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INTERNATIONAL ELECTROTECHNICAL COMMISSION

FIBRE OPTIC COMMUNICATION SYSTEM DESIGN GUIDES -

Part 3: Calculation of link polarization mode dispersion

FOREWORD

1) Thqg International Electrotechnical Commission (IEC) is a worldwide organization for standardization conjprising
all |national electrotechnical committees (IEC National Committees). The object of IEC is tol{_pgromote
intgrnational co-operation on all questions concerning standardization in the electrical and electronic/figlds. To
thig§ end and in addition to other activities, IEC publishes International Standards, Technicall Specifi¢ations,
Tedhnical Reports, Publicly Available Specifications (PAS) and Guides (hereafter refetred to ap “IEC
Puljlication(s)”). Their preparation is entrusted to technical committees; any IEC National Eommittee interested
in fhe subject dealt with may participate in this preparatory work. International, govwernmental and non-
governmental organizations liaising with the IEC also participate in this preparation, ‘IEC” collaborates |closely
withh the International Organization for Standardization (ISO) in accordance with_cenditions determiped by
agreement between the two organizations.

2) Thq formal decisions or agreements of IEC on technical matters express, as nearly as possible, an international
consensus of opinion on the relevant subjects since each technical committee has representation ffom all
intgrested IEC National Committees.

3) IEQ Publications have the form of recommendations for internationdl use and are accepted by IEC National
Comnmittees in that sense. While all reasonable efforts are made t@_ensure that the technical content|of IEC
Puljlications is accurate, IEC cannot be held responsible for<the way in which they are used or for any
misjinterpretation by any end user.

4) In order to promote international uniformity, IEC National Committees undertake to apply IEC Publications
trarjsparently to the maximum extent possible in their “national and regional publications. Any divgrgence
betjveen any IEC Publication and the corresponding natienal or regional publication shall be clearly indidated in
thellatter.

5) IEQ provides no marking procedure to indicate its approval and cannot be rendered responsible for any
equipment declared to be in conformity with anEC Publication.

6) Al

7) No [liability shall attach to IEC or its directors, employees, servants or agents including individual experts and
mefbers of its technical committees\and IEC National Committees for any personal injury, property danpjage or
other damage of any nature whatsoever, whether direct or indirect, or for costs (including legal fegs) and
expenses arising out of the publication, use of, or reliance upon, this IEC Publication or any other IEC
Puljlications.

isers should ensure that they have the latest edition of this publication.

8) Attgntion is drawn to the “Narmative references cited in this publication. Use of the referenced publications is
indispensable for the correct application of this publication.

9) Attgntion is drawn (o ‘the possibility that some of the elements of this IEC Publication may be the sulpject of
patent rights. IECtshall not be held responsible for identifying any or all such patent rights.

The main task_of IEC technical committees is to prepare International Standards. Howeler, a
technjcal eommittee may propose the publication of a technical report when it has collected
data ¢f @ different kind from that which is normally published as an International Standard, for
example."state of the art"

IEC 61282-3, which is a technical report, has been prepared by subcommittee 86C: Fibre optic
systems and active devices, of IEC technical committee 86: Fibre optics.

This second edition cancels and replaces the first edition published in 2002. It is a technical
revision that includes the following significant changes:

a) the title has been changed to better reflect its applicability to links;
b) Equations (1) and (2) were simplified in order to align with agreements in the ITU-T.
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The text of this technical report is based on the following documents:

Enquiry draft Report on voting
86C/701/DTR 86C/720/RVC

Full information on the voting for the approval of this technical report can be found in the report
on voting indicated in the above table.

This publication has been drafted in accordance with the ISO/IEC Directives, Part 2.
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INTRODUCTION

Polarization mode dispersion (PMD) is usually described in terms of a differential group delay
(DGD), which is the time difference between the principal states of polarization of an optical
signal at a particular wavelength and time. PMD in cabled fibres and optical components
causes an optical pulse to spread in the time domain, which may impair the performance of
a fibre optic telecommunication system, as defined in IEC 61281-1.
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FIBRE OPTIC COMMUNICATION SYSTEM DESIGN GUIDES -

Part 3: Calculation of link polarization mode dispersion

1 Scope

This part of IEC 61282 provides guidelines for the calculation of polarization mode dispersion

(PMD
group

This Jechnical report describes methods for calculating PMD due to optical fibre cable

optic
in the

illustrate the methods for calculating total optical link PMD from typical” cable and ¢
bnent data. The calculations include the statistics of concatenating-individual opticdl fibre

comp
cable
PMD

The
currer

in fibre opiic systems 10 accommodate the stafistical variation of PMD and diite
delay (DGD) in optical fibre cables and components.

| components in an optical link. The calculations are compatible with those docum
outdoor optical fibre cable specification IEC 60794-3. Example calculations are gi

5 drawn from a specified distribution. The calculations assume _that all componentg
pqual to the maximum specified value.

alculations described cover first order PMD only. <Fhe following subject area
tly beyond the scope of this technical report, but remain under study:

(¢

- s
— in
Meas
PMD
amplit
IEC 6
guida

2 Basic designnmodels for total system PMD performance

2.1

For c
meas

agcommodation of components with polarization dependent loss (PDL) — if it is ass
that PDL is negligible in optical fibre cables;

Iculation of second and higher order PMD;

tem impairments (power penalty) due to' PMD;

eraction with chromatic dispersion.@nd other nonlinear effects.

irement of PMD is beyond the<s¢ope of this technical report. Methods of measurem
of optical fibre and cable>are given in IEC 60793-1-48. The measurement of ¢
ier PMD is in IEC61290-11-1. The measurement of component PMD

1300-3-32. Measurement of link PMD is given in 61280-4-4. A general theor
nce on measurements is given in 61282-9.

Notation

bbled”fibre and components with randomly varying DGD, the PMD frequency d

Fential

s and
ented
en to
ptical

have

S are

umed

ent of
ptical
is in
y and

bmain

rement is based on averaqing the individual DGD values for a range of wavelength

5. The

probability density function of DGD values is known to be Maxwell for fibre, and is assumed to
be Maxwell, in effect, for components. The single parameter for the Maxwell distribution scales
with the PMD value.

For long fibre and cable (typically longer than 500 m to 1 000 m), the PMD value is divided by
the square root of the length to obtain the PMD coefficient. For components, the PMD value is
reported without normalization. The following terms and meanings will be used to distinguish
the various expressions:

DGD value The differential group delay at a time and wavelength (ps)
PMD value The wavelength average of DGD values (ps)

PMD coefficient The length normalised PMD (ps/sqrt(km))

DGD coefficient The length normalised DGD (ps/sqrt(km))
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NOTE The term “DGD coefficient” is used only in some of the calculations. The physical square root length
dependence of the PMD value does not apply to DGD.

Deterministic components are those for which the DGD may vary with wavelength, but not
appreciably with time. The variation in wavelength may be complex, depending on the number
and characteristics of the sub-components within. For these types of components, either the
maximum DGD is reported or the wavelength average is reported as the PMD value. For
components with multiple paths, such as an optical demultiplexer, the maximum DGD of the
different paths should be reported as the PMD value.

2.2 Calculation of system PMD

PMD palues of randomly varying elements can be added in quadrature. Annex A shovrs the
basis [of this, as well as one basis for concluding that the Maxwell distribution is appropriate to
descr|be the distribution of DGD values. Annex A describes the concatenation incterms pf the
additipn of rotated polarization dispersion vectors (pdv) which are, for ramdomly varying
compgpnents, assumed to be random in magnitude and direction over)both timg and
wavelength.

but fof each wavelength, there is a value that does not vary appreéiably with time. Analysis of
the relationships in Annex A shows that deterministic components that are randomly alighed in
combination with random elements behave like random compaonents.

For cj}terministic components, the evolution of the pdv with wavelength may be quite complex,

For rgndomly varying components such as fibre, the statistics of DGD variation imply thaf there
is little wavelength dependence of the PMD value. This_leads to an equivalence betweer] PMD
measyrement methods such as Jones Matrix Eigenanalysis (JME) and interferometric mgthods
(IT) where the wavelength ranges of the two are-different. For deterministic elements,|there
can bg distinct dependence of both the DGD and“PMD on the wavelength range. Therefgre for
these| elements, when doing calculations(Cwhich combine both randomly varyind and
deterministic elements, the combined values are only representative of the wavelength ovgrlap.

The rglationships of Annex A also show an analysis for an assumption that the determiinistic
compgpnents are randomly aligned.*Eor this assumption, the DGD values are time randomised
acros$ the wavelengths by the fibfe. The random alignment of these components with rgspect
to the|other elements leads to-the following conclusions for deterministic components.

— THe quadrature addition 6f PMD values can be used to calculate the contribution to system
PMD.

— THhe Maxwell distribution can conservatively be used to describe the variation in| DGD
adross time apdiwavelength.

The following.two subclauses provide equations to calculate: a) the maximum PMD valpe for
the link, BB) the maximum DGD value for the link. In both cases, the maximum is defiped in
terms| of/,a probability level that takes into account the statistics of the concatenation of
indivi ua: uab:aa dlaVVII fIUIII d apcu;ﬂcd d;Dtl;but;Ull Uf uptiuai f;blc uab:a. rUI IIIGI\;IIIUIII DGD,
these statistics are combined with the Maxwell statistics of DGD variation. Clause 3 provides
methods of calculating the relevant statistics for the contribution of optical fibre cable, which
are used in combination with the component values below.

2.2.1 Link maximum PMD

The total maximum PMD value of a fibre optic system including optical fibre cables and other
optical components is given by the following:

1/2
2 2
PMDyoy = | Lk PMDG + ) PMD; (1)

1
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where
PMDy; is the total link PMD value (ps);

PMD,, is the link design value of the concatenated optical fibre cable (ps/vkm);

Liink

is the link length (km);

PMD; is the PMD value of the ith optical component (ps);

The link design value, PMD,, (see 3.1) defines a maximum in terms of the probability, Q, for
links with at least M individual cable sections.

NOTE

For a

canb

The Validity of these equations has been demonstrated empirically for_systems compos
concatenated optical fibre cables [2].

2.2.2

The t

opticgdl components is given by one of the following:

wherg

DGD ., tot is the maximum link DGD (ps);

DGD{avF is the maximum concatenated optical fibre cable DGD (ps) (see below);
S is the Maxwellcadjustment factor (see below);

PMD; is the PMDwalue of the ith component (ps);

For 4 statistical specification of optical fibre cable, the maximum DGD is defined

proba

distriution of the-concatenated link PMD distribution and the Maxwell distribution of]

value

DGD

1/2
A axpis’replaced by {SZZPMD,ﬂ :

The PMD, parameter is not related to the Q factor used in bit error ratio calculations.

link for which the individual cabling sections have been measured, the term L

e replaced by Z:PMDi2 , where PMD; is the PMD value (ps) of the ith section.

1

Calculation of system maximum DGD

btal maximum DGD value of a fibre optic system including optical fibre cable and

1/2
2 2 2
DGDpax tot = | DGDfpaxge 8% PMDE;

1

pility, Pr and reference length (see 3.2). It is computed from the convolution

5. For a(link that has been measured, such as described below Equation (1), thd

PMDS

ed of

other

(2)

by a
bf the
DGD
term

The S parameter relates to the probability, P, that a random component DGD value exceeds
S-PMD -, assuming the Maxwell distribution. Table 1 shows the relationship of S to probability

when

the PMD value is defined as the wavelength average.
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Table 1 — Probability based on wavelength average

S Probability
3,0 4,2E-05
3,1 2,0E-05
3,2 9,2E-06
3,3 4,1E-06
3,4 1,8E-06
3,5 7,7E-07
3,6 3,2E-07
3,7 1,3E-07
3,775 6,5E-08
3,8 5,1E-08
3,9 2,0E-08
4,0 7,4E-09
4,1 2,7E-09
4,2 9,6E-10
4,3 3,3E-10
4,4 1,1E€10
4,5 3y FE-11

Annex B shows that the probability that a system DGD value, DGD,,;, exceeds DGD,Jyiot IS
bounded by the sum of the two probabilities\as:

P(DGBrot > DGDpmaxiot )< P + Pc (3)
NOTE | The notation P() indicates a probability statement relative to the inequality within the parenthesis.

The above equations are applicable to all links with length less than the reference length. An
adjusiment for longer lengths is included in 3.2. Equation (2) is relevant for the assumptign that
deterministic components are randomly aligned. The multiplication of the deterministic PMD
values with the S parameter treats these elements as though their DGD values are distr|buted
as Mgxwell — a conservative assumption that allows the quadrature addition.

Equatjon (3)-illustrates that the total probability of exceeding some overall maximum cjan be
bounded. by an addition that does not depend on the relative magnitude of DGDmax|. and
S-PMIp~Given an overall probability target, one approach is to allocate half the overall allowed
probability To fibre and half to components. Annex C provides a worked example.

3 Calculation of cabled fibre PMD

3.1 General

PMD is a stochastic attribute that varies in magnitude randomly over time and wavelength. The
variation in the DGD value is described by a Maxwell probability density function that can be
characterised by a single parameter, the PMD value (see Equation (16) in 3.3.1). This
parameter may be the average of the DGD values measured across a wavelength band, or it
may be the r.m.s. value of these DGD values, depending on the definition chosen. For mode
coupled fibre, the PMD coefficient is the PMD value divided by the square root of length.
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In accordance with the outdoor Sectional Specification for outdoor optical fibre cable,
IEC 60794-3, the PMD of cabled fibre should be specified/characterised on a statistical basis,
not on an individual fibre basis. Two methods for this specification are proposed: Method 1 can
be used to obtain PMD, used in 2.2.1, and Method 2 can be used to obtain DGD,,,r and Pp,
used in 2.2.2.

In the ITU Recommendation G.652 (and others), Method 1 forms a normative requirement and
Method 2 is used to determine functionality for system performance, which is specified in terms
of DGDpaxt0t iIN Recommendations such as G.691 or G.959.1.

Subclause 3.4 shows how specification values for each method can be selected so the two
methqds are nearly equivalent.

Methqd 1 relies on the fact that the mean PMD coefficient of an optical link is_the root|mean
squarg (quadrature average) of the mean PMD coefficients of the cabled fibres comprisipng the
link. Method 2 assumes the same relationship.

Let x;|land L; be the PMD coefficient (ps/Nkm) and length, respectively, of’a fibre in the ith|cable
in a cpncatenated link of N cables. The PMD coefficient, x (ps/Nkm);“6fthis link is:

1/2

N
ZLHQZ Y 1/2
xy =[= :[ ZLI.XI.Z} (4)
2L
i=1

Liimg N4

If it i assumed that all cable section lengths ‘are less than some common value, Lc,f, and
simulfaneously reducing the number of assumed cable sections to M = L, /L,y then| for a
link comprised of equal-length cables, Ly='L ., Equation (4) becomes

Lea M , 1/2 1 M , 1/2
XN SXM = —in = szi (5)

Liink ‘3 p

The vfriation in the concatenated link PMD coefficient, x,,, will be less than the variation|in the
individual cable sections, x;, because of the averaging of the concatenated fibres.

Methqd 1 should be used with Equation (1) of 2.2.1. In Method 1, the manufacturer supplies a
maximpum PMD link design value, PMD, that serves as a statistical upper bound for thg PMD
coefficient.of the concatenated fibres comprising an optical cable link. For this case, the [upper
bound for'the PMD value of the concatenation of optical fibre cables, PMDyt.,, in Equatipn (1)
becomes:

PMDprot = PMDg+ Lijnk (6)

Unless otherwise specified in the cabled fibre detail specification, the PMD link design value
shall be less than 0,5 ps/\Vkm, and the probability that a PMD coefficient of a link comprised of
at least 20 cables will exceed the link design value shall be less than 10~4. The link design
value shall be computed using a method agreed upon between the buyer and cable
manufacturer (see 3.2 for examples).
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Because Method 1 provides a statistical upper bound on the PMD of concatenated links,
approved PMD measurement methods can be used on installed cable links to determine
whether their PMD complies with the statistical upper bound stated by the manufacturer.
Furthermore, the upper bound can be used to compute the effect of the link PMD on
the performance of any type of transmission system and is a more realistic indication of the
maximum PMD likely to be encountered in a concatenated link than the value that would be
obtained using a worst-case PMD value.

Method 2 should be used with Equations (2) and (3) of 2.2.2. Method 2 combines the PMD
density function of the concatenated links with the Maxwell probability density function of
DGD values to compute an estimate of the probability that the DGD of a concatenated link at
a givgn wavelength exceeds a specified value for a defined reference link.

The dpecification is that the probability that the DGD over the link exceeds a‘given yalue,
DGDmaxy, shall be less than some maximum, P.. One useful reference system consists of
a congatenated link of 400 km comprised of forty 10 km cable sections. For'such a refgrence
link, g value such as DGD, 4, = 25 ps for Pr < 6,5x10~8 has been used to‘justify the mayimum
value|on PMD, of 0,5 ps/km'.2. For other lengths and bit rates, diffetent values have| been
selecfed in the ITU Recommendations and IEC Specifications.

NOTE | Subclause 3.4 shows conditions under which the specifications of the two,methods are nearly equivalent.
3.2 |Method 1: Calculating PMD , the PMD link design value

3.21 Determining the probability distribution of the link PMD coefficients

derivgd from the PMD coefficients of the individual)cable sections, x;, comprising that link. The
probapility distribution of the link PMD coefficients depends on the distribution of the|cable
PMD ¢oefficients and the number of cable sections comprising the link.

Equa{on (5) shows that the PMD coefficient, x,,0f a particular concatenated link cpn be

The fpllowing clauses describe three methods that can be used to estimate the distribufion of
the link PMD coefficients. One method is numerical [1]1, and two are analytic [4]. Of tHe two
analyfic methods, the first assumegs ‘a specific analytic function for the distribution of the|cable
PMD |coefficients, while the second method makes no such assumptions but invokes an
extensgion of the central limit theorem.

3.21.1(1 Monte Carlo\numeric method [1]

The Monte Carlo wmethod can be used to determine the probability density, fi,. of the
concatenated link PMD coefficients without making any assumption about its form. This method
simulates the(process of building links by sampling the measured cable population repegtedly.
PMD |coefficients are measured on a sufficiently large number of cabled fibres so |as to
charagterise the underlying distribution. This data is then used to compute the PMD coefficient
for a gingle fibre-path in a concatenated link.

Computation of the link PMD coefficient is made by randomly selecting M values from the
measured cabled PMD coefficients, and adding them on an r.m.s. basis (in quadrature)
according to Equation (5). The computed link PMD coefficient is placed in a table or a
histogram of values derived from other random samplings. The process is repeated until a
sufficient number of link PMD values has been computed to produce a high density
(0,001 ps/Vkm) histogram of the concatenated link PMD coefficient distribution. If used directly,
without any additional characterization, the number of resamples should be at least 100 000.

1 Figures in square brackets refer to the Bibliography.
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Because of the central limit theorem, the histogram of link PMD coefficients will tend to
converge to distributions that can be described with a minimum of two parameters. Hence, the
histogram can be fit to a parametric distribution that enables extrapolation to probability levels
that are smaller than what would be implied by the sample size. The two parameters will
invariably represent two aspects of the distributions: the central value and the variability about
the central value. A choice of probability distributions can be made on the basis of the shape of
the histogram. Typical distributions could include lognormal (the log of the link PMD
coefficients is Gaussian) or one that is derived from the Gamma distribution.

3.21.2 Gamma distribution analytic method [4]

The Gamma tamily of distributions can often be used to represent the distributions ot both the
measpired cable PMD coefficients and the link PMD coefficients. If one assumes~that the
squarg of the measured cable PMD coefficients, x;, is distributed as a Gamma random variable,
the prpbability density of the cabled PMD coefficients is given by

2IBax2a—1

Ne)

wherg x is a possible value of the cable PMD coefficient, 77 ) is the*Gamma function, and the
two parameters « and g control the shape of the density. Standard fitting techniques, sych as
the method of maximum likelihood, can be used to fit Equation (7) to measured cablg PMD
data tp find values for oz and .

feable (52, ) = eXp(_ ﬁxz) (7)

The probability density of the link PMD coefficients, x4;,\0f M concatenated equal cable lgngths
has ttle same form as Equation (7), but with & and B.replaced by Mo and Mg:

(Mﬂ)Ma x2Ma—1
I'(Mo)

Sunk (o B.M) = 2 expl- Mp?) (8)

Consgquently, the « and g parameters found by fitting Equation (7) to the measured|cable
PMD c¢oefficients can be used in Equation (8) to describe the probability density of the link PMD
coeffigients.

3.21 Model-indepehdent analytic method [4]

A moie general alterfative to the one described in 3.2.1.2 can be used that does not make any
assumptions regarding the form of the density function that describes the measured| PMD
coefficients of the_cabled fibre.

After measuring the PMD coefficients, x;,, on N cabled fibres, compute the mean, variande and
third mament of their squares

N N

N
H =i2xi2 Ha =%Z(xi2 —ﬂ1)2 H3 =LZ(X? ‘”1)3 ®)
N i=1 N_ i=1 i=1

Let x,, be a random variable representing the link PMD coefficient of a fibre-path formed from
the concatenation of M equal-length cables, and let u be a possible value of x,,. Invoking the
extended central limit theorem [5], it can be shown that the distribution of the link PMD
coefficients is approximated by:

Sk 6:30) = =)+ —— gl - =(u?] (10)
M
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where

and

1/2
M
=[] ) =L
H2 6y,

Differgntiating Equation (10) with respect to u provides an approximation to the dink| PMD
coeffigient probability density function.

3.2.2 Determining the value of PMD,,

The density functions found for the link PMD coefficients using one_of ‘the three mathods
descr|bed in 3.2.1 can now be used to compute the PMD link design valtue. For a concatgnated
link comprised of M cables, the PMD link design value, PMD, is defined as the value thlat the
link PMD coefficient, x,,, exceeds with probability O:

Plxy > PMDy)=0 (11)

It follgws, that for N > M, the probability that x,; exceeds PMD,, is less than Q:

Plxy > PMDy )< 0 (12)

For discussion purposes, an assumptionyis made that N > 20 (the link contains at| least
20 cables) and that O = 104 (the probability that the link PMD exceeds the PMD design|value
is lesg than 0,0001). The following subclauses discuss how PMD, can be found using the|cable
PMD gensity functions obtained in3.2.1.

3.2.21 Determining the PMD link design value from the Monte Carlo density of 3[2.1.1

To objtain probability levels of O = 10~4 using a pure numeric approach requires Monte|Carlo
simulations of at least ;10° samples. Once this is complete, PMDQ can be interpolated frgm the
assodjated cumulative probability density function.

Alternjativelysthe histogram of the link PMD coefficients can be fit with a parametric distripution
to engblesextrapolation to lower probability levels than the measurement resampling would
other |se allow. A ch0|ce of probablllty dlstrlbutlons can be made on the basis of the sh

coeff|C|ents is Gau53|an) or one that is der|ved from the Gamma dlstr|but|on After the funct|on
is fit, the value for PMD, at the Oth quantile can be computed.

3.2.2.2 Determining the PMD link design value from the Gamma density of 3.2.1.2

A good approximation for the link PMD coefficient, , X0, for M cables at the 104 quantile is given
by:

2,004 + 0975V Mo

N7

where the o and S parameters were those found in 3.2.1.2.

(13)

PMDg =
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For the 288 randomly selected scaled cabled fibres reported in [6], = 0,979 and S = 48,6, and
PMD, = 0,20 ps/Nkm.

3.2.2.3 Determining the PMD link design value using the model-independent method
of 3.2.1.3

The moments computed in 3.2.1.3 can be used to compute the link PMD coefficient, xo- For a
link comprised of M cables, X0 at the Oth quantile can be approximated by [5]:

1/2

——

(14)

1/2
PMD —|7//4 4 ('“_2\ L M3 (24
124 L EK M ) 6M/,[2 124 /J

wherd z,, is the Ot quantile of the standard normal distribution. For N > M = 20|cablels and
0=10T74, zp = 3,72, the PMD design value becomes:

1/2
PMDy {m +0,832,/13 +0,107”—3} (15)
#2

For the 288 randomly selected scaled cabled fibres reported in [6],
Uq=2,2x1072 Uy =743x10™ /13 =826x107°

and Equation (15) produces PMD, = 0,23 ps/Nkm.

3.3 |Method 2: Calculating the probability-of exceeding DGD .,

PMD |nduced impairment of an optical signal occurs when the DGD at the signal’s wavelength
is toolhigh. Since DGD varies randomly\with time and wavelength, some means of impos|ng an
upper| limit, defined in terms of a low, probability value, is necessary for system design| This
upper| limit is usually associated with a receiver sensitivity penalty. The probability can be
assodiated with a potential PMD<induced impairment time (min/year/circuit). (See Annex [).)

One means of calculatingtan-upper limit on DGD is to multiply the upper limit on the PMD|value
by a Maxwell adjustmentfactor, i.e. 3 (see Table 1 of 2.2.2). This could also be done with the
upper|limit represented-by PMD_,. When this is done, one is in effect assuming that the Qulk of
the digtribution is_very close to %he upper limit. In reality, the bulk of the distribution is usually
well gway fromcthe upper limit. Method 2 is intended to provide metrics and methods t¢ take
this into account. Because Method 2 takes into account the statistics of the individual ¢ptical
fibre ¢ablestand their concatenation, as well as the combined statistics of DGD variation, the
value$ calculated for system design, Equation (2), are substantially reduced from the “worst-
case’|valdes — both in the value of maximum DGD and the probability of exceeding it.

The following figure shows several distributions of concatenated link PMD coefficient. Each
distribution just passes the default criteria of M = 20, 0 = 104, and PMD, < 0,5 ps/Vkm.
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The above distributions are representative of the Gamma type distribution defined in 3.2.1.2.

Figure 1 — Various passing distributions

eftmost distributions should provide better{DGD performance than the righ
utions. Method 2 assigns value to producittg ‘a distribution that is more to th
brovides a means to link Method 1 and Method 2 so that, for most practical situs

Combining link and Maxwell variations

coefficient (ps/\km) values, X/ vary randomly with time and wavelength according
ell probability density function:

4 3/2 X2 Al x 2
fMax(XM;xM)=2[ Zj M eXp——( MJ

Equat
the D

x), is theSPMD coefficient of a concatenated link comprised of M cables as giv
ons (4),er{5). The distribution of DGD values (over the length) is obtained by multi
D cogfficient values with the square root of the link length.

tmost
b |eft.
tions,

to the

(16)

en by
plying

fiation

n the

reference link can then be generalrsed to other links. The reference I|nk is deflned with two
parameters, the overall link length, Lgrgg, and the cable section length, Ls,,, which is assumed
to be constant for all cable sections.

Let finc(xi) be the discretised probability density function (histogram) of the values of the
concatenated link PMD coefficient values defined by the analysis of the distribution of

the measured PMD coefficient values and Equation (4). Any of the methods of 3.2.

determining the probability density function of the concatenated link can be used.

1 for
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Let X,,,x be some DGD coefficient value (ps/Nkm) that is to be used in system design. The

probability, Py, of exceeding X, is:

]
Xmax 7\ xy 3/2-1

P =§fUnk(x,~) 1- £ Tnax (V;x; )dY =§fUnk(x,~) 1- 673 exp(-y)dy|  (17)

NOTE The rightmost integral is just the standard gamma function that can be calculated within many
spreadghests-

The maximum DGD over the link derived from optical fibre cable, DGDmax, is the-product of
the square root of the reference link length and Xy, ,:

DGDmaxF =XMaX\/LREF (18)

For Method 1, the probability is pre-set and the associated PMDg value is calculated and
required to be less than a specified value. For Method 2, DGD, .. is pre-set and the
probapility value, P is calculated and required to be less than a specified value.

For link lengths less than the reference length, the DGD @nd probability relationship will be
consgrvative as long as either the installed lengths aré{less than Ls,, or the cable lgngths
measyred to obtain the distribution are less than L4 “Fhe reduction in averaging becalise of
the reduced number of cable lengths is offset by the.decrease in overall length. For link Igngths
greatgr than the reference length, the maximum{®GD to optical fibre cable should be adjusted
as:

Ly
DGDqg'= DGDimay 1 L::; (19)

3.3.2 Convolution: Theory.of Method 2

The c¢alculation principle. is derived from extending the worst case approach. With this
appropch, the link PMD-distribution is assumed to be a Dirac function and the DGD distripution
is repfesented as a Maxwell distribution. The probability that the Maxwell distribution exgceeds
DGD .. Yields P aThese distributions are represented in Figure 2.
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Figure 2 — Worst case approach assumption

NOTE | Though not shown, the Dirac function illustrated in Figure 2 extends to a relative frequency value of 1,0.

Suppgse the link PMD distribution could be represented{by two Dirac functions, each Wwith a
magn(tude of 0,5. This would represent a situation where half the links were at one value and
the ofher half at another value. The DGD probability density function of the combined
distrijution would be the weighted total of the two individual Maxwell distributions. Figure 3
illustrates this case.

0,07
0,06 . ]
“ |\ == | ink PMD A
> 0,05 —1—Link DGD A —
2 .
% 0.04 — Lfnk PMD B L
) —o—Link DGD B
® 0,03 == Link DGD tot [
.
o 0,02
14
o [
| > e
0 < €444 <6 eI LCECLBLLLCE TR LCLCLIELH CLLCE LI LR LIS

0 10 20 30 40

DGD/PMD value (ps)
IEC 1898/02

Figure 3 — Convolution of two Diracs
NOTE Though not shown, the two Dirac functions representing PMD value distributions in Figure 3 extend to

relative frequency values of 0,5.

In this example, the probability of DGD exceeding 30 ps is reduced by just a little less than a
factor of two, compared to the result associated with Figure 2.


https://iecnorm.com/api/?name=0585b16956b39b9b217f39611083ddf2

- 18 — TR 61282-3 © IEC:2006(E)

Full convolution extends this notion to a complete distribution of link PMD coefficients. For the
Monte Carlo technique, the histogram of link PMD coefficients may be considered as a
collection of Dirac functions. For the continuous models, the probability density function is
reduced to a histogram by integrating the curve over the region that is represented as a single
histogram bin. The probability that DGD .- is exceeded is calculated for each of the
histogram bins (using the bin maximum). The weighted total yields P.

3.4 Equivalence of methods

Method 1 might be considered most practical for commercial specification because it can be
interpreted in terms of the defined measurements. Method 2 provides the most direct

|nf0rn"9hr\n on tho pncclhln clnnol |mp9|rmnnfe Thic subhelanice shaows haow the two m thods

can be compared and establlshes near equivalence of the default specifications.

The method for determining equivalence of statistical criteria relies on a parametri¢_ model and
is based on the following.

— A|process can be characterised by parameters relevant to an asSumed parametric
digtribution type.

— Given these parameters, any statistical criterion can be evaluated.to‘determine whethler the
prpcess distribution is conforming or not.

— Fqgr each criterion, the mathematical space of all possible parameters can be segmented
info two regions: conforming and not.

— THe boundary between the two regions will form a, cUrve, or envelope, in at leagt two
dimensions. Parameter values falling on one side of.thé envelope are conforming. Thqse on
the other side are not.

— Processes that are on the conforming side of:the envelopes of two criteria pasg both
criteria. Processes that are on the non-conforming side of the envelopes of two criteria fail
bagth criteria.

— Cijiteria that pass and/or fail the samewprocess distributions are considered equivalgnt. In
this case, the two envelopes will overlay one another.

3.4.1 Equivalence of the default'specifications

Figurg 4 shows the envelopes for the default specifications for the two methods, based ¢n the
Gamma distribution as defined in 3.2.1.2 and illustrated in Figure 1. The x-axis reprgsents

the qyadrature average-of the process (=+a/f ). The y-axis represents a sort of stgndard
deviafion metric for the Gamma distribution.

The default critefia are:

Method 1 Method 2

M 20 Lrer 400 km
0 10-4 Leas 10 km
PMD,, < 0,5 ps/Nkm DGDmax 25 ps

P.  <65x1078

Each envelope of Figure 4 is built by looping through the possible values of the overall process
quadrature average. For each possible value, the g parameter is varied to find the value that
just passes the relevant specification. A plot of the relationship of the overall process
quadrature average versus 1/2V/3 yields the envelope. Processes for which the parameters fall
below the envelope pass the specification. Processes for which the parameters fall above the
envelope fail.

For the region of most practical interest — where the overall process quadrature average is
less then 0,2 ps/Ykm — if the process passes the default method 1 specification, it is passing
the default method 2 criterion. Hence, the method 2 parameters can safely be used in the
formulas of 2.2.1 and 2.2.2


https://iecnorm.com/api/?name=0585b16956b39b9b217f39611083ddf2

TR 61

282-3 © IEC:2006(E) ~19-

0,8
0,7
0,6

05 -
0,4

0,3

0.2

3.4.2
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Figure 4 — Equivalence envelopes for method 1/2 defaults

Discussion regarding the basis of the default specifications for Method 2

. If these probabilities are both set t0"6,5 x 10-8, their sum is 1,3 x 10~7, a valu
I provide an appropriately low potential PMD induced impairment time (see Annex D|

efault specification for Methed)1 was agreed on the basis of a combination of f
ing an analysis of the ITU-TLsystem Recommendations in conjunction with the max
hat is implied..

pfault specification for Method 2 was derived so that:

e above probability Jobjective was met;

ar equivalencée with the default Method 1 specification was achieved;

FDmaxy is{tfow enough to allow practical system designs. (See Annex C for a w

Calculation of the parameters of Figure 4

that
).

actors
imum

orked

This calculation for the parameters of the Gamma-type distribution defined in 3.2.1.2 is called
the method of moments. Because it is based on the assumption that M« > 5, it is best to use it
in conjunction with the Monte Carlo method defined in 3.2.1.1.

Define x; to be one of N computed concatenated link PMD coefficient values based on M cables
per link. The quadrature average, v, is calculated as:

v=(ﬁ]1/2= i%‘x? 172
5) Tvg”

(20)
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The parameter relating to the standard deviation is calculated as:

1 1 N 1/2

Multiplying the result of Equation (21) by YM will yield the value to be plotted on the y-axis
of Figure 4. One can also easily compute the individual values of & and S using the values of
Equations (20) and (21). Since the result is based on the Monte Carlo, the assumption Mo > 5
can always be met by increasing M.

4 Chalculation of optical component PMD

Optical components such as dispersion accommodation devices or optical fibre,amplifiers also
have pmall PMD. These devices are characterised as random or deterministic/ The distipction
is primarily based on the behaviour of the curve of DGD versus wavelength|and how this|curve
varieq with time.

For rgndom components, small changes in temperature will produce random variations |in the
DGD |curve versus time. When the collection of DGD values, are plotted with a histogram,
the histogram will follow the Maxwell distribution. Some dispersion accommodation de¢vices
have been characterised as random [7].

For deterministic components, small changes in{temperature will not produce rgndom
variatlons in the relationship of DGD versus wavelength. Some optical fibre amplifier d¢vices
have been characterised as deterministic [8].

Some| deterministic components are simpleiin“that they typically include a few individual gptical
elemgnts and the DGD versus wavelength,curve is either flat or has a simple sinusoidal ghape.
Some| deterministic components are ~complex in that they might be comprised of sgveral
indiviqual optical elements and the )DDGD curve versus wavelength is irregular. For |these
compgpnents, a histogram of the DGD values will begin to approach a Maxwell distribution

For b:l:h types of component, there are at least two metrics of particular interest:

— PMD value: theaverage of DGD values across a specified wavelength range;

— D@D the maximum DGD across a specified wavelength range.
The usual form. 0f specification is just a maximum value, although statistical treatments| such
as thgse defined for optical fibre cable, could be defined for component PMD. The numbégr and

types [of components would make standardization difficult.

The concatenation formulas are given in 2.2.T, Equation (7).

5 Summary of acronyms and symbols

Table 2 contains a list of the acronyms and definitions used in the body of this technical report.
Table 3 contains a list of symbols and the clause in which they are defined.
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Table 2 — Acronyms and definitions

Acronym Definition
PMD Polarization mode dispersion
DGD Differential group delay
Pdv Polarization dispersion vector
PMD, Link design value
DGDmaxr Maximum DGD induced by optical fibre cable
DGDyaxTot Maximum DGD of the link

Table 3 — Symbols and clause of definition

Symbol subclause
PMDr o 2.2.1
PMD,, 2.2.1
0 2421
Liink 2.2.1
PMDy, 2.2.1
PMD,; 2.2.1
PMD st 2.2.1
M 2.2.1
DGD q axtot 2.2.2
DGD paxr 2.2.2
DGD ax0s 2.2.2
DGD axplast 2.2.2
Py 2.2.2
Pc 2.2.2
s 2.2.2
Xy 3.1
X, 3.1
L 3.1
Lean 3.1
PMD 1ot 3.1
Seable 3.2.1.2
Srink 3.2.1.2
a B T 3.2.1.2
M, py, Hy, @, ¢, z 3.21.3
Xptax 3.3.1
DGDygj r 3.3.1
LRer 3.3.1
v 3.4.3
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Annex A
(informative)

PMD concatenation fundamentals

This annex describes the mathematics for concatenating fibre optic elements (fibre or
components) in terms of the polarization dispersion vector, as described by Foschini and Poole
[9]. The fundamental relationships are defined, followed by developments related to
concatenation of first random then deterministic elements.

A.1 Definitions

The pplarization dispersion vector, Q, and birefringence vector, 7, are defined, by’'the evglution
of thg output stokes vector, s, as a function of position within the elemeént, z, and ¢ptical
angular frequency, w. For any position and frequency, there is a rotation” matrix, R, also a
functipn of position and frequency, that maps an input stokes vector, sg,t0 the output as:

s = Rsg (A.1)

Using[the notation, R7, for the transpose (and inverse) of R the derivatives of s with resgect to
positipn and frequency, assuming that sy does not depend/on frequency, are given as:

ds dR

= = Rl s W xs (A.2)
dz dz
s SR pTo_Qxs (A.3)
do do

Thesqg equations define W and Q. The following additional relationships are useful:

4 AWy vq (A.4)
dz dw
Az =[Q| (A.5)

Equatjon (As4) can be derived from Equations (A.2) and (A.3). Equation (A.5) gives the D{GD as
the lepgth of the polarization dispersion vector.

For W fixed over position, the rotation matrix is defined in terms of a unit rotation vector, y, and
angular displacement, v, as:

w
Y= y=z|W (A.6)
m 71

R = yyT (1-cos(y))+ 1 cos(y)+ [y x]sin(y) (A7)

where [ is the identity matrix and [y x| is the matrix that completes the cross product operation.
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Furthermore, for this case, the pdv can be written in terms of W and various cross products.

A.2

fP=ww p:W.d_W
dw

2 dW

—Lz ~ . aw sin(fz)(
Q_fZ[PW+(1 cos ) -+ S B

Concatenation — General

dw

The ¢
stoke

The d

Since

Equatjon (A.15) can be_extended through an arbitrary number of optical elements by rec

applic

A3

b vectors as:

sS4 = RpR 450

erivative of Equation (A.10) is
d. dR dR
M = B RASO + RB A SO
dw dw dw
dR dR
=B RERSR ;50 + Rg —2RIRLERZR 450
w dao

T
:QBXSAB +RB(QAXRB)YAB
= (@ + RgQ 4 )xs 45
QAB =QB +RBQA

ation of rotation-on the last output and addition.

Application to random elements

Fosch

oncatenation of two elements, 4 through B, can be given in terms of the initiakan

(A.14) is in the form of the definition of the pdv, the pdv for 4B, Q ,, is:

ini‘and Poole [9] concluded that for long enough lengths of optical fibre over which

i final

A.10)

A.11)

A.12)

A.13)

A.14)

A.15)

ursive

mode

coupling 1S occurring, the contenis of the polarization dispersion vecior can be described as
Gaussian identically distributed independent random variables. Extension of Equation (A.15)
leads to the conclusion that the pdv of the concatenation will also have the same distribution,
but with increased variance due to the addition of several random vectors. (The random
rotation of a Gaussian random vector is a Gaussian random vector with the same variance.) In

particular, define the variance of the vector element values of the ith pdv as 01-2/3. The

variance of the vector element values of the concatenated pdv are given as:

2 _ 2
Ot = 2,07 13
i

(A.16)
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This is related to the PMD (r.m.s.) value as:

1/2
PMDie =<A12>1/2 ~(eq)"? =302, ]"? =[Zaf} (A7)
i

The same relationship occurs on the individual sections with PMD, = o; so the quadrature
addition of the PMD values of individual random elements is justified for the concatenated PMD
value. If one assumes that the PMD of the several elements are equal and that their lengths
are also equal, Equation (A17) yields the square root dependence of PMD on overall length —

hence-the-sguare-rootlength-normalization-used-forthe PMD coefficient
< )

The DGD values are the length of the pdv. If the vector element values aré \Gaygssian
independent identically distributed random values, the DGD is the square root-ofithe sum of
squargs of three Gaussians. This is the definition of the Maxwell distribution,which is algo the
squarg root of a chi-square random variable with three degrees of freedom,

A.4 | Application to deterministic elements

If the|values of the birefringence vector, W, of several deterniinistic components are aligned
just right, the sum of the pdv of the concatenation will just be\the linear sum of the individual
pdvs.|In this case, the components are said to be aligned.,

Analygis of Equation (9) for the case of these camponents following a series of rgndom
elemgnts leads to adding the PMD of the random elements to the linear addition ¢f the
deterministic components. Similarly, the worst case random DGD is added to the sum of|worst
case @leterministic DGD values.

When| the pdvs of the deterministic elements are randomly aligned, the rotations will bgcome
random and the length of the concatenated pdv will form a distribution. This distribution Will be
representative of the DGD valueswacross wavelengths and concatenations, but for a|given
concgtenation of deterministic elements, the particular values are not expected to changg with
time. [To evaluate this distribution, a series of Monte Carlos were completed. The different
Montg Carlos each representthe concatenation of a different number of randomly orlented
vectors of a common length: The vector length, L,, is given in terms of the number of vectors
concdtenated, n,, as:

L, = A.18)

The guadrature sum of the individual pdv values is therefore one and the worst case oriertation
value Hs—e¢ . ——THhis ows—ovettaying—the—distributions—formed—t ing—different
numbers of components and a comparison with a Maxwell distribution from a random
component with a PMD value of one. Figure A.1 shows the result laid out as a series of
histograms. Figure A.2 shows the cumulative probability in the tail of the distributions.

ammoOw wAY

For all but the Maxwell distribution, the cumulative probabilites are bounded by Vn,, as
expected. In addition, for all cases, the Maxwell distribution extends to larger values than the
rotated vector result. This is the sense in which the Maxwell distribution is conservative with
regard to estimating the distribution of randomly oriented but fixed length vectors.
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Figure A.2 — Sum of randomly rotated elements

So the application of the Maxwell distribution in connection with the PMD value will yjield a
maxinpum” estimated DGD that is larger than actual for a concatenation of randomly or|ented
deterministic elements of equal PMD. Since, for most link designs, the value of the
deterministic components is assumed to be the maximum specified value, this equal size
assumption is also conservative.

For a particular orientation on a particular link, the concatenation of deterministic components
will be the same over time and this might be a concern. Examination of Equation (9) yields a
surprising result in this regard. If a deterministic element is combined with a fibre or other
random component, the rotation (Ry) of that element is applied to the pdv of the deterministic
component. Since this rotation is random, the effect is to randomise the effect of the
deterministic element over both time and wavelength.

The overall contribution is then not fixed and it can be considered as just another random
optical element — with the exception that the probability estimates will be higher than actual.
The probability treatment that is applicable for random components is therefore appropriate for
deterministic components.
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Annex B
(informative)

Combining Maxwell extrema from two populations

B.1 General

The purpose of thls annex is to demonstrate the valldlty of Equatlons (2) and (3) of Clause 2.

rised
by prp bab|I|ty levels associated with the separate extrema. Inequality 3 asserts-that the
probapility that a DGD value of the concatenation of the two populations exceeds the conbined
extreme value is bounded by the sum of the two separate probabilities.

The apalysis shows that only two assumptions are needed:

« The distribution of DGD is Maxwell-like in that only one parameter_describes it.

A%

« The parameter of the concatenation is given as the quadrature total of the fibre and

cgmponent parameters.
This demonstration is done in four steps:

« ddfine the Maxwell distribution;

« dgfine a convolution;

« define a double convolution;

« vdluate the characteristics of a double convolution.

B.2 | Maxwell distribution definitions

The pfrobability that a random DGD-value, Az, exceeds a given maximum DGD, D, depends on
the PMD value, d, according to:

D 3/2

P(AT>D;d)=1—£2(7;2J r():gz/z) exp[—%(gjzldx (B.1)

To simplify netation, a function, Py;,,(S), is defined as:

S 4 3/2 2 r 4 1
% X 47—
P S)=1-12 — [ -— d. B.2
MaX( ) E'J- Lﬂ'J F(3/2)eXp{ 7rx Jx (B.2)
Then P(a7> Did) = PMax[gj (B.3)

NOTE Pyax(S) is monotonically decreasing in S.
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Convolution definition

This describes the convolution of the Maxwell distribution with a distribution of PMD values.
The resultant distribution is not Maxwell, but does have the characteristic of describing the
distribution of DGD values across all possible PMD values. The definition is done in terms of a
discretised distribution, or histogram, of PMD values for simplicity. Since the granularity of
the histogram is arbitrary and in practice, defined by the measurement resolution, the
simplification, relative to using integral expressions, is warranted.

The discretised distribution of PMD values is described in terms of a histogram with the “bin”
PMD values given as d; and relative frequency given as p; for the it bin. The combined

probapility that a given maximum DGD value, D, is exceeded is:

D
P(AT > D) = ZpiPmax (d—] (B4)
i i
B.4 | Convolution of optical fibre cable and random components
This glause outlines the notation for the double convolution of cables and random compohents.
For optical fibre cable, the distribution of PMD values is that, of the concatenated link, as
derivgd from Clause 3. For random components, a distributiognal notation will be maintained for
generplity, but in practice, the specification values of/all~components will be combined in
quadrpture to form one value. The component distribation is then a histogram with only one
non-zgero bin.
Let f; pnd P represent the histogram of optical fibre cable PMD values. Let ¢ and Pejrep esent
the Histogram of component PMD values.» The two distributions are assumed [o be
independent. Given a fibre PMD value, f, and a component PMD value, ¢, the PMD value |of the
concdtenation, d, is assumed to follow:
1/2
d = (f2 +c2) (B.5)
Furth¢r assume that the,extreme values and probability limits are provided separatgly for
opticql fibre cable and components as:
PAT>F)="p 4 Pmax (?] < Py for optical fibre cable (B.6)
i Ji
PAz>C)=N"p P (iﬁ < P~ for components (B.7)
T )

The problem is to determine the probability limit, P,, for the concatenation of cable and
components relative to a maximum, D, given as:

p=(r2+c2)"?

(B.8)
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If there were access to the full distributions of both cable and components, this probability

could

Equat

be calculated as:

F2+C21/2
pD_PAr>D Zprpq max (fz )1/2

i

2

+Cj

ion (B.9) is the double convolution of cable and components.

B.5

This ¢

The f
and (

Inequ

kserted inequality, (B.10), can now B¢ written as:
o2 F\1/2 P c
+
Pp = Zzpqu max (f 2)1/2 Szzpﬁpcjlpmax(7J+Pmax(TﬂSPF+PC
7 Cj i / ! J

| — Il - £ 4l Ul Lol Il -
LvVaiudalioln O1 UIhc UoOupuic Cornvoiltullorn

lause will demonstrate the following relationship for the problem defined in Ctause B.4.

Pp < Pp +Pp

rmulas and values for cables and components are given separately from Equations
.7). These are combined and rewritten as:

C

5

J

Pp +Pp ZprPmax( J qu max{ ] Zprpc,[ max(;]+Pmax(

ast expression in (B.11) is due to the .definition of the histogram probab

pﬁ=zpcj'
J

ality (B.12) will be-true if, for each i, j pair, the following is true:

1/2
2 c

F
S Pmax (f_] + Pmax (C_
1

J

2
P Fe+C

max 1/2
(72 +2)

|

(B.9)

B.10)

(B.6)

B.11)

ilities:

(B.12)

B.13)

Inequality (B.13) will be true if the left side is smaller than either of the terms on the right side.

Since
true:

or

P

(S) is decreasing in S, this will be true if either of the following two inequalities is

max
F?+c? _F? (B.14)
fE+eE ff
F2+c? _ Cc?
2 2 2
Jioweq < (B.15)
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