INTERNATIONAL ISO/IEC
STANDARD 10967-3

First edition
2006-05-01

Information technology —d.anguage
independent arithmetic:—

Part 3:
Complex integer and floating point
arithmetic and complex elementany
numerical functions

Technologies deliinformation — Arithmétique indépendante des
langages —

Partie 3: Arithmétique des nombres complexes entiers et gn virgule
flottante et fonctions numériques élémentaires complexes

Reference number
ISO/IEC 10967-3:2006(E)

© ISO/IEC 2006


https://iecnorm.com/api/?name=642fc7cc256dbc98dcbffc222987a875

ISO/IEC 10967-3:2006(E)

PDF disclaimer

This PDF file may contain embedded typefaces. In accordance with Adobe's licensing policy, this file may be printed or viewed but
shall not be edited unless the typefaces which are embedded are licensed to and installed on the computer performing the editing. In
downloading this file, parties accept therein the responsibility of not infringing Adobe's licensing policy. The ISO Central Secretariat
accepts no liability in this area.

Adobe is a trademark of Adobe Systems Incorporated.

Details of the software products used to create this PDF file can be found in the General Info relative to the file; the PDF-creation
parameters were optimized for printing. Every care has been taken to ensure that the file is suitable for use by ISO member bodies. In
the unlikely event that a problem relating to it is found, please inform the Central Secretariat at the address given below.

© ISO/IEC 2006

All rights reserved. Unless otherwise specified, no part of this publication may be reproduced or utilized in any form or by any means,
electronic or mechanical, including photocopying and microfilm, without permission in writing from either ISO at the address below or
ISO's member body in the country of the requester.

ISO copyright office

Case postale 56 « CH-1211 Geneva 20

Tel. +412274901 11

Fax + 4122749 09 47

E-mail copyright@iso.org

Web www.iso.org
Published in Switzerland

ii © ISO/IEC 2006 — All rights reserved


https://iecnorm.com/api/?name=642fc7cc256dbc98dcbffc222987a875

ISO/IEC 10967-3:2006(E)

Contents

Foreword vii
Introduction viii
1 Scope 1
1.1 Inclusions . . . . . . . . e e e 1
1.2 Exclusions . . . . . . .. e 2
2 Conformity 3
B Normative references 4
1 Symbols and definitions 4
4.1 Symbols . . . . ... ooy 4
4.1.1 Setsandintervals. . . . . . ... ... L N o000 4
4.1.2 Operators and relations . . . . .. ... ... () .. ... .... 4
4.1.3 Mathematical functions . . . . . .. ... NV ... 5
4.1.4 Exceptional values . . . . . ... ... .80 0oL 6
4.1.5 Datatypes and special values . . . . .. N7 .. ... 6
4.1.6 Complex value constructors and compléx datatype constructors . . 8
4.2 Definitions of terms . . . . . . . ... NS L 9
b Specifications for imaginary and comiplex datatypes and operations 14
5.1 Imaginary and complex integer datatypes and operations . . .. ... .. A
5.1.1 The complex integer result helper function . . . . .. .. ... .. ... 15
5.1.2 Imaginary and complex integer operations . . . . . . . ... .. .. ... 15
5.1.2.1 Complex integer comparisons . . . . . . . . . . . ... .. R )
5.1.2.2  Multiplication by the imaginary unit. . . . . . . ... .. R
5.1.2.3 Thereal and imaginary parts of a complex value . . . . . R
5.1.2.4 ~Formation of a complex integer from two real valued integgrs . . . 18
5.1.2.5 “Basic complex integer arithmetic . . . . . . . . . ... .. R
5.1:206  Absolute value and signum of integers and imaginary integ¢rs. . . 21
5122.7 Divisibility interrogation . . . . .. ... ... ... .. A |

5.1.2.8 Integer division and remainder extended to imaginary and cqmplex
integers . . . . . . ... e 22
5.1.2.9 Maximum and minimum . . ... ... .. ... ... .. 27
52\ Imaginary and complex floating point datatypes and operations . . . . . . ... 28
5.2.1 Maximum error requirements . . . . . . . ... ... ... 28
52— SlgmrequiTenm®emts T . 29
5.2.3 Monotonicity requirements . . . . . . ..o 30
5.2.4 The complex floating point result helper functions . . . . . ... ... ... 30
5.2.5 Basic arithmetic for complex floating point . . . . . . ... ... ... ... 31
5.2.5.1 Complex floating point comparisons . . . . . . . . .. .. .. ... 31
5.2.5.2  Multiplication by the imaginary unit. . . . . . .. ... ... ... 33
5.2.5.3 The real and imaginary parts of a complex value . . . . . .. ... 34
5.2.5.4 Formation of a complex floating point from two floating point values 34
5.2.5.5 Fundamental complex floating point arithmetic . . . . . . . .. .. 34

© ISO/IEC 2006 — All rights reserved


https://iecnorm.com/api/?name=642fc7cc256dbc98dcbffc222987a875

ISO/IEC 10967-3:2006(E)

5.3

5.4

9.5

5.2.5.6  Absolute value, phase and signum of complex floating point values 38

5.2.5.7 Floor, round, and ceiling . . . . . . .. ... Lo 39
5.2.5.8 Maximum and minimum . . . .. ... 39
5.2.6 Complex sign, multiplication, and division . . . . . . .. .. ... ... ... 40
5.2.6.1 Complex signum . . . . . . .. ... 41
5.2.6.2 Complex multiplication . . . . . ... ... ... ... ... .. 41
5.2.6.3 Complex division . . . . . . . . . . . ... e 42
5.2.7 Operations for conversion from polar to Cartesian . . . . . .. .. ... .. 43
Elementary transcendental imaginary and complex floating point operations . . . . 44
5.3.1 [Operafions Tor exponenfiations and logarithms . . . . . . . . . . . . . . .. a1
5.3.1.1 Exponentiation of imaginary base to integer power . . . . . . . . . 44
5.3.1.2 Natural exponentiation . . . . .. ... ... ... ... ... 45
5.3.1.3 Complex exponentiation of argument base . . . ... ... ... ." 45
5.3.1.4 Complex square root . . . . . . .. ... (Y 46
5.3.1.5 Natural logarithm . . . . ... ... ... ... ... ...2. .. 47
5.3.2 |Operations for radian trigonometric elementary functions . . . . .~ . . . . 49
5.3.2.1 Radian angle normalisation . . . . . . . ... ... . AN ... 49
5.3.2.2 Radiansine . . . .. . . . ... ..M 49
5.3.2.3 Radian cosine . . ... ... ... ... ... .C7 oL 50
5.3.24 Radian tangent . . . . . . . .. ..o &N Lo oo 50
5.3.2.5 Radian cotangent . . . .. .. ... .. /.Y L. 51
5.3.26 Radiansecant . . ... ... . ... &) ... ... ... 52
5.3.2.7 Radian cosecant . . . . . . .. .. s S0 52
5.3.2.8 Radian arcsine . . . . . ... GO . Lo oo 53
5.3.2.9 Radian arc cosine . . . .. .. @. .. ... oL 54
5.3.2.10 Radian arc tangent . . . . o ... 56
5.3.2.11 Radian arc cotangent . &>, . . . .. ..o o7
5.3.2.12 Radian arc secant . . <\ . . . ..o Lo 58
5.3.2.13 Radian arc cosecant<s”. . . . . . . . ... oo 59
5.3.3 |Operations for hyperbolic elementary functions . . . . . . . ... ... ... 60
5.3.3.1 Hyperbolic ngrmalisation . . . . . . .. ... ... ... ... 61
5.3.3.2 Hyperbolig sine. . . . . . . ... 61
5.3.3.3 Hyperbolic'cosine . . . . . . . .. .. o 61
5.3.3.4 Hyperbolic tangent . . . . . . ... Lo 61
5.3.3.5  Hgperbolic cotangent . . . . . ... ... ... 62
5.3.3.6 ~Hyperbolic secant . . . . . . . .. ... Lo 62
5.3.3.0-Hyperbolic cosecant . . . . . . . . ... ... ... ... ... . 62
5.3.3.8 Inverse hyperbolicsine . . .. ... ... ... ... ... .. .. 62
5373.9 Inverse hyperboliccosine . . . ... ... ... ... ........ 63
5.3.3.10 Inverse hyperbolic tangent . . . . . .. . ... ... ... ... .. 63
5.3.3.11 Inverse hyperbolic cotangent . . . . . . . . .. .. ... ... ... 64
5.3.3.12 Inverse hyperbolic secant . . . . . . . . . ... ... ... .. 64
5.3.3.13 Inverse hyperbolic cosecant . . . . . . . .. .. ... ... 65
Operations for conversion between imaginary and complex numeric datatypes . . . 65
5.4.1 Integer to complex integer conversions . . . . . . .. ... ... 65
5.4.2 Floating point to complex floating point conversions . . . . .. .. ... .. 66
Support for imaginary and complex numerals . . . . .. ... ... 67

© ISO/IEC 2006 — All rights reserved


https://iecnorm.com/api/?name=642fc7cc256dbc98dcbffc222987a875

7

8

ISO/IEC 10967-3:2006(E)

Notification

6.1

Continuation values . . . . . . . . . . e

Relationship with language standards

Documentation requirements

Annex A (normative) Partial conformity

Al

Maximum error relaxation . . . . . . . . . ...

Al

A2
A3
A4

Pxtraaccuracy Tequitenments Tetaxatior
Relationships to other operations relaxation . . . . . . . . .. ... ... ¥
Part 1 and part 2 requirements relaxation . . . . .. ... ... ... ).

nnex B (informative) Rationale

B.1

B.2
B.3
B4

B.5

SCOPE . . e O
B.1.1 Inclusions . . . . ... ... .. ... ... ... N
B.1.2 Exclusions. . . ... ... ... ... o0y
Conformity . . . ... .. .. ... ... NS
Normative references . . . . . .. .. ... oo
Symbols and definitions . . . . . .. ..o NS Lo
B.4.1 Symbols . . . .. .. ... . O
B.4.1.1 Setsandintervals . .. ~X .. ... ... ... ... ...
B.4.1.2 Operators and relations’) ™~ . . . . . ... ... ... ..
B.4.1.3 Mathematical functions . . . . . . ... ... ... ... ..
B.4.1.4 Exceptional values, .>. . . . . . ... ... ...
B.4.1.5 Datatypes and«special values . . . . . . ... ... ... ..
B.4.1.6 Complex value constructors and complex datatype construct
B.4.2 Definitions of terms~= . . . . ..o oL Lo oL
Specifications for the imaginary and complex datatypes and operations . . .
B.5.1 Imaginary and-complex integer datatypes and operations . . . . ..
B.5.2 Imaginaryand complex floating point datatypes and operations . . .
B.5.2.1. Maximum error requirements . . . . . . . .. ... ... ..
B.5.2.2v Sign requirements . . . . ... ...
B.5.2.3 Maximum error requirements . . . . . . . . ... ... ...
B5.2.4 Basic arithmetic for complex floating point . . . . . . . ..
B.523 Elementary transcendental imaginary and complex floating point oper
B.5.3.1 Operations for exponentiations and logarithms . . . . . . .
B.5.3.2 Operations for radian trigonometric elementary functions .

OIS

ations

B.5.3.2.1 Radian angle normalisation . . . . . ... ... ..

BA322—Radiamsime ————————— . . . . ...
B.5.3.2.3 Radian cosine . .. ... ... ... ... .. ... ...,
B.5.3.24 Radiantangent. . . .. . .. ... ... ... ...
B.5.3.2.5 Radian cotangent . . . . ... ... ... .. .......
B.5.3.2.6 Radiansecant . . ... .. ... ... .. ... ......
B.5.3.2.7 Radian cosecant . . . . . .. ... .. ... .. ......
B.5.3.2.8 Radian arcsine . . ... ... ... ... ... ......
B.5.3.2.9 Radian arccosine . . . .. .. ... ... ... .. ....
B.5.3.2.10 Radian arc tangent . . .. ... .. .. ... ... ..
B.5.3.2.11 Radian arc cotangent . . . . .. ... ... ... ... ..

© ISO/IEC 2006 — All rights reserved

68
68

68

69

71
71
71
72
72


https://iecnorm.com/api/?name=642fc7cc256dbc98dcbffc222987a875

ISO/IEC 10967-3:2006(E)

B.5.3.2.12 Radian arcsecant . . . . ... ... ... ... ... ... 81

B.5.3.2.13 Radian arc cosecant . . . . . . . ... ... ... ... 81

B.5.3.3 Operations for hyperbolic elementary functions . . . . . . . .. .. 82

B.5.3.3.1 Hyperbolic normalisation . . . . . ... ... ... .... 82

B.5.3.3.2 Hyperbolicsine . ... ... .. ... ... 82

B.5.3.3.3 Hyperbolic cosine . . . .. ... ... 0. 82

B.5.3.3.4 Hyperbolic tangent . . . . . ... ... 82

B.5.3.3.5 Hyperbolic cotangent . . . . . ... ... ... .. 83

B.5.3.3.6 Hyperbolic secant 83

B.5.3.3.7 Hyperbolic cosecant . . . . . ... ... ... ... ... 8

B.5.3.3.8 Inverse hyperbolicsine . . ... ... ... .......0 84

B.5.3.3.9 Inverse hyperbolic cosine . . . ... ... ... ... 84

B.5.3.3.10 Inverse hyperbolic tangent . . . . .. ... ... A7 .. 84

B.5.3.3.11 Inverse hyperbolic cotangent . . . . . . ... .0OW. ... 84

B.5.3.3.12 Inverse hyperbolic secant . . . . . . . . . . KM ... .. 84

B.5.3.3.13 Inverse hyperbolic cosecant . . . . . . . .y . ... ... 84

B.5l4 Operations for conversion between imaginary and complex fidmeric datatypes 84

B.55 Support for imaginary and complex numerals . . . . ()0 . . ..o 84

B.6 Nofification . . . . . . . . .. L L NI 84
B.61 Continuation values . . . .. ... ... ... . O. . ... ... ..., 84

B.7 Relptionship with language standards . . . . . . . ~% .. ... ... L. 84
B.8 Do¢umentation requirements . . . . . .. ... . <A oL 84
Annex C [informative) Example bindings for specific languages 85
C.l Add . . . o N e 86
C.2 C . oo AN 9
C3 CHH . . o oD 105
C.4 Forfran . . . . . . A e e e e e e e 114
C.5 Coinmon Lisp . . . . . . o e o 122
Annex D [informative) Bibliography 133
Annex E [informative) Cress reference 135
Annex F [informative)\Possible changes to part 2 147

Vi © ISO/IEC 2006 — All rights reserved


https://iecnorm.com/api/?name=642fc7cc256dbc98dcbffc222987a875

ISO/IEC 10967-3:2006(E)

Foreword

ISO

(the International Organization for Standardization) and IEC (the International Electrotechnical
Commission) form the specialized system for worldwide standardization. National bodies that are members of
ISO or IEC participate in the development of International Standards through technical committees
established by the respective organization to deal with particular fields of technical activity. ISO and IEC
technical committees collaborate in fields of mutual interest. Other international organizations, governmental

and rjon-governmental, in liaison with ISO and IEC, also take part in the work. In the field ¢f information
technplogy, ISO and IEC have established a joint technical committee, ISO/IEC JTC 1.

Inter

The

tional Standards are drafted in accordance with the rules given in the ISO/IEC Directives,

ain task of the joint technical committee is to prepare International Standards. Draft

Standards adopted by the joint technical committee are circulated to national bedies for voting. |

an In

Atten
rights

1SO/I
Subc

ISO/I
indep

rnational Standard requires approval by at least 75 % of the national bodies casting a votd.

ion is drawn to the possibility that some of the elements of this.document may be the sub
ISO shall not be held responsible for identifying any or all sugh‘patent rights.

EC 10967-3 was prepared by Joint Technical Committee ISO/IEC JTC 1, Information
mmittee SC 22, Programming languages, their environments and system software interfac

EFC 10967 consists of the following parts, under:the general title Information technology
endent arithmetic:

art 1: Integer and floating point arithmetic
art 2: Elementary numerical functions

art 3: Complex integer and floating point arithmetic and complex elementary numerical fung

Part 2.

International
Publication as
ject of patent
technology,
DS,

— Language

tions

© ISO/IEC 2006 — All rights reserved
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Introdu

The aims

ction

Portability is a key issue for scientific and numerical software in today’s heterogeneous com-
puting environment. Such software may be required to run on systems ranging from personal
computers to high performance pipelined vector processors and massively parallel systems, and
the source code may be ported between several programming languages.

Part 1 of ISO/IEC 10967 specifies the basic properties of integer and floating point types that

can be relie

d upon in writing portable software

Part 2 o
point types
reals.

The conte

The con
specificatio
metic, imag
elementary

The nur
matical fun
requiremen
implementd
tion and (p
selection of]

The benefits

Adoptio

For prog
more precis
of machine

Program
advance. P
the resultin
properties
(possibly) 1
detect (and

f ISO/IEC 10967 specifies a number of additional operations for integer and floatin
in particular specifications for numerical approximations to elementary functiens o

*S]

=

nt

ent of this document is based on part 1 and part 2, and extendspart 1’s and part 2
hs to also cover operations approximating imaginary-integer and,complex-integer arith
rinary-real and complex-real arithmetic, as well as imaginary-real and complex-res
functions.

—

herical functions covered by this document are computfer approximations to mathe
Ctions of one or more imaginary or complex argumefnits. Accuracy versus performance
s often vary with the application at hand. Thi§ 1% recognised by recommending that
rs support more than one library of these nuinerical functions. Various documentd
rogram available) parameters requirements are specified to assist programmers in th
the library best suited to the applicatioti~at hand.

h and proper use of this docutinent can lead to the following benefits.

ramming language standatds it will be possible to define their arithmetic semantid
ely without preventing\the efficient implementation of the language on a wide rang]
architectures.

[CHE2]

mers of numerie\software will be able to assess the portability of their programs i
rogrammers will’be able to trade off program design requirements for portability i
g progran ~Programs will be able to determine (at run time) the crucial numeri
f the implementation. They will be able to reject unsuitable implementations, an
o correctly characterize the accuracy of their own results. Programs will be able t
pessibly correct for) exceptions in arithmetic processing.

Procurers of numerical programs will find it easier to determine whether a (properly docu-

mented) ap

plication program is likely to execute satisfactorily on the platform used. This can

be done by comparing the documented requirements of the program against the documented
properties of the platform.

Finally, end users of numeric application packages will be able to rely on the correct execution
of those packages. That is, for correctly programmed algorithms, the results are reliable if and
only if there is no notification.

viii
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Information technology —
Language independent arithmetic —

Part 3: Complex integer and floating point arithmetic and complex
elementary numerical functions

1

This
arith
variet

Scope

part of ISO/IEC 10967 specifies the properties of numerical approximations for ¢
netic operations and many of the complex elementary numerical funétions availali
y of programming languages in common use for mathematical and nuinerical applic

A implementor may choose any combination of hardware and software support to m

speci
that

T
to t
facilif

1.1

The 5

ications of this document. It is the computing environment, as$€en by the programme
Hoes or does not conform to the specifications.

e term implementation (of this part) denotes the total’\computing environment pq
s part, including hardware, language processors, subroutine libraries, exception h
ies, other software, and documentation.

Inclusions

pecifications of part 1 and part 2 are in¢luded by reference in this part.

This document provides specifications@or properties of complex and imaginary integer dg

and f]
merid
or im
dataft
rence
Also

numH

oating point datatypes, basic operations on values of these datatypes as well as for sa
al functions for which operand‘er result values are of imaginary or complex integer da
aginary or complex floatifig' point datatypes constructed from integer and floatin
ypes satisfying the requirements of part 1 (ISO/IEC 10967-1). Boundaries for the
of exceptions and_the ‘maximum error allowed are prescribed for each specified opq
the result produded by giving a special value operand, such as an infinity, or a NaN
er), is prescribed for each specified floating point operation.

This document provides specifications for:

2)
b)

Basic_hmaginary integer and complex integer operations.

Non-transcendental imaginary floating point and Cartesian complex floating point

pmplex
le in a
htions.

cet the
r/user,

rtinent
hndling

tatypes
me nu-
tatypes
b point
occur-
bration.
(not-a-

opera-

1o
TTOTHST

c) Exponentiation, logarithm, radian trigonometric, and hyperbolic operations for imaginary

This

floating point and Cartesian complex floating point.

document also provides specifications for:

d) The results produced by an included floating point operation when one or more operand

values include IEC 60559 special values.

1. Scope
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e) Program-visible parameters that characterise certain aspects of the operations.

1.2 Exclusions

This document provides no specifications for:

a) Datatypes and operations for polar complex floating point. This part neither requires nor
excludes the presence of such polar complex datatypes and operations.

b) Numerical functions whose operands are of more than one datatype, except certain imag-

inary /complex combinations. This part neither requires nor excludes the presence of such
“

wwed - onerand” onerations
rr j

c) A complex interval datatype, or the operations on such datatypes. This part neither réquires
npr excludes such datatypes or operations.

d) A complex fixed point datatype, or the operations on such datatypes. This part n¢ither
r¢quires nor excludes such datatypes or operations.

e) A complex rational datatype, or the operations on such datatypes. This part neither requires
npr excludes such datatypes or operations.

f) Matrix, statistical, or symbolic operations (on suitable datatypes). This part neither requires
npr excludes such operations or datatypes.

g) The properties of complex arithmetic datatypes that ave not related to the numerical process,
sfich as the representation of values on physical media.

h) The properties of integer and floating point datatypes that properly belong in programming
language standards or other specifications. Fxamples include:

1) the syntax of numerals and expressions in the programming language,

2) the syntax used for parsed (imput) or generated (output) character string forms for
numerals by any specific pregramming language or library,

the precedence of operators in the programming language,

)
4) the rules for assignihent, parameter passing, and returning value,
) the presence or absence of automatic datatype coercions,

)

the consequences of applying an operation to values of improper datatype, or to finini-
tialised data:

Furfhermore, $his part does not provide specifications for how the operations should be imple-
mented or which’/algorithms are to be used for the various operations.

2 Scope
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2 Conformity

It is expected that the provisions of this document will be incorporated by reference and further
defined in other International Standards; specifically in programming language standards and in
binding standards.

A binding standard specifies the correspondence between one or more of the arithmetic datatypes,
parameters, and operations specified in this document and the concrete language syntax of some
programming language. More generally, a binding standard specifies the correspondence between
certain datatypes, parameters, and operations and the elements of some arbitrary computing en-
tity. A language standard that explicitly provides such binding information can serve as a binding

standard.

Wkhen a binding standard for a language exists, an implementation shall be said tesconform to
this document if and only if it conforms to the binding standard. In case of conflict befween a
bindipg standard and this document, the specifications of the binding standard take prec¢dence.

Whhen a binding standard requires only a subset of the imaginary or compléx integer or imag-
inary[or complex floating point datatypes specified in this document, anjmplementation jemains
free to conform to this document with respect to other datatypes independently of that pinding
standard.

Wkhen a binding standard requires only a subset of the operations specified in this doqument,
an injiplementation remains free to conform to this document\with respect to other operations,
indegendently of that binding standard.

Whhen no binding standard between a language and\some datatypes or operations spedified in
this document exists, an implementation conforms.to this document if and only if it provifles one
or mgre datatypes and one or more operations thattogether satisfy all the requirements of|clauses
thrpugh [8] that are relevant to those datatypes and operations. The implementation shall then
document the binding.

Conformity to this document is always with respect to a specified set of datatypes andl set of
opergtions. Conformity to this document implies conformity to part 1 and part 2 of ISO /TEQ 10967
for the integer and floating pointdatatypes and operations used. Under certain circumgtances,
conformity to IEC 60559 is impliéd by conformity to part 1 of ISO/IEC 10967.

A implementation is free to provide arithmetic datatypes and arithmetic operations that do
not cpnform to this document, or that are beyond the scope of this document. The implementation
shall mot claim or imply’conformity to this document for such datatypes or operations.

Al implementation is permitted to have modes of operation that do not conform to this doc-

ume A conférming implementation shall specify how to select the modes of operatipn that
ensulfe conforimity.

NOTES

il Lanacpacebindinasareessential—Clanca Sl raciiirac an o slammantation +o docman t a-bind-

I Lanauage bindinas are essential. Lase-N-roqriresan-implementation-to-docimenta bin

ing if no binding standard exists. See Annex 7?7 for an example of a conformity statement,
and Annex [C] for suggested language bindings.

2 A complete binding for this document will include (explicitly or by reference) a binding for
part 2 and part 1 as well, which in turn may include (explicitly or by reference) a binding
for IEC 60559 as well.

2. Conformity 3
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3 This document does not require a particular set of operations to be provided. It is not
possible to conform to this document without specifying to which datatypes and set of
operations (and modes of operation) conformity is claimed.

3 Normative references

The following referenced documents are indispensable for the application of this document. For
dated references, only the edition cited applies. For undated references, the latest edition of the
referenced document (including any amendments) applies.

=

EC 60559:1989, Binary floating-point arithmetic for microprocessor systems.

I$O/IEC 10967-1, Information technology — Language independent arithmetic &
Rart 1: Integer and floating point arithmetic.

—

$O/IEC 10967-2, Information technology — Language independent arithipeétic —
art 2: Elementary numerical functions.

~

4 Slymbols and definitions

4.1 $ymbols
4.1.1 | Sets and intervals

In this| document, Z denotes the set of mathenfatical integers, G denotes the set of complex
integerp. R denotes the set of classical real numbers, and C denotes the set of complex nuinbers

over R| Note that Z C R C C, and Z C G C.C:
The| conventional notation for set definition and manipulation is used.
The| following notation for intervalg is used:

[4, z] designates the intervald{y € R | z <y < z},
|4, 2] designates the intefval {y € R | z <y < z},
[4, z[ designates the interval {y € R | z <y < z}, and
|4, 2] designates theiitterval {y e R | z <y < z}.

NOTE - Themotation using a round bracket for an open end of an interval is not used, for
the risk of,eonfusion with the notation for pairs.

4.1.2 | @perators and relations

All prefix and infix operators have their conventional (exact) mathematical meaning. The con-
ventional notation for set definition and manipulation is also used. In particular:

= and < for logical implication and equivalence

+, —, /, |x|, conj, |z], [z], and round(x) on complex values
- for multiplication on complex values

<, <, 2, and > between real values

= and # between real, complex, as well as special values

4 Symbols and definitions
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uU,n, € ¢, C, C, €, #, and = with sets

x for the Cartesian product of sets

— for a mapping between sets

| for the divides relation between complex integer values (in G)
i as the imaginary unit (> = —1)

Re to extract the real part of a complex value (in C)

Jm to extract the imaginary part of a complex value (in C)

NOTE 1 — = is used informally, in notes and the rationale.

For x € C, the notation |z]| designates the component-wise largest complex integer where each
part is not greater than the corresponding part of x:

|z] € G and Re(x) — 1 < Re(|z]|) < Re(z) and Im(z) — 1 < Im(|z]) < Im(x)

the nptation [x] designates the component-wise smallest complex integer where eachpar} is not
less than the corresponding part of x:

[z] € G and Re(z) < Re([z]) < Re(z) + 1 and Tm(z) < Im([z]) < Tmfz) + 1

and tlhe notation round(x) designates the complex integer closest to x:

round(z) € G and
Re(z) — 0.5 < Re(round(x)) < Re(z) + 0.5 and Tm(x) — 0.5.<Im(round(z)) < Inj(z) + 0.5

wher¢ in case fRe(x) or IJm(x) is exactly half-way between twe ‘integers, the even integet is the

resulf component.

The divides relation (]) on complex integers tests whethera complex integer ¢ divides a cpmplex

integer j exactly:

ilj & (i#0andi-n=jfor somen € G)

NOTE 2 — i|j is true exactly when j/i is defined and j/i € G).

4.1.3 Mathematical functions

This [document specifies properties<for a number of operations numerically approximating some
of th¢ elementary functions. Thevfollowing ideal mathematical functions are defined in chiapter 4
of th¢ Handbook of Mathematical Functions with Formulas, Graphs, and Mathematical Tables [11]
(e is phe Napierian base):

e?, z¥, \x, |x|, limylog,

sin, cos, tan, cot} sec, csc, arcsin, arccos, arctan, arccot, arcsec, arccsc,
sinh, cosh, tanh, coth, sech, csch, arcsinh, arccosh, arctanh, arccoth, arcsech, arccsch.

Mpny of the“inverses above are multi-valued. The selection of which value to retufn, the
princjpal yalte, so as to make the inverses into functions, is done in the conventional way. E.g.,
Vv g [0,00] when z € [0, 00].

Part 2 defines The mathemafical arc Tunction, which is used in this part to define the mathe-
matical complex signum function.

4.1.8 Mathematical functions 5
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4.1.4 Exceptional values

ISO/IEC 10967 uses the following five exceptional values:

underflow: the result has an absolute value that is smaller than the smallest positive normalised
value, and the result may be inexact. This notification need not be given if the result is
exact. In particular, if the result is zero, or exact and IEC 60559 is conformed to and
trapping is not enabled.

overflow: the result, after rounding, has a magnitude larger than the maximum value repre-
sentable in the result datatype.

infinit Ay the-operationrestlids (,\\anﬂy> iafnita (:n Hsreal-orit oot ) whilesll the

LRl h 2 aWaWanhaWaki 1
UTT 134 TTUTOT T O T U h Ot C U T Y I I U TITUT oS THIT STy Pt U v

afguments (their real and imaginary parts) are finite. This is to say that the correspopding
nhathematical function has a pole at the finite argument point.

invalid: the operation is undefined, while not infinitary, for the given arguments.

absoldte_precision_underflow: indicate that the argument is such that thie-density of fepre-
s¢ntable argument values is too small in the neighbourhood of the givén‘argument valug for a
numeric result to be considered appropriate to return. Used for opérations that approxjmate
tyigonometric functions (part 2 and part 3), and hyperbolic and/exponentiation fungtions
(part 3).

The| exceptional value inexact is not specified in ISO/IEC 10967, but IEC 60559 conform-
ing implementations will provide it. It should then be used-also for operations approxinjating
transcgndental functions, when the returned result may(be approximate. This part of ISQ/IEC
10967 dloes not specify when it is appropriate to retur this exceptional value, but does specify
an appfopriate continuation value (see Definition 4.24). Thus, v is specified by ISO/IEC 10967
when ¢ or inexact(v) should be returned by implementations that are based on IEC 60559, and
ISO/IHC 10967 specifies underflow(v) when‘nnderflow(v) or inexact(underflow(v)) should
be retyrned by implementations that are pased on IEC 60559. Ideally, underflow should {mply
inexadt.

For [the exceptional values, a continuation value may be given in this part in parenthesis| after
the exdeptional value.

4.1.5 | Datatypes and special values

The datatype Boolean’/consists of the two values true and false.

NOTE 1 - Mathematical relations are true or false (or undefined, if an operand is undefined),
which aremot values. In contrast, true and false are values in Boolean.

Squgre, brackets are used to write finite sequences of values. [| is the sequence containipg no
values.| [s]y/is the sequence of one value, s. [s1, s2], is the sequence of two values, s; and th¢n s,
etc. The colon operator is used to prepend a value to a sequence: x : [x1,...,2,] = [z, 21, ..., Tp].
[S], where S is a set, denotes the set of finite sequences, where each value in a sequence is in S.

NOTE 2 — It is always clear from context, in the text of this part, if [X] is a sequence of one
element, or the set of sequences with values from X. It is also clear from context if [z1, x2] is
a sequence of two values or an interval.

6 Symbols and definitions
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Integer datatypes and floating point datatypes are defined in part 1. Let I be the non-special
value set for an integer datatype conforming to part 1. Let F' be the non-special value set for a
floating point datatype conforming to part 1 and part 2. The following symbols used in this part
are defined in part 1 or part 2:

Exceptional values:

underflow, overflow, infinitary, invalid, and absolute_precision_underflow.
Integer helper function:

resulty.
Integer operations:

eqr, neqr, lssy, leqr, gtrr, geqr, negr, addy, suby, mulyr, absy, maxy, ming,

AT _SeqT; TTN-SeqT, AiUiaesT, QuotT, TouT, Tatior, TeSTaueT, groupT,; ad pady
Integer conversion operation:
converty_p.
Floating point parameters:
rF, PR, eming, emarp, denormp, and iec_559p.
Derived floating point constants:
fmax g, fming, fminNp, fminDp, and epsilon p.
Floating point value sets related to F":
F*, Fp, Fx, Gp, F?™ and F" (for a given u).
Floating point helper functions:
upr, downp, nearestp, resultp, resulty, no_resultpy and no_resultZp.
Floating point operations from part 1:
eqr, neqr, lssg, leqr, gtrp, geqr, negr, addp, subp, mulp, divg, absp,
maxrp, mmazrg, Ming, MMINE, MaT_Seqry{. mmar_seqr, min_seqr, Mmin_seqj
floor g, ceilingr, and roundingr.
Floating point operations from part 2:
sqrtg, hypotp, powerg, expr, powerr, Ing, logbaser,
radp, sing, cosg, tang, cotp, S€Cr, cscp,
arcsing, arccosg, arctanp,-arccotp, arcsecy, arccscy, arcr, arcur,
sinug, cosup, sinhg, coshy, tanhp, cothp, sechg, cschp,
arcsinhg, arccoshp, arctanhp, arccothp, arcsechr, and arccschp.
Angular parameters and maximum error parameters from part 2:
big_angle_rg, big_.angle_up, max_error_tang, and max_error_tanug.
Floating point coiiversion operations:
convertp 6wy convertrp_,p, and convertp ..
Approximation helper functions from part 2:
erpipowery, Iny, logbasey,,
SR COSTr, tany,, coty, SeCp, €SCr,
agcsing, arccosy, arctany., arccoty, arcsecy, arccsc,
sinh}., coshy, tanh¥,, cothy, sechy, cschi,
arcsinhy., arccoshy., arctanhy., arccothy., arcsech¥,, and arccschi..

T

Floating point datatypes that conform to part 1 shall, for use with this part, like for part 2,
have a value for the parameter pr such that pr > 2 - max{1,log, (2 -7)}, and have a value for
the parameter eminp such that eming < —pp — 1.

NOTES
3 This implies that fminNgp < 0.5 - epsilonp/rp in this part, rather than just fminNp <
epstlonp.
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These extra requirements, which do not limit the use of any existing floating point datatype,
are made so that angles in radians are not too degenerate within the first two cycles, plus
and minus, when represented in F'.

F should also be such that pp > 2 + log,.F(1000), to allow for a not too coarse angle
resolution anywhere in the interval [—big_angle_r g, big_angle_rp] with the default value for
big-angle_rp. See Clause 5.3.9 of part 2.

© 2006 ISO/IEC — All rights reserved

The following symbols represent special values defined in IEC 60559 and are used in this part:
—0, 400, —00, gNaNN, and sNNaN.

These floating point values are not part of the set F, but if iec_559r has the value true, these
values are included in the floating point datatype corresponding to F'.

N
p

<

The
IEC 6
to systs
represe
value.
value o

is bind;

If aid only if an implementation is not capable of represefiting —0:

a) a

OTE 6 — This part uses the above five special values for compatibility with TEC 60559. dn
hrticular, the symbol —0 (in bold) is not the application of (mathematical) unary — texthe
hlue 0, and is a value logically distinct from 0.

specifications cover the results to be returned by an operation if given omesor more
659 special values —0, 400, —0o, or NaNs as input values. These specifications apply
bms which provide and support these special values. If an implementation is not capa
nting a —0 result or continuation value, 0 shall be used as the actual result or continy
If an implementation is not capable of representing a prescribed result or continy
f the IEC 60559 special values +00, —o00, or qINalN, the actgal'result or continuation
ng or implementation defined.

0 as the imaginary part of a complex argument (in c(F'), see Clause [4.1.6)) shall be
reted as if it was —0 if and only if the real part¥of that complex argument is greater
I equal to zero, and

0 as the real part of a complex argumefiit”(in c(F), see Clause [4.1.6) shall be interp
5 if it was —O0 if and only if the imaginary part of the complex argument is less than

DTES

Reinterpreting 0 as —0 as requiived above is needed to follow the sign rules for inverse
trigonometric and inverse Hyjperbolic operations, as well as the exact relations between
trigonometric and hyperbelic’ operations also for argument parts (real and imaginary) that
have a zero as value.

The rule above isesometimes referred to as continuous when approaching an axis in a
counterclockwise\path. This fits both with Common Lisp and C requirements when ze-
roes don’t have.a distinguishable sign.

For consistency, this rule also has implications for the operations that implicitly or explicitly
extract{an* implicit real or implicit imaginary part (see for example the specifications for
the respry and imp operations in Clause [5.2.5)).

f the
only
ble of
ation
ation
value

inter-
than

reted
Zero.

4.1.6

Complex value constructors and complex datatype constructors

Let X be a set containing values in R, and possibly also containing special values (such as
IEC 60559 special values).

i(X) is a subset of values in an imaginary datatype, constructed from the datatype correspond-
ing to X. 1. is a prefix constructor that takes one parameter.

i(X)={ty | ye X}

Symbols and defin
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c(X) is a subset of values in a complex datatype, constructed from the datatype corresponding
to X. +1i. is an infix constructor that takes two parameters.

oX)={z+iy | z,yec X}
NOTES

1 While i- and +i- (note that they are written in bold) have an appearance of being the
imaginary unit together with the plus and times operators, that is not the case. For
instance, 1- 2 is an element of i(X) (if 2 € X), but not of G or C. 1-2, on the other hand, is
an expression that denotes an element of G (and C), but neither of i(X) nor ¢(X). Further,
e.g.,4+1-0=4, but 441-0 # 4.

2 A constructor that takes one argument is a one-tuple tag. A constructor that takes two

i 4 4 1 L e [anl) e e ] i 1
aArgunICIITS IS~ tWO=tUPTC { PaIl |~ tag L IIC ar gurmetsS—arc part o t1rC T eIt varace:

B The tuple tags need not be explicitly represented in implementations. But if representé
there should be different tags for different argument types (which is not needed in thistext]

~— =

Sdme of the helper function signatures use Cg, where
Cr={z+1y | z,yeF}
where F' C R.

4.2 | Definitions of terms

For the purposes of this document, the following terms and definitions apply.

4.2.1
accufacy
The ¢loseness between the true mathematical result and a computed result.

4.2.2
arithmetic datatype

A datatype whose non-special values~are members of Z, i(2), ¢(Z), R, i(R), or ¢(R).
NOTE 1 - i(Z) correspondsi\te imaginary integer values in G. ¢(Z) corresponds to complgx

(
integer values in G. i(R) eotresponds to imaginary values in C. ¢(R) corresponds to complgx
values in C.

4.2.3
bindjng
Documentation that specifies which syntax (most often, operations or functions) of a progrgmming
langyage, orprogramming library, that is used for an operation specified in this part.

4.2.
continuation value

A computational value used as the result of an arithmetic operation when an exception occurs.
Continuation values are intended to be used in subsequent arithmetic processing. A continuation
value can be a (in the datatype representable) value in Z, i(2), ¢(2), R, i(R), ¢(R), or a value
where one or both parts of the value is an IEC 60559 special value (e.g. —0, i- (—00)), or
+o00 +i- gNaN). (Contrast with ezceptional value. See Clause 6.1.2 of part 1.)

4.2 Definitions of terms 9
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4.2.5

denormalisation loss

A larger than normal rounding error caused by the fact that subnormal values have less than full
precision. (See Clause 5.2.5 of part 1 for a full definition.)

4.2.6
error
(in computed value) The difference between a computed value and the mathematically correct

I 1 1 11 1 22 1 LY
Value. SCU 111 PIIT'ascs 1IKE  TOUIIAIE CITOI Ol CITOI DOULId .

4.2.7
error
(compytation gone awry) A synonym for exception in phrases like “error message” or ferror
output{. Error and exception are not synonyms in any other contexts.

4.2.8
exception
The inpbility of an operation to return a suitable finite numeric result from finite argunjents.
This miight arise because no such finite result exists mathemagically, or because the mathemptical
result ¢annot be represented with sufficient accuracy.

4.2.9
exceptional value
A non-numeric value produced by an arithmeti¢ operation to indicate the occurrence of gn ex-
ception). Exceptional values are not used jmisubsequent arithmetic processing. (See Claus¢ 5 of
part 1.

NPTES

2 | Exceptional values are used as'part of the defining formalism only. With respect to this part,
they do not represent values of any of the datatypes described. There is no requirement
that they be represented or stored in the computing system.

3| Exceptional valugs.are not to be confused with the NaNs and infinities defined in IEC 60559.
Contrast this défimition with that of continuation value above.

4.2.10
helper function
A funcfion'‘used solely to aid in the expression of a requirement. Helper functions are not yisible
to the programmer. and are not required to be part of an implementation.

4.2.11

implementation (of this part)

The total arithmetic environment presented to a programmer, including hardware, language pro-
cessors, exception handling facilities, subroutine libraries, other software, and all pertinent docu-
mentation.

10 Symbols and definitions
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4.2.12

literal

A syntactic entity denoting a constant value without having proper sub-entities that are expres-
sions.

4.2.13

monotonic approximation

An approximation helper function A : ... x S X ... — R, where the other arguments are kept
constant, and where S C R, is a monotonic approximation of a predetermined mathematical

functfomrf—R="Rif; forevery o =S—am =-S5 where o<1,
a) | f is monotonic non-decreasing on |a, b] implies A(...,a,...) < h(...,b,...),
b) | f is monotonic non-increasing on [a, b] implies A(...,a,...) = h(...,b, ...).
4.2.14
monptonic non-decreasing

A fugction f : R — R is monotonic non-decreasing on a real interval{a, b] if for every & and y
such that a < z <y < b, f(x) and f(y) are well-defined and f(x)-Nf(y).

4.2.15
monptonic non-increasing
A fugction f : R — R is monotonic non-increasing,ona real interval [a,d] if for every & and y
such phat a < z <y < b, f(x) and f(y) are well-defined and f(x) > f(y).

4.2.16
normalised
TherIon—zero values of a floating point type F' that provide the full precision allowed by that type.
(See Fiy in Clause 5.2 of part 1 for_afull definition.)

4.2. 17
notification
The process by which-&program (or that program’s end user) is informed that an arifhmetic
excefftion has occurred’ For example, dividing 2 by 0 results in a notification. (See Clayse 6 of
part [

4.2.1|8
numeral
A nuperic literal. It may denote a value in Z, i(Z). ¢(Z). R. i(R). or ¢(R). a value whiclj is —0,
an infinity, or a NaN.

4.2.19

numerical function

A computer routine or other mechanism for the approximate evaluation of a mathematical func-
tion.

4.2 Definitions of terms 11
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4.2.20

operation
A function directly available to the programmer, as opposed to helper functions or theoretical
mathematical functions.

4.2.21
pole

© 2006 ISO/IEC — All rights reserved

A mathematical function f has a pole at zqg if x¢ is finite, f is defined, finite, monotone, and
continuous in at least part of the neighbourhood of z(, and the imaginary or real part of lim f(x)
T—T

is infin

4.2.22
precis

te via at least one path to zg.

on

The nuymber of digits in the fraction of a floating point number. (See Clause 5.2 of part 1.)

4.2.23
round
The ac
unrepr
result

exampl

4.2.24
round
Any fu
each el

T
I

Note t
values.

4.2.25
round
The pr
rnd(u)
chosen

4.2.26
round

ng
b of computing a representable final result for an operation\that is close to the exact
bsentable in the result datatype) result for that operation, Note that a suitable represer
may not exist (see Clause 5.2.6 of part 1). (See alséJAnnex A.5.2.6 of part 1 for
es.)

ng function
pction rnd : R — X (where X is a given discrete and unlimited subset of R) that
bment of X to itself, and is monotonic non-decreasing. Formally, if z and y are in R

€eX=rndlz)=cz
<y = rnd(z) < rnd(y)

hat if uw € R is betweentwo adjacent values in X, rnd(u) selects one of those ad]

to nearest

bperty of & rounding function rnd that when v € R is between two adjacent values
selects\the one nearest u. If the adjacent values are equidistant from w, either m
detérministically.

(but
itable
some

maps

acent

in X,
hy be

toward minus infinity

The property of a rounding function rnd that when u € R is between two adjacent values in X,

rnd(u)

12

selects the one less than w.
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4.2.2

7

round toward plus infinity
The property of a rounding function rnd that when u € R is between two adjacent values in X,
rnd(u) selects the one greater than w.

4.2.2
shall

8

ISO/IEC 10967-3:2006(E)

A verbal form used to indicate requirements strictly to be followed in order to conform to the
standard and from which no deviation is permitted. (Quoted from the directives [I].)

4.2.29

shoulld

A vetbal form used to indicate that among several possibilities one is recommended as [
larly [suitable, without mentioning or excluding others; or that (in the negafive form) a
possipility is deprecated but not prohibited. (Quoted from the directives (1)

4.2.30
signgture (of a function or operation)

A su
oper4
of res
in th

The signature

state
such
A
range
retur
may

4.2.3

subnormal

denoi
The
than

mary of information about an operation or function. A Signature includes the fun
tion name; a subset of allowed argument values to thedunction or operation; and a s
ults from the function or operation (including excéptional values if any), if the argu
b subset of argument values given in the signatute:

addy : I x I — I U {overflow}

that the operation named add; shall\accept any pair of I values as input, and (whe
input) shall return either a single . [@alue as its output or the exceptional value over

signature for an operation or function does not forbid the operation from accepting

of arguments, nor does it‘guarantee that every value in the result range will actuy
hed for some input. An eperation given an argument outside the stipulated argument
produce a result outsidethe stipulated result range.

1

mal (obsélete)
Falues_of-a floating point datatype F', as well as —0, whose absolute values are strid
the smallest positive normal value in F'.

articu-
certain

tion or
uperset
ment is

n given
flow.

h wider
ally be
Homain

tly less

NOTE 4 — Compare the definition of Fpy in Clause 5.2 of part 1. In the first edition (1994)

pf

part 1 and in TEC 60559:1989 this concept, then excepting the zero values, was called denormal.

4.2.32

ulp

The value of one “unit in the last place” of a floating point number.

This value depends on

the exponent, the radix, and the precision used in representing the number. Thus, the ulp of a

4.2 Definitions of terms
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normalised value x (in F), with exponent ¢, precision p, and radix r, is 7P, and the ulp of a
subnormal value is fminDp. (See Clause 5.2 of part 1.)

5 Specifications for imaginary and complex datatypes and oper-
ations

This clause specifies imaginary and complex integer datatypes, imaginary and complex floating
point datatypes and a number of helper functions and operations for imaginary and complex
integer as well as imaginary and complex floating point datatypes.

Each operation is given a signature and is further specified by a number of cases. These|cases
may refer to other operations (specified in this document, in part 1, or in part 2), to mathemptical
functiops (textbook elementary functions, or functions defined in ISO/IEC 10967), and to lelper
functiops (specified in this document, in part 1, or in part 2). They also use,special abgtract
values [—o0, +00, —0, gNaN, sNalN). For each datatype, two of these abstiact values, gNalN
and sNalN, may represent several actual values each. Finally, the specifications may refer to
exceptional values.

The| signatures in the specifications in this clause specify only all“@on-special values as [input
values,|and indicate as output values a superset of all non-special,§pecial, and exceptional yalues
that mpy result from these (non-special) input values. Exceptional and special values that can
never rgsult from non-special input values are not included in the signatures given. Also, signdtures
that, fdr example, include TEC 60559 special values as argufgents are not given in the specificgtions
below. [This does not exclude such signatures from beingwalid for these operations.

NOTE - For instance, the realpart operation on\complex floating point is given with the
llowing signature:

=

reqr) : ¢(F) — F
But the following signature is also valid(Zand takes some special values into account

rec(r) : ¢(F'U{—00,-0,+00})y~ F'U{—00,—0,+00}

—

he following signature is also¢valid

rec(r) ¢ ¢(F U {—00,=0/+00,qNaN,sNaN}) — F U {—00,—0,+00,gNaN, invalid }

5.1 Imaginary and-complex integer datatypes and operations

Clause[5.1 of part)l and clause 5.1 of part 2 specify integer datatypes and a number of opergtions
on valyes of an_integer datatype. In this clause imaginary and complex integer datatypep and
operations on\walues of an imaginary or complex integer datatype are specified.

A complex integer datatype is constructed from an integer datatype. There should be at{ least
one imaginary integer datatype and at least one complex integer datatype for each provided integer
datatype.

I is the set of non-special values, I C Z, for an integer datatype conforming to part 1. Integer
datatypes conforming to part 1 often do not contain any NaN or infinity values, even though they
may do so. Therefore this clause has no specifications for such values as arguments or results.

i(I) (see Clause |4.1.6)) is the set of non-special values in an imaginary integer datatype, con-
structed from the integer datatype corresponding to non-special value set I.
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c(I) (see Clause4.1.6) is the set of non-special values in a complex integer datatype, constructed
from the integer datatype corresponding to the non-special value set I.

NOTE - The operations that return zero for certain cases, according to the specifications
below, may in a subset of those cases return negative zero instead, if negative zero can be
represented. Compare the specifications for corresponding complex floating point operations

in Clause (.2

5.1.1 The complex integer result helper function

The result.r) helper function:

Tesully ) - G — C(1) U {overfiow
resultq(ry(2) = result;(Re(z)) +1- result;(Im(z))

NOTE - If one or both of the result; (defined in part 2) function applications on the right
side returns overflow, then the result.;) application returns overflow. The, continuatiqn
values used when overflow occurs are to be specified by the binding or implémentation. The
same holds also for other exceptional values and also for the specificationghelow that do npt
use result. ) but specify the result parts directly.

5.1.2 Imaginary and complex integer operations
5.1.2.1 Complex integer comparisons
eqy(r)  i(1) x i(I) — Boolean

eqiry(1- y,1-w) = eqi(y,w)

eqricry : I x i(I) — Boolean

€qri(1) (2,1 w) = eqe(1) (x 4+1- 0,0 A1 w)

eqi(ry,r + i(I) x I — Boolean

eqin, (1 y,2) = eqp(041-y,z+1-0)
eqre(n) : I x c(I)~xBoolean

eqr.e(n (T, z +1iw)

= eqe(r)(z +1- 0, 2 +1- w)

eqe@y-: ¢(I) x I — Boolean

eqéeny,r(x +i- y, 2)
= eqe(r) (T +1- y, 2 +1- 0)

edqi(n),e(r) : i(I) x ¢(I) — Boolean
eqi(r)e(r) (1 y, 2 +i- w)

= eqe(r) (0 +i- y, 2 +1- w)
eqe(1),i(r) : ¢(I) X i(I) — Boolean

5.1.1 The complex integer result helper function 15
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eqe(r),i(r) (T +1 y,1- w)

= eqe(p) (7 +i-y, 0 +i- w)

eqe(r) : () x ¢(I) — Boolean

€qc(I) (CL’ +i-y, z +1- U))
= true
= false
= false
= false

© 2006 ISO/IEC — All rights reserved

S

eqi(r) : i(f) X i(/) — Boolean

S

Cqi(T) (i' y, 1 w) = nGQI(y7 w)

=

eqriry : I x i(I) — Boolean

=

S

eqi(r),r : i(I) x I — Boolean

S

=

eqr.or) : I X ¢(I) — Boolean

=

QQI,C(I)(xa z+1- w)

S

eqe(r),r : ¢(I) x I — Boolean

eqe(r),1(T +1- Y, 2)

S

=

eqi(1)c(1) * 1(I) x ¢(I) —-Boolean
edi(r),e(r) (i ¥, 2 +1- w)

S

ede(1),i(r) &) X i(]) — Boolean

S

eqe(1) i@ +1 v, 1- w)

eqr i) (v, 1 w) = neqq)(x +i- 0,0 +1-

eqir), (1 y,2) = neqer(0+i-y, 2 +1-

= neqe(p) (v +i- 0, 2 +i-

= neqe(r)(z +i- y, 2 +i-

=neqe(r) (0 +1 y, 2 +i-

= neqqr)(z +i- y,0 +i-

neqe(r) : ¢(I) x ¢(I) — Boolean

neqery(z +i- y, z +i- w)
= true
= true
= true
= false

if neqr(x, z) = true and neq;(y,w) = true
if neqr(z, z) = false and neq;(y, w) = true
if neq(z, z) = true and neq;(y, w) = false
if neqr(z, z) = false and neq;(y, w) = false
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Issypy :i(I) x i(I) — Boolean
Issi(r)(i+ y, 1+ w) = Issi(y, w)

legy(ry () x i(/) — Boolean
legir) (i y,1- w) = leqs(y, w)

gtripy i(I) x i(/) — Boolean
gtrip(i-y,1-w) = gtri(y, w)

ISO/IEC 10967-3:2006(E)

geqy(r) : i(I) x i(/) — Boolean
gegir) (i y,1- w) = geqr(y, w)

5.1.2.2 Multiplication by the imaginary unit

itimes_ry : [ — (I)

itimesy_)(z) =1

itimes;py_y : i(I) — I U {overflow}

itimes;ry—r(1- y)
= negr(y)

itimesy(ry : ¢(I) — c(I) U {overflow }

itimesqpy (v +i- y)
=negr(y) +1i-

5.1.2.3 The real and.imaginary parts of a complex value
rej: I — 1T

rer(x) =z ifeel

Tei([) \ i([) — {O}
régir) (1 y) =0 ifyel

Teo(r) : c(l)—1

reqn(r+i-y) == ifexel
imr: I — {0}
imp(x) =0 ifeel

5.1.2 Imaginary and complex integer operations
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imy() i(I)—1
imi(r) (1 y) =y ifyel

ime(ry s c(l) — 1
imery(z+i-y) =y ifyel

5.1.2.4 Formation of a complex integer from two real valued integers

usitimesy : I x I — c(I)

ST

usitimesy(z, z)
=x+i-z

5.1.2.5 Basic complex integer arithmetic

S

egir) : i) — i(I) U {overflow}

S

egi(r)(1-y) = i negr(y)

=

ege(ry : ¢(I) — c(I) U {overflow}

=

ege(ry(z +1-y) = negr(z) +i- negr(y)

)

bngr I — 1

Q
Il
8

bnjr(x)

Q

bnjipy + (1) — i(1) U {overflow}

)

ongin(i-y) =1 negr(y)

@)

njery : ¢(I) — eI}V {overflow}

@)

njery(z +1-y)
=z +i- negr(y)

Q

(d; - =i(1) x i(I) — i(/) U {overflow}
(Idi(p (1 v, 1 w) = 1- add; (y, w)

Q

addy iy : I < i(I) — c(I)

addy (7,1~ w) =z +i-w

addi([)J : 1([) x I — C(I)
addypy, (- y,2) =z+i-y
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addy ory : I x ¢(I) — c(I) U {overflow}

addy o(1y(z, 2 +1- w)
= add(z,z) +i-w

addepy,r = ¢(I) x I — c(I) U {overflow}

addepy,r(z +1-y, 2)
= addr(z,z) +i-y

L AR A LI LI\ [ aqa 3
QUUi(T),c(1) - L) AT — 7 CI U OVertiowy

add;(g) o(1)(i+ y, 2 +i- w)
=z 41 add;(y, w)

add(p) (1) : ¢(I) x i(I) — ¢(I) U {overflow}

addc(])J(I) ($ +i. Y, i w)
=z +i- add;(y, w)

add gy : ¢(I) x c(I) — c(I) U {overflow}

addyry(z +i- y, 2 +1- w)
= addi(x, z) +1- add;(y, w)

suby(ry - 1(I) x i(I) — i(1) U {overflow}

suby(ry(1- y,1- w) = 1- sub;(y, w)

subpiry : I xi(I) — c(I) U {overflow }

subpry(z,1-w) = +1- negr(w)

subyryr :i(I) x I — c({) v {overflow}
subypy (1 y,2) = mnegr(z) +i-y

subr o(py : I X ) — c(I) U {overflow}

suby o) (£7+1- w)
= suby(z, z) +1- negr(w)

sublpy i e(l) x I — c(I)U {overflow}

sube(p),r(z +i- y, 2)
= subr(z,z) +i-y

suby(p) o(ry - i(I) x ¢(I) — c(I) U {overflow}

suby(py o(r) (i+ ¥, 2 +1- w)
= negy(z) +1- subs(y, w)
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sube(ryir) = ¢(I) x i(I) — ¢(I) U {overflow}

S’ubc([),i(l) (.Cl? +i. Y, i w)
=z +1- subs(y, w)

sube(py : ¢(I) x ¢(I) — c(I) U {overflow}

sube(p) (@ +i- y, 2 +1- w)
= suby(x, z) +1- subr(y, w)

1 LI LA AY I [ a Al
:[(Lbl(l) . 1\1) 1\1) 1 U 1UVU].11UWI
Uli([) (i' y,i' 'l,U)
= result;(—(y - w)) ify,wel
:[Ull,i(l) : I xi(I) — i(I) U {overflow}

uly iy (@, 1 w) = 1 muly(z, w)

:[uli(I)J 2i(I) x I — i(I) U {overflow}

X
uliry,1(i+y,2) =1 mul(y, 2)

j:[ul]‘7c(]) I xc(I) — c(l)U{overflow}

uly o(r)(%, 2 +1- w)
= mul(z, z) +1- mulr(z, w)

:[ulC(I)J cc() x I — c(I) U {overflowy}

UZC(I),] (w +1- y, Z)
= muly(z, z) £¥Fmul;(y, z)

:[Uli(f),c(f) Li(1) x ¢(I) - ¢fl) U {overflow}

uliryo(ry (i y, 2 +1: w)

=result;(—(y - w)) +1- mul;(y, 2)
ify,z,wel

:[“lcuxiu) ve(l) xi(I) — c(I) U {overflow}

Ulc(l),i(f)(iv +i- y,1- w)

= result;(—(y - w)) +1- mul(x, w)
ifo,y,wel

mulery 2 ¢(I) x ¢(I) — c¢(I) U {overflow}

mulery(z +1- y, 2 +1- w)

=resultyn((x+ (1 y)) - (z+ (- w)))
ifx,y,z,w el
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5.1.2.6 Absolute value and signum of integers and imaginary integers
NOTE - absy is specified in part 1.
absiry : i(I) — I U {overflow}
absi(r)(i- y) = absr(y)

signumy : I — {—1,1}

signumy(x) =1 if (xe€landz>0)
=-1 if (x € I and z < 0)

signumypy : (1) — {i- (=1),1- 1}

signumy(r)(i-y) = i signum;(y)

5.1.2.7 Divisibility interrogation

2i(T)

divides;( X i(
(1 y, 1 w)
=d

) I) — Boolean
divides;p)
ividesy(y, w)

dividesypy : I x i(I) — Boolean

dividesy i )(v, 1 w)
= divides(x,w)

divides;r),r : i(I) x I — Boolean

divides; ) 1(i- y, )
= dividesy (%)

dividesy o(py : I x ¢(I) ‘=) Boolean

dividesy o) (T, z +i\w)
=divides.ry(z +1- 0, 2 +1- w)

dividesygyr ¢(I) x I — Boolean

dividesy(7),1(r +1- y, 2)
= divides(p)(r +1-y, 2 +1- 0)

divides;r)o(ry : I(I) x ¢(I) — Boolean

divides;(r) o(r) (1 y, 2 +1- w)
= divides.(r)(0 +1- y, z +i- w)

dividesr) (1) : ¢(I) X i(I) — Boolean

)

5.1.2 Imaginary and complex integer operations
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dividesy(p) iy (v +i- y, 1 w)
= divides(p)(r +1-y,0 +1- w)

dividesry : ¢(I) x ¢(I) — Boolean

dividesq(py (v +i- y, 2 +1- w)

= true if v,y,z,weland (x4 (1-9y)) | (z+ 1 w))
= false ifr,y,z,2welandnot (x+ (1 -y)) | (z2+ (1 w))

For thqgse operations, I shall be signed.

NOTE - Even though the integer division operations in principle could be included also
for unsigned integer datatypes, that would result in operations that would overflow (mathe-
njatically have negative subresults) for so many argument values, that the inelvsion of those
operations would be pointless. The same goes for the remainder operations.

qpotyy : i(I) x i(I) — I U {overflow, infinitary, invalid }
qpoti) (i y, 1 w)

= quot;(y,w)

X

otrir : I xi(I) — i(I) U {overflow, infinitary, invalid }

X

ot (z,1 w)
= 1. mininty if xo=minint; and w = —1
= 1- negr(groupr(z,w)) othérwise

otipy - 1(I) x I —i(I) U {overflowyinfinitary, invalid}

o)

ioty(p),1 (1 y, 2) = 1- quotr(y, 2)

=)

otrery : I x c(I) — c(I){overflow, infinitary, invalid }

[~

ol o(r)(z, z +i w)
= quotyry(z +1- 0, 2 +1- w)

o)

0t o(py,1 : c(d)X I — c(I) U {overflow, infinitary, invalid }

o)

JOtC(I)71(1E +1- y, Z)
= quoty(x, z) +1- quot(y, z)

=)

qUOT; 1y o(1) T 1T ) X ¢(I) = (I U{overiiow, infinitary, invalid
quoti(py o(n) (1 y, z +1- w)
= quote()(0 +i- y, z +i- w)

quote(pyiry : ¢(I) x i(I) — c(I) U {overflow, infinitary, invalid }

22 Specifications for imaginary and compler datatypes and operations


https://iecnorm.com/api/?name=642fc7cc256dbc98dcbffc222987a875

© 2006 ISO/IEC — All rights reserved ISO/IEC 10967—3!2006(E)

quoty(py i) (T +i- y, 1+ w)

= negr(y) +1- minint;  if = minint; and w = —1
= quot;(y, w) +i- negr(groups(z, w))
otherwise

quote(py : ¢(I) x c(I) — c(I) U {overflow, infinitary, invalid }

quotypy(z +i- y, 2 +i- w)
= resulten (L@ + (T 1)/(2 + (- w))))
ifr,y,zyweland z4+ (1 -w)#0
= quoti(x,0) +i- quot(y, 0)

otherwise

mod;py : i(I) x i(I) — i(I) U {invalid}

mod;( ) (1- y, 1+ w)
=1 mod;(y, w)

mody sy - I x i(I) — I U {invalid}
mody i1y (w, 1 w)
= negr(padr(z, w))

mod;ry 1 : (1) x I — i(I) U {invalid}
mody(r) 1(1+y, 2) =i mod;(y, 2)

mody oy : I x ¢(I) — c(I) U {invalid }

mody o) (T, z +1- w)
= mod.p) (7 +1- 057 +i- w)

modep) 1 ¢(I) x I — c(I)dH{invalid}

modep),r(z +1-y, 2)
= modr(z, z) +1- mod;(y, z)

modyry e(ry : (LY x c(I) — c(I) U {invalid}

mod;() o35t y, 2 +i- w)
= mod(r)(0 +i- y, 2 +1- w)

’rn()f]h(n-/n 0(7\ 1(7\%0(7\[J{inva]ir]}

EVELCY)
moder) i(r) (7 +i- y, i w)
= neg;(pad;(z,w)) +i- mod; (y, w)

modery : ¢(I) X ¢(I) — ¢(I) U {invalid}
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24

mode(ry(z +i- y, 2 +1- w)

= resulte)((z + (1-y)) = ([(z + T 9))/(z+ [T-w))] - (2 + (- w))))
ifr,y,z,2weland z+ (1-w) #0

= invalid(gNaN +i- gNaN)
otherwise

ratioy ) : (1) x i(I) — I U {overflow, infinitary, invalid}

ratioy ) (i y, i w)
= ratior(y, w)

© 2006 ISO/IEC — All rights reserved

<

ntioriry : I x i(I) — i(I) U {overflow, infinitary,invalid}

<

ntior () (7, 1- w)
= 1. mininty if x = minint; and w = —1
= 1- neg(ratior(x,w))  otherwise

<

tioyp),r :i(I) x I — i(I) U {overflow, infinitary, invalid }

<

ntioy )1 (i y, 2) = i+ ratio (y, 2)

<

itior o(ry 2 I x ¢(I) — c(I) U {overflow, infinitary, invalid}

<

ntior o(ry (T, 2 +1- w)
= ratiog(p)(x +1- 0, z +i- w)

<

itiog(ry,r - ¢(I) X I — c(I) U {overflow, infinitary, invalid }

<

ltiOC(])7[ (.’L’ +i’ Y, Z)
= ratior(x, z) +1- ratioy (y, z)

<

tioi(ry,e(r) + 1(1) X c(I) — c(I {overflow, infinitary, invalid }

<

tioy(ry,c(r) (i y, 2 +1- w)
= ratiogy (0 +1- y, 2 +1- w)

rhitioe(ryi(ry : (L) XA(I) — c(I) U {overflow, infinitary, invalid }
ratiog ) i(r) (24 y, 1 w)
= negr(y) +1- mininty if £ = mininty and w = —1
= ratior(y, w) +i- negr(ratior(z, w))
otherwise

ratiogry : ¢(I) x ¢(I) — c¢(I) U {overflow, infinitary, invalid }

ratiogry (v +i- y, 2 +1- w)
= resulty(y (round((z + 1-y))/(z+ (1-w))))

ifx,y,z,2weland z+ (1-w) #0

= ratior(x,0) +i- ratior(y, 0)
otherwise
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residue;(py : i(I) x i(I) — i(I) U {invalid}

i1
residue;r) (” ,1-w)
=1 residue;(y, w)

residuerry : I x i(I) — I U {invalid}

residuer jry(z,1- w)
= residuey(z,w)

-1 LI L LN AN 11
/CO[»U(LCi(I),I . 1\1) 1 =7 1\1} ) Iu.lvalluj
residueipy, (1 y, 2)

= 1. residue(y, z)

residuer qry - I x ¢(I) — c(I) U {invalid}

residuer o(ry(z, z +i- w)
= residuecry(z +i- 0, z +1- w)

residuec(r),r - ¢(I) x I — ¢(I) U {invalid}

residuecpy r(x +i-y, 2)
= residuer(x, z) +i- residuer(y, z)

residue;(ry o(r) : i(I) x ¢(I) — ¢(I) U {invalid}

residue;(ry o(r)(i+ v, 2 +i- w)
= residue(ry(0 +i- y, 241 w)

residuecp)ir) : ¢(I) X i(I) — ¢(I)'U {invalid}

residuec(r) (1) (41 y,1- w)
= residuer(x, w) +1- residuer(y, w)

residueqry : c(I)x¢(I) — c(I) U {invalid}
residueqpy(r +iy, z +i- w)
ifz,y,z,weland z4+ (1-w)#0

= invalid(gNaN +i- gNaN)
otherwise

= resultery((z + (- y)) — (round((z + (1-y)) /(2 + (- w))) - (z + (i}

groupyy : i(I) x i(I) — I U {overflow, infinitary, invalid }
group;r)(i-y,1- w)
= group;(y, w)

groupyry - I xi(I) — i(I) U {overflow, infinitary, invalid }

5.1.2 Imaginary and complex integer operations
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groupr i) (z,1w
= 1. mininty if x = minint; and w = —1
= 1- negr(quot(z,w)) otherwise

groupyp),r - i(I) x I —i(I) U {overflow, infinitary, invalid }
grouPi(I),I(i' Y, 2)

= 1. group;(y, z)

groupy ) : I x ¢(I) — c(I) U {overflow, infinitary, invalid }

L L2 AY
J[ouPT (T Z T T w)

= groupe(p)(x +1- 0, z +i- w)

S

rouper),r : ¢(I) X I — c(I) U{overflow, infinitary, invalid }

S

roupery,r(z +i-y, 2)
= groups(z, z) +i- group;(y, z)

roup;(ry (1) * i(1) x ¢(I) — ¢(I) U {overflow, infinitary, invalid}

N

roupi(r),c(r)(1* ¥, 2 +1- w)
= groupe(p) (0 +i- y, 2 +1- w)

N

groupe(nyiry : ¢(I) x i(I) — c(I) U {overflow, infinitary, invalid }
groupe(ry,i(r)(z +1-y,1- w)
= negs(y) +1- minint; i & = minint; and w = —1
= groupr(y, w) +1- negplguot(z, w))
otherwise

Q

oupy(ry : ¢(I) x c(I) — c(I) U{everflow, infinitary, invalid }

<

oupe(ry(x +i- y, 2 +i- w)
= resultedn ([(z + (1-9))/(z + (1T w))])
ifr,y,z,weland z4+ (1 -w)#0

= groupr(z,0) +i- groupr(y,0)
otherwise

ppdscpy i) X i(I) — i(I) U {invalid }
ppdiH (¢ y, i w) = 1 pad; (y, w)

padryy : I xi(I) — I'U {invalid}

pady (v, i-w) = negr(mod;(z,w))

I) U {invalid}

padpyr :i(I) x T —i(
padyp),1(i+y,2) =1 pad;(y, 2)
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pady oy : I x c(I) — c(I) U {invalid }

pady o1y (T, z +i- w)
= padyry(z +1- 0, 2 +1- w)

padepyr: c(l) x I — c(I) U {invalid}

padp),1(z 41y, 2)
= padj(z, z) +i- pad;(y, z)

5.1.2

v LI LT LN 1 [ 1° 11
PUT(TY,c(1) - W) X C(T) C(T ) O IvalIa

padi(py,c(n) (1 y, 2 +1- w)
= pade(r)(0 +i- y, z +1- w)

padepyiry : ¢(I) x i(I) — c(I) U {invalid }

pade(r) i) (@ +i- y, 1 w)
= negr(modr(z,w)) +1- padr(y, w)

padepy : c(I) x ¢(I) — c(I) U {invalid}

padepy(z +i-y, 2 +1- w)
= resulten(([(z+ (- y))/(z + (&w))] - (2 + (- w))) — (+ (- y))
if v wyw el and 2+ (1-w) #0
= invalid(gNaN +i- gNal\\)
otherwise

.9 Maximum and minimum

mazipy :i(I) x i(I) —i(I)
maz;r) (i y, 1+ w)
= 1. max(y,w)

min;( ) (1.3 w)

=1 min;(y, w)

mat _seqyr) : [i(I)] — i(I) U {infinitary}

5.1.2

ma:r,seqi(f)([i' Y1y 10 Yn])
= 1- maz_seqr([y1, ..., Yn])

min_seqyp) : [i(I)] — i(I) U {infinitary}

min,seqi(f)([i' Y1y ey i- yn])
=1 min_seqr([y1, .-, Yn))

Imaginary and complex integer operations
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5.2 Imaginary and complex floating point datatypes and operations

Clause 5.2 of part 1 and Clause 5.2 of part 2 of ISO/IEC 10967 specify floating point datatypes
and a number of operations on values of a floating point datatype. In this clause imaginary and
complex floating point datatypes and operations on values of an imaginary or complex floating
point datatype are specified.

NOTE - Further operations on values of an imaginary or complex floating point datatype,
for elementary complex floating point numerical functions, are specified in Clause [5.3

An imaginary or complex floating point datatype is constructed from a floating point datatype.
There should be at least one imaginary floating point datatype and at least one complex floating

F' i the non-special value set, F C R, for a floating point datatype conforming to(part 1 of

ISO/THC 10967. Floating point datatypes conforming to part 1 often do contain —0,(infinity, and
NaN vglues. Therefore, in this clause there are specifications for such values as argtiments.

i(F) (see Clause |4.1.6)) is the set of non-special values in an imaginary floating point datgtype,
constrycted from the floating point datatype corresponding to the non-spedial“value set F'.

c(F) (see Clause [4.1.6) is the set of non-special values in a complex floating point datgtype,
constriycted from the floating point datatype corresponding to the noitdépecial value set F.

5.2.1 | Maximum error requirements

Some df the operations are exact, such as taking the imiaginary part of a complex value. [Some
operations are approximate, with maximum error requiréments implied by their exact relatiorjships
with operations defined in part 1, part 2, or this‘part of this International Standard. [Some
other approximate operations have new error parameters associated with them as detailed In the
specifidations.

The| approximation helper functions -for,"the individual operations in these subclauses| have
maximpim error parameters that describe*the maximum relative error, in ulps, of the helper|func-
tion composed with nearestp, for nou-subnormal results. The maximum error parameterg also
describe the maximum absolute extor, in ulps, for —fminNg, fminNg, subnormal results and un-
derflow] continuation values if denormp = true. All maximum error parameters shall have a[value
that is|> 0.5. For the maximum value of the maximum error parameters, see the specificatjon of
each of the maximum erTor parameters. See also Annex [A] on partial conformity. The relevant
maximfim error parameters shall be made available to programs.

When the maximum error for an approximation helper function hr), approximating| f, is
maz-efror-op(r), then for all arguments z,... € Cp X ... the following equations shall hold:

MAT_ETT0r_0pe(F) - 7,;F(f)“e(f(%-~~)))—10F

<
< Max_error_opg(p) - r;F(jm(f(zw)))—pp

IRe(f(z,...)) — nearestp(Re(he(py (2, ...)))]
|Jm(f(z,...)) — nearestp(Im(hepy(2,...)))|

Some operations have a Boolean parameter box_error_mode_op.r). If such a parameter is
present for an operation and that parameter has the value true, then the sign requirements need
not be fulfilled (see below) and the maximum error requirements are modified to the following:
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(If(z-))—pr

|Re(f(z,...) — nearestp(Re(he(py (2, ---)))| < maz_error_opep - "
< (£ (2D —pF

|Im(f(2,...)) — nearestp(Im(he(r)(z, -..)))| < maz_error_ope(r) gt

The default value for a box_error_mode_op.(ry parameter should be false.

5.2.2

The 1

b)

Howd

a)

NOTES

ISO/IEC 10967-3:2006(E)

1 Partially conforming implementations may have greater values for maximum error param-

eters than stipulated below. See Annex [A]

0.2.0l

Multiplication and division of complex values have the box error mode parameter. See

over a zero (in either dimension) when the returned result is very close to 0 (but see|*Sig
requirements’ below).

1 The box error requirement results in a ‘square-formed’ error bound, which fér ¢ancellatid
cases can span over zero in either or both dimensions. Relative error requiréments in ea
axis can be fulfilled also for multiplication and division, but that is often’ considered td
inefficient, and an implementation that may suffer from cancellation is often used instea

Sign requirements

ollowing sign requirements shall hold:

The real or imaginary part of the result of an approximation helper function shall
exactly at the points where the real or imagirfary part (respectively) of the appro
mathematical function is exactly zero.

shall have the same sign as the corresponding result part of the approximated mathe
function at that point.

ver, the following exceptions are made:

For the trigonometric helper-functions, these zero and sign requirements are impos
for arguments, = + (1 -y)y such that |z| < big_angle_rp (see Clause big_ang
specified in part 2).

If there is a boz ehror_mode_op.(ry parameter for an operation and that parameter
value true, then' the sign requirements are not imposed for that operation.

NOTES

| For.the operations, the continuation value after an underflow may be zero (includiy
negative zero) as given by result} (see part 2), even though the approximation help
furiction is not zero at that point. Such zero results are required to be accompanied I

B The relative error requirement results in a ‘rectangular’ error bound, which can only-.spgan

be zero
imated

At a point where an approximation help€r function result part is not zero, the resylt part

matical

bd only
e_rp is

has the

an underflow notification  When appropriate zero may also he returned for TEC 6053

infinities arguments. See the individual specifications.

2 Multiplication and division of complex values have modified sign requirements. See above
and [£.2.61
5.2.2 Sign requirements
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5.2.3 Monotonicity requirements

For this document, each approximation helper function shall be a monotonic approximation, for
each real and imaginary argument part individually, and the real and imaginary result parts
individually, to the mathematical function it is approximating.

For the trigonometric approximation helper functions, the monotonic approximation require-
ment is imposed only for arguments, x + (1-y), such that |z| < big_angle_rr (see Clause [5.3.2)).
Similarly, for the exponentiation approximation helper functions, the monotonic approximation
requirement is imposed only for arguments, x + (1-y), such that |y| < big_angle_rp (see Clause
5.3.1).

NOTES

1| Asin part 2, the monotonicity requirement applies to each real dimension individually, (For
the complex operations, it thus applies to each real and imaginary part of the argument(s)
individually, and individually to the real and imaginary parts of the result.

2| As in part 2, the monotonicity requirement applies individually to each monetouic interval
of the approximated mathematical function.

3 | There is an exact relationship between the trigonometric and hyperbolic operations specified
in this document, and thus there are no complex hyperbolic approximation helper functions
used in this document.

5.2.4 | The complex floating point result helper functions

<

esulty py 1 C X (R — F*) — ¢(F) U {underflow, 6verflow }

<

esulty p) (z,rnd)

= result};(Re(z), rnd) +1- result},(Im(z), rnd)

NOTES

1| overflow and underflow can both gecur for a single application of a complex operation.
Likewise, e.g., one part may overflow, while the other produced a value in F. This is

not exposed accurately by the mrathematical framework used in this document. However,
handling that accurately, would add complexity to the framework with little gain.

2| resulty is defined in papt 2.
The| no_resultyry, no-resultypy, no-resullp_,.(ry, no-resultp_o(r), and no_resultZ.ry llelper
functiops are defined as follows:
o_resultypy : ¢(F)) — {invalid}
0_resulty(gi{B 41 y)
= invalid(gNaN +i- gNaN)
if x,y € FU{—00,—0,+00}
= gNaN +1i. qNalN if at least one of z and y is a quiet NaN ard
TreTther s sigmatimgINaiy
= invalid(gNaNN +i- gNaN)
if z is a signalling NaN or y is a signalling NaN

no_resultypy : i(F') — {invalid}
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no_resulty gy (i y)
= invalid(i- gNaN) if ye FU{—00,—0,+00}
=1.-gNalN if y is a quiet NaN
= invalid(i- gNaN) if y is a signalling NaN

no_resultp () : F' — {invalid}

no_resultp_q(r)(z)
= no_resultypy(z +i- imp(x))

Thes¢ helper functions are used to specify both NaN‘argument handling and to handle no
arguthent cases where invalid(qNaN +i- gNaN) or invalid(i- qNalN) is the appropriate

NOTES
B The handling of other special values, if available, is left unspecified by this document. Oth

5.2.5

5.2.5

L reypy and imp are defined below.

no WW’H;(F) N i(F) — {invalid}

no_resulty py_o(ry(1- y)
= no_resulty p (reipy(y) +i- y)

no_resultZ,ry : ¢(F) x ¢(F) — {invalid}
no_resultZypy(z +i- y, z +i- w)
= invalid(gNaN +i- gNaN)
if x,y,z,w € FU {~00,—0,4+00}
= gNaNN +i- gNaN if at least one of 3, y, z, and w is a quiet
and neither is a signalling NaN
= invalid(gNaN +i- gNalN)
if at leaSt one of z, y, z, and w is a signa

special values may be exact representations for 7 or e. At a lower level, such special valu
may be represented by IEC 60559 signalling NaNs, but which aren’t regarded as NaNs
the LIA level.

Basic arithmetic for complex floating point
.1 Complex floating point comparisons

eqi(ry : 1(F)x i(F) — Boolean
eqpyy,1-w) = eqr(y, w)

NaN

lling NaN
n-NaN-

result.

S

ﬁ LIVAE mAY

5.2.5

CLIFI( ) . A INL) DUUledJJ.

eqrir) (T, 1 w) = eqep)(z +i-0,0 +i- w)

eqipy,F * i(F) X F' — Boolean
e‘Ji(F),F(i' Y, Z) = eqC(F)(O +1- y, z +1- 0)

eqre(r) - F' % ¢(F) — Boolean

Basic arithmetic for complex floating point
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eqro(r) (T, 2 +1- w)
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= eqe(p) (7 +1- 0, z +i- w)

eqe(ry,F : ¢(F) x I — Boolean

eqe(r),r(T +1-y, 2)
= eqo(r)(z +1- y, 2 +i- 0)

eqi(r)c(F)  1I(F) x ¢(F') — Boolean

eqi(r) () (i y, 2 +1- w)
— Y (F) (0= ==+w)

efle(ry,i(r) : ¢(F) x i(F') — Boolean

efle(r),i(F) (@ 1+ y, 1 w)
= eqo(r)(z +1- 9,0 +1- w)

efle(r) : ¢(F) X ¢(F) — Boolean

efle(ry (T +iy, 2 +i- w)
= true if eqp(z, 2z) = trwe and eqp(y, w) = true
= false if eqp(x, z) =false and eqr(y, w) = true
= false if eqr(x, ) ="true and eqr(y,w) = false
= false if eqr(44,2) = false and eqp(y, w) = false
= invalid(false) otherwise

S

eqi(r) : i(F) x i(F') — Boolean

S

eqi(r) (i y, 1 w) = neqr(y, w)

eqrir) - F' x i(F') — Boolean

S

S

=

=

EqFi(F) (7,1 w) = neqe(F) (41 0,0 41 w)
eqi(ry,F : 1(F) X F<=Boolean
BQi(F),F(i' Y, 2) (= neqc(p)(o +i-y,24+1-0)
eqro(r) (F X c(F') — Boolean
eqr (T, 2 +1- w)
= neqe(py (v +i- 0, z +i- w)
neqe(r),r : ¢(F) x ' — Boolean
neqe(ry,r(@ +1-y, 2)
= neqq(r)(z +i- y, 2 +1- 0)

negi(ryo(r) : i(F) X c(F) — Boolean

Specifications for imaginary and compler datatypes and operations
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negir),c(r) (1 y, 2 +1- w)
= neqery(0+1 y, 2 +1- w)

neqe(r),i(r) : ¢(F) x i(F') — Boolean

neqe(r),i(r)(x +1- y, i w)
= nege(py(z +1y, 0 +1- w)

neqe(r) : ¢(F) x c(F) — Boolean
neqe(r) (T +1- y, 2 +1- w)

—true tfregrr; ) —troe ot ey, w,—true
= true if neqr(z, z) = false and neqr(y, w) =tijue
= true if neqp(z, z) = true and neqp(y, w) = false
= false if neqr(x, z) = false and neqr(grw) = false
= invalid(true) otherwise

Issi(py : i(F) x i(F') — Boolean

lSSi(F) (i' y, 1 w) = lSSF(y7 w)

legypy : 1I(F) x i(F) — Boolean
legi( (1 y,1- w) = leqr(y, w)

gtrip) i(F) x i(F') — Boolean
gtriry(i- y,1- w) = gtre(y, w)

geqir) : i(F) x i(F') — Boolean
geqiry (1 y,1- w) = geqr(y, w)

5.2.5.2 Multiplication by the imaginary unit

itimesp_i(p) : A 1(F)

itimesp_jg)(@) =1z

itimesi(F)_)F . I(F) — FU {—O}

itimes;py—r (i y)
—negrty)

itimese(py : ¢(F) — c(F U {-0})
itimes(py (v +i- y)
= negr(y) +i
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5.2.5.3 The real and imaginary parts of a complex value

5.2.5

5.2.5.

34

rep: F — F

rep(x) =z
= no_resultp(x)

rei(F) : I(F) — {—0,0}

ey (it ) =0
~——0
= no_resultp(y)

if v € FU{—00,—0,+00}
otherwise

if (y e Fandy>0) or y =400

if (y e Fand y <0) or y € {—00,—0}

otherwise

<

QC(F) : C(F) — F

eep) (T y) =
= no_resultp(x)

<

~.

np: F— {—0,0}

imp(x) =-0

=0

= no_resultp(x)

imyp) P i(F) — F
imiry (1 y) =y
= no_resultp(y)

inC(F) 2C(F) — F

.

ne(p) (€ +Hiy) =y
= no_resultp(y)

usitimesp : F(x,F — c(F)

3

usitimes p(3%)
=x+i-z

3

if x € FU{—00,—0,+00}
otherwise

if (x € F and = > 0)6r'x = 400

if (x € F and x <(0)'or x € {—00,—0}

otherwise

if yg FU{—-00,—0,+00}
otherwise

ifye FU{—00,—0,+00}
otherwise

.4 Formation of ascomplex floating point from two floating point values

NOTE 1 - The addition and subtraction operations never underflow for an IEC 60559

implementation.
negip) : 1(F) — i(FU{-0})

negiry(i-y)  =1inegr(y)

Specifications for imaginary and compler datatypes and operations
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nege(r) : ¢(F) — c(FU{-0})
nege(ry (v +i- y) = negr(x) +i- negr(y)

conjp: F— F

conj g () ==z

conjypy : i(F) — i(F U {-0)}
conip) (i y) — =1-negr(y)

ISO/IEC 10967-3:2006(E)

conjopy : c(F) — c(F U {-0})

conjopy( +i- y)
=z 41 negr(y)

addy ) : i(F) x i(F) — i(F) U {underflow, overflow }

addl(F) (i' Y, i w)
=1 addp(y,w)

addF’i(F) B ox I(F) — C(F)

~

addpyi(p) (I’, 1. w)
=z41-w

addy gy p : i(F) X F — c(F)
addy gy p(1-y,2) = 2 +i-y

addpopy 2 F' % ¢(F) — c(F) Wfunderflow, overflow }

addpo(py(z, 2 +1- w)
= addr(r,z) +i-w

addepy,r : ¢(F)} X — c(F) U {underflow, overflow}
addepy, r (i y, 2)
= addp(z,z) +i-y

addipy o(ry * 1(F) X ¢(F) — ¢(F) U {underflow, overflow }

Tty ()t gy )

=z +i- addp(y,w)
adde(pyi(ry : ¢(F) X i(F) — ¢(F) U {underflow, overflow }

addc(p)7i(p) (l‘ +i- Y, i w)
=z +i- addp(y, w)

5.2.5 Basic arithmetic for complex floating point
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adde(py : ¢(F) x ¢(F) — ¢(F) U {underflow, overflow}

adde gy (v +i- y, 2 +1- w)
= addp(z,z) +1- addp(y, w)

subypy : 1(F) x i(F) — i(F) U {underflow, overflow }
subypy(1- y, 1 w) = 1+ subp(y, w)

subpipy : F' x i(F) — c(F U {-0})

© 2006 ISO/IEC — All rights reserved

spbpir) (2,1 w) = z +1- negp(w)

S bi(F),F : l(F) x F — C(F U {—0})
spbipy, p(i+ Y, 2) = negr(z) +1-y

spbpo(ry o F % ¢(F) — ¢(F U {-0}) U {underflow, overflow}

Spbpc(r) (T, 2 +1- w)
= subp(z, z) +1- negr(w)

stbe(py, : ¢(F) x F' — c(F') U {underflow, overflow }

stibe(ry,p(z +1y, 2)
= subp(z,z) +i-y

spbi(py oy 1(F) X ¢(F) — c(F U {—0})funderflow, overflow }
Spbi(p),c(r) (1 Y, 2 +1- w)

= negr(z) +i- subp¥, w)

stbe(ryiry : ¢(F) X i(F) — ¢(#) U {underflow, overflow }

stibe(r) i(r) (@ +i- y, 1 w)

=z 41 subp(y, w)

spbe(ry 1 c(F') ¥ e(F) — c(F) U {underflow, overflow}

= subp(x, z) +1- subp(y, w)

mply/ey L i(F) X i(F) — F U {—0.underflow. overflow}

mulipy (i y, 1 w)
= negr(mulr(y,w))

mulpy gy : F < i(F) — i(FU{=0}) U {underflow, overflow }

~

i-w)
=1 mulp(x,w)

mUlF,i(F) (z,

Specifications for imaginary and compler datatypes and operations
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mulypy p 2 i(F) x F'— i(F U {-0}) U {underflow, overflow }
muli(r) F (1 y, 2) = 1 mulr(y, 2)

mulppy 2 F X ¢(F) — ¢(F U{-0}) U {underflow, overflow }
mul ey (7, 2 +i- w)

= mulp(x, z) +1- mulp(z, w)

mulep) p 2 ¢(F) x F'— ¢(F U{-0}) U {underflow, overflow }

mule gy p(z+1-y, 2)
= mulp(z, z) +1- mulp(y, 2)

mulipy o(ry : 1(F) X ¢(F) — ¢(F'U{-0}) U {underflow, overflow }

muly ) o(r) 1+ Y 2 +1- W)
= negr(mulp(y, w)) +i- mulp(y, 2)

mulepyiry : ¢(F) X i(F) — ¢(F'U{-0}) U {underflow, oyerflow }

mulc(p)yi(p) (l’ +1. Yy, i 'lU)
= negr(mulp(y,w)) +1- mulp(z, w)
NOTE 2 — mulypy is specified in clause

divypy  1(F) x i(F) — F'U{—0, underflow, overflow, infinitary, invalid }
divy(py (1 y, 1 w) = dive(y, w)

divpipy : F < i(F) — i(F U {-0})U {underflow, overflow, infinitary, invalid }

divpyr (.1 w) = 1 negp(divile, w)

divypy,p + i(F) X F' — {(5*'U {-0}) U {underflow, overflow, infinitary, invalid }
divi(F),F(i' Y, Z) =1 dZUF(yv Z)

divpepy @ FX E(F) — ¢(F U{-0}) U {underflow, overflow, infinitary, invalid }

divp, o(pyl 7z +1- w)
= dive(p) (T +1-imp(z), 2 +1- w)

din - el E c(EF 1L —0W L funderflow._overfow . infinitaryv invalidl
(I, 77 Ay 7 \ U J7 U 7 7 J 7 J

dive gy, r (T +1- y, 2)
= divp(z, z) +1- divp(y, 2)

divi(py,c(ry * 1(F) X ¢(F) — ¢(F'U{—0}) U {underflow, overflow, infinitary, invalid }

divi(py,c(r) (i ¥, 2 +1- w)
= dive(r)(reir) (1 y) +iv y, 2 +1- w)
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dive(py i(ry : ¢(F) X i(F) — ¢(F U {-0}) U {underflow, overflow, infinitary, invalid }

dive(r) i(ry (T +i+ y, 1 w)
= divp(y, w) +1- negp (divy(z, w))
NOTE 3 - div.(p) is specified in clause

5.2.5.6 Absolute value, phase and signum of complex floating point values

NOTES

1 This clause also includes signumpg.

2| absp is specified in part 1.
bsi(F) : l(F) — F
bsi(r) (1-y) = absr(y)

S)

Q

Q

bs.(r) : ¢(F) — F'U{underflow, overflow}

Q

bse(r)(z +1-y) = hypotp(z,y)

hasep : ' — F

haser(x) = arcp(x,imp(x))

ST~

OTE 3 — The arcp (and similarly arcup) operationvas specified in clause 5.3.8.15 of the
st edition (issued in 2001) of part 2 has a minorMaw; it is not properly limited. See annex
for a corrected version. Implementations are ¥¢eommended to follow this improvement, if
pssible, for arcr, arcup, and all operations that reference those specifications.

S [H= 2z

hase; gy : i(F) — F
hasei(F) -y = C”"CF(Tei(F) 1), v)

ST~

hase.(p) : ¢(F) — F U {underflow}

3

hase.p)(z +1- )
=arcp(z,y)

3

haseup : F)x F — F U {invalid}

3

haseup{u;xr) = arcup(u,x,imp(zx))

3

phnepql- o B i(FY) — Fid{invalidl
L) Ay C J

phaseu; gy (u,1- y)
= arcup(u,reyry (1Y), y)

phaseuqpy : F x ¢(F) — F U {underflow, invalid }

phaseupy(u, v +i- y)
= arcup(u,z,y)
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signump : F — {-1,1}

ISO/IEC 10967-3:2006(E)

signump(x) =1 if (x € F and x > 0) or x = 400
=-1 if (x € F and x < 0) or x € {—00,—0}
= no_resultp(z) otherwise

signumyp : i(F) — {1- (=1),1- 1}
signump)(i- y) = 1 signump(y)
NOTE 4 - signum(py is specified in clause

5.2.5

5.2.5

.7 Floor, round, and ceiling

floorypy i(F) —i(F)
floory gy (1-y) =1 floorp(y)

floorepy : ¢(F) — c(F)
floore(py(z +1- y)

= floorg(x) +1- floorr(y)
rounding;py : i(F) — i(F)

rounding;py(1- y)
= 1- roundingr(y)

roundinge(py : ¢(F) — c(F)

roundinge( g (v +i- y)
= roundingp ()1 roundingr(y)

ceiling;py : i(F) — i(F)
ceilingypy(1-y) = 1i- ceilingr(y)
ceilingqry : ¢(E) = c(F)
ceilingq py(T4i- y)

= ceilingp(x) +i- ceilingr (y)

.8 /Maximum and minimum

5.2.5

mazipy : 1(F) x i(F) — i(F)
maz;r) (i y, 1+ w)

=1 mazp(y,w)
mmaz;py : i(F) x i(F) — i(F)
mmaz; ) (i y, i w)

=1 mmaxp(y,w)

Basic arithmetic for complex floating point
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m

m

m

m

ini(r) (1 y,1- w)
=1 ming(y, w)

minipy (1 y,1- w)
=1 mming(y,w)

© 2006 ISO/IEC — All rights reserved

i
i
i

i

5.2.6

L oN] LAN mANIENEN S0 R R Al
uwb,ocqi(p) . Ll\i }J LA A S 111111111[:(1].)’}

aa:,seqi(p)([i' YLy oeey 10 yn])
=1 max,seqF([yl, ey yn])

maz_seqiry : [i(F)] — i(F) U {infinitary}

ma:x,seqi(p)([i' Y1, s 1* Yn))
= 1- mmax_seqr([y1, ..., Yn))

in_seqiry : [i(F)] — i(F) U {infinitary}

~

in,seqi(p)([i' Y1, - 1 Yn))
=1 min_seqr([y1, ---s Yn))

min_seqpy : [I(F)] — i(F) U {infinitary}
min_seq;py([i* y1, -, 1 Yn))

=1 mmin_seqr([y1, ..., )

Complex sign, multiplication, and division

This clause gives specifications f6r)'some operations that have been deferred above, due to the
possibility of lesser accuracy.

Thefe shall be a box exror mode parameter each for the multiplication and division opergtions
on a cdmplex datatype:

b
b

z_error-modemul.ry € Boolean
x_error.fode_div ry € Boolean

Thefe shall'bé a maximum error parameter each for multiplication and division on a complex

datatyq

[S)¢

!

m

Qoo pong]
= CT 107 *'”“‘“‘C(t‘) T

ax_error_divypy € F

The max_error_mul.ry parameter shall have a value that is < 5. The max_error_dive g
parameter shall have a value that is < 13.

For use in the specification below, define the mathematical complex sign function

signum : C — C

The

40
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Specifications for imaginary and compler datatypes and operations


https://iecnorm.com/api/?name=642fc7cc256dbc98dcbffc222987a875

© 2006 ISO/IEC — All rights reserved

signum(z) = cos(arc(Re(z),Im(z))) + (1 - sin(arc(Re(z),Im(z))))

NOTES
1 The arc function is defined in part 2, Clause 5.3.7.

2 Note that z = |z| - signum(z) if z € C, and signum(z + (i-y)) = e @) if z 4y € R.

5.2.6.1 Complex signum

The signumz( F) approximation helper function:

signum’c‘(F) :Crp—C

ISO/IEC 10967-3:2006(E)

stgnd
(inteq

Fy

5.2.6

m:( F) (z) returns a close approximation to stgnum(z) in C, with maximum error maz_

preted as an error parameter for a complex floating point operation).

rther requirements on the Signum:( F) approximation helper function are:

SIGNUMY ) (conj(z)) = conj(signum:(F)(z))

if z € Cp
signum:(F)(—z) = —sz’gnumz(F)(z) if zeCp
i)‘{e(signumi(F) (x+(0-y)) = jm(signum:(F) (y+ (1 -x)))

ifx,ye F
SIGNUMY ) (r) =1 if v € Fand> 0

signump (z + (1-2)) = (1/v2) + (i- (1/v2))

if v e £oand x>0

The s1 gnume( gy operation:

signume(py : ¢(F) — c¢(F) U {underflow}
signume(py(z +1- y)
= resulti(F)(signumz(F) (x4 (1-y)),nearestr)
ifr,yec Fandz+ (1-y)#0
= conjo(p)(signume g (conjo(py (T +1- y)))
if y € {—00,—0}
= negc(F)(Signumc(F) (negc(F) (‘T +i- y)))
if x € {—00,—0} and y & {—00,—0}
=sing(arcp(y,x)) +1- sinp(arcp(x,y))
otherwise

NOTE — signumepy(x +1-y) = cosp(arcp(x,y)) +i- sinp(arcy(x,y)). The specification |

more complicated, in order to allow higher accuracy, including the sign of zero result parts.

.2, \Complex multiplication

rror_tang

The mulz( ) approximation helper function:

mul:(F) : CF X CF —C

mul;’:‘( P) (x, z) returns a close approximation to z - z in C with maximum error maz_error-mule(ry,
interpreted according to the value of box_error_mode mul. ry.

Further requirements on the mul:( F) approximation helper function are:

5.2.6

Complex sign, multiplication, and division
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maulg e (conj(z),conj(z")) = conj (mul:(F) (2,2"))

if 2,2/ € Cp
muly gy (=2, 2) = —mulf ) (2, 2') if 2,2 € C
mul g (2, 2") = muly g (7, 2) if 2,2/ € Cp

The mul. ) operation:
mule gy @ ¢(F) X ¢(F) — ¢(F U{-0}) U {underflow, overflow }
mule gy (z +1- y, 2 +1- w)
= result] (mul:(F) (x+(0-y),z+ (1-w)),nearestr)
if 41y, 2z +1-w € ¢(F) and
T and g O amdt z = 0andw =0
= subp(mulp(z, z), mulp(y, w)) +1- addr (mulp(y, z), mul p(z, w))
otherwise

NOTE - NaN (and invalid) is not avoided for the result in the “otherwise” cage‘here. Note
i particular cases like mul.(p)(2 +1- (=0),3 +1- (+00)) which is invalid witht-a continuation
vilue of qNaN +i- (+00). However, mulp ¢(r)(2, 3 +i- (+00)) returns 6 +i"(+00), due to the
s{rong implicit zero (see [B.5.2.4).

5.2.6.3 Complex division

The di :( F) approximation helper function:

d'fu:(F) :CpxCp—2C

dz’v:( P x, z) returns a close approximation to z/z in’C with maximum error maz-error -dijve(r),
interprpted according to the value of box_error_mode_div(r).

Further requirements on the div:( P) approximation helper function are:

dfvy gy (conj(z), conj(z')) = conj(divi (z, 2'))
if 2,2/ € Cp and 2/ #0
dl”:(p)(*'z’z/) = *diU:(F)(Z,z') if 2,2/ € Cp and 2/ #0

Ve ) (25 -2 = —diU:(F)(Z,Z/) if 2,2/ €Cpand 2/ #0

C

=9

The| div,(py operation:
Ve(F) ¢ ¢(F) X c(E)*— c(F U {-0}) U {underflow, overflow, infinitary, invalid }

=

djve(py(z +i- yy2 i w)
= result? p (divé‘(F) (x+(1-y),z+ (1-w)),nearesty)
if 41y, 2z +1-w € ¢(F) and
r#0and y#0and z#0 and w # 0
= divy(p) pladdp(mulp(z, 2), mulp(y, w)) +i- subr(mulp(y, 2), mulp(z, w)),
addp(mulp(z, z), mulp(w,w)))
otherwise
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5.2.7 Operations for conversion from polar to Cartesian

The polar’g( P) approximation helper function:

polar’c‘(F) Fx F?>™ ¢

polar:( F) (x, z) returns a close approximation to z - " in C with maximum error mazx_error_tang

(interpreted as an error parameter for a complex floating point operation).
Further requirements on the polmi( F) approximation helper function are:

polar*(F)(fm z) = —polary -, (z,2) ifr,ze Fandx >0
polar® ., (z, —z) = conj(polar, . (x,2)) ifx,zeF

polaﬁ;(p(x,nﬂ-ﬂ):x ifx € Fandn € Z and |n-2- 7| <digla
Jm(polaC(F (x,n-2-m+7/6)) =x/2 ifre Fandn e Z and |n-2- g, <Wig_a
i)%e(polar:(F (x,n-2-w+7/3)) =1x/2 ifx € Fand n € Z and |n - 247 < big-a
polary - (az,n 2-m4+w/2)=1-x if x € Fand n € Z and |[p02+ 7| < big_a
E)%e(polar*( (x,n-2-w+2-7/3))=—z/2ifx € Fand n € Z and'n" 2 - 7| < big-a
Jm(polarc(F)(x n-2-1+5-7/6))=x/2 ifxeFandnec Zand|n-2- 7| <biga
pola@k(F)(x,nQ-ﬂ—i—ﬂ):—x if x € Fand n &-Zand |n-2- 7| < big_a

The polar, )y operation:
polarypy : F' X F' — ¢(F') U {underflow, absolute_precision underflow}
polarypy(z,2) = result:(F)(polarZ‘(F)(x, z), neafestr)
if @, 2 € F and |z| < big_angle_rp
and x 0 and z # 0
= mulp(z, cosp(2)) +ir-fulp(z, sinp(z))
otherwise

The polaru:( F) approximation helperdunction:
polarug p : (u: F)x Fx F“"SC

pola u:(F) (u, x, z) returns a close’approximation to - €"27™#/% in C with maximum error

glerp
ngle_rp
glerp
ngle_rp
glerp
ngle_rp

glerp

maz ferror_tanup(u) (interpreted as an error parameter for a complex floating point operfation).

Fyrther requirementsien the polaru:’;( F) approximation helper function are:

polaru:(F) (u, L@, z) = —polaru:(F) (u,x, z) ifu,x € Fand z € F* and u # 0 apd = >
polaru:(F)(u,x, —z) = conj(polaru:(F) (u,z,z)) fu,ze€ Fandze€ F*and u#0
polaru:(F)(—u,:n, z) = polaru:(F)(u,:v, —z) ifu,z € Fand z € F* and u # 0
polaruz(F)(u, xz,(n-u)+2z)= polaruz(F) (u,z,z) ifu,x € Fand z,(n-u) + 2z € F* gnd
uzx0andn e 2

polaru:(p) (u,2,0) =2z ifu,z € Fand u#0
3m(polaruz(F) (u,z,u/12)) = x/2 if u,z € Fand u# 0
i)%e(polaruz(F)(u, z,u/6)) = x/2 ifu,z € Fand u #0
polaru:(F)(u,:n,u/él) =1z if u,z € Fand u# 0
i)%e(polaruz(F)(u,x,u/B)) =—x/2 ifu,z € Fand u # 0

5.2.7 Operations for conversion from polar to Cartesian 43
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Jm(polaru:(F)(u,x, 5-u/12)) =x/2 ifu,x € Fand u#0
polaru:(F)(u,x,n-u/Q) =—z ifu,z € Fand u #0
The polarury operation:
polarugpy : F' X F' x F' — ¢(F) U {underflow, absolute_precision underflow, invalid }
polarue ) (u, T, 2)
= result? p (polaru:(F) (u,x, z),nearest )

ifue Gp and x,z € F and |z/u| < big_-angle_up
and z # 0 and z # 0
= mulp(z, cosup(u, z)) +i- mulp(z, sinup(u, z))

+1 3
UUIITI WIOU

NOTE - Gp is defined in part 2.

5.3 Elementary transcendental imaginary and complex floating| point opera-
tions

Clause[5.3 of part 2 specifies a number of transcendental floating point eperations. In this ¢lause
a numlbper of transcendental imaginary and complex floating point opé€rations are specified.

Sevgral of the specifications below include relationships to specifications for operations spgcified
in part|2. The requirements implied by these relationships and thie/requirements from part 2 shall
hold even if none or only some of the mentioned operations are included in an associated liprary
(which|may be the same library as for the complex operatiéns) for real-valued operations o1l even
if therd is no associated library for real-valued operatiguns:

5.3.1 | Operations for exponentiations and’logarithms

There ghall be two maximum error parametérs for complex exponentiations and logarithms|

:ta:z,error,empc( F) EF
ax_error_powery gy € F'

The mpupx_error_exrp.py parameter shall have a value that is < 7. The max_error_power. r)
paramgter shall have a value that is < 15.

5.3.1.1 Exponentiatien of imaginary base to integer power

The power;ry ; operation:
ppwergyr i(F) x I — ¢(F) U {underflow, overflow, infinitary }
ppwent, (- z,y)
= reyp (3o 2) 413. pmHPTRI(T )

if y € I and 4|(y + 3)
= negr (powerg 1 (absp(z),y)) +i- 0

if y € I and 4|(y + 2)
= neger)(reir) (1 ) +1- powerg 1 (z,y))

ifyeland4|(y+1)
= powerg,(absp(x), y) +1- (—=0)

if y € I and 4]y
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5.3.1.2 Natural exponentiation

The exp;(r)_.(r) operation:
EXPi(F)—c(F) : i(F) — ¢(F) U {underflow, absolute_precision_underflow }
exPi(F)—c(F) (1Y)
= cosp(y) +i- sinp(y)

NOTE 1 — Some programming languages have the operation cis. cis(x) is efL’pi(F)*)C(F)(i‘x).
The e:cp:( ) approximation helper function:

exp:(F) :Cp—C

X T P ; ;
eTP () () returns a close approximation to e* in C with maximum error max_error_eupy(r)-

A [further requirement on the e:cp:( ) approximation helper function is:

exp:(F)(conj(z)) = conj(exp:(F)(z)) if z€Cp
The relationships to the cos, siny, and exp}. approximation helper functions for the cosp,

sinp| and expp operations in an associated library for real-valued operations shall be:

expy g (1 y) = cosp(y) + (- sink(y)) ifyeF

TPy F) () = expp(x) ifereF

The exp. () operation:

erpe(ry : ¢(F) — c¢(F) U {underflow, overflow, absolute precision underflow}

expe(r) (@ +1-y) = result? p (expy p(z + (1-y))ncaresty)
if 2y € F and |y| < big_angle_rp
= expe(r) (0 +1- y) if o= —0
- Conjc(F) (expc(F) (.Z' + 0))
if y=—0and x # -0
= mulp(0, cosp(y))F1 mulp(0, sinp(y))
if 1 = —o0 and y € F and |y| < big_angld rp
= mulp (4005 cosr(y)) +1- mulp(+o00, sinp(y))
if =400 and y € F and |y| < big_angld_rr and

y#0
= (+00) +i- 0 ifr=4occandy € Fand y=0
=wddhepy(r +1-y) otherwise

NOTES

D radh gy sispecified in Clause [5.3.3.1
B invalid is avoided here for the cases exp.(p)((4+00) +i- 0) and exp.(p)((+00) +i- (=0)).

5.3.1.3¢ Complex exponentiation of argument base

The power};ac( ) helper function:
power}‘,_}c(F) FxF—C
power}_}c( P (z, z) returns a close approximation to z* in C with maximum error Max_error_power (r).

NOTE - 2z =(—-1-(—z))*=(-1)*-(—z)  =€e"™% - (—x)*if 2 <0

Further requirements on the power}HC( F) are:
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%e(power}‘,_}c(F) (x,2)) = jm(power}‘,_)c(F) (x,2))

ifr,ze Fandx <0and z—025€ Z

%e(power}‘,_}c(F) (x,2)) = —Jm(power;_)C(F) (z,2))

ifr,ze Fandx <0and z—0.75€ Z

© 2006 ISO/IEC — All rights reserved

The relationships to the powery., sinuj., and cosuy helper functions for the powerr, sinup,
and cosup operations in an associated library for real-valued operations shall be:

power*F_)C(F) (x, 2) = powery(z, z) ifex,ze Fandz > 0

POWETrT . py (x, z) = powery,(—x, z) ifr,z€ Fandz <0and z/2 € Z

ppwes * Y T morert o) fa s cFondaecOandls 05\/2c Z
TS T PO ST T =5 F—ahe e 77

ppwery_ . m (x, 2) = —powery(—, 2) ifr,ze Fandz <0Oand (2 —1)/2€ Z

PPWETT_o(F) (x,2) = —1-powery,(—z,z) ifx,z€ Fandz<0and (z—15)/€2

pjwer}éC(F)(—l, z) = cosu(2,z) + (1- sinuj (2, 2))

The

3

powerp_(r)y operation:

pwerp_ory - F' X F — c(F)U
{underflow, overflow, absolute_precisien_underflow, infinitary,

WETE —c(F) ((E, Z)
= result? p (power}_}C(F) (x,z),nearestr)
if x,z,&\F and (z > 0 or
(<00 and |z/2] < big-angle_up))
0 if‘ge F and z > 0 and z € {—00,—0,+00]
0 iWr =400 and z € F U {—00,—0,+00}
x,2), tosup(2, z)) +1- sinup(2, 2)
ifx € Fand x <0 and z € {—00,—0,4+00
= mulp(powerg(négr(x), z), cosup(2, z)) +1- sinup(2, z)
if z € {—00,—0} and z € {—00,—0,+00}
= mul porf(powerr (negr (), 2), cosur (2, z) +i- sinup(2, 2))
if x € {—00,—0} and z € F' and |z/2| < big
= absolute_precision_underflow(qNaN +i- gNalN)
ifxe Fandx <0and z€ F and |2/2| >
=) absolute_precision_underflow(qNaN +i- gNalN)
if x € {—00,—0} and z € F and |z/2| > bi(
= no_result2. ) (7, 2) otherwise

= powerp(x, z)
= powerp(x, z)
= mulp(powery(—

i
i

5.3.1.4

invalid}

_angle_up
big_angle_up

_angle_up

Complex square root

The sqrtp_..(r) operation:

sqrtp_ep) + F — c(F)

sqrtp_ory(z) =041 sqrtp(negr(r)) if (x € F and z <0) or x € {—00,—0}
= sqrtp(z) +1- (—0) if (x € Fand x > 0) or x = 400
= no_resultypy(z +1- imp(x))
otherwise
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The sqrtjp)—(r) operation:
8qrti(py—c(r) : 1(F) — c(F)

5qrtip)—c(r) (1+ Y)
= sqricr(reyr (1 y) +1-y)
The sq'rtz( P) approximation helper function:

sqrtz(F) :Cp—C
sqrt:( F)(z) returns a close approximation to y/z in C with maximum error MAT_error_eTpe(r)-

Further requirements on the sqrt*( F) approximation helper function are:

sqrt” o(F )(COHJ(Z)) = conj(sqrtC(F (2)) if z € Cr

sqrt()() \/E ifre Fandx >0
sqrts py(x) = 1-v/—x ifre Fand x <0
Re(sqrig g (1 y)) = Jm(sqrtg(i-y)) ifyeFandy>0

The sqrt.r) operation:
sqrtgry s c(F) — c(F)
sqrte ) (v +i-y)
= resulti(F)(sqrtz(F) (x+ (1-y)),nearest &)

ifx,ye F
sqrtry(0+i-y) if x =-0
conjo(py(8qrte(my(z +1-0))

if t©@FU{—00,400} and y = —0

= (400) +1i- (400) ifane F'U{—o00,+00} and y = +00
= (400) +1- 0 fz =400 and y € Fandy >0
= (400) +i- (—=0) ifr=4occandy e Fandy<0
= (+00) +i: (—00) if 2 € FU{—00,400} and y = —
= 0+i- (400) ifr=—occandy € Fandy >0
= 0+i- (—0q) ifr=—-ocoandy € Fandy<0

= no_resultypy(z +i-y) otherwise

NOTE - The inverse of ¢omplex square is multi-valued. The principal result is given by v/b
051 The \/~ function branch cuts at {z | € R and 2 < 0}. Thus sqrt.r)(z +i- 0) }
sqrtepy (o +1- (=0))when x < 0.

5.3.11.5 NaturalJogarithm

The fnp_.gny-operation:

Inpsery o F' — c(F) U {infinitary }

1 L 1 L 1 LoD\ 4 A L : Lo\
I‘,LF—>C(F) (L) — NP \QUSE L) )1 AT CE(L, TTIVE L))

NOTE 1 - The arcp (and similarly arcup) operation as specified in Clause 5.3.8.15 of the
first edition (issued in 2001) of part 2 has a minor flaw as noted in Annex [F| of this document.

The lni(p)_)c(p) operation:
INi(F)—c(ry ¢ I(F) — ¢(F) U {infinitary}
Ini(p)—e(ry (1 y) = Inp(absp(y)) +i- arcr(reyr) (- y), y)

The ln:( P approximation helper function:
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lnz( F) - Cr—2C
lnz( F)(z) returns a close approximation to In(z) in C with maximum error max_error_exp.r) in
the real part.

NOTE 2 — Since the imaginary part of the result of in. ) (z+1-y) is arcr(z, y), the maximum
error in the imaginary part is max_error_tang. Thus max_error_exp. r) reflects the maximum
error in the real part of the result.

A further requirement on the lnz( F) approximation helper function is:
g p (conj(z)) = conj(ln:’;(F)(z)) it zeCp
The relationships to the arcy and Iny, approximation helper functions for the arcr and Ing
operattlns i an associated library for real-valued operations snail be:

J (ln:(F)(x + ([ y))) = arcq(z,y) ifr,yec Fandax+ (1-y) #0
S)te(ln:(F)(a:)) = In}(|z|) ifxe Fandx #0
He(lng (1)) = Inp(ly]) ifyec Fandy#0
The lnfz ) Tange limitation helper function (for z € Cp):
lmf(F)(z) = i)‘ie(ln:(F)(z)) + (1- max{upp(—7), min{ﬁm(lnz(F)(z)), dounp(—7/2)}})

if Re(z) < 0 and Im(2)Y'< 0
= ‘ﬁe(ln:(F)(z)) + (1- max{upr(—7/2), min{ﬁm(ln:(F)(z)), downp(m/R)}})
if Re(2) >0

= %e(ln:(F)(z)) + (1 max{upr(7/2), min{jm(ln:(F)(z)), downg(m)} )
if Re(2X<30 and Im(z) >0
The|in. ) operation:

l:[C(F) 1 ¢(F) — c(F) U{infinitary}

o) (x+1y) = result] o (lnﬁF)(x + y)), nearestr)

ifz,y€ Fand (z #0ory#0)
= infinitary ((—c0) +i- arcp(z,y))
ifx €{-0,0} and y =0
= conjo(py(le(r) (7 +1- 0))
if y=-0
= Ing(y) +i- upp(r/2) ifx=—-0and ((y € F and y > 0) or y = Hoo)
= pr(negr(y)) +i- downp(—m/2)
ifz=—0and ((y € F and y < 0) or y = —00)
= (400) +i- arcp(z,y) if v € {—00,+00} and y € F' U {—00,+00}
= (400) +i- arcp(z,y) ifz € F andy € {—oo0,+00}
= no_result,py(z +i-y) otherwise
NOTES

3 T}ltl illVUlbU Ulp ll(LLl,lldzl E}&pUllUllLidLiUll lb lllulti—valued. L}ltl illldgilldly pdlL IIIay have ally
integer multiple of 2-7 added to it, and the result is also in the solution set. The In function
(returning the principal value for the inverse) branch cuts at {z | € R and z < 0}, is
continuous on the rest of C, and In(z) € R if z € R and x > 0. Thus Inyp(z +i-0) #
Ing(py(x +1- (=0)) when x < 0.

4 reqry(Inepy(z +1- y)) = Inp(hypotp(x,y)) and ime gy (Ingry(r +1-y)) = arcp(x,y) when
there is no notification (if the specification of arcp is corrected as noted in Clause |5.2.5)).
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5.3.2 Operations for radian trigonometric elementary functions

There shall be two maximum error parameters for complex trigonometric operations.

max_error_sing gy € F
maz_error_tanq gy € F

ISO/IEC 10967-3:2006(E)

The max_error_sin. ) parameter shall have a value that is < 11. The maxz_error_tang )
parameter shall have a value that is < 14.

5.3.2.1 Radian angle normalisation

5.3.2

The

A

Fy

sin*
o(

Tle relationships to the si}, and sinh}, approximation helper functions for sing and

opers

rady gy 1 i(F) — i(F)
rady ) (i+ y) =iy

radepy : ¢(F) — ¢(F) U {underflow, absolute_precision underflow }

radypy(r +i-y) = radp(x) +i-y

.2 Radian sine

in;(py operation:
sinypy 1 i(F) — i(F) U {overflow }
singpy(iry) =1 sinhp(y)

The sin:( F) approximation helper function:

SinZ(F) :Cp—C

j)(z) returns a close approximation to, sin(z) in C with maximum error max_error_s

rther requirements on the sz’n:( ) approximation helper function are:
SINg (conj(z)) = conj(sin:(F) ) if z€Cp
sinz(F)(—z) = —sin:(F)(z) if zeCp

tions in an associatéd library for real-valued operations shall be:
sinz(F)(x) = sin(r) ifreF
sing p (1 y) =T+ sinhjp(y) ifyeF

The sin. pr@peration:

singyt ¢(F) — c¢(F') U {underflow, overflow, absolute precision underflow}

sty py(x +1-y) = result:(F)(sinz(F)(x + (1-y)),nearestr)

5.3.2

i z,y €l and |z]| < brg-angle_rp
= conje(p)(sine(r)(z +i- 0))

ify=-0
= nege(i(sine(r) (0 +i- negi(y))

ifx=—0and y # -0
= mulp(sinpg(z),400) +1- mulp(cosp(x),y)

if x ¢ {—0,0} and y € {—00,400}
=0+4+i-y if z=0and y € {—o00,+00}

Operations for radian trigonometric elementary functions

nC(F).

sinhp
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= radypy (v +i- y) otherwise

5.3.2.3 Radian cosine

The cos;(r) operation:
cosy(p) : i(F) — F U {overflow}
cosipy(iry) = coshr(y)
The cos:( F) approximation helper function:

cosypy 1 Cr— C

cos:( P z) returns a close approximation to cos(z) in C with maximum error maz_error 8. r)-

Furfher requirements on the cos:( F) approximation helper function are:

)

S:(F) (conj(z)) = COHj(COSZ(F) (2)) if zeCp
)s;‘(F)(—z) = cos:(F)(z) if 2 € Cp

)

The| relationships to the cos}. and cosh}, approximation helper functions-for cosp and ¢oshp
operations in an associated library for real-valued operations shall be:

@)

D2 (x) = cosp(x) iteeF
DS (1) (i-y) = coshi.(y) ityeF
The| cos.(r) operation:

@)

@)

Dse(r) : ¢(F) — ¢(F) U {underflow, overflow, absglute_precision underflow }

)

Dse(ry (T +Hi-y) = resulty p (cosz(F) (x4 (1-y)), nearestr)

if‘eyy € F and |x| < big_angle_rp
= conjo(py(cose(r) (T +1-0))

if y=-0
= cos¢(py (0 +i- neggly)) if v =—0and y # -0
= mulp(cosp(z), +00) +1- mulp(sing(z), negr(y))

if v ¢ {—0,0} and y € {—o00,+00}
= (400) +icdivp(—1,y) if x =0 and y € {—o00,+00}
= rade(fy (o +i- y) otherwise

5.3.2.4 Radian tangent

The tap;r) operation:
tamy A ) = i tanhr(y)

The tam* annraovimation haolnor funetion:
- (F) SPProxXation—Herper—tuhecton

tanz(F) :Crp—C
tcm:( F)(z) returns a close approximation to tan(z) in C with maximum error max_error_tang(g).
Further requirements on the tan:( ) approximation helper function are:

tan:(F) (Conj(z)) = conj (tan:(F) (Z)> if z€eCp
tang ) (=z) = —tang ) (2) if > € Cp
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The relationships to the tan}. and tanh? approximation helper functions for tang and tanhp
operations in an associated library for real-valued operations shall be:
tang p (x) = tany(x) ifeeF
tang (i-y) =1-tanh}(y) ifyeF
The tan. r) operation:

tangry : ¢(F) — c¢(F) U {underflow, overflow, absolute precision underflow}

tanc(p)(z +i-y) = resulty p (tany g (z + (1-y)), nearestr)
if z,y € F and |z| < big_angle_rp
= conj (g (tane(p)(z +i- 0))
iHy=-0
= negr(tane ) (0 +i- negr(y)))
if x=—0and y # —0
= mulp(tanp(x),0) +i- signump(y)
if x # —0 and y € {—o00,+00}
= rady ) (7 +1-y) otherwise

5.3.2.5 Radian cotangent

The ¢ot; ) operation:

cotypy : i(F) — i(F) U {overflow, infinitary }
cotypy(By) =1 negr(cothp(y))
The cot:( F) approximation helper function:
cotZ(F) :Cp—C
coty F)(z) returns a close approximation to,cet(z) in C with maximum error max_error_tqgn. p.
Fyrther requirements on the cot:( F) dpproximation helper function are:
cotZ(F)(conj(z)) = conj(coti(F)(z)) it zeCp
cot:(F)(—z) = —cotz(F)(z) if z€Cp

The relationships to the cot}. and coth}, approximation helper functions for cotr and cothp
operdtions in an associated library for real-valued operations shall be:

coty ) () = coth () ifreF
cotl oy T+ y) 5= =1+ coth(y) ifyeF
The cot.p)yoperation:

cotom+¢(F) — c(F) U {underflow, overflow, infinitary, absolute_precision_ undlerflow}

Oty (x +i-y) = result:(F)(cot:(F) (x4 (1-y)),nearestr)
it Z,y € F and (7] < big_angle T and
(x#0ory#0)

= infinitary((4+00) +i- (—00))
ifr=0and y=20

= conjo(py(cote(r)(z +1-0))
ify=-0

= negp(cote(r) (0 +i- negr(y)))
ifx=—0and y # -0
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= mulp(tanrp(x),0) +i- negr (signump(y))
if x #—0 and y € {—00,400}
= radepy (v +i- y) otherwise

NOTE - The reference to tanp (instead of cotg) for the case when x is different from —0
and y is an infinity, is in order to avoid invalid for cot.(r).

5.3.2.6 Radian secant

The sec;p) operation:

secypy : i(F') — F U {underflow}

[V2)

CCi(F) (1-y) = sechr(y)

The secz( P approximation helper function:
szc:(F) :Cp—C

secj( P z) returns a close approximation to sec(z) in C with maximum error @m@x_error_tan F)-

Further requirements on the secz( P) approximation helper function are:

VA

2CZ(F) (conj(2)) = Conj(secz(F)(z)) if zeCp
Co) (—2) = sec py(2) if 2 € Cp

v

The| relationships to the secy and sech? approximation helper functions for secr and $echp
operations in an associated library for real-valued operations(shall be:

)

ECo( ) (x) = secy(x) ite e K
CoF) (1-y) = sech}(y) if ye F

The| sec.r) operation:

[V2)

)

eCo(r) ¢ ¢(F) — c¢(F) U {underflow, overflow, absolute precision underflow}

)

ecor) (T +H1-y) = resulty p (secy gy @+ (1-y)),nearestr)
if z,y € F and |z| < big_angle_rp
= conj(py(seceery (z +i- 0))
ify=-0
= sece(py0 +i- negr(y)) if 2 =—0and y # -0
= mulr(cosp(z),0) +i- divp(sinp(z),y)
if x #—0 and y € {—00,400}
= radepy (v +i-y) otherwise

5.3.2.17 Radian cosecant

The csfy@g, Operation:

csciry 2 1(F7) — 1(F) U {underflow, overflow, infinitary }
eseipy (1 y) = 1- negrp(cschr(y))
The csc:( F) approximation helper function:
cscz(F) :Crp—C
cscz( F)(z) returns a close approximation to csc(z) in C with maximum error max_error_tane p.

Further requirements on the cscz( ) approximation helper function are:
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cch(F)(conj (z)) = conj (csc:(F)(z)) it zeCp
csc:(F)(—z) = —cscz(F)(z) if zeCp
The relationships to the cscy and csch approximation helper functions for cscr and cschp
operations in an associated library for real-valued operations shall be:
csc:(F)(a:) = cscp () ifeeF
cscz(F)(i ~y) = —1-cschi(y) ifyeF
The cscq(py operation:
csce(ry : ¢(F) — ¢(F) U {underflow, overflow, infinitary, absolute precision underflow}
cscepy(x +i-y) = result’, o (csc o (x + (- y)),nearesty)
if z,y € F and |z| < big_angle_rp and
(x40 or y 0)
= infinitary((4+00) +i- (—00))
ifr=0andy=0
= conjo(py(cscery(z +i-0))
if y=-0
= negp(csce(r) (0 +i- negr(y)))
if x = —0 and y A0
= mulp(sinp(x),0) +1- divp(cosp(z), nege(y))
if 2 # —0 and ¥/ € {—00,4+00}
= rady ) (r +1-y) otherwise

5.3.2.8 Radian arc sine

The gresing_ () operation:
arcsing_o(r) : F' — c(F U {-0})
arcsing_.q(r) () = upp(—m/2) +isdrccoshp(negr(x))
if (x€ Fand x < —1) or x = —00
= arcsinp(x )i mulp(—0, )
if (x € Fand x| <1) orz=-0
= downs(m/2) +1- negr(arccoshp(x))
if (x € Fand x > 1) or x = 400

=noresultp_qr)(z) otherwise
The arcsin;r) eperation:
arcsing ¢ i(F) — i(F)

arcsingp) (i-y) =1 aresinhp(y)

Tllle arcsm’c‘( F) approximation helper function:

arcsinZ(F) :Cp—C
arcsin:( P () returns a close approximation to arcsin(z) in C with maximum error maz_error_singp).
Further requirements on the arcsin:( P) approximation helper function are:
arcsing p, (conj(z)) = conj(arcsinz(F)(z)) if z € Cp and (|Re(z)| <1 or IJm(z) #0)
arcsinz(F)(—z) = —arcsinz(p)(z) if z € Cr and (|Re(z)| < 1 or IJm(z) #0)
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The relationships to the arcsiny, arcsinh¥,, and arccosh}. approximation helper functions for
arcsing, arcsinhp, and arccoshp operations in an associated library for real-valued operations

shall be:

arcsing g (x) = (—7/2) 4+ (- arccosh},(—x))

fze Fand x < —1

arcsing p) (x) = arcsinj(x) ifze Fand |z| <1
arcsing p, () = (n/2) + (- arccosh}y(z)) if x € Fand x > 1
arcsing g (i-y) =1-arcsinh}(y) ifye F

The arcsin (p) Tange limitation helper function:

a csinfEF)

The|arcsing ) operation:

af csing )

af csing )

NOTE -

Q

csineg g (

5.3.2.9 Radian arc cosine

The arcosp_(

)

of 2 -7 added to it, and the result is.also in the solution set. The arcsin function (re-
tyrning the principal value for the inyefse) branch cuts at {z | z € R and |z| > 1}. Thus

afccosp_o(r) K 5% c(F U {-0})

ccosp_cpy @) = downp(m) +i- negr(arccoshp(negr(r)))

(2) = max{upp(—m/2), min{Re(arcsiny p(2)), downp(w/2)}} + (i- Jm(ate

1 ¢(F) — ¢(F) U{underflow}
(z +i-y)
= result? p (arcsinﬁF)(x + (1-y)),nearestr)
ifz,yc F
= nege(r)(arcsing ) (0 +1- negr(y))
ifx=-0
= conjo(py(arcsing gy (z +1-0))
if y=—0 andhx # —0
= arcp(absp(y), z) +1- mulp(signuwing (y), +00)
if (x €f*~00,+00} and y € F U {—00,+00
(g€ {—00,400} and = € F)
= no_resultypy(z +1-y) otherwise

The inverse of sin is multi-valued, the real part may have any integer multiple

x +i- 0) # arcsingpy(z 4i- (—0)) when [z] > 1.

F) operation:

if (x€ Fand x < —1) or x = —00
= arccosp(x) +i- (—0)
if (x € Fand x| <1)orz=-0

—n-l-?.anFthF(T> f(reF andx 1)nrfr’—-l-m

= no_result p_c(p) () otherwise

The arccosip)_(r) operation:

arccosi(py—e(r) : 1(F) — c(F)

arccosi(py—q(r) (1 y)

54

= upp(m/2) +i- negr(arcsinhp(y))
if (ye Fandy <0)orye {—o0,—0}

m:(F)(z)))
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= downp(m/2) +i- negr(arcsinhp(y))
if (ye Fandy >0) or y =+00
= no_resulty ) _o(py (1 y) otherwise

The arccos*( P) approximation helper function:
arccos® o(F) ° :Cp—C
arccosy F)( z) returns a close approximation to arccos(z) in C with maximum error maz_error_sing(r).

Further requirements on the arccos:( F) approximation helper function are:

arccosy p(conj(z)) = conj(arccosy - (2)) if z € Cp and (|Re(2)] <1 or Im(z) #0)
Im(nrﬁﬁncc (—2)) = — Im(n'rr*r*ncqr)( Pif 2 e Cp and (Re()] <1 or Tm(z) £ 0)

&)
The relationships to the arccosy,, arccoshy,, and arcsinh}, approximation helper funstjons for

arccdsy, arccoshp, and arcsinhp operations in an associated library for real-valuedbopdrations
shall [be:

arccos’ )(x) — (i-arccosh(—z)) ifrx e Fandaz < -1
arccosy g (x) = chosF(x) ifx € Fand|z|] <1
arccosy p (x) = —(- arccosh}.(x)) ifre Fanda >1
arccos’ )( y) = (1/2) — (1-arcsinhj(y))if y € F

The arccosfi ) range limitation helper function:

arccosﬁF)(z) = max{upp(m/2), min{Re(arccosyp((¥)), downp(w)}} + (- Jm(ardeosy ) (2)))
if D‘ie(z) < 0
= min{iﬁe(arccos:(m(z)), downp(m/2)} + (1- Jm(arccos:(F)(z)))
i Re(2) > 0

The arccos.(r) operation:
arccosq(py : ¢(F) — c(F'U{-0})
arccosq(py(r +1- y)
= resulty (drccos™ oF )(x + (1-y)),nearestr)

if x,y € Fand (y # 0 or |z| > 1)
= arcéosy(z) +i- (—0) ifze Fandy=0and |z|<1
= upp(n/2) +1- negr(arcsinhp(y))

ifx=-0
= conjo(py(arccosq gy (z +1-0))

ify=—0and z # —0
= arcp(z,y) +1- (—oo)  if z € {—00,+00} and

((y € Fand y > 0) or y = +00)

= arcp(z, negr(y)) +i- (+00)

if v € {—00.400} and

((ye Fand y <0) or y =—00)

= no_resultypy(z +i-y) otherwise

NOTE The inverse of cos is multi-valued, the real part may have any integer multiple
of 2 -7 added to it, and the result is also in the solution set. The arccos function (re-
turning the principal value for the inverse) branch cuts at {z | x € R and || > 1}. Thus
arccosq(py(z +i- 0) # arccos.py(x +1- (—0)) when |z| > 1.
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5.3.2.10 Radian arc tangent

The arctan;py operation:

arctany gy : i(F) — i(F') U {infinitary, invalid }

arctan;py(i-y) =1-arctanhp(y)

The

arctan;(py—c(r) operation:

arctan;(py_c(r) : i(F) — c(F U {-0}) U {infinitary}

arctan; py—qr) (1 y)

= upp(—m/2) +1- arccothp(y)

© 2006 ISO/IEC — All rights reserved

The|
a

arctan

Furt

if{ge F and gy < —1)or g = —00
= mulp(0,y) +i- arctanhr(y)

if (ye Fand |y]<1)ory=-0
= downp(mw/2) +i- arccothp(y)

if(ye Fandy>1) or y =400
= no_resulty py_o(ry(1+ y) otherwise

arctanz( P) approximation helper function:
rctan:’;(F) :Cp—C
(P) (z) returns a close approximation to arctan(z) in C withdnaximum error max_error

her requirements on the a'rctan:( P) approximation helper function are:

afctang (conj(z)) = conj (arctanz(p)(z)) it zeCp
a ctcm:(F)(—z) = —arctang p (2) if z € €r and (Re(z) <1 or Im(z) #0)
The|relationships to the arctany,, arctanhy,, add-arccothy, approximation helper functio
arctank, arctanhp, and arccothp operations .in'@n associated library for real-valued opers
shall be:
afctang () = arctany:(x) iteeF
afctany p (1-y) =1-arctanhi;(y) ifye Fand |yl <1
ctang p (1-y)) = (7/2) + @Fkarccoth}.(y))
ifye Fand |yl >1
The arctanﬁ F) range lithitation helper function:
a ctanjEF)(z) = max{upp(—7/2), min{Re(arctany p(2)), downp(w/2)}} + (i- Jm(arc
The| arctan, ) operation:
afctancd) 3y ¢(F) — c(F) U {underflow, infinitary }
afctafer) (T +1- y)

Llan ).

ns for
tions

ang g (2)))

= result? (arctanﬁm(a: + (1-y)),nearestr)

56

ifx,ye Fand (z#0or |yl #1)
= infinitary (0 +i- mulp(y, +00))

ifr=0and y € {-1,1}
= nege(r)(arctane gy (0 +i- negr(y)))

ifx =-0
= conjo(py(arctancpy(z +i- 0))

if y=—0 and x # —0
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= mulp(signump(x), downp(r/2)) +1- mulp(signump(y),0)
if (z € {—o00,+00} and y € F'U {—00,+00}) or
(x € Fand y € {—00,400})

= no_resultypy(z +i-y)  otherwise
NOTE - The inverse of tan is multi-valued, the real part may have any integer multiple of 2-7
(even any integer multiple of ) added to it, and the result is also in the solution set. The arctan
function (returning the principal value for the inverse) branch cuts at {i-y | y € F and |y| > 1}.
Thus arctancpy (0 +1- y) # arctane ) ((—=0) +i- y) when [y| > 1.

5.3.2.11 Radian arc cotangent

The ¢rccoty gy operation:
arccoty gy : i(F) — i(F) U {underflow, infinitary, invalid }
arccoty gy (i-y) = i arccothp(negr(y))
The arccotypy_o(r) operation:
arccoty py—o(r) : i(F) — ¢(F) U {underflow, infinitary }
arccotpye(r) (i y)
= mulp(signump(y), 0) +1- arccothp(negety))
ifye F and |[yh=1 or y € {—00,+00}
= upp(—m/2) +i- arctanhr(y)
if (y € Foand —1 <y and y <0) or y =40
= downp(m/2) +i- arctanhp(y)
ifgpeFand 0<yandy <1
= no_resultpy_ory(1-y) ‘otherwise

The arccot:( P approximation helper functien:
arccot:(F) :Crp—C

arcc t:( P (2) returns a close approximation to arccot(z) in C with maximum error maz_errof tangr).
Fyrther requirements on the arccotz( P approximation helper function are:

arccoty (conj(z)) = conj(arccot:(F)(z)) if z € Cp and (MRe(z) # 0 or |Jm(2)| > 1)
arccot:(F)(—z) = —arccoty (2) if z € Cp and (Re(z) # 0 or |Jm(z)| > 1)
%e(arccot:(F)(T-y)) =m/2 ifye Fand |y <1

The relationships:to the arccoty,, arccothy,, and arctanh}, approximation helper functjons for

arccdtr, arccothp, and arctanhp operations in an associated library for real-valued opgrations
shall be:

arcColy p )(9:) = arccot(x) ifeeF
aretot’, . (1-y) =1-arccoth(—y) if ye Fand |yl > 1
arccoty (i y) = (—7/2) + (1- arctanh’}.(y))

ifye Fand |yl <1

The arccotz%( ) range limitation helper function:

arccotﬁp)(z) = max{upp(—7/2), min{Re(arccoty ) (2)), downp(m/2)}} + (I- Im(arccoty 1 (2)))
The arccot(r) operation:
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arccote gy : ¢(F) — ¢(F U {=0}) U {underflow, infinitary }

arccote gy (z +1- y)
= result? p (arccotﬁF) (x4 (1-y)),nearestr)
ifr,y€ Fand (J[yl#1lorx#0)and y#0
= arccotp(z) +i- (—0) if x € FU{—00,—0,400} and y =0
— negogr (arceoty(py (0 -+ negr (1))
ifx=-0
= conjo(py(arccoty py(z +i-0))
ify=—0and x # -0
= mulp(signump(z),0) +i- mulp(signump(y),0)
if (x € {—00,+00} and y € F U {—00,+00}) or
(x € F and y € {—00,+00})
= infinitary (0 +i- mulp(y, —00))
ifr=0and ye {-1,1}
= no_result,py(z +i-y) otherwise

OTE — The inverse of cot is multi-valued, the real part may have any integerymultiple of 2- 7w
¢ven any integer multiple of 7) added to it, and the result is also in the solution set. The arccot
Unction (returning the principal value for the inverse) branch cuts at {¥y'}y € R and |y| < 1}.
hus arccot ) (0 +i- y) # arccotry((—0) +1-y) when |y| < 1 or y.=—0.

H1A7

—

5.3.2.12 Radian arc secant

The argsecp_o(r) operation:
afesecp_o(py : ' — ¢(F'U{—0}) U {underflow;infinitary }
afesecp_o(py(7) = arcsecp(z) +1- mulp (signump(x),—0)
if (x € Fand x| > 1) or z € {—00,+400}
= 041 negr(arcsechi(x))
if(re Fand -1<z<0)orz=-0
= downp(m) +ivarcsechp(negr(x))
freFand0<z<1
= no_resultiy_c(r) () otherwise
The|arcsecpy_q(r) operation:

cseci(py—e(F) AW — ¢(F) U {underflow, infinitary}

=)

A CSECY(F)—c () 7))
= downp(m/2) +i- arccschp(y)
if (ye Fandy <0)orye {—o0,—0}
= upp(m/2) +1- arceschp(y)
if (y e Fand y>0) or y =400
= no_resulty gy _c(r)(1* y) otherwise

The arcsecy approximation helper function:
* .
arcsecy py : Cr—2C
arcsecy p (z) returns a close approximation to arcsec(z) in C with maximum error max_error_tang ).

Further requirements on the arcsec;‘( F) approximation helper function are:

arcsecz(F)(conj(z)) = conj(arcsecz(F)(z)) if z € Cr and (Jm(z) # 0 or |Re(z)| > 1
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The relationships to the arcsecy, arcsech},, and arccsch}. approximation helper functions for
arcsecg, arcsechp, and arccschp operations in an associated library for real-valued operations
shall be:

arcsecy p (x) = arcsecy(x) ifz € Fand |z| >1

arcsecy (x) = —1- arcsech}(x) ifreF)and |z <1land z#0

arcsecy (i-y) = (n/2)+ (1-arceschi(y))if y € F

The arcsecz%( ) range limitation helper function:

arcsecz%(F)(z) = min{%e(arcsecz(m (2)),downp(m/2)} + (- Sm(arcsec:(F)(z)))

if Re(2) >0
= max{upp(7/2), min{%e(arcsecz(},)(z)), downp(m)}} + (- jm(arcsec:(F)(z)))

if Re(z) <0

The arcsecepy operation:
arcsecypy : ¢(F) — c¢(F) U {underflow, infinitary}

arcsecypy (v +i-y)
= result:(F)(arcsecﬁF) (x4 (-y)),nearestr)
if z,y € F and (20 or y # 0)
= infinitary (down(mr/2) +i- (+00))
if y=0and »=0
= arcsece(py (0 +i- negr(y))
it v =~0
= conjo(py(arcsecepy(z +i- 0))
ifgo=—0 and = # —0
= mulp(signump(x), downr(r/2)) +1- mulp(signump(y),0)
if (z € {—o00,4+00} and y € F'U {—o00,+0
(y € {—00,400} and = € F)
= no_result. p)(&F1-y) otherwise

}) or

[}

NOTE - The inverse of sec is\multi-valued, the real part may have any integer multip|e
of 2 -7 added to it, and thetresult is also in the solution set. The arcsec function (r
turning the principal valuéfor the inverse) branch cuts at {z | z € R and |z| < 1}. Thys
arcsecq(py(x +i- 0) # ancsecypy(z +i- (—0)) when [z| < 1 or = —0.

9%
I

5.3.2.13 Radian(@arc cosecant

The ¢reesep_, gy operation:

arccsépory - F' — ¢(F U {=0}) U {underflow, infinitary}

arecscr_q(ry(z) = arcescp(x) +1- mulp(signump (), 0)
S L ond o

IR
H{-cFandt{et=>H-or=
= upp(—m/2) +i- negr(arcsechp(negr(z)))
if (e Fand -1 <2 <0)orz=-0
= downp(mw/2) +i- arcsechp(z)
fzeFand0<z<1

= no_resultp_q(p)(z) otherwise

The arccseyyy operation:
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arcescipy + i(F) — i(F) U {underflow, infinitary }
arcescipy(1-y) = 1-arceschp(negr(y))
The arccscl‘( F) approximation helper function:
arccsc:(F) :Cp—C
arcescy () returns a close approximation to arccsc(z) in C with maximum error max_error tangp.

Further requirements on the a'rccscz( F) approximation helper function are:

arccsc:(F)(conj (2)) = conj (arccscz(F)(z)) if z € Cp and (Jm(z) # 0 or |Re(z)| = 0)
arcescy py(—2z) = —arcescy g (2) if z € Cp and (Jm(z) # 0 or |Re(z)| > 0)

Thef relationships to the arccscy, arccschy,, and arcsecy approximation helper functiops for

arccscy, arccschp, and arcsecp operations in an associated library for real-valued .gperations
shall b

14

=)
Q
)
»
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ifre Fand|z|>1
a ccscC(F)(:U) = (7/2) + (1-arcsecy(x)) ifx € F and |z| <1
afcesc (F)(I -y) =1-arceschi.(—y) ityeF

The arccscﬁ F) Tange limitation helper function:

a ccscfEF)(z) = max{upp(—m/2), min{ﬁ‘ie(arccscz(F)(z)), dowwp(m/2)}} + (- jm(arccsci(F)(z)))
The|arcescyry operation:
afeescepy 2 ¢(F) — ¢(F U {=0}) U {underflow, infinitary }
afeesce(py (v +i- y)
= result? p (arccscfEF) (x +divy)), nearestr)

ifix,ye Fand (y#0or 0 < |z|<1)
= arccscp(z) +1- (—0), >if v € Fand y =0 and |z| > 1
= infinitary (0 +1i: (--00))

ifr=0and y=0
= nege(r)(arceselry(0 +i- negr(y)))

ifx=-0
= conj(pylarcescepy(z +1-0))

if y=—0 and x # —0
=malp(signump(x),0) +1- mulp(signump(y), —0)

if (x € {—00,+00} and y € F U {—00,+00}) or

y € {—o00,+00} and z € F

= no_result. g (v +1- y) otherwise
NOTE_ <= The inverse of csc is multi-valued, the real part may have any integer multiple
of 2--\w)added to it, and the result is also in the solution set. The arccsc function (re-

thrnivg the principal value for the inverse) branch cuts at {z | z € R and |z| < 1}. Thus
arcescopy(x 41 0) # arcesce(py(z +i- (—0)) when |z <1 or 2 = —0.

5.3.3 Operations for hyperbolic elementary functions

NOTE - The correspondences specified below to other ISO/IEC 10967 operations are exact,
not approximate.
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5.3.3.1 Hyperbolic normalisation

radhp : FF — F

radhp(x) ==z

radh; gy : i(F) — i(F') U {underflow, absolute precision_underflow }

radhipy(i-y)  =1-radp(y)

radhepy : ¢(F) — c(F) U {underflow, absolute precision underflow}

TaaNC (X +1° J)
=z 41 radr(y)

5.3.3.2 Hyperbolic sine

The $inh;py operation:

sinhipy 1 i(F) — i(F") U {underflow, absolute_precision underflow }
sinhypy(i-y) =1 sinp(y)

The sinhgr) operation:

sinhe(py : ¢(F) — ¢(F) U {underflow, overflow, absplute_precision underflow }

sinhepy(z +1- y)
= itimesq(p)(sine r) (y +i- nedr(7)))

5.3.3.3 Hyperbolic cosine

The ¢osh;ry operation:

coshipy : i(F) — F'U {underflow, absolute _precision underflow}

coshypy(iry) = cosp(y)

The coshpy operation:

coshe(py 1 ¢(F) — c(I')y U {underflow, overflow, absolute _precision underflow}

coshe(p (41 y)
= cosq(p)(y +1- negr(x))

5.3.3.4 Hyperbolic tangent

The fady ) operation:

tanhipy 1 i(F) — i(F') U {underflow, overflow, absolute precision underflow}
tanhyp)(i-y)  =1-tanp(y)

The tanh.py operation:
tanhepy : ¢(F) — ¢(F) U {underflow, overflow, absolute_precision underflow }

tanhep) (x 41 y)
= itimesc(F) (tanc(F) (y +1- negp (ZE)))

5.3.8 Operations for hyperbolic elementary functions
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5.3.3.5 Hyperbolic cotangent

The coth; )y operation:
cothipy : i(F) — i(F') U {underflow, overflow, infinitary, absolute_precision underflow }
cothyp)(1-y) =1 cotp(negp(y))
The cothpy operation:
cothe(py : ¢(F) — ¢(F) U {underflow, overflow, infinitary, absolute_precision_underflow}

cothe(p) (x 41 y)
= itimes.(p)(cotepy(negr(y) +1- x))

5.3.3.4 Hyperbolic secant

The sefh; ) operation:

VA

echipy 1 i(F) — F U {overflow, absolute_precision underflow }

VA

echi ) (i) = secp(negr(y))
The| sech(ry operation:

chepy 2 ¢(F') — c(F) U {underflow, overflow, absolute_precision underflow }

[v2)

[v2)

Chc(F) (JZ‘ +i- y)
= sece(ry(negr(y) +1- x)

5.3.3.17 Hyperbolic cosecant

The csghip) operation:

[¢)

schi(py + i(F) — i(F7) U {overflow, infinitary, absolute_precision_underflow}

[¢)

schypy(1ry) =1 escr(negr(y))
The| csche(r) operation:

5che(r) @ ¢(F) — c(F) U {underflow, overflow, infinitary, absolute precision underflow}

v

e

’Chc(F) (.%' +1- y)
= itimesq(p)(csce ) (negr(y) +i- x))

5.3.3.8 Inverse.hyperbolic sine

The argsinh;gy-operation:

afesindipy 2 i(F) — i(F) U {invalid}
ket b e}y — 1 aresismlar)
€5 Y SRy

The arcsinh;py_.(r) operation:
arcsinhipye(p)  1(F) — c(F)

arcesinhipy_q(r) (1 y)
= itimes;(r) (arcsinp_w(F) (y)

The arcsinhe gy operation:
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arcsinhgpy : ¢(F) — c¢(F) U {underflow}

arcsinhgpy(z +i-y)

= itimes(p)(arcsingpy(y +1- negr(z)))
NOTE - The inverse of sinh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7w added to it, and the result is also in the solution set. The arcsinh function
(returning the principal value for the inverse) branch cuts at {i-y | y € R and |y| > 1}. Thus
arcsinhepy (0 +1- y) # arcsinhepy (=0 +1-y) when |y > 1.

5.3.3.9 Inverse hyperbolic cosine

The

5.3.3

The arccoshi(py_.c(r) operation:

The arccosh,ry operation:

.10/ Inverse hyperbolic tangent

TCCOBI [ o (F) ODCIAtion:
arccoshp_o(py : F'— c(F'U{—0})
arccoshp_q(p) ()
= itimes(p)(arccosp_q(r)(T))
if (x € F and x < 0) or x €{-+00,—0}

= nege(r) (itimescpy(arccosp () ()))
otherwise

arccoshi py—c(ry * 1I(F) — c(F)

arccoshi(z) oI )
= itimes(p)(arccosi(py—qr) (I* Y))
if (W &¥ and y > 0) or y = 400
= nege(r) (itimescpy (arccositp) —.c(r)(i+ y)))
otherwise

arccoshqpy : ¢(F) — c(F)

arccoshqpy(z +i- y)
= itimes gy (arccos.py(x +i- y))
if (y € Fand y > 0) or y = 400
= negere) (itimese gy (arccosq ) (T +1-y)))
otherwise
NOTE - The~inverse of cosh is multi-valued, the imaginary part may have any integer
multiple of 2 szddded to it, and the result is also in the solution set. The arccosh functidn
(returningthe*principal value for the inverse) branch cuts at {z | € R and < 1}. Thiis
arccosh{(py{x +1- 0) # arccoshe(py(x +1i- (—0)) when z < 1 or 2 = —0.

The arctanhp_,(r) operation:

arctanhp_o(py : F' — c¢(F U {=0}) U {underflow, infinitary}

arctanhpﬂc(p) ()
= i arctanypy—q(r) (- negr(r))

The arctanh; ) operation:

5.3.3

arctanhypy - i(F) — i(F)

Operations for hyperbolic elementary functions

ISO/IEC 10967-3:2006(E)
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arctanh; gy (i- y) = 1- arctanp(y)
The arctanh ) operation:
arctanhepy : ¢(F) — ¢(F) U {underflow, infinitary }
arctanhepy(z +1- y)
= itimes.(p)(arctane gy (y +1- negr(r)))

NOTE - The inverse of tanh is multi-valued, the imaginary part may have any integer
multiple of 2 - 7 (even any integer multiple of ) added to it, and the result is also in the
solution set. The arctanh function (returning the principal value for the inverse) branch cuts
at {z | x € R and |z| > 1}. Thus arctanhepy(x+i-0) # arctanhe py(z+i-(—0)) when |z| > 1.

5.3.3.11 Inverse hyperbolic cotangent

The arpcothp_,(ry operation:

afccothp_qpy : F' — ¢(F U {—=0}) U {underflow, infinitary}
afecothp_q(r) ()

= 1~ arccotypy—(r) (1 7)

The| arccoth;r) operation:

rccothpy 2 i(F) — i(F) U {underflow }

rccothypy(1-y) = 1+ arccotp(negr(y))

The|arccoth ) operation:

ccothe(py : ¢(F) — c¢(F) U {underflow, infinitary }

=)

=)

)

)

ccothe(py(z +1- y)
= itimese(p)(arccoty g (n€gr (y) +i- r))
NOTE The inverse of coth is multi-valtued, the imaginary part may have any integer
ultiple of 2 - 7 (even any integer multiple of ) added to it, and the result is also in the
lution set. The arccoth function (returning the principal value for the inverse) branch cuts
{z |z € R and |z| < 1}. Thus akécothe(py(x +1- 0) # arccothepy(x +i- (—0)) when |z| < 1
xz =—0.

o ® w5

5.3.3.12 Inverse hyperbolic secant

The argsechp_,(p) operation:

)

csechp_ oy ' — ¢(F U {—0}) U {underflow, infinitary}

)

csechiQin(©)
= itimes(p(arcsecp_.q(py(T))
if (x € Fand x < 0) or x € {—o00,—0}
= MEJc(F) (LLUTES () (AT CSECE —c(F)(Z)))
otherwise

The arcsechip)_(r) operation:

arcsechi(p)_q(r) : 1(F) — ¢(F) U {underflow, infinitary }
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arcsechy(py—eo(r) (i y)
= itimes.p)(arcsecipye(r) (1 y))
if (y € Fand y > 0) or y =400
= nege(r) (itimescpy(arcsecipyo(r)(1+ y)))
otherwise

>

The arcsech(r) operation:
arcsechepy : ¢(F) — ¢(F) U {underflow, infinitary }

arcseche ) (r +1- y)
= itimes(p)(arcsecpy(z +i- y))
if(ye Fandy>0)ory=-+400
= nege(r) (itimesq gy (arcsece gy (v +i- y)))
otherwise

NOTE - The inverse of sech is multi-valued, the imaginary part may have any integer-multip|e
of 2- 7 added to it, and the result is also in the solution set. The arcsech function (returning
the principal value for the inverse) branch cuts at {x | + € R and = < 0 orlae > 1}. Thys
arcsechepy(z +i- 0) # arcsechqpy(z +i- (=0)) when z < 0 or z = —0 or\ 2371,

5.3.3.13 Inverse hyperbolic cosecant

The greesch; gy operation:
arceschypy : i(F) — i(F) U {underflow, invalid }
arceschipy(1-y) = i- arcescr(negr(y))
The arceschipy_(r) operation:
arceschipy_o(r)  1(F) — c¢(F) U {underflow, infinitary}
arceschipy_e(r) (i y)

= itimes(p)(arcc§Gp_qo(r)(y))
The arcesche(r) operation:
arceschepy @ ¢(F) — ¢(F) Ufunderflow, infinitary }
arceschepy (@ +1- y)

= itimesq(py(arcesce py(negr(y) +i- x))

NOTE - The inverse of csch is multi-valued, the imaginary part may have any integer
multiple of 2 - m _added to it, and the result is also in the solution set. The arccsch functign
(returning the\ptincipal value for the inverse) branch cuts at {i-y | y € R and |y| < 1}. Thi
arceschoe( 0+ y) # arceschepy (=0 +i-y) when |y| <1 or y = —0.

wn

5.4 | Qperations for conversion between imaginary and complex numeric dptatypes

5.4.1 Integer to complex integer conversions

Let I and I’ be the non-special value sets for two integer datatypes, at least one of which of those
occurring in each operation’s signature expression conforms to part 1 of ISO/IEC 10967.

convert_qqy : I — c(I)
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convertr ()

=x+i-0

converty ey : (1) — c(I)
converty () (i y)
=041y
convert;p_iy + (1) — i(I") U {overflow}

converty i) (1- y)

o Lo
— 1* COTNLoci l'/I_>I/ \y}

cpnvertoy oy - ¢(I) — c(I') U {overflow}

)

pvert e e (T +1- y)
= convertr_,p () +1- convert;_p(y)

5.4.2 | Floating point to complex floating point conversions

Let F gand F’ be the non-special value sets for two floating point.-datatypes, at least one of Wwhich
of those occurring in each operation’s signature expression gonforms to part 1. Let D be the
non-spgcial value set for a fixed point datatype (see Clause 54.5 in part 2).

The| convertp_ () operation:

cpnvertp_opy : ' — ¢(F U{-0})

)

pnvert p_q(py ()
=z +i-imp(z) if v € FU{—00,—0,+00}
= no_result p_o(r)(z) otherwise

The| convert; py_(r) operation:

pnvert; gy _qr) - 1(F) — e(BU {-0})

)

)

Dnvert; gy _o(F) (i-y)
= rejr) (1 y) +i-y ifye FU{—00,—0,400}
=100 _result; py_(r)(1- y) otherwise

The| converty@mi=;r) operation:

@)

nvertp) —ipry : 1(F) — i(F') U {underflow, overflow }

)

wverti gy iy (1 y)

~

£ Lo\
— 1T CUNLUCT U [ \y)

The convertpy_..(r/) operation:
convertypy—e(pry : ¢(F) — c(F') U {underflow, overflow}

converty p)—e(rry (T +i- y)
= convertp_ g (x) +1- convertp_, g (y)
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The convert; py_;p) operation:
convertypy_i(p)y : i(F') — i(D) U {overflow}

convert;(py_ip) (- y)
= 1. convertp_,p(y)

The convert.p)_(p) operation:
convertypy—q(p) : ¢(F) — ¢(D) U {overflow}

converty py—e(py (T +i- y)
= convertp_,p(x) +1- convertp_,p(y)

The convert; p)_ir) operation:
converty p)_ir) : i(D) — i(F) U {underflow, overflow }

converty py—ir)(1- y)
= 1. convertp_p(y)

The convert,py_..r) operation:
converty py—e(r) : (D) — c¢(F) U {underflow, overflow}

converty py—e(r) (T +i- y)
= convertp_.p(x) +1- convertp_, p(y)

5.5 | Support for imaginary and complex numerals

Rather than specifying special numerals for imyaginary and complex values, imaginary and com-
plex pinits are specified in this document. These imaginary and complex units can be used as a
basis|for expressions that transform ordimary numerals to imaginary or complex numerals| Many
progjamming languages also specify_special numeral forms for imaginary or complex numerals,
eithet for the programming language syntax or for input/output formats. These can be expressed
using| the units specified here.

Tlhe imaginary and complex unit operations are as follows:

imaginary-unitie)
=1. 1

imaginary-unit.
=0+4+i-1

ipaginary -unit; g
=11

imaginary - unit. g
=0+4+i-1

5.5 Support for imaginary and complex numerals 67
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Notification is the process by which a user or program is informed that an arithmetic operation
cannot return a suitable numeric result. Specifically, a notification shall occur when any arith-
metic operation returns an exceptional value. Notification shall be performed according to the
requirements of Clause 6 of part 1 of ISO/IEC 10967.

An implementation shall not give notifications for operations conforming to this document,
unless the specification requires that an exceptional value results for the given arguments.

The

default method of notification should be recording of indicators.

6.1

If noti
mentat
Contin
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additio
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ontinuation values

cations are handled by a recording of indicators, in the event of notificationthe i
jon shall provide a continuation value to be used in subsequent arithmietic opera
hation values may be in I, (1), c(I), F', i(F) or ¢(F) (as appropriate) (of-be special
the real or imaginary component is —0, —oo, +00, or a gNNalN).

ting point datatypes that satisfy the requirements of IEC 60559 have special valy

n to the values in F. These are: —0, 400, —o0, signaling"NaNs (sNalN), and
(qNalN). Such values may be components of complex floating point datatypes, and

be incwded in values passed as arguments to operations, and used\in results or continuation v
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uting system often provides some of'the operations specified in this document withi
of a programming language. The requirements of this document shall be in additi
mposed by the relevant prograiiming language standards.
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document does not define the syntax of arithmetic expressions. However, progranjmers

know how to reliably dcegess the operations specified in this document.

OTE 1 — Providingtthe information required in this clause is properly the responsibility
programming language standards (or a binding standard between this document and a
ogramming language). An individual implementation would only need to provide details if
could not citetan appropriate clause of the language or binding standard.

mplementation shall document the notation that should be used to invoke an operat
ks a parameter specified in this document and made available. An implementation s
bng’ the notation that should be used to invoke an operation or to access a para

on or
hould

nmeter
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d N1 this document and that could be made available
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For example, the complex radian arc sine operation for an argument z (arcsingg)(v))
might be invoked as

arcsin(x) in Ada [2]

casin(z) in C [4]

asin(x) in Fortran [6] and C++ [5]
(asin z) in Common Lisp [I0]

Relationship with language standards
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The requirement that the notation that should be used for accessing operations or parame-

ters that are not made available should also be documented is a recommendation to reserve
that notation for future use (or present use by some implementations). Thus, doing so

would be a way of saying that that notation should not be used for something else, no
e.g., for a less accurate but otherwise similar operation.

T,

An implementation shall document the semantics of arithmetic expressions in terms of com-
positions of the operations specified in Clause [5] of this document and in Clause 5 of part 1 and
Clause 5 of part 2 of ISO/IEC 10967.

d)

Only
notifi
be ddg

appli

The textual scope of such transformations shall be documented, and any mechanisi

provi

8

In or
follow

metic expressions (or groups of expressions) that it permits. Typical transformationsi

Insertion of operations, such as datatype conversions or changes in precision,

Replacing operations (or entire subexpressions) with others, such as “cogf(-%)” — “d
(exactly the same result) or “pi - arccos(x)” — “arccos(-x)” (more’accurate re

Evaluating constant subexpressions.

Eliminating unneeded subexpressions.

transformations which alter the semantics of an expression-(the values produced, :
cations generated) need be documented. Only the kinds of permitted transformatio
cumented. It is not necessary to describe the specific ‘ehoice of transformations that
bd to a particular expression.

He programmer control over this process should be documented as well.

NOTE 4 - 1t is highly desirable that programming languages intended for numerical u
provide means for limiting the transformations applied to particular arithmetic expression|
Control over changes of precision is particularly useful.

Documentation regquirements

ring information o, programmers.

NOTE 1 — Mueb/of the documentation required in this clause is properly the responsibility
programming-language or binding standards. An individual implementation would only neq
to provide.details if it could not cite an appropriate clause of the language or binding standar

A listvof the provided operations that conform to this document.

\nd the
s need

will be

ns that

Her to conform to this -part, an implementation shall include documentation providing the

e

Fot/each box error mode parameter, the value of that parameter. Only box erro

r mode

parameters that are relevant to the provided operations need be given.

¢) For each maximum error parameter, the value of that parameter or definition of that param-
eter function. Only maximum error parameters that are relevant to the provided operations

need be given.

d) The value of the parameters big_angle_rp and big_angle_up. Only big angle parameters that

are relevant to the provided operations need be given.

8. Documentation requirements

69
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For the nearestp function, the rule used for rounding halfway cases, unless iec_559F is fixed
to true.

For each conforming operation, the continuation value provided for each notification con-
dition. Specific continuation values that are required by this document need not be docu-
mented. If the notification mechanism does not make use of continuation values (see Clause
@, continuation values need not be documented.

NOTE 2 — Implementations that do not provide infinities or NaNs will have to document
any continuation values used in place of such values.

For each conforming operation, how the results depend on the rounding mode, if rounding

nrodesare provided—Operations ey be sersttive to-the Tourdig Tmode; orsermstive] to it,

ut even then need not heed the rounding mode.
or each conforming operation, the notation to be used for invoking that operation.

or each box error mode parameter, the notation to be used to access that\paramete|.

he notation to be used to access the parameters big_angle_rp and)big_angle up.

or each of the provided operations where this document gpecifies a relation to another

b
H
H
For each maximum error parameter, the notation to be used to accegs$ that parameter.
T
H
operation specified in this International Standard, the binding for that other operation.

For numerals conforming to this International Standard) which available string convérsion
operations, including reading from input, give exactly the same conversion results, eyen if
the string syntaxes for ‘internal’ and ‘external’ nwmerals are different.

Sinde the integer and floating point datatypes uséd in conforming operations shall satisfy the
requirenents of part 1 of ISO/IEC 10967, the following information shall also be provided by any

conforrhing implementation.

n)

o)

70

Trhe means for selecting the modes;dfoperation that ensure conformity.

Tlhe translation of arithmetic expressions into combinations of the operations providgd by
hy part of ISO/IEC 10967 including any use made of higher precision. (See Claus¢ 7 of
art 1.)

Q

P

Tlhe methods used for'notification, and the information made available about the notificfition.
(pee Clause 6 of part'1.)

T

he means for\selecting among the notification methods, and the notification method used
in the absence of a user selection. (See Clause 6.3 of part 1.)

When-“tecording of indicators” is the method of notification, the datatype used to represent
Ihd(see Clause 6.1.2 of part 1), the method for denoting the values of Ind, and the nofation

mualeing aaeh AL 4 o Jiaod 0 S nmadioe B ao thn ot Af B o4ty s ot e

)
fortnvokingeach-of the—“indieator’ operations—i—is-the set-of notifieationindiestors! The

association of values in Ind with subsets of F must be clear. In interpreting Clause 6.1.2 of
part 1, the set of indicators E shall be interpreted as including all exceptional values listed
in the signatures of conforming operations. In particular, £ may need to contain infinitary
and absolute_precision_underflow.

Documentation requirements
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Annex A
(normative)

Partial conformity

ISO/IEC 10967-3:2006(E)

If an implementation of an operation fulfills all relevant requirements according to the main
normative text in this part, except the ones relaxed in this annex, the implementation of that
operation is said to partially conform to this part.

A.l

This

In
what
shall

is ma
A

great

A.2

This
begin

In
value
error

rtial conformity shall not be claimed for operations that relax other requirements tha
bd in this annex.

Maximum error relaxation

part has the following maximum error requirements for conformity.

maz_error muly gy € [0.5,5]
maz_error_divy gy € [0.5,13]

maz_error_expery € [0.5,7]
maz_error_powery gy € [0.5,15]

maz_error_sing gy € 0.5, 11]
maz_error tanyy € [0.5,14]

a partially conforming implementation the maximum error parameters may be great,
is specified by this part. The maximumderror parameter values given by an impleme
5till adequately reflect the accuracy ofthe relevant operations, if a claim of partial con
de.

partially conforming implementation shall document which maximum error paramete
br values than specified by this part, and their values.

Extra accuracy.requirements relaxation

part has a number of extra accuracy requirements. These are detailed in the par
ning “Further vequirements on the op}. approximation helper function are:”.

a partially*conforming implementation these further requirements need not be fulfille
5 retutnied must still be within the maximum error bounds that are given by the mg
parameters, if a claim of partial conformity is made.

n those

cr than
ntation
formity

rs have

graphs

d. The

ximum

A

partially conforming implementation shall document which extra accuracy requirements are
not fulfilled by the implementation.

A. Partial conformity
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A.3 Relationships to other operations relaxation

This part has a number of requirements giving relations to other operations. These are detailed
in the paragraphs beginning with wordings like “Relationship to the op}. approximation helper
function for operations in an associated library shall be:”.

In a partially conforming implementation these relationships need not be fulfilled. The values
returned must still be within the maximum error bounds that are given by the values provided
for the maximum error parameters, if a claim of partial conformity is made.

A partially conforming implementation shall document which operation relationships are not
fulfilled by the implementation.

A.4 |Part 1 and part 2 requirements relaxation

Part 3 epends on the datatypes and operations specified in part 1, as well as the opérationq (and
approxjmation helper functions) specified in part 2. Part 1 and part 2 allow for jpartial confoymity.
Part 3|operations may thus be only partially conforming if a relevant datatype or operatjon is
only pdrtially conforming to part 1 or part 2.

72 Partial conformity
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Annex B
(informative)

Rationale

In the informative annexes of this document, LIA-1 refers to part 1 of ISO/IEC 10967, LIA-2
refers to part 2, and LIA-3 refers to this document.

This annex explains and clarifies some of the ideas behind Information technology — Language
y o damdt ooathon ofo g Doget Q. (Yoppnd oo (oot o oo ognnd sonadbog odoa o d oonaan] o o] ong oo
indeperdent—arithmette—Part-3—Comples—Hoatingpoint—arithmetie—ari—comples—etermentary nu-

meri¢al functions. The clause numbering matches that of the standard.

B.1| Scope
B.1.]1 Inclusions

Integpr complex datatypes are included in Common Lisp [10]. Integer complex numbers are
somefimes referred to as Gaussian numbers.

Injaginary datatypes are included informatively in the currént”version of the C progrgmming
langage standard (annex G of [4]) and normatively in the‘cutrent version of the Ada language
standard (annex G of [2]).

B.1.2 Exclusions

LIA-3 only covers Cartesian complex datatypes? Polar complex datatypes are not includdd since
no widely known programming language provides them. However, operations for conversign from
polar{representation to Cartesian represefibation are included both in some programming languages
and ip LIA-3.

N¢ither rational nor fixed point complex datatypes are covered by LIA-3 since (as yet) no
part pf LIA covers rational orfixed point datatypes. (Note that Common Lisp includes cpmplex
datatlypes that have rational datatype values in the parts.)

B.2 | Conformity

Conformity to4his standard is dependent on the existence of language binding standardg. Each
progifamming-anguage committee (or other organization responsible for a programming lgnguage
or other §pecification to which LIA-1, LIA-2, and LIA-3 may apply) is encouraged to produce
a binditig” covering at least those operations already required by the programming langufage (or
similar) and also specified in LIA-3.

The term “programming language” is here used in a generalised sense to include other comput-
ing entities such as calculators, spread sheets, page description languages, web-script languages,
and database query languages to the extent that they provide the operations covered by LIA-3.

Suggestions for bindings are provided in Annex [C] Annex [C] has partial binding examples for
a number of existing programming languages and LIA-3. In addition to the bindings for the
operations in LIA-3, it is also necessary to provide bindings for the maximum error parameters

B. Rationale 73
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specified by LTA-3. Annex [C| contains suggestions for these bindings. To conform to this standard,
in the absence of a binding standard, an implementation should create a binding, following the
suggestions in annex [C|

B.3 Normative references

The referenced IEC 60559 standard is identical to the IEEE 754 standard and the former IEC 559
standard.

The origin of IEC 60559:1989, IEEE 754:1984, was undergoing revision during the development
of this part.

See [Annex E of ISO/IEC 10967-2:2001 regarding the first edition (published in 1994) of
ISO/IHC 10967-1.

See [Annex [F| of this part regarding the first edition (published in 2001) of ISO/IEC 109¢7-2.

B.4 Symbols and definitions
B.4.1 | Symbols
B.4.1.]l Sets and intervals

The inflerval notation is in common use. It has been chosen over the other commonly used inferval
notation because the chosen notation has no risk of confusion with the pair notation.

B.4.1.2 Operators and relations

Note that all operators, relations, and other*mathematical notation used in LIA-3 are uded in
their cgnventional exact mathematical senses*They are not used to stand for operations spdcified
by IE( 60559, LIA-1, LIA-2, LTA-3, or,svith the exception of program excerpts which are clearly
marked, any programming language<JE.g. x/u stands for the mathematically exact resjlt of
dividing x by u, whether that value-is representable in any floating point datatype or not|, and
x/u # fivp(x,u) is often the casex"Likewise, = is the mathematical equality, not the eqp operation:
0 # —(, while eqr(0,—0) = true.

For mathematical complex values, conventional notation with + and - is used. For the imagi-
nary unit, the symbol(i is used.

It is|importantyte distinguish this mathematical notation for values in C and the notatior] used
to expifess valués)in ¢(X) or i(X). For ¢(X) the binary operator +1i- is used. Its only functjion is
to creafe a pair of values corresponding to a value in C. Similarly, for i(X), the unary operafor i
is used| Mrcreates a 1-tuple corresponding to a value in C where the real part is 0.

B.4.1.3 Mathematical functions

The elementary functions named sin, cos, etc., used in LIA-3 are the exact mathematical functions,
not any approximation. The approximations to these mathematical functions are introduced
in clauses [5.3| and and are written in a way clearly distinct from the exact mathematical
functions. E.g., sinz( F) cos:( F) etc., which are unspecified mathematical functions approximating
the targeted exact mathematical functions to a specified degree; sing ), cose(r), etc., which are

74 Rationale
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the operations specified by LIA-3 based on the respective approximating function; sin, cos, etc.,
which are programming language names bound to LIA-3 operations. sin is thus very different
from sin.

B.4.1.4 Exceptional values

LIA-3 uses the same set of exceptional values as LIA-2.

B.4.1.5 Datatypes and special values

LIA §ITows Tor three methods for handing nofifications: recording of indicafors, change of|control
flow [returnable or not), and termination of program. The preferred method is recorfling of
indicators. This allows the computation to continue using the continuation values. For-underflow
and imfinitary notifications this course of action is strongly preferred, provided that a quitable
contihuation value can be represented in the result datatype.

No¢t all occurrences of the same exceptional value need be handled thiesame. There may be
expli¢it mode changes in how notifications are handled, and there may- be implicit changes. E.g.,
invallid without a specified (by LIA-3 or binding) continuation valti€ to cause change of [control
flow (like an Ada [2] exception), while invalid with a specified cofitinuation value to use refording
of indicators. This should be specified by bindings or by implémentations.

The operations may return any of the exceptional valués overflow, underflow, inpvalid,
infinftary, or absolute_precision_ underflow. This,ddes not imply that the implemenked op-
eratigns are to actually return any of these values. Wheén these values are returned according to
the IIA specification, that means that the implementation is to perform a notification hpndling
for that exceptional value. If the notification handling is by recording of indicators, then what is
actuglly returned by the implemented operation is the continuation value.

B.4.1.6 Complex value constructors and complex datatype constructors

For integer and floating point, datatypes, the set of non-special values are subsets of Z|and R
respeptively (LIA-1). However,if we do the parallel here, defining the set of non-special values
as supsets of G and C, the handling of special values becomes awkward. The latter would| need a
pair fepresentation for the full complex case. Instead, we use a pair representation for all complex
valuep. In additionywe’ then also get an easy notational difference between imaginary gnd full
compllex datatypesy Unfortunately, we also get a distinction between this pair formation, and the
arithmetic expfession resulting in a complex value in G or C. This distinction has to be carefully
mainfained_in-the specifications in the rest of the document.

B.4.2 “Definitions of terms

Note the LIA distinction between exceptional values, exceptions, and exception handling (hand-
ling of notification by non-returnable change of control flow; as in e.g. Ada). LIA exceptional
values are not the same as Ada exceptions, nor are they the same as IEC 60559 special values.

B.4.2 Definitions of terms 75
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B.5 Specifications for the imaginary and complex datatypes and operations

B.5.1

Imaginary and complex integer datatypes and operations

Of the programming languages covered in annex [C], only Common Lisp has support for complex
integers, but not imaginary integers as separate from complex integers.

Since LIA-3 distinguishes between complex and imaginary floating point, that same distinction
is also made for the integer case.

“Real” integers and imaginary integers can be compared for order, while complex integers only

can be

compared for equality or inequality.

The
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floating
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B.5.2

rey operation 1s specified for completeness. It is the identity function on integers; e
y for NaN values (which are rare in integer datatypes) Likewise is the im operation
completeness. It always returns zero. Note, however, that the imaginary part) of a
point value is not the same for all arguments, even though it is always a zéro. Sim
11d return signed zero as impg does, if the integer datatype supports signed zero. T1

d for completeness.

binary operations, except comparisons for order, allow for contbining “real” integer,
hteger and complex integer of the same base integer datatype. Bindings may gene
also allow different base integer datatypes, converting theZsmaller ones to the larges
hg as arguments to the operation.

umy is specified in this part of LIA, since the signg‘operation specified in the first e
1 is not consistent with the signump operatiorfyalso specified in this part. The sign|
bf the first edition of LIA-1 return zero for a.zero argument. This is not consistent
nch cuts specified for elementary operations'in this part. For signum; and signum
cut view is used, and they only return<<1 or 1, never zero (of any sign).

Fe is no signume(r) operation. Thesmathematical function would normalise the val
t circle. But since only four values in c¢([) is on, or even close, to the unit circlg
mation for returning a c¢(I) value is too great. If one wants to compute an approxin
signum of a c(I) value, firgtconvert the value to c¢(F), and then compute signum,
lue.

les.(r) 1s the operation‘version of the divides relation specified in clause

and min operations are defined only for imaginary integer values, since complex inf
ordered in mathematics. A lexicographic order is easy to define, but that is another
ring that i9out of scope for LIA.

Imaginary and complex floating point datatypes and operations

xcept
spec-
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larly,
his is,

r, rare, so is not specified explicitly by LIA-3. Also the conj; and cowg; ;) operations are
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B.5.2.1 Maximum error requirements

B.5.2.2 Sign requirements

B.5.2.3 Maximum error requirements

The values for the error parameters given later in the normative part of this document are largely
taken from the Ada standard [2].
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B.5.2.4 Basic arithmetic for complex floating point

F must be a subset of R. Floating point datatypes can have infinity values as well as NaN values,
and also may have a —0. These values are not in F'. The special values are, however, commonly
available in floating point datatypes today, thanks to the wide adoption of IEC 60599.

Note that for some operations the exceptional value invalid is produced only for argument
values involving —0, 400, —oo, or sNalN. For these operations the signature given in LIA-3 does
not contain invalid.

The report Floating-Point C Ezxtensions [16], issued by the ANSI X3J11 committee, discusses
possible ways of exploiting the IEC 60559 special values. The report identifies some of its sug-
gestinis as controversial and cites Branch Culs jor Compler Elementary Functions, .of Much
Ado pbout Nothing’s Sign Bit [14] as justification. The report Complex Floating-Poinit\€| Exten-
stons|[17], also issued by the ANSI X3J11 committee, extends these recommendations)te imaginary
and cpmplex datatypes. These reports have strongly influenced the C99 [4] prograiiming lapguage.

Tle implicit zero imaginary part of a value in F' and the implicit zerp. real part of h value
in i(}") is a very strong zero, here written 00. Note that 00 is not représented in the datatype
correyponding to F, nor in i(F') or ¢(F'), not even as a component. 00-is strong in the serse that
00 overtrumps NaN and infinity values, which neither 0 nor —0 does/ I'e. the implicit zerges (00)
work|as if the rules of the following table applies (plus commutativity):

mullr(0,4+00) = invalid(qNaNN) mulp(—0,+400) = invalid(qgNaN) mulr(00, +po) = 00
mullp(0, —00) = invalid(qINalN) mulp(—0,—00) = invalid(gNaN) mulr(00, —po) = 00
mullr(0,gNalN) = gNaN mulp(—0,qNaN{.= gNaN mulr(00,gNalN) = 00
mullr(0,sNaN) = invalid(gNaN) | mulr(—0,sNalN) = invalid(qNaN) | mulr(00,sINaN) = 00

and further as if addr (00, z) = x, even for signalling NaNs. The basic idea here is that 00 is not
only mostly treated as exact even though it may be-the result of an approximation (as othef values
are hhndled), but that 00 really is exact, nevet<the result of an approximation. Instead of repre-
sentimg 00 in any floating point datatype, which would necessitate new floating point datfatypes,
severpl programming languages have cho§én to use triplets of datatypes (corresponding to |F, i(F')
and |(F'), but adding special values). TIA-3 adheres to this convention.

When the implicit 00 is madefexplicit, one has to choose between 0 and —0 (if the lhtter is
reprepentable). In doing so, sigirsymmetry is observed by the specifications in LIA-3. Thislis done
in su¢h a way that it is coherent with the sign symmetry of some trigonometric (and hyp¢rbolic)
opergtions that accept walues in F' (or i(F')) but return a value in c¢(F). This is in ofder to
mainfain also the sigi._symmetry, even when —0 is not representable. This also adhereq to the
sign gymmetry conyertions of Common Lisp and C99. Further, when negative zero (—0) is not
reprepentable, a’) as the real part or as the imaginary part of the argument is to be considered to
be —p consistently with the above.

Anotheryapproach would be not to regard implicit zeroes as 00, but as ordinary zerq. This
rendqrs.the i(F') datatypes superfluous, and they are usually omitted in this approach. This
approach is both less efficient and looses information needlessly. In this approach one also uses
just one complex NaN, only one (unsigned) complex infinity, and only one (unsigned) complex 0.
Again this looses information needlessly, in particular if the infinities or zeroes are the result of
approximations. Again that speaks against this approach. In this approach one sometimes also
do not distinguish the signs of zero, forcing programmers to write expressions like max (posvalue,
FMIN) and min(negvalue, -FMIN), to avoid zero but (with error prone programming) nearly
mimic the signed zeroes. In this approach one does also not always follow conjugate symmetry

B.5.2 Imaginary and complex floating point datatypes and operations 7
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and sign symmetry rules when part of the argument is zero, which for this approach leads to
surprising changes of results when doing algebraic manipulations based on those rules. For the
reasons given here, this approach is not taken for LIA-3.

B.5.3 Elementary transcendental imaginary and complex floating point operations
B.5.3.1 Operations for exponentiations and logarithms
The LIA-3 exponentiation and inverse exponentiation operations that take imaginary or complex

arguments interpret the imaginary part (of the argument or result respectively) as in radians.

Opera jons that take an oxtrag ‘Hnafnﬂg pr‘nhf qv‘g11mon+7 gn 1hg the non-radian cy clic 11'|r11f'7 can be

made, paralleling such operations (for trigonometric operations) in LIA-2. Such operations are
not included in LIA-3, because no programming language requires them for complex-argumnjents.

However, the complex result power operation uses |z/2| < big_angle_up, as the “angle” qutoff,
since that is more logical in connection with the power operation, as well as\being easler to
implenjent (no multiplication by 7).

B.5.3.2 Operations for radian trigonometric elementary functions

The LIA-3 trigonometric and inverse trigonometric operations &hat take imaginary or coiplex
argumgnts interpret the real part (of the argument or result respectively) as in radians. Opergtions
that tgke an extra floating point argument, giving the con-radian cyclic unit, can be inade,
paralleling such operations in LIA-2. Such operationstare not included in LIA-3, becauke no
prograjnming language require them (with the exception of phaseu and polaru which are required
by Adg).

The| notation here is taken from Handbookof mathematical functions with graphs, forrulas,
and mathematical tables. The equalities thét involve an uppercased elementary function name
refer tHe multi-valued inverses. The equalities then say the values on the left side (seen as a get) is
equal tp the values on the right side (seen as a set). This could be expressed more conventionally,
using spt notation, but this notation 1$ borrowed since it is convenient. The lowercase namgs for
inverseg are the corresponding funetions, denoting the principal value for the multi-valued inyerse.

B.5.3.2.1 Radian angle normalisation

The raglian angle normalisation operations normalise the angle part (the real part) of the argyment

to be wjithin [dowfr(—7), upp ()] (or, if the correction given in annex|[F|is used: [upp(—n), downp(m))).
While fiseful for programs where one wishes to keep angle information at a high accuracyj it is
not, an{ cannot be, sufficiently accurate for implementing the trigonometric operations specified in
LIA-3.[AMermalisation function that is almost sufficient for that is specified in LIA-2: azis_fadp.
Some extra accuracy bits for the normalisation are still needed for implementing the trigonometric
operations with respect to sign and accuracy requirements. axis_radg is not generalised to the
complex case, since there is little or no convenience to be gained compared to using axis_radp
directly on the relevant part of a complex value.
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B.5.3.2.2 Radian sine

The following equalities have been used to derive the LIA-3 requirements:
sin(—z) = —sin(z)
sin(conj(z)) = conj(sin(z))
sin(z+k-2-m)=sin(z) if k € Z
(

sin(z) = cos(mw/2 — z)

sin(z) = —1-sinh(i-z) =1-sinh(-1- z)

sin(i-y) = —1-sinh(—y) =1 sinh(y

RIS SRS U TN N AVITIE SIS NN SR\
5 N A A 5

B.5.3.2.3 Radian cosine

The following equalities have been used to derive the LIA-3 requirements:

cos(—z) = cos(z)

cos(conj(z)) = conj(cos(z))

cos(z +k‘27r)—cos()ifk62
cos(z) = sin(m/2 — 2)

cos(z) = cosh(1- x) = cosh(—1- x)

cos(z +1-y) = cos(x) - cosh(y) —1-sin(z) - sinh(y)

B.5.3.2.4 Radian tangent

The following equalities have been used to derive the LIA-3 requirements:
tan(—z) = — tan(z)

tan(conj(z)) = conj{tan(z))

tan(z + k-2 -7)=tan(z) if k € Z

tan(z) = cot{a/2 — 2)

tan(z)=+1-tanh(i-z) =1- tanh(-1-z)
tan(Tyy) = —1-tanh(—y) =1- tanh(y)
tar(r +1-y) = —1-tanh(—y +1-2) =1-tanh(y —1- )

Note that every non-zero integer multiple of 7 is a cycle for tangent. Since 2 - 7 is the smallest
positive cycle that is common to all of the trigonometric functions, that is the cycle concentrated
on for all of them, even though some have 7 as cycle too.
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B.5.3.2.5 Radian cotangent

The following equalities have been used to derive the LIA-3 requirements:
cot(—z) = — cot(2)
cot(conj(z)) = conj(cot(z))
cot(z+k-2-m)=cot(z)if ke Z
cot(z) = tan(mw/2 — z)
(

cot(z) = 1/ tan(z)

cot(z) =1-coth(i-z) = —1- coth(—1- x)
coti——t—eoth{—y——r—cothi{s)

cpt(z+1-y) =1-coth(—y+1-2) = —1-coth(y —1-x)

B.5.3.2.6 Radian secant

The following equalities have been used to derive the LIA-3 requirements:
>c(— ) = sec(z)
bc(conj(z)) = conj(sec(z))
bc(z+k-2-m) =sec(z)if ke Z
bc(z) = cse(m/2 — z)
(

bc(2) = 1/ cos(z)

UJUJUJUJU)

€3]

bc(z) = sech(1- ) = sech(—1- z)
s¢c(1-y) = sech(—y) = sech(y)
+1-y) =sech(—y +1-z) =sech(y — 1 %)

»n
o

—~
ISt

B.5.3.2.7 Radian cosecant

The following equalities have been used to derive the LIA-3 requirements:

cpe(—z) = —cse(z)

cpe(conj(z)) = conj(csc(z))
cpc(z+k-2-m)=csc(z)ifke Z
cpe(z) = sec(m/2 — %)

cpe(z) = 1/ sin(z)

cpc(z) =1-¢8c¢h(i- z) = —1-csch(—1-x)
cpe( . ) = —1-csch(y)

Y
sch(—y +1-x) = —1-csch(y —1- )

B.5.3.2.8 Radian arc sine

The following equalities have been used to derive the LIA-3 requirements:
arcsin(—z) = — arcsin(z)
arcsin(z) = m/2 — arccos(z)
arcsin(conj(z)) = conj(arcsin(z)) if IJm(z) # 0 or |Re(z)| < 1
Arcsin(x +1-y) = —1- Arcsinh(—y +1-x) =1- Arcsinh(y —

1-7)
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B.5.3.2.9 Radian arc cosine

The following equalities have been used to derive the LIA-3 requirements:
arccos(—z) =1- 7 — arccos(z)
arccos(conj(z)) = conj(arccos(z)) if IJm(z) # 0 or |Re(z)| < 1
arccos(z) = m/2 — arcsin(z)
Arccos(x +1-y) = +1- Arccosh(x +1-y)

B.5.3.2.10 Radian arc tangent

The fottowing equalities have been used to derive the LIA-3 Tequirements:
arctan(—z) = — arctan(z)

arctan(conj(z)) = conj(arctan(z)) if Re(z) # 0 or |Im(z)| < 1
arctan(z) = +m/2 — arccot(z)

Arctan(x +1-y) = —1- Arctanh(—y +1-x) =1- Arctanh(y —1- )

B.5.3.2.11 Radian arc cotangent

The following equalities have been used to derive the LIA-3 reqdirgments:
arccot(—z) = —arccot(z)

arccot(conj(z)) = conj(arccot(z)) if Re(z) # 0 or |Im(2)] > 1
arccot(z) = +m/2 — arctan(z)

Arccot(x +1-y) =1- Arccoth(—y +1- x)

arccot(z) = arctan(1/z)

B.5.3.2.12 Radian arc secant

The following equalities have been used to derive the LIA-3 requirements:
arcsec(—z) = 7 — arcsec(z)

arcsec(conj(z)) = conj(areSec(z)) if Im(z) # 0 or |Re(z)| > 1
arcsec(z) = m/2 — arccsc(z)

Arcsec(x +1-y) = %1+ Arcsech(z +1-y)

arcsec(z) = arccos(1/z)

B.5.3.2.13 Radian arc cosecant

The following equalities have been used to derive the LTA-3 requirements:

avéesc(—z) = —arcesc(z)

arccsc(conj(z)) = conj(arcesc(z)) if Im(z) # 0 or [Re(z)| > 1
arcesc(z) = 7/2 — arcsec(z)

Arcese(x +1-y) =1+ Arcesch(—y +1- )

arcesc(z) = arcsin(1/z)
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B.5.3.3 Operations for hyperbolic elementary functions

The operations for hyperbolic elementary functions are all defined directly in terms of “turned”
imaginary and complex trigonometric operations of a “turned” argument. Their specifications are
therefore rather short. It’s done this way for several reasons:

a) The hyperbolic operations are less commonly used than the trigonometric ones.

b) The connections with the corresponding trigonometric operations are exact rather than
approximate.

¢) The hyperbolic functions have some ‘irregularities’ (expressed as conditionals in the specifi-
cationsfortheinverse b p/\vll'\ olie-operations—forarccosh-and-aresee W thatthe +wgfmn hetric

1c 1 o210
p=avy yu;wu;u;;u TOT oo O TT—oT

operations don’t have. It is therefore slightly easier to specify the hyperbolic operations in
t¢rms of the trigonometric ones rather than the other way around.

&)

also specifies exact correspondences between the complex hyperbolic operations and the

[13

bmplex trigonometric operations (though the other way around, and skipping the “ifregu-
l4r” operations, compared to the specification in LIA-3).

d)

(@)

The| LIA-3 hyperbolic and inverse hyperbolic operations that take ithaginary or complg¢x ar-
gumentgs interpret the imaginary part (of the argument or result respectively) as in radians| Op-
erationk that take an extra floating point argument, giving the nion-radian cyclic unit, cin be
made, paralleling such operations (for trigonometric operations)-in LIA-2. Such operations are
not included in LIA-3, because no programming language require them.

B.5.3.8.1 Hyperbolic normalisation
B.5.3.8.2 Hyperbolic sine

Only the relationship to the corresponding trigonometric function is used in deriving the LIA-3
specifidation.
nh(z) = —1-sin(i-z) =1-sin(&3 - x)
nh(i-y) = —1-sin(—y) =Ii-sin(y)
nh( +1-y)=—1-sin(Fyi1-2) =1-sin(y

U)UJ

—i-2)

2]

B.5.3.8.3 Hyperbolic\cosine

Only the relationship:to the corresponding trigonometric function is used in deriving the L.IA-3
specifidation.

Q

bsh(z)= cos(i- z) = cos(—1- z)
bsl(1+y) = cos(y) = cos(—y)

c-l'\{m_l_1 o — cacl a0y LT
St 9 ST—Y—T=

(@)

) — coclay 1)
U AN 7

Q

T

B.5.3.3.4 Hyperbolic tangent

Only the relationship to the corresponding trigonometric function is used in deriving the LIA-3
specification.
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tanh(z) = —1-tan(i-z) =1- tan(—1- )

1-y)=—1-tan(—y) =1- tan(y)
tanh(z +1-y) = —1-tan(—y+1-2) =1-tan(y —1- z)

B.5.3.3.5 Hyperbolic cotangent

Only the relationship to the corresponding trigonometric function is used in deriving the LIA-3
specification.

coth(z) = tanh(i- 7/2 — z)

coth(z) =1-cot(i-z) = —1- cot(—1- )
coth(1-y) =1-cot(—y) = —1- cot(y)
coth(z +1-y) =1-cot(—y+1-2z)=—1-cot(y —1-x)

B.5.3.3.6 Hyperbolic secant

Only|the relationship to the corresponding trigonometric function is used in deriving thg LIA-3
specification.

sech(z) = sec(i- x) = sec(—1- x)

sech(i - y) = sec(—y) = sec(y)
sech(x +1-y) =sec(—y+1-z) =sec(y —1- )

B.5.3.3.7 Hyperbolic cosecant

Only|the relationship to the corresponding trigenometric function is used in deriving th¢ LIA-3
specification.

csch(z) = sech(i-7/2 — 2)

csch(z) =1-csc(i- ) = —1- cse(—1@7)
csch(i-y) =1-cse(—y) = —1- cscly)
esch(zx +1-y) =1-csc(—y+1%x) = —1-csc(y —1-x)

B.5.3.3.8 Inverse hyperbolic sine

Only|the relationship (to the corresponding trigonometric function is used in deriving th¢ LIA-3
specification.

Arcsinh(@+1-y) = —1- Arcsin(—y +1-x) =1- Arcsin(y —1- x)

B.5.3.3.9. Inverse hyperbolic cosine

Only the relationship to the corresponding trigonometric function is used in deriving the LIA-3
specification.

Arccosh(x +1-y) = £1- Arccos(x +1-y)
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B.5.3.3.10 Inverse hyperbolic tangent

Only the relationship to the corresponding trigonometric function is used in deriving the LIA-3
specification.

Arctanh(z +1-y) = =1+ Arctan(—y +1-x) =1+ Arctan(y —1- )
B.5.3.3.11 Inverse hyperbolic cotangent

Only the relationship to the corresponding trigonometric function is used in deriving the LIA-3
specification.

Arcecoth(x +1-y) =1- Arccot(—y +1- z)
afccoth(z) = arctanh(1/z)

B.5.3.8.12 Inverse hyperbolic secant

Only the relationship to the corresponding trigonometric function is used.in) deriving the LIA-3
specifigation.

csech(z) =1-m/2 — arcesch(z) if Re(z) > 0
resech(x +1-y) = £1- Aresec(z +1- y)
csech(z) = arccosh(1/z)

N

I~

B.5.3.8.13 Inverse hyperbolic cosecant

Only the relationship to the corresponding trigonomeétric function is used in deriving the 1.IA-3
specifidation.

Feesch(z) =1- /2 — arcsech(z) if Re(z) > 0
Arcesch(x +1-y) =1- Arcese(—y +¥s x)
apcesch(z) = arcsinh(1/2)

<

B.5.4 | Operations for conyersion between imaginary and complex numeric datatiypes
B.5.5 | Support for imaginary and complex numerals
B.6 [Notification

B.6.1 | Continvation values

Some d¢perations are specified applications of one or more other operations. In these casds the
notificgtions of the “suboperations” are recorded, if recording of indicators are used, and a fresult
(continuation value) is to be computed from the continuation values of the “suboperations”.

B.7 Relationship with language standards

B.8 Documentation requirements
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Annex C
(informative)

Example bindings for specific languages

ISO/IEC 10967-3:2006(E)

This annex describes how a computing system can simultaneously conform to a language stan-
dard (or publicly available specification) and to LIA-3. It contains suggestions for binding the
“abstract” operations specified in LIA-3 to concrete language syntax. The format used for these

example bindings in this annex is a short form version, suitable for the purposes of this ann

actug
as in
ident

Pd

progy
LIA-

ex. An

| binding is under no obligation to follow this format. An actual binding shouldhpwever,
the bindings examples, give the LIA-3 operation name, or parameter name, boungl to an

fier (or expression) by the binding.

rtability of programs can be improved if two conforming LIA-3 systems” using th
amming language agree in the manner with which they adhere to OIA-3. For in
requires that the parameter big_angle rr be provided (if any corforming complex

trigo

BigAngle and another by the identifier MaxAngle for the same progrdmiming language, por
is impaired. Clearly, it would be best if such names were defined.in the relevant language sté
or binding standards, but in the meantime, suggestions are givén here to aid portability.
consigtency cannot, however, be fully maintained between different programming languag
to aljeady existing differences in naming conventions, and\LTA does not require wholesale
changes, nor expression syntax changes.

Tle following clauses are suggestions rather than requirements because the areas covd
the r¢sponsibility of the various programming language standards committees. Until bindiy
dardq are in place, implementors can promoté.“de facto” portability by following these sugd

ont

The languages covered in this annex'are:

This list is noftexhaustive. Other languages and other computing devices (like ‘sc

calcu
to LI

In

ometric operations are provided), but if one system provides it by means of the id

ir own.

Ada
C

C++
Fortran
Common Lisp

ators, ‘web'script’ languages, and database ‘query languages’) may be suitable for con
A-3.

this-annex, the parameters, operations, and exception behaviour of each language

e same
stance,
radian
entifier
tability
ndards
Name
es, due
haming

red are
1g stan-
estions

jentific’
formity

are ex-

amin

bdNO see how closely they fit the requirements of LIA-3

a) For parameters and operations provided (semanticswise, or with a very close semantics)

via the specification of a programming language, their syntax is marked with a *
occasionally noting minor deviations (which bindings are allowed to have).

below,

b) Where parameters or operations are not provided by the language, suggested names and

syntax for them are given but marked with a f.

C. Example bindings for specific languages
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¢) Some provided operations are closely related to LIA-3 operations, but not specified by this
version of LIA-3; the syntax for such operations are in addition to the { noted as “Not
LIA-3”.

This annex describes only the language-level support for LIA-3. An implementation that wishes

to conform must ensure that the underlying hardware and software is also configured to conform
to LIA-3 requirements.

A complete binding for LIA-3 will include, or refer to, a binding for LIA-2 and LIA-1. In turn,
a complete binding for LIA-2/LIA-1 may include, or refer to, a binding for IEC 60559. Such a
joint LIA-3/LIA-2/LIA-1/TEC 60559 binding should be developed as a single binding standard.
To avoid conflict with ongoing development, only the LIA-3 specific portions of such a binding
are exgmplified in this annex.

Mosdt language standards permit an implementation to provide, by some means, the paranheters
and opprations required by LIA-3 that are not already part of the language. The method fpr ac-
cessing|these additional parameters and operations depends on the implementationr and language,
and is hot specified in LIA-3 nor exemplified in this annex. It could includecgxbternal subrdutine
librarigs; new intrinsic functions supported by the compiler; constants and functions provided as
global [‘macros”; and so on. The actual method of access through libraries, macros, etc. should
of courpe be given in a real binding.

Most language standards do not constrain the accuracy of elementary numerical functions, or
specify[the subsequent behaviour after an arithmetic notification-6ccurs.

In the event that there is a conflict between the requirements of the language standardl and
the requirements of LIA-3, the language binding standafd should clearly identify the confligt and
state itjs resolution of the conflict.

C.1 |Ada

The programming language Ada is defined by ISO/IEC 8652:1995, Information Technology —
Prografnming Languages — Ada [2].
An Jmplementation should followz all the requirements of LIA-3 unless otherwise specifipd by
this la)jguage binding.
The|operations or parameters marked “i” are not part of the language and should be provided

by an inplementation thatwishes to conform to LIA-3 for that operation or parameter. Foi each
of the arked items a(Suggested identifier is provided.

The| Ada datatype*Boolean corresponds to the LIA datatype Boolean.

Evety implementation of Ada has at least one integer datatype, and at least one floating [point
datatype. Fhe notations INT and FLT are used to stand for the names of one of these datatypes
(respedtively) in what follows.

Ada has Tmaginary and complex floating point datatypes. Standard Ada does not have any
imaginary and complex integer datatypes, but such can be added as libraries (including infix
syntax for certain operators). The notations IINT and IFLT are used to stand for the names of
one of the imaginary datatypes (for integers and floating point respectively), and the notations
CINT and CFLT are used to stand for the names of one of the complex datatypes (for integers
and floating point respectively).
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Ada has an overloading system, so that the same name can be used for different types of
arguments to the operations. However, the constants i and j are defined in a generic package,
but do not have any arguments whose types can determine which package instance is used (unless
there is only one instance). The constants i and j may therefore need to be qualified with which
package instance in used, even if that package is ‘open’.

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:

eqi(ry(z,y) T =y f
eqri(r)(z,y) T =y t
eqin),1(z,y) T =y t
eqr c(l)(x Y) r =1y T
eqe(1),1(T,Y) T =y ]
eqi(r ),c(l)( Y) T =y T
eqC(I),i(I)(xay) T =y 1
eqe(n) (T, Y) T =y f
negi(r)(x,y) T /=y T
neqr i) (z,y) T /=y T
negir),r(x,y) T /=y T
neqy (1) (LU,y) T /=y T
neqe( ),I(xvy) T /=y T
negir),o(n) (T, y) x /=y T
neqe(r),i(n) (T, y) /=y T
neqer) (T, y T /=y T
Issiry(z,y) r <y T
legi(ry(z,y) r <=y T
gtrin (z,y) T >y f
geqin(z,y) z >3y f
itimes_i(r)(z) oo T
itimes;( () ii * o T
itimes.(r) () ii * o T
res(z) Re () T
reir () Re(z) T
req(n) () Re(z) T
imy(x) Im(z) T
imiry () Im(x) T
iMer)(T) Im(x) T
plusitimesy(z,y) Compose_From_Cartesian(z,y) or T

ity 4
negiry(z) -z T
nege(r)(z) -~z t
conjr(x) Conjugate (x) T
congy(py(z) Conjugate (x) T
conjery(x) Conjugate () T
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add;( ) (z,y Tty T
addy 51)(z,y) Tty T
addypy,1(z,y) Tty T
addy oy (z,y) Tty T
addepy,1(z,y) Tty T
addi(py,c(r) (7, y) T +y ]
addcryi(r)(2,y) T +y T
add(p)(z,y T+ oy 1
suby(py (T, y) T -y T
St 1,1\1)(‘1‘79) H—=—Y T
stibir) 1(,y) r -y T
stbr (1) (,y) T -y T
S bc(]),](%l/) r -y T
S bi([),c(l)(xvy) r -y ¥
spibe(1),i(n) (T, Y) T -y T
sibe(r) (@, y T -y T

ulyry (@, y) T kY T

ulp i (z,y) T *y T

uly(ry,1(7,y) T *y T

uly o1y (2, y) T oxy T

UZC(I),I(x7y) T *xy T

uzi([),c([)(xay) T *y T

ule(ry i) (T, y) T o*y T

ule(ry(z,y) T *y T
apsi() () abs x T
sfgnumy(x) Signum(x) T
sfgnumi(ry(z) Sighum (z) T
djvides;ry(z,y) Divides(z, y) T
djvidesy ;) (7,y) Divides(x, y) T
djvides; (7, y) Divides(x, y) T
djvidesr (r)(z, y) Divides(x, y) T
djvides.ry,r(z3y) Divides(x, y) T
djvides;py.é (I)(:): ) Divides(x, ¥) T
djvidescayi(n (T, y) Divides(z, y) T
djvidesy () (, y) Divides(z, y) T
quoti(ry(z,y) Quotient(x, ¥) T
quot i1y (z,y) Quotient(x, ¥) T
quoty(ry (7, y) Quotient(x, ¥) T
quotr oy (,y) Quotient (x, ) T
quote(p),1(z,y) Quotient (z, ¥) T
quoti(ry e(n) (T, y) Quotient (z, ¥) T
quote(r) i(n) (T, y) Quotient (z, ¥) T
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quotyry(z,y) Quotient(z, y) T
mod;py(,y) x mod y T
mOdI,i([)(ﬂfay) z mod y t
mod;(p) 1(,y) x mod y ]
mOdl,c(I)(xvy) r mod y T
mOdc(I),I(l’ay) x mod vy +
mod;(r) o(1)(%, y) z mod y t
mOdc(I),l(] (%,y) r mod y T
modcp)(x,y x mod y T
ratioy (v, y) Ratio(x, y) T
ratior ;(ry(z,y) Ratio(x, y) T
ratioy ) 1(z,y) Ratio(z, y) b
ratior () (2,y) Ratio(z, y) T
ratiog(ry,1(z,y) Ratio(z, y) T
ratioyry o) (7, y) Ratio(z, y) T
ratiog(r) i) (T, y) Ratio(x, ¥) T
ratiog (e, y Ratio(z, ¥) T
residue;( ) (, y) Residue(x, y) T
residuer iy (z,y) Residue(x, y) T
residue;(r) 1(z,y) Residue(z, y) T
residuer o1y (,y) Residue(z, y) T
reszduec([),l(:c,y) Residue(x, ) T
residue;(ry o) (T, y) Residue (zg,y) T
residuecry i) (T, y) Residue(x, ¥) T
residueq (v, y) Residue(x, ¥) T
groupyp)(z,y) Group(z, y) t
groupr i (z,y) Group(z, y) T
group;ry 1(,y) Group(z, y) T
groupr oy (,y) Group(x, y) T
groupe(r),1(z,y) Group(x, y) T
groupi(r) (1) (45 Y) Group(z, y) i
groupe( i(nE: y) Group(z, y) f
groupe p{esy) Group(z, ¥) +
padi py(x,y) Pad(z, y) T
pddt i) (2, y) Pad(z, y) T
padi(I),I(xay) Pad(z, y) ]
padl,c([)(xvy) Pad(z, y) T
padc([),[(xvy) Pad(z, y) T
padi([),c(])(xay) Pad(z, y) T
padc(]),i(])(xay) Pad(z, y) T
padc(]) r,y) Pad(z, vy) t
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maxi(r)(z,y) IINT Max(z, y) T
minl(]( Y) IINT’Min(z, y) T
mazx_seqi(ry(zs) Max (zs) T
min_seqyr )(acs) Min(xs) T

where x and y are expressions of type INT, IINT, or CINT as appropriate, and xs is an expression
of type array (Integer range <>) of IINT.

The parameters for LIA-3 operations approximating real complex valued functions can be
accessed by the following syntax:

box_error_mode_mul(p) Box Err Mul (z) 1
ar err mal ) Err Mul () 1
bpx_error_mode_divy () Box_Err Div(x) T
npaz_err_diver) Err Div(z) T
Ztax,err,expc( F) Err Exp(z) 1
AT _€TT_POWET ¢ (F) Err Power (x) T
Ztax,err,sinc(p) Err Sin(z) or Err_Sinh(x) 1
azx_err_tang p Err Tan(z) or Err_Tanh(g) T

where [r is an expression of type CFLT. The parameter functions are constant for each| type
(and liprary); the argument is used only to differentiate ameng the floating point types far the
overloading resolution.

The|LIA-3 basic complex floating point operations.are listed below, along with the syntaxy used
to invoke them:

efli(r) (2, ) T =y *
61F1 ( T,y ) r =y T
eff ,y) T =y f
6]FC (.CU,y) r &Y T
efle(r),F (T, Y) x =y t
el ( ) (2, ) T =y T
ec(F 1(F)( Y ) r =y T
ezc(F>( Y) T =y *
ne%(F)(x Y) r /=Y *
neqrir)(2y) z /=y T
neqi(ry F(Q:’y) r /=Y T
nech(F)(fE,y) T /=y T
neqy(r),F (‘T’y) r /=Y T
NeT(F) (I L5 J) T /=7 |
NEq4c(F)i(F )(l',y) r /=Y T
neqe(ry(,y) T /=y *
Issiry(z,y) <y *
ZGQi(F)(xay) T <=y *
gtriey (T, y) T >y *
geqiry(z,y) T >=y *
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itimes p_;(r)(7) i*xax or jx*xux *
itimes;(py—p () i*xx or jx*xux *
itimese(p) () i*xz or j*xux *
rep(z) Re () t
reiry () Re(z) T
req(r)(7) Re (z) *
imp () Im(z) T
im; F)( x) Im(x) *
7y () Im(z) *
plaloafﬁw‘nDQF(m7y) r‘nmpncnj‘vnmfgv+ncim—.(m’y\ or *
r+ixy or x+ J*y *

negiry(z) -z o
neger)(x) -~z *
conjp(x) Conjugate (x) T
conji(ry(z) Conjugate (x) *
conje(py () Conjugate (x) *
add; p(z,y) T +y *
addp;(r) (T, y) Tty *
add;py, (T, y) Tty *
addF,c(F)(x7y) Tty *
addc(F),F(x7y) Tty *
add(ry o(r) (T, ) T+ y *
addc(F),l(F)(xay) Tty *
addypy(z,y) T+ oy *
subypy (T, y) T AN *
subpiry (2, y) -y *
sub(p), (T, y) r -y *
SubF,c(F)(wvy) r -y *
Sch(F),F(xvy) r -y *
subi(r) o(F) (@, Y) T -y *
Sch(F),l(F)(xay) r -y *
sube(ry(, Y T -y *
muly gy, y) T ok y *
mUlFlF)(CU Y) T xy *
i gy (7, y) T *y *
Tl (7 3) T >
gy (. 9) r %y .
mul( F)c (F)(a: y) xr *xy *
muler) iy (T, Y) T kY *
muzc(F)(x7y) T *y *
divy(py (T, y) x /vy *
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d’“)Fl (SL‘,y) z / Yy *
divy( gy, p (7, y) /vy *
dch ) (z,9) x /[y *
dwc(F),F(iL"aZ/) z /vy *
divy(py () (T, Y) r/y *
divc(F),i(F)(xay) z/y *
dive ) (7, y) x/y *
absi(p () abs x *
abse(p)(z) abs x or Modulus(x) *
phaser(x) Argument () T
phase;py () Argument (z) T
phasec ) () Argument () *
phaseuF(u x) Argument (z, u) T
phaseu;py(u, r) Argument (z, u) i
phaseuc( y(u, ) Argument (z, wu) *
sfgnump(x) Signum(z) T
sfgnumip)(x) Signum(z) T
sfgnume(py(z) Signum(z) T
foor(py (z) IFLT’Floor(x) T
foorepy(z) CFLT’Floor(x) T
rpunding;p) () IFLT’Unbiased-Rounding (x) T
rpunding g () CFLT’Unbiased Rounding(x) T
cpiling; gy () IFLT’Ceiling(x) T
cpilingo(py(z) CFLT2€Ceiling(z) T

azi(p) (7, y) I'FPLT Max(x, ) T

maxi g (T, y) Mmax (z, 1) T

iny(r) (7, y) IFLT’Min(x, y) T

ming gy (T, y) Mmin(z, 1) T

az_seqiry(zs) Max (zs) T

maz_seg;ry(26) Mmax (xs) T

in_seqir) (%s) Min(xs) T

min_segyf)(rs) Mmin (zs) T
pplare(x,y) Compose_From Polar(z, ¥) *
pblarup(u, x,y) Compose_From Polar(x, vy, u) *

where x and y are expressions of type FLT, IFLT, or CFLT as appropriate, and u is an expression
of type FLT.

The LIA-3 elementary floating point operations are listed below, along with the syntax used
to invoke them:

poweri(F),I(m'a Y)

powerepy (T, y)

T Rk Yy
T Rk gy

Example

*
* Not LIA-3
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eTPi(F)—c(F) (T) Exp(2) *
erpe(ry(T) Exp(x) *
powerp_o(py (T, Y) Compose_From Cartesian(xz) ** y *
powerepy (T, Y) T *k g * Not LIA-3
sqrtp_o(r)(T) Sqrtc(x) T
8qrti(p)—c(r) () Sqrt (z) T
sqrtcry(z) Sqrt (z) *
Inp_e(r)(z) Logc(x), or T
Log(abs z) + ixArctan(Im(z), x *
Ini(F)—e(r) (T) Log () b
Ini(py—e(r)y(T) Log(abs x) + i*Arctan(Im(x), %
Ingry(z) Log(x) *
radpy(z) Rad (z) T
rade gy () Rad (z) T
siny(py () Sin(xz) or T
i * Sinh(Im(x)) *
sine(ry(z) Sin(x) *
cosi(r)(T) Cos(x) or T
Cosh(Im(x)) *
cose(py () Cos(x) *
tan(g) () Tan(z) *'or T
i * Tanh(Im(x)) *
tanypy () Tan(x) *
coty(ry(T) Cot(x) or T
-i * Coth(Im(x)) *
cote(ry () Cot (x) *
seci(p) () Sec(x) T
sece(r) () Sec(x) T
cseiry(T) Csc(x) T
csce(py () Csc(x) T
arcsinp—e(r)(T) Arcsinc(x) T
arc&iny(r) () Arcsin(x) T
aresing py(z) Arcsin(x) *
arccosp_o(r) () Arccosc(x) T
arccos;i(py—c(r)(T) Arccos(x) T
arccosq() () Arccos(x) *
arctan;py(z) Arctan(x) T
arctan;py—q(r) () Arctanc(x) T
arctan g () Arctan(z) *
arccoty(p)(x Arccot (x) T
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arccoti(py—o(r)(T) Arccotc(x) T
arccot o) () Arccot (x) *
arcsecpﬁc( () Arcsecc(x) T
arcseci(py—e(r) () Arcsecc(x) T
arcsec () () Arcsec(x) T
arcescp_q(r)(T) Arccscc(x) T
arcescip) () Arccsc(x) T
arcesce(ry(x) Arccsc(x) T
radhp(x) Radh(x) T
r Ahl\”(gg) Radh(x) J‘r
rfdhe ) () Radh (x) T
sinhi ) () Sinh(x) T
sinhe(r) () Sinh(x) *
cpshi ) () Cosh(x) T
cpshepy(z) Cosh(x) *
t nhl(p)(:v) Tanh (x) 1
tanhery(z) Tanh (x) *
cpthi(py () Coth(x) T
cpthepy(z) Coth(x) *
schiry(z) Sech(x) T
spchepy () Sech(x) T
cschipy () Csch(z) T
csche(py () Csch(z) T
afesinh; gy () Arcsinh () T
a csmh( )_w(F)( ) Arcsinh&(x) T
afesinhe gy () ArcSinh(z) *
al CCOShF*)C(F)(l') Arceoshc (x) 1
afccoshi(py—o(r)(x) Arccoshc(z) T
afccoshe(py(z) Arccosh(x) *
arctanhFHC(F)( x) Arctanhc(x) T
afctanh; py(z) Arctanh(x) T
apctanhqpy(z) Arctanh(x) *
afecothp_q(my{x) Arccothc(x) T
afccoth; gy () Arccoth(x) T
afccothepry() Arccoth(x) *
afesechp_e(r) () Arcsechc(x) T
ayesethy gy () Arcsechc(x) T
arcseche(py(z) Arcsech(x) T
arceschy gy () Arccsch(x) T
arceschi(p)—c(r) () Arccsche(x) T
arceschy(py () Arccsch(x) T

where x and y are expressions of type FLT, IFLT, or CFLT as appropriate.
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converty_p () Compose _From Cartesian(z) T
convertyry_.c(r)(z) Compose_From_Cartesian(z) T
converty i) (z) ii * INT2(Im(z)) T
convert oy _e(ry () Compose From Cartesian(INT2(Re(x)), INT2(Im(z))) ¥
convertp_(py() Compose _From Cartesian(z) *
COTLU@T’tF;,C(F)(fL') x + i *x Im(x) or x + j * Im(x) T
converty py_c(r) () Compose_From_Cartesian(x) *
convertyp C(F)(m) Re(x) + x T
converty g F/)(x i * FLT2(Im(x)) *
mnvﬂruq“ﬁcw s Compose-Erom-CartesianttLloRelai—HLL2Imlg))) *
convert oy _c(r)(T) FLT2(Re(x)) + i * FLT2(Im(z))) *
wher¢ x is of type IFLT or CFLT as appropriate.

Adla has standard support for input of complex numerals and output of complex’values, [though
not f¢r imaginary values, both to/from strings as well as to/from files, both in(*narrow” chgracters
(Latip-1) and “wide” characters (UCS-2/UTF-16):

converty pry—c(F) (s) Get(s, g, w?); *

converte ’)—>c( m(f) Get(f?, g, w?); *

converty py—c(rr)(Y) Put(s, y, Aft=>a?, Exp=>€?); *

converty p)—c(Fr) (y) Put(h?, y, Fore=>i?, Aft=>a?, Exp=>e?); «*

convertypry—e(r)(S) Get(s, g, w?); *

convertypry—e(r)(f) Get(f?, g, w?) *

converte m)—c(p(Y) Put(s, y, Aft=>a?, Exp=>0); *

converte m)—c(p)(Y) Put (h7?,.%4; Fore=>i?, Aft=>a?, Exp=>0) ;%
wher¢ y is an expression of type CFLTsbase, w, i, a, and e are expressions for non-negative
integers. e is greater than 0. base is-greater than 1. ¢ is a variable of type CFLT. A T above
indicfites that the parameter is optienal. f is an opened input file (default is the default inpjut file).
h is an opened output file (defaultsis the default output file). s is of type String or Wide _§tring.
For Jet of a floating point of fixed point numeral, the base is indicated in the numeral (default
10). For Put of a floating, point or fixed point numeral, only base 10 is required to be supported.
For details on Get and Put, see clause G.1.3 Complex Input-Output, and G.1.4, of IJO/IEC
8652:[1995. The Ada standard is not explicit about the use of UCS-2/UTF-16 for inputfoutput
of “wide” characters. However, there is an implicit assumption of no data loss for data|output
and later inpufc¢again. Though there are several standard external encodings that satigfy that
(e.g. [UTF-8),-ene may also assume that there is no encoding change during I0. Hence, bigtendian
UCS{2/UTF-16 is the only reasonable option (otherwise explicit mention in the Ada stfandard
wouldl have been necessary).

Ada does not have any special programming language syntax (as opposed to I/O syntax)

for complex, or imaginary, numerals in general.

Instead imaginary and complex numerals are

expressed as (compile-time evaluatable) expressions involving a notation for the imaginary unit.

imaginary -unit; ii ]
imaginary -unite(r 0+ii T
imaginary-unit; g i or j *
imaginary-unit. g 0+i or O+j *
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The programming language C is defined by ISO/IEC 9899:1999, Information technology — Pro-
gramming languages — C [4].

An implementation should follow all the requirements of LIA-3 unless otherwise specified by
this language binding.

The operations or parameters marked “{” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the
marked items a suggested identifier is provided.

The LIA datatype Boolean is implemented by the C datatype int (1 = true and 0 = false),

or the

Cd
tation
integer
represe
a decin
imum
well-kn|
unsign

and un
integer
and UI

Ch
binding

C nq
to desi

Ch
doubls
doubls

ten complex and imaginary, respectively. CFLT and IFLT are used below to designate d

the con

For
fixed b

The
floating

hew Bool datatype (usually referred to via the macro bool).

bfines numerous integer datatypes. They may be aliases of each other in an Gniple
defined way. The description here is not complete. See the C standardq:Séme

datatypes have a predetermined bit width, and the signed ones use 2’s\compleme
ntation of negative values: intn_t and uintn_t, where n is the bit(width express
hal numeral. Some bit widths are required. There are also minimuwn’width, fastest
width, and special purpose integer datatypes (like size_t). Al§o,provided are the
own integer datatypes char, short int, int, long int, long\Yeng int, unsigned

ed short int, unsigned int, unsigned long int, and dngigned long long int.
nally there are the integer datatypes intmax_t and uintmax_t that/are the largest provided s

signed integer datatypes. intmax_t and uintmax_t may e¢ven be unbounded with a neg
infinity for the signed variety as INTMAX_MIN and a.positive integer infinity as INTMA
NTMAX_MAX. INT is used below to designate onef the integer datatypes.

s no standard imaginary integer or complex. integer datatypes. However, in the sugg
below, IINT and CINT are used to designate such potential datatypes.

hmes three floating point datatypes: float, double, and long double. FLT is used
bnate one of the floating point datatypes.

hs three complex floating point-~datatypes: float _Complex, double _Complex, and
_Complex, and may have thrée imaginary floating point datatypes: float _Imagi
_Imaginary, and long double _Imaginary. _Complex and _Imaginary are usually

hplex or imaginary, (tespectively) floating point datatypes.

some of the operations below, the C standard defines ‘type generic macros’. Theq
y the C standard, and new ones cannot be defined in program libraries.

operatipns marked “(%)” are available only when the implementation provides imag
point-datatypes.

men-
f the
nt for
ed as
min-
more
char,
Fi-
igned
rative
K_MAX

ested

below

long
nary,
writ-
ne of

€ are

inary

96

L e e e

—_ = = = = — —

Ezxample bindings for specific lang

(the

uages


https://iecnorm.com/api/?name=642fc7cc256dbc98dcbffc222987a875

© 2006 ISO/IEC — All rights reserved ISO/IEC 10967-3:2006(E)

QQC(I)(xay) r ==Y T
negir)(,y) r =y T
neqy i) (,y) r =y T
negy(r),r(,y) r =y ]
n€QI,C(I)(ny) r =y T
neQC(I),I(ny) r =y T
neqi(r),c(n) (T, y) T =y t
neqe(1),i(n) (T, y) T =y t
neqer) (T, y T =y T
Issi(r)(,y) r <y T
legi(r)(,y) r <=y T
gtri(z,y) T >y P
geqir)(z,y) T >=y t
itimes_i(r) () II * ¢ T
itimes;(r)—(x) II * ¢ T
itimes.(p) () II * x T
rer(x) crealit(x) T
reir () crealit(z) T
ree(r) () crealit(z) T
imy(x) cimagit(x) T
im;(ry () cimagit(x) T
ime(r) () cimagit(x) T
plusitimesy(x,y) x + II * y T
negi(r)(z) s t
nege(r)() s t
conjr(x) éonjit(x) T
conjiry () conjit(x) T
conji( )(1‘) conjit(x) T
add;1)(z,y) Tty T
addy 51)(z,y) Tty T
addypy,1(z, ) Tty f
addl,c([)(x7y) T +y T
addc([),[(xvy) T +y T
addi(pye(r) (7, y) T+ oy ]
add{ () i) (7, y) T+ y T
addery(z,y) Tty f
suby(r)(z,y) T -y f
suby i(1)(z,Yy) T -y T
suby(py,1(z,y) T -y f
SUbI,c(])(xay) r -y T
sube(r),1(z,y) T -y f
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subi(r) (1) (2, y) T -y T
Sch(I),i(I)(xay> r -y T
sube(r) .y -y f
mulyry(z,y) T o*y T
muly i) (z,y) T *y T
muls ) 1(z,y) T kY T
muz[,c([)(l‘?y) T *y T
muzc([),](‘r’y) T *y T
muly(r) o1 (T, y) T kY T
:“I;wlcu,lw(x #) iy i

ule(ry(,y) T kY T
apsi(r) () iabst (x) T
sfgnumy(x) signumt (x) i
stgnum;p) () signumt (x) T
djvides;py(x,y) dividest(x, ¥) T
djvidesy r)(x,y) dividest(z, ) T
djvides; ) 1(x,y) dividest(z, ) T
djvidesr o(1y(z,y) dividest(z, ) T
djvides.(r),1(7,y) dividest(x, ¥) T
djvidesi(ry o() (7, y) dividest(z, y) T
djvidesq(r) i) (7, y) dividest(z, y) T
djvides.ry(z,y) dividest(x, y) T
qpotiry(z,y) quott (z, ) t
qpotr iy (z,y) quott (z y) T
qpotiry,1(z,y) quotdle, y) T
qpoty c(z)(l‘,y) quott(x, y) 1
qpote(r),1(z,y) quott(z, y) f
qpotyr) e(n)(,y) quott(z, y) f
qpoteryir)(z,y) quott(z, y) T
qpote(py(z,y) quott(z, y) i

Odi(I)(xay) modt(x, y) 1

ody (1) (z59) modt (x, y) T

Odi(I),I(xvy) modt(x, y) T

odyle)(z,9) modt (z, 1) j

Odc(z),z(ﬂ%y) modt(x, y) 1
mod(ry o(1) (T, Y) modt (x, y) T
modc([) 1(1)( x,y) modt(x, y) 1
mode(ry(z,y) modt(x, y) T
ratioyry(z,y) ratiot(x, y) T
Tatzoll n(z,y) ratiot(x, ¥) T
ratioy ,(x,y) ratiot(z, y) 1
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wher

)
residuer 1y (z,y)
residue;ry 1(z,y)
residuer q(1)(z,y)

; i adinderilx
; ; S S B

residue;(ry o(r) (T, )
residuecr i) (@
residuecr) a:,y)

groupl([)( 7y)

group]l (l‘, y)
group;r) 1(,y)
groupy «(1)(7,

groupe(ry,1 ( )
groupi(r),c(I) (z,y
grouperir)(z,y
group(r)(,y)

padyry(z,y)
pady (T, y)
pady(ry 1 (T, y)
pady (I )( 7y)
e(0),1(®,y)
padi(py,e(n) (T, Y)
pade(r i(I) (z,9)

smatin (1)
minpy (v, y)

maz_segiry(1s)
min_seq;{(s)

b ¢ and-y are expressions of type INT, IINT, or CINT as appropriate, and s is an exf

of type array of IINT, and t is a string (part of the operation name in C), that is the empt;
for 1@%&@@%%

ratiot(x, y)
ratiot(x, ¥y)
ratiot(x, ¥y)
ratiot(x, ¥)
ratiot(x, ¥)

iremaindert(z,
iremaindert(z,
iremaindert(z,
iremaindert(z,

y)
)
y)
y)

ISO/IEC 10967-3:2006(E)

— = = — —

iremaindert(z,
iremaindert(z,
iremaindert(z,

groupt(x, y)
groupt(x, y)
groupt(z, )
groupt(z, ¥)
groupt(z, )
groupt(z, y)
groupt(z, ¥)
groupt(z, ¥)

padt(xz, y)
padt(xz, y)
padt (x, *gp)
padt (5" y)
padt(z, y)
padt(x, y)
padt(z, y)
padt(x, y)

imaxt(x, y)
imint(x, y)

imax_arrt(xzs, nr_of_items)
imax_arrt(zs, nr_of_items)

y)
y)
Y)

— = — — — — — — — —+ — - — — — —+

— = — — — — — —

—_ — — —

ression
 string

The parameters for LIA-3 operations approximating complex real valued transcendental func-
tions can be accessed by the following syntax:

box _error_mode-mule )
maz-err-muly g

box_error_mode_dive )
mazx-err -dive(py

c.2C

box_err_cmult
err_cmult

box_err_cdivt
err_cdivt
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MAT_err_erpe(r) err_cexpt T
MAL_erT_POWET () err_cpowert T
MAT_err_sil ) err_csint T
max_err_tan g err_ctant 1

where t is a string (part of the parameter name in C), that is the empty string for int, is 1 for
long int, is u for unsigned int, and is ul for unsigned long int.

The LIA-3 non-transcendental complex floating point operations are listed below, along with
the syntax used to invoke them (the binding for I is given towards the end of this binding example):

100

efli(ry (T, y) T =y (*)
efrir (,Y) T ==y (%)
elli(r),r(,Y) T =y (6)
€ZF,C(F)(9CaZ~/) r ==Y ¥
elle(r),F (T, Y) T ==y *
elli(F).o(F) (T, ) T ==y (%)
e]c(F),i(F)(x7y) T =y (%)
ellc(F) ‘Tay) r ==Y *
negi (T, Y) T =y (%)
neqrir) (T, y) T =y (%)
€qi(r),F (2, Y) z 1=y (%)
€QF,C(F)(x7y) z =y *
eqe(r),F(T,Y) T =y *
eqi(F).o(F) (T, ) z =y (%)
eqC(F),l(F)(x7y) z =y (*)
TUeqc(F) .CL‘,y) x =y *
l3siry (2, ) Y T
l4qi(ry (2, y) <=y T
gtricr) (2, y) T >y T
9pair) (T, y) T >=y T
iiimesF_,i(F)(:v) I *xzx (%)
i1imesi(p)_,p(:c) I *xzx (%)
ifimes(p) (@) Iz *
rep(x) crealt(x) T
e () crealt(z) T
TEacy(T) crealt(x) or creal(x) *
imp(x) cimagt(x) T
imipy () cimagt(x) T
ime(p) () cimagt(x) or cimag(x) *
plusitimesp(x,y) x+Ix*y *
negiii (@) o ()
nege(ry() - *
conjp(x) conjt(z) or conj(x) T
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conji(ry(z) conjt(x) or conj(x) (%)
conje(py () conjt(x) or conj(x)

add;ry(z,y) Tty (%)
add gy (z,Yy) Tty (%)
add; gy p(,y) Tty (%)
addF,c(F)(m7y) Tty *
addc(F),F(l‘)y) T +y *
add;(py o(p) (T, Y) T+ y (%)
addc(F),l F)(if7y) T +y (*)
addrrrte) &ty -
sub(p (,9y) T -y (%)
subp iy (T, Y) T -y (%)
subipy,r(T,Y) T -y (%)
SUbF,c(F)(xvy) r -y *
Sch(F),F(xvy) r -y *
subi(r) o(F) (T, Y) T -y (%)
sube(ry i(F) (T, Y) T -y (%)
subg(ry(T,y) T -y *
muli(r) (2, y) T * Y (%)
mulp; F)(QT Y) T *y (%)
muli gy p(T,y) T * oy (%)
mulFC y(z,9) T * oy *
mulC(F r(z,y) T * oy *
muly(p) c (F)(CU Y) T ox oy (%)
mulg gy i) (T, Y) T * y (%)
mule gy (z,y) T Ay *
divi(ry(z,y) z/y (%)
divg;p)(z,y) x /vy (%)
dZvl(F ( y) z/y (*)
divp () (T, Y) x /vy *
dive(ry, (7, Y) z /vy *
divi(r) c(F) (@2Y) x /y (%)
dZUC(F ), L) (337 r/y (*)
dive g){#7y) z /vy *
abs{(p(x) fabs () (%)
absc(r) () cabst(x) or fabs(x) *
phasep(x) cargt(x) or carg(x) T
phase; gy () carg(x) (%)
phasep () cargt(x) or carg(x) *
phaseur(u, ) cargut(x, u) T
phaseu;p)(u, ) cargut(z, u) T
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phaseuqry(u, x) cargut(z, u) T
signump(x) signbit (x) *
signumi(py () I*signbit(cimag(z)) *
signume(p) () csignt(x) T
floor(p () floort(x) T
floor gy (z) floort(x) T
rounding; g () nearbyintt(z) T
roundingq(py() nearbyintt(z) T
Cf v'll:/vyl(F)(.,o) \,ciliuBt(w> T
cpilingq(py(z) ceilingt(x) T
aziry(z,y) nmaxt (z, ) T
maziry(z,y) fmaxt(z, y) i}
ini(r) (7, ) nmint (z, y) T
ming gy (z,y) fmint(z, y) T
az_seqiry(zs) nmax_arrt(xs, nr_of_items) T
maz_seqyr)(Ts) fmax_arrt(xzs, nr_of_items) T
in_seqipy(Ts) nmin_arrt(xs, nr_of_items) T
min_seq;(py(vs) fmin arrt(xs, nr_of_items) T
pplarp(x,y) polart(x, y) T
pplarup (u, z,y) polarut(z, y, w) T
plrojr(z) projt(z) o, cproj(x) T Not LIA{3
projiry () cproj (x) 1 Not LIA{3
Ploje(r)(T) cprojtl®) or cproj(x) * Not LIA{3

where § and y are expressions of type FET, IFLT, or CFLT as appropriate, u is an expressjon of
type FLT, and ¢ is a string (part of theoperation name in C), that is the empty string for dopble,
is “1” for long double, and is £ for float.

The|LIA-3 elementary complex floating point operations are listed below, along with the syntax

used td invoke them:

ppweripy (b, 1) cpowit (b, 1) T

eppi(r) () exp (@) (%)
efrpe(r) () cexpt(z) or exp(x) *

PPUEr () (T, Y) powc(x, y) T
power gy (b, y) cpowt(x, y) or pow(x, ¥y) * Not LIA-3
sqrtp_e(p) () sqrtc(z) T
8qrti(py—e(r) (T) sqrt (x) (%)
sqrtcry(T) csqrtt(z) or sqrt(z) *

Inp () () Loget (x) t
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Inp_c(r)(T)
INi(Fy—o(r) ()
Ini(py—e(r) ()

log(abs(x))+I*atan2(cimag(z),z)

log(x)

ISO/IEC 10967-3:2006(E)

*

(%)

log(abs(x))+I*atan2(cimag(z),creal(z)) (%)

Ine(py () clogt(x) or log(x) *
rad g () radiant (z) T
radepy () radiant (z) T
sini() () sin(x) (%)
sine(r)(z) csint(x) or sin(x) *
f’f\Qlkr)(’Y') f"\s(’y‘\ (“’)
cosq(r) () ccost(z) or cos(x) *
tan(p) () tan(x) (%)
tang(ry(x) ctant(z) or tan(x) %
coti(py(x) cot(x) T
coto(py(x) ccott(x) or cot(x) T
seci(py () sec(z) T
secq(r)(T) csect(z) or sec(x) T
cscipy () csc(x) T
csce(ry(T) cesct(x) or csc(x) T
arcsinpgﬁdpg(x) casinct(x) T
arcsing g () asin(x) (%)
arcsing gy(z) casint(z) or ‘asin(z) *
arccosp_,o(r) () acosct(z) T
arccosi(py—e(r)(T) acos(x) (%)
arccosq(p) () cacost(#)." or acos(z) *
arctan;p(v) atan () (%)
arctan;(py_.q(r)(T) atanct (z) T
arctan g () éatant(r) or atan(z) *
arccoty ) () acot (x) T
arccoty p)—c(r) () acot (x) T
arccoty() () cacott(z) or acot(zx) T
arcsecp_o(r) () asecct(x) T
arcseci(py—o(p{(T) asecct(x) T
arcsecy () (&) casect(z) or asec(x) T
arcescpyr)(z) acscct(x) T
arcescyry () acsc(x) T
arctsee () cacsct(z) or acsc(x) T
radhp(x) radianht (x) T
radh; g () radianht(x) T
radhep () radianht (x) T
sinhipy(z) sinh(z) (%)
sinhepy () csinht(x) or sinh(z) *
coshi(p)(z) cosh(x) (%)
103
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coshe(p) () ccosht(z) or cosh(x) *
tanh; g () tanh(z) (%)
tanhC(F () ctanht(z) or tanh(z) *
cothi g () coth(x) T
cothe(py(z) ccotht(z) or coth(x) T
sech (F) (;1:) sech(x) T
sechq(p) () csecht(z) or sech(x) T
cschl(F (x) csch(x) T
csche(py () ccscht(z) or csch(x) T
apesinhyrrte) asinh () R
afesinhpy—e(r)(T) asinhc (z) T
afesinhe gy () casinht(x) or asinh(z) *
afccoshp_q(r) () acoshct (x) T
afccoshi(pye(ry () acosh(x) (%)
afccoshe(py(z) cacosht(z) or acosh(z) *
apctanhp_qp) () atanhct (z) T
afctanh; gy (z) atanh(z) (%)
apctanhy gy(z) catanht(x) or atanh(z) *
afccothp_o(p) () acothct (x) T
afccoth;(py(z) acoth(x) ]
afccothe gy () cacotht(x) or acoth(®) T
afesechp_o(p) () asechct(x) T
afesechi py—c(r)(T) asech(x) T
afcseche gy () casecht(x) or\asech(z) T
afceschipy () acsch(x) T
afeeschi(py—e(r)(T) acschct (29 T
afeesche(py () cacscht{z) or acsch(z) T

where f and y are expressions of type FAT, IFLT, or CFLT as appropriate. t is a string, pprt of
the opdration name, and is “f” for £Tedt, the empty string for double, and “1” for long dopble.

Arithmetic value conversions.iw’ C can be explicit or implicit. The explicit arithmetic [value
convergions are usually expressed as ‘casts’, except when converting to/from strings. The rules for
when implicit conversions.are applied is not repeated here, but work as if a cast had been applied.

cpnvertr o () (INT _Complex)x T
cpnvert; o HT) (INT _Complex)x T
cpnverty n <y () (INT2 _Imaginary)zx T
cmvertc(l)_m(p)(x) (INT2 _Complex)z T
cpriertp_qry(y) (FLT _Complex)x *
converty gy c(r)(Y) (L1 _Complex)zx (x)
convertipy_i(r) () (FLT2 _Imaginary)x (%)
converty(p)—c(rr)(Y) (FLT2 _Complex)z *

where x is an expression of type INT, y is an expression of type FLT. INTZ2 is the integer datatype
that corresponds to I’. FLTZ2 is the floating point datatype that corresponds to F’.

When converting to/from string formats, format strings are used. The format string is used
as a pattern for the string format generated or parsed. Please see the C standard for a full
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description. There are no special format indicators for imaginary or complex values. Instead, the
real part and the imaginary part are formatted separately, and any syntax before/between/after

those

numerals must be specified in the format string.

C does not have any special syntax for complex, or imaginary, numerals in general. Instead
imaginary and complex numerals are expressed as (compile-time evaluable) expressions involving
a notation for the imaginary unit (of types const int _Imaginary and const float _Imaginary
or const int _Complex and const float _Complex).

The
the i
provi

C.3

The
C++

A implementation should follow all the requirements of<LLIA-3 unless otherwise spec

this 1

Tlhe operations or parameters marked “i” are not.part of the language and should be p

by ai
mark

This example binding recommends that allidentifiers suggested here be defined in thg

space

Tlhe LIA datatype Boolean is implemented by the C++ datatype bool.

EN
unsi
C-
geste
C-
one o
C-
comp
datat]

imaginary -unit; IT or _Imaginary_II T
imaginary - unite(r) IT or _Complex II ]
imaginary_unit; g I or _Imaginary_I (%)
imaginary-unit. g I or _Complex I *

[ macro is defined as _Imaginary_I if imaginary floating point datatypes are(prov
nplementations, but defined as _Complex_I if imaginary floating point datatypes
Hed. Similarly can be done for the IT macro.

C++
programming language C++ is defined by ISO/IEC 14882:2003; Programming lang
[5].

hnguage binding.

implementation that wishes to conform to the LIA-3 for that operation. For each
bd items a suggested identifier is provided.

std: :math.

ery implementation of C++ “ias integral datatypes int, long int, unsigned ig
rned long int. INT is uséd below to designate one of the integer datatypes.

-+ has no standard imaginary integer or complex integer datatypes. However, in t
1 binding below, IIN9 and CINT are used to designate such potential datatypes.

CA

ded by

hre not

ages —

fied by

rovided
of the

name-

t, and

he sug-

signate

>, and
b point

tatype.

-+ names two floating point datatypes: float and double. FLT is used below to de
f the floating\peint datatypes.
-+ has thtee complex floating point datatypes: complex<float>, complex<doublg
| ex<long double>. CFLT is used below to designate one of the complex floatin
vpes

The LIA-3 integer operations are listed below, along with the syntax used to invoke them:
eqin)(z,y) T ==y f
eqrir)(z,y) T ==y f
eqi(n),1(z,y) T ==y f
eqr.e(1)(z,y) T ==y f
eqe(n),1(,y) T ==y ]
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6%(I),C(I)(ijy) r =1y T
eqe(n) i (T, y) T ==y T
€qc(1) l’,y) r =1y T
negi(r)(, y) x =y T
neqrir)(,y) x =y T
negir),r(x,y) T =y T
HGQLC(I)($7y) x =y T
nGQC(I),I(xvy) x =y T
negi(ry.o(1) (T, y) T =y T
n QCkl),l\l)(x7 /t"“/‘) % !_ y -;-
neqe (1) (@, y) T =y T
Lgsir) (@, y) T <y T
s (2, 9) z <=y }
gfrin(z,y) T >y T
9pai(r) (2, y) T >=y T
ifimesr_ir)(7) II * x T
ifimes; () II * x T
ifimese(r) () II * x T
rer(x) x.real() or real(z) T
Ei(1) () x.real() or real(s) T
TEe(r) () x.real() or read(x) T
imr(x) x.imag() or . imag(z) T
iicry(2) x.imag() op, ‘imag(x) T
ime(r) () x.imag() xjor imag(x) T
plusitimesy(zx,y) complex(r, y) T
negi(r) (z) & T
negc(l)(x) -z T
cpnjr(x) conj (x) T
cpn i () conj (x) T
cpnjen) () conj (x) T
afldy(ry (2, y) Tty T
afdy 51)(2,4) Tty T
afldi py 168+9) Tty T
afdd; {py(z, y) Tty T
afdge) 1(z, y) Tty T
add;() o(1)(2,y) Tty T
addc(]),l(l (ZC,y) Tty T
addc([)(xvy Tty T
subi(r)(z,y) T -y f
suby i(1)(z,Yy) z -y T
suby(py,1(z,y) T -y T
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SUbI,c(])(xay) r -y T
Sch(I),I(xay) r -y T
subi(py,e(r) (7, y) T -y ]
Sch(I),i(I (z,y) r -y T
sube(r) (2, y) T -y t
mulyry(z,y) T oxy f
muly 1) (7, y) T *y T
mulyry.1(7,y) T o* oy f
mUZI,C(I (l‘,y) T *y T
mulcu),1 (l‘,y) H—k—y T
mulipy ey (T, y) T o*y ]
mule(ry i (T, ) T *xy T
mule(r)(z, y) T ¥y 0
absiry(z) abs (x) T
signumy(x) signum(x) T
signum;(ry(z) signum(x) T
divides;ry(z,y) divides(x, ¥) T
dividesy (7, y) divides(x, ¥) T
divides;( ) (7, y) divides(x, ¥) T
dividesy o) (7, Yy) divides(z, ¥) T
dzmdesc(f)l(x,y) divides(z, ¥) T
divides;(r).o(r) (T, y) divides(x, ) T
divideser i) (T, y) divides(zs,1) T
dividesry(,y) divides{x; y) T
quoty(py(z,y) quot(z, y) t
quoty 1) (,y) quot (z, y) t
quoty(ry (7, y) quot (z, ¥) t
quotr o) (,y) quot(x, y) f
quotry,1(,y) quot(x, y) f
quoti(ry o(r)(®, y) quot(z, y) f
quote(r) i) (T, Y) quot(z, y) ]
QUOtC(])(xvy) quot(z, y) T
mod; 1y (#; y) mod (x, ¥) T
mody i(r)(z,y) mod(z, y) T
mod;py 1(,y) mod(z, y) T
mody o) (T, Y) mod(x, y) T
mode(1),1(2,y) mod(z, ¥) T
mod;(1) o(1)(%, y) mod (z, y) ]
mode(r) i(r) (%, y) mod(z, y) T
modery(z,y mod (z, %) T
ratioyp(,y) ratio(x, ¥) T

C.3 C++

107


https://iecnorm.com/api/?name=642fc7cc256dbc98dcbffc222987a875

ISO/IEC 10967-3:2006(E)

© 2006 ISO/IEC — All rights reserved

ratior iy (v, y) ratio(x, y) T
ratioy ) (v, y) ratio(z, y) T
ratioy o) (7, y) ratio(z, y) T
ratiog(ry,1(7,y) ratio(x, y) T
ratioy o) (T, y ratio(z, y) T
ratioe(ryir) (T, y) ratio(x, y) T
ratioe(r) (T, y) ratio(x, y) T
residue;py (v, y) iremainder(x, y) T
residuer i) (7, y) iremainder(xz, ¥) T
r oot ainder (a4 +
residuer q(ry(z,y) iremainder(x, ¥) T
residueqry 1(z,y) iremainder (x, ¥) T
residue;ry o) (T, Y) iremainder(x, y) T
residueqry i) (T, y) iremainder(z, y) T
residuec(r) (7, y) iremainder (x, y) T
groupir)(z,y) group(z, y) T
groupri(n) (x,y) group(z, y) T
groupi(r),1(z,y) group(z, y) T
gfoupy cu)(fﬂ’y) group(z, y) T
groupe(ry,1(T,y) group(z, y) T
gfroup;(r), C(z)(x,y) group(z, ¥) i
groupe(ryi(ry(z,y group(z, y) T
groupe(r)(,y) group(z, y) t
ppdiry(z, ) pad(z, y) t
ppdr i) (2, y) pad(z,;¥) T
ppdir), (%, y) pad (&5 y) T
ppdr ey (,y) pad(z, y) T
ppder),1(z,y) pad(z, y) T
Ppdi(r),e(n) (T, Y) pad(z, y) T
ppde(r) i) (T, Y) pad(z, y) T
p dc(I)(xvy) pad(z, y) T
1 (z,y) max(x, ¥) T

ml(] (I ) min(z, ¥y) T
azx_seqiry(Ts) rs.max () T
in.Seqir)(vs) zs.min() T

where I and y are expressions of imaginary or complex integer type, or an integer datatyipe as

appropriate. xs is an expression having the type of an array of an imaginary integer datatype.

The parameters for operations approximating complex valued transcendental functions can be
accessed by the following syntax:

numeric 1imits<CFLT>: :box_err_cmul() 7
numeric 1limits<CFLT>: :err_cmul ) T

box_error_mode_muly(p)
mazx_err-mulep

box_error_mode_dive(p) numeric_limits<CFLT>: :box_err_cdiv() f
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mazx_err_divep) numeric_limits<CFLT>::err_cdiv() T
Max-err_erpe(r) numeric limits<CFLT>: :err_exp() T
MaT-err_power (r) numeric 1limits<CFLT>: :err_power() T
Maz_err_singr) numeric limits<CFLT>::err_sin() T
mazx_err_tan g numeric limits<CFLT>::err_tan() T

The LIA-3 non-transcendental complex floating point operations are listed below, along with
the syntax used to invoke them:

egi(r) (2, y) r ==Y T
€qr; F)(JU Y) T ==Yy T
eqi(r),r (2, y) T ==y f
6ch ) (2, y) T ==y *
eqe(r),F (2, Y) T ==y *
eqi(F) e (F)(CU Y) T ==y t
eqe(F),i(F) (T, Y T ==y f
QQC(F)($7y) r ==Yy *
negir) (,y) r 1=y T
neqr;r)(®,y) x 1=y t
negir,r (7, y) r 1=y T
neqF,c(F)<x7y) r 1=y *
ne(k(F),F(xvy) r =y *
negi(r)o(F)(,y) T 1=y f
neqe(r),i(F)(,y) T 1=y f
neqe(r) $,y) r =y *
Issiry(z,y) r <Y T
legi(r) (7, y) <= Y T
gtricry(z,y) r >y T
geqiry(z,y) T >=y f
itimesp_;(r)(7) I*xux T
itimes;(py— () I*xux T
itimes(p) () Iz T
rep(x) x.real() or real(w) T
re;i(r) () x.real() or real(z) T
Tec( ) r.real() or real(w) *
i) x.imag() or imag(z) T
bt e :
ime(py () xr.imag() or imag(z) *
plusitimesp(x,y) complex(zx, ¥) *
plusitimesp(z,y) z+ 1%y T
negie (@) e }
neger () - "
conjp(x) conj(x) T
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conjipy(z) conj(x) T
conje(py () conj (x) *
add; gy (v, y) T+ y T
addFl ( ay) Tty T
addy(p), p (2, y) T+ y t
aaldFC y (2, 9) T+ oy *
addy(ry, (7, Y) T+ oy *
add C(F)( Y ) Tty T
add )i(F) (@, y Tty T
awdckf)(l‘ ') F——4 %
S bl(F)( y) r -y T
o[ este () Ty !
S 1(F ( ) r -y !
sibp.o(r)(T,Y) T -y *
shbe(r),F (2, y) T -y *
subi(py,c(r) (T, ) T -y T
stbe(py,i(r) (T, ) T -y T
stbe(ry (7, y) T -y *
uli(py(, y) T ok y T
ulFl(F (z,9) T *y T
uli(py,p (2, y) T Ky f
UZFC ( ) T *y *
ule(py,p(T,y) Tk y *
ul; (F),C(F)( ) T oxy T
Ul (F),I(F)(ﬂﬂ Y) T *y T
lo(ry (7, y) T K *
djviry(z,y) /vy T
dfvp;iry(z,y) z /vy T
djvipy,r (7, ) r/y T
d-UF,c(F)(xvy) z/y *
d'vc(F),F(xvy) z /vy *
djvi(py o () (43 T /y T
djve(r) im0y z/y T
djve(ry(2yy) /vy *
apsiie) () abs (z) *
abse(p)(z) abs (z) *
sqr-absq(ry(z) norm(x) * Not LIA-3
phasep(x) arg(r) T
phase;p)(z) arg(x) T
phasec ) () arg(zr) *
phaseuF(u, x) argu(zx, u) T
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phaseu; g (u, ) argu(z, u) T
phaseuqpy(u, ) argu(z, u) T
signump(x) sign(x) T
signum; g () sign(x) T
signume g () sign(x) T
floory(py(x) floor(x) T
floor gy () floor(z) T
7“0undmg1 7 (@) nearbyint (z) T
Iuwlbdbll/yc(f)<w> J.J.U(.I.J.byi-l.l.t(d-/) —;.
ceiling; py(z) ceiling(x) T
cezlzngC(F (x) ceiling(x) T
mazipy(z,y) nmax (z, y) T
mmazipy(z,y) fmax(z, y) T
mini gy (z, y) mmin(x, y) T
mming gy (x, y) fmin(z, y) T
max_ seq1 (:v ) nmax (zs, nr_of_items) T
mmazx_seg )(zs) fmax(xs, nr_of _items) T
min_seq; g (s) nmin(zs, nr_of_items) T
mmin_seq g (rs) fmin(xs, nr_of items) T
polarp(x,y) polar(xz, ¥) *
polarup(u,x,y) polaru(z, wys u) T

b and y are expressions of an imaginary’ or complex floating point type, and w is
tponding real floating point type.

The LIA-3 elementary complex floating’point operations are listed below, along with the

used

to invoke them:

of the

syntax

poweri(py 1 (x,1) pow(x, ) T

powerpy 1(z,1) pow(zx, i) * (for int) Not LIA-3
exp;i(ry(z) exp () f

expe(r) () exp(x) *

power p_(r) (T, y) powc(z, ¥) t
powerypy,r(,y) pow(z, ) * Not LIA-3
porden () (T, y) pow(z, y) * Not LIA-3
power.r)(z,y) pow(z, y) x Not LIA-3
Sqrtp—c(r) () sqrtc(x) t

5qrti(py—c(r) () sqrt (z) f

sqrtery(z) sqrt (z) *

Inp_c(r () logc(z) T

Ini(py—e(ry(T) complex(log(abs(x)), atan2(imag(z),real(x))) «*
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Ini(py—e(r)() log(x) T
Ingry(z) log(x) *
radry(z) radian(z) T
rade g (z) radian(x) T
sini(py () sin(z) T
sing(r) () sin(x) *
cosi(py(x) cos(z) T
cosq(r) () cos(x) *
tm'nlkr)(x> anle) -;_
tane(ry(z) tan(x) *
cptiry(x) cot (z) T
cptepy () cot () T
spcir)(z) sec(x) i
spco(r)(z) sec(z) T
cscipy () csc(x) T
chce(r) () csc(x) T
afesing_q(r) () asinc(x) T
a csinl(F (x) asin(x) T
afesing gy (z) asin(x) *
afccosp_o(p) () acosc(x) T
afccose(Fy—o(r) () acos (x) T
afccose(r) () acos(x) *
afctan; gy (x) atan(x) T
afctan; py_q(r)(T) atanc(z) T
afctan g () atan(z) *
afccoti(py () acot(r) T
afccoti(py—o(r)(T) acotc(x) T
afccot ey () acot () T
afesecy_e(py () asecc(x) T
afcseci(py—c(r) () asec(z) T
afcsecepy(x) asec(x) T
a ccscF_)C(F)( ) acscc(x) T
afcescipy () acsc(z) T
afcesco(ry(&) acsc(x) T
rudhf(2) radianh(z) T
rpdhy ) () radianh (z) T
radhe () radianh(x) T
sinhi ) () sinh(x) T
sinhe(py(z) sinh(x) *
coshi(r) () cosh(x) T
coshe(py(z) cosh(x) *
tanh;g) () tanh(z) T
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wher
priat

W
form
parse

for i

separ

string.

when
CH+-+H

tanhe gy () tanh (x) *
cothi g () coth(x) T
cothe ) () coth(z) T
sech(py(z) sech(z) T
seche(p) () sech(z) T
cschipy () csch(x) T
cschepy () csch(x) T
arcsinhipy(z) asinh(x) T
arcsinhipy—q(r) () asinhc(x) T
et mmp i asinh () "
arccoshp_,q(p) () acoshc (z) T
arccoshypy(r)(T) acoshc () T
arccoshe(py(z) acosh(z) %
arctanhp_q(r) () atanhc (z) T
arctanh; gy () atanh(z) T
arctanhe(py(z) atanh(z) *
arccothp_.q(r) () acothc (x) T
arccoth; gy (x) acoth(x) T
arccoth, F)( x) acoth(x) T
arcsechp_q(r) () asechc (z) T
arcsechy(p)—o(r) () asech(x) T
arcsechq(py(x) asech(x) T
arcesch py() acsch(x) T
arceschipy_e(r)(T) acschc(x) T
arcesche(py () acsch(x) T

).

bz, and y are expressions of an imaginat'y, complex, or plain floating point type (as

hen converting to/from stringformats when using the C printf/scanf family of r
t strings are used. The format string is used as a pattern for the string format gener
d. Please see the C99 standdrd for a full description. There are no special format ing
haginary or complex values. Instead, the real part and the imaginary part are for
ately, and any syntax before/between/after those numerals must be specified in the

In addition, C4+ has a predefined format for complex (but not imaginary) values
using the stream formatting operators “<<” and “>>”. For details, see clause 26.2.]
standard bl
convertow) —c(F)(T) s >> y *
conpeft o (pry—e(r)(T) 05 << x *

appro-

utines,
ated or
licators
matted
format
for I/0

of the

C

-3 vdoes not have any special syntax for complex numerals in general. Instead the ¢

omplex

function is used on floating point values (not necessarily syntactically numerals).

C4

Fortran

The programming language Fortran is defined by ISO/TEC 1539-1:1997, Information technology
— Programming languages — Fortran — Part 1: Base language [6].
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An implementation should follow all the requirements of LIA-3 unless otherwise specified by

this language binding.

The operations or parameters marked “i” are not part of the language and should be provided
by an implementation that wishes to conform to the LIA-3 for that operation. For each of the

marked items a suggested identifier is provided.

The Fortran datatype LOGICAL corresponds to the LIA datatype Boolean.

Every implementation of Fortran has at least one integer datatype, denoted as INTEGER, and at
least two floating point datatypes denoted as REAL (single precision, also denoted REAL (KIND(0.0))
and DOUBLE PRECISION (also denoted REAL(KIND(0dO), and at least two complex floating point

Standaj d Fortran does not have any imaginary datatypes, nor any complex integer datatyp
An |mplementation is permitted to offer additional INTEGER types with a different\range and
additiopal REAL and COMPLEX types with different precision or range, parameterised with the|KIND
paramgter.
The| LTA-3 integer operations are listed below, along with the syntax used;to invoke thein:
611(1)(33 Y) z ==y or z .EQ. y T
elri(r ( Y) rz ==y or z .EQ. y T
el 1)1(9073/) rz ==y or z .EQ. y T
elr,c(1 (x,y) x =1y or x .EQ. y T
eflc I)I(%y) x =1y or x .EQ. y T
eti(r), ()(377?/) r ==y or z .EQ.% 1
efle(n) i) (T, y) z ==y or x .EQ™ +
GZC(I)(Qj?y) x =1y or x »EQ. vy T
€Qi(1)($,y) z /=y oxNzT .NE. y T
eqrir)(z,y) z /=y or x .NE. y +
6‘11(1),1(37,2/) z /=4 or x= .NE. y T
eqr.or)(z,y) z /=y or x .NE. y t
neqe(n),1(T, y) ¢ /=y or x .NE. y +
neQi(I),c(I)(xay z /=y or x .NE. y T
neqe(1),i(1) (T, Y) x /=y or x .NE. y t
neqe (1) (@, y) r /=y or x .NE. y +
! 81(1)(957?;) rz <y or x .LT. y T
legiry (w, ) x <=y or z .LE. y t
gfricr)(2.4) x>y or x .GT. y T
9°Q1(1)($, Y) z >y or x .GE. y T
WTTMES TS (L) MUEC) i
itimes;(—r() IMUL () T
itimes.(r) () IMUL (z) T
rer(z) IREAL () t
rei(r) (z) TREAL () t
reo(r) () IREAL () t
imr(x) IMAG (z) t
imi(r) (z) IMAG (z) i
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ime(r)(T) IMAG(x) T
plusitimesy(z,y) CMPLX(x, %) T
negi(r)(z) - f
nege(r)() ~ f
conjr(x) CONJG(x) T
congi(py(z) CONJG () T
conje(ry(z) CONJG (x) T
addyp(z, y) T+ y f
sslily 1\1,(*,;) ek :
addypy,1(z,y) T +y f
addy o(1)(z,y) T+ y f
addc(r) 1(z,y) T+ y b
add;(1) o(1)(2,y) T+ y )
adde(ryi(r)(2,y T+ y f
add(ry(z,y) Tty T
SUbi(I)(f’?ay) r -y T
SUbJ,i(I)(fL‘»y) r -y T
SUbi(I),I(x>y) r -y T
subr (1) (%, ) r -y T
sube(ry,r(7,y) T -y f
subi(r) o(1)(2, Y) r -y T
sube(ryi(r)(2,Y) T -y T
sube(r) (T, y x -y ]
muli( ) (7, y) x kY T
mUZI 1(1)(5073/) T XY T
mulyry,1(%,y) L* Y f
mUlIcI)( ) kY f
mule(r),1(x,y) T *y f
muls(p ),0(1)( . Y) T kY f
mule(ry iy (T, ) T *y T
muzc([)(xvy) T *xy T
abs;(r) () ABS(z) T
signumy(x) SIGN(1, x) *
sighwm; ) () SIGN(1, x) T
mulj(absj(y) signumy(x)) SIGN(y, x) *
(SIGN(y, z) is the copysign operation of IEC 60559)
divides;py(z,y) DIVIDES(z, y) T
dividesy ) (v, y) DIVIDES(z, y) T
divides;r) 1(,y) DIVIDES(z, y) T
dividesy o) (2, y) DIVIDES(xz, y) T
divides(r),1(7,y) DIVIDES(x, ¥) T
divides;(py () (2, ) DIVIDES(z, y) T
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dividesy(r) i) (7, y) DIVIDES(z, y) T
dividesq(ry(z,y) DIVIDES(z, y) T
quoti(ry(z,y) QUOTIENT (z, y) T
quotr iy (x,y) QUOTIENT (x, y) T
quotipy,1(z,y) QUOTIENT (z, y) T
quotr oy (,y) QUOTIENT (z, y) T
quote(ry,r(x,y) QUOTIENT(z, ¥) +
quot; (1) (I)(x,y) QUOTIENT (z, y) ]
quote(ryicry(2,y) QUOTIENT (x, y) T
qpotorrrinim QUOTIENT () +

ody(1y(z,y) MODULO(z, ¥) +

odr 1y (z,y) MODULO(z, ) t

odi(p),1(7,y) MODULO(z, ) t

odr (1) (@, y) MODULO(z, o) t

oder),1(7,y) MODULO(z, y) i

odi(1) (1) (T, Y) MODULO(z, ) i

ode(r) i) (7, y) MODULO(z, y) i

od(ry(z,y) MODULO(z, %) t
riutioyy(z, y) RATIO(z, ¥) T
riitior i(ry(2,y) RATIO(z, y) T
riitioyry.r(x,y) RATIO(x, y) T
rhitior o(1)(z,y) RATIO(x, y) T
riitioe(r),1(z,y) RATIO(x, y) T
T1tioi 1y.o (1) (T, ) RATIO(x, *q) T
Thtioe 1) (1) (T, ) RATIO (S ) T
ratioq 1y (T, y) RATIQC¢Z, ¥) T
residue;( ) (, y) RESIDUE(z, y) T
residuer iry(2,y) RESIDUE(z, y) T
residue;ry 1(z,y) RESIDUE(x, y) T
residuer o(r)(z,y) RESIDUE(x, y) T
residuecry,r(z,y) RESIDUE(x, y) T
residue;( ) o(plE:y) RESIDUE(z, y) T
residue psery(T, y) RESIDUE(z, y) T
residuedpy (T, y) RESIDUE(x, y) T
9ot (z, y) GROUP (z, %) +
groupy ir)(,y) GROUP (z, y) T
groupyry,r(,y) GROUP (z, ) t
groupr (1) (@, y) GROUP(z, ) i
groupe(r),1(r,y) GROUP(z, y) ]
groupi(r).e(1)(z,y) GROUP (z, ¥) t
group(r).i(r) (T, y) GROUP(xz, ¥) i
groupep)(z,y GROUP (z, ) ;
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padi ) (z,y) PAD(x, y) T
padfvl([)(x,y) PAD(z, ) T
padi(py,1(z,y) PAD(x, y) T
pady oy (2, y) PAD(x, y) T
pady(r),1(z,y) PAD(x, y) T
padi(j),c(l)(:c,y) PAD(JZ, y) "'
padc(I),i(I)(x,y) PAD(.T, y) "'
padyry(z,y) PAD(z, y) T
PECYrs (e o) MAX (e a) +
T 9 7 L T
minipy(,y) MIN(z, y) T
max_seq; 1)([9U1, ey Tp)) MAX(x1, ..., Tn) T
min_seqi(r)([T1, .-, Tn]) MIN(z1, ..., Ty) b
max_seqi(p)(rs) MAXVAL (xs) T
min_seqi(r)(xs) MINVAL(xs) T

wher¢ = and y are expressions of complex integer, imaginary integer, or plain integer t
apprdpriate) and where xs is an expression of type array of imaginary-integer.

The LIA-3 parameters for operations approximating real valueg transcendental functi
be adcessed by the following syntax:

box_error_mode mul(p BOX_ERR_MUL (x) T
maz-err-muler) ERR_MUL (x) T
box _error_mode_-dive ) BOX_ERR DIV (x) ]
max_err_dive(r) ERR DIV (z) ]
AT _err_erpq(r) ERR_EXP(z) ]
AT _err_power (r) ERR.POWER () T
Max_err_singp) ERR_SIN(z) T
maz_err_tane ERR_TAN(z) T

wher¢ x is an expression of type COMPLEX. Several of the parameter functions are constant f
type [and library), the-argument is then used only to differentiate among the floating poin

The LIA-3 non-trarscendental floating point operations are listed below, along with the
used [to invoke tlieni:

ype (as

ns can

or each
types.

syntax

GQi(F)(l’,y) z =19y or x .EQ. y T
GQF,i(F)<337y) x =19y or x .EQ. y T
GQi(F),F(xvy) rz =19y or x .EQ. y T
edpc(H\L,Y) T == 7 Ol I .EQ. ¥ x
6qC(F),F(l“ Y) rz =19y or x .EQ. vy *
GQi(F),c(F)(l'ay) r==19y or x .EQ. y T
eqC(F),i(F)(fU Y r ==y or z .EQ. y T
eqc(F)(ﬂC,y) rz ==y or x .EQ. y *
negir) (,y) x /=y or x .NE. y T
neqrir)(T,y) z /=y or z .NE. y +
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neqiry,r(,y) x /=y or x .NE. y +
”€QF,C(F)($,Z/) r /=y or x .NE. y *
neqC(F),F(x7y) x /=y or x .NE. y *
negi(r).o(F)(,y) z /=y or x .NE. y t
neqe(r), I(F)(CB,ZJ) z /=y or z .NE. y T
n€QC(F)(x7y) x /=y or x .NE. y *
Issiry(z,y) x <y or x .LT. y t
legiry(z,y) r <=y or z .LE. y t
gtrir) (7, y) x>y or x .GT. y t
gt =y —or & —CE—y §
ifimes p_i(r) () IMUL () T
ifimes;(p)—p(2) IMUL (z) T
ifimes(p () IMUL () i
rer(x) REAL (x) *
TEi(F) () REAL (x) t
Tee(r) (T) REAL () .
imp(z) AIMAG () T
7 ni(F) (l‘) ATMAG(x) *
) e (1) (.CU) ATIMAG (x) *
plusitimesp(x,y) CMPLX(z, ¥) *
plusitimesp(z,0) CMPLX () *

i) () o T

Chc(F) (.Z') -z *
cpnjr(x) CONJG () t
cpnjipy () CONJG (&) i
cpnjery () CONJG¢Z) *
afld; gy (7, y) b+ y +
addFl ( ay) Tty 'I’
idi ) (2, 9) z+y i
acldFC y (2, 9) T +y *
afl ,F( z,y) Tty *
afh <F>,c<F ) () T +y t
aflde(ry i(ey{25Y) Tty t
afd. py(25y) T +y "
s bl(F)(x y) r -y T
subpi(ry(z,Yy) z -y T
SU‘bl(F ( ) r -y 'l'
subpc(r) (2, y) z -y *
subc(p r(z,y) T -y *
subi(py c(r) (T, Y) T -y T
sube(py,i(r) (T, Y) T -y T
sube(py(T,y) T -y *
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