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Foreword

ISO/IEC 11430:1994(E)

ISO (the International Organization for Standardization) and IEC (the In-

ternational Electrotechnical Commission) form the special
worldwide standardization. National bodiesjthat are membe}
participate in the development of International Standards th
committees established by the respective organization to deal
fields of technical activity. ISO and IEC technical commit
in fields of mutual interest. Other international organization
and non-governmental, in diaison with ISO and IEC, also {
work.

ized system for
s of ISO or IEC
rough technical
with particular
tees collaborate
s, governmental
ake part in the

In the field of information technology, ISO and IEC have established a

joint technical committee, ISO/IEC JTC 1. Draft Internat
adopted by thé\joint technical committee are circulated to
for voting. Rublication as an International Standard require
least 75 % 0f the national bodies casting a vote.

International Standard ISO/IEC 11430 was prepared by

ional Standards
national bodies
approval by at

Joint Technical

Committee ISO/IEC JTC 1, Information technology, Subcommittee 22, Pro-

gramming languages, their environments and system softwar

Annexes A and B form an integral part of this Internationa|
nexes C and D are for information only.

e interfaces.

Standard. An-
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Introduct

ion

The generic package described here is intended to provide the basic math-

ematical routin
This Internatio

es from which portable, reusable applications can be built.
nal Standard serves a broad class of applications with reason-

able ease of usg¢, while demanding implementations that are of high quality,
capable of validation and also practical given the state of the art.

The two specifi
as compilable

ations included in this International Standard are presented
da specifications in annexes A and B with explanatory text

in numbered clauses in the main body of text. The explanatoryctext is
normative, with the exception of the following items:

— in clausg 15, examples of common usage of the elementary functions
(under the heading Usage associated with each function);and

— notes.

9

The word “may” as used in this International Standard consistently means

“is allowed to”

(or “are allowed to”). It is uséd only to express permission,

as in the commpnly occurring phrase “an imiplementation may”; other words
(such as “can,” “could” or “might”) are‘used to express ability, possibility,
capacity or consequentiality.
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Information technology —

Progr

amming languages —

Generic package of elementary functions for Ada

coD
X

This Inter

EMENTARV

LV A il

TIONS. It

(1]

tional Standard defines the specification of a generic package of elementary functions cal

ootian ~Af o0 noalbasa ~AF walod avanndlane Ao DITMOUTADY

if
UNCTIONS and the specification of a package of related exceptions called \ELEMENTARY_FUNCTIONS_E

es not define the body of the former. No body is required for the latter.

This Inter
floating-p

2 Norn

The followi
tional Stan

tional Standard specifies certain elementary mathematical functions which are needed to

oint usage and to support generic packages for complex arithnietic and complex functiong.

were choserla

This Internfational Standard is applicable to programming envirgnments conforming to ISO 8652:198

because of their widespread utility in various application afeas.

native reference

hg standard contains provisions whichiy through reference in this text, constitute provision
lard. At the time of publication, the edition indicated was valid. All standards are subject

d GENERI

T T AN T

EL-

Pl ats)
LVLr-

C
X

support general
The functions

~

5 of this Interna-
to revision, and

parties to ggreements based on this International Standard are encouraged to investigate the possibjility of applying

the most r¢
valid Intern

cent edition of the standardlindicated below. Members of IEC and ISO maintain regis
ational Standards.

ters of currently

ISO 8652:1987, Programming languages — Ada (Endorsement of ANSI Standard 1815A-1983)
3 Functions.provided
The followihg'twenty mathematical functions are provided:

SQRT LOG EXP Pk

SIN cos TAN COT

ARCSIN  ARCCOS ARCTAN  ARCCOT

SINH COSH TANH COTH

ARCSINH ARCCOSH ARCTANH ARCCOTH

These are the square root (SQRT), logarithm (LOG) and exponential (EXP) functions and the exponentiation operator
(**); the trigonometric functions for sine (SIN), cosine (C0S), tangent (TAN) and cotangent (COT) and their inverses
(ARCSIN, ARCCOS, ARCTAN and ARCCOT); and the hyperbolic functions for sine (SINH), cosine (COSH), tangent (TANH)
and cotangent (COTH) together with their inverses (ARCSINH, ARCCOSH, ARCTANH and ARCCOTH).
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4 Instantiations

This International Standard describes a generic package, GENERIC_ELEMENTARY_FUNCTIONS, which the user must in-
stantiate to obtain a package. It has one generic formal parameter, which is a generic formal type named FLOAT_TYPE.
At instantiation, the user must specify a floating-point subtype as the generic actual parameter to be associated with
FLOAT_TYPE; it is referred to below as the “generic actual type.” This type is used as the parameter and result type
of the functions contained in the generic package.

Depending on the implementation, the user may or may not be allowed to specify a generic actual type having a range
constraint (see clause 5). If allowed, such a range constraint will have the usual effect of causing CONSTRAINT_ERROR

to be raised whfn an argument outside the user’s range is passed in a call to one of the Tunctions, or

the functions a

!

empts to return a value outside the user’s range. Allowing the generic actual type g

constraint also has some implications for implementors.

In addition to t}h
be used just likd
serving as a rep
be ELEMENTARY

e body of the generic package itself, implementors may provide (non-generic) library packa
instantiations of the generic package for the predefined floating-point typés.”The name
cement for an instantiation of GENERIC_ELEMENTARY_FUNCTIONS for the predefined type F

UNCTIONS; for LONG_FLOAT and SHORT_FLOAT, the names should be“LONG_ELEMENTARY

F
and SHORT_ELEIENTARY_FUNCTIONS, respectively; etc. When such a package is used”in an application i

instantiation of
for an instantia

5 Implemsg

Portable imple
mentations are
use pragma INT
techniques as d¢

An implementa
ITS), since port

1o

ion of the generic package.

ntations

entations of the body of GENERIC_ELEMENTARYXFUNCTIONS are strongly encouraged. Howj
t required to be portable. In particular, an implementation of this International Standard
ERFACE or other pragmas, unchecked conversion, machine-code insertions or other machin
sired.

ion may limit the precision it supports (by stating an assumed maximum value for SYSTE
able implementations would net, in general, be possible otherwise. An implementation is

to make other geasonable assumptions about-the environment in which it is to be used, but only when

order to match
shall be clearly
conform to this
the standard dd
implementation

An implementat
the range of all

algorithms to hardware characteristics in an economical manner. All such limits and §
documented. By convention, an implementation of GENERIC_ELEMENTARY_FUNCTIONS is
International Stamdard in any environment in which its limits or assumptions are not s3
es not define it behavior in that environment. In effect, this convention delimits the p

D«

ion may impose a restriction that the generic actual type shall not have a range constraint
bwable \walues. If it does impose this restriction, then the restriction shall be document

effects of violatilng the restriction shall be one of the following:

hen one of
ve a range

res that can
f a package
LOAT should
| FUNCTIONS
h lieu of an

GENERIC_ELEMENTARY_FUNCTIONS, it shall have the semantics implied by this Internationpal Standard

ever, imple-
in Ada may
b-dependent

M.MAX_DIG-
hlso allowed
hecessary in
issumptions
said not to
ttisfied, and
brtability of

hat reduces
ed, and the

Compilation of a unit containing an instantiation of GENERIC_ELEMENTARY_FUNCTIONS is rejected.

CONSTRAINT_ERROR or PROGRAM_ERROR is raised during the elaboration of an instantiation of GENERIC_ELEMEN-

TARY_FUNCTIONS.

Conversely, if an implementation does not impose the restriction, then such a range constraint shall not be allowed,
when included with the user’s actual type, to interfere with the internal computations of the functions; that is, if the
argument and result are within the range of the type, then the implementation shall return the result and shall not
raise an exception (such as CONSTRAINT_ERROR).

An implementation shall function properly in a tasking environment. Apart from the obvious restriction that an
implementation of GENERIC_ELEMENTARY_FUNCTIONS shall avoid declaring variables that are global to the functions,
no special constraints are imposed on implementations. Nothing in this International Standard requires the use of
such global variables.
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Some hardware and their accompanying Ada implementations have the capability of representing and discriminating
between positively and negatively signed zeros as a means (for example) of preserving the sign of an infinitesimal
quantity that has underflowed to zero. Implementations of GENERIC_ELEMENTARY_FUNCTIONS may exploit that capa-
bility, when available, so as to exhibit continuity in the results of ARCTAN and ARCCOT as certain limits are approached.
At the same time, implementations in which that capability is unavailable are also allowed. Because a definition of
what comprises the capability of representing and distinguishing signed zeros is beyond the scope of this International
Standard, implementations are allowed the freedom not to exploit the capability, even when it is available. This
International Standard does not specify the sign that an implementation exploiting signed zeros shall give to a zero
result; it does, however, specify that an implementation exploiting signed zeros shall yield results for ARCTAN and
ARCCOT that depend on the sign of a zero argument. An implementation shall exercise its choice consistently, either
exploiting sigmed=zerobethavioreverywirere ormowtrere i this package—Tradditiomamimplenrentation shall document

its behaviop with respect to signed zeros.

6 Exceptions

One excep
function in
in the func

bion, ARGUMENT_ERROR, is declared in GENERIC_ELEMENTARY_FUNCTIONS. "This exceptio
the generic package only when the argument(s) of the function violate 'one or more of the
tion’s domain definition (see clause 9).

n is raised by a
conditions given

NOTE — These conditions are related only to the mathematical definition of\tlie function and are therefo
independent.

e implementation

The ARGUM
EMENTARY_
argument ¢
TIONS. Bg
RY_FUNCTI

ENT_ERROR exception is declared as a renaming of the) exception of the same name deglared in the EL-
FUNCTIONS_EXCEPTIONS package. Thus, this exception distinguishes neither between different kinds of
rrors, nor between different functions, nor betweén different instantiations of GENERIC_EI[EMENTARY_FUNC-
sides ARGUMENT_ERROR, the only exceptions allowed during a call to a function in GENERIC_ELEMENTA-
DNS are predefined exceptions, as follows.
Virt

ually any predefined exception is possible during the evaluation of an argument of a function in GENERIC_EL-

EMENTAR
if an arg
in the ge

Y _FUNCTIONS. For example, NUMERIC.ERROR, CONSTRAINT_ERROR or even PROGRAM_ERRO
ument has an undefined value; dnd, as stated in clause 4, if the implementation allows o
neric actual type, then CONSTRAINT_ERROR will be raised when the value of an argumen

could be raised
ange constraints
lies outside the

range of
available
have no

the user’s generic actual type. Additionally, STORAGE_ERROR could be raised, e.g. if insufficient storage is
to perform the call. All-these exceptions are raised before the body of the function is enteyed and therefore
bearing on implementations of GENERIC_ELEMENTARY_FUNCTIONS.

Alsd
CONSTRA
outside t|
caller of

as stated in clause 4, if the implementation allows range constraints in the generic actual type, then
[NT_ERROR will\be raised when a function in GENERIC_ELEMENTARY_FUNCTIONS attempts {o return a value
he range of‘the user’s generic actual type. The exception raised for this reason shall be pfopagated to the
the function.

Wh¢never the arguments of a function are such that a result permitted by the accuracy reqpirements would
exceed FLORT_TYPE "SAFE_LARGE in absolute value, as formalized below in clause 12, an implementation may raise
(and shall then propagate to the caller) the exception specified by Ada for signaling overflow.

— Whenever the arguments of a function are such that the corresponding mathematical function is infinite (see
clause 13), an implementation shall raise and propagate to the caller the exception specified by Ada for signaling
division by zero.

— Once execution of the body of a function has begun, an implementation may propagate STORAGE_ERROR to
the caller of the function, but only to signal the exhaustion of storage. Similarly, once execution of the body of a
function has begun, an implementation may propagate PROGRAM_ERROR to the caller of the function, but only to
signal errors made by the user of GENERIC_ELEMENTARY_FUNCTIONS.

No exception is allowed during a call to a function in GENERIC_ELEMENTARY_FUNCTIONS except those permitted by
the foregoing rules. In particular, for arguments for which all results satisfying the accuracy requirements remain

3
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less than or equal to FLOAT_TYPE'SAFE_LARGE in absolute value, a function shall handle locally an overflow occurring
during the computation of an intermediate result, if such an overflow is possible, and shall not propagate an exception
signaling that overflow to the caller of the function.

The only exceptions allowed during an instantiation of GENERIC_ELEMENTARY_FUNCTIONS, including the execution
of the optional sequence of statements in the body of the instance, are CONSTRAINT_ERROR, PROGRAM_ERROR and
STORAGE_ERROR, and then only for the reasons given below. The raising of CONSTRAINT_ERROR during instantiation
is only allowed when the implementation imposes the restriction that the generic actual type shall not have a range
constraint, and the user violates that restriction (it can, in fact, be an inescapable consequence of the violation). The
raising of PROGRAM_ERROR during instantiation is only allowed for the purpose of signaling errors made by the user—for

example, violati
during instantia

NOTE — In the

but AI-00387 replaces that by CONSTRAINT _ERROR.

n of this same restriction or of other imitations of the implementation. The raising ot 510
ion is only allowed for the purpose of signaling the exhaustion of storage.

[Ada Reference Manual, the exception specified for signaling overflow or division by zeto is NUM

7 Argume

ISO 8652:1987

the absolute valhe of one of its operands exceeds the largest safe number of\the operand subtype. (Th|
define a result in this case occurs because no safe interval is defined for theyoperand in question.) In ord
imposing requirdments that would, consequently, be more stringent than tliose of Ada itself, this Internation

likewise does n

FLOAT_TYPE'SAFE_LARGE. All of the accuracy requirements and otlier provisions of the following clauses are

to be implicitly

in absolute value.

8 Method

Some of the fun(
the function is {
accuracy requirg
accuracy specifig

9 Domain

The specificatio
characterization|

ts outside the range of safe numbers

AGE_ERROR

ERIC_ERROR,

ils to define the result safe interval of any basic or predefined_operation of a real su

define the result of a contained function when thejabsolute value of one of its argume

ualified by the assumption that function arguméents are less than or equal to FLOAT_TYPE'§

of specification of functions

pecified by its parameter and’result type profile, the domain of its argument(s), its rary
d of its implementation."“The meaning of, and conventions applicable to, the domain,
ations are described below.

definitions

h of each-function covered by this International Standard includes, under the heading
of the argument values for which the function is mathematically defined. It is expressed by

or other conditi

type when

failure to
er to avoid
hl Standard
nts exceeds
understood
AFE_LARGE

Ftions have two overloaded fornis. For each form of a function covered by this International Standard,

ge and the
range and

Domain, a
inequalities
n a domain

ns'which the arguments must satisfy to be valid. The phrase “mathematically unbounded”
definition indicmo satisfy all
the conditions, the implementation shall raise ARGUMENT_ERROR. It shall not raise that exception if all the conditions
are satisfied.

Inability to deliver a result for valid arguments (because the result overflows, for example) shall not raise
ARGUMENT_ERROR, but shall be treated in the same way that Ada defines for its predefined floating-point operations
(see clause 12).

NOTE — Unbounded portions of the domains of the functions EXP, "**" SINH and COSH, which are “expansion” functions with
unbounded or semi-unbounded mathematical domains, are unexploitable because the corresponding function values (satisfying
the accuracy requirements) cannot be represented. Their “usable domains,” i.e. the portions of the mathematical domains given
in their domain definitions that are exploitable in the sense that they produce representable results, are given by the notes
accompanying their specifications. Because of permitted variations in implementations, these usable domains can only be stated
approximately. In a similar manner, functions such as TAN and COT with periodic “poles” in their domains can (depending on
the implementation) have small unusable portions of their domains in the vicinities of the poles. Also, range constraints in the
user’s generic actual type can, by narrowing a function’s range, make further portions of the function’s domain unusable.

4
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The usual mathematical meaning of the “range” of a function is the set of values into which the function maps
the values in its domain. Some of the functions covered by this International Standard (for example, ARCSIN) are

Y

mathematically multivalued, in the sense that a given argument value can be mapped by the fun

ction into many

different result values. By means of range restrictions, this International Standard imposes a uniqueness requirement

—— Ta___1

on the results of multivalued IuIlCElOIlS, Lnereoy re(]ucmg them to Smgle valued functions.

Some of the functions covered by this International Standard (for example, EXP) have asymptotic behav
T)OQIfIVP or npo‘ahvp arunmpnfe

Alfhnno‘h there is no finite areument for which such a function can

22322085451 vaclc s N0 A0 alghiilieliv 10

Vleld lts a.svm[)totlc llmlt that limit is a.lwavq mrlndpd in its range here. and it is an allowed rpqnlf of t

hich suchh a 1unction can m

ior fo

he

representahle value.

The range ¢f each function is shown under the heading Range in the specifications. Range définitions

inequalitieq| limiting the function value. An implementation shall not exceed a limit of the-tange whg
QH‘fP numbelk of FI, nAT_TVDF‘ (like 0 .0.1.00rCYCI F‘/A 0 for certain values of CYCI F\ Onithe othor ha

CRRIAADCE LI ILUR I 2155 \axe V.Y, v UL viIvLL) VAU LOIVARMIL Vaauls Ui vivan). Al Uundll da

limit is not|a safe number of FLOAT_TYPE (like m or CYCLE/4.0 for certain other values of CYCLE), an
may exceed the range limit, but may not exceed the safe number of FLOAT_TYPE next beyond th
the directign away from the interior of the range; this is in general the best\that can be expected
implementdtion. Effectively, therefore, range definitions have the added effect of imposing accuracy
implementgtions above and beyond those presented under the headingAécuracy in the specifications

The phrase| “mathematically unbounded” in a range definition indi¢dtes that the range of values of th
bounded by its mathematical definition. It also implies that the)function is not mathematically mulf

NOTE — Upbounded portions of the ranges of the functions SQRT,"L0G, ARCSINH and ARCCOSH, which are “cont,
with unbounded or semi-unbounded mathematlcal ranges, are unreachable because the correspondmg argy
represented.| Their “reachable ranges,” i.e. the portions of-thé mathematical ranges given in their range dg
reachable through appropriate arguments, are given by, the notes accompanying their specifications. Bec
variations inj implementations, these reachable ranges ean only be stated approximately. Also, range constr
generic actupl type can, by narrowing a function’s demain, make further portions of the function’s range unr

11 Accpuracy requirements
Because th¢y are implemented on digital computers with only finite precision, the functions provide
package cay, at best, only approximate the corresponding mathematically defined functions.

The accura
allowed in

quirements
stated undg

pproximatirig-the intended precise mathematical result with floating-point computatior
of two kinds are stated under the heading Accuracy in the specifications. Additionally,
r the heading Range impose requirements that constrain the values implementations m
range definjtions are another source of accuracy requirements (in that context. the precise meaning

-

take the form of
n that limit is a

hd whon a ranca
ity Wiilli @ 1aiigl

implementation
e range limit in
from a portable
requirements on
(see clause 11).

e function is not
ivalued.

raction” functions
iments cannot be
tfinitions that are
vuse of permitted
hints in the user’s
cachable.

d in this generic

Cy requirements.contained in this International Standard define the latitude that implementations are

s. Accuracy re-
ange definitions
ay yield, so the
of a range limit

that is not [axsafe number of FLOAT_TYPE is discussed in clause 10). Every result yielded by a funct

on is subject to

all of the function’s applicable accuracy requirements, except in the one case described in clause 1

4. In that case,

the result will satisfy a small absolute error requirement in lieu of the other accuracy requirements defined for the

function.

The first kind of accuracy requirement used under the heading Accuracy in the specifications is a boun

d on the relative

error in the computed value of the function, which shall hold (except as provided by the rules in clauses 12 and 14) for
all arguments satisfying the conditions in the domain definition, providing the mathematical result is nonzero. For a
given function f, the relative error re(X) in a computed result F(X) at the argument X is defined in the usual way,

F(X) - £(X)

el =1=7m®)

providing the mathematical result f(X) is finite and nonzero. (The relative error is not defined when the mathematical

result is infinite or zero.) For each function, the bound on the relative error is identified under the he

as its maximum relative error.

ading Accuracy
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The second kind of accuracy requirement used under the heading Accuracy in the specifications is a stipulation, in
the form of an equality, that the implementation shall deliver “prescribed results” for certain special arguments. It is
used for two purposes:

— to define the computed result to be zero when the relative error is undefined, i.e., when the mathematical result
is zero; and

— to strengthen the accuracy requirements at special argument values.

When such a prescribed result is a safe number of FLOAT_TYPE (like 0.0, 1.0 or CYCLE/4.0 for certain values of
CYCLE), an impldmentation shall deliver that result. On the other hand, when a prescribed result 1S not a s hfe number
of FLOAT_TYPE (like m or CYCLE/4.0 for certain other values of CYCLE), an implementation may deliver apy value in
the surrounding pafe interval. Prescribed results take precedence over maximum relative error requirementp but never
contravene them

Range definitionp, under the heading Range in the specifications, are an additional source of‘accuracy requirements,
as stated in clauge 10. As an accuracy requirement, a range definition (other than “mathematically unbouEded”) has
the effect of elimfinating some of the values permitted by the maximum relative error/tequirements, e.g. thpse outside
the range.

12 Overflow

Floating-point hardware is typically incapable of representing numbérs whose absolute value exceeds some|implemen-
tation-defined mpximum. For the type FLOAT_TYPE, that maximumwill be at least FLOAT_TYPE'SAFE_LARGE. For the
functions defined by this International Standard, whenever the ‘maximum relative error requirements perit a result
whose absolute value is greater than FLOAT_TYPE'SAFE_LARGE{/the implementation may

— yield any [result permitted by the maximum relative error requirements, or

— raise the ¢xception specified by Ada for sighaling overflow.

NOTES

1 The rule permpits an implementation to raise an exception, instead of delivering a result, for arguments for which the
mathematical resylt is close to but does-not exceed FLOAT_TYPE'SAFE_LARGE in absolute value. Such arguments must necessarily
be very close to argument for which the mathematical result does exceed FLOAT_TYPE'SAFE_LARGE in absolute value. In
general, this is th¢ best that can-be expected from a portable implementation with a reasonable amount of effort.

2 The rule is motivated by.the behavior prescribed by the Ada Reference Manual for the predefined operations. That is, when
the set of possible|results of a predefined operation includes a number whose absolute value exceeds the implementation-defined
maximum, the imjplefentation is allowed to raise the exception specified for signaling overflow instead of deliverinf a result.

3 In the Ada Reference Manual, the exception specified for signaling overflow is NUMERIC_ERROR, but AI-00387 replaces that
by CONSTRAINT_ERROR.

13 Infinities

An implementation shall raise the exception specified by Ada for signaling division by zero in the following specific
cases where the corresponding mathematical functions are infinite:

a) LOG(X) when X =0.0;
b) LOG(X, BASE) when X = 0.0;

c) LEFT ** RIGHT when LEFT = 0.0 and RIGHT < 0.0;
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d) TAN(X, CYCLE) when X = (2k + 1) - CYCLE/4.0, for integer k;

e) COT(X) when X =0.0;

f) coT(

X, CYCLE) when X = k- CYCLE/2.0, for integer k;

g) COTH(X) when X =0.0;

h) ARCTANH(X) when X = +1.0; and

i) ARCG

NOTE — I

14 Un

Floating-p

implementrtion-deﬁned minimum. For the type FLOAT_TYPE, that minimum-will'be at most FLOAT_TY

For the fu
a result w
implement

a) yiel

b) yiel
FLOAT_T]

c) yiel

NOTES

1 Wheney
unachievab
terms, is smj
mre), wher,

2 The rul
for which tl
necessarily
value. In gg

3 The rulg

OTH(O) when X =241 .0
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lerflow
bint hardware is typically incapable of representing nonzero numberswhose absolute value

ctions defined by this International Standard, whenever the maximum relative error req
hose absolute value is less than FLOAT_TYPE'SAFE_SMALL and a prescribed result is no
ation may

| any result permitted by the maximum relative error réquirements;

I any nonzero result having the correct *sign and an absolute value less tha
YPE'SAFE_SMALL; or

| zero.

er the behavior on underflowis'as described in 14 b) or 14 ¢), the maximum relative error requiremg
e and are waived. In such cases, the computed result will exhibit an error which, while not necessar
all in absolute terms. The absolute error will, in these cases, be less than or equal to FLOAT_TYPE'{
e mre is the maximum'relative error specified for the function under the heading Accuracy.

e permits an implémentation to deliver a result violating the maximum relative error requiremg
he mathematical result equals or slightly exceeds FLOAT_TYPE'SAFE_SMALL in absolute value. Sug
be very close to an argument for which the mathematical result is less than FLOAT_TYPE'SAFE |

is motlvated by the behavwr prescrlbed by the Ada Reference Manual for predeﬁned operatlons

set of possﬂ

h the Ada Reference Manual, the exception specified for signaling division by zero is NUMERIC_ERLOR, but AI-00387
replaces thaqt by CONSTRAINT_ERROR.

is less than some
[PE ' SAFE_SMALL.
hirements permit
t stipulated, the

in or equal to

nts are, in general,
ly small in relative
AFE_SMALL/(1.0—

nts for arguments
h arguments must
SMALL in absolute

neral, this-is the best that can be expected from a portable implementation with a reasonable afnount of effort.

That is, when the

e 1mplementat10n-

defined minimun, the 1mplementat10n is allowed to yleld Z€ro Or any nonzero number havmg the correct sign and an absolute
value less than or equal to that minimum. An exception is never raised in this case.

15 Specifications of the functions

Under the heading Definition in each of the following specifications, the semantics of an Ada call to the function being
defined is provided by a mathematical definition in the form of an approximation. The left-hand side (the function
call) is set in the fixed-width font used throughout this International Standard for program fragments. The right-hand
side is to be interpreted as an exact mathematical formula; as such, it and similar mathematical formulas throughout
this International Standard employ standard mathematical symbols, notation and fonts (except for variable names
and some real literals, which are set in the fixed-width “program-fragment” font). The degree to which the function
call on the left-hand side is allowed to approximate the value of the formula on the right-hand side is, of course, spelled

out under

the heading Accuracy, as discussed in clause 11.
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1!
i

Se

2!
D

5 Rang
Mathematically unbounded

NOTE — The reachable range of L0G is approximately given by
log, FLOAT_TYPE'SAFE_SMALL < L0OG(X) < log, FLOAT_TYPE' SAFE_LARGE

15.2.6 Accuracy

I, PR . A~

AN
Viaxy =

TIT AAM MUNT I N AT I TITRATY ALY

1.0) =0.0

15.3 LO¢ — Logarithm to an arbitrary base

15.3.1 D

function

15.3.2 D

eclaration

efinition

LOG (X, BASE :

FLOAT_TYPE) return FLOAT_TYPE;

LOG(X, BASE) = logp,g; X

15.3.3 Usage

Z := LOG(K, 10.0); -- base 10 logarithm
Z := LOG(X, 2.0); -- base 2 logarithm
Z := LOG(K, BASE); -- base BASE logarithm

15.3.4 Domain

a)
b)

X>p.0

BASHE > 0.0

c) BASH#1.0

NOTE — When(X = 0.0, see clause 13.

15.3.5 Range

Mathematically unbounded

NOTES

1 When BASE > 1.0, the reachable range of L0G is approximately given by

logg,sg FLOAT_TYPE' SAFE_SMALL < LOG(X, BASE) < logg,sp FLOAT_TYPE'SAFE_LARGE

2 When 0.0 < BASE < 1.0, the reachable range of LOG is approximately given by

loggssg FLOAT_TYPE' SAFE_LARGE < LOG (X, BASE) < logg,sp FLOAT_TYPE'SAFE_SMALL
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15.3.6 Accuracy
a) Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

b) LOG(1.0, BASE) =0.0

15.4 EXP — Exponential function

15.4.1 Declaration

function EXP (K : FLOAT_TYPE) return FLOAT_TYPE;

15.4.2 Definitlion

EXP(X) = e*

15.4.3 Usage

Z := EXP(X); |-- e raised to the power X

15.4.4 Domain

Mathematically inbounded

NOTE — The usgble domain of EXP is approximately given by
X < log, FLOAT-TYPE' SAFE_LARGE
15.4.5 Range

EXP(X) > 0.0

15.4.6 Accuracy
a) Maximum|relative errdr:= 4.0 - FLOAT_TYPE'BASE'EPSILON

b) EXP(0.0)|=1.0

15 5 ook ! h Al $ocad s +
. uAPUllCllhlablUll UPCL ALV

15.5.1 Declaration

function "*x" (LEFT, RIGHT : FLOAT_TYPE) return FLOAT_TYPE;

15.5.2 Definition

LEFT ** RIGHT ~ LEFTRIGHT

15.5.3 Usage

Z := LEFT ** RIGHT; -- LEFT raised to the power RIGHT

10
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15.5.4 Domain
a) LEFT > 0.0

b) RIGHT # 0.0 when LEFT =0.0

NOTES

¢ usanie€ GQoinalnl o1 v

1 Tl’ln neahbhle dornain of "**"’ vrhen LEFT > 0.0

RIGHT - log, LEFT < log, FLOAT TYPE'SAFE_LARGE

This imposgs a positive upper bound on RIGHT (as a function of LEFT) when LEFT > 1.0 and a negativelower bound on RIGHT

T Do - T oo

(oo o al - ¢ N Lo A - a4
\as a 1uncuipn oI LEri) wili€énl V.U < L&rl1 < 1.V.

2 When LEFT = 0.0 and RIGHT < 0.0 (together), see clause 13.

15.5.5 Range

LEFT ** RIGHT > 0.0

15.5.6 Accuracy

a) Mayimum relative error (when LEFT > 0.0) =

404 |RIGHT - log, LEFT|
) 32.0

) - FLOAT_TYPE 'BASE'EPSILON

b) LEFf ** 0.0 =1.0 when LEFT > 0.0
c) 0.0[** RIGHT = 0.0 when RIGHT > 0.0
d) LEF[ ** 1.0 = LEFT

e) 1.0|** RIGHT =1.0

15.6 SIN — Trigonometric sine function, natural cycle (angle in radians)
15.6.1 Declaration

function [SIN(X : FLOAT_TYPE) return FLOAT_TYPE;

15.6.2 Definition

SIN(X) =~ sinX

15.6.3 Usage

Z := SIN(X); -- X in radians

15.6.4 Domain

Mathematically unbounded

11
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15.6.5 Range

[SIN(X)| < 1.0

15.6.6 Accuracy

a)

implementatio

n-dependent threshold, which shall not be less than

FLOAT _TYPE'MACHINE RADIX |FLOAT_TYPE'MACHINE_MANTISSA /2|

For larger valy

b) SIN(0.0)

15.7 SIN —

es of |X|, degraded accuracy is allowed. An implementation shall document its behavierf

=0.0

15.7.1 Declanation

function SIN (

15.7.2 Definif

SIN(X, CYCLE)

15.7.3 Usage

Z := SIN(X, 36
Z := SIN(X, CY
15.7.4 Domai

X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;

ion

X sin(27 - X/CYCLE)

0.0); -- X in degrees

CLE); -- X in units such that\one complete cycle of rotation corresponds
-- X = CYCLE

n

a) X mathemlatically unbounded

b) CYCLE > 0

15.7.5 Range

|SIN(X, CYCLE)

.0

<Al0

15.7.6 Accuracy

a) Maximum relative error = 2.0 - FLOAT_TYPE'BASE'EPSILON
0.0, X=k-CYCLE/2.0

b) For integer k, SIN(X, CYCLE) =< 1.0, X = (4k+1)-CYCLE/4.0
—1.0, X=(4k+3)-CYCLE/4.0

15.8 €08 — Trigonometric cosine function, natural cycle (angle in radians)

15.8.1 Declaration

function COS (X :

12

FLOAT_TYPE) return FLOAT_TYPE;

© ISO/IEC

Maximum relative error = 2.0 - FLOAT_TYPE'BASE'EPSILON when [X| is less than or equal to some documented

r large |X|.

to
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15.8.2 Definition

COS(X) = cosX

15.8.3 Usage

Z = COS(X); -- X in radians

15.8.4 Domain

Mathematjcally unbounded

15.8.5 Range

jcos(X)jq 1.0

15.8.6 Accuracy

a) Maximum relative error = 2.0 - FLOAT_TYPE'BASE'EPSILON when |X| is less than or equal to Jome documented
implemgntation-dependent threshold, which shall not be less than

FLOAT TYPE'MACHINE RADIX | FLOAT JTYPE' MACHINE_MANTISSA /2]

For larggr values of |X|, degraded accuracy is allowed. An‘implementation shall document its behgvior for large |X]|.

b) €0S(0.0) =1.0

15.9 cOS — Trigonometric cosine function, arbitrary cycle (angle in arbitrary units)
15.9.1 IDDeclaration

function |COS (X, CYCLE : FLOAT\TYPE) return FLOAT_TYPE;

15.9.2 Definition

COS(X, CYCLE) = cos(2%* X/CYCLE)

15.9.3 Usage

Z := COS(X;360.0); == X im degrees
Z := COS(X, CYCLE); == X in units such that one complete cycle of rotation corresponds to
-- X = CYCLE

15.9.4 Domain
a) X mathematically unbounded

b) CYCLE > 0.0

15.9.5 Range

|cOS(X, CYCLE)| < 1.0

13
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15.9.6 Accuracy
a) Maximum relative error = 2.0 - FLOAT_TYPE'BASE'EPSILON

11.0, =k - CYCLE
b) For integer k, COS(X, CYCLE) = { 0.0, X =(2k+1)-CYCLE/4.0
[ -1.0, X=(2k+1)-CYCLE/2.0

15.10 TAN — Trigonometric tangent function, natural cycle (angle in radians)

15.10.1 Declelration

function TAN (X : FLOAT_TYPE) return FLOAT_TYPE;

15.10.2 Defirdition

TAN(X) = tanX

15.10.3 Usag

W

Z := TAN(X); -- X in radians

15.10.4 Domain

Mathematically inbounded

15.10.5 Range

Mathematically inbounded

15.10.6 Accuracy

a) Maximum| relative error's 4.0 - FLOAT_TYPE'BASE'EPSILON when |X| is less than or equal to some documented
implementation-dependerf-threshold, which shall not be less than

FLOAT_TYPE'MACHINE RADIX |FLOAT_TYPE'MACHINE_MANTISSA /2]

For larger valyes.of |X|, degraded accuracy is allowed. An implementation shall document its behavior fgr large |X|.

b) TAN(0.0) =0.0

15.11 TAN — Trigonometric tangent function, arbitrary cycle (angle in arbitrary units)
15.11.1 Declaration

function TAN (X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;

15.11.2 Definition

TAN(X, CYCLE) = tan(2r - X/CYCLE)

14
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15.11.3 Usage

Z := TAN(X, 360.0); -- X in degrees

Z := TAN(X, CYCLE); -- X in units such that one complete cycle of rotation corresponds to
-- X = CYCLE

15.11.4 Domain

a) X mathematically unbounded

b) cYC

NOTE — When X = (2k + 1) - CYCLE/4.0, for integer k, see clause 13.

15.11.5

Mathemat|

15.11.6
a) Maj

b) TAN

15.12 ¢
15.12.1

function

15.12.2

COT(X) =

15.12.3

LE > 0.0

Range

COT (X :

cot X

Usage

ically unbounded

Accuracy
fimum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

X, CYCLE) = 0.0 when X = k- CYCLE/2.0, for‘integer k

0T — Trigonometric cotangent’function, natural cycle (angle in radiang)

Declaration

Definition

FLOAT_TYPE) geturn FLOAT_TYPE;

Z := COT(

15.12.4

X); ==

Domain

X in radians

Mathematically unbounded

NOTE — When X = 0.0, see clause 13.

15.12.5

Range

Mathematically unbounded

15
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© ISO/IEC

Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON when |X| is less than or equal to some documented
implementation-dependent threshold, which shall not be less than

FLOAT TYPE'MACHINE RADIX |FLOAT_TYPE 'MACHINE_NANTISSA /2]

For larger values of |X|, degraded accuracy is allowed. An implementation shall document its behavior for large |X|.

15.13 COT — Trigonometric cotangent function, arbitrary cycle (angle in arbitrary units)

15.13.1 Declai

function COT (X

ration

15.13.2 Definition

COT(X, CYCLE) N

15.13.3 Usage

]

Z :
Z :

COT(X, 36(
COT(X, CY(

15.13.4 Domaj

a) X mathems

b) CYCLE > 0

NOTE — When X

15.13.5 Rangs

cot(2m -

, CYCLE :

X/CYCLE)

FLOAT_TYPE) return FLOAT_TYPE;

-- X in units such that one completé/cycle of rotation corresponds

.0); -- X in degrees
LE) ;
-- X = CYCLE
in
itically unbounded
0

Mathematically unbounded

15.13.6 Accurpcy

Maximum

a)

= k - CYCLE/2.0, for integer k;'see clause 13.

b) COT(X, CYCLE) = 0.0 when X = (2k + 1) - CYCLE/4.0, for integer k

15.14 ARCSIN — Inverse trigonometric sine function, natural cycle (angle in radians)

15.14.1 Declaration

function ARCSIN (X

15.14.2 Definition

ARCSIN(X) = arcsin X

16

: FLOAT_TYPE) return FLOAT_TYPE;
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15.14.3

Usage

Z := ARCSIN(X); -- Z in radians

15.14.4

x| <1.0

15.14.5

|[ARCSIN(XD | < w/2

NOTE —
but only s

15.14.6

a) Makimum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

Domain

1430:1994(E)

KRange

ghtly; see clause 10 for a precise statement of the requirements.

Accuracy

/2 and —n /2 are not safe numbers of FLOAT_TYPE. Accordingly, an implementatiommay excegd the range limits,

4.6 ¢) or 15.14.6 d)
ise 11 for a precise

rbitrary units)

b) ARGSIN(0.0) =0.0
¢) ARQSIN(1.0) = /2
d) ARGSIN(-1.0) = —7/2
NOTE — /2 and —n/2 are not safe numbers of FLOATATYPE. Accordingly, when accuracy requirement 15.1
applies, anj implementation may approximate the prescribed result, but only within narrow limits; see cla
statement jof the requirements.
15.15 ARCSIN — Inverse trigonometric sine function, arbitrary cycle (angle in a
15.15.1 | Declaration
function| ARCSIN (X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
15.15.2 | Definition
ARCSIN(X|, “CYCLE) = (arcsinX) - CYCLE/27
15.15.3 Usage
Z := ARCSIN(X, 360.0); ~-- Z in degrees
Z := ARCSIN(X, CYCLE); -- Z in units such that one complete cycle of rotation corresponds to

15.15.4

a) [x]

-- Z = CYCLE

Domain

<1.0

b) CYCLE > 0.0

17
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15.15.5 Range

|ARCSIN(X, CYCLE)| < CYCLE/4.0
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NOTE — CYCLE/4.0 and —CYCLE/4.0 might not be safe numbers of FLOAT_TYPE. Accordingly, an implementation may exceed
the range limits, but only slightly; see clause 10 for a precise statement of the requirements.

15.15.6 Accuracy

a) Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

b) ARCSIN(0.p, CYCLE) =0.0

c) ARCSIN(1.¢, CYCLE) = CYCLE/4.0

d) ARCSIN(-1
NOTE — CYCLE/4

0, CYCLE) = —CYCLE/4.0

0 and —CYCLE/4.0 might not be safe numbers of FLOAT_TYPE. Accordingly, jwhen accuracy r4

15.15.6 c¢) or 15.15.p d) applies, an implementation may approximate the prescribed result, but-only within narrow
clause 11 for a predise statement of the requirements.

15.16 ARCCOS

— Inverse trigonometric cosine function, naturaleycle (angle in radiar

15.16.1 Declanation

function ARCCOS|

15.16.2 Definit

(X : FLOAT_TYPE) return FLOAT_TYPE;

ion

ARCCOS(X) = arccosX

15.16.3 Usage

Z := ARCCOS(X);

15.16.4 Domai

x| <1.0

15.16.5 Range

0.0 < ARCCOS(X)

NOTE — 7 is not

-- Z in radians

n

<7

h safé number of FLOAT_TYPE. Accordingly, an implementation may exceed the upper range limi

slightly; see clause 1

0 for a precise statement of the requirements.

15.16.6 Accuracy

a) Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

b) ARCC0S(1.0) =0.0

c) ARCCO0S(0.0

d) ARCCOS(-1.

) =m/2

0) =nx

quirement
limits; see

1S)

, but only

NOTE — 7/2 and 7 are not safe numbers of FLOAT_TYPE. Accordingly, when accuracy requirement 15.16.6 c) or 15.16.6 d)
applies, an implementation may approximate the prescribed result, but only within narrow limits; see clause 11 for a precise
statement of the requirements.

18
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15.17 ARCCOS — Inverse trigonometric cosine function, arbitrary cycle (angle in arbitrary
units)

15.17.1 Declaration

function ARCCOS (X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;

15.17.2 Definition

ARCCOS(X | CYCLE) = (arccosX) - CYCLE/2n

15.17.3 [Usage

Z := ARCQOS(X, 360.0); -- Z in degrees
Z := ARCQOS(X, CYCLE); -- Z in units such that one complete cyclelof rotation corresponds to
-- Z = CYCLE

15.17.4 |[Domain

a) |X] 1

7\
-
o

b) CYCLE > 0.0

15.17.5 |Range

0.0 < ARCCOS(X, CYCLE) < CYCLE/2.0

NOTE — ¢YCLE/2.0 might not be a safe.number of FLOAT_TYPE. Accordingly, an implementation may excepd the upper range
limit, but duly slightly; see clause 10 for & precise statement of the requirements.

15.17.6 |Accuracy
a) Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

b) ARCCOS(1.0, CYCLE) =0.0

¢) ARCCOST{U-U, CYCLE) = CYCLE/Z.0
d) ARCC0S(-1.0, CYCLE) = CYCLE/Z.O

NOTE — CYCLE/4.0 and CYCLE/2.0 might not be safe numbers of FLOAT_TYPE. Accordingly, when accuracy requirement
15.17.6 c) or 15.17.6 d) applies, an implementation may approximate the prescribed result, but only within narrow limits; see
clause 11 for a precise statement of the requirements.

15.18 ARCTAN — Inverse trigonometric tangent function, natural cycle (angle in radians)
15.18.1 Declaration

function ARCTAN (Y : FLOAT_TYPE; X : FLOAT_TYPE := 1.0) return FLOAT_TYPE;

19
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15.18.2 Definition
a) ARCTAN(Y) =~ arctanY

b) In an implementation exploiting signed zeros (see clause 5),

arctan(Y/X), X>0.0
(arctan(Y/X))+ 7, X<0.0andY > 0.0
ARCTAN(Y, X) =< m, X < 0.0 and Y a positively signed zero
-, X < 0.0 and Y a negatively signed zero
\(aretan(¥/¥)—m—¥<0-6-and¥<0-0

In an implemenjtation not exploiting signed zeros,

arctan(Y/X), X>0.0

(arctan(Y/X))+ 7, X<0.0andY > 0.0
T, X<0.0and Y=0.0
(arctan(Y/X)) —m, X< 0.0 and Y < 040

ARCTAN(Y, X) =

15.18.3 Usage

Z := ARCTAN(Y); -- Z, in radians, is the angle (in the quadrant containing the point
-- (1.0,Y)) whose tangent is Y
Z := ARCTAN(Y, X); -- Z, in radians, is the angle (in the)'quadrant containing the point

-- (X,Y)) whose tangent is Y/X

15.18.4 Domaijn

X #0.0 when Y+ 0.0

15.18.5 Range
a) |ARCTAN(Y)| < /2
b) In an implgmentation exploiting signed zeros (see clause 5),
1) 0.0 < ARCTAN(Y, X),<'m when Y > 0.0 or when Y is a positively signed zero

2) —m < ARCTAN(Y¥;~X) < 0.0 when Y < 0.0 or when Y is a negatively signed zero

In an implemenjtation not exploiting signed zeros,

1) 0.0 < ARCTAN(Y, X) < 7 when Y > 0.0
2) —m < ARCTAN(Y, X) < 0.0 whenY< 0.0

NOTE — = and — are not safe numbers of FLOAT_TYPE. Accordingly, an implementation may exceed the range limits that
involve these numbers, but only slightly; see clause 10 for a precise statement of the requirements.

15.18.6 Accuracy

a) Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

b) ARCTAN(0.0) = 0.0
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c¢) When Y is zero,

0.0, X>0.0
ARCTAN(Y, X) = {7r, X < 0.0 and Y a positively signed zero
—m, X <0.0and Y a negatively signed zero

ISO/IEC 11430:1994(E)

in an implementation exploiting signed zeros (see clause 5). In an implementation not exploiting signed zeros,

d) ARETAN(Y, o.o)={

NOTE —
or 15.18.6|d) applies, an implementation may approximate a prescribed result that involves(one’ of these
within nafrow limits; see clause 11 for a precise statement of the requirements.

15.19

15.19.1

15.19.2
a) AR

b) In

ARCTAN — Inverse trigonometric tangent function, arbitrary cycle (ang
units)
Declaration
function ARCTAN (Y : FLOAT_TYPE; X : FLOAT_TYPE := 1{0; CYCLE : FLOAT_TYPE) return
Definition
CTAN(Y, CYCLE => CYCLE) = (arctanY):CYCLE/2m
an implementation exploiting signed-zeros (see clause 5),
(aretan(Y/X)) - CYCLE/2m, X>0.0
({arctan(Y/X)) + ) - CYCLE/2w, X< 0.0and Y > 0.0
ARCTAN(Y, X, CYCLE) s {/CYCLE/2.0, X < 0.0 and Y a positively s
—CYCLE/2.0, X < 0.0 and Y a negatively

Inani

0.0, X>0.0

ARCTAN(0.0, X) = {,r, X<0.0

pa

712, YS 0.0
-7/2, Y<0.0

((arctan(Y/X)) — 7) - CYCLE/27, X< 0.0and Y< 0.0
mplementationinot exploiting signed zeros,

(arctan(Y/X)) - CYCLE/2m, X>0.0

7, —m, 7/2 and —m/2 are not safe numbers of FLOAT_TYPE. Accordingly, when aceuracy reghirement 15.18.6 c)

numbers, but only

le in arbitrary

FLOAT_TYPE;

igned zero
signed zero

) ((arctan(Y/X)) + 7) - CYCLE/2w, X < 0.0 and Y > 0}0
ARCTANCY, X, CYCLE) ~ CYCLE/2.0, X<0.0and Y=0/0
((arctan(Y/X)) — w) - CYCLE/27w, X < 0.0 and Y < 0]0
15.19.3 Usage
Z := ARCTAN(Y, CYCLE => 360.0); -- Z, in degrees, is the angle (in the quadrant containing
-- the point (1.0,Y)) whose tangent is Y
Z := ARCTAN(Y, CYCLE => CYCLE); -- Z, in units such that one complete cycle of rotation
-- corresponds to Z = CYCLE, is the angle (in the quadrant
-- containing the point (1.0,Y)) whose tangent is Y
Z := ARCTAN(Y, X, 360.0); -- Z, in degrees, is the angle (in the quadrant containing
-- the point (X,Y)) whose tangent is Y/X
Z := ARCTAN(Y, X, CYCLE); -- Z, in units such that one complete cycle of rotation

-- corresponds to Z = CYCLE, is the angle (in the quadrant
-- containing the point (X,Y)) whose tangent is Y/X
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15.19.4 Domain
a) X#0.0whenY=0.0

b) CYCLE > 0.0

15.19.5 Range

a) |ARCTAN(Y, CYCLE => CYCLE)| < CYCLE/4.0

b) In an impl¢mentation exploiting signed zeros (see clause 5),
1) 0.0 < ARCTAN(Y, X, CYCLE) < CYCLE/2.0 when Y > 0.0 or when Y is a positively signed.zero

2) —CYCLE/R.0 < ARCTAN(Y, X, CYCLE) < 0.0 when Y < 0.0 or when Y is a negatively, signed zero

In an implementation not exploiting signed zeros,
1) 0.0 < ARCTAN(Y, X, CYCLE) < CYCLE/2.0 when Y > 0.0

2) —CYCLE/2.0 < ARCTAN(Y, X, CYCLE) < 0.0 when Y< 0.0
NOTE — CYCLE/2]0 and —CYCLE/2.0 might not be safe numbers of FLOATZTYPE. Accordingly, an implementation thay exceed

the range limits that involve these numbers, but only slightly; see clause 10 for a precise statement of the requiremdnts.

15.19.6 Accuracy

a) Maximum felative error = 4.0 - FLOAT_TYPE'BASEYEPSILON
b) ARCTAN(0.p, CYCLE => CYCLE) = 0.0

c) When Y is gero,

0.0, X>0.0
ARCTAN(Y, X, CYCLE) = { CYCLE/2.0, X < 0.0 and Y a positively signed zero
—CYCLE/2.0, X < 0.0 and Y a negatively signed zero

in an implementation exploiting signed zeros (see clause 5). In an implementation not exploiting signed Zeros,

ARCTAN(0.0, X, CYCLE) = { -2 X>0.0
I = | CYCLE/2.0, X< 0.0

CYCLE/4.0, Y>0.0

d) ARCTAN(Y, 0.0, CYCLE) =
) ( 0 ) {—CYCLE/4.0, Y<0.0

NOTE — CYCLE/2.0, —CYCLE/2.0, CYCLE/4.0 and —CYCLE/4.0 might not be safe numbers of FLOAT_TYPE. Accordingly, when
accuracy requirement 15.19.6 ¢) or 15.19.6 d) applies, an implementation may approximate a prescribed result that involves one
of these numbers, but only within narrow limits; see clause 11 for a precise statement of the requirements.

15.20 ARCCOT — Inverse trigonometric cotangent function, natural cycle (angle in radians)

15.20.1 Declaration

function ARCCOT (X : FLOAT_TYPE; Y : FLOAT_TYPE := 1.0) return FLOAT_TYPE;
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15.20.2 Definition
a) ARCCOT(X) = arccotX

b) In an implementation exploiting signed zeros (see clause 5),

arccot(X/Y), Y>0.0
0.0, Y azeroand X > 0.0

ARCCOT(X, Y) =~ ¢ m, Y a positively signed zero and X < 0.0
-, Y a negatively signed zero and X < 0.0

(arccot(X /Y . Y 0.0
S\ \TT T 7

In an ipplementation not exploiting signed zeros,

arccot(X/Y), Y> 0.0
. ) 0.0, Y=0.0and X >0.0
ARCCOT(X, Y) ~ , Y=0.0and X &0.0
(arccot(X/Y)) —m, Y<0.0
15.20.3 | Usage
Z := ARCLOT(X); -- Z, in radians, is the angle (in the‘quadrant containing thfq point
-- (X,1.0)) whose cotangent is X
Z := ARCLCOT(X, Y); -- Z, in radians, is the angle,(in the quadrant containing thd point

-- (X,Y)) whose cotangent is X/Y

15.20.4 | Domain

Y# 0.0 when X=0.0

15.20.5 |Range
a) 0.Q < ARCCOT(X) < 7
b) In hn implementation.exploiting signed zeros (see clause 5),
1) .0 < ARCCOT(X, Y) < m when Y > 0.0 or when Y is a positively signed zero

2) 4w < ARCCOT(X, Y) < 0.0 when Y < 0.0 or when Y is a negatively signed zero

In an implementation not exploiting signed zeros,

1) 0.0 < ARCCOT(X, Y) <7 whenY > 0.0
2) —m < ARCCOT(X, Y) < 0.0 whenY< 0.0

NOTE — 7 and —n are not safe numbers of FLOAT_TYPE. Accordingly, an implementation may exceed the range limits that
involve these numbers, but only slightly; see clause 10 for a precise statement of the requirements.

15.20.6 Accuracy

a) Maximum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON

b) ARCCOT(0.0) = 7/2
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/2, Y>0.0
c) ARCCOT(0.0, Y)—{_ﬁ/z, Y<0.0

d) When Y is zero,
0.0, X>0.0

ARCCOT(X, Y) = { m, X < 0.0 and Y a positively signed zero
—m, X< 0.0andY a negatively signed zero

in an implementation exploiting signed zeros (see clause 5). In an implementation not exploiting signed zeros,

.0, X>0.0

o

kva A
) AN V.U

ARCCOT(X, 0.0) = {0
|

NOTE — n, —x, fr/2 and —x /2 are not safe numbers of FLOAT_TYPE. Accordingly, when accuracy requirément [15.20.6 b),
15.20.6 c) or 15.20(6 d) applies, an implementation may approximate a prescribed result that involves-oneé of thes¢ numbers,

but only within nafrow limits; see clause 11 for a precise statement of the requirements.

15.21 ARCCOT|— Inverse trigonometric cotangent function, arbitrary eycle (angle in afbitrary

15.21.1 Declaration

units)

function ARCCOT (X : FLOAT_TYPE; Y : FLOAT_TYPE := 1.0; CYCLE\: FLOAT_TYPE) return FLOAT_TYPE;

15.21.2 Definition

a) ARCCOT(X,|CYCLE => CYCLE) ~ (arccotX) - CYCLE/2r

b) In an impl¢mentation exploiting signed zeros (see clause 5),

(arccot(X/Y)) * CYCLE/2m, Y>0.0
0.0, Yazeroand X > 0.0

ARCCOT(X, Y, CYCLE) = ¢ CYCLE/2.0, Y a positively signed zero and X < 0{0
—C€YCLE/2.0, Y a negatively signed zero and X < (1.0

{((arccot(X/Y)) — w) - CYCLE/2m, Y < 0.0

In an implemerjtation not exploiting signed zeros,

(arccot(X/Y)) - CYCLE/ 2, Y>0.0
.. ) 0.0, Y=0.0and X> 0.0
ARCCOT(X, Y, CYCLE) =~ CYCLE/2.0, Y=0.0and X< 0.0
((arccot(X/Y)) — m) - CYCLE/2w, Y < 0.0
15.21.3 Usage
Z := ARCCOT(X, CYCLE => 360.0); -- Z, in degrees, is the angle (in the quadrant containing
-- the point (X,1.0)) whose cotangent is X
Z := ARCCOT(X, CYCLE => CYCLE); -- Z, in units such that one complete cycle of rotation
-- corresponds to Z = CYCLE, is the angle (in the quadrant
-- containing the point (X,1.0)) whose cotangent is X
Z := ARCCOT(X, Y, 360.0); -- Z, in degrees, is the angle (in the quadrant containing
-- the point (X,Y)) whose cotangent is X/Y
Z := ARCCOT(X, Y, CYCLE); -- Z, in units such that one complete cycle of rotation

-- corresponds to Z = CYCLE, is the angle (in the quadrant
-- containing the point (X,Y)) whose cotangent is X/Y
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15.21.4 Domain
a) Y#0.0whenX=0.0

b) CYCLE > 0.0

15.21.5 Range

-y 0 n
a} V.V ni

IA

ARCCOT(X

b) In hn implementation exploiting signed zeros (see clause 5),

1) .0 < ARCCOT(X, Y, CYCLE) < CYCLE/2.0 when Y > 0.0 or when Y is a positively signed|zero

2) CYCLE/2.0 < ARCCOT(X, Y, CYCLE) < 0.0 when Y < 0.0 or when Y is a negatively sign¢d zero
In an itpplementation not exploiting signed zeros,

1) .0 < ARCCOT(X, Y, CYCLE) < CYCLE/2.0 when Y > 0.0

2) +CYCLE/2.0 < ARCCOT(X, Y, CYCLE) < 0.0 when Y < 0.0

NOTE — [YCLE/2.0 and —CYCLE/2.0 might not be safe numbers of FLOAT_TYPE. Accordingly, an implemehtation may exceed
the range limits that involve these numbers, but only slightly; see ‘clause 10 for a precise statement of the rgquirements.

15.21.6 | Accuracy
a) Makimum relative error = 4.0 - FLOAT_TYPE'BASE'EPSILON
b) ARGCOT(0.0, CYCLE => CYCLE) =¢CYCLE/4.0

_ JGYCLE/4.0, Y>0.0
c) ARQCOT(0.0, Y, CYCLE) = {._CYCLE/4.0’ Y <0.0

d) WHen Y is zero,

0.0, X>0.0
ARCCOT(X, Y, CYCLE) = {CYCLE/2.0, X < 0.0 and Y a positively signed zer
~CYCLE/2.0, X < 0.0 and Y a negatively signed zex

o <

in an ierlementation exploiting signed zeros (see clause 5). In an implementation not exploiting|signed zeros,

0.0 X>0.0

ARCCOT(X, 0.0, CYCLE)::'{CYCLE/2.0, X<0.0

NOTE — CYCLE/2.0, —CYCLE/2.0, CYCLE/4.0 and —CYCLE/4.0 might not be safe numbers of FLOAT_TYPE. Accordingly, when
accuracy requirement 15.21.6 b), 15.21.6 c) or 15.21.6 d) applies, an implementation may approximate a prescribed result that
involves one of these numbers, but only within narrow limits; see clause 11 for a precise statement of the requirements.

15.22 SINH — Hyperbolic sine function
15.22.1 Declaration

function SINH (X : FLOAT_TYPE) return FLOAT_TYPE;
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15.22.2 Definition

SINH(X) =~ sinh X

15.22.3 TUsage

Z := SINH(X);

15.22.4 Domai

Mathematically upbounded

NOTE — The usable domain of SINH is approximately given by
IX] < log, FLOAT_TYPE' SAFE_LARGE + log, 2.0
15.22.5 Range

Mathematically upbounded

15.22.6 Accuracy
a) Maximum felative error = 8.0 - FLOAT_TYPE'BASE'EPSILON

b) SINH(0.0)|=0.0

15.23 COSH — Hyperbolic cosine function
15.23.1 Declajation

function COSH (X : FLOAT_TYPE) return—FLOAT_TYPE;

15.23.2 Definition

COSH(X) = coshX

15.23.3 TUsage

Z := COSH(X);

15.23.4 Domain

Mathematically unbounded

NOTE — The usable domain of COSH is approximately given by

|X] < log, FLOAT_TYPE'SAFE_LARGE + log, 2.0

15.23.5 Range

COSH(X) > 1.0
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15.23.6

Accuracy

a) Maximum relative error = 8.0 - FLOAT_TYPE'BASE'EPSILON

b) COSH(0.0) =1.0

15.24 TANH — Hyperbolic tangent function

15.24.1

Declaration

ISO/IEC 11430:1994(E)

function

15.24.2

TANH (X : FLOAT_TYPE) return FLOAT_TYPE;

Definition

TANH(X) & tanhX

15.24.3

Usage

Z := TANH(X);

15.24.4

Mathemat

15.24.5

Domain

ically unbounded

Range

|TANH(X)||I< 1.0

15.24.6

Accuracy

a) Makimum relative efror'= 8.0 - FLOAT_TYPE'BASE'EPSILON

b) TANH(0.0) =020

15.25 (

0TH =— Hyperbolic cotangent function

15.25.1

function

15.25.2

Declaration

COTH (X : FLOAT_TYPE) return FLOAT_TYPE;

Definition

COTH(X) = cothX

15.25.3

Usage

Z := COTH(X);
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15.25.4 Domain

Mathematically unbounded

NOTE — When X

= 0.0, see clause 13.

15.25.5 Range

|COTH(X)| > 1.0

© ISO/IEC

15.25.6 Accuracy

Maximum relativq

15.26 ARCSIN

15.26.1 Declaration

function ARCSINH (X :

15.26.2 Definition

ARCSINH(X) = ar

15.26.3 Usage

Z := ARCSINH(X]

rsinh X

-e

15.26.4 Domajin

Mathematically u

15.26.5 Rangg

Mathematically y

NOTE — The rea

nbounded

nboundéd

15.26.6 Accuracy

a) Maximum relative error = 8.0 - FLOAT_TYPE'BASE'EPSILON

b) ARCSINH(O

15.27 ARCCOSH — Inverse hyperbolic cosine function

.0) =0.0

15.27.1 Declaration

function ARCCOSH (X :

28

€

error = 8.0 - FLOAT_TYPE'BASE'EPSILON

H — Inverse hyperbolic sine function

FLOAT_TYPE) return FLOAT_TYPE;

thable range of ARCSINH is approximately given by

FLOAT_TYPE) return FLOAT_TYPE;
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15.27.2 Definition

ARCCOSH(X) = arccoshX

15.27.3 Usage

Z := ARCCOSH(X);

ISO/IEC 11430:1994(E)

15.27.4 [Domain

X>1.0

15.27.5 |Range

ARCCOSH(Y¥) > 0.0

NOTE — The upper bound of the reachable range of ARCCOSH is approximately given by

ARCCOSH(X) < log, FLOAT_TYPE'SAFE_LARGE + log, 2.0

15.27.6 |Accuracy
a) Makimum relative error = 8.0 - FLOAT_TYPE'BASE'EPSILON

b) ARQCOSH(1.0) =0.0

15.28 ARCTANH — Inverse hyperbolic tangent function
15.28.1 [Declaration

function| ARCTANH (X : FLOAT.TYPE) return FLOAT_TYPE;

15.28.2 |[Definition

ARCTANH(X) =~ arctanhX

15.28.3 WUsage

Z := ARCTANH(X);

15.28.4 Domain

X| < 1.0

NOTE — When X = £1.0, see clause 13.

15.28.5 Range

Mathematically unbounded
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15.28.6 Accuracy

a) Maximum relative error = 8.0 - FLOAT_TYPE'BASE'EPSILON

b) ARCTANH(O

.0) =0.0

15.29 ARCCOTH — Inverse hyperbolic cotangent function

15.29.1 Declaration

© ISO/IEC

function ARCCOTH (X : FLOAT_TYPE) return FLOAT_TYPE;

15.29.2 Definition

ARCCOTH(X) = ardcothX

15.29.3 Usage

Z := ARCCOTH(X)|;

15.29.4 Domalj

|X| > 1.0

NOTE — When X

15.29.5 Range

n

= +1.0, see clause 13.

Mathematically upbounded

15.29.6 Accur

Maximum relativg

hcy

error = 8.0 - FLOAT_TYPE'BASE'EPSILON
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Annex A
(normative)
Ada specification for GENERIC_ELEMENTARY_FUNCTIONS

with ELEMENTARY_FUNCTIONS_EXCEPTIONS;
generic
type FLOAT_TYPE is digits <>;

package GENERIC_ELEMENTARY_FUNCTIONS is

function SQRT (04 : FLOAT_TYPE) return FLOAT_TYPE;
functjon LOG x : FLOAT_TYPE) return FLOAT_TYPE;
functjion LOG (X, BASE : FLOAT_TYPE) return FLOAT_TYPE;
function EXP X : FLOAT_TYPE) return FLOAT_TYPE;
function "*x" (LEFT, RIGHT : FLOAT_TYPE) return FLOAT_TYPE;
functjion SIN X : FLOAT_TYPE) return FLOAT_TYPE;
function SIN (X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
function COS X : FLOAT_TYPE) return“\FLOAT_TYPE;
function COS (X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
function TAN (X : FLOAT_TYPE) return FLOAT_TYPE;
function TAN (X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
functjon COT X : FLOAT_TYPE) return FLOAT_TYPE;
functjon COT (X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
functjon ARCSIN (X : FLOAT_TYPE) return FLOAT_TYPE;
function ARCSIN (X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
function ARCCOS (X : FLOAT.TYPE) return FLOAT_TYPE;
function ARCCOS (X, CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
function ARCTAN (Y :( FLOAT_TYPE;

X 2 'FLOAT_TYPE := 1.0) return FLOAT_TYPE;
function ARCTAN (Y : FLOAT_TYPE;

X : FLOAT_TYPE := 1.0;

CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
functjion ARCCOT (X : FLOAT_TYPE;

Y : FLOAT_TYPE := 1.0) return FLOAT_TYPE;
functjon ARCCOT (X : FLOAT_TYPE;

Y : FLOAT_TYPE := 1.0;

CYCLE : FLOAT_TYPE) return FLOAT_TYPE;
function SINH X : FLOAT_TYPE) return FLOAT TYPE;
function COSH 0.4 : FLOAT_TYPE) return FLOAT_TYPE;
function TANH X : FLOAT_TYPE) return FLOAT_TYPE;
function COTH X : FLOAT_TYPE) return FLOAT_TYPE;
function ARCSINH (X : FLOAT_TYPE) return FLOAT_TYPE;
function ARCCOSH (X : FLOAT_TYPE) return FLOAT_TYPE;
function ARCTANH (X : FLOAT_TYPE) return FLOAT_TYPE;
function ARCCOTH (X : FLOAT_TYPE) return FLOAT_TYPE;

ARGUMENT_ERROR : exception renames ELEMENTARY_FUNCTIONS_EXCEPTIONS.ARGUMENT_ERROR;

end GENERIC_ELEMENTARY_FUNCTIONS;
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Annex B
(normative)
Ada specification for ELEMENTARY_FUNCTIONS_EXCEPTIONS

package ELEMENTARY_FUNCTIONS_EXCEPTIONS is
ARGUMENT_ERROR : exception;
end ELEMENTARY_FUNCTIONS_EXCEPTIONS;
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Annex C
(informative)
Rationale

This annex, a revision of [8], outlines the history of ISO/IEC 11430 and provides a rationale for its features. While the
annex primarily discusses the reasons why decisions were made during the development of this International Standard
to include certain features, it also discusses the sometimes subtle reasons for not adopting obvious alternatives to
those features. Additionally, it covers some of the less readily apparent implications of the decisions made during the
developmept-of-this Internation ; il beof parti imple

C.1 History

The absen(
and engine|
as evidenc
several puj
within the
using the glementary functions. The reason, of course, is the lack of commonality among the differer
differ in the number of functions implemented, their names, their parameter profiles, the handli

fe of predefined elementary functions from Ada has been one of the deterrentsto the portapility of scientific
ering applications software written in that language. The need for such funétions has been widely recognized,

conditions] and even the use (or avoidance) of genericity.
Instead of|including predefined elementary functions in Adajdts authors gave the language the Tecessary general
features for defining and collecting subprograms together<into libraries (e.g., packages, generics and subprogram

overloading), and for creating portable and efficient numerical software in particular (e.g., a model
arithmetic| and environmental enquiries in the form of attributes), and then left it to experienced n
to do what they are uniquely qualified to do: apply. those features to the task of specifying and im
quality libgaries of mathematical software. Numerical analysts were already engaged in this work befc
standardizpd. The need for standards was recoghnized early, with several preliminary proposals [9,
between 1982 and 1987. Other seminal papers on the content, philosophy and implementation of scie
Ada were ¢ollected together in [10] in 1986-

People and papers came together beginning in about that same year to form committees with wor

of floating-point
merical analysts
lementing high-
ire Ada itself was
21, 22] published
ntific libraries in

king documents.

The standardization effort was_assigned to JTC 1 as Project JTC1.22.10.02. The technical work was performed by

the ACM BIGAda Numerics’ Working Group (referred to in this annex as “the committee”) and
Numerics Working Group;\it) was supported and encouraged in the United States by the Ada Join
and the Sfrategic Defense Initiative Office of the U.S. Department of Defense, and in Europe by
of the Eurppean Comununities. Interim reports on the work of the former committee were presents
International Conference on the Ada Programming Language [23], in 1988 at the Sandia Workshop
Time and Bcientific Environments [7, 25], and more recently in several tutorials and colloquia. Var

the Ada-Europe
t Program Office
the Commission
bd in 1987 at the
on Ada in Real-
ous drafts of the

working papérsthat eventually resulted in this International Standard were circulated, and the resp

bnse to them was

enthusiastic:

This work was adopted by the WG 9 Numerics Rapporteur Group (NRG) in March of 1989 and presented to WG 9
as working draft 1.0 of a proposed standard [18]. WG 9 approved the proposal in June, 1989, subject to minor
revisions. The revised proposal, working draft 1.1, was initially processed by SC 22 as a Technical Report in early
1990, leading to a few editorial changes, and subsequently registered as CD (Committee Draft) 11430 [14]. The
committee took advantage of that opportunity for change to incorporate a minor technical improvement, which permits
implementations having the capability of exploiting signed zeros (a feature of the IEEE standards for floating-point
arithmetic [13, 3]) to do so in appropriate ways. At the same time, the Ada-Europe Numerics Working Group
advocated a change stemming from the difficulty that some implementors encountered while trying to produce efficient
implementations that are also portable. The second revision of the proposal, CD 11430.2 (also circulated as working
draft 1.2), was endorsed by the NRG in December 1990, approved as Draft International Standard (DIS) 11430 by
SC 22 [16], and then approved by JTC 1 in May of 1992. The final International Standard, to which this rationale
applies, differs (other than in editorial ways) from the DIS approved by JTC 1 only in the substitution of the names
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LEFT and RIGHT for X and Y as the parameters of the exponentiation operator and in the inclusion of “floor” brackets
(]...]) around the exponent in the formula giving the threshold beyond which the trigonometric functions are allowed
to yield degraded accuracy.?

C.2 Relationship to Ada 9X

This International Standard is specifically intended to be used with Ada 83, as defined by [26] and endorsed by
ISO 8652:1987. A slightly revised version of GENERIC_ELEMENTARY_FUNCTIONS is proposed to be incorporated directly
into Ada 9X (see [2 15]) There, GENERIC ELEMENTARY FUNCTIONS is a child of ADA.NUMERICS. Other differences
between this Integnat arrd-and—GEN ‘ ; : iscussed in
clauses C.4, C.6, C.Q, C.15 and C.16.

C.3 Use of generics

The package construct is the obvious mechanism for encapsulating a functionally cohesive set of subprograms and
their related excdptions, global data, etc. The facilities of TEXT_IO0 are made available (through that mechjanism, for
example. Using afgeneric package instead of an ordinary package is appropriate, furthetmore, when the facilities to be
encapsulated need to be parameterized by some property of the application in which they are to be used. In tiew of the
rules for parameter associations, the inability to anticipate which floating-point-type (or types) the programmer will
choose for the application dictates that the package containing the elementary.functions be made generic oh the type
of their formal parameters and returned value. For that reason the elemertary functions package is indeed generic. It
has one generic fprmal parameter, a generic formal type named FLOAT_TYPE (see clause 4). An instantiafiion of the
generic package With a floating-point subtype for the generic actual ‘type produces a package containing dlementary
functions that cap be invoked with an argument or arguments of that subtype.

C.4 Range constraints in the generic actual type

Until December 1990, the generic actual type was not restricted in any way, and in particular it could be a constrained
subtype (i.e., have a range constraint). CD 11430:2-was changed at that time, however, to allow implemerjtations to
impose a restrictipn that the generic actual type-must not contain a range constraint that reduces the range of allowable
values. If implementations choose not to impose such a restriction, then they have an obligation to prevent a range
constraint in the generic actual type from interfering with their ability to deliver a value, which constrains the available
implementation strategies somewhat.. Se that users will know what to expect from any particular implementation,
such a restriction| must be documented'if it is imposed.

This issue was debated at the.time that the earliest draft was being formulated. The potential difficultly (for im-
plementors) of allowing a range constraint in the generic actual type was recognized immediately. Since the réle of
the generic formgl type_is essentially to parameterize the “working precision” in the generic package, it i tempting
for implementors| to, dse the generic formal type, FLOAT_TYPE, as the type mark in the declarations of femporary
variables and perhaps even of constants in the body of GENERIC_ELEMENTARY_FUNCTIONS. The obvious proplem with
this straightforwa e corresponding
generic actual type happens to contain, and this could well invalidate assignments to temporary variables and ini-
tialization of constants in the body—even when both the argument in a particular function invocation and the final
result (if it could only be computed) satisfy the range constraint. The user must accept the responsibility of being
able to pass values into and out of an elementary function whose argument and result type are constrained, of course,
since constraint checks are required by Ada in those contexts and nothing the implementor does in the body can avoid
them. So, for example, if the user instantiates GENERIC_ELEMENTARY_FUNCTIONS with a type declared as “digits 6
range 3.0 .. 20.0,” then there is no hope of asking for the square root of 25.0 (because the argument will be
outside the range of SQRT’s parameter type) or of 4.0 (because the result will be outside the range of SQRT’s result
type), and any attempt to do so must necessarily raise CONSTRAINT_ERROR. On the other hand, it was universally

The first of these differences is discussed later in clause C.6. The second, which involves a slight change in a more-or-less arbitrarily
chosen threshold, was motivated by the complaints of some implementors that the original threshold was difficult to implement and by the
realization that other implementors had read the proposed standard as if the floor brackets had been present all along. Both were approved
by the NRG.
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judged to be unacceptable for an implementation to raise CONSTRAINT_ERROR when the square root of, say, 16.0 is
requested (with the same constrained generic actual type), since both the argument and the result are within the
range of the parameter and result types. And yet, there is a good chance that a straightforward implementation—one
that uses variables or constants of type FLOAT_TYPE—will raise CONSTRAINT_ERROR in this case and in other seemingly
innocuous cases.?) Thus, in agreeing to allow range constraints in the generic actual type, the committee made it
clear in the earliest drafts that such “gratuitous” exceptions must be avoided by implementations. It did so only
after concluding that suitable implementation techniques (ones that avoid the use of FLOAT_TYPE as a type mark in
declarations) are available.

The committee strongly favored allowing range constraints, at first. It felt that users would not accept restrictions
in their f i i - - i i = subtype. Indeed,

ions of this rationale declaimed that the interests of users outweighed those of implementors in settling the
range conptraints issue. The problems facing implementors who wish to allow range constraints)wotld vanish if there
were a waly, in a generic body, of declaring a variable with the precision of a floating-point.generic formal parameter
but without its range constraints, if any. Declaring a variable to be of type “digits FLOAT_TYPE'EASE'DIGITS” will

not sufficd, because the expression in a floating accuracy definition is required to be static, and attributes of a generic
formal patameter are not static. Declaring a variable to be of type FLOAT_TYPE'BASE comes to mind also, but this is
invalid befause the BASE attribute can be used (in Ada 83) only in a prefix for-other attributes.

What impglementation strategies are available to implementors who wish to_allow range constraintsf

One methjod is to represent each elementary function, at the highest-level, by a “shell” that merely “dispatches” to
a lower-leyel function supporting the required precision. The proper lower-level function is determined by querying
FLOAT_TYPE'BASE'DIGITS in a case-statement whose choices tést)symbolically for membership in the range of preci-
sions mapping into each of the available predefined floating-point types. Lower-level versions of each|of the elementary
functions can be provided for each predefined floating-point,type by one instantiation of an inner generic package for
each such type. Because the generic actual type used tosinstantiate this inner generic package is never constrained, the
inner gengric package of lower-level functions can useits generic formal parameter for the type of its|working variables
without the risk of violating range constraints.

A straightforward and often-used strategy, this'method has two drawbacks:

— If the method is to be portable, the inner generic package must be designed to accommodate, ipn each elementary
function, the entire range of precisions to be supported. The multiple instantiations of this inner |package will then
lead, with some Ada compilers, to multiple copies of the code applicable to a given precision, even though only one
copy is Jogically required. Thus, for example, code to perform double-precision computations will| be present in the
instantiption for a double‘precision predefined type as well as in the instantiation for a single-prgcision predefined
type, eYen though the latter will never be called upon to perform those computations. Curreptly implemented
optimizptions do nefj:in general, attack this version of the dead-code removal problem.

— The method suffers from a lack of portability related to variations, from one implementatjon of Ada to the
next, in| the(number and names of the available predefined floating-point types. As a supplement to this strategy,
a technjque/due to Chebat can be used to extend portability to a fixed set of potentially predlqtﬁned type names
chosen by the implementor, even iIf some names in the set do not actually exist as predefined types of the Ada
implementation; however, Chebat’s technique will not pick up predefined type names outside the anticipated set.3)

A second method, which completely avoids reliance on predefined type names, has a similar case-statement in the body
of each elementary function, with the choices represented by constants and with each case containing a block-statement
that declares working variables of the appropriate precision, given as a constant. In practice, the number of cases can
be sharply reduced, as shown by Tang [24], by grouping a range of consecutive precisions together into each choice,
with the breakpoints chosen with representative hardware in mind. (The precision used in the declaration of working

2)One standard argument reduction strategy is to transform the argument to a value in the range 0.25 .. 1.0. Clearly, an attempt to
store the transformed argument in a variable of type FLOAT_TYPE will violate the inherited range constraint.

3)The essence of the “Chebat trick” is to declare a set of potentially predefined type names (excluding FLOAT, which of course is
predefined)—Ilike SHORT_SHORT_FLOAT, SHORT_FLOAT, LONG_FLOAT and LONG_LONG_FLOAT—in a dummy library package; it is suitable to
declare them all as derived types with FLOAT as their parent. Then, by RM 8.4(5), in a program unit that “withs” and “uses” the dummy
library package, a name from the set denotes the type declared in package STANDARD, if one exists there; otherwise, it denotes the type
declared in the dummy package. In the latter case, the properties of the type are presumably irrelevant by design.
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variables in each case then becomes the constant representing the upper bound of the range of precisions of the case’s

choice. Attention

to several details not discussed here is required.)

This method, too, has two drawbacks:

Excess precision may sometimes be used when not required—i.e., precision may be wasted—in order to keep

the cases to a manageable number.

Expensive
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scheme can be
coeflicients, in
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in those steps;
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precision that
is more than is
unfortunate pg
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The magnitude
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use FLOAT_TYPE
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designed around
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bruction step—fits into the case structure well; each case not only provides the precision to|b

buffices for the variables used in these steps is the maximum available precision. When th

X

function
step and
e used in
s of its local working variables, but it also serves as the locus within which the chosenyapptoximation
tailored to that precision (for example, by using the appropriate number of terms, with appropriate
a polynomial approximation). On the other hand, the dependence of the argument redjiction and
tion steps on the precision required is confined to the declarations of the working varialles needed
the same argument reduction algorithm or result construction algorithm/can be used in ¢ach of the

compromises are required to fit some of the steps of the typical realization of an elementary

1 the needless duplication of code (differing only in the precision of variables), one is mgtivated to
hent reduction and result construction steps out of all the cases and/to place a common argument

before the case-statement and a common result construction step after the case-statement|. The only
t precision
broduce an

hvailable is

required (e.g., because a case corresponding to a low precisién is selected), this tactic can §
rformance degradation, especially in Ada implementations in which the highest precision
ftware.

f the performance penalty induced by the second method, which nevertheless is favore
fause it is inherently more portable than the first, became apparent only late in the deve
Standard, as implementation experience bégan to build. Aided by a growing suspicion thaf

1 by some
opment of
the desire

ic as once
lization led to a reevaluation of the original decision on range constraints, and to a recoanendation
ope Numerics Working Group that the decision be partially reversed by allowing an implgmentation
iction against range constraints if'it so wishes. By imposing this restriction, an implemerftation can
directly as the type mark for-all of its working variables; the only need for a case-statement is to
mation method tailored tothe precision required, and the cases will furthermore not need|to contain
(because they will not need to declare case-dependent local variables).

ho requires portability to all implementations must avoid instantiating GENERIC_ELEMENTARY_FUNC-
strained generic actual type. That is an inconvenience, but it is hardly more than that. A program
constrainedtapplication type or subtype named APPLICATION_TYPE, used both to declarf variables
a generic'math package, can be systematically modified as follows to avoid instantiating GENER-
FUNCTIONS with a constrained generic actual type:

Find the d

eclaration of the type or subtype APPLICATION_TYPE.

— Change the declaration so that the type or subtype has a new name, say ORIGINAL_TYPE. In the modified
program, ORIGINAL_TYPE will be used only as the source of properties for a new type, BASE_TYPE, and a subtype
thereof called APPLICATION_TYPE.

— Declare the type BASE_TYPE as “digits ORIGINAL_TYPE'BASE'DIGITS.”

RY_FUNCTIONS

— Introduce

BASE_TYPE(ORIGINAL_TYPE'FIRST)

ways as in the

Instantiate GENERIC_ELEMENTA-
with BASE_TYPE instead of APPLICATION_TYPE.

a new declaration for APPLICATION_TYPE as that of a subtype declared as “BASE_TYPE range
. BASE_TYPE(ORIGINAL_TYPE'LAST).” Use APPLICATION_TYPE in the same
original program, except for the instantiation of GENERIC_ELEMENTARY_FUNCTIONS.

91t is hard to imagine how a single application-determined range constraint can be suitably applied to the inputs and outputs of all the
elementary functions without causing a constraint violation somewhere on a call or a return.

36


https://iecnorm.com/api/?name=f18ed8e6f5737435ed5ffbae05c4b665

© ISO/IEC ISO/IEC 11430:1994(E)

The foregoing idiom caters to the worst case, in which the base type of APPLICATION_TYPE in the original program is
anonymous; obviously, if its name is known, that name can simply be used to instantiate GENERIC_ELEMENTARY_FUNC-
TIONS. Also, the foregoing idiom assumes that APPLICATION_TYPE in the original program is not a generic formal
type; if it is, the same technique can be applied one level out.

Clause 5 implies that implementations imposing the restriction must behave predictably when the restriction is vi-
olated; it says that instantiation of GENERIC_ELEMENTARY_FUNCTIONS with a generic actual type containing a range
constraint that reduces the allowable range of values, in violation of the restriction, must result either in the rejec-
tion of the compilation of a unit containing an instantiation of GENERIC_ELEMENTARY_FUNCTIONS or in the raising of
CONSTRAINT_ERROR or PROGRAM_ERROR during the elaboration of an instantiation of GENERIC_ELEMENTARY_FUNCTIONS.
The first tWo actions are CONSEqUENCeS Of the Semantics o a and are beyon € implementor s,ability to influence;
if neither pf these occurs first, the implementor can ensure that the last action takes place by coding the following in
the statement-sequence of the body of GENERIC_ELEMENTARY_FUNCTIONS:

if FLOAT]
FLOAT|
raise

end if;

| TYPE'FIRST > FLOAT_TYPE'BASE'FIRST or
| TYPE'LAST < FLOAT_TYPE'BASE'LAST then
PROGRAM_ERROR ;

Finally, ix
declaratio
for Ada 9]
in Ada 9X
not affect

Ada 9X it is proposed that one can use, for example, FLOAT_TYPE'BASE as a typenjark in an object
n, and therefore there is no reason to retain, in the version of GENERIC_ELEMENTARY_FUNCTIONS proposed
K (see clause C.2), the provision allowing implementations(to restrict the generic actual type. As proposed

[15], the generic actual type of GENERIC_ELEMENTARY_FUNCTIONS can have a range constfaint, which must
the internal computations of the implementation.

C.5 Functions included

Nineteen
functions
(SIN, cos
commonly
ARCCOSH,
applicatio
functions,
total of tw

functions and one operator are definedtin the elementary functions package. These are SQRT; the two
EXP and LOG) and one operator ("#**!")-0f the exponential family; the four commonly encquntered functions
TAN and COT) of the trigonometric family; their inverses (ARCSIN, ARCCOS, ARCTAN and ARCCOT); the four
encountered functions (SINH, COSH, TANH and COTH) of the hyperbolic family; and their ipverses (ARCSINH,
ARCTANH and ARCCOTH). They were chosen because of their widespread utility in scientifit and engineering
ps. Actually, the trigonometric functions and their inverses are each represented by a pair of overloaded
with different numbers ‘'of parameters; the same is true of the LOG function. With overloadings included, a
renty-eight functionstand one operator are defined in the elementary functions package.

C.6 Pgrameter names of the "**" operator

Bowing tq
floating-p

common practice, as well as to the precedent set by other standards (such as the IE
bint arithmetic), the committee chose the name X for the formal parameter of the monadic

names X 3

EE standards for
functions and the

nd.Y for those of ARCTAN and ARCCOT. For uniformity within GENERIC_ELEMENTARY_FUNC

FIONS, the names

X and Y were therefore also used originally for the formal parameters of the "**" operator. The decision to do so was
also influenced by the desire to use short names in the accuracy requirements, which in some cases are expressed in
terms of the values of the formal parameters.

This decision held through CD 11430.2. Subsequent to that, however, WG 9 recommended that all overloadings of
predefined operators in Ada 9X use the parameter names LEFT and RIGHT, following the convention that had been
established in Ada 83. This affected the "#*" operator in the version of GENERIC_ELEMENTARY_FUNCTIONS proposed for
Ada 9X. To avoid a gratuitous difference between the "**" operator in GENERIC_ELEMENTARY_FUNCTIONS as defined
by this International Standard and that in the version of GENERIC_ELEMENTARY_FUNCTIONS proposed for inclusion
in Ada 9X, the NRG decided late in the development of this International Standard to use LEFT and RIGHT for the
parameters of the "**" operator.

The overloading of "**" contained in GENERIC_ELEMENTARY_FUNCTIONS does differ from the obvious extension of the
predefined "**" operator of package STANDARD, but not with respect to the names of its parameters (see clause C.13).
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C.7 Units of angular measure

Users have a choice of units in which angles are measured, and the overloadings in the trigonometric family and their
inverses play a role in the exercise of that choice. Most often, the desired angular measure is radians; consequently,
it is the easiest to specify. Thus, SIN(X), for example, yields the sine of the angle X, where X is understood to be
measured in radians, and similarly ARCSIN(X) yields the angle (in radians) whose sine is X. To specify some other
angular measure, one would supply a value for CYCLE (which is the second parameter, except in the case of ARCTAN or
ARCCOT, where it is the third). For example, when the angle X is understood to be measured in degrees, the sine of X
would be written instead as SIN(X, 360.0); by the same token, the angle (in degrees) whose sine is X is ARCSIN(X,
360.0). Other angular measures can be accommodated by using the appropriate value for CYCLE—e.g., 6400.0 for
mils, 400.0 for irads. From these examples it should be clear that the numerical value of CYCLE has th¢ following
interpretation: ap angle numerically equal to the value of CYCLE represents one complete cycle of revolutioh (i.e., one
period of the fun ction).s) It should also be clear that when the CYCLE parameter is omitted, as in SIN(X)] the effect
is as if a CYCLE of 27 had been specified.

A similar choice ¢
(i.e., base e); for
2.0), LOG(X, 10

xists with respect to the base of the LOG function. LOG(X) means the natural‘or Napierianl
other bases, such as 2.0 or 10.0, which are perhaps the most commo6n, after e, one wrif
.0), etc. The optional parameter is called BASE, and when it is ofmitted the effect is ad
of e had been specified. There is no BASE parameter for the EXP function, which\is the inverse of LOG,
functionality can|be obtained with the exponentiation operator: the number whose logarithm to the base
be computed as B**X.

logarithm
es LOG(X,
if a BASE
since that
B is X can

C.8 Optiondlity of the CYCLE and BASE parameters

n handled
hs used in-
UNCTIONS.
fication of
velopment

The preceding discussion suggests that the optionality of the @YCLE and BASE parameters could have bee
very simply by d¢fining appropriate default values for these’parameters, and yet subprogram overloading w.
stead, which unfortunately adds nine subprogram declarations to the specification of GENERIC_ELEMENTARY_F
What is so disadyantageous about the default-value method to warrant this increase in the size of the spec

GENERIC_ELEMENTARY_FUNCTIONS? The answer is rather subtle, and it required much debate during the de

of this Internatio
in any implement
imation to 27 or
trailing digits, to
use of such an af

would produce repults with unacceptable accuracy. The error is not like a simple roundoff error but has thd

a cumulative phaj
large X, there wil

Better results cal
representation of
obtained from ha

al Standard. The problem is essentially that 27 and e, being irrational, are not representa
ation, so the best that could possibly be done would be to use a default value that is a clo
e (implicit conversion of 2m or e, expressed as a numeric literal with an arbitrarily large
the type FLOAT_TYPE,is only required to yield a value in the same safe interval as the lit
proximation to 27 i the computation of the trigonometric functions, as if it were the ti

se shift that inereases as the number of periods, or cycles, represented by X increases. For {
be no correct digits whatsoever in the result.

ble exactly

5e approx-
number of
eral). The
ue period,
nature of
ufficiently

n be-obtained, and this problem ameliorated somewhat, if the implementation uses an internal

27 that has more precision than FLOAT_TYPE provides. The necessary additional precisi
dware, if it is available: if not_ there are fprhn;qnne for “c;mn]nf;ng” extra p!‘or‘:c:nn (Snn

n may be
8-, [24]).

)

But using extra precision only pushes the “phase shift problem,” wherein all accuracy is lost, farther away—i.e., to
larger values of X; it does not eliminate it entirely. Therefore, the amount of extra precision required is related to the
range of values of X for which some stated accuracy is to be achieved. Since the required accuracy and the minimum
domain over which it must be achieved are both spelled out in this International Standard, implementors have the
information they need to satisfy the standard’s requirements. (Outside the range of X for which the trigonometric
functions with natural cycle must meet the accuracy requirements, degraded accuracy—but not other behavior, such
as the raising of an exception—is allowed. An implementation must document the accuracy it achieves for extreme
values of X, along with the threshold where degradation below the required accuracy commences.)

5) Early drafts of the proposals leading to this International Standard contained examplesinvolvinga CYCLE of 1.0, allegedly corresponding
to angular measure in bams (“binary angular measure”). It was tardily discovered [11] that this obscure invention is primarily useful in
fized-point implementations, where the primary range of the angle is taken to be [—1,1) bams, corresponding to [—, 7) radians, and scaled
to make use of all the bits in an integer word—for example, scaled to [~32768,32767]. Thus, a full cycle in bams is 2.0, not 1.0. Since a
CYCLE of 2.0 does not begin to suggest the real utility of bams, the examples involving bams were omitted after that discovery, instead of
being corrected.
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It turns out, in fact, that if the default-value method had been employed for CYCLE in this International Standard,
and an implementation used that value as if it were the true period, then the range of values of X for which the stated
accuracy could be achieved would not even extend as far as one complete period away from the origin. This also means
that an implementation that calculates SIN(X) by calling SIN(X, P) for some value of P meant to approximate 27,
including a literal with an arbitrarily large number of digits, will fail to meet the specifications.

All of the other standard periods are given by CYCLE values that are representable on all machines. With the aid
of an appropriate “exact-remainder” algorithm, implementations of the explicit-cycle forms of the functions will
have no difficulty reducing arbitrarily large values of X to the primary interval near the origin without error. (In
fact, the exact-remainder function is included in a generic package of floating-point manipulation functions called
GENERIC_H ch 1 i That is why the
explicit-cy| which the stated
accuracy 1

cle forms of the trigonometric functions have no restrictions on the range of values of X for
equirements must hold.

tions to meet the
1t value but not
or that a different

It might h
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using it (in

hve been reasonable to employ the default-value method for CYCLE and expectimplement
equirements over the given range of values for X by recognizing when CYCLE ‘has the def
that case) as if it were the true period—i.e., by using the default value merely as an indicat
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“in”). While these offered some elegant advantages, they¢also had unacceptable disadvantages.
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pf “the CYCLE problem” were also investigated, suchh\as packaging the trigonometric fu
an inner generic package having CYCLE as a generic formal parameter (e.g., a generic form

pr them, it is sufficient to compute the result as (for example) a fraction of a period and t
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pgram overloading was preferred simply for reasons of uniformity. The same reasoning aj
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rposes and determination of the accuracy requirements

significant advances'represented by this International Standard is its inclusion of accuracy
ations of the elementary functions. Not usually considered in formal specifications of mathe
equirements;are made possible largely by the model (adapted from Brown [4]) of real arithny
and the form they take is influenced by the availability of attributes that characterize }
ationswrelative to that model. Because the accuracy requirements will have an effect on w
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otential surprises
hation to 27 but
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oned, largely because it would have limited the available periods to a fixed set; furthermore, obtaining a
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by willtranslate into some assurance of quality for the user; in addition, they will permit
rses-of programs containing references to the elementary functions.

lxsers to carry out

Two kinds of accuracy requirements—maximum-relative-error bounds and “prescribed results”—are included. All
of the functions have maximum-relative-error bounds that limit the relative error in the computed result, over the
whole range of valid arguments (or, in some cases, over a stated portion of the range). In addition, the results at
certain key argument values are prescribed more precisely for some of the functions. The maximum-relative-error
bounds were determined by numerical analysts having broad knowledge of algorithms and implementation techniques
for the elementary functions. They are, of course, tailored to the specific properties of each function ([1, 5, 12]
were of general help in this regard). They are considered to be realistic and to give implementors some leeway for
creativity and individualism in regard to the trade-off between accuracy and efficiency. While they do rule out naive
implementations, they have proven to be conservative in the sense that it is not especially difficult for a knowledgeable
implementor to produce implementations exceeding the accuracy requirements.

The maximum-relative-error bounds are based on the implemented precision of the generic actual parameter associated
with FLOAT_TYPE rather than on its declared precision. This is reflected in the use of FLOAT_TYPE'BASE'EPSILON,
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rather than FLOAT_TYPE'EPSILON, in the formulas for maximum relative error. Effectively, those formulas constrain
the computed result to lie within an appropriate number of safe intervals of the mathematical result, just as Ada
does for the predefined arithmetic operators, which is what motivated the use of the BASE attribute in these formulas.
In practice, it means that the approximation technique employed by the implementation must be appropriate for
the precision of the base type of FLOAT_TYPE rather than just that of FLOAT_TYPE itself—i.e., it must be capable of
exploiting all the precision inherent in the underlying base type.®)

Error analyses of programs containing the elementary functions, using the maximum-relative-error bounds as given in
the specifications of GENERIC_ELEMENTARY_FUNCTIONS, are qualitatively portable in the sense that their form does not

change from one Ada 1mplementat10n to another. They are not quantltatlvely portable however, since the numerical

size of the ma
floating-point subtypes and the predeﬁned ﬂoatmg pomt types Nevettheless, a quantxtatlvely portable er]
can also be carri¢d out merely by substituting FLOAT_TYPE'EPSILON for FLOAT_TYPE'BASE'EPSILON, wherey
in the analysis. |The choice is equivalent to carrying out the error analysis either at the level.of safe 1
at the level of model numbers; both are qualitatively portable, but only the latter is quantitatively port
gives analysts thlat choice when they can “see” all the way down to the level of the basic operations and
operators in thefr Ada programs; this International Standard preserves that choice—without requiring d
inside implementlations of the elementary functions—by constraining and describing their/behavior at the 1
numbers (from which their behavior at the level of model numbers can be trivially infefred).

A considerable amount of debate was necessary to reach consensus on this formof the maximum-relative-eri
Some of the contfibutors to this International Standard felt that an implementation should be permitted to
and coarser appjoximation methods as the precision of FLOAT_TYPE decreases (e.g., in different instantiat
when the precision of its base type remains the same. For example,‘@ graphics application might well
digit accuracy i1} the elementary functions when the user’s generic‘actual subtype is declared as “digi{
the user might got be willing to pay for the unneeded accuracy‘in the form of additional iterations thr

er-declared
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umbers or
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loop, or additionjal terms in an approximating polynomial, inside' the body of an elementary function. A majority of

the contributors|felt that it was better to require software to get the most out of the hardware it is giv
with, at least foy conforming implementations, reasoning that special requirements can always be met by
implementations|not conforming to the standard. Theréawas also a question as to whether the use of the BA

in the accuracy fequirements adequately reflects the implemented precision of the user’s generic actual s
example, in the fase of a reduced-accuracy subtype, perhaps combined with the influence of representatig
Ada Commentary AI-00407 [19] implies that théimplemented precision of a reduced-accuracy subtype, as it
storage of variables of the subtype as well@s'parameter associations and function returns involving the su
be less than the precision of the subtype’s base type. Because that decision has profoundly undesirable co
(including the oHfuscation of the concept of “representation of a type”; the loss of the ability to specify and

en to work
additional

attribute
btype (for
n clauses).
affects the
btype, may
nsequences
hinalyze the

behavior of composite operations,.represented by functions, using the same abstractions—including safe inrrerva,ls—as
are applicable to[the basic and predefined operations; and the rendering of certain classes of attributes nearly useless),
and because it appears to confliet with other requirements or implications of the language [26], some observdrs feel that
it is ill advised. Accordingly; Ada Commentary AI-00571, which calls for the reevaluation of AI-00407, was submitted
in July of 1988. WG 9.xeturned AI-00407 to the Ada Rapporteur Group for reconsideration in June of 1989, and the
ARG completed |its reconsideration four months later by approving AI-00571 (thereby rescinding AI-00407). Thus, it
is now known thpt the accuracy laboriously achieved in the body of an elementary function will not be thrown away
at the return, even when the generic actual subtype 1s a reduced-accuracy subtype.

Prescribed results are used in some cases to constrain the computed result even more than the maximum-relative-error
bounds constrain it. For example, EXP(0.0) is prescribed to yield exactly 1.0. The prescribed results reflect behavior
that is both highly desirable from a numerical point of view and easy to achieve. In most cases, sensible algorithms
will achieve the required behavior without extra effort; when necessary, it can always be achieved with a test for the
special argument values.”

Some of the prescribed results appear to require the function to deliver a value that cannot be computed exactly; for

$)In the version of GENERIC_ELEMENTARY_FUNCTIONS proposed for Ada 9X, the maximum relative error is specified in terms of
FLOAT_TYPE 'MODEL_EPSILON. The MODEL_EPSILON attribute replaces EPSILON, but it yields a property of the base type of its prefix.

7) Another minor difference between this International Standard and the version of GENERIC_ELEMENTARY_FUNCTIONS proposed for Ada 9X
is the inclusion of a prescribed result for SQRT(1.0) in the latter. The guarantee of exactness for SQRT(1.0) makes it realistic to prescribe
exact results for some of the complex elementary functions (for which an International Standard is also under development) when their
arguments lie on the real axis or the imaginary axis.
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example, one of the prescribed results reads “ ARCSIN(1.0) = n/2.” What does this mean? Clause 11 says that a
prescribed result that is a safe number must be delivered exactly; in the case of one that is not, such as this one,
the implementation may deliver any value in the surrounding safe interval. The required behavior can be achieved
without difficulty, even in portable implementations.

Consideration was given to allowing the trigonometric functions with natural cycle to raise ARGUMENT_ERROR for suf-
ficiently large X, where it is impractical to avoid accuracy degradation. However, this would have weakened the
significance of ARGUMENT_ERROR as an implementation-independent indicator of mathematical domain violation. Rais-
ing a different exception was also considered, but in the end the committee thought that most users would prefer
continuation with a result that falls short of the accuracy requirements by a known amount to no result at all.

C.10 Rple of the range definitions

Range defi
that are m

case of functions
enabling it to be

hitions (or restrictions) are included with some of the functions for several reasons. In the
hthematically multivalued, they serve to define the principal range for the implementation,
single-valugd without ambiguity. In other cases, they impose highly desirable and easily achieved numfrical constraints
on the resylts—constraints that do not automatically follow from the maximum-telative-error requjrements. In this
latter contpxt, they behave like additional prescribed results (in the form of-an inequality, rather than an equality).
And, like prescribed results, range limits are sometimes given by values that-cannot be computed expctly. In analogy
to the megning of prescribed results, clause 10 defines the meaning of. range limits like this: When a range limit is

a safe nu

it, but the
the interio

er, the implementation must not exceed the range limit; When it is not, the implement3
implementation may not exceed the next safe number-Beyond the range limit in the dirg
of the range. The required behavior can be achievéd without difficulty, even in portable

ttion may exceed
tction away from
mplementations.

(For more pn range definitions, see clause C.12.)

C.11 Tyeatment of exceptional conditions

Two types
action is tg
if it is to ¢

of exceptional condition are explicitly recognized by this International Standard; in each |case, the defined
raise an exception. Equally impbrtant, an implementation is prohibited from raising spyrious exceptions
bnform (see clause 6).

The first type of exceptional condition under which an implementation is allowed to raise an excd
delivering p result occurs when the arguments of one of the elementary functions are such that {ts mathematical
result is nqt defined—in other words, when its arguments are invalid. A familiar example, given that arguments and
results in QENERIC_ELEMENTARY_FUNCTIONS are restricted to the real domain (as opposed to the complex domain), is
an attempt to computethe square root of a negative number. The validity or invalidity of argumehpts is completely
defined by [the “domain definitions” included with the description of each function.

eption instead of

When faceql with invalid arguments, an implementation is not merely allowed to raise an exception; it|is required to do
so. This Interndtional Standard prescribes the raising of the ARGUMENT_ERROR exception, which it defines and reserves
for this situation. The validity of given arguments is never influenced by hardware properties; if ARGUMENT_ERROR
is raised by a function for certain arguments in one implementation, it will be raised for those arguments in any
implementation. Argument validity can be reliably established by inspection of the arguments, that is, by subjecting
them to appropriate tests. While it will usually be most convenient for an implementation to check for argument
validity before attempting to compute a result, other strategies may be possible and appropriate in some cases.

The second type of exceptional condition under which an implementation is allowed to raise an exception instead of
delivering a result occurs when the mathematical result is well defined for the given arguments but some exigency
(from among a limited list) unavoidably stands in the way of actually delivering that result. There are in fact three
misfortunes that can befall an implementation, interfering with its ability to deliver a numerical result that is close
enough to the mathematical result to satisfy the accuracy requirements:

It may happen that the given arguments fail to satisfy range constraints inherent in the user’s generic actual
subtype, or that the function’s computed result fails to satisfy those constraints.
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— It may happen that the function that is invoked is unable to obtain the storage it needs to perform the requested
computation.

— It may happen that the computed result is so large, in magnitude, that it exceeds the hardware’s representational
capabilities—i.e., it overflows.

The first of these misfortunes can occur during any parameter association or on any function return; it is not peculiar
to the functions in this package. It is a fact of life of Ada, calling for the raising of the CONSTRAINT_ERROR exception
at the place of the call when it occurs during a parameter association, or at the place of the return-statement when
it occurs during a function return. In the former case the function is never entered, so clearly a numerical result
cannot be delivefed. In the latter case the function has computed an appropriate numerical result and has|attempted
to deliver it but |has failed, because of the range constraints that the user has imposed on the arguménts and results
of all the elementary functions. In marginal cases, other (slightly different) results might have been’produced that
do satisfy the rapge constraints while still satisfying the accuracy requirements, but it is not highly likely.| So, for all
practical purposgs, it may be assumed that it is just not possible to deliver a satisfactory numerical result. ?y allowing

CONSTRAINT_ERROR to be raised naturally when the first kind of misfortune occurs, this International Standard avoids
imposing unusugl design requirements on implementations. Indeed, in the case of parameéter associatiops, there is
nothing else thaf it could do.

The second of the three misfortunes can occur during any subprogram invocatien, or during the elabopation of a
subprogram’s deflarative part just after its invocation; it, too, is not peculiar to the functions in this package. Thus
it, too, is a fact pf life of Ada, calling for the raising of the STORAGE_ERROR éxception at the place of the fall (for all
practical purposps) when it occurs for either of these reasons. Clearly;it is just not possible to deliver § numerical
result, since the function either has never been entered or has not finished-elaborating its declarative part. Sipce storage
requirements for| elementary function implementations (of scalar arguments) are modest, it is highly like]y that the
application was funning near the limit of available storage at the’peint where the elementary function was invoked, and
that it is merely fan accident that the raising of STORAGE_ERROR occurred there instead of somewhere else. By allowing
STORAGE_ERROR po be raised naturally when the second kind of misfortune occurs, this International Standard avoids
imposing unusual design requirements on implementations. Indeed, since a handler for STORAGE_ERROR established by
the function will| not be entered in the cases described‘above, there is nothing else that it could do. (STOIEGE_ERROR

can also be raisefl by evaluation of an allocator in_ the sequence of statements of the function’s body. Althopgh in that
case the propagdtion of the exception to the caller is not inevitable, it seemed hardly practical or appropriate for this

International Stgndard to distinguish that case’from the earlier ones.)

The last of the three misfortunes, a computed result whose magnitude is so large that it cannot be repfgesented in
the hardware, is[commonly called overflow. Since the overflow threshold is a hardware property, exactly which results
are “too big” cannot be predictéd,with certainty without reference to the hardware. The model of real|arithmetic
in Ada allows o1e to say with ‘certainty, however, that a computed result whose absolute value is less than or equal
to FLOAT_TYPE'BAFE_LARGE/is' always capable of being represented. Thus it is reasonable to insist thatj, whenever
all possible results permitted by the accuracy requirements are less than or equal to FLOAT_TYPE'SAFE_LARGE in
absolute value, the implementation must deliver one of them (if it does not suffer one of the earlier mjsfortunes).
On the other hand; lf any result permltted by the accuracy requxrements would exceed FLOAT _TYPE'SAFE_LARGE in
absolute value, the e etha : : compute, and
that it would also exceed the hardware s overﬂow threshold Thus whenever any result permitted by the accuracy
requirements exceeds FLOAT_TYPE'SAFE_LARGE in absolute value, an implementation is permitted to signal overflow
instead of delivering a result. That does not mean that it must, of course; the actual result that it computes could
be some other permitted result that does not exceed FLOAT_TYPE'SAFE_LARGE in absolute value—and therefore does
not exceed the hardware’s overflow threshold—or it could be one that does exceed FLOAT_TYPE'SAFE_LARGE but still
does not exceed the hardware’s overflow threshold. By the same token, the fact that some of the permitted results do
not exceed FLOAT_TYPE'SAFE_LARGE in absolute value does not oblige the implementation to deliver a result in the
case that others do exceed it. This is the rationale for the variety of behaviors that an implementation is allowed to
exhibit in the vicinity of the overflow threshold.

If overflow needs to be signaled, clause 12 calls for that to be done in the way that Ada mandates for its predefined
operators—i.e., by raising NUMERIC_ERROR (which is changed to CONSTRAINT_ERROR by AI-00387). Implementors have
a choice of ways to deal with possible overflows in the final result. On the one hand, implementors can use a predictive
technique—that is, examine the arguments before using them to compute the result and raise the appropriate exception
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