otherwise (if the @ype in the pnvironment
is non-gengric), that is the type of the whole expression.

NOTH 4 If the type is generic, the reference expression will be transformed to a generic instantiation pxpression by
the rulle in 13.2.3.3. That shall be done only when the implicit instantiations hévé-been determined vja constraints
on thd new type variables a,, ..., an.

13.2.6.2| Generic instantiation expression

1 € dom X
generic_type (X i)
Y Fle,ern .. D F epst| m=Pa
Y il(es 8 Th)sn(en 8 )] 8 T :
™ = Pay,

7= (BN, ..., o]

In a genefic instantiation expression i [e,, ..., e ;i the name 4 shall be associated with a generic|type in the
environment, and the expressions e, ..., e, shall'be sets. That generic type shall have the sam¢ number of
parameterp as there are sets. The type of the whole expression is the instantiation of that generic|type by the
types of those sets’ components.

NOTH The operation of generic/type instantiation is defined in 13.2.3.1.

13.2.6.3| Set extension expression

if n > 0 then
(T, =Tn
Y Fle, s 7 Y e, 8T
> H {(e, &\zd), ..., (en 8 ™)} 8 7 The1 = Tn,
T=Pm)

elset=Pa

In a set extension expression, every component expression shall be of the same type. The type of the whole
expression is a powerset of the components’ type, or a powerset of a type variable if there are no components. In
the latter case, the variable shall be constrained by the context, otherwise the specification is not well-typed.

13.2.6.4 Set comprehension expression
SFeasn  NOBF e 72<n_mﬂ])
D {(ex 8 7)o (es 8 7o)} 87y T, =P

In a set comprehension expression {e, ® e,}, expression e, shall be a schema. The type of the whole expression is
a powerset of the type of expression e,, as determined in an environment overridden by the signature of schema

€.
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13.2.6.5 Powerset expression

SFesmn (Tlpa)
SEPesr)sm\T=2=Pn

In a powerset expression Pe, expression e shall be a set. The type of the whole expression is then a powerset of
the type of expression e.

13.2.6.6 Tuple extension expression
S F e s Y F en 8 Ta, \
B CT— T2 Tn )

S ((ex 8 7)oy (€n 8 Ta)) 8T

In a tuple [extension expression (e, ..., e, ), the type of the whole expression is the Cartesian preduct|of the types
of the indjvidual component expressions.

13.2.6.7| Tuple selection expression

T1 = O X .o X O
bel..k

To = Qp

£
b es T,

Y Fllesn).bsm

In a tuple[selection expression e . b, the type of expression e shall be a Garfesian product, and the njumeric value
of NUMERAL b shall select one of its components. The type of the whele expression is the type of |the selected
componenf.

13.2.6.8| Binding extension expression

SHFesrn .. S e s, ( HLiy, oy int =n )
S (i == (€2 8 T)somrin == (en 8 7)) 8 207 =l 1725 ooy i 2 7o
In a bindihg extension expression { i, == e, ..., ix\== €, ), there shall be no duplication amongsgt the bound

names. THe type of the whole expression is that. éfja binding whose signature associates the names with the types
of the corjesponding expressions.

13.2.6.9| Binding construction expression

S es 7 =P}
= YV i< dom B e (i decor *,0 i) € ¥ A = generic_type (3 i)
YSHEl0(esT)* 2T = (5]

In a bindihg construction éxpression 6 e *, the expression e shall be a schema. Every name and type pair in its
signature, [with the optional decoration added, shall be present in the environment with a non-generjc type. The
type of th¢ whole expression is that of a binding whose signature is that of the schema.

NOTH If thetype in the environment were generic, the semantic transformation in 14.2.5.2 would produce a reference
expregsion (wWhose implicit instantiation is not determined by this International Standard.

13.2.6.10 ~Binding selection expression

YF esn <7-1:[ﬁ] >
SFE (esn).igm\ (@ m)EP
In a binding selection expression e . ¢, expression e shall be a binding, and name ¢ shall select one of its
components. The type of the whole expression is the type of the selected component.

13.2.6.11 Application expression

£ £
YF e sn, YF e, 81,

» (ex 8 7) (€5 8 T2) 8 Ty

( 7, = P(7, X 73) )
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In an application expression e, e,, the expression e, shall be a set of pairs, and expression e, shall be of the
same type as the first components of those pairs. The type of the whole expression is the type of the second
components of those pairs.

13.2.6.12 Definite description expression

Y Foe sn YSEBF e 8T , = PI]
Ty = Ta

S ples g m)e(es 8 T) 8Ty

In a definite descrlptlon expression p e, ® e, expressmn e, shall be a schema. The type of the whole expression
is the typ £ axcpres 0 4 +m-mwmr] AR R + wwv-mlr] 0 1m +h lapatiraof cchar €.

Pt S5O+ \/2, BHS—Et e T o ey T T O e Terererr T u;c;;wuu +—SEHeHT

13.2.6.13 Variable construction expression

> HoesT, <7’1:Pa >
Y (e gm)] s m 7> =Pli: q]

In a varialple construction expression [i : e], expression e shall be a set. The type offth€ whole expression is that
of a schenfa whose signature associates the name i with the type of a member of the set e.

13.2.6.14 Schema construction expression
Y Flesn, Sapt p(lep[g]>
SF [esm)|p s T2 =T

In a schenha construction expression [e | p], expression e shall be a*schema, and predicate p shall be well-typed
in an envifonment overridden by the signature of schema e. The type of the whole expression is the|same as the
type of expression e.

13.2.6.1% Schema negation expression

Y HFesmn (71_1@[/3]>

Y HEl-(egmn)em\ 2=

In a scherha negation expression — e, expression e shall be a schema. The type of the whole exprpssion is the
same as tlje type of expression e.

13.2.6.1¢ Schema conjunction expression
e ‘ T, = ]P)[/BJ

Y FHle, sy YE(3% | 1, ="P3)]

Y (e 8 ) A (g 39m) 8 7y By & s

T3 = P[ﬂl U 62]

In a scherha conjufiction expression e, A e,, expressions e, and e, shall be schemas, and their sigmatures shall
be compafible.~Fhe type of the whole expression is that of the schema whose signature is the uniop of those of
expressionk e, and e,.

13.2.6.17 Schema hiding expression

S e = P[]
= - . {i1, woey in} C dom B
B (e 8 )\ (nin) 87\ 7 = P[{i, oy in} < ]

In a schema hiding expression e \ (i1,...,1n), expression e shall be a schema, and the names to be hidden shall
all be in the signature of that schema. The type of the whole expression is that of a schema whose signature is
computed by subtracting from the signature of expression e those pairs whose names are hidden.
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13.2.6.18 Schema universal quantification expression

»E

. 7, = P[G]
€1 8 T E69/61 = €x 3 T2 To :]P)[ﬂ2]

ZFSV(61371)0(6237'2)37'3 B = 3,

73 = Pldom (3, < (3,]

13 Type inference rules

In a schema universal quantification expression V e, e e,, expression e, shall be a schema, and expression e,, in
an environment overridden by the signature of schema e,, shall also be a schema, and the signatures of these two
schemas shall be compatible. The type of the whole expression is that of a schema whose signature

by subtragtire oo o

13.2.6.1¢

}
1

Schema unique existential quantification expression

T, = ]P[ﬁl]

Y HFle, s Y06 F e s 7. = P[B.]
Y H 3 (e s T)e(es s )Ty B, ~ 3,
In a schem
€., in an
these two

computed

13.2.6.20 Schema renaming expression

T3 = Pldom B3, < 3,]

a unique existential quantification expression 3, e, ® e,, expression ef\shall be a schema, an
bnvironment overridden by the signature of schema e,, shall alsg~be'a schema, and the s
schemas shall be compatible. The type of the whole expressioiisthat of a schema whose
by subtracting from the signature of e, those pairs whose names are in the signature of e

H#{iy, oy in} =
E}—gesn 7 = P[5]

Y

In a schei
Tay ooy ip. 1
is like tha
merged by

NOTH
other

13.2.6.2]

s | B = (s G i} 88U s e i) < 6,
(6 © Tl)bl //617"'7]71/177,] s Tz 7-2:]P>[ﬂ2]

Ba € (4 )
ha renaming expression e [j, / 4,,.485n / in], there shall be no duplicates amongst th
xpression e shall be a schema. The type of the whole expression is that of a schema whd

of expression e but with the . mew names in place of corresponding old names. Declarati
the renaming shall have thesame type.

Old names need not be iirthe signature of the schema. This is so as to permit renaming to d
hotations such as disjunction.

| Schema precendition expression

»

In a schenha precondition expression pree, expression e shall be a schema. The type of the whole

that of a

> Foes (nPM

pre (e &) 8 T 7, =P[{i, j : NAME | j € dom B A (j =i decor 'V j =1 decor!) e j}

cletna whose signature is computed by subtracting from the signature of e those pairs ¥

d expression
ignatures of
signature is

h -

b old names
se signature
bns that are

stribute over

6@)

bXpression is
P hose names

dworchrialad dac

rationc
O oTrTCIrcCa—ar CCoOT IOt

have prim

13.2.6.22 Schema composition expression

64

T, = ]P)[/ﬁl]
Tx = ]P)[ﬁz]
. match = {i : dom B, | i decor ' € dom 3, @i}
€ 8 Ty Y ey 8 72| By ={i:match i decor '} <,
(62 8 T1)g(es 8 T2) 8 7y By = match < 5.
B3 & B,
{i : match @ i — [3,(i decor ")} =~ {i : match e i +— (3, i}
73 = P[B3 U B,
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inference rules ISO/IEC 13568:2002(E)

In a schema composition expression e, § e,, expressions e, and e, shall be schemas. Let match be the set of
names in schema e, for which there are matching primed names in schema e,. Let 3, be the signature formed
from the components of e, excluding the matched primed components. Let 3, be the signature formed from the
components of e, excluding the matched unprimed components. Signatures §; and 3, shall be compatible. The
types of the excluded matched pairs of components shall be the same. The type of the whole expression is that

of a schem

a whose signature is the union of 3, and g,.

13.2.6.23 Schema piping expression

¥k

T1 = P[ﬁl]
13 1
o= [P3]

€, 8Ty Y e, 8T By = {i : match o i decor '} < 3,

» ¥

In a schen
which the
formed frd
from the ¢
The types
that of a

13.2.6.24
p

(62 8 T)>> (€2 8 7) 8 75| Pa= {i : match o i decor 7} 43,

o

By ~ B,
{i : match e i+ (,(i decor )} =~ {i : matcheD— [, (i de
73 =P[B; U]

e are matching shrieked names in schema e, and queried names in.schema e,. Let 35 be {
m the components of e, excluding the matched shrieked components. Let 3, be the signs
bmponents of e, excluding the matched queried components.¢Sighatures 3, and 3, shall be
of the excluded matched pairs of components shall be the(same. The type of the whole
chema whose signature is the union of 8, and §,.

I Schema decoration expression

»

In a schenja decoration expression e ¥, expression-g*shall be a schema. The type of the whole exprd

of a schen]

13.3 S
NOTH

A scoj

A dec
usuall

The s
(such
of the

[ e g T, T, = P[]
(e s m)*+ g7\ T2=P{i:dom Beidecot — 3 i}]

a whose signature is like that of e butiwith the stroke appended to each of its names.
ummary of scope rules

Here is an informal explanation of the scope rules implied by the type inference rules in 13.2.

e is static: it depends en only the structure of the text, not on the value of any predicate or exp

aration can be either! a given type, a free type, a formal generic parameter, or an instance of
iy within a DeclPRart.

opes of givel types and free types (which occur only at paragraph level), and Declarations at p4
hs those of schema definitions and those of the outermost DeclPart in axiomatic descriptions),
rest (of the section and any sections of which that is an ancestor.

match = {i : NAME | i decor ! € dom (3, A i decor ? € dofnl P, e i}

or 7)}

a piping expression e, >> e,, expressions e, and e, shall be schemas. dset"match be the set jof names for

he signature
ture formed
compatible.
bXpression is

Ssion is that

ression.

Declaration

ragraph level
re the whole

Redec

ATATION &t paragrapit 1evet of any A aiready deciared at paragrapit [ever 1S promibited: Redec

aration at an

inner level of any name already declared with larger scope makes a hole in the scope of the outer declaration.

In a free types paragraph, the scopes of the declarations of the free types include the right-hand sides of the free type
declarations, whereas the scopes of the declarations of the elements and injections of the free types do not include
the free types paragraph itself.

The scope of a formal generic parameter is the rest of the paragraph in which it appears.

A Dec

1Part is not in the scope of its declarations.

The declarations of a schema inclusion declaration are distinct from those in the signature of the schema itself, and
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The semaftic transformation rules define some annotated notations as being equivalent to-other aj

so have separate scopes.

ation rules

A name may be declared more than once within a DeclPart provided the types of the several declarations are identical.
In this case, the declarations are merged, so that they share the same scope, and the corresponding properties are
conjoined.

The scope of the declarations in the DeclPart of a quantification, set comprehension, function construction, definite
description or schema construction expression is the | part of the SchemaText and any e part of that construct.

tations.

and well-typed. These semantic transformations are transformations that could not‘appear earlier
transform4tions because they depend on type annotations or generic instantiations.or are applicable
trees of plfrases that are not in the concrete syntax.

Some semagntic transformation rules generate other transformable notation, though exhaustive applicd
rules alwa}s terminates. They introduce no type errors. It is not intended“that type inference be rep
generated notation, though type annotations are needed on that notation for the semantic relations. |
the manipfulation of type annotations is not made explicit throughout’these rules, as that would be
and can egsily be derived by the reader. Indeed, some rules exploit concrete notation for brevity an

The semaitic transformation rules are listed in the same ordeér as the corresponding productions of t}

syntax.

All applicdtions of transformation rules that generate fiéw declarations shall choose the names of those
to be suchf that they do not capture references.

14.2 Formal definition of semanti¢ transformation rules

14.2.1

There are [no semantic transformatiomriles for specifications.

14.2.2

There are |no semantic transformation rules for sections.

14.2.3

14.2.3.1| Free types paragraph

A free typ¢s paragraph is semantically equivalent to the sequence of given type paragraph and axioma
paragraph| defined here.

66

The only sentences of concern here are ones that are already known to be wéll-formed

Specification

Section

[Paragraph

inotated no-
yntactically
as syntactic
nly to parse

tion of these
bated on the
Nevertheless,
obfuscatory
1 clarity.

e annotated

declarations

ic definition

NOTE-"TFhis explotts-rotationthmt-isrotpresert-irthemmotated-synbafortheprrposeof-abbreviation.
ZED
fro=hoa | ham, | goallen ) || Gin, (€an, )
& ... &
fro=hey || e, [ graler) || grn, (ern,)
END
—
ZED
[fla cery f’r]
END
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AX
h117 sy hlm1 5f1

h’r‘17 () hrmT. : fr
911 :]P)(€11 X fl); <5 Gin, :P(61n1 X f1)

9ra :P(erl X fr); -5 Grn, :]P)(ern,,» X fr)

AY L 1 AY

ISO/IEC 13568:2002(E)

(vu.cllvjlhb.yllv‘b.l—u,} \vu,.clnjvjl.b.ylnlv.b.L—u)

CA
NVule,o3 z:grr0oz. l=u)A . ANuie, 3, 2:9p, 02.1=u)

glnlu:g1nlv.u:1})

Vup:e|gru=g,veu=0v)A.. AN uv:e ,,

Vu,piers | griu=grveu=0)A.. AN UV:€n, | Grnt=grn v U= V)

Vb,b,:Ne
(Fw:ful
b,=1ANw=h,, V. Vbh=mAw="hym, V
by=m+1lAwe{r:g,,0x.2} V..Vb
ANby=1ANw=h,, V..Vb,=m Aw=hyny
bo=mi+1Awe{zr:g,,0x.2}V..\b,
by = by) A

m +m Aw€E{T:gn,

A\

I

m1+n1/\w€{$191n1

‘n
b w: s
b,=1ANw=h.y V..Vb, =mu pw=hppm, V
by=mr+1Awe{r:g,ex .2} V..Vb =
ANba=1ANw=hp, V..Vbi=Em Aw="hppm, V
bo=m,+1Awe{zng., 0z .2} V..Vby=m+n ANw€{T:grn,
b, = b,)

mr+n. Aw€{x:grn,

Vw, | Pfi; s we P S|

hiy €wy Ao MRy, € wy A

CA

hyy € WA o A By, € Wy A

(v i‘/(M fl == Wy ey fr ::wr.ell).gllyewl)/\
WAV Yy fi==wy o fr==w,0€,,) @0, Y EW,) A

‘A

L

o

.

e T.

.2})
.2})

2})
2})

Vg .- Jpl — Wiy vy Jr —— Wr 'Crl) O Gr1§J T Wyr)

ANy (ufi==wy; .y fr==w,0erp,. )0 grpn Yy EwW,.)e
w, = f1i A Awp. = f

END

The type names are introduced by the given types paragraph. The elements are declared as members of their cor-
responding free types. The injections are declared as functions from values in their domains to their corresponding

free type.

The first of the four blank-line separated predicates is the total functionality property. It ensures that for every

injection, the injection is functional at every value in its domain.
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The second of the four blank-line separated predicates is the injectivity property. It ensures that for every
injection, any pair of values in its domain for which the injection returns the same value shall be a pair of equal
values (hence the name injection).

The third of the four blank-line separated predicates is the disjointness property. It ensures that for every free
type, every pair of values of the free type are equal only if they are the same element or are returned by application
of the same injection to equal values.

The fourth of the four blank-line separated predicates is the induction property. It ensures that for every free
type, its members are its elements, the values returned by its injections, and nothing else.

The generpted p expressions in the induction property are intended to effect substitutions of all refetences to the
free type games, including any such references within generic instantiation lists in the e expressions

NOTH 2 That is why this is a semantic transformation not a syntactic one: all implicit generi¢/instarjtiations shall
have Jeen made explicit before it is applied.

NOTH 3 The right-hand side of this transformation could have been expressed using notation from the fnathematical
toolkit, as follows, but for the desire to define the Z core language separately from, the mathematical tdolkit.

ZED

fs-es fr]
END

AX
iy ooy Rim, & fa

By ooy B, @ fr

h1 €11 — fla ey 91n1 :61711 — fl

1€y o= fri o Grng t €rn, o= fr

—

5700t ({1 1}y wory {ham, }y TAN Guhy ooy TAN G, )

SjOi’th({hrl}, ceey {hrmr}y Tan gr 1, .- rang”“"r>
Mws i Pfi; oo we: Pfid
{hl 1y ey, hlml}ugll(l pfi==w; .. fr ==wr eei, D
UeUgin, (pfi ==w1; ooy fr==wroein, ) Cw A

A
{r sy oy B, YU Gra( 0 fr == ws; oo fr==wr®er,
UeeUgrn, (pfo ==w1; ..j fr==wr®erpn,.|) Cwre
Wa = f1 N .. ANwy = fr

END.

14.2.4 Predicate
14.2.4.1 Unique existential predicate

The unique existential quantification predicate 3, e o p is true if and only if there is exactly one value for e for
which p is true.

Jeep = -~ (Veea(pA(V[e|p]Tebe=0e™))
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NOTE Exploiting notation that is not present in the annotated syntax, this abbreviates to the following.

Jd,eep = JeepA(Ve|p]~ole=0e"™)

It is semantically equivalent to there existing at least one value for e for which p is true and all those values for
which it is true being the same.

14.2.5 Expression
14.2.5.1 Tuple selection expression

The value|of the tuple selection expression e . b is the b’th component of the tuple that is the valiie [of e.

(d 8 7o X ..X7,).b = {i:carrier (1, X ... X 7T,) ®

(i, iy carrier Ty; .. iyt carrier T, | = (iys1in) @ ip)} €

NOTH Exploiting notation that is not present in the annotated syntax, this abpreviates to the followjing.

(e 8 Tu X XTp). b = (Ni:carrier (T, X ... X Tp) ®

L T1 : CATTIET Ty; ...y dp & CATEET Tn | & = (11,...,0n) ® ip)

It is semaiftically equivalent to the function construction, from tuplés of the Cartesian product type tq the selected
componen} of the tuple b, applied to the particular tuple e.

14.2.5.2| Binding construction expression

*

The value|of the binding construction expression 6 e * ig,the binding whose names are those in the|signature of
schema e fnd whose values are those of the same nanites with the optional decoration appended.

Oe™ g [iy:Ty; oo in:Tn] = (i, ==1, decor ™, ..., i, == 1y, decor * |
It is semaftically equivalent to the binding,éxtension expression whose value is that binding.
14.2.5.3| Binding selection expression

The valuelof the binding selection expression e . i is that value associated with ¢ in the binding that| is the value
of e.

(e(s3fe]) .i = {carrier [o] ® (chartuple (carrier [o]),i)} e

NOTH Expleiting notation that is not present in the annotated syntax, this abbreviates to the followjing.

(e gfo]).i = (A carrier[o]ei)e

It is semantically equivalent to the function construction expression, from bindings of the schema type of e, to
the value of the selected name i, applied to the particular binding e.

14.2.5.4 Application expression
The value of the application expression e, e, is the sole value associated with e, in the relation e,.
e, 6y 87 = (pi:carrierT| (es,1) €€, ®1)

It is semantically equivalent to that sole range value ¢ such that the pair (e,, %) is in the set of pairs that is the
value of e,. If there is no value or more than one value associated with e,, then the application expression has a
value but what it is is not specified.
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14.2.5.5 Schema hiding expression

The value of the schema hiding expression e \ (i1, ...,1,) is that schema whose signature is that of schema e
minus the hidden names, and whose bindings have the same values as those in schema e.

(e 8 Po]) \ (iry-yin) == = (Y i, : carrier (o i,); ...; in : carrier (o i,) ® = ¢)

NOTE Exploiting notation that is not present in the annotated syntax, this abbreviates to the following.

(e o Pl \ (4 i i carrier(a i i ocarrier (g i lee
[h A (- - + ety -

It is semaniftically equivalent to the schema existential quantification of the hidden names i, , .. £%;-fronh the schema
€.

14.2.5.6| Schema unique existential quantification expression

The value|of the schema unique existential quantification expression 3; e, ® e, is the set of bindings of schema
e, restrictpd to exclude names that are in the signature of e,, for at least one Hinding of the schemq e, .

Jie0e, = (Ve ea(ex A (Ve |e]™ 0be)=0¢, ™))

NOTH Exploiting notation that is not present in the annotated-syntax, this abbreviates to the followjing.

J e 0e. = Je, 0 AV [ex] 006, =0e, ™)

It is semaitically equivalent to a schema existential quaitification expression, analogous to the uniqye existential
quantification predicate transformation.

14.2.5.7| Schema precondition expression

The value| of the schema precondition expréssion pree is that schema which is like schema e but] without its
primed anfd shrieked components.

pre(e s Plgy]) 8 Plo.] = - (¥ carrier [0, \ 0] @ =€)

NOTH Exploiting notation that is not present in the annotated syntax, this abbreviates to the followjing.

pre(e 8 Plo.]) 8 Plo.] = 3 carrier [0, \oz] @€

It is semapticallynequivalent to the existential quantification of the primed and shrieked componefts from the
schema e.

14.2.5.8 Schema composition expression

The value of the schema composition expression e, § e, is that schema representing the operation of doing the
operations represented by schemas e, and e, in sequence.

(ex 8 Ploa]) § (ex 8 Plo]) & Plo]
—
S (Velea(n(Ve,oe; e |fey;=0e")
A (Y ey o [e €| B, = 06))

where e; == carrier [{i : NAME; 7 : Type | i decor '+ 7 € o, @i decor '+ T}]
and e, == carrier [{i : NAME; 7:Type | i — T € 0, ® i — T}]
and €™ == (e, )™
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NOTE Exploiting notation that is not present in the annotated syntax, this abbreviates to the following.

(2 8 Plou]) § (€2 8 Ploz]) 8 Plo]

Jee(Tesoer; e 0ey =0e™)
AN(Tesoles; | 0e, =0€™])

where e; == carrier [{i : NAME; 7 : Type | i decor '+ 7 € o, @i decor '+ 7}]
and e, == carrier [{i : NAME; 7:Type | i — 7 € 0, @i > T}]
and ™ == (e,

It is semaptically equivalent to the existential quantification of the matched pairs of primed components of e,
and unprifned components of e,, with those matched pairs being equated.

14.2.5.9| Schema piping expression

The value|of the schema piping expression e, >> e, is that schema representing the operation fornled from the
two operations represented by schemas e, and e, with the outputs of e, identified with/tle inputs of e..

(e, 8 Plo,]) > (e, s Plos]) s Plo]

=
S (V e 0 (= (V ey 0 [ens [ By =067
A=V ey 0= fess [ e, = 0.6))

where e, == carrier [{i : NAME; 7: Type | i decor | — 7Eb, @i decor | — 7}]
and e, == carrier [{i : NAME; T : Type | i decor ? =7 € 0, ® i decor 7 — T}]
and e == (e, )

NOTH Exploiting notation that is not present in the annotatédvéyntax, this abbreviates to the followjing.

(ex 8 Plo.]) => (éx)s Plos]) ¢ Plo]
=

Jee(Tesoer; e 0e; =0eX)
A(Teyoles; €] 0e, =06

where e; == carrier [{i : NAME; 7 : Type | i decor |+ 7 € o, @i decor ! +— T}]
and e, == carrier [{i “NAME; T : Type | i decor ? — T € 0, @ i decor ? — T}]
and ™ == (e,

It is semaftically equivalent to the existential quantification of the matched pairs of shrieked components of e,
and queridd components of e,, with(those matched pairs being equated.

14.2.5.1¢0 Schema decoration expression

The value|of the schema decoration expression e T is that schema whose bindings are like those of the schema e
except thdt their names hayé the addition stroke *.

(T Pliy:7y; o in:ma))t = e [iy decor T /iy, ... iy decor t ] iy]

It is semanticallyequivalent to the schema renaming where decorated names rename the original names.

]_5 Se lldlltib I.E}.dtiUllb

15.1 Introduction

The semantic relations define the meaning of the remaining annotated notation (that not defined by semantic
transformation rules) by relation to sets of models in ZF set theory. The only sentences of concern here are ones
that are already known to be well-formed syntactically and well-typed.

This clause defines the meaning of a Z specification in terms of the semantic values that its global variables may
take consistent with the constraints imposed on them by the specification.

This definition is loose: it leaves the values of ill-formed definite description expressions undefined. It is otherwise
tight: it specifies the values of all expressions that do not depend on values of ill-formed definite descriptions,
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every predicate is either true or false, and every expression denotes a value. The looseness leaves the values
of undefined expressions unspecified. Any particular semantics conforms to this International Standard if it is
consistent with this loose definition.

EXAMPLE The predicate (uz : { }) € T could be either true or false depending on the treatment of undefinedness.

NOTE 1 Typical specifications contain expressions that in some circumstances have undefined values. In those
circumstances, those expressions ought not to affect the meaning of the specification. This definition is then sufficiently
tight.

NOTE 2 Alternative treatments of undefined expressions include one or more bottoms outside of the carrier sets,

. . 1 1 c LR AR . .
O ungeterIIrmnaea valucs ITOIIT WICIIIIT CIIC CaITIcl scis.

15.2 Formal definition of semantic relations
15.2.1 [Specification
15.2.1.1| Sectioned specification

[ 51 ..5.]° = ([ZED section preludeparents END ... |* ¢ [5:]5...5[ 5. [°) @

The meanjng of the Z specification s, ... s, is the function from sections’ names to their sets of m¢dels formed
by starting with the empty function and extending that with a maplet from a section’s name to its get of models
for each sqction in the specification, starting with the prelude:

To determjine [ ZED section prelude parents END ... | anpther prelude shall not be prefixed onto it.

NOTH The meaning of a specification is not the mearing of its last section, so as to permit several megningful units
withinl a single document.

15.2.2 [Section
15.2.2.1| Inheriting section

The prelugle section, as defined in clause 11, is treated specially, as it is the only one that does not have prelude
as an implicit parent.

[NZED section prelude parents END D, ... D, ﬂs

A\ T\ SectionModels o {prelude l—_>([[ D, 1%s...5[Du1”) ({2} D}

The meanjng of the Prelude section is given by that constant function which, whatever function frpm sections’
names and their sets of models it is given, returns the singleton set mapping the name prelude to its s¢t of models.
The set ofjmodels.s that to which the set containing an empty model is related by the composition of fhe relations
between njodels-that denote the meanings of each of the prelude’s paragraphs—see clause 11 for deflails of those
paragraphk

NOTE One model of the prelude section can be written as follows.

{A— A,

N +— N,
number_literal_0 +— 0,
number_literal_1 — 1,

-+-~{((0,0),0),((0,1),1),((1,0), 1), ((1,1),2), ... }}

The behaviour of (- 4 _) on non-natural numbers, e.g. reals, has not been defined at this point, so the set of models
for the prelude section includes alternatives for every possible extended behaviour of addition.
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S

[ ZED section i parents i,,...,i, END D, ... D, ]
A T : SectionModels T U {i —
([ Dy 1788 Dn 17) ( {My : T prelude; M, : T iy; ... My : T i M: Model | M = MyUM,U...UM,, ® M} |)}

The meaning of a section other than the prelude is the extension of a function from sections’ names to their sets
of models with a maplet from the given section’s name to its set of models. The given section’s set of models
is that to which the union of the models of the section’s parents is related by the composition of the relations
between models that denote the meanings of each of the section’s paragraphs.

15.2-3 Pou.olsxolyh
15.2.3.1| Given types paragraph

The given|types paragraph ZED [i,, ..., 4,] END introduces unconstrained global names.

[ ZED [iy,...,in]) END |° = {M: Model; wy, ..., w, : W
o M— MU{i, — wy, ..., in+— wy}
U {4, decor O — wy, .. iypidecor O — w,}}

It relates 4 model M to that model extended with associations between the names of the given types gnd semantic
values chopen to represent their carrier sets. Associations for names decorated with the reserved strolte O are also
introduced, so that references to them from given types (see 15.2.6.1) canh avoid being captured.

15.2.3.2| Axiomatic description paragraph
The axionjatic description paragraph AX e END introduces glolal riames and constraints on their valyies.
[AX e END |7 = {M: Model; t Woftc[e] °MeM— MUt}
It relates § model M to that model extended with a binding ¢ of the schema that is the value of e iy model M.
15.2.3.3| Generic axiomatic descriptionparagraph

The generjc axiomatic description paragraph GENAX [i,,...,i,] e END introduces global names and cqnstraints on
their valugds, with generic parameters that hdve to be instantiated (by sets) whenever those names arf referenced.

[ GENAX [iy, ..., in] (e 8 P[fy : Ta; (3N : Tm]) END |” =
{M: Model; u:W T =W
|V wy, ., g WeI w:We
u (wy, ) wy) €Ew
A {3y — wy, ..., iy > wy Y U {iy decor @ w, ..., iy, decor @ +— wy}) — € [e]°
e M MUXNy:{j, .y jmierz: Wlineuzy}

Given a rhodel” M and generic argument sets wy, ..., wy,, the semantic value of the schema e in|that model
overridder] by/the association of the generic parameter names with those sets is w. All combinatiohs of generic
arguient setsare-eonstdered—hefrmetionrrapsthepenerterremmentsetstoabirdine—trthe-sehoe ma w. The
paragraph relates the model M to that model extended with the binding that associates the names of the schema
e (namely j,, ..., jm) with the corresponding value in the binding resulting from application of u to arbitrary
instantiating sets z. Associations for names decorated with the reserved stroke # are also introduced whilst
determining the semantic value of e, so that references to them from generic types (see 15.2.6.2) can avoid being
captured.

15.2.3.4 Conjecture paragraph

The conjecture paragraph ZED F7 p END expresses a property that may logically follow from the specification. It
may be a starting point for a proof.

[ZEDF? p END |° = id Model
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It relates a model to itself: the truth of p in a model does not affect the meaning of the specification.
15.2.3.5 Generic conjecture paragraph

The generic conjecture paragraph ZED [i,, ...,4,] F? p END expresses a generic property that may logically follow
from the specification. It may be a starting point for a proof.

[ ZED [iy,...,in] F? p END |7 = id Model
It relates a model to itself: the truth of p in a model does not affect the meaning of the specification.

15.2.4 Predicate

The set offmodels defining the meaning of a predicate is determined from the values of its constitent|expressions.
The set tHerefore depends on the particular treatment of undefinedness.

15.2.4.1| Membership predicate
The membership predicate e, € e, is true if and only if the value of e, is in the set that is the valud of e,.
[e.€e.]” = {M: Model |[ e, "M € [ e, | Me'\M}

In terms df the semantic universe, it is true in those models in which the semantic value of e, is in the semantic
value of e, and is false otherwise.

15.2.4.2| Truth predicate

A truth predicate is always true.

[ true |7 = <Model

In terms df the semantic universe, it is true in all models,

15.2.4.3| Negation predicate

The negatjon predicate — p is true if and only if9p'is false.

kS 17 = Model\[p ]

In terms df the semantic universe, it_is$#7ue in all models except those in which p is true.
15.2.4.4| Conjunction predicate

The conjuphction predicate py A, is true if and only if p, and p, are true.
[p. Aps ]]P = [p ﬂpm[[p2 HP

In terms ¢f the semaditic universe, it is true in those models in which both p, and p, are true, |and is false
otherwise.

15.2.4.5| Universal quantification predicate

The univer
schema e.

[Veep]” = {M:Model |Vt:[e]"MeMatc[p] oM}

In terms of the semantic universe, it is true in those models for which p is ¢rue in that model overridden by all
bindings in the semantic value of e, and is false otherwise.

15.2.5 Expression

Every expression has a semantic value, specified by the following semantic relations. The value of an undefined
definite description expression is left loose, and hence the values of larger expressions containing undefined values
are also loosely specified.
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15.2.5.1 Reference expression

The value of the reference expression that refers to a non-generic definition ¢ is the value of the declaration to
which it refers.

[i]° = X M: Model M i
In terms of the semantic universe, its semantic value, given a model M, is that associated with the name i in M.
15.2.5.2 Generic instantiation expression

The value of the generic instantiation expression i [e e.]1s a particnlar instance of the generic referred to by

name ¢.
[iler,-en] ] = X M: Model @ Mi ([e, |°M, ..., [ en ]|*M)

In terms df the semantic universe, its semantic value, given a model M, is the generic valie associafed with the
name ¢ in [M instantiated with the semantic values of the instantiation expressions in~M.

15.2.5.3| Set extension expression
The valuelof the set extension expression { e,,...,e,} is the set containing theé\¥alues of its expressidns.
[{er,nent " = X M: Model o {[ e, |" M,y e, "M}

In terms of the semantic universe, its semantic value, given a model M;is the set whose members are fhe semantic
values of the member expressions in M.

15.2.5.4| Set comprehension expression

The value|of the set comprehension expression { e, o e, }¢s the set of values of e, for all bindings of the schema
e.

[{e oe} J° = NM:Modelo {t, :[e; ["Me[e,]° (MDt,)}

In terms of the semantic universe, its semantic value, given a model M, is the set of values of e, in M overridden
with a binding value of e, in M.

15.2.5.5| Powerset expression

The value|of the powerset expressionPe is the set of all subsets of the set that is the value of e.
[Pe]® = X M: Model o P ([ e |* M)

In terms df the semantic uniyerse, its semantic value, given a model M, is the powerset of values of p in M.
15.2.5.6| Tuple extension expression

The value| of the tuple extension expression (e,,...,e,) is the tuple containing the values of its expressions in
order.

[(ey e ]S = XN M: Modele ([e, I°M. ... [ ey I°M)

In terms of the semantic universe, its semantic value, given a model M, is the tuple whose components are the
semantic values of the component expressions in M.

15.2.5.7 Binding extension expression

The value of the binding extension expression { i, == e,,...,i, == e, ) is the binding whose names are as
enumerated and whose values are those of the associated expressions.

[(i.==¢1ein==en)]° = X M: Model ® {i, — [ e, |°M, ..., i, — [ e, ]° M}

In terms of the semantic universe, its semantic value, given a model M, is the set of pairs enumerated by its
names each associated with the semantic value of the associated expression in M.
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15.2.5.8 Definite description expression

The value of the definite description expression i e, ® e, is the sole value of e, that arises whichever binding is
chosen from the set that is the value of schema e,.

{M: Model; t, : W

|t,€le. |°M
ANt Le Mo e ] (Mat) =[e ] (Ma 1))
oM [e ]| (Mat)} Clpeee]
In terms of the semantic nniverse, its semantic value, given a model M in which the value of e, in that model

overridder] by a binding of the schema e, is the same regardless of which binding is chosen, is that| value of e,.
In other njodels, it has a semantic value, but this loose definition of the semantics does not say~whalt it is.

15.2.5.9| Variable construction expression

The valuelof the variable construction expression [i : e] is the set of all bindings whose'$ole name isi and whose
associated| value is in the set that is the value of e.

[[i:e]]° = AN M: Model @ {w:[e]°Me {i ~(w}t

In terms df the semantic universe, its semantic value, given a model M, js'the set of all singleton bindings (sets
of pairs) of the name 4 associated with a value from the set that is the semantic value of e in M.

15.2.5.1¢0 Schema construction expression

The value|of the schema construction expression [e | p] is theyset of all bindings of schema e tha} satisfy the
constraint of predicate p.

[lelp]]° = AM:Modelo {t:Je]"M|Matec|[p]” ot}

In terms df the semantic universe, its semantic value,“given a model M, is the set of the bindings (gets of pairs)
that are npembers of the semantic value of schemare in M such that p is true in the model M ovefridden with
that bindipg.

15.2.5.11 Schema negation expression

The value|of the schema negation expression — e is that set of bindings that are of the same typq as those in
schema e put that are not in schema-e.

[-esPr]" = X M: Modelo {t:[7]"M|-tc[e] " Met}

In terms df the semantic universe, its semantic value, given a model M, is the set of the bindings (gets of pairs)
that are thembers of Ahe'semantic value of the carrier set of schema e in M such that those bindings are not
members ¢f the seprantic value of schema e in M.

15.2.5.12 Schema conjunction expression

The value|of $hie schema conjunction expression e, A e, is the schema resulting from merging the gignatures of
schemas e, and e, and conjoining their constraints.

[esNes e P = XN M:Modelo {t:[ 7] " M; t,:[e, [*M; to:[ex |"M|t,Ut,=tet}

In terms of the semantic universe, its semantic value, given a model M, is the set of the unions of the bindings
(sets of pairs) in the semantic values of e, and e, in M.

15.2.5.13 Schema universal quantification expression

The value of the schema universal quantification expression V e, ® e, is the set of bindings of schema e, restricted
to exclude names that are in the signature of e,, for all bindings of the schema e,.

[Ve oes sPT]° = XN M:Model @ {t,:[7]" M|Vt :[e,|["Mot,Ut,€[e.]° (MDt) et}
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In terms of the semantic universe, its semantic value, given a model M, is the set of the bindings (sets of pairs)
in the semantic values of the carrier set of the type of the entire schema universal quantification expression in
M, for which the union of the bindings (sets of pairs) in e, and in the whole expression is in the set that is the
semantic value of e, in the model M overridden with the binding in e, .

15.2.5.14 Schema renaming expression

The value of the schema renaming expression e [j, / 44,...,Jn / in] is that schema whose bindings are like those
of schema e except that some of its names have been replaced by new names, possibly merging components.

lelj/d,esdn/in]]° = X M: Model o
{t,:[e]"M; t, : W |
to ={j1 = G1y ey dn = inf gt U{is, . .yinf S
Nty € (_ -+ _)
i}

In terms df the semantic universe, its semantic value, given a model M, is the set of\the bindings (gets of pairs)
in the senmjantic value of e in M with the new names replacing corresponding old(names. Where conhponents are
merged by| the renaming, those components shall have the same value.

15.2.6 [Type

The valuelof a type is its carrier set.
NOTH 1 For an expression e with a defined value, [ e g 7] e¢]7.
NOTH 2 The value of a generic type, [ [i1,...,in] 7], is never needed, and so is not defined.

NOTH 3 [ 7]* M differs from carrier 7 in that the forraerrapplication returns a semantic value wherpas the latter
applicption returns an annotated parse tree.

15.2.6.1| Given type

[ GIVEN i J©O = X\ M : Model M (i decor Q)

The semantic value of the given type GIVEN 4, given a model M, is the semantic value associated with the given
type namq ¢ in M.

15.2.6.2| Generic parameéter type

[ GENTYPE i |7 = X\ M: Model @ M (i decor &)

The semaitic value of the generic type GENTYPE ¢, given a model M, is the semantic value associated [with generic
parameter| namesz-in M.

15.2.6.3 | . Powerset type

[Pr]" = X\ M: Model ¢ P ([ 7]" M)
The semantic value of the set type P, given a model M, is the powerset of the semantic value of type 7 in M.

15.2.6.4 Cartesian product type

[7oX..x7 " = X M: Model o ([, ]" M) x ...x ([ 1o ]" M)

The semantic value of the Cartesian product type 7, X ... X 7, given a model M, is the Cartesian product of the
semantic values of types 7,... 7, in M.
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15.2.6.5 Schema type

[lis:7; s in:ma] ]© = X M: Model
o {t:{iy, yin} =Wlti, e[, ]"MA..Atin€[1,] Mot}
The semantic value of the schema type [i, : 715 ...; ip : 7], given a model M, is the set of bindings, represented

by sets of pairs of names and values, for which the names are those of the schema type and the associated values
are the semantic values of the corresponding types in M.
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Annex A
(normative)

Mark-ups

A.1 Introduction

Not all systems support ISO/IEC 10646 [5][6] (UCS), the definitive representation of Z characters (clause 6).
Other representations are known as mark-ups. For each mark-up, there shall be a functional map

ISO/IEC 13568:2002(E)
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5 representation. The UCS representation may be used directly: the identity function is)4
[This annex defines two mark-ups based on 7-bit ASCII [4] and their mappings:

hail, or lightweight ASCII, mark-up, suitable for rendering Z characters on alew resolution
ASCII-character-based terminal, or in e-mail correspondence.

up mappings described in this annex show how to partition ASCIKmark-up into ‘marK
O convert each mark-up token to a corresponding sequence of Z(characters. Mark-up tok
ASCII characters (such as digits) are converted by default direCtly to the corresponding
SCII-zy to 0000 00zxy in UCS. Use of different sequences of thark-up characters that corre
Aracters is permitted by this International Standard, as’the’same lexical tokens will resu
require lexical tokens to be marked-up consistently.

k-ups, such as the BTEX mark-up, have a rendering separate from their conversion. A nl
dering information, such as bold or italic, that*s-irrelevant to its conversion. A mark-up
ing shall be consistent with each other, i.e,.§0meone reading the rendering should perce
f lexical tokens as is specified by this International Standard from the conversion.

1itics of a specification are specified ‘bysthe normative clauses of this International Stanl
h that its sections are in a definition* before use order. This restriction need not be imy
hich sections are presented to a htitman reader or to a tool. A mark-up shall be such that sed
ognised without recognising anything else, so that sections marked-up out-of-order can 1|

1 Specifications withicycles in the parents relation are erroneous, so there is no need to permute {

2 The syntax of la mark-up is separate from the syntax of the lexis (clause 7). It would be
e that a mark-up‘should follow the syntax of the lexis.

XAMPLE_SThe IXTEX mark-up \begin{schema}{S} becomes the Z characters SCHCHAR S for r
le lexis, the/braces not appearing in the Z characters, though they have to be there in the I#TEX

’EX-mark-up

conformant

X [10] mark-up, suitable for processing by that tool to render Z characters in their nfathematical form;
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NOT

Dome guldance on 1mplementing the speciication contained 1n this clause 1s given 1n [L7].

A.2.1 Rendering mode

The rendering of mark-up by ETEX depends on the mode in which it is interpreted. The mark-up of formal Z
text shall be interpreted and rendered in I#TEX’s math mode.

Other aspects of the rendering shall be defined to be consistent with the conversion defined below.

A.2.2 White space and comments

Within IXTEX’s math mode, white space separates tokens of the mark-up, but only sometimes is rendered as

space.
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The ASCII white space characters space, tab and newline are ‘soft’: they render as nothing, and they shall be
converted to no Z characters.

The ‘hard’ space mark-ups render as specific quantities of space and shall be converted to Z characters as listed
below. The IMTEX commands for hard space shall be in scope throughout a specification.

NOTE 1 Early ones in the table are existing IXTEX commands; later ones (the tab stops onwards) are additional
commands that have traditionally been used in mark-up of Z.

BETEX command Rendering Z character
- mterword space SPACE
\, thin space SPACE
\: medium space SPACE
\; thick space SPACE
\(space) interword space SPACE
A\ newline NLCHAR
\t1 tab stop 1 SPACE
\t2 tab stop 2 SPACE
\t3 tab stop 3 SPACE
\t4 tab stop 4 SPACE
\t5 tab stop 5 SPACE
\t6 tab stop 6 SPACE
\t7 tab stop 7 SPACE
\t8 tab stop 8 SPACE
\t9 tab stop 9 SPACE
\also small vertical space NLCHAR
\znewpagse new page NLCHAR

NOTH 2 It is the generated SPACE characters that go on to separate the tokens of the Z lexis.
All BTEX [comments, except directives (see A.2:3) shall be ignored.

NOTH 3 A ETEX comment starts with a‘)character and extends to the end of that line, over the newl}ine character
itself, jand ends with any spaces and tabis.at the start of the next line.

All { and [} characters that are not (prefixed with \ can affect the conversion of neighbouring mark-yip, but shall
themselveg convert to no Z characters.

A.2.3 Mark-up directives
A.2.3.1 | Introduction

ITEX mark-up is based-on commands whose definitions determine their rendering. The conversion|of the same
commandq to corresponding sequences of Z characters shall be specified by mark-up directives (excg¢pt the com-
mands for|hard=space defined in A.2.2 above).

Rendering] definitions are in terms of either a specific character or a sequence of other existing mark-fip. Mark-up
directives shall analogously be in terms of either a specific character or a sequence of other existing mark-up.

NOTE Rendering definitions are typically formulated in terms of \DeclareMathSymbol and \newcommand commands.

Commands that are used as operator words have space rendered between them and their operands. Mark-up
directives shall specify the conversion of corresponding space. Whereas the quantity of space rendered depends
on whether the operator is a function or a relation, a single SPACE character in the conversion suffices to ensure
consistency between rendering and conversion.

Just as it is an error for a command to be used without a rendering definition, it shall be an error for a command
to be used without a mark-up directive.

In general, a directive begins with %% at the start of a line (no leading space), and ends at the end of that line.
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The usual ITEX rule concerning soft space following a ITEX command being ignored is disabled in the case of
a newline character at the end of a directive.

A.2.3.2

Mark-up directives for single characters

The %%Zchar mark-up directive specifies the conversion of a ITEX command to a Z character. It takes one of

the followi

ng forms,

%%Zchar \LaTeXcommand U+nnnn
%%Zchar \LaTeXcommand U-nnnnnnnn

where nni
Plane of U
anywhere

EXAN
%hZch
%hZch

The |4
The I

If a \LaTe
and/or aft
Any follow
if the \Lal

EXAN
%hZin
hhZpr

The H4

n is four hexadecimal digits identifying the code position of a character in the Basig
CS (0000 nnnn), and nnnnnnnn is eight hexadecimal digits identifying the code position 6
n UCS (nnnn nnnn). A use of this \LaTeXcommand shall be converted to the correspendiy

PLE 1
br \Delta U+0394
hr \arithmos U-0001D538

TEX mark-up ‘\Delta’ converts to the Z character ‘A’ and renders as ‘A
TEX mark-up ‘\arithmos’ converts to the Z character ‘A’ and renders-ag\"A’.

Xcommand for a character is used as an operator word, then-the conversion of SPACE char
br it shall be specified using the appropriate %%Zprechar JiZpostchar or %%Zinchar mark-
ing subscript or superscript shall precede any following SPACE. These SPACE characters sha
[eXcommand is enclosed in braces.

[PLE 2

Char \sqsubseteq U+2291

bchar \finset U-0001D53D

E

TEX mark-up ‘\sqsubseteq’ converts té«the Z character sequence * " and renders as ‘ C .

Multilingual
a character
g character.

cters before
up directive.
1 be omitted

The IYTEX mark-up ‘\sqsubseteq_1’ convertsto the Z character sequence ¢ C\ 1\  ’ and renders as| C; .

The HTEX mark-up ‘\sqsubseteq™_1’ converts to the Z character sequence * C \ 1\ and renders a§ ‘ C ;’.

The HTEX mark-up ‘\finset’ converts‘to the Z character sequence ‘F ’ and renders as ‘F’.

The HTEX mark-up ‘{\finset}’ cenverts to the Z character sequence ‘F’ and renders as ‘F’.

NOTH The braced form istnecessary when the character is used within a larger word.
A.2.3.3 | Mark-up ditectives for words
The %%Zwgrd mark-up) directive specifies the conversion of a IMTEX command to a sequence of Z characters. It
takes the following(form,
%hZword \LaTeXcommand Zstring
where Zsteiag—isHr—marletprtor—a—sequence—ofZ—characters— he—Zstring-shatexelude—anyleading soft
spaces and end at the end of the line. A use of this \LaTeXcommand shall be converted to the conversion of
Zstring.

EXAMPLE 1

%hZword \phiS \phi S

The ITEX mark-up ‘\phiS’ converts to the Z character sequence ‘¢S’ and renders as ‘¢.S’.

If a \LaTeXcommand for a word is used as an operator word, then the conversion of SPACE characters before and/or
after it shall be specified using the appropriate %%Zpreword, %/%Zpostword or %%Zinword mark-up directive. Any
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following subscript or superscript shall precede any following SPACE. These SPACE characters shall be omitted if
the \LaTeXcommand is enclosed in braces.

A.2.3.4 | Scope of a mark-up directive

EXAMPLE 2
Y%%Zinword \dcat {\cat}/

The BETEX mark-up ‘\dcat’ converts to the Z character sequence ‘ 7/ ’ and renders as ‘ /.

The BTEX mark-up ‘\dcat_1’ converts to the Z character sequence * /N1 ’ and renders as ‘ "/, .
The BWTEX mark-up ‘\dcat~_1’ converts to the Z character sequence ¢ 7/ 1\ and renders as * "~/ 1 .
The BTEX mark-up ‘{\dcat}’ converts to the Z character sequence ‘" /’and renders as ‘" /’.

NOTH The braced form is necessary when the character sequence is used within a larger word

The scopq of a mark-up directive is the entire section in which it appears and anyssections of which it is an
ancestor, ¢xcluding the headers of those sections, and excepting earlier such directivés. There can|be no more
than one directive for a particular \LaTeXcommand in the same scope. These %% @divectives may appdar within as

well as befween formal paragraphs, merely having to be on lines by themselves:

In convertjng the Zstring of the mark-up directive for a word, the mark-up.riles defined for the Z cqre language,

and the mfark-up rules established by earlier mark-up directives, shall besapplied.

A.2.4 CQore characters and words

EXANIPLE
%hZword \foo x \bar y
Y%hZword \bar +

The ofder in which these two directives are written matters:” in this order, either \bar is erroneously us¢d before it is
definefl, or \bar is erroneously defined more than once.

The following mark-up shall be provided for-~tlie characters and words of the Z core language. |Each IWTEX
command fand its conversion is specified in the form of a directive that shall appear in the mark-up of the prelude

section.

A.2.4.1 | Greek alphabet characters

Only the minimal subset of Geeek alphabet defined in 6.2 needs to be supported by an implementation. The

mark-ups pf any other GreeK characters shall be as if specified by %%Zchar directives.

Z character ETEX \mark-up

T >

82

%%Zchar \Delta U+0394
%%Zchar \Xi U+039E
%hZprechar \theta U+03B8
Y%hZprechar \lambda U+Q03BB
%hZprechar \mu U+03BC

EXAMPLE

The BTEX mark-up ‘\Delta S’ converts to the Z character sequence ‘AS’ and renders as ‘AS’.
The IETEX mark-up ‘\Delta~S’ converts to the Z character sequence ‘A 8’ and renders as ‘A §’.
The ETEX mark-up ‘\lambda x’ converts to the Z character sequence ‘A x’ and renders as ‘A x’.
The BTEX mark-up ‘{\lambda}x’ converts to the Z character sequence ‘Ax’ and renders as ‘Az’.

NOTE 1 Exceptions are made for #, A and p to ease the mark-up of binding construction, function construction
and definite description expressions.
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Z

A
N
P
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NOTE 2 KTEX does not provide separate mark-up for upper case Greek letters that render like Roman counterparts.
A.2.4.2 Other letter characters

character ITEX mark-up

%%Zchar \arithmos U-0001D538
%%Zchar \nat U+2115
%hZprechar \power U+2119

EXANIPLE
The HTEX mark-up ‘\power S’ converts to the Z character sequence ‘P S’ and renders as ‘P .S’.
The HTEX mark-up ‘{\power}S’ converts to the Z character sequence ‘PS’ and renders as ‘PS’,

A.2.4.3 | Special characters

Z

===~ |

character ETEX mark-up

%hZchar \_ U+005F
%hZchar \{ U+007B
%hZchar \} U+007D
%%hZchar \ldata U+300A
%%Zchar \rdata U+300B
Y%hZchar \1blot U+2989
%hZchar \rblot U+298A

NOTH No SPACE characters need be converted around“SPECIAL characters; space may be rendered if
The mark

throughoult a specification.

The BTEN mark-up for subscripts and supefseripts shall be converted as follows.

BTEX mark-up Z characters

" (single BTEX token) AR
~{ (BTEX|tokens) } /" «Z character sequence
_ (single BTEX token) A
_{ (IWTEX|tokens) ¥ N, (

Z character sequence)

)/
7Z character sequence) "\
Z character sequence) "\

EXANIPLE

BTREX|mark-Gipx~1 converts to Z character sequence ‘x,”1,’, and renders as ‘z'’
ITEX|matk-up x~{1} converts to Z character sequence ‘x 1,"’, and renders as ‘z
I¥TEX|mark-up x~\Delta converts to Z character sequence ‘x /A’ and renders as ‘z

15
Ay

Lup \_ needs to be in scope in section theaders, so is not introduced in the prelude.

Hesired.

is in scope

KTEX mark-up x"{\Delta S} converts to Z character sequence ‘x /AS/", and renders as ‘z°"’
ETEX mark-up \exists_1 converts to Z character sequence ‘I\1\’, and renders as ‘3,’

ETEX mark-up \exists_{1} converts to Z character sequence ‘I\1~\’, and renders as ‘3,’
BTEX mark-up \exists_\Delta converts to Z character sequence ‘IN\ AN, and renders as ‘3,’

BTEX mark-up \exists_{\Delta S} converts to Z character sequence ‘I ASN’, and renders as ‘3, ¢’

KTEX mark-up x_a”b converts to Z character sequence ‘x\,a\_/b,”’, and renders as ‘z,*’

KETEX mark-up x_{a"b} converts to Z character sequence ‘x\a b, N\, and renders as ‘z,»’
I¥TEX mark-up x_a{}_b converts to Z character sequence ‘x\ ,a\ \\b\’, and renders as ‘x,;’

Box characters arise from the conversion of paragraph mark-up, as described in A.2.7. Mark-ups for NLCHAR and
SPACE are given in A.2.2.
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Symbol characters (except mathematical toolkit characters)

Mark-ups

The BTEX mark-up of the Z character e is the ASCII character @ (see below for its spacing behaviour.) Its
mark-up is in scope throughout a specification.

Z character ETEX mark-up

causes space

ly be added
wing SPACE.
hd when the

th functions

Hded around
SPACE. The
braces and

= %hZchar \vdash U+22A2
A %hZinchar \land U+2227
\Y %%hZinchar \lor U+2228
= Yhinchar\implies—U+21D2
& hhZinchar \iff U+21D4
- %hZprechar \lnot U+00AC
v %hZprechar \forall U+2200
3 %hZprechar \exists U+2203
X %%hZinchar \cross U+00D7
€ %%Zinchar \in U+2208
\ %hZinchar \hide U+29F9
I %hZinchar \project U+2A21
S %%hZinchar \semi U+2A1F
> %hZinchar \pipe U+2A20
Some of tlle ASCII symbol characters have an associated spacingrelass in ATEX’s math mode, which
to be rendered around them in certain contexts.
The characters * + - @ and | are classed as IWTEX math functions. SPACE characters shall usual
around thpir individual occurrences. Any following subscript or superscript shall precede the follog
The cases [where the surrounding SPACEs are omitted<are when the character is enclosed in braces a
character s itself used as a subscript or superscripty(follows _ or ~).
EXANPLE 1
The HTEX mark-up ‘x+y’ converts to the Z gharacter sequence ‘x + y’ and renders as ‘z + y’.
The HTEX mark-up ‘x{+}y’ converts tqQ(th€ Z character sequence ‘x+y’ and renders as ‘z+y’.
The HYTEX mark-up ‘x +_1 y’ conversito the Z character sequence ‘x +\ 1\ y’ and renders as ‘z +1
The YTEX mark-up ‘x™+ convert§ to*the Z character sequence ‘x '+, and renders as ‘z™’.
The charagters ; and , are classed as M TEX math punctuations. They are converted like the K TEX m4
above, exdept that no SPACE)is added before their occurrences.
The charafters : < s-and > are classed as IXTEX math relations. SPACE characters shall usually be a
sequences [of their Gecurrences. Any following subscript or superscript shall precede the following
cases whefe the surrounding SPACEs are omitted are when the sequence of characters is enclosed ij
when the yequenée of characters is itself used as a subscript or superscript (follows _ or ~).
EXAMREE2
The BTEX mark-up ‘x=y’ converts to the Z character sequence ‘x = y’ and renders as ‘z = y’.
The ETEX mark-up ‘x==y’ converts to the Z character sequence ‘x == y’ and renders as ‘z == y’.
The ETEX mark-up ‘x::=y’ converts to the Z character sequence ‘x ::= y’ and renders as ‘z ::= y’.
The BTEX mark-up ‘x{=}y’ converts to the Z character sequence ‘x=y’ and renders as ‘z=y’.
The BTEX mark-up ‘x =_1 y’ converts to the Z character sequence ‘x =\ 1\ y’ and renders as ‘z =1 y’.
The I¥TEX mark-up ‘x”=’ converts to the Z character sequence ‘x /=, and renders as ‘z™".
The ITEX mark-up ‘x= =y’ converts to the Z character sequence ‘x == y’ and renders as ‘c == y’.
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A.2.4.5

Core words

Z characters ETEX mark-up

if

then

else

let

pre
function
generic
relation
leftassoc
rightassoc

EXAN
Exam
7 chai

NOTH

NOTH
would

A ITEX g
the comm
SPACEs ar

Z charac

A.25 1

The follow]
and its col

%hZpreword \IF if

%%Zinword \THEN then
%%Zinword \ELSE else
%hZpreword \LET let
hhZpreword \pre pre
%hZpreword \function function

68:2002(E)

hhlpreword \generic generic

%hZpreword \relation relation
%hZinword \leftassoc leftassoc
%hZinword \leftassoc leftassoc

[PLE ETEX mark-up: \IF \disjoint a \THEN x = y \mod z \ELSE x = y Ndiv z
ble rendering: if disjoint a thenx = y mod zelsex = y div z
acters: if disjoint a then x = y mod z else x = y div z

1 Some command names are capitalised to avoid clashes with exiSting command names.

2 Mark-up directives for the section and parents keywords do not appear in the prelude sed
not be in scope in section headers where those BTEX commands are used (see A.2.6).

ommand shall be provided for the core keyword ,, %0 ease the avoidance of converted SP
hs (see A.2.4.4). A ITEX command shall be provided for the core keyword _ to ease the ¢
und it.

ers ETEX mark-up
%hZinword \listarg {,}{;¥
%hZinword \varg \_

Mathematical toolkit-characters and words

ing mark-up shall be provided for the names defined in the mathematical toolkit. Each ETH
hwersion is specified-inthe form of a directive that shall appear in the mark-up of the rele

tion, as they

\CE between
onversion of

X command
bant section.
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A.2.5.1 Section set_toolkit
Z character ETEX mark-up

%%Zinchar \rel U+2194
%#%hZinchar \fun U+2192
%%hZinchar \neq U+2260
%%hZinchar \notin U+2209
%hZchar \emptyset U+2205
%hZinchar \subseteq U+2286

A Mark-ups

hhlZinchar \subset U+2282
%hZinchar \cup U+222A
%hZinchar \cap U+2229
%%Zinchar \setminus U+005C
%hZinchar \symdiff U+2296
%hZprechar \bigcup U+22C3
%hZprechar \bigcap U+22C2
%hZprechar \finset U-0001D53D

HDOCO—"DCNINa®¥ | |

A.2.5.2 | Section relation_toolkit
Z characters ETEX mark-up

— %%Zinchar \mapsto U+21A6
dom %hZpreword \dom dom

ran %hZpreword \ran ran

id %hZpreword \id id

8 %hZinchar \comp U+2A3E

° %hZinchar \circ U+2218
< %#hZinchar \dres U+25C1
> %%Zinchar \rres U+25B7
< %%Zinchar \ndres U+2A64
B %%Zinchar \nrres-U+2A65
~ %hZpostchar \iny U+223C
( %%Zinchar \dimg U+2987

) hhZpostchar \rimg U+2988
52 %hZinchar”\oplus U+2295
S+ %hZpdstword \plus "+
S %hZpostword \star ~x*

86
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A.2.5.3 Section function_toolkit

Z characters

3t Le L

&
S

2,
S
S
S
s

partition

A.2.5.4

Z charac

SIVIA YN
S

mod

The mark
A2.44), s
the name

A.2.5.5

Z charac

ETEX mark-up

%%Zinchar \pfun U+21F8
%hZinchar \pinj U+2914
%hZinchar \inj U+21A3
%hZinchar \psurj U+2900
%hZinchar \surj U+21A0
%hZinchar \bij U+2916

ISO/IEC 13568:2002(E)

ers

ers

hhzinchar \ffun U+21FB
%hZinchar \finj U+2915

hhZpreword \disjoint disjoint
%hZinword \partition partition

Section number_toolkit

ETEX mark-up

%%Zchar \num U+2124
%hZprechar \negate U+002D
%hZinchar \leq U+2264
%hZinchar \geq U+2265
hhZinword \div div
%hZinword \mod mod

Section sequence_toolkit

ETEX mark-up

%hZinword \upto ..
%hZprechafi\# U+0023
%hZpreword \seq seq
%hZpreword \iseq iseq
%lkZptechar \langle U+3008
hhZpostchar \rangle U+3009
%#%Zinchar \cat U+2040
%%hZinchar \extract U+21BF
%hZinchar \filter U+21BE

up character ‘=’, having had SPACEs put around it because it is a ¥TEX math function character (see
hall be converted to the subtraction opetator’s Z character ‘U+2212’, while the Z charactqr ‘-’ shall be
bf the negation operator.

=/

%hZinword \prefix prefix
%%hZinword \suffix suffix
%%Zinword \infix infix
Y%%Zinword \dcat {\cat}/

The superscripted form of relational iteration shall be marked-up using ~{ and }, with hard space where necessary

to prevent these being mistaken for parts of a larger word.
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A.2.6 Section header mark-up

Section headers shall be enclosed in a ATEX zsection environment. The \begin{zsection} is converted to
ZEDCHAR. The \end{zsection} is converted to ENDCHAR.

\begin{zsection}
\SECTION NAME \parents ...
\end{zsection}

Within a section header, the only XTEX commands that are converted are \SECTION, \parents, \_ and the hard
space commands of A.2.2. These mark-ups for the section and parents keywords shall be as if specified by the
following nark-up directives, and shall be in scope throughout a specification.

Z characters ETEX mark-up

section %hZpreword \SECTION section
parents %hZinword \parents parents

A.2.7 Paragraph mark-up
A.2.7.1 | Introduction

Each fornjal Z paragraph appears between a pair of \begin{xxx} and, \end{xxx} ITEX commands. Text not
appearing|between such commands is informal accompanying texty

The \begin{xxx} command is converted to a box character, thie ‘ZEDCHAR character serving for thos¢ paragraphs
that are r¢ndered without a box. Any middle line in a boxéd paragraph is marked-up using the \ghere KTEX
command | which is converted to the Z | character with SPACEs around it. The \end{xxx} command|is converted
to the Z ENDCHAR character.

A.2.7.2 | Axiomatic description paragraph mark-up

\begin{axdef}
DeclPart
\where
Predicatg
\end{axdef}

The markfup \begin{axdef}Js‘converted to an AXCHAR character. The mark-up \where is conyerted to a |
character with SPACEs around-it. The mark-up \end{axdef} is converted to an ENDCHAR character.

A.2.7.3 | Schema definition paragraph mark-up

\begin{s¢hema}{NAME}
DeclPart
\where

Predicat
\end{schema}

The mark-up \begin{schema}{ } is converted to a SCHCHAR character. The mark-up \where is converted to
a | character with SPACEs around it. The mark-up \end{schema} is converted to an ENDCHAR character.

A.2.7.4 Generic axiomatic description paragraph mark-up

\begin{gendef}[Formals]
DeclPart

\where

Predicate

\end{gendef}
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The mark-up \begin{gendef} is converted to an AXCHAR and a GENCHAR character. The mark-up \where is
converted to a | character with SPACEs around it. The mark-up \end{gendef} is converted to an ENDCHAR

character.

A.2.7.5

Generic schema definition paragraph mark-up

\begin{schema}{NAME} [Formals]

DeclPart

\where

Predicate

\end{schema*

The markfup \begin{schema}{ } is converted to a SCHCHAR and a GENCHAR character. The-mar
is convert¢d to a | character with SPACEs around it. The mark-up \end{schema} is converted to
character.

A.3 Eimail mark-up

This e-ma,
by tools.
an as L%Xo

Where thd
may be o1l

A literal
A.3.1 ]
In the foll

1 mark-up is designed primarily as a human-readable lightweight mark<up, but may also
The character ‘%’ delimits an ASCII string used to represent a sequi€wce of Z characters,
’. This disambiguates it from, for example, the name ‘x’.

re is no danger of ambiguity (for the human reader) the trailing ‘%4’ character, or both ‘)
hitted to reduce clutter.

,’ character may be introduced into the text as ‘%%,
Letter characters

wing, the e-mail string is to be used surrounded by a leading and trailing ‘%’ character.

k-up \where
an ENDCHAR

e processed
for example

characters,

re not listed

hose Greek

Names thdt use only ASCII characters, or that are composed out of previously defined Z characters, 4
here.

A.3.1.1 | Greek alphabet characters

Only the rhinimal subset of Greek alphabet defined in 6.2 need be supported by an implementation.
characters| that are supported shall @se-the mark-up given here.

E-mail stfring Z character

Delta A

Xi =

theta %

lambda )

mu 1

A.3.1.2 Other Z core language letter characters

E-mail string Z character

arithmos A

N N

P P
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A.3.2 Special characters

E-mail string Z character

/° /

v/ e

\v e

~\ N

<< {

>> »

<] {

[> )

Box charafters arise from the conversion of paragraph mark-up, as described in A.3.5.
A.3.3 $ymbol characters (except mathematical toolkit characters)
E-mail stfring Z character

| |

[- H

/\ A

\/ \%

==> =

<=> o

not -

A v

E 3

X X

e S

@ °

s\ \

SI\ I

S; S

S>> >

A.3.4 Mathematical toolkit characters and words

The followfing mark-up.is provided for the tokens in the mathematical toolkit.

90
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A.3.4.1 Section set_toolkit

E-mail string Z character

<-->
-
/=
/e
@))
c

C

u
n

)
uu
nn
F

HMDOCODCNINe®™Y | ]

A.3.4.2 | Section relation_toolkit

E-mail stfring Z character
| =—=> —
; s
o )
<: <
> >
<-: g
=> B
q (
1 )
(+) ®
+ +

A.3.4.3 | Section function_toolkit

E-mail stfring Z/character
-1-> -+
>—-> s
>—-> —
-->> —+
-=>> —»
>—=>> —
- -> >
>—1|-> UTHS
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A.3.4.4 Section number_toolkit

E-mail string Z character

yA Z

- - (unary negation)
<= <

>= >

A-3o4.5 Scbtlull DU\{UUIIbU_tUUll\lt
E-mail sffring Z character

< (

> )

/1 1

I\ [

A.3.5 Paragraph mark-up
A.3.5.1 | Axiomatic description paragraph mark-up

+..

DeclPart

| _

Predicatg

The markfup +.. is converted to an AXCHAR c¢hétacter. The mark-up |-- is converted to a | character. The
mark-up .. is converted to an ENDCHAR character.

A.3.5.2 | Schema definition paragraph mark-up

+-— NAME |---
DeclPart

Predicatd

The markjup +-- ~~5-- is converted to a SCHCHAR character. The mark-up |-- is converted to a| character.
The markjup ——=-isconverted to an ENDCHAR character.

A.3.5.3 | Generic axiomatic description paragraph mark-up

+== [Formals] ===

DeclPart

| _

Predicate

The mark-up +== === is converted to an AXCHAR and a GENCHAR character. The mark-up |-- is converted to
a | character. The mark-up -== is converted to an ENDCHAR character.
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A.3.5.4 Generic schema definition paragraph mark-up

+-- NAME[Formals] ---

DeclPart

| -

Predicate

The mark-up +--  --- is converted to a SCHCHAR and a GENCHAR character. The mark-up |-- is converted to
a | character. The mark-up --- is converted to an ENDCHAR character.

A.3.5.5 | Other paragraph mark-up

Unboxed formal paragraphs start with ‘%%Z’ on a line by itself, which converts to a ZEDCHAR charac|
with a ‘%% on a line by itself, which converts to an ENDCHAR character.

ter, and end
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Annex B
(normative)

Mathematical toolkit

Wit

Copyright notice
The reproduction of this annex is permitted on the understanding that this material is

domain, and on the condition that this International Standard is referenced as the source document.
the exception of clauses 6.2, 7.2, 8.2 11 and annex B, all other parts of the text are subject to

public

the 1

isual copyright rules stated on page ii of this International Standard.

B.1 In

The math
of related

The divisi
than its ey
and numb
reused cail

Section st

B2 P

troduction
bmatical toolkit is an optional extension to the compulsory Z core language., [t~comprises

ections, each defining operators that are widely used in common application’.domains.

set_toolkit

T

relation_toolkit

T

function_toolkit number_toolkit

NS

sequence_toolkit

T

standard_toolkit

Figure B.1 — Parent relation between sections of the mathematical toolkit

n of the mathemadtisal toolkit into separate sections allows use of certain subsets of the t
itirety. For example, if sequences are not used in a particular specification, then using fu

r_toolkit as parents avoids bringing the notation of sequence_toolkit into scope. Notations
be given.different definitions.

ndard<toolkit is an implicit parent of an anonymous specification.

reliminary definitions

sectio

n set_toolkit

B.2.1 Relations

generic 5 rightassoc (_ < _)

X &

Y ==P(X x Y)

a hierarchy

olkit rather
tion_toolkit
that are not

X < Y is the set of relations between X and Y, that is, the set of all sets of ordered pairs whose first members
are members of X and whose second members are members of Y.
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B.2.2 Total functions

generic 5 rightassoc (. — _)

X—->Y={f: XY |Vz:XeTJ y:Ye(z,y)ecf}

X — Y is the set of all total functions from X to Y, that is, the set of all relations between X and Y such that
each z in X is related to exactly one y in Y.

B.3 Sg¢ts
B.3.1 Inequality relation

relatipn (_ # _)

[X
r_#_:XHX
‘ Vely: Xez#ys =y

Inequality|is the relation between those values of the same type that ‘are not equal to each other.

B.3.2 Non-membership

relatipn (- & )

F_P;_:XH]P’X

‘ Vz|: X; a :PXez&as -z €a

Non-memlpership is the relation between-those values of a type, z, and sets of values of that type, a) for which z
is not a mpmber of a.

B.3.3 Empty set

G X|E={z:X]| false/}

The empty set of any) type is the set of that type that has no members.
B.3.4 $ubset ' relation

relatiomr (<€)

r_[)g_:IPX —-PX

‘ Va,b:PXeaClbs (Vz:aexz D)

Subset is the relation between two sets of the same type, a and b, such that every member of a is a member of b.
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B.3.5 Proper subset relation

relation (_ C _)

{:[)Q:PX —-PX

‘ Va,b:PXeaCb&albAa#b

Proper subset 1s the relation between two sets of the same type, a and b, such that a 1s a subset of §, and a and
b are not ¢qual.

B.3.6 Non-empty subsets

P,XE={a:PX|a#2}
If X is a spt, then P, X is the set of all non-empty subsets of X.
B.3.7 $et union

function 30 leftassoc (~U_)

(X
{:,U,:]P’XXPXHIP’X
‘ Valb :PXeaUb={z:X|z€aVreb}

The union| of two sets of the same type is the set gfwalues that are members of either set.

B.3.8 $et intersection

functijon 40 leftassoc (-N_)

(X
{:,ﬁ,:PXXPX—JP’X
‘ Valb : PXeanbs{z:X|z€anzeb}

The intersection offtwo sets of the same type is the set of values that are members of both sets.

B.3.9 $et difference

230 leftassoe—{—\—)
funct (-

[X]
{:,\,:]P’XXIP)X—JP’X
‘ Va, b :PXea\b={z:X|x€anaxdb}

The difference of two sets of the same type is the set of values that are members of the first set but not members
of the second set.
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B.3.10

functi

2

Set symmetric difference

on 25 leftassoc (L& _)

ISO/IEC 13568:2002(E)

PXXPX —-PX

‘ Va,

b:PXeacb={z:X|-(z€asxeb)}

The symn
other, but

B.3.11

PR PR LN s o Coy " £l 4 ] " I 1 ik R 1 I
CUIIC 3CL UIIITITIICT U1 TWO SCUS5 Ul UIIT SalllT bpr 15 UIIT 3C1L Ul valutGs Ulldal alT IICIIIDTCLS Ul UL

not members of both.

Generalized union

e set, or the

PPX - PX

(X
U:
[:VA

The gener
least one

B.3.12

PPXeUA={z:X|Ja:Aezc€a}

hlized union of a set of sets of the same type is the set of values.of that type that are m
f the sets.

Generalized intersection

bmbers of at

PPX - PX

(X
N:
FVA

The gener
members

B.4 Fi
B.4.1 1

gener

FX

If Xisas
contains t

B.4.2 ]

PPXeNA={z:X|Va:Aez€ca}

hlized intersection of a set of sets of values of the same type is the set of values of that t
f every one of the sets.

nite sets

inite subsets

c (Fo)
={A:PPXNV@BcAAN(Va:A;z:XeaU{z} € A)}

et, then [F X is the set of all finite subsets of X. The set of finite subsets of X is the smal
he empty*set and is closed under the action of adding single elements of X.

Non-empty finite subsets

ype that are

lest set that

F, X =—=F X \ {2}

If X is a set, then IF; X is the set of all non-empty finite subsets of X. The set of non-empty finite subsets of X
is the smallest set that contains the singleton sets of X and is closed under the action of adding single elements

of X.

B.5 More notations for relations

section relation_toolkit parents set_toolkit

©@ISO/IEC
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B.5.1 First component projection

(X, Y]
first: X xY — X

‘ Vp: X XY efirst p=np.l

For any ordered pair p, first p is the first component of the pair.

B.5.2 Second component projection

[X]Y]
Fsec nd: XxY—-Y

‘ Vpl: X X Y e second p=p.2

For any ofdered pair p, second p is the second component of the pair.

B.5.3 Maplet

functjon 10 leftassoc (- +— )

[X]Y]
[:_'—_:XXYHXXY

‘ Ve X; y: Yer—y=(z,y)

The mapl¢t forms an ordered pair from two values; >y is just another notation for (z,y).

B.5.4 Domain

(X} Y]
Fdo (X eY)-PX
‘ Vrff X o Yedomr={p:repl}

The domajn of a relation r is-the set of first components of the ordered pairs in 7.

B.5.5 Range

(X Y]
{:mn:(XHY)HIP’Y
‘ Vrff X ='Yeranr={p:rep2}

The range of a relation r is the set of second components of the ordered pairs in r.

B.5.6 Identity relation

generic (id _)

dX=={z:Xez—z}

The identity relation on a set X is the relation that relates every member of X to itself.
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B.5.7 Relational composition

function 40 leftassoc (~g-)

(X, Y, 7]
[:_g_:(XHY)X(YHZ)H(XHZ)
‘ Vr: XY, s: Yo Zergs={p:r;q:s|p2=qglepl—q2}

The relational composition of a relation 7 : X «<» Y and s: Y < Z is a relation of type X < Z formed by taking
all the paifspof Tand § of 3, Where the Second COMpPONent of P 1S equal to the 1St compornent ot g, Jand relating
the first c¢mponent of p with the second component of ¢.

B.5.8 Functional composition

function 40 leftassoc (o _)

(XY, 7]
r_o_:(YHZ)x(XHY)—»(XHZ)

‘ Vr X< Y;s: Y Zesor=rgs

The functional composition of s and r is the same as the relational composition of r and s.
B.5.9 Domain restriction

function 65 rightassoc (- <1_)

(X} Y]
F_Q_:PXX(XH V)=» (X« V)
‘ Va|PX;r: X o Yea<r={p:r|pl€al

The domajn restriction of a relation 7 : X%<)Y by a set a : P X is the set of pairs in r whose first |components
are in a.

B.5.10 [Range restriction

functjon 60 leftassoc (- > 2)

(X} Y]
F_D_:(XH YVIXPY - (X < V)
| Vrf X o YoPiPYersb={p:r|p2eb}

The range| restriction of a relation 7 : X <- Y by a set b : P Y is the set of pairs in r whose second |components
are in b.

B.5.11 Domain subtraction

function 65 rightassoc (_<_)

(X, Y]
F_Q_ZPXX(XHY)—»(XHY)
‘ Va:PX;r: X Yeadr={p:r|pléa}

The domain subtraction of a relation r : X <+ Y by a set a : P X is the set of pairs in 7 whose first components
are not in a.
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B.5.12 Range subtraction

function 60 leftassoc (- & )

(X, Y]
{:_E_Z(XHY)XPY%(XHY)
‘ Vr:X <Y, b:PYersb={p:r|p2¢b}

The range subtraction of a relation r : X <+ Y by a set b : P Y is the set of pairs in r whose second components
are not in|b.

B.5.13 |[Relational inversion

function (- ~)

[(X| Y]
[:_N:(XHY)H(YHX)
‘ Ve X— Yer~={p:rep2—pl}

The inverde of a relation is the relation obtained by reversing every ordered pair in the relation.
B.5.14 [Relational image

functjon (- (-))

(X} Y]
[:_(]_\):(XHY)X]P’X—JP’Y
‘ Vrf X <Y, a:PXer(a)={p:r|plE€aep2}

The relatipnal image of a set a : P X through-a relation r : X < Y is the set of values of type Y thaf are related
under r td a value in a.

B.5.15 [Overriding

functjon 50 leftassoc (- @ )

(X1Y]
F_EB_:(XH VIXNX <« V)= (X < Y)
‘ Vr{s: X ¥ e rds=((doms)<r)Us

If » and s|ave,bath relations between X and Y, the overriding of r by s is the whole of s togethef with those
members ¢f wMhat have no first components that are in the domain of s.

B.5.16 Transitive closure

function (= 1)

[X]
[:_+:(X<—>X)—>(X<—>X)
‘ Vi XeoXert={s:X—o>X|rCsArgsCs}

The transitive closure of a relation r : X « X is the smallest set that contains r and is closed under the action
of composing r with its members.
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B.5.17

Reflexive transitive closure

function (_*)

ISO/IEC 13568:2002(E)

[X]
[:_*:(XHX)—%XHX)

‘Vr

The reflex

X Xer*=rtuidX

o trancitivo olociien of o polotion o - Y X o tha ralation fornod by axtondina tho o0
¥ Y TOSHF - Ferartto—+ e erartto—Torea Y s £t Fort

itive closure

of r by th

B.6 Functions

sectio

B.6.1 1}

gener

X +

X - Y is
that each

B.6.2 1}

gener

X =

X = Y i

each z in

terms “inj

B.6.3

gener

X —

Total injections

b identity relation on X.

n function_toolkit parents relation_toolkit

Partial functions

¢ 5rightassoc (= -+ _)
Y={f: XY |Vpqg:f|pl=qglep2=4q2}

the set of all partial functions from X to Y, that is, the set of all relations between X
> in X is related to at most one y in Y. The terms* “function” and “partial function” are g

Partial injections

¢ 5rightassoc (- )
=={f: XY |Vpqg:fepl=qlep2=q2}

the set of partial injections)from X to Y, that is, the set of all relations between X and
X is related to no mote than one y in Y, and each y in Y is related to no more than one
betion” and “partialSinjection” are synonymous.

¢ 5rightassoe(_ — _)

Y 550X+ V)N (X = Y)

and Y such
YNONymous.

Y such that
in X. The

X — Y is the set of total injections from X to Y, that is, the set of injections from X to Y that are also total
functions from X to Y.

B.6.4 Partial surjections

generic 5 rightassoc (- =+ _)

X =+

Y={f:X+Y|ranf=Y}

X —» Y is the set of partial surjections from X to Y, that is, the set of functions from X to Y whose range is
equal to Y. The terms “surjection” and “partial surjection” are synonymous.

©@ISO/IEC
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B.6.5 Total surjections

generic 5 rightassoc (- — _)
X—>»Y=X»Y)N(X—-Y)

X — Y is the set of total surjections from X to Y, that is, the set of surjections from X to Y that are also total
functions from X to Y.

B.6.6 ijections

generjc 5 rightassoc (- — _)
XY =X—>Y)N(X —Y)

X —» Y ig the set of bijections from X to Y, that is, the set of total surjections fromnX to Y that gre also total
injections ffrom X to Y.

B.6.7 Finite functions
generjc 5 rightassoc (= +» _)
XwlV==(X-+Y)NF(X xY)

The finite|functions from X to Y are the functions from X<t0 Y that are also finite sets.
B.6.8 Finite injections

generjc 5 rightassoc (_ = _)
XY ==X+Y)N(X»Y)

The finite[injections from X to Y arethe injections from X to Y that are also finite functions fromj X to Y.
B.6.9 Disjointness

relatipn (disjoint _)

[L,[X]
[:disd oint _: B(h~ P X)
‘ Vil L RX edisjointf < (Vp,q:f|p#qep2ng2=0)

A labelled Tamily of Sets 1S diSjOiNt precisely wihen any diStinct pair yields Sets with o Members i common.
B.6.10 Partitions

relation (_ partition _)

[L, X]
[:_partition_: (LePX)oPX
‘ Vf:L—PX; a:PX e fpartition a < disjoint f A|J(ran f) = a

A labelled family of sets f partitions a set a precisely when f is disjoint and the union of all the sets in f is a.

102 ©ISO/IEC 2002—All rights reserved


https://iecnorm.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

B Mathematical toolkit ISO/IEC 135

B.7 N

umbers

section number_toolkit

B.7.1 Swuccessor

function (succ -)

‘ succe _ : P(N x N)

‘ (supc J=An -Nen 1

The succegsor of a natural number n is equal to n + 1.

B.7.2
‘ 7 :

Z is the s

axioms forf its additive structure given in the prelude (clause 11) together with\tHe next formal parag
Number systems that extend the integers may be specified as supersets 6+7Z.
B.7.3 Addition of integers, arithmetic negation

function (- )

68:2002(E)

ntegers
A

bt of integers, that is, positive and negative whole numbers and zero,~The set Z is char

YV
vV
Vi,

7, S

The binary
properties
values. T
identity el

NOTH

P(A x A)

yiZed 2T ((0,y).2) € (+.)

:Ze3 y:Ze(z,y)€E(--)

i, k:Z e

(i+j)+k=i+(G+k)

Nit+j=j+1

Ni+-1=0

ANi+0=1

{2z A|Jz:Nez=zV7=-1}

I addition operator ()+_) is defined in the prelude (clause 11). The definition here introduc

for integers. Theladdition and negation operations on integers are total functions that
e integers forna commutative group under (_+ _) with (- _) as the inverse operation
bment.

If firmetion_toolkit notation were exploited, the negation operator could be defined as follows.

A - A

acterised by
raph below.

bs additional
take integer
nd 0 as the

©@ISO/IEC

(ZXZ)<(c+_)€ELXZL—Z
Za(--)eZ—L

Vi,j,k:Ze
(i+4)+k=i+G+k)
Ni+jg=7+1
ANi+-1=0
ANi+0=1

Vh:PZe
lehA(Vi,j:hei+jEhAN-1EH)

=h=7

2002—All rights reserved
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B.7.4 Subtraction

function 30 leftassoc (- —-)

‘ _—_:P((AxA)xA)
vxvy:Z.alz:Z.((xay),z)6(—_—)
Vij:Zei—j=it-j

Subtraction_is a function whose domain includes all pairs of integers. For all integers ¢ and j. ¢ — j is equal to
i4+-7.

[}

NOTH If function_toolkit notation were exploited, the subtraction operator could be defined as, follow

_—_:AxA+ A

(ZXZ)<(-—)€ELXZL—TZ

Vij:Zei—j=i+-j

B.7.5 Less-than-or-equal

relatipn (- < _)

| - Paxa

| Vilj:Zei<jej—icN

For all intpgers ¢ and j, ¢ < j if and only if their differefice j — ¢ is a natural number.
B.7.6 Less-than

relatipn (- < _)

‘ _<-:PA xA)

| Vilj:Zei<jeiti<)

For all intpgers ¢ and j, i < j-ifiand only if 4 +1 < j.
B.7.7 (ireater-than-or-equal

relatipn (- > _)

| 2| B A

| Vil Zeizjei<i

For all integers ¢ and j, ¢ > j if and only if j < 4.
B.7.8 Greater-than

relation (> _)

\ > _:P(AxA)

| VijiZeisjej<i

For all integers ¢ and j, ¢ > j if and only if 7 < 4.
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B.7.9 Strictly positive natural numbers

Ny =={z:N| -z =0}

The strictly positive natural numbers N; are the natural numbers except zero.

B.7.10

Non-zero integers

Zy=={s:Z|-~z=0}

The non-zpro integers Z; are the integers except zero.

B.7.11

Multiplication of integers

functijon 40 leftassoc (= *_)

_x 1 P((A x A) x A)

VvV
Vi,

The binar
total funct
which the

NOTH

y:Ze3 z:Ze((x,y),z)€ (c*_)
i, k:Z e

(ixj)xk=1ix(j*k)
Nixj=7%1
Nix(J+k)=ixj+ixk
ANOxi=0

ANlxi=1

y multiplication operator (_* _) is defined fof’integers. The multiplication operation on
ion and has integer values. Multiplication“en integers is characterised by the unique ope
integers become a commutative ring with identity element 1.

If function_toolkit notation were exploited, the multiplication operator could be defined as fol

_x_:(AXA)+- A

B.7.12

(ZXZ)<(x_)EZLXLED
Vi, j,k:Ze
(ixj)*k=1p(3*k)
Nixj=j¢i
Nix(AEk)=ixj+ixk
A 0 x4 =0
ANLxt =1

Diyvision, modulus

functi
functi

_di

on 40 leftassoc (_ div_)
on40leftassoc (_mod _)

v_,_mod_:P((AxA)xA)

Yz
V&
Vi

©@ISO/IEC

2Ly vyl e z:Le((z,y),2) € (~div_)
2Ly y:Z1e3,z:Ze((z,y),2) € (-mod_)
Y/ B/ )

i=(idivj)*j+imodj
AN0<imodj<jVj<imodj<O0)

2002—All rights reserved
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For all integers ¢ and non-zero integers j, the pair (4,7) is in the domain of _div_ and of _mod_, and i div j and
i mod j have integer values.

When not zero, i mod j has the same sign as j. This means that ¢ div j is the largest integer no greater than the
rational number i/j.

NOTE If function_toolkit notation were exploited, the division and modulus operators could be defined as follows.

_div_,_mod_: A XA+ A

(ZXxZ)<(-div)) EZXZ1 — 7
ZXZ) I mod JELX T =L
Vi:Z;j:7Z1e
i=(idivj)*xj+imodj
AN0<imodj<jVj<imodj<DO0)

B.8 Se¢quences

section sequence_toolkit parents function_toolkit, number_toolkit

B.8.1 Number range

function 20 leftassoc (_ .. -)

‘ _d _:AxA+-PA

(ZKkZ)<(-...)€ZXZ—PZ
ViJj:Zei..j={k:Z]|i<k<j}

The numbgr range from 4 to j is the set of all.integers greater than or equal to i, which are also less than or equal
to j.

B.8.2 Iteration

[X
rite L= (X o X) »(X < X)
Vrl: X < X edter 09 =id X
Vrl X « X; psNeiter (n+1) r=rg(iter nr)
Vrf X o X;w:Neidter (-n) r=jiter n (r ")

iter is the|itération function for a relation. The iteration of a relation r : X « X for zero times is|the identity
relation ol X~ The iteration of a relation r - X X for n -+ 1 times is the composition aof the relation with its

iteration n times. The iteration of a relation r : X < X for - n times is the iteration for n times of the inverse
of the relation.

function (- -)

[X]
{:_—:(XHX)XZH(XHX)

‘ Vr: X< X;n:Ner ™ =jgternr

iter n r may be written as r ™.
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B.8.3 Number of members of a set

function (# -)

[X]
{:#_:FXHN
‘ Va:FXe#a=(un:N|(3f:1..n—aeranf =a))

The number of members of a finite set is the upper limit of the number range starting at 1 that can be put into
bijection ;I/l’tn The set.

B.8.4

inimum
function (min _)

‘ mip _: PA - A

‘ PA<(min ) ={a:PZ; m:Z|meaN(Vn:aem<n)ear m }

If a set of ntegers has a member that is less than or equal to all members of that set, that member is ifs minimum.
B.8.5 Maximum

functjon (maz _)

‘ maf _ :PA + A

‘ PA<(max ) ={a:PZ;, m:Z|mecah(Vn:agen<m)ear m}

If a set of] integers has a member that is greater than or equal to all members of that set, that mjember is its
maximum

B.8.6 Finite sequences

generfc (seq _)
seqX|=={f: N+ X |domf=1..#f}

A finite sgquence is a finite~indexed set of values of the same type, whose domain is a contiguous sqt of positive
integers stlarting at 1.

seq X is the set of alldimite sequences of values of X, that is, of finite functions from the set 1 .. n,|for some n,
to elements of X.

B.8.7 on-empty finite sequences

-

Seq, Am—— seq X \\ 1;0}

seq, X is the set of all non-empty finite sequences of values of X.
B.8.8 Injective sequences
generic (iseq _)
iseg X == seq X N (N = X)
iseq X is the set of all injective finite sequences of values of X, that is, of finite sequences over X that are also

injections.
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B.8.9 Sequence brackets

function (( ,, ))
(,, )[X]==As:seq X @5

The brackets ( and ) can be used for enumerated sequences.

B.8.10 Concatenation

functjon 30 leftassoc (- -)

[X
[:_’\_: seq X x seq X — seq X

‘ Vs{t:seq X @es " t=sU{n:domten+#s—1tn}

Concatendtion is a function of a pair of finite sequences of values of the same~type whose result is a s¢quence that
begins witlh all elements of the first sequence and continues with all eleménts of the second sequencsg.

B.8.11 [Reverse

[X
[:rev cseq X — seq X
‘ Vsl segX erev s=An:domses(#s—n+1)

The reverge of a sequence is the sequence obtained by“taking its elements in the opposite order.

B.8.12 [Head of a sequence

[X
[:he d:seq; X — X
‘ Vsl seqy X @ head s = s 1

If s is a ngn-empty sequencelof values, then head s is the value that is first in the sequence.

B.8.13 [Last of a séquence

[X
[:las s seq X — X

‘ Vsl Seqs X o last s = s(#s)

If s is a non-empty sequence of values, then last s is the value that is last in the sequence.

B.8.14 Tail of a sequence

[X]
Ftail 1 seqy X — seq X
‘ Vs:seq; X otail s=An:1..(#s—1)es(n+1)

If s is a non-empty sequence of values, then tail s is the sequence of values that is obtained from s by discarding
the first element and renumbering the remainder.
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B.8.15 Front of a sequence

[X]
[:fmnt 1 seq; X — seq X
‘ Vs:seq, X o front s ={#s}<s

If s is a non-empty sequence of values, then front s is the sequence of values that is obtained from s by discarding
the last element.

B.8.16 [Squashing

[X
qu sh:(Z + X)— seq X
‘ Vi[Z-w X esquash f={p:fe#{i:domf|i<pl}—p2}

squash talfes a finite function f : Z + X and renumbers its domain to produce a\finite sequence.

B.8.17 |Extraction

function 45 rightassoc (-1 -)

[X
F,],,:IP’ZX seq X — seq X

‘ Va|:PZ; s:seqX o als=squash(a<s)

The extragtion of a set a of indices from a sequence\is the sequence obtained from the original by dijcarding any
indices thqt are not in the set a, then renumberiig the remainder.

B.8.18 |[Filtering

functjon 40 leftassoc (_[-)

[X
r_[__: seq X X PX —seq X

‘ Vsl seq X; a:RX\e s | a=squash(sr> a)

The filter pf a sequerice by a set a is the sequence obtained from the original by discarding any memlers that are
not in thefset @, then renumbering the remainder.

B.8.19 |Prefix relation

relation (_prefiz _)

[X]
[:_preﬁx_ cseq X > seq X
‘ Vs,t:seq X esprefirt < s Ct

A sequence s is a prefix of another sequence ¢ if it forms the front portion of ¢.
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Suffix relation

relation (_ suffiz _)

[X]
F, suffic _: seq X «— seq X

‘ Vs,

t:seq X essuffirt < (Ju:seqX eu"s=1t)

A sequenc

B.8.21

relati

B

b s is a suffix of another sequence ¢ if it forms the end portion of ¢.

Infix relation

n (infix )

fiz _: seq X < seq X

‘Vs

A sequenc

B.8.22

—[X

~)

t:seq X esinfirt < (Ju,v:seq X eu" s v=t)

e s is an infix of another sequence t if it forms a mid portion of .

Distributed concatenation

seqseq X — seq X

=/
Vs
Vyq

The distri
X that is

B.9 St

sectio]

The stand
sections).

(=0
cseq X @/ (s) =s

r:segseg X @ " [(qg T r)=("/xgP" (") 1)

buted concatenation of a Sequence t of sequences of values of type X is the sequence of v
bbtained by concatenating the members of ¢ in order.

andard toolkit

n standard_teelkit parents sequence_toolkit

ard toblkit contains the definitions of section sequence_toolkit (and implicitly those of

110
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Annex C

(normative)

Organisation by concrete syntax production

C.1 Introduction

ISO/IEC 13568:2002(E)

This annex duplicates some of the definitions presented in the normative clauses, but re-organised by concrete
syntax production. This re-organisation provides no suitable place to accommodate the material listed in the rest

of this intfoduction. That material is consequently omitted from this annex.

a) From|Concrete syntax, the rules defining:

1)

6)

b) From|Characterisation rules:

¢) From|Prelude:

d) From|Syntaetie transformation rules:

1)

Formals, used in Generic axiomatic description paragraph, Generic schema paragraph, Gen
thl definition paragraph, and Generic conjecture paragraph;

DeclName, used in Branch, Schema hiding expression, Schema renaming-expression, Colon
and Equal declaration;

RefName, used in Reference expression, Generic instantiationcexpression, and Binding sele
sjon;

OpName and its auxiliaries, used in RefName and DeclName;

=1

xpSep and ExpressionList, used in auxiliaries<of'Relation operator application predicatd
on and generic operator application expressions;

t+

and also the operator precedences and associativities and additional syntactic restrictions.

(haracteristic tuple.

ifs text is relevant“not just to number literal expressions but also to the list arguments
dgperator application predicates and Function and generic operator application expressions.

bric horizon-

declaration

tion expres-

s and Func-

in Relation

Name“and ExpressionList.

e) From Type inference rules:

1)

2)

Generic type instantiation, carrier set and implicit instantiation.

Summary of scope rules.

f)  From Semantic relations:

D

all the relations for Type are omitted.

©ISO/IEC 2002—All rights reserved

111


https://iecnorm.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

ISO/IEC 13568:2002(E) C Organisation by concrete syntax production

Also, the description of the overall effect of a phase, or how the phase operates, is generally omitted from this
annex.

Moreover, some of the phases and representations are entirely omitted here, namely Mark-ups, Z characters, Lexis
and Annotated syntax.

C.2 Specification
C.2.1 Introduction

Specification is the start symbol of the syntax. A Specification can be either a sectioned specification or
an anonyiflous specilication. A sectioned specilication COMpIISes & Sequence of nained Sections. Al anonymous
specificatipn comprises a single anonymous section.

C.2.2 $ectioned specification
C.2.2.1 | Syntax

Specification = { Section }
|
C.2.2.2 | Type

0, = {prelude — T
{} R Spretude & Lo 5, F s, 9T, 8 Fsp s Ty ] {r o}

5n = 677,71 ) {in71 g ]-—‘nfl}
where 4,,_| is the name of section s,,_,, and none of the sections s, ... s,, are named prelude.

Each sectipn is typechecked in an environment\formed from preceding sections, and is annotated with an envi-
ronment that it establishes.

NOTH The section-type environment established by the prelude section is as follows.
s o (A, (prelude, P(GIVEN A)));

(N, (prelude, P(GIVEN A)));

(number_literal_0((prelude, (GIVEN A)));
(number_literal(l y(prelude, (GIVEN A)));

(X4, (prelude, P(((GIVEN A) x (GIVEN A)) x (GIVEN A))))

If one of the sections's; ... s, is named prelude, then the same type inference rule applies except that the type
subsequen} for thé\prelude section is omitted.

C.2.2.3 | Semantics

[ 51 ...5.]° = ([ZED section preludeparents END ... [* [ s, [°5...5[ 5. [°) @

The meaning of the Z specification s, ... s, is the function from sections’ names to their sets of models formed
by starting with the empty function and extending that with a maplet from a section’s name to its set of models
for each section in the specification, starting with the prelude.

To determine [ ZED section prelude parents END ... | another prelude shall not be prefixed onto it.

NOTE The meaning of a specification is not the meaning of its last section, so as to permit several meaningful units
within a single document.
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C.2.3 Anonymous specification

C.2.3.1 Syntax
Specification = ...

| { Paragraph }
C.2.3.2 Transformation

ISO/IEC 13568:2002(E)

The anonymous specification D, ... D, is semantically equivalent to the sectioned specification comprising a

single sect]

D, ..

In this tramsformation, Mathematical toolkit denotes the entire text of annex B. The nanie)given t

is not imy
mathemat

C.3 Sd
C.3.1 1

A Sectio

fOT1 Coltailliing tHose paragrapis with the matnematical toolKIt Of annex B as 1tS parent,

D, = Mathematical toolkit ZED section Specification parents standard_toolkif END 1

ortant: it need not be Specification, though it shall not be prelude or that of any sd
cal toolkit.

ection
ntroduction

h can be either an inheriting section or a base seétion. An inheriting section gathers

D, ... D,y

the section
ction of the

ogether the

paragraphk of parent sections with new paragraphs. A base section is like an inheriting section| but has no
parents.
C.3.2 Inheriting section
C.3.2.1 | Syntax
Section = ZED , section , NAME , parents , [ NAME , { -tok , NAME } ] , END|,
{ Raragraph }
|
C.3.2.2 | Type
1 ¢ dom A
{i1y vy im} C dom A
~v—, = if i = prelude then {} else A prelude
No=oy MIAG 11 LIAG
Bo = 7o § sSecond
D D
Bo I 21 801 - Pns F Dn s on disjoint (dom o, ..., dom o,)
A F ZED section i re(C—+.)
parents i, ..., 4y, END I =v,U{j:NAME; 7:Type | j—~T€0,U...U0, @5 (i, 7)}
D, so,..D, 380, s By =, Uo,

ﬁnfl = ﬁnfz Uop—1

Taking the side-conditions in order, this type inference rule ensures that:

a) the name of the section, i, is different from that of any previous section;

©@ISO/IEC
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b) the names in the parents list are names of known sections;

¢) the section environment of the prelude is included if the section is not itself the prelude;

d) the section-type environment =y, is formed from those of the parents;

e) the type environment (3, is determined from the section-type environment vy;

C Organisation by concrete syntax production

f) there is no global redefinition between any pair of paragraphs of the section (the sets of names in their

signafpares—are—disjointy

g) ananfe which is common to the environments of multiple parents shall have originated in a@emn
section, and a name introduced by a paragraph of this section shall not also be intraduced
paragraph or parent section (all ensured by the combined environment being a function);

h) the apnotation of the section is an environment formed from those of its parents extended accg
signaflures of its paragraphs;

i) and

extenfled with the signatures of the preceding paragraphs of this section.

NOTH 1 Ancestors need not be immediate parents, and a section canrot be amongst its own ancest
in the|parent relation).

NOTH 2 The name of a section can be the same as the naméof a variable introduced in a declaration
not canfused.

C.3.2.3

The prelugle section, as defined in clause 11, is treated specially, as it is the only one that does not
as an implicit parent.

The meanjng of the prelude section is given by that constant function which, whatever function fr
names and their sets of modelsitis given, returns the singleton set mapping the name prelude to its s
The set offmodels is that to-which the set containing an empty model is related by the composition of
between njodels that denote’the meanings of each of the prelude’s paragraphs—see clause 11 for def
paragraphg.

NOTH One model of the prelude section can be written as follows.

the type environment in which a paragraph is typechecked is forineéd from that of the pai

Semantics

[ ZED sectiofi) prelude parents END D, ... D, ]°

A T : SectionModels o {prelude n:>([[ D, 1%s..s[Dn]”) ({2} )}

{A 5

on ancestral
by another

rding to the

ent sections

rs (no cycles

| —the two are

have prelude

bm sections’
bt of models.
Lhe relations
ails of those

N=>N

number_literal_0 — 0,
number_literal_1 — 1,

-+ -—{((0,0),0), ((0,1),1),((1,0), 1), ((1,1),2), ... }}

The behaviour of (- 4 _) on non-natural numbers, e.g. reals, has not been defined at this point, so the set of models
for the prelude section includes alternatives for every possible extended behaviour of addition.

([D. 17

114

3..8[ Dn 17) ( {M, : T prelude; M, : T i,; ...

[ ZED section i parents i,,...,i,, END D, ... D, ]°

A T : SectionModels T U {i —

$ My 2 Tim; M: Model | M = MyUM,U...UM,, @ M} |}
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The meaning of a section other than the prelude is the extension of a function from sections’ names to their sets
of models with a maplet from the given section’s name to its set of models. The given section’s set of models
is that to which the union of the models of the section’s parents is related by the composition of the relations
between models that denote the meanings of each of the section’s paragraphs.

C.3.3 Base section

C.3.3.1 Synbtax

Section = ..
| ZED , section , NAME , END , { Paragraph }

C.3.3.2 | Transformation

The base pection ZED section ¢ END D, ... D, is semantically equivalent to the/nheriting section fhat inherits
from no pgirents (bar prelude).

ZED section ¢ END D, ... D,, = ZED section ¢ parénts END D, ... D,

C.4 Paragraph
C.4.1 Introduction

A Paragrgph can introduce new names into the models; and can constrain the values associated with names. A
Paragrapl} can be any of given types, axiomatic.description, schema definition, generic axiomatic|description,
generic schema definition, horizontal definition,<generic horizontal definition, generic operator definition, free
types, conjecture, generic conjecture, or operator template.

C.4.2 Given types
C.4.2.1 | Syntax

Paragrapl =«ZED , [-tok , NAME , { ,-tok , NAME } , ]-tok , END
|

C.4.2.2 | Pype

[ ]

3 i\ AN
L SE SR LS) L4
S F ZED [is, ..., in] END g crk o =1, : P(GIVEN 4,); ...; i : P(GIVEN i,,) )

In a given types paragraph, there shall be no duplication of names. The annotation of the paragraph is a signature
associating the given type names with powerset types.

C.4.2.3 Semantics

The given types paragraph ZED [i,, ..., 4,] END introduces unconstrained global names.
[ ZED [iy,...,in) END |° = {M: Model; wi, ..., w, : W
o M MU {i, — wy, ..., ip — Wy}

U {4, decor Q — wy, ..., ip, decor O — wy,}}
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It relates a model M to that model extended with associations between the names of the given types and semantic
values chosen to represent their carrier sets. Associations for names decorated with the reserved stroke © are also
introduced, so that references to them from given types (see 15.2.6.1) can avoid being captured.

C.4.3 Axiomatic description

C.4.3.1 Syntax

Paragraph = ..
| AX , SchemaText , END
|

’

C.4.3.2 | Type
S Fesr
Y F|AXe s TEND g o

(1= P[o])

In an axigqmatic description paragraph AX e END, the expression e shalllye’a schema. The annotation of the
paragraph|is the signature of that schema.

C.4.3.3 | Semantics
The axionjatic description paragraph AX e END introduces global names and constraints on their valyies.
[AX e END |7 = {M: Model; t W |tec[e] " MeM— MUt}

It relates § model M to that model extended with a‘binding ¢ of the schema that is the value of e ili model M.

C.4.4 $chema definition
C.4.4.1 | Syntax
Paragraph

| SCH\, /NAME , SchemaText , END
|

]

C.4.4.2 | Transformation

The schenja defidition paragraph SCH ¢ ¢ END introduces the global name i, associating it with the gchema that
is the value ‘of“.

SCHit END = AX [i ==t] END

The paragraph is semantically equivalent to the axiomatic description paragraph whose sole declaration associates
the schema’s name with the expression resulting from syntactic transformation of the schema text.
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C.4.5 Generic axiomatic description

ISO/IEC 13568:2002(E)

C.4.5.1 Syntax
Paragraph = ...

| GENAX , [-tok , Formals , |-tok , SchemaText , END

|
C.4.5.2 Type

Y @ {i, — P(GENTYPE i, ), ..., i, — P(GENTYPE i)} F e s 7 7 “ﬁb’[ﬁ'j" Iny =T
T =
D . .
S F GENAX [iy,...,in] e 8 TEND 8 o o= dom Be i, @A)

In a generjc axiomatic description paragraph GENAX [i,, ..., i,] e END, there shall be no dupligation of 1
the generi¢ parameters. The expression e is typechecked, in an environment overridden byythe generic
and shall lpe a schema. The annotation of the paragraph is formed from the signature of that schemg
same namps but associated with types that are generic.
C.4.5.3 | Semantics
The generjc axiomatic description paragraph GENAX [i,, ..., i,] € END introduces global names and cqg

their valud

[ GENAY

Given a n
overridderl
argument
paragraphl
e (namely|
instantiati

determinigg the semantic value of e, so that references to them from generic types (see 15.2.6.2) can

captured.

s, with generic parameters that have to be instantiated (by sets) whenever those names ar

[i1y.yin) (€ 8 Pyt Te; o} jm : Tm]) END |” =
{M: Model; v:W1Tn—>W
|V wiy ooy wy, :WeT w:We
u (W, o, wy) €W
AN(M&{iy, — wy, ..., ip . wpt U{i, decor & — wy, ...
e M— MUXY:{j, o impONT:WTneuszy}

, iy, decor @ — wyp}) —

hodel M and generic argument-sets wi, ..., wy,, the semantic value of the schema e in
bets are considered. The, furiction « maps the generic argument sets to a binding in the sch
relates the model M. to.that model extended with the binding that associates the names o
Jis -y Jm) with the corresponding value in the binding resulting from application of u
ng sets x. Associations for names decorated with the reserved stroke # are also intro

J)

ames within
parameters,
, having the

nstraints on
b referenced.

elel

that model

by the association of the-geneéric parameter names with those sets is w. All combinatiofs of generic

ema w. The
F the schema
to arbitrary
luced whilst
avoid being

C.4.6 Generic schema definition

C.4.6.1

Paragraph

©@ISO/IEC

Syntax
| GENSCH , NAME , [-tok , Formals , |-tok , SchemaText , END
|

)
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C.4.6.2 Transformation

The generic schema definition paragraph GENSCH 4 [i,,...,i,] ¢ END can be instantiated to produce a schema
definition paragraph.

GENSCH i [iy,...,i,] t END == GENAX [i,,...,4,] [i == t] END

It is semantically equivalent to the generic axiomatic description paragraph with the same generic parameters and
whose sole declaration associates the schema’s name with the expression resulting from syntactic transformation
of the schema text.

C.4.7 Horizontal definition
C.4.7.1 | Syntax

Paragraph .
ZED , DeclName , == , Expression , END

’

C.4.7.2 | Transformation

The horiz¢ntal definition paragraph ZED ¢ == e END introduces‘the global name ¢, associating with|it the value
of e.

ZED i == ¢ END == AX [i == ¢] END

It is sematically equivalent to the axiomatic description paragraph that introduces the same single|declaration.

C.4.8 (eneric horizontal defidition
C.4.8.1 | Syntax

Paragraph .
ZED ;;”NAME , [-tok , Formals , |-tok , == , Expression , END

’

C.4.8.2 | Transformation

The gener}c herizontal definition paragraph ZED ¢ [i,, ..., ;] == e END can be instantiated to produce|a horizontal
definition perasraph-

ZED i [iy,...,in] == € END == GENAX [i,,...,i,] [i == e] END

It is semantically equivalent to the generic axiomatic description paragraph with the same generic parameters
and that introduces the same single declaration.
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C.4.9 Generic operator definition

C.4.9.1 Syntax

ISO/IEC 13568:2002(E)

Paragraph = ...

| ZED , GenName , == , Expression , END

|
GenName = PrefixGenName

| PostfixGenName

| InfixGenName

| NofixGenName
PrefixGenName = PRE , NAME

| L, {NAME , (ES| SS) } , NAME , ( ERE | SRE ) , ‘NAME
PostfixG¢nName = NAME , POST

| NAME , EL , { NAME , ( ES| SS ) } , NAME § (‘ER | SR )
InfixGenljame = NAME , I , NAME

| NAME , EL , { NAME , ( ES | SS ) ¥»SNAME , ( ERE | SRE ) , NAMH
NofixGenlJame = L, {NAME , (ES| SS) } ,“NAME , C ER| SR ) ;
C.4.9.2 | Transformation
All generi¢ names are transformed to juxtapositions of NAMEs and generic parameter lists. This causep the generic

operator definition paragraphs in which they appear to become generic horizontal definition paragraphs, and thus

be amenalple to further syntactic transformation.
Each resulting NAME shall be one for which there is an operator template paragraph in scope (see 122.8).
C.4.9.3 | PrefixGenName
pre i = preX [i]
In i, €88,/0 n—n €8Sp—n in_y €re i, =— InXess,..Xess,_XereX [i,, ..., in—o,in_y,if]
Ini, esb ). in—n €SSp_s in_y STE iy, —> InNXess,..Xess,_XsreX [i,,...,0n—0,ln_1,i}]
C.4.9.4 PostfixGenName
i post = Mpost [i]
1€l Gy €8Sy v Iy €SSp_y in er —> WNelXess,..Xessy_Xer [iy,ia, . ..yin_1,in)
iyel iy €88y .. ip_y €8Sp_y in ST = WelXess,..Xess,— XST [iy, 90, oy in_1,in]
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C.4.9.5 InfixGenName

ivin i = MinX [i,, 4]
1,6l iy €8Sy o ip_o €8Sp_o In_y €T€ &, = NXelXess,..Xess,_XereMX [y, 0o, s in_o,in_1,1n]

iyl Gy €8Sy o lp_o €SSp_o in_y STE &y —> NXelXess,..Mess,_XsreMX [iy,0s, oy in_o,ln_1,1n]

C.4.9.6 | NofixGenName

In i, €88y ... in—, €8Sp_y in er = InXess,..Xess,_,Xer [iy, ..., ifmisin]

In i, essy ... in—y €88p—y in ST = InNess,..Mess,_,Xsr [i,, . dn—1, in]

C.4.10 |Free types
C.4.10.1] Syntax

Paragraph = ..

| ZED , Freetype , { & , Freetype } , END

|
Freetype = NAME , := , Branch\;»{ |-tok , Branch } ; (* free type *)
Branch = DeclName , [ ({ ,“Expression , )) ] ; (* element or {njection *)

C.4.10.2] Transformation

The transformation of free types paragraphs is done in two stages. First, the branches are permuked to bring
elements tp the front and injecfions to the rear.

gley | h]... = | hlgle)]..

Exhaustivg applicagion of this syntactic transformation rule effects a sort.

The seconfl stagerequires implicit generic instantiations to have been filled in, which is done during fypechecking
(see 13.2.3.3). ‘Hence that second stage is delayed until after typechecking, where it appears in tllxe form of a
semantic transformation rule (see 142 3 1)
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C.4.10.3 Type
#FAS1s havs s Pumys Guas ooy Ganas
f’l‘7 h’l‘l) ey hrmw g’r‘la ey ngr}
=r+m+...+mp+n+...+n,
=YX ®{f, — P(GIVEN f,), ..., f — P(GIVEN f,)}
Tii=Pay; ... Tin, =Pain,
BHE e, 3T, BE e 37T.a
: Trr=Pary, . Trp, =Papn,
. . o = f, :P(GIVEN f,);
BHe 87 . BF e 8Tn, By i GIVEN fi5 .i by, (GLVEN fi;
fro=hoy [ ham, g1 i P(71, X GIVEN f,);
91 1<<611 8 Ty 1>> | .
g Gin, : P(Tyn, X GIVEN f,);
Gin,(€1n, 8 Tan,) & .
D . ° *y
S FzED 1 g END ¢ o £, BIvEN £
fro=hey || hem, | By y : GIVEN fr; .. By, : GIVEN f,
gra{ers 8 Tra)) | gr1 “P(7-, X GIVEN f,);
Grn,{€rn,. 8 Trn,) Grn, - P(Tyn, X GIVEN f,)

In a free tyjpes paragraph, the names of the free types, elementsiand injections shall all be different. Thg
representihg the domains of the injections are typechecked‘ini an environment overridden by the nam

types, and
free types

C.4.10.4

A free typ¢s paragraph is semantically equivalent to the sequence of given type paragraph and axioma

shall all be sets. The annotation of the pardgraph is the signature whose names are thd
the elements, and the injections, each agsociated with the corresponding type.

Semantics

expressions
s of the free
se of all the

ic definition

iation.

paragraph| defined here.
NOTH 1 This exploits notation ‘that is not present in the annotated syntax for the purpose of abbrev]
ZED
froqhaa | ham, bgydles ) || un, (€an, )
& ... &
fromdhey | oo | b | gralera) |- | Grn, (€rn, )
END
—
ZED
[frses fr]
END

©@ISO/IEC
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AX
h117 sy hlm1 5f1

h’r‘17 () hrmT. : fr
911 :]P)(€11 X fl); <5 Gin, :P(61n1 X f1)

9ra :P(erl X fr); -5 Grn, :]P)(ern,,» X fr)

AY L 1 AY

(vu.cllvjlhb.yllv‘b.l—u,} \vu,.clnjvjl.b.ylnlv.b.L—u)

CA
NVule,o3 z:grr0oz. l=u)A . ANuie, 3, 2:9p, 02.1=u)

glnlu:g1nlv.u:1})

Vup:e|gru=g,veu=0v)A.. AN uv:e ,,

Vu,piers | griu=grveu=0)A.. AN UV:€n, | Grnt=grn v U= V)

Vb,b,:Ne
(Fw:ful
b,=1ANw=h,, V. Vbh=mAw="hym, V
by=m+1lAwe{r:g,,0x.2} V..Vb
ANby=1ANw=h,, V..Vb,=m Aw=hyny
bo=mi+1Awe{zr:g,,0x.2}V..\b,
by = by) A

m +m Aw€E{T:gn,

A\

I

m1+n1/\w€{$191n1

‘n
b w: s
b,=1ANw=h.y V..Vb, =mu pw=hppm, V
by=mr+1Awe{r:g,ex .2} V..Vb =
ANba=1ANw=hp, V..Vbi=Em Aw="hppm, V
bo=m,+1Awe{zng., 0z .2} V..Vby=m+n ANw€{T:grn,
b, = b,)

mr+n. Aw€{x:grn,

Vw, | Pfi; s we P S|

hiy €wy Ao MRy, € wy A

CA

hyy € WA o A By, € Wy A

(v i‘/(M fl == Wy ey fr ::wr.ell).gllyewl)/\
WAV Yy fi==wy o fr==w,0€,,) @0, Y EW,) A

‘A

L

o

.

e T.

.2})
.2})

2})
2})

C Organisation by concrete syntax production

Vg .- Jpl — Wiy vy Jr —— Wr 'Crl) O Gr1§J T Wyr)

ANy (ufi==wy; .y fr==w,0erp,. )0 grpn Yy EwW,.)e
w, = f1i A Awp. = f

END

The type names are introduced by the given types paragraph. The elements are declared as members of their cor-
responding free types. The injections are declared as functions from values in their domains to their corresponding

free type.

The first of the four blank-line separated predicates is the total functionality property. It ensures that for every

injection, the injection is functional at every value in its domain.
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The second of the four blank-line separated predicates is the injectivity property. It ensures that for every
injection, any pair of values in its domain for which the injection returns the same value shall be a pair of equal
values (hence the name injection).

The third of the four blank-line separated predicates is the disjointness property. It ensures that for every free
type, every pair of values of the free type are equal only if they are the same element or are returned by application
of the same injection to equal values.

The fourth of the four blank-line separated predicates is the induction property. It ensures that for every free
type, its members are its elements, the values returned by its injections, and nothing else.

The generpted p expressions in the induction property are intended to effect substitutions of all refetences to the
free type games, including any such references within generic instantiation lists in the e expressions

NOTH 2 That is why this is a semantic transformation not a syntactic one: all implicit generi¢/instarjtiations shall
have Jeen made explicit before it is applied.
NOTH 3 The right-hand side of this transformation could have been expressed using notation from the fnathematical

toolkit, as follows, but for the desire to define the Z core language separately from, the mathematical tdolkit.

ZED

[t17 “'7f7"}
END

AK
hl 1y =eey h1m1 :f1

vy ooy Brm,. @ fr

Gh1 €11 f17 ooy Gin, P €in, fl

1 €py f'r, oy Grmg. P €rn, fr

—

1570int({h1 1}y ooy {R1m, }, TN g1 1 %5 TAN Gin, )

isjoint ({hr1}, ooy {hrm,.}, RABGr1, .oy TAN Grn,.)
Mw, :Pfi; s wr: Pfrd
{ha1, oo, Bemyd U gia( p fs == wa; o fr==wr ®e11
JoUgin, (pfi==ws; .. fr==wreein, ) Cw: A

A
{thv ) hTmr}Ung(I pfi ==wi; .. fr ==wr ®er, D
U Ugrn, (pfo ==wi; ooy fr==wreern,. ) Cwre
W, = fi A Awyr = fr

E’\ID

C.4.11 Conjecture
C.4.11.1 Syntax

Paragraph = ...
| ZED , F? , Predicate , END
[

’
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Type
> H p

PO

g = €
ZED -7 p END 3 a( )

In a conjecture paragraph ZED 7 p END, the predicate p shall be well-typed. The annotation of the paragraph is

the empty
C.4.11.3

signature.

Semantics

The conjecture paragraph ZED F7 p END expresses a property that may logically follow from the specification. It

may be a

btarting point for a proof.

[ ZEDF? p END |* = id Model

It relates § model to itself: the truth of p in a model does not affect the meaning of the (gpecificatios
C.4.12 |Generic conjecture
C.4.12.1] Syntax
Paragraph = ..

| ZED , [-tok , Formals , |-tok , F? ¢ Predicate , END

|
C.4.12.2] Type

Y @ {i, — P(GENTYPE i,), ..., i, — P(GENTYPEY,)} F p ( #{iy, . int=n )
¥ F ZED [iy,...,in] F? p END_§N7 o= ¢

In a genefic conjecture paragraph ZED [i,%5+ 4,] F7 p END, there shall be no duplication of name
generic pafameters. The predicate p shalltbe well-typed in an environment overridden by the generic

The annotfation of the paragraph is the empty signature.

C.4.12.3

The gener
from the d

It relates

Semantics

¢ conjecture paragraph ZED [i,, ..., i,] F? p END expresses a generic property that may log
pecification. It may be a starting point for a proof.

[ ZED [iy,...,in] F? p END |” = id Model

modelto itself: the truth of p in a model does not affect the meaning of the specificatio1

=

5 within the
parameters.

ically follow

=

C.4.13

Operator template

An operator template has only syntactic significance: it notifies the reader to treat all occurrences in this section
of the words in the template, with whatever strokes they are decorated, as particular prefix, infix, postfix or
nofix names. The category of the operator—relation, function, or generic—determines how applications of the
operator are interpreted— as relational predicates, application expressions, or generic instantiation expressions
respectively.

124
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C.4.13.1 Syntax

ISO/IEC 13568:2002(E)

Paragraph = ..

| ZED , OperatorTemplate , END
OperatorTemplate = relation , Template

| function , CategoryTemplate

| generic , CategoryTemplate
CategoryTemplate = PrefixTemplate

| PostfixTemplate

| Prec , Assoc , InfixTemplate

| NofixTemplate
Prec = NUMERAL ;
Assoc = leftassoc

| rightassoc
Template = PrefixTemplate

| PostfixTemplate

| InfixTemplate

| NofixTemplate
PrefixTegplate = (-tok , PrefixName , )-toK

(-tok , P, _, )-tok

PostfixT¢mplate = (-tok , PostfixName , )-tok ;
InfixTemplate = (-tok , InfixName , )-tok ;
NofixTemplate = (-tok , JNofixName , )-tok ;
C.5 Predicate
C.5.1 Intreduction
A Predicate éxpresses constraints between the values associated with names. A Predicate can bg¢ any of uni-

versal quantification, existential quantification, unique existential quantification, newline conjunction, semicolon
conjunction, equivalence, implication, disjunction, conjunction, negation, relation operator application, member-

ship, schema predicate, truth, falsity, or parenthesized predicate.

©ISO/IEC 2002—All rights reserved
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C.5.2 Universal quantification

e well-typed

dings of the

idden by all

C.5.2.1 Syntax
Predicate = V , SchemaText , e , Predicate

|
C.5.2.2 Type

Y oes b H
csT XOPF P pg)
T F Viesrt)ep
In a univefsal quantification predicate V e e p, expression e shall be a schema, and predicate p shall H
in the envjronment overridden by the signature of schema e.
C.5.2.3 | Semantics
The univefrsal quantification predicate V e e p is true if and only if predicate p is™rue for all bin
schema e.
[Veep]” = {M:Model |Vt:[e]"MeMdtelp] o M}

In terms df the semantic universe, it is true in those models for which p\is’ true in that model overi
bindings if the semantic value of e, and is false otherwise.
C.5.3 [Existential quantification
C.5.3.1 | Syntax
Predicatg = ...

| 3 , SchemaText , e~} Predicate

|
C.5.3.2 | Transformation
The existdntial quantification predicate 3 ¢ e p is true if and only if p is true for at least one value

Jtep =— - Vte-p

It is semantically equiyalent to p being false for not all values of ¢.
C.5.4 Umnmique existential quamntification
C.5.4.1 Syntax
Predicate = ..

| 3, , SchemaText , e , Predicate

|
C.5.4.2 Type

SHE esr Xop0 H P

Y J(esn)ep

126
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In a unique existential quantification predicate 3, e e p, expression e shall be a schema, and predicate p shall be
well-typed in the environment overridden by the signature of schema e.

C.5.4.3 Semantics

The unique existential quantification predicate 3, e o p is true if and only if there is exactly one value for e for
which p is true.

Jyeep = -~ (Vee-(pA(Vie|p]|~ebe=0¢c"™)))

NOTH Exploiting notation that is not present in the annotated syntax, this abbreviates to the followjing.

J,eep = JeepA(Ve|p]~ele=0e"™)

It is semaftically equivalent to there existing at least one value for e for which p is trgé)and all thope values for
which it iy true being the same.

C.5.5 INewline conjunction
C.5.5.1 | Syntax

Predicatg
Predicate , NL , Predicate

’

C.5.5.2 | Transformation
The newlihe conjunction predicate p, NL p, is-frue if and only if both its predicates are true.
P NLp, = pi Ap,

It is semantically equivalent to the gonjunction predicate p, A p..

C.5.6 $emicolon conjunction
C.5.6.1 | Syntax

Predicatd

| Predicate , ;-tok , Predicate
|

’

C.5.6.2 Transformation

The semicolon conjunction predicate p,; p. is true if and only if both its predicates are true.

D1; P2 == P1 ADa

It is semantically equivalent to the conjunction predicate p, A p..
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C.5.7 Equivalence
C.5.7.1 Syntax
Predicate

| Predicate , < , Predicate
|

’

C.5.7.2 Transformation

The equivhlence predicate p, < p, 1s true I and only 1 both p; and p, are {rue or neither 1S irue.

Pr =P — (pl :pz) A (pz :>p1)

It is semaftically equivalent to each of p, and p, being true if the other is true.

C.5.8 Implication
C.5.8.1 | Syntax

Predicatg = ..
| Predicate , = , Predicate
|

’

C.5.8.2 | Transformation
The impli¢ation predicate p, = p, is true if and only if p, is true if p, is true.
Pr=2P2 —> TP VP,

It is semaftically equivalent to p, being-false disjoined with p, being true.

C.5.9 Disjunction
C.5.9.1 | Syntax

Predicatd = ...
| Predicate , V , Predicate
|

)

C.5.9.2 Transformation

The disjunction predicate p, V p, is true if and only if at least one of p, and p, is true.

D1 VP, — _‘(_‘pl/\_‘pz)

It is semantically equivalent to not both of p, and p, being false.
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C.5.10
C.5.10.1

Predicate

C.5.10.2

Conjunction

Syntax

| Predicate , A , Predicate
|

’

Type

o P

PO

P o P2

3]
A conjunc

C.5.10.3

The conju

In terms
otherwise.

C.5.11
C.5.11.1

Predicatg

C.5.11.2
¥ H

% |

A negation
C.5.11.3

The negat

H py A pe
tion predicate p; A p, is well-typed if and only if predicates p, and p, are well-typed.
Semantics
nction predicate p, A p, is true if and only if p, and p, are true.
[paAp]" = [P I7 0[P 1"

f the semantic universe, it is ¢rue in those models in which both p, and p, are true,

Negation
Syntax

-, Predicate

Type
[ p

-p
L predicate — p i§ well-typed if and only if predicate p is well-typed.
Semantics

on predicate — p is true if and only if p is false.

[-p]" = Model\[p]”

In terms

el e - - A - 11 1.1 o] - loa ol - e
L LU SUILIALIVIC UL VEL ST, 1015 07wt 11 All I1ITUUTLS CTALTPU LITUSTU 11T WILIUIL 15 07T e .

C.5.12 Relation operator application
C.5.12.1 Syntax
Predicate

©@ISO/IEC
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|

’

2002—All rights reserved

ISO/IEC 13568:2002(E)

and is false

129


https://iecnorm.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

ISO/IEC 13568:2002(E)

Relation

PrefixRel

PrefixRel
PostfixRel
InfixRel
NofixRel

PREP , Expression

C Organisation by concrete syntax production

LP , ExpSep , ( Expression , EREP | ExpressionList , SREP ) , Expression

PostfixRe

InfixRel

NofixRel
C.5.12.2

L

L)&plebbiull y, TUOLF

Expression , ELP , ExpSep , ( Expression , ERP | ExpressionLlist
Expression , ( € | =-tok | IP ) , Expression ,
{ (€| =tok | IP ) , Expression }

Expression , ELP , ExpSep ,
( Expression , EREP | ExpressionList , SREP ) (, jExpression

LP , ExpSep , ( Expression , ERP | ExpressienlList , SRP ) ;

Transformation

All relatioh operator applications are transformed to annotated ;né¢mbership predicates.

Each relatfion NAME shall be one for which there is an operater $emplate paragraph in scope (see 12.

The left-hhnd sides of many of these transformation rulés‘involve ExpSep phrases: they use es m
None of them use ss metavariables: in other words,enly the Expression ES case of ExpSep is s
the ExprefssionList SS case. Where the latter case occurs in a specification, the ExpressionL

, SRP )

b.8).

btavariables.
becified, not
| st shall be

transformg¢d by the rule in 12.2.12 to an expression} and thence a transformation analogous to that |specified for
the formei case can be performed, differing onlyin that a ss appears in the relation name in place ¢f an es.
C.5.12.2.1 PrefixRel
prep e =— e € prepX
lpe, es, ..e, oe8,)5 e, ,crepe, — (el, ...,en_2,en_1,en) € IpXes, .. Xes,, _,XereplX
l v Cpto €Sy_5 Ap_y STED € ==  (€4,..,€n_n,An_1,Cp) € IpXes, .. Xes,, _,XsrdpX
C.5.12.2.2 (PostfixRel
e postp = e € Xpostp
e, €elp e, esy .. eny €Sp_y eperp = (€4,€0,...,€n_1, ) € NelpXes,..Xes,,_,Xerp
e, elp e, Sy ... €y €Sy Gy STP =  (€1,€5,...,6n_1,0,) € XelpXes,...Xes,_,Xsrp

130
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C.5.12.2.3 InfixRel

€, P, €5 0P, €5 ... = €, ip, (€2 8 1) A(es 8 ;) ip, (€5 8 ) ...

The chained relation e, ip, e, ip, e ... is semantically equivalent to a conjunction of relational predicates, with
the constraint that duplicated expressions be of the same type.

ip in the 4
€ or =.

e, elp

e, elp

C.5.12.2.4 NofixRel

C.5.12.3
Y

L 1
=763 €T 637

€, 1p e, — (61762) € XipX

bove transformation is excluded from being € or =, whereas ip,,ip,, ... in the\chained rel

htion can be

€s €8s o Ep_n €Sp_o €n_y €TED € = (€,,6€,, ...,en_g,en_l,en) & MelpXes, ... Xes,, _ XerepX

€5 €85 ... €p_o €Sp_o Ap—y STEDP €, —> (61,62,...,6n_2,an_1,en) € KelpXes,...Xes,,

Ip e, €Sy ... en_y €Sp_y € erp  =>  (EaN%, Cn_1,€n) € lpXes, ... Xes,,_,Xerp

Ip e, esy ... en_y €Sp_y Ap STP == (€1, ..., €n—1,an) € lpXes,.. Xes, _,Xsrp

Type

&
e, 8T, Y F e, 81,

POl (e, 8 7)€ (€5 8 Ta)

In a meml}

the membérs of set e,.

C.5.12.4

The memb}

(TQZPTI)

WsrepX

ership predicate e, € es, expression e, shall be a set, and expression e, shall be of the game type as

Semantics

ership predicate e, € e, is true if and only if the value of e, is in the set that is the valud

[e.€er]” = {M: Model |[e, [ M€ [e, ]"Me M}

In terms df the,Semantic universe, it is true in those models in which the semantic value of e, is in {
value of e l—ard-s—falsc-otherwise:
C.5.13 Schema
C.5.13.1 Syntax
Predicate = ..
| Expression
|

©@ISO/IEC
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C.5.13.2 Transformation

The schema predicate e is true if and only if the binding of the names in the signature of schema e satisfies the
constraints of that schema.

e — fece

It is semantically equivalent to the binding constructed by 6 e being a member of the set denoted by schema e.

C.5.14 |Truth
C.5.14.1] Syntax

Predicatg
true

C.5.14.2] Type

Y | true

A truth predicate is always well-typed.
C.5.14.3] Semantics
A truth predicate is always true.

[ truer]” = Model

In terms df the semantic universe, it is true in all models.

C.5.15 |Falsity
C.5.15.1] Syntax

Predicatg =\
| ~false
|

C.5.15.2] "Transformation

The falsity predicate false is never true.
false = - true

It is semantically equivalent to the negation of true.
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C.5.16 Parenthesized predicate
C.5.16.1 Syntax

Predicate = ..
| (-tok , Predicate , )-tok

C.5.16.2 Transformation
The parenthesized predicate (p) is true if and only if p is true.

(r) = p

It is semantically equivalent to p.

C.6 Expression
C.6.1 Introduction

An Expregsion denotes a value in terms of the names with which values are associated by a |model. An
Expressign can be any of schema universal quantification, schema existéntial quantification, schemp unique ex-
istential ghantification, function construction, definite descriptiony, substitution expression, schema lequivalence,
schema injplication, schema disjunction, schema conjunction, schema negation, conditional, schema ¢omposition,
schema piping, schema hiding, schema projection, schema precondition, Cartesian product, powerget, function
and gener]c operator application, application, schema decoration, schema renaming, binding selectipn, tuple se-
lection, bihding construction, reference, generic instantiatioh, number literal, set extension, set comiprehension,
characterigtic set comprehension, schema constructionsbinding extension, tuple extension, characterjistic definite
descriptiof, or parenthesized expression.

C.6.2 $chema universal quantification
C.6.2.1 | Syntax

Expressig¢n = V , ScthemaText , e , Expression

C.6.2.2 | Type
e e 7. = P[B,]
Y Fley s Y06 F e | 1m,=P3,)
Y H Y, 2 7)ele, 2 7,) 2T, By & B,
\ 7, = Pldom B, < 5]

In a schema universal quantification expression V e, e e,, expression e, shall be a schema, and expression e,, in
an environment overridden by the signature of schema e,, shall also be a schema, and the signatures of these two
schemas shall be compatible. The type of the whole expression is that of a schema whose signature is computed
by subtracting from the signature of e, those pairs whose names are in the signature of e,.

C.6.2.3 Semantics

The value of the schema universal quantification expression V e, ® e, is the set of bindings of schema e, restricted
to exclude names that are in the signature of e,, for all bindings of the schema e,.

[Ve oes sPT]° = XN M:Model @ {t,: [7]" M|Vt :[e,|["Mot,Ut,€[e.]° (MDt) et}
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In terms of the semantic universe, its semantic value, given a model M, is the set of the bindings (sets of pairs)
in the semantic values of the carrier set of the type of the entire schema universal quantification expression in
M, for which the union of the bindings (sets of pairs) in e, and in the whole expression is in the set that is the
semantic value of e, in the model M overridden with the binding in e, .

C.6.3 Schema existential quantification

C.6.3.1

Expressi

C.6.3.2

The value
to exclude

It is semai

o £+

UJ LTLIUCLA

n = ..
| 3, SchemaText , e , Expression
|
3

Transformation

of the schema existential quantification expression 3 t e e is the set©f bindings of schema
names that are in the signature of ¢, for at least one binding of the schema t.

dtee =— - Vte-e

hitically equivalent to the result of applying de Morgan’sAaw-

C.6.4 $chema unique existential quantification
C.6.4.1 | Syntax
Expressig¢n = ...
| Ell , SchemaText e , Expression
|
C.6.4.2 | Type
c ) 1 = ]P)[/ﬁl]
Y Fle, s Y@t e 2 | 1, =P[3,)
E}—éfll(elng)o(engZ)ng B~ B,
73 = Pldom (3, < (3]
In a schenja unique.existential quantification expression 3, e, ® e,, expression e, shall be a schema, an
€., in an ¢nvironmment overridden by the signature of schema e,, shall also be a schema, and the {
these two pehémas shall be compatible. The type of the whole expression is that of a schema whose]

e restricted

d expression
ignatures of
signature is

computed

C.6.4.3

Dy subtracting Irom the signature oI €, tlose pall's whoSe nalines are 11 the signature ol e

Semantics

1.

The value of the schema unique existential quantification expression 3, e, ® e, is the set of bindings of schema
e, restricted to exclude names that are in the signature of e,, for at least one binding of the schema e,.

Jye,0e, = (Ve ea(exA(Ve, |e]  @be, =0e, ™))

NOTE Exploiting notation that is not present in the annotated syntax, this abbreviates to the following.

134

J, e 0, = HeloezA(V[el|62]N0061:061N)
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It is semantically equivalent to a schema existential quantification expression, analogous to the unique existential
quantification predicate transformation.

C.6.5 Function construction

C.6.5.1

Expression

Syntax

C.6.5.2

The value
tuple of ¢

A, SchemaText , e , Expression

’

Transformation

of the function construction expression A ¢ e e is the function associating, values of the
with corresponding values of e.

Atee = {t e (chartuple t,e)}

It is semaftically equivalent to the set of pairs representation of that function.

C.6.6 Definite description
C.6.6.1 | Syntax
Expressign = ..
| @ , SchemaText , e .,cExpression
|
C.6.6.2 | Type
Y Fle, s ny Z@ﬁl—562872<7-1:19>[5])
EI—E/,L(elng)o(engz)ng T3 = T2
In a definifte description expression p e, ® e,, expression e, shall be a schema. The type of the whol

is the typd
C.6.6.3

The value
chosen fro

of expression e, as determined in an environment overridden by the signature of schemd
Semanties

of the definite description expression y e, ® e, is the sole value of e, that arises whichev
n ‘the set that is the value of schema e, .

haracteristic

e expression
€.

br binding is

{M: Model; t, : W
|t,ele. I°M
AVt e[ Moe[e | Mdty)=[e " (MDt,))
oM e ] (Mat)} Clueoe]”

In terms of the semantic universe, its semantic value, given a model M in which the value of e, in that model
overridden by a binding of the schema e, is the same regardless of which binding is chosen, is that value of e,.
In other models, it has a semantic value, but this loose definition of the semantics does not say what it is.
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C.6.7 Substitution expression
C.6.7.1 Syntax

Expression = ..
| let , DeclName , == , Expression ,
{ ;-tok , DeclName , == , Expression } ,
e , Expression
|

C.6.7.2 | Transformation

The valuelof the substitution expression leti, == e,; ...; i,, == e,, ® e is the value of e when &llof its references
to the names have been substituted by the values of the corresponding expressions.

leti, ==¢e,; .5 ip===e€, 0 = 1, ==¢€,; ...; by == 1, ®¢

It is semaftically equivalent to the similar definite description expression.

C.6.8 $chema equivalence
C.6.8.1 | Syntax
Expressi¢n

| Expression , <& , Expression
I

C.6.8.2 | Transformation

The value|of the schema equivalence expressione, < e, is that schema whose signature is the union of those of
schemas ef and e,, and whose bindings aré«those whose relevant restrictions are either both or neither in e, and
€s.

ed e, = (e,=>e)A(es=€,)

It is semantically equivalent tethe schema conjunction of the schema implication e, = e, with|the schema
implicatioh e, = e,.

C.6.9 $chema implication

C.6.9.1 | Syntax

Expression = ...
| Expression , = , Expression

C.6.9.2 Transformation

The value of the schema implication expression e, = e, is that schema whose signature is the union of those of
schemas e, and e,, and whose bindings are those whose restriction to the signature of e, is in the value of e, if
its restriction to the signature of e, is in the value of e, .

e, =€, — —e; Ve,
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It is semantically equivalent to the schema disjunction of the schema negation — e, with e,.

C.6.10 Schema disjunction
C.6.10.1 Syntax

Expression

| Expression , V , Expression
|

’

C.6.10.2] Transformation

The value|of the schema disjunction expression e, V e, is that schema whose signatureys the union of those of
schemas e} and e,, and whose bindings are those whose restriction to the signaturerof-e, is in the vhlue of e, or
its restrictfion to the signature of e, is in the value of e,.

e, Ve, = - (ne A-e,)

It is semantically equivalent to the schema negation of the schema conjunetion of the schema negatiqns of e, and
€s.

C.6.11 |Schema conjunction
C.6.11.1] Syntax

Expressig¢n = ...
| Expression , A , Expression

C.6.11.2] Type

c ‘ Ty = ]P)[/BJ

Y FHle sy Y (s 2| 1, =P[3]

Y F(es 8 ) A (e 372) 8 74 | Br =02

T3 = ]P)[ﬁl U ﬂz]

In a scherpa conjufiction expression e, A e,, expressions e, and e, shall be schemas, and their sigmatures shall
be compafible.~The type of the whole expression is that of the schema whose signature is the uniof of those of
expressionk € and e,.

C.6.11.3— Semantics

The value of the schema conjunction expression e, A e, is the schema resulting from merging the signatures of
schemas e, and e, and conjoining their constraints.

[esNes s PT]° = XNM: Model @ {t:[ 7] " M;t,:[e, |°M; t,:[es]"M|t,Ut,=rtet}

In terms of the semantic universe, its semantic value, given a model M, is the set of the unions of the bindings
(sets of pairs) in the semantic values of e, and e, in M.
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C.6.12 Schema negation
C.6.12.1 Syntax
Expression = ..

| — , Expression

|
C.6.12.2 Type

e 5 T, (lemm)
Y HFl-(esmn)em\2=T
In a scherha negation expression — e, expression e shall be a schema. The type of the wholerexprpssion is the
same as tlje type of expression e.
C.6.12.3] Semantics
The value|of the schema negation expression — e is that set of bindings that akeJof the same typd as those in
schema e put that are not in schema e.
[-esPr]® = XM: Modelo {t:[7]"M|<2G€ e Met}

In terms df the semantic universe, its semantic value, given a modgel 1, is the set of the bindings (gets of pairs)
that are rhembers of the semantic value of the carrier set of scheéfna e in M such that those bindjngs are not
members ¢f the semantic value of schema e in M.
C.6.13 |Conditional
C.6.13.1] Syntax
Expressign = ..

| if , Predicate’,; then , Expression , else , Expression

|
C.6.13.2] Transformation
The value|of the conditienal’expression if pthene, elsee, is the value of e, if p is true, and is the yalue of e, if
p is false.

if pthene,elsee, =— pi:{e,e}|pAhi=e, VapAi=e,eoi
It is semaptically equivalent to the definite description expression whose value is either that of e, ¢r that of e,
such that H-p—s+truethenit—is—er—ordpistfalsethonitic—en
C.6.14 Schema composition
C.6.14.1 Syntax
Expression =

| Expression , § , Expression

|
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C.6.14.2 Type

T = ]P)[ﬂl]
T2 = ]P)[ﬂ2]
match = {i : dom B3, | i decor ' € dom 3, @i}

SHFoesn SF e s By = {i : match e i decor '} <3,
S (e 8 71)8 (a8 Ta) 8 7y | Pa=match<f,
B3 = By
{i : match o i+ (,(i decor ")} ~ {i : match @i — (3, i}
7y, =P[B; U B,]
In a scherha composition expression e, § e,, expressions e, and e, shall be schemas. Let mateh/ e the set of
names in §chema e, for which there are matching primed names in schema e,. Let 35 be thé.signgture formed

from the d
componen
types of tl

of a schenfa whose signature is the union of 3, and §,.

C.6.14.3] Semantics

The value

operationd represented by schemas e, and e, in sequence.

(ex 8 Plo,]) § (e2 8 Ploz]) s Plo]

—
S (Veea(m(Ve,o—e; e |be;=0e)
A (7 eye fear | B, = 0 &)

of the schema composition expression e, § e, is that schema représenting the operation

omponents of e, excluding the matched primed components. Let 3, be the signaturé fornjed from the
s of e, excluding the matched unprimed components. Signatures 35 and 3, shall’be com
le excluded matched pairs of components shall be the same. The type of the-whole expregsion is that

atible. The

pf doing the

where e, == carrier [{i : NAME; 7 : Type \Ni’decor ' +— 7 € o, ® i decor '+ 1}]
and e, == carrier [{i : NAME; 7:Type | i — 7€ 0, i+ T}
and e == (e, )™
NOTH Exploiting notation that is not presentdn the annotated syntax, this abbreviates to the followjing.
(el 8 ]:P)[O-l}) 8 (62 8 P[Uz]) 3 ]P)[O']
Jee(Tesoenne|Oe; =0e™)
AN(Te,oled | 0e, =0e™)
where e, =% carrier [{i : NAME; 7 : Type | i decor '+ 7 € o, e i decor '+ T}]
and ¢p== carrier [{i : NAME; 7: Type | i — 7 € 0, 8 i + T}]
and ¢¥'== (e,
It is semaftically equivalént to the existential quantification of the matched pairs of primed comp

and unpri

C.6.15
C.6.15.1

Expression

©@ISO/IEC

med compaouénts of e,, with those matched pairs being equated.

pnents of e,

Schema piping
Syntax

| Expression , >> , Expression

)

2002—All rights reserved
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C.6.15.2 Type
7, = P[G,]
7, = P[B,]
. . match = {i : NAME | i decor | € dom (3, A i decor ? € dom (3, e i}
Y e s Xb oes | By={i:matcheidecor |} <0,
Y (e 8T)>>(en 8 72) 874 By ={i : match e i decor 7} <3,
By = 0,
{i : match e i+ (3,(i decor )} =~ {i : match e i — [, (i decor ?)}

73 = P[B; U B,]

In a schen]
which the

formed frdm the components of e, excluding the matched shrieked components. Let 3, be the’signg
from the cpmponents of e, excluding the matched queried components. Signatures 3; and;’shall bg
of the excluded matched pairs of components shall be the same. The typeydfithe whole ¢xpression is
that of a gchema whose signature is the union of 8, and §,.

The types

C.6.15.3

The value
two opera

where e, == carrier [{i : NAME; 7: Type"{#/decor | — 7 € 0, @i decor | — 7}]
and e, == carrier [{i : NAME; 7: Typ® | i decor 7 — 7 € 0, ® i decor 7 — 1}]
and e == (e, )™
NOTH Exploiting notation that is not present/in the annotated syntax, this abbreviates to the follow]
(ex8 Ploa]) >> (e2 8 Ploz]) ¢ Plo]
Jee (T ey o erne™|Oe; =0e™)
AN(Teyolet | 0e, =0€™)
where e, == carrier [{i : NAME; 7 : Type | i decor | — 7 € o, i decor | — T}
and ep== carrier [{i : NAME; 7 : Type | i decor 7+ T € g5 @i decor 7 +— T}]
and-eY== (e, )™
It is semafptically equivaléiit to the existential quantification of the matched pairs of shrieked comp

and querig

Semantics

of the schema piping expression e, >> e, is that schema representing the operation forn
ions represented by schemas e, and e, with the outputs of ¢;\identified with the inputs o

(e, g Plo,]) > (es 8 Plo,]) s Plo]

S
S (Veea(n(Veyoe; e |be;=0eY)
A (¥ ey e feai | By = 0 )

d componéuts of e,, with those matched pairs being equated.

a piping expression e, >> e,, expressions e, and e, shall be schemas. Let match be the-setjof names for
e are matching shrieked names in schema e, and queried names in schema e,. Let 3;\be the signature

ture formed
compatible.

ed from the
f e,.

ing.

onents of e,

C.6.16 Schema hiding
C.6.16.1 Syntax
Expression = ...
| Expression , \ , (-tok , DeclName , { ,-tok , DeclName } , )-tok
|
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C.6.16.2 Type

SFesn n =Pl
. _ {ivy oy in} C dom
(€8 7))\ (asensin) 8 72 \ 7, = P[{i,, .., in} < 3]

£

Y F

In a schema hiding expression e \ (i1,...,1,), expression e shall be a schema, and the names to be hidden shall
all be in the signature of that schema. The type of the whole expression is that of a schema whose signature is
computed by subtracting from the signature of expression e those pairs whose names are hidden.

C.6.16.3_Semantics

The value| of the schema hiding expression e \ (41,...,1,) is that schema whose signature is_that/jof schema e
minus the|hidden names, and whose bindings have the same values as those in schema e.

(e 8 Po]) \ (irs-yin) == = (Y i, : carrier (o i,); ...; in : carrier (g, ig)® — e)

NOTH Exploiting notation that is not present in the annotated syntax, this aBbreviates to the followjing.

(e 3 Plo]) \ (t1yeesin) == T iy : carrier (0 41); ...;. 0 ) carrier (o in) ® €

It is semanjtically equivalent to the schema existential quantificationrof‘the hidden names i,, ..., 9,, fron) the schema
e.

C.6.17 |Schema projection
C.6.17.1] Syntax
Expressig¢n =
| Expression , {(, Expression
|

C.6.17.2] Transformation

The value [of the schema projection expression e, [ e, is the schema that is like the conjunction e, A ¢, but whose
signature s restricted to\just that of schema e,.

e, [ea = {ei;e.00e,}

It is semaptic¢ally equivalent to that set of bindings of names in the signature of e, to values tha} satisfy the
constraintg of*both e, and e..

C.6.18 Schema precondition
C.6.18.1 Syntax

Expression = ..
| pre , Expression
|

)
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C.6.18.2 Type

YFesgmn , = P[3]
S F opre(e sm) s T 7, =P[{i, j : NAME | j € dom B A (j =i decor 'V j =1 decor !) e j} <[]

In a schema precondition expression pree, expression e shall be a schema. The type of the whole expression is
that of a schema whose signature is computed by subtracting from the signature of e those pairs whose names
have primed or shrieked decorations.

C.6.18.3 Semantics

The value| of the schema precondition expression pree is that schema which is like schema e but] without its
primed anfd shrieked components.

pre(e g Plo,]) 8 Plon] = - (Y carrier [0, \ 05] ® —€)

NOTH Exploiting notation that is not present in the annotated syntax, this abbréviates to the followfing.

pre(e 8 Plo.]) 8 Plo.] = 3 carrier [0, \G3]® e

It is semaptically equivalent to the existential quantification of the pfimed and shrieked components from the
schema e.

C.6.19 |Cartesian product
C.6.19.1] Syntax
Expressign

| Expression , X y(Expression , { X , Expression }

’

C.6.19.2] Transformation

The valueof the Cartesian ptoduct expression e, X ... X e, is the set of all tuples whose components §re members
of the corjesponding sets that are the values of its expressions.

e X o Xe, = {iy:er; in e, ®(iy,..iy)}

those menpbets into tuples.

It is semazrically equivalent to the set comprehension expression that declares members of the sets aid assembles

C.6.20 Powerset
C.6.20.1 Syntax

Expression = ...
| P , Expression
|

’
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C.6.20.2 Type

SFesmn (Tlpa)
SEPesr)sm\T=2=Pn

In a powerset expression Pe, expression e shall be a set. The type of the whole expression is then a powerset of
the type of expression e.

C.6.20.3 Semantics

The value of the powerset expression Pe is the set of all subsets of the set that is the value of e.

[Pe]® = X M: Model o P ([ e |* M)

In terms df the semantic universe, its semantic value, given a model M, is the powerset ofyalues of p in M.

C.6.21 |Function and generic operator application
C.6.21.1] Syntax

Expressig¢n = ..
| Application
|

)

Applicatjon PrefixApp
PostfixApp
InfixApp

NofixApp

PrefixApj = PRE , Expression
| L , ExpSep ;. ((,;’Expression , ERE | ExpressionlList , SRE ) , Expr¢ssion

PostfixApp = Expression , POST
| Expression , EL , ExpSep , ( Expression , ER | ExpressionList , SR )

InfixApp =) Expression , I , Expression
| Expression , EL , ExpSep ,
( Expression , ERE | ExpressionList , SRE ) , Expression

’

NofixApp = L , ExpSep , ( Expression , ER | ExpressionList , SR ) ;
C.6.21.2 Transformation

All function operator applications are transformed to annotated application expressions.

All generic operator applications are transformed to annotated generic instantiation expressions.

For any particular function or generic operator application, two potential transformations are specified below,
both of which result in the same NAME. That NAME shall be one for which there is an operator template paragraph
in scope (see 12.2.8). Which of the two transformations is appropriate is determined by that operator template’s
category: function or generic respectively.
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The left-hand sides of many of these transformation rules involve ExpSep phrases: they use es metavariables.
None of them use ss metavariables: in other words, only the Expression ES case of ExpSep is specified, not
Where the latter case occurs in a specification, the ExpressionList shall be
transformed by the rule in 12.2.12 to an expression, and thence a transformation analogous to that specified for
the former case can be performed, differing only in that a ss appears in the function or generic name in place of

the ExpressionList SS case.

an es.

C.6.21.2.1 PrefixApp

Function cases

pree = preXe
Ine, es, ... en_n €Sp_p €n_,y €re e, =—> InXes,..NMes,_XereX (e,,...,€n_n, EpminEn
In e, €8, ... en_p €Sp_p An_, STE €, =—> InNXes,..Mes,_XsreX (e, ..., en_n, a4ty , En
Generic cdses
pree = preX [e]
Ine, es, ... en_u €Sp_n €y ere e, =— InXes,..Xes,_XdréX [e,,...,en_s,n_1,€n
Ine, es, ... en_n €Sp_p Qp_, STE € —> InMes,..Xes, sKsreMX [e,,...,en_0,@n_1,ep
C.6.21.2,2 PostfixApp
Function dases
e post —>_ (Kpost e
e, el ey €8y ... €y €Sy, €y er == NelXes,..Xes,_,Xer (e,,e,,...,en_1,€p)
e, el €y €85 ... €n_y €Sy, G ST.O— NXelXes,..Xes,_,Xsr (e,,€,,...,€n_1,an
Generic cdses
e post = Wpost [e]
€, el €y €85 iy €Sp—y €n €1 —> NelXes,..Xes,_,Xer [e,, s, ...,en_1, €n]
€, el ey €8xty €Sp_y an ST => WelMes,..Mes,_,Xsr [e,,€,,...,en_1,ay]
C.6.21.2.3 InfixApp
Function dases
e, in e, =—> MinX (e;,e.)
€, €l €y €85 ... €p_n €Sp_s €,y eTC €, =—> NXelXes,..Xes,_.XereX (e,, €5, ...y €n_o,€n_1,€p)
e, el ey €Sy ... €n_0 €Sp_o Ap_, STE €, —> WNelXes,...Xes,,_,XsreX (61,62,...,en_2,an_1,6n)
Generic cases
e, in e, = MinM e, e,]
€, €l €y €8, .. €n_o €Sy_p €n_,y €TE €, —> WNelXes,..Xes, XereX [e,,€s,...,en_o,€n_1,€n]
€, el €y €8y .. €n_n €Sp_p U,y STE €y —> NelXes,..Xes, _XsreX [e,, €, ..., €n_o, Ay, €n]
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C.6.21.2.4 NofixApp

Function cases

Ine, es, ...ep_y €Sp_y €y er = InMes,..Mes,_,Xer (e, ...,en_1,€y,)

In e, es, ... ep_y €Sp_y ap ST = InXes,...Xes,_Xsr (e, ...,en_1,an)
Generic cases

ine, es, ...ep_, €Sy, e er — [nes,..Mes,,_,Xer [e,,....,en_1, €]

Ine, €s, ... en_y €Sp_y ap ST = InXes,..Xes,_,Xsr [e,,...,en_1,an]

C.6.21.3] Type

S E egr (Tl_pa >
n |7£ IP’(S g 7_1) S T ’7—2:IP7—1
In a powefset expression P e, expression e shall be a set. The type of the-whole expression is then a powerset of
the type of expression e.

C.6.21.4 Semantics

The valueof the powerset expression Pe is the set of all subsets‘of the set that is the value of e.
[Pe]® = X\ M: ModeleP ([ e]°M)

In terms df the semantic universe, its semantic value, given a model M, is the powerset of values of p in M.

C.6.22 |Application
C.6.22.1] Syntax
Expressi¢n

| Expression , Expression
I

’

C.6.22.2] Type
Y Fle, 5w Y E e 8T

Y HF €' m) (ex 8 72) 8 7y

(7'1 =P(r, x 73) )

In an application expression e, €,, the expression €, snall be a Set ol pairs, and expression e, shnall be of the
same type as the first components of those pairs. The type of the whole expression is the type of the second
components of those pairs.

C.6.22.3 Semantics
The value of the application expression e, e, is the sole value associated with e, in the relation e,.
e, 6y 87 = (pi:carrier 7| (ey,1) €Ee, ®1)

It is semantically equivalent to that sole range value ¢ such that the pair (e,,4) is in the set of pairs that is the
value of e,. If there is no value or more than one value associated with e,, then the application expression has a
value but what it is is not specified.
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C.6.23 Schema decoration
C.6.23.1 Syntax
Expression = ...
| Expression , STROKE
|
C.6.23.2 Type
Y+ e, 7 = PI5]
5 (e v m) 57 \ 7o = Bl s dom e decor i

In a schenja decoration expression e T, expression e shall be a schema. The type of the wholé/exprd

of a schen]
C.6.23.3

The value
except thd

a whose signature is like that of e but with the stroke appended to each of itSmaines.

Semantics

t their names have the addition stroke .

(e 8 Pliy: Ty s in )t = e [iy decor ¥ [ inyed. i decor /iy

Ssion is that

of the schema decoration expression e * is that schema whose bindings-are like those of the schema e

It is semaftically equivalent to the schema renaming where decorated hames rename the original names.

C.6.24 |Schema renaming
C.6.24.1] Syntax
Expressi¢n = ..
| Expression , [-teK), DeclName , / , DeclName ,
{ ,tok , DéclName , / , DeclName } , |-tok
|
C.6.24.2] Type
#{iy, yint=n
Y e T n=P5] o ‘ .
z S , N ) 62 :{.71 =01y oy ]n'_’ln}gﬂlu{zla ceey Zn}6ﬁ1
Y e s 7 )ldd ) tay s dn [ in] 8 T2 7, = P[]
B € (— -+ —)
In a scherpanrénaming expression e [§; / %y,.... 9y / 4,]. there shall be no duplicates amongst th

b old names

i1,...,1n. Expression e shall be a schema. The type of the whole expression is that of a schema whose signature
is like that of expression e but with the new names in place of corresponding old names. Declarations that are
merged by the renaming shall have the same type.

NOTE Old names need not be in the signature of the schema. This is so as to permit renaming to distribute over
other notations such as disjunction.
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Semantics
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The value of the schema renaming expression e [j, / 4, ..., Jn / in] is that schema whose bindings are like those
of schema e except that some of its names have been replaced by new names, possibly merging components.

[e[jr/irsein/in)]° = X\ M: Model o
{t,:[e]"M; t,: W |
ty = {Js = Gaers o = i} 1 U iay in} < 1y
ANt €(L+ )

In terms g
in the sem
merged by

LA

the renaming, those components shall have the same value.

C.6.25 |Binding selection
C.6.25.1] Syntax
Expressig¢n = ...
| Expression , . , RefName
|
C.6.25.2] Type
EFesn <71:[5] >
SHElesn).igm\(7)EB
In a bindlng selection expression e . i, éxpression e shall be a binding, and name 7 shall seled
components. The type of the whole expression is the type of the selected component.
C.6.25.3] Semantics
The valuefof the binding selection expression e . i is that value associated with ¢ in the binding that
of e.
(e's [o]) .i = {carrier [o] ® (chartuple (carrier [0]),i)} e
NOTH Exploiting notation that is not present in the annotated syntax, this abbreviates to the follow

f the semantic universe, its semantic value, given a model M, is the set of the bindings (dets of pairs)
antic value of e in M with the new names replacing corresponding old names. Where conjponents are

t one of its

is the value

ing.

r

L 1) . AV . [ ] AN
C o [O])-°¢ v carrier (U] et o

It is semantically equivalent to the function construction expression, from bindings of the schema type of e, to
the value of the selected name ¢, applied to the particular binding e.
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C.6.26 Tuple selection
C.6.26.1 Syntax

Expression = ..
| Expression , . , NUMERAL
I
C.6.26.2 Type
ﬁ}—ge‘)T T1 — Q4 Ozk\
- - bel..k
YFllesm).bs T, =

hmeric value
the selected

In a tuple [selection expression e . b, the type of expression e shall be a Cartesian product; and the n
of NUMERAL b shall select one of its components. The type of the whole expression isrthe type of
componenf.

C.6.26.3

The value

(4

Semantics

of the tuple selection expression e . b is the b’th component of thieytuple that is the value

8Ty X .. XTy). b = {i:carrier (T, X ... X T,) ®

(i, iy 2 carrier Ty .oy dy Scarrier T, | 6 = (iy, .y ip) ® dp

of e.

NOTH Exploiting notation that is not present in the annotated syntax, this abbreviates to the followjing.
(e 8 T X .. XTn). b = (Ai:carrien@r, X ... X Ty) ®
LGN\ CarTier To; ...y i i carrier Tn | & = (i1, ..., in) ® ip)
It is semaiftically equivalent to the function construction, from tuples of the Cartesian product type tq the selected

componen

[, of the tuple b, applied to the particular tuple e.

C.6.27 |Binding construction

C.6.27.1] Syntax

Expressi¢n S
| 6 , Expression , { STROKE }
|

C.6.27.2 Type

S HFesn 7 = P[]
= YV i:dom B e (i decor *,8 i) € X A - generic_type (0 i)
YFE bO(esm) e, . = [A]

In a binding construction expression 6 e *, the expression e shall be a schema. Every name and type pair in its
signature, with the optional decoration added, shall be present in the environment with a non-generic type. The
type of the whole expression is that of a binding whose signature is that of the schema.

NOTE If the type in the environment were generic, the semantic transformation in 14.2.5.2 would produce a reference
expression whose implicit instantiation is not determined by this International Standard.

148 ©ISO/IEC 2002—All rights reserved


https://iecnorm.com/api/?name=3c38bd3b6b2e1de3aca2c6d9e76bc124

C Organisation by concrete syntax production

C.6.27.3

The value

Semantics

*

of the binding construction expression 6 ¢ * is the binding whose names are those in the

schema e and whose values are those of the same names with the optional decoration appended.

Oe™ 8 iy Ty oy in:Tn] = (i, ==1, decor ™, ..., i, == iy, decor ™ )

It is semantically equivalent to the binding extension expression whose value is that binding.

ISO/IEC 13568:2002(E)

signature of

C.6.28
C.6.28.1

Expressi

C.6.28.2

In a refer
environme

This synt
constructi

Similarly,
following s

NOTH

NOTH
definiy

NOTH
those

Reference
Syntax
n = ...
| RefName
|
Type

bnce expression, if the name is of the form Ai and no deelaration of this name yet ap
nt, then the following syntactic transformation is applied:

Aigdom %
—

Ai (15 ]

ctic transformation makes the otherwise undefined name be equivalent to the correspon

n expression, which is then typechecked.

f the name is of the form =7 and no de¢laration of this name yet appears in the environmd
yntactic transformation is applied.

S Y 19 =04 )

1 The Z notation is:deliberately not defined in terms of the A notation.

2 Type infererce,could be done without these syntactic transformations, but they are neceq
lg the formal sémantics.

3 Only-ecctrrences of A and = that are in such reference expressions are so transformed, not
n the names of declarations.

bears in the

Hing schema

nt, then the

sary steps in

thers such as

»

t € dom X
T = if generic_type (X i) then ¥ i, (X @) [y, ..., ] else X i

L NVT

In any other reference expression 4, the name 4 shall be associated with a type in the environment. If that type
is generic, the annotation of the whole expression is a pair of both the uninstantiated type (for the Instantiation
clause to determine that this is a reference to a generic definition) and the type instantiated with new distinct
type variables (which the context shall constrain to non-generic types). Otherwise (if the type in the environment
is non-generic), that is the type of the whole expression.

NOTE 4

If the type is generic, the reference expression will be transformed to a generic instantiation expression by

the rule in 13.2.3.3. That shall be done only when the implicit instantiations have been determined via constraints
on the new type variables a,, ..., ap.
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C.6.28.3 Semantics

The value of a reference expression that refers to a generic definition is an inferred instantiation of that generic
definition.

/ T/:([i1;~~~;in]7—) [a17~'705n] 12

18 [ty coey @n)T, T i [carrier a,, ..., carrier ay] 8 T
It is semantically equivalent to the generic instantiation expression whose generic actuals are the carrier sets of
the types inferred for the generic parameters. The type 7' is an instantiation of the generic type 7. The types
inferred for the generic parameters are o, ..., a,,. They shall all be determinable by comparison of 7 with 7/ as
suggested [y the condition on the transformation. Cases where these types cannot be so determined.| because the
generic type is independent of some of the generic parameters, are not well-typed.

EXANIPLE 1 The paragraph

[X]==1

define$ a with type [X]GIVEN A. The paragraph
bl==a

typeclecks, giving the annotated expression a g [X]GIVEN A,GIVEN A.(Corparison of the generic flype with the
instanfiated type does not determine a type for the generic parameter X Nand so this specification is n¢t well-typed.

Cases whdre these types are not unique (contain unconstrained vafiables) are not well-typed.

EXANIPLE 2 The paragraph

el pty ==

will cdntain the annotated expression @ 3 [X]P X, Payin which the type determined for the generic pgrameter X is
unconptrained, and so this specification is not well<typed.

The value|of the reference expression that refers“€o a non-generic definition ¢ is the value of the d¢claration to
which it r¢fers.

[i]° = X\ M: Model @ Mi

In terms df the semantic universe,.it§"semantic value, given a model M, is that associated with the ame i in M.

C.6.29 |Genericdnstantiation
C.6.29.1] Syntax

Expressig¢n

! RefName . [fnl{ . pvpv‘ncc‘inn . L tolk . F‘vp‘r‘ncc‘ir\n 1Y . }fnl{

|

5

C.6.29.2 Type
i€ dom X
generic_type (X i)
£ £ —
SFesn .. SFesmn| n=Pau

EF (e 8 ), (en 8 ) 8 T
™ =Pa,
7= (2 0) [ar, s )
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